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TESTING IN LOCALLY CONIC MODELS, AND
APPLICATION TO MIXTURE MODELS

D. DACUNHA-CASTELLE AND E. GASSIAT

ABSTRACT. In this paper, we address the problem of testing hypothe-
ses using maximum likelihood statistics in non identifiable models. We
derive the asymptotic distribution under very general assumptions. The
key idea is a local reparameterization, depending on the underlying dis-
tribution, which is called locally conic. This method enlights how the
general model induces the structure of the limiting distribution in terms
of dimensionality of some derivative space. We present various applica-
tions of the theory. The main application is to mixture models. Under
very general assumptions, we solve completely the problem of testing
the size of the mixture using maximum likelihood statistics. We derive
the asymptotic distribution of the maximum likelihood statistic ratio
which takes an unexpected form.

1. INTRODUCTION

In this paper, we study the problem of hypothesis testing using maximum

likelihood statistics in very general and various situations. The originating
question was to solve the problem for general finite mixtures. Indeed, the
problem is nor clearly neither completely solved in the literature. Partial
solutions may be found for example in Berdai and Garel (1994), Ghosh and
Sen (1985), Self and Liang (1987). Redner proved in Redner (1981) that the
maximum likelihood estimators for finite mixtures with compact parameter
space is consistent in the quotient parameter space (when quotient is taken
with respect to identifiable classes). This result, though interesting, is not
very tractable. Bickel and Chernoff give the asymptotic distribution of the
supremum of some process which is related, following Hartigan (Hartigan
(1985)), to the problem of testing a mixture of two normal distributions
with same variance against a pure normal (see Bickel and Chernoff (1993))
in the simple mixture model, see (4.1) below in section 4.
In particular, Ghosh and Sen (Ghosh and Sen (1985)) state the asymptotic
distribution of the maximum likelihood statistics for testing one population
against two populations. However, their formulation requires some strong
separation of the populations which is highly unsatisfactory. To be more
precise and to introduce the key ideas of our solution, let us discuss briefly
the simplest problem of population mixture. So let

Irmve = (1 - ﬂ-)f% + 7wa2 (1'1)
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286 D. DACUNHA-CASTELLE AND E. GASSIAT

be the model, where F = (f,) er is a parametric regular family of densities
with respect to some positive measure v, and = € [0,1]. The problem
is to test Ivo, Gryie = fyo agaINSE VY0, Gr~yye # fro- We now have
Grnve = foif and only if (3 = 0 and # = 0) or (y2 = 0 and # = 1) or
(v1 = 0 and 72 = 0) . Considering the result of Redner (Redner (1981)),
it would be possible to consider submodels. To find the distribution of
the maximum likelihood statistic, the usual method is to make expansions
around the true value of the parameter, to perform some maximization upon
the identifiable parameter (in the submodel), and then to maximize the
maximum upon the non identifiable parameter. Doing so, to be able to
obtain a result, it is necessary to have a careful control over the remaining
terms of the expansions, with respect to the complete first terms, including
their coefficients depending upon the non identifiable parameter. But in
our specific problem, when considering directional models, the degeneracy
of Fisher information leads to the fact that the classical technic may not be
performed. The remaining terms are not uniformly small with respect to
the complete first terms. Indeed, consider the submodel

ﬂ-f% + (1 - ﬂ-)fw

with # = 0, v &= 0 and 7, free. Making an expansion with v, fixed we have

lo(7yy2) = WZ%(XZ')
+(72Zf0 Zfo ) (1-m)
_% (ﬂ-z %(Xi) —I_WZ %(Xi)) + o(same).

For ~; fixed, the involved matrix I',,(71) tending to Fisher information I'(v;)
is invertible for big n, and we have (#,72) ~ [, (v1) " Va(y1) with V,(71)
the score. It follows that for v; fixed supl, ~ %Vn('yl)Fn (v1) "V, (71). Now,
when letting 71 tend to 0, we obtain (7, v2) & (1,v1). This contradicts the
fact that # ~ 0, but more importantly by letting v; go slowly to 0, the
remaining terms in the expansion may be unbounded ! This shows that
there is a need to separate v; goes slowly to 0 and 4 is bounded away from
0, where supl,, has a different behavior; this separation may not be done
using vy; only.

Here, we propose a complete solution to this specific problem without any
extra assumption on the parameters. The driving idea is to parameterize
in such a way that one of the parameters is identifiable at the previously
non identifiable point, so that it is possible to have asymptotic expansions
in its neighborhood, and the other parameter contains all the non identifia-
bility. We call such parameterization locally conic. We thus propose a new
reparameterization of the mixture family space. An important property is
also that all directional Fisher informations are uniformly equal to one. The
first parameter can be thought around the true point as something close
to a distance, the other parameter can be thought as a ”direction”. The
first parameter is thus the only parameter that is identifiable under the null
hypothesis, and the second one, around the true distribution, may be seen
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TESTING IN LOCALLY CONIC MODELS 287

as a nuisance parameter. It can not be consistently estimated. When a
”direction” is fixed, the model is supposed to be regular , which, of course,
does not imply the regularity of the whole model. Doing so, the key point
is to assume that the closure of the derivatives in any direction at point
0 of the log-likelihood is a Donsker class of random variables, so that we
prove easily that the asymptotic distribution of the maximum log-likelihood
is a function of the supremum of a Gaussian process. Moreover, the first
”distance” parameter converges in distribution with parametric speed /n.
When testing one population against two populations, the asymptotic dis-
tribution has a term coming from ”second order” unboundness, see Theorem
4.3. The simple mixture model does not lead to such extra term, compare
Theorem 4.1 and Theorem 4.3.

This situation is not proper to mixture models. In this paper, we present
an abstract general parameterization to find the asymptotics of maximum
likelihood statistics, and its application to hypothesis testing. These gen-
eral models are not identifiable in general and can be nonparametric models.
We call them locally conic models. We develop here two major applications:
mixture models, and usual parametric models. Applied to parametric mod-
els, this point of view underlines naturally the role of the geometric structure
of the parameter space around the null hypothesis in the precise formulation
of the limit distribution. Applied to mixture models, this leads to a theorem
where it appears that an unexpected term in the limit distribution comes
from the non identifiability of the model. The locally conic parameterization
allows a clear understanding of what happens due to the non identifiability.
Nonparametric testing (and the associated estimation of our ”distance” pa-
rameter) of a probability density may be carried out using our theory for
contamination (or perturbation) models. Indeed, they are an extension of
the simple mixture model. Applications to ARMA processes are quickly ex-
plained and are developed in another paper (Dacunha-Castelle and Gassiat
(1996)).

The organization of the paper is the following: in a first section, we set the
general point of view and assumptions on the model. We explain the driving
ideas. In a subsequent section, we prove an abstract result concerning the
case where "classical” technic may be performed: convergence, asymptotic
distribution of the maximum log-likelihood statistic and of the first ”dis-
tance” parameter 6, together with asymptotic distribution of the maximum
log-likelihood under contiguous sequences. We then show how these results
apply to the problem of hypothesis testing, and how they apply to the clas-
sical parametric situation, with particular attention to the geometry of the
parameter space. In section 4, we solve the problem for population mixtures,
and in section 5 we propose further remarks and applications, in particular
to nonparametric perturbation models and to ARMA models. Proofs of the
main results are given in section 6.

2. LOCALLY CONIC PARAMETERIZATION

G is a set of probability densities g in L;(v), where v is a positive measure
on R*. Most often in the sequel we refer to the situation where we observe
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288 D. DACUNHA-CASTELLE AND E. GASSIAT

a sample (Xq,...,X,) of i.i.d. random vectors with common distribution
the underlying probability gov.

The fundamental assumption on the model is the following: we assume
that there exists a parameterization of G through two parameters 8 and 5:
(0,5) € [0, M] x B, M is a positive real number, B is a precompact set in a
Polish space with metric d.

g = {g(é’,ﬁ)v (evﬁ) € T}

where T C [0, M] x B is endowed with the product topology of R and B. T
is the (compact) closure of 7. The parameterization satisfies the following
assumptions:

(Al It is Ii)ssible to extend the application (6,8) — g(s,5) to a map
from 7" to G such that (8, 3) = g(s,5)(¥) is continuous v a.s., and:

9(6,8) = Jo == 6 =0.
For any 3, let
65 =sup{t >0 : [0,t] x {B} C T}
We say that a model is locally conic if the local parameterization verifies:

(A2) VB eB,O;>0.

This assumption says that it is impossible to find accumulation sequences of
parameter leading to # = 0 with directions [ where the submodel (g(gﬁ)l/,
(6,8) € T)g (where  is fixed) is not defined in a right neighborhood of 0.

The driving ideas are the following. First, to be able to expand the
likelihood, we need a point around which to make the expansion. In other
words, we need a parameter § which can be consistently estimated. This
is the reason of the locally conic parameterization such that (Al) and (A2)
hold. Second, we have to make an expansion till the remaining terms may
be uniformly bounded, so that the maximization may also be performed on
the parameter 4. In the parametric situation and for the simple mixture, an
expansion till order 2 will be enough, see the next section. In the mixture
model, this is not possible any more, as we shall explain further. However,
the locally conic parameterization allows to see exactly what happens and
to find the solution.

The first point which holds for both applications is the uniform conver-
gence of the estimator of 8, we show it now. The log-likelihood is:

1,(8,3) = Z log g(g,5)(X:)-
=1

Define the maximum likelihood estimator (é,ﬁ) to be any maximizer of [,
over T, which exists, thanks to (A1). As usual we shall need:

(AC) There exists a function hin L (gor) such that: Vg € G, |logg| < h
v-a.e.
The following Theorem states the convergence of 8:

THEOREM 2.1. Under assumptions (A1) (A2) and (AC), § converges in
probability to 0 as n tends to infinity.
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TESTING IN LOCALLY CONIC MODELS 289

Notice that ﬁ may or may not converge, see the examples developed in
subsequent sections: for mixture models, ﬁ does not converge in general,
and for regular parametric models, ﬁ converges in probability.

To study the maximum likelihood statistic, we shall use Taylor expan-
sions. The first term in the expansion is the empirical process of the first
derivative of the density. The uniformity of the convergence in the cen-
tral limit theorem will be the second key point in the paper. Define H the
Hilbert space La(go - v), and

!

J0.0) 3 € B

D=
{90

D is a Donsker class. Let &; be a Gaussian process on D with co-
(AD) variance the usual scalar product in H and with continuous sample
paths w.r.t. the intrinsic variance metric.

Donsker classes are defined in Van der Vaart and Wellner (1996). Roughly
speaking, a Donsker class is a set of functions for which the empirical distri-
butions (with i.i.d. variables) verify a uniform central limit theorem, with
limit distribution a Gaussian process.

(AN) We assume that the following normalization condition holds:

vdeD, |d|n = 1.
So that D is a subset of the unit sphere in H. D is then a compact subset
of this unit sphere in H, since Donsker classes are necessarily precompact.
COMMENTS ON THE ASSUMPTIONS.

e The parameterization depends upon the underlying distribution gq.
For instance, in case of simple mixtures such as (4.1), we set

ro = ol +8-5), 6= |20y = SISl

and in case of parametric models (g.), where go = ¢,:

v
Gy = Grossss 07 = (v =70)" - 1(20) - (v = %), =" :

where I(.) is the Fisher information of the model.

e Sufficient conditions for a set to be a Donsker class of functions are
given in Van der Vaart and Wellner (1996). A sufficient condition
for D to be a Donsker class is that the Lj-entropy with bracketing is
integrable, see Ossiander (1987).

e Sufficient conditions for a Gaussian process to have continuous sample
paths are given in Dudley (1967). A sufficient condition is that the Lo-
entropy is integrable. The existence of a continuous Gaussian process
is automatic if the class is Donsker.

e The assumptions imply that (D)? is a Glivenko-Cantelli class in prob-
ability.

e The parameterization may be non identifiable. The only identifiability
is that of # at point gg.

e When 3 lies on B, it is possible that the only possible 8 is §# = 0:
this comes from the originating non identifiability. To expand the
likelihood, the parameter set may not be taken as 7.
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290 D. DACUNHA-CASTELLE AND E. GASSIAT

3. ASYMPTOTIC RESULTS: SIMPLE CASE
3.1. GENERAL RESULTS

Assume:
For all #in B, gy s is twice continuously differentiable with respect
to 8 v a.e., with right continuous derivatives at point § = 0. De-

(A3) note by ggﬁ and ¢”¢ g the derivatives (which are right derivatives
at § = 0). These derivatives are v a.s. continuous over 7 (with
respect to (6, 3)).

To have uniformly small remainder terms in the Taylor expansion till

order 2, we introduce:

(A4) There exists real functions { and m such that:

o g b
V0,8 €T, | 2 |<tand | L0 1<
9(6,5) 9(0,5)
with
Egol,[l]2 < 400 and Ey,m < 4o0.

Notice that (A3), (A4) state the regularity of the model parameterized only
with > 0 when [ is fixed, which is defined on a small right-neighborhood
of 0, [0, 85], thanks to (A2).

Define T, as the maximum likelihood statistic: T, = ln(é,ﬁ) We have
the following asymptotic result:

THEOREM 3.1. Assume (Al1),(A2), (A3), (AD), (AN), (AC), (A4) hold.
Then, under go.v, T,, — ,,(0) converges in distribution to the following vari-

able:

> sup(éq)? - Le,so.

2 4ep

REMARK 3.2. Depending on the structure of the Gaussian process on D,
the indicator function may disappear in the limit variable. For the classical
parametric case, it depends on the geometrical structure around 6y, see
Section 3.1.

The following theorem states the asymptotic distribution of 9:

THEOREM 3.3. \/ﬁé converges in distribution as n tends to infinity to

Sup(fd) ’ 1§d20
deD

where &4 is the Gaussian process on D with covariance the usual scalar prod-
uct in H.

It is possible to check the asymptotic limit distribution of the log-likeliho-
od statistic for each direction under alternative contiguous distributions as
usual. The following result was proved by Ghosh and Sen in Ghosh and
Sen (1985) for mixtures of two populations under their strong separation
assumption.

THEOREM 3.4. Assume the underlying distribution is g, g,) v, where 8, =
c/\/n, ¢ a positive real number, By € B. For any ( in B, define V() =
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supg . (9,57 In (0, B). Then, V,.(B) — 1,,(0) converges in distribution to:

1
3 (& + c{d,do)i)? - Leyte(d,do) >0
where d = 220 qnd dy = J©e0)
90 )

Of course, this is not completely satisfactory since this result holds only
directionally. We prove the following result:

THEOREM 3.5. Assume (Al),(A2), (A3), (AD), (AN), (AC), (A4) hold.
Under the distribution g, 5,) v, where 8, = ¢/\/n, ¢ a positive real number,
Bo € B, the mazimum likelihood statistic T, —1,,(0) converges in distribution
to:
1
5—-Sup(€d+-6<d7do>H)2']fd+dd¢m>Hzo
deD
9fo,ﬁo)

where dg = m

3.2. APPLICATION TO HYPOTHESIS TESTING

As was underlined before, the locally conic parameterization depends on
the unknown true density. However, the maximum likelihood statistic does
not depend on the parameterization, it only depends on the family G, what-
ever be its description. Moreover, when subtracting two maximum likeli-
hood statistics over different models, the difference makes the terms /,,(0)
disappear. It is then clear that the previous results allow to test hypothe-
ses using maximum likelihood statistics with asymptotically known level in
the following way. Define 75 and 7; to be sets of parameters such that the
models Go = {g(s,5), (¢,58) € To} and Gi = {g(9,5), (6,8) € T1} verify all
assumptions of section 2.1., 7o C 7;. Define:

T.() = sup 1(6,8) i=12
(6,8)€T:

We have
THEOREM 3.6. Suppose go € Go. The asymptotic level of the test of Hy :
(0,5) € To against Hy : (8, 3) € T1 — To with critical region
T,.(1) =T,(0) > C,
EX
1 2 1 2
= P(5 - sup (€a)” - le,z0 = 5 - sup (€a)” - Legzo 2 Ca)
deD, deDo
with obvious notations.
The proof follows that of Theorem 3.1 for the distribution of (7,(1) —
1,(0),7,(0) — 1,,(0)) where the true distribution g lies in Go.
If the true distribution is a fixed ¢y not in Gg, the asymptotic power of the

test is obviously one. If the true distribution is gy, g,)- v as in Theorem 3.4,
the asymptotic power is:

1
P(= - sup (&g + o{d, doy i) - L yre(ddo) >0

deﬁl
1
—5 " sup (&a+ c{d, doyir)? - L yretddg) g0 = Ca)
dEDO
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292 D. DACUNHA-CASTELLE AND E. GASSIAT

where dg = gEO,ﬁo)/go‘
REMARK 3.7.

e To compute the asymptotic distribution of 7),(1) — 7,(0), notice that
the processes involved are correlated and that Dy C D;.

e The limit distribution may depend on ¢gg or may be free of go. This
depends on the spaces B and D. Indeed, if B does not depend on gq,
the distribution of the supremum over D of the square of the Gaussian
process may be free of gg. This is the case for parametric testing where
the parameter to be tested is in the interior of the parameter set, see
section 3.1.

e Analytic derivations of the distributions of the supremum of the Gauss-
ian process as involved in the Theorems are difficult problems. In a
recent work, Azais and Wschebor (Azais and Wschebor (1995)) give an
explicit formula for computing the distribution of the supremum of a
random process in various situations. A recent text of introduction in
the topics of continuity and extrema for Gaussian processes, together
with references, is the one of Adler (Adler (1990)). Also, in similar
contexts, Beran and Millar (Beran and Millar (1987)) have proposed
stochastic procedures using bootstrapping to find the estimated level
of confidence sets when the asymptotic distribution is too intractable.
Similar ideas could be used here.

e Though the assumption (A4) does not hold for mixtures, we shall derive
an asymptotic distribution for the maximum likelihood statistic which
will be also some function of the maximum of the Gaussian process
indexed by D. Application to hypothesis testing follows obviously the
same lines.

3.3. APPLICATION TO PARAMETRIC MODELS

Let G = {g,, v € I'} be an identifiable parametric model where I' is a
compact subset of R?. We make the following geometrical assumption on I':

(RP1)  Forall vin I' and » in RP define:

T(y,u)={teR, y+tuel},
U(v) = {u € RP, T(v, u) contains a right-neighborhood of 0 , [0, u,[}.
Then,

Vyel, 3¢> 0, Vu, (It €T (y,u)) andt < c = u € U(7)).

Moreover, for all v in I', U(y) spans RP.
Let go = g.0. Assume the model is locally regular in the following way:

The application ¢ — g0, is twice continuously differentiable
(RP2) fort > 0, gov a.e. for all directions u in U(~%), with right
continuous derivative at ¢t = 0.
There exist functions h, [, m, such that:

L 094044

Vy=7"+tuel,ue U, |logg,| <h, | —L2] <1,
gy Ot
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2
ia gw0+t.u|
gy 02 =1

Define the Fisher information at point 4° as the p x p matrix 1(7°%) such
that:

Eyu[h] < 400, Egoy[lz] < 4oo, Ey[m] < 4oo.

10 u
vu E U(70)7 Var (_ﬁhzo) o uT . I(,)/O) - U.
g0 ot

(RP3)  I(7") is non degenerated.
COMMENTS

e Assumption (RP1) allows to define the Fisher information unambigu-
ously since derivatives exist in at least p linearly independent direc-
tions.

e For 7Y in the interior of I', the Fisher information so defined reduces to
the usual Fisher information, and assumptions (RP2) and (RP3) state
the regularity of the model in the usual way (see Dacunha-Castelle and
Duflo (1986)).

e The geometric interpretation of (RP1) is that I' possesses the following
property: at a boundary point, there exists a small ball B centered at
the boundary point such that I' N B is inside the tangent cone.

3.3.1. TESTING 7 = 7% AGAINST v # +°. The locally conic parameteriza-
tion will be:

7:70+0ﬁ7
9:¢W—7WUW%W—7%

0
_ 77
ﬁ - 0 .
It is then obvious that all assumptions (A1),(A2), (A3), (AN), (AC), (A4)
hold, with:

B=B-= it , :
{\/(7—70)”(70)(7—70) et

Now, let 3i,..., 3, be p independent directions in B. Then:

_ 09049
D=D={ b;d;, where d; = ”*51 o, and > ;3 € B
gOZ lo=o 2; B: € B}.

Then (AD) holds since D is a compact subset of a finite dimensional linear
space, and (AN) holds by construction. Let () be the log-likelihood with
n ii.d. observations. We have:
TuEOREM 3.8. Under the assumptions (RP1) to (RP3), sup.cr(ln(y) —
1,(0)) converges in distribution to:

1

5 sup (<u7 V>)2 1(u,V)ZO
uEI(WO)1/2~B

where V' is a p dimensional standard Gaussian random variable and (., .)
the usual scalar product on RP,
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Proof. Theorem 3.1 gives that sup. ¢ [, (v) —[,(0) converges in distribution

to:
1 2
s () L
Ele biG:eB
with d = (dy,...,d,). The distribution of (b,d) is that of (3, W) where
B € B and W follows centered p-dimensional Gaussian distribution with
variance I(7%). The change of variables u = I(y°)!/?. 3 gives the result. [

Theorem 3.8 allows one to know the asymptotic distribution of the maximum
likelihood statistic depending on the geometric structure of I' around ~p:

o If ~g is in the interior of I', B contains all possible directions, and also
I(v°)'/2. B, so that (as already known) we obtain that the asymptotic
distribution of sup.ep [, (7) — £,(0) is § - x*(p), since the supremum in
the Theorem is attained for u = V/||V]||.

o If vy is on the boundary of I'; the asymptotic distribution does depend
on 7% only through the set B, that is only through the shape of I' at
the boundary point v°. More precisely:

CoROLLARY 3.9. Under the assumptions (RP1) to (RP3), sup.crl,(v) —
1,(0) converges in distribution to:

1 2
B (<V7 PI(WO)1/2.B(V)>) 1<V,PI(70)1/2.B(V))ZO
where Ppoy1/2.5 the orthogonal projection onto the set I(YOY2.B and V is
a p-dimensional standard Gaussian random variable.

3.3.2. TESTING WITH A FINITE DIMENSIONAL NUISANCE PARAMETER. We
suppose here that we are interested only in a part of the parameter. Namely,
v = (e,8), « € R¥, § € R k41 = p, and we want to test & = o against
o # o Say that v° = (a,6%). We have:

THEOREM 3.10. Under the assumptions (RP1) to (RP3) for the whole mod-
el and if 40 lies in the interior of T': sup.er ln(v) — SUP§,(40,5)el" 1,(a®,9)
converges in distribution to 3 - x*(k).

Proof. For the full model, we have that B is an ellipsoid in RP. For the
submodel, the locally conic parameterization will be:

7:70+01 : (07ﬁ1)7

b= /(5 — 8)T1,(8°)(5 — &),

§— oY
ﬁl— 01 3

where [1(8%) is defined at point §° as in (RP2) for the submodel. Then, with
obvious notations, B; = (0); x & where (0)} is the null point in R* and &
is the [-dimensional ellipsoid defined with the matrix I; (6%). Following the
same change of variables than for the proof of Theorem 3.8, we have that:
sup,er ln(y) — sup57(ao75)erln(a0, ) converges in distribution to

1

1
—sup ((u, V)? Ly vyso = = sup ((((0)k: 1), V)2 11((0)00),17)50
2 weEB 2 ulegl
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where V' is a p dimensional standard Gaussian random variable. This in
turns exactly equals %(VIQ + V22 NI sz)‘ -

Though the simple mixture (4.1) is also an application of the general re-
sult of section 3, we chose to present the problem of testing the number of
populations in a mixture in a separate section.

4. POPULATION MIXTURES

In this section, we show how the theory of locally conic models applies to
population mixtures.
Let F = (fy)~er be a family of probability densities with respect to v. I' is
a compact subset of R* for some integer k. G, is the set of all p—mixtures
of densities of F:

P
gp = {gw,azzﬂ-i'.fwi :77:(7717--'77717)705:(717"'77]))7
=1

P
VZIL,]), 72€F7 0§772§17 Zﬂ'z:l}

=1
Obviously, the model is not identifiable for the parameters 7 = (7y,...,7,)
and o = (y},...,9P). There exist mixtures g in G, which have different

representations ¢, with different parameters m and a. For instance, we
have for any permutation o of the set {1,...,p}:

P P
DT fy = Tty Lo

Another example which may not be avoided by taking some quotient with
respect to permutations is:

p
fwo = Z U fwo
=1

for any (7;) such that #; > 0 and >>7_, =, = 1.
However, we assume that ¢, is identifiable in the weak following sense:

b8 =30 7wl -8, as probability

970,00 = Grl o1 V Q.6 <—

distributions on I'.

In other words, G, is identifiable if the parameter is the mixing discrete
probability distribution on I'. Teicher (see Teicher (1965)) or Yakowitz and
Spragins (Yakowitz and Spragins (1968)) give sufficient conditions for such
weak identifiability, which hold for instance for finite mixtures of Gaussian
or gamma distributions.
We address the following problems:
e Lor a particular density f,, = fo, test fo against a simple mixture in
the model (4.1) stated in the introduction.
e Lor a particular density f,, = fo, test fy against a general mixture, or
test one population against a mixture.
e For an integer ¢ less than p, test ¢ populations against p populations.
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As noted before, the model is not identifiable for the parameters # =
(71y...,7p) and @ = (y',...,4P). If reparameterized in an identifiable
manner, lack of differentiability appears. When using the non identifiable
parameterization with parameter (7, o), the lack of identifiability leads to a
degeneracy of the Fisher information, so that, when using classical Taylor
expansions for the log likelihood statistics, the remainder terms may not
be bounded uniformly. Moreover, the asymptotic variance of the maximum
likelihood estimator (which is the inverse of the Fisher information), when
one of the parameters 7 or « is fixed is unbounded. This is why Ghosh and
Sen had to separate strongly the v parameters to develop the asymptotics
of the maximum likelihood statistic (see Ghosh and Sen (1985)) when test-
ing two populations against one population; that is, they assumed that the
model for two populations verified ||y} — 42| > € for a fixed positive e and
some norm ||.|| on I'. This assumption is rather unnatural.

For each mixture problem, we exhibit a locally conic parameterization that
will solve the problem completely with no such separation on the parameters
of the mixing family.

We make the following assumptions on the mixing family F:

(M1) There exists a function £ in L1(gov) such that: Vf € F, |log f| <
h v-a.e.

4.1. SIMPLE MIXTURE
Here, the model is the subset of Gy given by:
gro = (=)o +7F, (4.1

where 7 € [0,1], v € I' and the true density is go = f.0, ~Yin the interior of
. Recall that H is the Hilbert space L?(gov). Define (8, 3) by:

Jry — 9o = fy
0= —Z|g=r-[|7F"lu: B=1.
I
So that the new parameterization is given by:
fﬁ - f’yo fﬁ - f’yo )
Gry =903 = 9o [ 1+ 0 . 4.2
= st = a0 (140 LR (42
It is easy to see that here:
fo—Fp  fa— [y
D= T . G, BEeT .
{2
We make the following assumption:
f is continuously differentiable v almost everywhere with respect
(M2) ¢, ¥ = (71,--.,7k) in the interior of I'. Moreover, there exists a
function [ such that:
Vy el iaﬁ|<l i=1 k FEy[l*] < 400
3 fw 872 by 3 y gov

THEOREM 4.1. Under assumptions (M1), (M2), and if
(S2) D is a Donsker class and &g has continuous sample paths

then the parameterization verifies all assumptions (A1), (A2), (A3), (AD),
(AN), (AC), (A}), and Theorem 3.1 holds.
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Proof. (M1) implies (AC), (M2) implies (Al), (A2), (A3) and (A4). In
particular
9(6,8) = o <~ =0

is obviously a consequence of the weak identiﬁability7 since

~ fp
P (08

Then, (AN) holds by construction. O

T c{(6,p) :0< H

REMARK 4.2. A simple and useful example where the assumptions hold is
the case of a mixture of Gaussian variables. If the mixture is only on the
means, it is enough to assume that the means are in a compact set. If the
mixture is also on the variances, easy computations show that the variances
have to be restricted in a set of the form [e, 200 — €], if og is the variance of
go, for the assumption (AC) to hold. However, in this case, a close look at
the expansions giving the form of the likelihood statistic shows that theorem
4.1 still holds even when the variance is allowed to take bigger values: the
bigger values play a negligible role when taking the maximum. This will be
fully developed in further work.

4.2. ONE POPULATION AGAINST TWO POPULATIONS

In the case of the simple mixture, the locally conic parameterization is
linear in the parameter #. The Taylor expansion till order 2 is trivial, and
the simple asymptotic result Theorem 3.1 holds. This will be the same for
contamination models as explained in section 5. But this will no longer be
the case for mixtures of unknown populations. Let us explain the situation
in the most simple case of real parameters. Here, I' will be a compact subset
of R. We suppose again that the underlying distribution is go = [0, 7% in
the interior of I'. But the model is the whole Gy. Define: 5 = (v,8) v € I,
d € [0, M]. A locally conic parameterization is given by:

0
9(9,8) = (ﬁ)f” (1- W)AJF i

where

10 —
N ) =6 f”m L g0y,

If f, possesses sufficiently many derlvatlves with respect to v, we have the
following derivatives for gg g (g(k) denotes the k-th derivative of gy gy with
respect to § and f*) the k-th derivative of [ with respect to v ):

/ ) 0 ; 1
g(é’,ﬁ): N(ﬁ)(l_ N(ﬁ))(f 5)‘|‘W(fw fW 04 ()5)

T A (| S A PR A
@5 NG rxts - N(B)E N(B) T
Observe now that N (/) goes to 0 as soon as v goes to v° and & goes to 0.
Then it can be seen that (5)2 can not be uniformly bounded, so that g7 g

divided by g(y,5) may not be uniformly dominated by an integrable function
as required in (A4). To find the result, the locally conic parameterization is
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still a key point, but the Taylor expansion has to be made till an order bigger
than 2 in a region where N () goes to 0. We shall need the assumptions:

(M3) N(B) = 0if and only if v = 4% and § = 0.

f(k)
(M4) [y possesses derivatives till order 5. For all £ <5, ;—z € L% (gov).
Moreover, there exist functions ms, ms and a positive € such that:

2

1 < my Egoﬂ[mg] < +o0,

sup |
y=+0<e 90

(5)
sup | =—[ < ms Egoﬂ[mg] < F00.
y=~0<e 90

Define D as the set of functions d

P B CRR SRR A
N(ﬁ) 9o

Define also
_ féo/go , = fwwo/go
/gl = T o/goll’

Notice that dy, dy are in D as well as (Ad; + ,udg)/\//\2 + 1% + 2udp. We
may now state the Theorem:

THEOREM 4.3. Assume that (M1), (M3), (M}) hold, that D is a Donsker
class and that & has continuous sample paths. Then T, — 1, (0) converges
in distribution to the following variable:

dl u = <d17d2>.

1 2 e L
P {5 ' ?llelg(gd) eazos §€d1 + §€(d2—ud1)/mlg(dz—udl)/m>o} '

The asymptotic distribution is the supremum of two terms. The first one
is the sup term which was expected, and which is obtained for parameters
that do not approach too fast the non identifiable point. The second term
comes from the boundary of the set D, that is from approaching the non
identifiable point. This second term has an unexpected form, since it seems
to be twice than an ordinary term (it adds two terms), and appears as a
boundary term coming from second order.

REMARK 4.4. If moreover fé/go is uniformly bounded in H, it is easily seen
that

o= 0481 fo=f o t8
H g0 _ g0 H
Fr=T 0380 Fy=Fp+8' 7,
l—— Il

is upper bounded by
Jr=fyp4(6=8") 10
N a—
= Fp 451,
[——l

The number of covering balls in H is then easily seen to be of order 1/
when N () does not approach zero, and of order 1/¢* when N (/3) approaches
zero. The Donsker condition then holds.
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4.3. ONE POPULATION AGAINST A MIXTURE

Here, we suppose again that the underlying distribution is go = f,0, A0

in the interior of I'. But the model is the whole G, for some known integer
p. Define:

ﬂ:(Ah...7Ap_17717...77p_17(;)7 AZZ(L AZ:L

viel,i=1,...,p—1and § € R.

The locally conic parameterization is given by:

-, 6 o
= /\imfwi +(1- W)fw%ﬁ&

=1
D is the subset of the unit sphere of H of functions of the form:

18fw i — 4o 1
( |W WO—I_Z/\ )N(ﬂ)

Where/\iZOﬁyief,i:l,...,p—L(SER,and

p—1
d =1,
=1

and

H-
go Oy |

The following assumption will replace (M3):
(M3*) N(8) = 0if and only if 377! \i(y —=1°)2 =0 and § = 0.

19 !
NI A TR PV
=1

For non negative Ay,... ,A,_y, any Aand e =0 or 1, if A =(Aq,..., A1,
A, €), define
PATR s ed
a(A) = izt f : 1+ edy
I MBS Ay 4 eda|

and define Dy to be the subset of D of functlons d(A) which are orthogonal
to dy. Then

THEOREM 4.5. Under (M1), (M3%) and (M/), if D is a functional Donsker
class and &4 has continuous sample paths, then T, — [,,(0) converges in dis-
tribution to the following variable:

1
sup —-sup(fd) “Leg>o3 fdl + sup 5d Les>o0
2 4ep deD; 2

Theorem 4.5 is obviously an extension of Theorem 4.3 since in case p = 2,
Dy contains only one direction.
The addressed problem of testing one population (known or unknown) again-
st a p-mixture can now clearly be solved using Theorem 3.1 when the pop-
ulation is known, and using Theorem 3.6 together with Theorem 3.8 when
the population is unknown.
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4.3.1. ¢ POPULATIONS AGAINST p POPULATIONS. In the first version of the
paper, we claimed that we believed that the asymptotic distribution of the
maximum likelihood statistic in the general model could be derived using the
following locally conic parameterization. This claim has further be proved
in subsequent work, see Dacunha-Castelle and Gassiat (1996).

Define By the set of parameters 8 = (Ar, ..., Ap_g, ¥, ..., 7?7964 L0 89,
piy---,pg) such that \; > 0,7 € [, i = 1,...,p—gq, &' € R* p € R,
I=1,...,¢,and 3777 N+ 37, pr=0. Let then

L ollafw : flo
D T W
=1 =1
Foranyﬁin Bp and any non negative 6 such that for any integer l = 1,... ¢,

7Tl + PlN( ) > 0, define the mixture:

pP—q

(8)

0
AZN fW ‘|’Z T+ p (ﬁ))fwlyo-pﬁ(gl' (43)

=1

Such parameterization may be viewed as a perturbation of gg in the following
way: perturb the ¢ mixture go through a perturbation of the parameters
740 and the weights 77, and add a perturbation as a p — ¢-mixture with
weight tending to 0. Such equation does not completely set a locally conic
parameterization. Indeed, the equation (4.3) does not define unambiguously
(0, 3) for a given mixture. For instance, different sets of parameters may
give go. It is then important to define the set 5 such that g(y 5 = g0 ~—
¢ = 0, which is not an immediate consequence of the definition of gy ).
We shall then precisely describe the set B. The asymptotic distribution of
the likelihood ratio will take a similar form than when testing 1 against p
populations.

THE LOCALLY CONIC PARAMETERIZATION. Let ¢ be any p-mixture:

p

gIZﬂ'i'fwi.

=1

To describe it through equation (4.3), one has to associate the parameters
of g to those of gg, that is to give a special order to the parameters. In other

words: for any permutation o of the set {1,...,p}, we define the parameters
0 such that g(g, 5,) = g. This leads to:

Bo = Maos e s Apegon Yo s AP797 650 697 py L pao)
with:

Vi=1,...,p=q Xio-0s =m0 N(B),

Vi=1,...,p—q, ¥°
Vi=1,...,q, 6" -0, = (y7@0=et) 10 . N(3,),
Vi=1,.oit, pio 0e = (Togri — 70) - N(Bs).
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It is easily seen that

q k
HZZ o(p—q+l) Zlo) 1 3fW|W Wlo-l-zﬂ'

=1 1=1
q
foo
+Z o(p—att) — 7)) =g
—1 90

The system is then ambiguous on the scale of 3, since a multiplication by
a scalar of 3 leads to the same result to N(3).

The problem is then to choose between the permutations. The following
choice is a good one. The idea is to associate step by step the nearest points
~% involved in ¢ to the set of points v involved in go. Look for:

Lo i
oy il =

It is attained for {1 and ;. Define then o(p — ¢+ 1) = ;. Look then for

. 0 i
1:1,...,q,l¢§?,lz'g1,...,p,z’¢il Iy 7l
It is attained for /3 and i3. Set then o(p — ¢ 4+ l3) = i3. By induction,
define in the same way o(p —q+1;) =4; for j =1,...,¢. In this algorithm,
consider only points truly involved in ¢ (eventually less than p points). Then
complete the permutation ¢ in some ordered way. You then have defined a
permutation o(g). The locally parameterization is then given by equation
(4.3) with:
T:{(G,ﬁg(g)) : 0<0 )1 g€ G}

This induces the set B as the intersection of all directions approaching 0 in
T. Such parameterization is locally conic.

5. POSSIBLE EXTENSIONS

We briefly show how the theory of locally conic models could be used
in two other situations, leaving complete exposition and details for further
investigation.

5.1. CONTAMINATION OR PERTURBATION MODELS

Let go be fixed. Suppose we want to test: Hy : {go} against the per-
turbation Hy : {gg g = go + 08} (or against the contamination model
{9(0,9y = (1 = €)go + €g1} which is similar to the perturbation model).
Assume 6 € [0,1], # € B where B is a subset of the unit ball of Ly(1/g0.v)
such that all 3 in B verify [ Sdv = 0. We then have here:

p=L1g
9o
Assume there exist Banach spaces C'; and (' with canonical injections C'y —
Cy — L*(1/go.v) and real numbers K; and K, such that B is a subset of
C'1 with:
VB e B, [|Blle, < Ky, [|Bllo, < K.

B is equipped with the topology induced by C5. Then, we may apply the
theory of locally conic models as soon as:
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e The image in C5 of the unit ball of C; is compact in C,
e The continuity of the linear forms 5 — (z) follows from the condition

1B1(2) = Ba(2)] < |81 = Ba2lles,

° %B is a Donsker class.

A simple example is the following: C = H*, Cy = H? where HP is the
Sobolev space of functions with p derivatives, equipped with the norm
Lo 1£)|2. Then if we choose as perturbation set

B={seH' UH*UL*(1/go), 1Bllr>(1/500) = 1s
181l gs < Ky, [|B]lgz < K2, 3(0) = 0}.

We then have:
@) =)l = | [ (1) = e
< 181 = Balp-

In such situations, Theorem 3.3 holds, so that:
lG — gol| converges to 0 at speed 1/v/n

where ¢ is the maximum likelihood of g in the perturbation model. In other
words, the norm of the density may be estimated at rate 1/4/n in such non
parametric model. The estimation of non linear functionals of a density in
non parametric models is a widely studied problem with known results and
still open questions. It is already known that some non linear functionals
of a density may be estimated at rate 1/4/n in non parametric settings, see
for instance Donoho (Donoho (1988)). It is however not in the scope of
this paper to discuss this subject. Let us only notice that it is also known
that maximum likelihood estimators and functional Donsker class theory do
not lead to the optimal results for some critical non parametric situations,
compare for instance with the results of Laurent (Laurent (1993)).

5.2. ARMA MODELS

Let (¢,)nen be a sequence of independent centered Gaussian random vari-
ables with common variance o?. An ARMA(p,q) process (X, )nen is given
by the following equation (see for instance Azencott and Dacunha-Castelle

(1984)):
Xptar Xy 1+...+ aan—p =€, + blen—l +...+ bqen—q

where ay,...,a,,b1,...,b, are real parameters.

Let X = (X,)nen be a given process, and suppose we have to test that X
is an ARMA (po, go) process against X is an ARMA(p, ¢) process. As for
the mixture model, the ARMA (p,q) model is non identifiable when using
parameters aj,...,ap,b1,...,b,. For example an i.i.d. sequence has all 0
parameters, and also any equal parameters a; = by,...,ar = by, k < p and
k < g, the other parameters being set to 0. We shall prove in a forthcoming
paper (Dacunha-Castelle and Gassiat (1996)) that it is possible to define
a locally conic parameterization to deduce the asymptotic behavior of the
maximum pseudo-likelihood statistic for the case of Gaussian processes, or
of the minimum contrast statistic for general second order processes.
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This leads to a simpler presentation than in Hannan (1982). This new pre-
sentation also makes clearer the reason why the asymptotic limit distribution
is the supremum of a function of a Gaussian process over some space.

6. PROOFS

Proor or TueoreMm 2.1. K(go, g(s,s)), the Kullback information, is con-
tinuous with respect to the parameter (8, 5), thanks to (A1), (A2) and (AC).
Define:

K@) = il K .
)= ser T gyer (90 90.0)

Since T is a compact set and using assumption (A1) we have that:
Ve > 0, k(6) > 0.
Moreover, k is continuous. Define now:
U6)= s (1af6,5) ~ (0, 5)
peBs: (6,0)eT "
First of all, we obviously have:

liminf U, (0) > —k(0) a.s.

n——+oo

Define my,(z,0) = supd(ﬁlﬁ,z)sn|logg(9751)(9€) — log g(s,3,)(7)|. Since B is
precompact, for any positive i there exists a finite number NV, of balls with
diameter /2 covering B and with centers 3;, ¢ = 1,..., N,. Now, obviously

Un0) S sup o (18, 50) = (0, 8)) - D my (X2,0)

i=1,..,Ny T
so that a.s.
lim sup U, (6) < LN (=K (90, 9(6,61)) + Ego (1 (X, 0))
so that

limsup U, () < —k(8) + Ey . (m,; (X, 0)).

n——+oo

Now, we have lim,_,qm,(z,8) = 0 a.s., and (AC) implies

)
lin (g (X,6)) = 0
so that
limsup U, (8) < —k(6)

n——+oo
and we may conclude that U, (#) converges a.s. to —k() for all .

Now, g is a maximizer of U, (8). Let § be a positive real number. We have,
since k is continuous:

de >0, V0 > 6, k() > 2e.

Let 1 be a positive real number, and let (6;);=1,.. ny be N real numbers such
that 0, =60, 1 +n, 0, =30+ n, 8y > M. We have:
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We have:
PO >38) < P(supU,(6) >0)
6>6
< Plugln) > 0+ P(_inf U6 > —0)
where

wy(n) = sup |Uy(60) — Un(6')].
|6—6"]<n

Now, inf;—y . n U, (6;) converges a.s. toinf;—; . n —k(§;) which is less than
—2¢ so that P([inf;—; . v U,(#;)] > —¢) tends to 0 as n tends to infinity. It
only remains to show that P(w,(n) > ¢) tends also to 0 for a good choice
of 7. To do this, notice that: if r,(z) = supjg_g/|<,supges|log g,z (r) —
log g(g7,5)(%)| we have:

li Fyy (X)) = 0
thanks to assumptions (Al) and (AC). Now:

n

WWS%;%@J

So that almost surely:

limsup wy, (1) < Ey . (ry (X))

n—+400
which is smaller than ¢ for small enough 7.

Proor or THEOREM 3.1. An obvious consequence of assumption (AC)
together with (A1) and (A2) is that, if a submodel is fixed by the parameter

3, the estimator of maximum likelihood 65 converges to 0 as n tends to
infinity. Moreover:

LEMMA 6.1. Under assumptions (A1), (A2), (AC), 85 converges to 0 in
probability uniformly in the parameter (.

Proof. We have:
{supfs > 8} C {supsup (I(6, 8) = 1.(0, 8)) > 0}
B B

6>6
so that:
P(sup s > §) < P(sup U, () > 0)
8 <5
and the end of the proof is the same as that of Theorem 2.1. O

Let V() be the log likelihood ratio statistic in the submodel: V,,(8) =
l,(85,3). We have:

T, = sup V,,(5).
BEB

Now: Assumption (A2) implies that, if éﬁ > 0, the derivative of (6, 3)
with respect to 6 is zero at the point ég: On {éﬁ > 0},
e /A
g(@,@ﬁ) (X) —0.
i=1 J(65.9)
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Expanding this equation leads to:

=1 g(O,ﬁ) =1 g(O,ﬁ)
where
Ly (6
R, —/ ( ﬁ’ﬁ)dt,
with

and ,
1S9
An(ﬁ) = - (0.6) Xz
n =1 g(07ﬁ)
Now, define:
glu g’ gvv .
Z(u,ﬁ) — / ( ( 75))290 _ ( (075))290 _ Mgo du.
G(u,B3) 90 G(u,B3)

Using the same tricks as for Theorem 2.1, we have:
lim sup sup |Z(u, 5)| =0
§—0 B |ul<s

and then

lim lim sup sup sup |Z,(u,8)| = 0 in probability.
620 pstoo lu| <&

An immediate consequence of this result together with Theorem 2.1 and
(A5) is that R, = op(1) in Probability uniformly over 3. We may then
state:

LEMMA 6.2. The following equation holds:

n 9{0,,6) X
éﬁ = =1 gg (2 2) . (1 + OP(l)) -1 o
n (9{0_,5)) (X)) Yo %(Xibo
=1 g0 2

where the op(.) holds in probability uniformly over [3.

Expansion of the logarithm in V,,(3) and similar arguments lead to:

V)~ (o) = 30 LT

=1 9o
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We may then state:

LEMMA 6.3.

’ 2
(T )
1 =1 g0 ¢
y (top) -1
2 ., (9{075) ) 2 X s ﬂ%(x,-)w

=1 9o

where the op(.) holds uniformly over 3.

Theorem 3.1 is then an immediate consequence of the previous lemma
and assumptions (AD) and (A5).

Proor oF THEOREM 3.3. Previous results lead to:
7

T, = 1,(0) = 5(0)*- (Z(‘C’O—W(Xi)) (14 or(1)

where the op(1) holds uniformly over 3, so that:

il = VAT 0|5 3 GRG0 -0 or() (0)
Now:
LEMMA 6.4.
Yy
i=1 70,8

converges to 1 in go.v probability as n tends to infinity.

Proof. Since a Donsker class is Glivenko-Cantelli in probability, we have:

! =) X))~ [ldll |= babilit
L sup | Z ldl |= 0 in o probability.

Now, using assumption (A5) we have

| -y d*(X;)—1]=0 in go. bability.
n—1>r-|{loo§gg|nz | in go.v probability

Moreover, denotlng ’6 by d we have:
1 n
— —1|<sup| — d*(X;) — 1
|n;<><> |dD|nZ |
and the lemma follows. O

Now, equation (6.1) and lemma 6.4 prove Theorem 3.3.
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PrROOF OF THEOREM 3.4. First of all, (g(g, ) - ¥)®" and (go - v)®" are
contiguous. Indeed the log-likelihood ratio is:

A, = Zl I0ni) (x

D e oy 4 £ 2n S _ (e v 1 1 op1)

im1 9o Py 9o 9o

which converges in distribution under g - v to the Gaussian distribution
N(=c?/2,¢?). This proves the contiguity, see Roussas (1970) Proposition
3.1 p. 11. This implies, see Roussas (1970) p.7:

o0 converges to 0 in g, 5,) - ¥ probability,
e For all § in B¢, éﬁ converges to 0 in g(g, g,) - ¥ probability,

so that lemma 6.3 stays true under g, 5,) - ¥- Now, definition 2.1 p.7 of
Roussas (1970) again implies that:

1= 1

converges to 1 in probability under g, 5,) - v. Moreover, applying Theorem
7.1 p. 33 of Roussas (1970) we see that:

\/_Zgo

=1

converges in distribution under g, g,) - ¥ to the Gaussian distribution with
%_,,6) 9fo,ﬁo)
go ' go
ProOOF OoF THEOREM 3.5. The proof of the theorem follows the same lines
as that of Theorem 3.4, except that we use Le Cam’s third Lemma for metric
spaces (see Van der Vaart and Wellner (1996) p. 404), which gives that

mean ¢{ ) and variance 1, and Theorem 3.4 follows.

BN 9(05) 2
- . X;
T )

converges to 1 uniformly (over B) in probability under 9(6,,80) Vs and that

the process
> ey,
(\/_ 1=1 gO )ﬁeB

converges in distribution under g4, g,)-v to the Gaussian process with mean

90,8 900.50)

LT ) and covariance the scalar product in H. Theorem

function ¢(
3.5 follows.

PROOF OF THEOREM 4.3. Define 7, = supg ég, which is known to tend to
0 in probability. The proof relies on separating the domain into two regions:

=15+ i < )
1
B, ={p: N(ﬁ)QZ_O‘}
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for a suitable choice of @. Then we have:

Ty — 1,(0) = sup { sup 1,(83, 8) — 1,(0), sup (83, 8) — 1,(0) ¢ .
BEAn BEBy
Then we prove:

LEMMA 6.5. Under the assumptions of Theorem 4.3, supge 4, 1n(03,5) —
1,(0) converges in distribution to

1
3 sup(€4)? - 1g, > 0.
deD
and

LEMMA 6.6. Under the assumptions of Theorem 4.3, supgep, ln(ég, 3) con-
verges in distribution to

1 2 1 2
350 T 38 s mud ) VT iy >0

The following lemma will be a basic tool.

LEMMA 6.7. Let ¢ = W Then
A B
6 < m , N(B) < m

where A and B are some fized constants.

The lemma says that, when N(3) goes to 0, its speed and that of § may
be controlled via ¢.

Proof. 1t is enough to prove that
52
N(B)

is uniformly bounded. Indeed, if not, let 8, be a sequence such that

2
lim n__ = +4o0.

n N (fn)
Then, using (M3), §, tends to 0 and v, tends to 7°. Letting
e S

=a—+1t, t#£0,
Yo Yo

be an orthogonal decomposition in H, we have:

e
N(B)? = (m—70+5n+a/2.<%—70>2>2-ugiouif

a4 (3~ muu%) (14 of1)).

Let v, — %44, = an(yn — 70)2. Then:

o _ (an(yn —7°) = 1)?
N(Ba) /!
\/(an +a/2))| 3 + /4t
which is always bounded. O
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REMARK 6.8. Notice that the only constraint on the parameters is given by

0
N@) <

In particular the speed of ¢ is unconstrained, this will be useful when opti-
mizing the approximating polynomial for proving Lemma 6.6.

PrOOF OF LEMMA 6.5. First, the following expansion holds for 8 tending
to 0:

L6.5)—1,(0) = YU (6.2

=1 9o

1o 9(95)—90)2 ( (9(95)—90 ))
—— ) (Xj) 14+ | —————(X)])]).
2 (1) o (o (e
Let us now write an expansion of g(g g till order 2:

02
900,6)() = go(x) + 0 ‘gfo,ﬁ)(f) + 5 97 (6x,3)(T)

for a #x < @ and depending on z. Now as 6 tends to 0:

. B 1] , 52
97 (,5)(T) = —Qwao(w) + O(WGWW(@QO(@)

since ¢ is bounded and using (M4). Write:

9(0,6)
Dn ﬁ = : Xz
0) =32 x)
n f/
F, = LO(XZ)
=1 0
Define also
2 féo 2
a :Hg_OHH

and

Notice that

i (g(j’ﬁ)) (X)) = n - (1+op(1)),

g(O,ﬁ)) dy (XZ) = nu(ﬁ) . (1 + OP(l))7

where the o(1) are uniform in probability, thanks to (AD) and (A5). Let
us now see what happens on A4, and for 8 < 5,. Applying lemma 6.7 we

obtain
2
g < 77711—4oz/3
N(B)?
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which goes to 0 as soon as a < 3/4. It is now not too hard to prove:

1,(8,53) — 1,(0) = 6D, (8) - ﬁFM + op(nf?)

1t op(1)) + =gt nau(3) (1 4 op(1))

N(B)

gt o2
na*(1 + op(1)) 4 op(nb?)

EERIGE
where all the op(-) are uniform in probability over § in A,. Now,
5
——f <yl
N =
and since (D, (f3), Fr.)/v/n converges uniformly in distribution using (AD)

we have easily

S
N = or(ODa(5)

where the op(+) is uniform in probability over g in A,,. We finally get for
in A, and for 8 < n,:

2

16.9) = 1,0) = (0D,(5) - §0) 1+ 0p (1)

where again the o(-) is uniform in probability over § in A,,. Since éﬁ < My

this obviously leads, by maximizing 6D, (3) — %n to:

_1D.(p)?

Vi) =5

1p,(p)>0(l + op(1))

for g in A, and where the o(+) is uniform in probability over g in A,. The
conclusion of Lemma 6.5 follows using (M4) and the fact that U, A,, = D.

ProOOF OF LEMMA 6.6. We shall use again expansion (6.2), but the expan-
sion for g(g5) has now to be done till order 5:

5

4 .
o 0
96.6)() = go(w) + 0 gig () + Y = Yo (@) + B 9L (@)
=2 )

for a 8% < @ and depending on z. The aim is now to prove that for 8 < 5,
and for g € B,, we have:

[,(60,8) = 1,(0) = P(0,5)(1+ 0op(1)) (6.3)
where all the o(-) are uniform in probability over 3 in B,, and with

o 62

J gt 52
—I—WHSnau(ﬁ) — EWMLQ
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First of all, notice that on B,,, § and N (/) are bounded by 772/3 and tend
uniformly to 0. So that we may write:

! VAT Ut i—
96,0 = go(x) + 0 gio 5(@) _ZF'N(ﬁ)ifv(O V(@) (1+ op(1))
=2
6> &4 85
—5N<m5f§§)(x)+0(N(ﬁ)505m5(x))

From now on, all the o(-) will be in probability uniformly for g in B,,. Now,
using expansion (6.2) together with the previous result leads to

[.(6,53) = 1,(0) =

n / 5 k 5k 1 f
Z( X) =2 G- . X0+ an1)
05 sms NS _gfom ,
RTINS ‘52(0 w
S 5k vy 5 ms 2
N i><1+0p<1>>+o<N(ﬁ)50 2 ) )
n ! 5 k k—1 f
+O(Z(0 ) -3 NG X001 or(1)

which, when keeping only the two first terms in the first sum and when
taking the squares in the second sum, leads to the fact that [, (6, 3) — (,,(0)
equals P, (0,5)(1 4 op(1)) plus terms which may be bounded with one of
the following forms:

grgk-1 o fE)

NG)F 2 gy (K B2

=1
05 55 0k-|—1 5k—1 0k-|—l5k-|—l—2
NEPF" NEF " N
0k—|—25k—1 0k-|—l-|—1 5k-|—l—2 0k-|—l-|—m (’Sk—l—l-l—m—?)
NEF " TN@RT TN
Now, since /N () < 1, the first term in this list may be bounded by:

n )
025
QZ
=1

which is uniformly in probability

n, k,1>3,

6°n

n, k,l,m>2.
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312 D. DACUNHA-CASTELLE AND E. GASSIAT

Some of the other terms will be proven to be op(n6?) using Lemma 6.7 and
the fact that 8 is in B,:

0555 O( 02 55 ) O( 02 oz/3)
n=0(n =0(n )
N3P N (B !
0k+15k—1 5 5k—1 5
i S _ o(k=3)/3) I >
N n=0(nd N(ﬁ)) O(né°n ), k>4,
0k—|—l§k+l—2 25k+l—2 ,
7 = N G a(k+1-6)/3 >
N (B)k+ n = O(nf N(ﬁ)Q) O(nn )y k>3,
3 AR 2 ck—1
°n =o0(nd*) ———— =0O(nh6" ),

(%) g = O
0k—|—l—|—15k+l—2 5k—|—l—2 (bl
NG O(nf? NGO O(ng?n* A=A k1> 2,

0k+l+m5k+l+m—3n =0(nb? LH—HH_S) =0(nb? cY(k‘|'l"|'m_7)/3) k+l+m > 8
N NEE T | =
The remaining terms may be proven to be o(n%). They are:
nf*s5? 6152
——==0(N(B) n—),
Np - O )
5 ¢2 452
nd 54 _0@-n 6% ),
N(B) N(pB)
6 53 452

nd 56 _ 0@ n %6 ),

N(B) N(pB)

nd7 5 0@ n 6452 )

N(B)" N(B)*

It is not possible now to conclude that (6.3) holds since the remaining terms

are shown to be negligible with respect to one of the terms of F,,. However,

they are uniformly negligible with respect to the involved term. Moreover,
it will be seen that, at the optimizing value (¢, 3), all terms in P, have the
same order. Our aim is to conclude that (6.3) holds and that to optimize

[,(8,3) — 1,,(0) we just have to maximize P, and verify that all terms in

P, have the same order at the maximum point. To be able to conclude, we

shall then only need to prove that, it is not possible that P, (6, 5) becomes

small together with the fact that some of its terms become of order bigger
than that of the maximum value. Now, at the maximum value, all terms of

P, have the same order, which is 0(1), and not o(1). Let us prove that the

supremum of [, is not reached when one of the terms of P, tends to infinity,

together with the fact that F, is close to 0. Define ¢ = W;

o If ¢F,0? tends to infinity, then it is small with respect to —8*¢?na?
which is negative. If this last term is compared to n¢6>, it is much
smaller only in case 8¢ tends to 0, in which case ng8> is small with
respect to —nf? which is negative. We may conclude that in this case,
P, is not small.

o If 6D,(3) tends to infinity, it is much smaller than —n#* which is
negative. In case ng#® is much bigger than —n#?, ¢ tends to infinity
and the only leading term is then —n¢?6* which is negative.
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o If pn6> tends to infinity, then it has been seen that in case 8¢ tends
to infinity, the only leading term is —n¢?6?*, and in case 8¢ tends to 0,
the only leading term is —n#?. Now, in case 8|¢| is lower and upper
bounded, let & be an accumulation value of ¢#. On the subsequence,
anaud? — %0420271(12 %n@z is negative.

We may conclude that the supremum value of [, is attained in the region
where all terms of P, are O(1), where (6.3) holds.

Now, we then have to optimize P, (6, 3) for § <5, and g in B,. First notice
that on B,

n

Dn(ﬂ):ﬁ ((7_70+5)Zi+ (7_27) wawo

= 90 = Jo

) (Xi)(1+op(1))

where N () has the same expansion. Depending on the leading terms in the
expansion, the only possible approximations of D,,(5) are the following:

p) = (Z dl(Xi)) (1+0p(1)) (6.4)

or

(Z Aﬁ%)) (1 +0p(1)) = DY) (14 0p(1)) (65)

for some real number A. Moreover, the o(1) terms may be uniformly bounded
using a function of 5,. It follows that,

By = Bp(00) U (Urer+ B (M)
where B,,(c0) is the set of 8 such that §/N(8)? > 1/n2 and (6.4) holds, and
B, ()) is the set of 8 such that 6/N(8)% > 1/n% and (6.5) holds.
Mazimization over B, (cc). On this set, we have, up to a multiplying factor
1+ o0(1):

2 2

E, 0
Pu(8,68) = 0~ — —n = 9F, 0 + dnat® - %na204
a

where ¢ = §/N(3)%. We shall maximize it over ¢ and then over 6, and
then verify that the optimizing values verify 5 € B, (o0) and /N (3) < 1
Maximizing in ¢ leads to

1 F,
¢= ad  na26?
and the value of P, (6, 3) for this value of ¢ is then
F2
2na?

which does not depend on 6, and converges to 1/2 -th.

Let us now verify that the optimizing value may correspond to some 3 €
By, (o0) and /N (3) < 1. Indeed, we may choose 3 such that N(5) ~ ¢é for
a constant ¢, so that ¢ ~ 1/¢%5, and 8/N () ~ c¢. Now for the optimizing

value of ¢ we have

1 F,
0-¢p==—

a na2d
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F,
— ] where

and since any # now is an optimizing value we may choose 6
the constraints hold.
Mazimization over B, (\). On this set, we have, up to a multiplying factor
1+ o0(1):

2 2

P.(6,8) =6D,(\) — %n — QF,0% 4 dnau(N)§® — %na204

where ¢ = §/N(3)% and u(A) = (A + u)/V1+ A2+ 2ul. We shall again

maximize it over ¢ and then over 6, and then verify that the optimizing
values verify 3 € B, () and 8/N(5) < 1. Maximizing in ¢ leads to

6= u(A) E,
T na26?’
and the value of P, (6, 3) for this value of ¢ is then
P2 F.. 6 ,
Y +6(D,(N) — u(/\)z) - nE(l —u(A).

The maximization over 8 leads to

1 (Dy(\) = Fou(N)/a
b= 1— u(\) LD, (\)=Fau(n)/a>0-

n
On the event
LD, (\)=Fau(r)/a>0 = 0,

we have
r;
(075)756Bn na
and then, letting € tend to 0,
r;
sup Pn(evﬁ)IQ 2"
(075)756Bn na

On the event
LD, (\)=Fau(r)/a>0 = 1,
easy computation gives

L (D,(0) —ul),
g — = ( (0) U /(1 14 A2+ 2/\u) 1Dn(0)—an/a>0‘

n 1 — u?

The maximizing value of P, (6, ) is then

F? 1 (Du(0) — uF,/a)?
o 2 Dy (0)—uFy/a>0"

2na? = 2n 1—u

In all cases, the optimizing value of P, converges to

Lo 1o

3501 ¥ 38 ud) WIZE Y 4y iy O
Let us now verify that the optimizing value may correspond to some 3 €
B, (\) and /N (8) < 1. Indeed, we may choose 3 such that N(3) ~ c()\)&?
for a constant ¢(\) (depending on \), so that 8/N(8) ~ &(A\)86*/3. Now for
the optimizing value of ¢ we have

o= "Vi- VG

na?6
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Now, Fne converges in distribution for the optimizing value of 8, 8 converges
na

to 0 in probability, so that the constraints hold. Lemma 6.6 is thus proved.

ProOF OoF THEOREM 4.5. The proof follows the same line as that of The-
orem 4.3. We first prove that Lemma 6.7 still holds. Again, assume that

3, is a sequence such that (ﬁ 3 tends to infinity. Then, using (M3%*), 4,

tends to 0 and also /\m('yn 79?2 for each i = 1,...,p— 1. By eventually
extracting convergent subsequences, let now I be the set of i such that v%
converges to some ~* different from ~Y, and let J be the complementary
set, of indices. Then:

’L * T f/
Z/\Z” )(1+0P Z/\Z” 7n ‘|'5) )
el ed go
el
Z/\m’yn —) (L +op ()]l
ed
There are only three possibilities:
1). If
— foo f/ f”w i 0y2
N(Bn) = I( Z/\M )+h not H—(Z n(7n=7")7) (140p(1))

el 1€J
where the A; . are non negative real numbers and y is a real number. Then
52 i (v = A0))2
N(ﬁn) ZZEJ Az,n(7721 -7 )

2). 1

N(B,) —HZM vl ”u 1Y " Xl = 4% + 8al (14 0p (1))

el ed
where now g is 1 or —1. Then
52 ( 52 )
- =0 & =0(1).
N~ NSt v ar) =W

3). If
N(8,) —HZM vl C'max Ao (14 0p (1)

=3
where ' is some constant. Then
Z Ain 'yn )+ 0, = o(max Ain) and Z i (), — 70)2 = o(maIX Ain)-
1€
ed 1€J

This implies that

5, = of /r?eaml)( Ain)

52 52
T — T — 1
N(ﬁn) © (maXiEI /\z,n) 0( )

and Lemma 6.7 is proved.
The formula for ¢(*) still holds for & > 2, and that for & = 1 is obviously

so that
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changed. Now, in all expansions, only Lemma 6.7 is used, and not the par-
ticular form of D, (f), till the end of the proof of Lemma 6.6. So that,
following the same lines we see that Lemma 6.5 still holds, and that on
O/N(B) > 1/n5 we have the uniform approximation of {,,(8, 5) — 1,(0) by
P,(6,3) with the same formula. Difference in the proof comes when ap-
proximating D, (/). For non negative Ay,...,A,_y, any A and e =0 or 1, if
A= (A1, ..., 21, A €), define

SEINEEES | 4 edy

Dympu= f° + M1+ eds g
then the only possible approx1mat10ns of D, () take the form

d(A) =

(Zd ) (14 0p(1)) = Du(A)(1 4+ 0p(1)). (6.6)

Define u(A) = (d(A),d;). Following the same lines as for Lemma 6.6, we
only need to maximize P, (6, 3) replacing D, (5) by some D, (A) and u(j)
by u(A) (The fact that we only need to maximize P, (6, 3) follows the same
arguments a posteriori than in the proof of Lemma 6.6). We perform the
maximization similarly in ¢ then in @, which leads to the optimizing values:

~u(A) F,
¢= al  na’g?
0 D,(A) —u(A)F, /a1
n(l = w2(A))  PrA)=uA)Fn a0
On the event
1D, (A)=u(A)Fp Ja>0 = 0,
we again have sup P, = % On the event

1D, (A)—u(A)Fp Ja>0 = 1,
computation leads to the maximum value for F,:
F? 1 (Dn(A) —uw(A)E, /a)?
ona? ' 2n 1= u?(A) LDy (A)=u(A)Fn fa>0-
Verification that the optimizing values lie in the right set are straightforward.

Then, notice that d(A) — u(A)d;y is orthogonal to dy, and use assumption
(AD) to end the proof.
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