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COMPOUND POISSON APPROXIMATION OF WORD
COUNTS IN DNA SEQUENCES

SOPHIE SCHBATH

ABSTRACT. ldentifying words with unexpected frequencies is an impor-
tant problem in the analysis of long DNA sequences. To solve it, we
need an approximation of the distribution of the number of occurrences
N(W) of a word W. Modeling DNA sequences with m-order Markov
chains, we use the Chen-Stein method to obtain Poisson approxima-
tions for two different counts. We approximate the “declumped” count
of W by a Poisson variable and the number of occurrences N (W) by
a compound Poisson variable. Combinatorial results are used to solve
the general case of overlapping words and to calculate the parameters
of these distributions.

1. INTRODUCTION

Because of many important sequencing projects, biologists now have large
sets of DNA sequences from many different organisms. They need quanti-
tative tools and automatic methods to help them in analyzing sequences.
Statistics, computer science and graphical representations have already pro-
vided a lot of useful ways to analyze sequences.

A simple representation of a sequence is a finite series X1 X5---X,, of
letters taken from the alphabet A = {A,C,G, T}, with the four letters corre-
sponding to the four bases adenine, cytosine, guanine and thymine. Quite a
number of sub-sequences, or words, have a known biological function. Each
single occurrence may interact with proteins during biological processes as
replication, translation, repairing. Moreover, the statistical repetition of
a given word or of a group of words, may be related to a biological code
(Trifonov, 1989).

Therefore, the question of identifying words W with an unexpected fre-
quency with respect to a given model is of interest. Here we study the
asymptotic distribution of N (W), the number of occurrences of a given
word W in a sequence. These occurrences can overlap if W has a periodic
composition. In this paper, we model the sequence X;X5---X, with an
homogeneous Markov chain of order m on the state space .A. This sim-
ple model is useful to identify exceptional long words, given (m + 1)-words
frequencies.

Prum et al. (1995) and Schbath et al. (1995) study the normal approx-
imation of N (W) corresponding to the asymptotic frame where the expec-
tation of N (W) converges to infinity with n. If the expectation of N (W) is
bounded when n increases, we then say that W is rare, and Poisson approxi-
mations are more reasonable. We show here that the number of overlapping
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2 SOPHIE SCHBATH

occurrences of a rare word can be approximated by a compound Poisson
variable, which reduces to a Poisson variable if the word W cannot overlap
itself. As we do not want the model to depend on n, we consider a series of
words W,,, with length A, converging slowly to infinity at a rate greater or
equal to log n, so that EN (W,,) is bounded.

In the literature, the case of i.i.d. variables X; has been widely consid-
ered. The convergence of N (W) for rare words to a Poisson variable is then
proved either with generating functions or by using the Chen-Stein method
(Chryssaphinou and Papastavridis (1988a, 1988b), Godbole (1991), Hirano
and Aki (1993), Godbole and Schaffner (1993), Fu (1993)). When the se-
quence (X;);=1..,, is a first order Markov chain on {0,1} and W is a run of
ones, some of these authors show the convergence of N (W) to a Poisson or
compound Poisson variable when h,, — 400. Others show the convergence
when the transition probabilities 7(1,1) and 7 (0, 1) converge to zero. Geske
et al. (1995) considered the case of a first order Markov chain with states
in a general alphabet. They proved the compound Poisson convergence for
rare words with a single principal period. More refinements are required in
the general case when a word overlaps in more ways than those associated
with one principal period.

In this paper, we consider this general case, using combinatory results to
get the whole set of overlapped compound words based on W. We suppose
that the Markov chain is of order one and stationary. We do not loose
generality, because we may write an m-order chain on A as a first-order
chain on A™. If W can appear in clumps, the probability of a second
occurrence after a first occurrence is different from that of an isolated one,
so that the number of occurrences is well approximated by a compound
Poisson variable, while the number of clumps is approximated by a Poisson
variable. This result is easily shown using the Chen-Stein method (Chen
(1975), Arratia et al. (1989), Barbour et al. (1992b)). The method used
here is very similar to the method in Karlin and Ost (1987), Arratia et al.
(1990), Godbole and Schaffner (1993).

The Chen-Stein method gives a bound of the total variation distance
between the distribution of a sum of non i.i.d. Bernoulli variables Y;, ¢ € I,
and the distribution of a Poisson variable with parameter A =} . ;EY;. In
our case, Y; is one if W = wyws - - -wy, occurs at position ¢, zero otherwise:

Vi = KX, = wy, Xip1 = we, ..., Xijho1 = wp b,
and N (W) = Yoy,
Chen-Stein theorem says that
dpv (LN (W)), Po(A)) < 2(by + ba + b3) ,

by = > ) EYEY;,

1€l jEB;
1€l jeBA\{i}
bs = > E|E(Y; - EY;|o(Y;,j € Bf))|,

€]
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COMPOUND POISSON APPROXIMATION OF WORD COUNTS 3

I'={1,....,n—h+ 1} and B; C I is a neighborhood of i.

We choose B; as a set of indices ¢ so that, for j not in B;, there are no
common Xy to Y; and Y;. Moreover, we want the X}, defining Y; and those
defining Y; to be separated by at least r positions, with some r > 0. Taking
r/logn greater than a certain constant is sufficient to have bz converging to
zero, as shown in the Appendix. Therefore, we choose B; as the indices /
such that

Bi={i—r—h+4+2,...;i+r+h-2}01.
Therefore,
by < (n—h+1)(2r + 2k — 3)p* (W)
where (W) = EY;. If r and h are both o(n) and h/logn is greater than
some fixed number C, then nu(W) =0O(1) and by is o(1). Let us consider
this asymptotic framework.
The second term by is also written

bp<2y Y E(YiYi
iel e{1,....r+h—2}

using the symmetry of B;. Considering separately the indices £ where £ < h
corresponds to overlapping occurrences of W, and £ > h corresponds to non
overlapping occurrences, we get two terms

by = 2 > E(Y;Yig)

iel 1<t<h

b= 2) > E(YiYig).

i€T h<t<r+h—2

b~

For £ > 1,
E(Y;Yiee) = (p(w1)) T T (w0, wp) (W),

where 11 is the transition matrix of the model and p is the invariant proba-
bility. Therefore bf is of order O(nru?(W)) and converges to zero.
For £ < h, there are non-zero terms if the word W overlaps, that is when
there exists an integer p, 1 < p < h — 1, such that w; = w;4, for ¢ =

,h — p. Such an integer is called a period of W. We denote P(W)
the set of periods of W. If £ is not in P(W), E(Y;Y;4,) = 0. If £ is in
P(W), E(YiVig) = pu(W®W) where W®W is the concatenated word
wyws + - wpwy - - ~wp. In general, b} is not O(nhp?(W)). For instance, if
p is bounded, it is O(nhp(W)), which does not converge to zero.

Therefore, it is necessary to declump the count of occurrences and consider

N(W) =Y ;e Yi, where Y; only counts occurrences which do not overlap a
preceding occurrence :

Y, =Yi(1 - Yic1) (1= Yiepsr)-

In the term by, associated with N (W), we have now E(Y;Yiy¢) = 0 for £ < h,
solving the previous problem. For other cases, we use Y, <Y, Therefore, if
we take the neighborhood EZ ={i—r—2h+3,...,i+r+2h—-3}N1I, the
second term by is of order O(n(r+h)u2(W)), while by is O(n(r+2k)F2(W)).
Moreover, we prove in the Appendix that the third term 33 is of order O(np")

for some 0 < p < 1, where p only depends on the Markov chain. Since
ESAIM : P&S NOVEMBER-1995, VoL.1, ARrT.1, PP.1-16.
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r > logn/logp~!, by converges to zero. We therefore have the following
theorem.

THEOREM 1.
dry (L(N(W)), Po((n— b+ 1)(W))) <
(n = h+ 1) (A1 (2h + )2 (W) + Az (h+ r)p® (W) + Asnp”,
where Ay, Az, As are of order O(1).

REMARK 2. The definition ofN(W) = Zielﬁ supposes that Xo, X_q1,...,
X_p4o are known. In practical situation, we use the number of clumps
N*(W) = Sie Y7, where Y = V1, ¥ = V;[[Z1(1 - Y;) if 1 < i < b,
and Y* = Y; otherwise. As the total variation between N (W) and N*(W)
is bounded by 2P{N(W) # N*(W)}, and

PAN(V) # N* (W)} < hu(W),
both counts have the same asymptotic distribution.

The next point is to calculate p(W) = EY;. This is casy using the set
P(W) of the periods of W, as shown in the next section. Finally, an esti-
mation of (W) is necessary for a statistical use of the theorem. We use
the fact that the total variation distance between two Poisson variables of
parameters A and A’ is less than |[A — X|. In Markov chain model, using
the LIL, the estimator of p(W,) defined with the MLE of the parameters
(plug-in estimator) is such that (n—h+1) (L(W,) — p(W,,)) =o(1) a.e. This
solves the problem of the approximation of the declumped count.

To approximate the count N (W), we write

NW) =Yk NB ),
E>1

where N(k)(W) is the number of k-clumps. We say that a k-clump oc-
curs at position ¢ if there exists a concatenated word C' composed of ex-
actly k overlapping occurrences of W, and if there is an occurrence of C
at position ¢ which does not overlap any other occurrence of W in the se-

quence. We denote by i(k) the variable that is one if a k-clump occurs
in 2, and is zero otherwise. For example, for the word W =AACAA, the
sequence TGAACAAACAACAATAGAACAAAA has a 3-clump at ¢ = 3 and an iso-
lated occurrence, or 1-clump, at 7 = 18. We use the process version of the
Chen-Stein theorem as stated by Arratia et al. (1990) for the process Y =

(?»(k))i7k. The process (N (W))y is therefore approximated by a Poisson

K3

process (Z), with parameter A = ((n —h+pr=(mn—-h+ 1)E)~/Z»(k))k,

and Z = )+, k2" is a compound Poisson variable with parameter A.
Again, we need combinatory results to calculate i, (Sections 2 and 3). The
use of the process version of Chen-Stein theorem needs a definition of the
neighborhood B; j, of the double index (7, k), and its application to our prob-
lem requires careful calculation of the bounds in order to deal with the case
when we have words with more than one principal period. This is done in
Section 4.

ESAIM : P&S NOVEMBER-1995, VoL.1, ART.1, pp.1-16.



COMPOUND POISSON APPROXIMATION OF WORD COUNTS 5

2. COMBINATORY RESULTS

In this section, we give a simple expression of the two variables,
)72' =Y;(1-Yi.1)---(1 = Y;_p41) and )Z(k), defined in the previous section,
in order to calculate their expectations, denoted g and jix. If we develop
the expression Y;(1 — Y;_1)---(1 — Yi_p41), we obtain 2h=1 terms that are
products like Y;Y;_; ---Y;_;,; a lot of them are equal to zero because they
do not correspond to possible overlaps of W. If we know the periods of the
word, we simply get the terms of this sum, which have a positive expectation.
We show that they are necessarily written as Y;Y;_, where p is a period of
W. We then use the same ideas to describe the set of concatenated words
C' composed of exactly k overlapping occurrences of W. Conversely, every
possible overlap corresponds to a period of the word.

We study now the set of periods of a given word.

DeFINITION 3. Let W = w;---wp be a given word of length h and p €
{1,...,h—1}. pis a period of W if w; = wiy,, 1 € {1,...,h —p}.
For each period p, the word w; - - -w,, denoted W is called a root of W.

ExaMPLE 4. The periods of the word AAACAAAACAAA are 5, 9,10 and 11.

REMARK 5. The set P(W) of the periods of W is empty if and only if W
cannot overlap itself.

If pis a period of W, we decompose the word as W = (yz)"y where
yz is the root W) z is a non-empty word and r > 1 (Figure 1). We

U S R R N
—_——
v I B
(v T v =Tu] W

Ficure 1. Periodic decomposition of a word W with period p.

also consider the canonical decomposition of W which is associated with the
minimal period po. The root W) is then called the minimal root.

The question of finding the whole set of periods of a word W is usually
solved in a recursive way (Guibas and Odlyzko, 1981). Suppose the minimal
period pg is known and yz = W®): then, the following theorem specifies
how the other possible periods are obtained from the periods of the shorter
word yzy.

THEOREM 6. Ifpg is the minimal period of a word W, and (yz)"y its canon-
ical decomposition, the set P(W) of the periods of W is

PW) = {jpo, L<j<rIUu{(r—1po+q, ¢ € Plyzy)}.

The only difficult point is to prove (Section 3) that any period is either a
multiple of the minimal period or corresponds to a second word W starting
only in the last part yzy of the word.

REMARK 7. Moreover, it will be shown in Section 3 that, if yz is the minimal
root of W, then the periods of yzy are greater than the length of y, denoted

|-
ESAIM : P&S NOVEMBER-1995, VoL.1, ARrT.1, PP.1-16.
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EXAMPLE (cont.) pg = 5, r = 2, periods 9 and 11 correspond to the periods
4 and 6 of AAACAAA= yzy.

When two occurrences of W overlap in the sequence, Figure 1 shows that
the second occurrence is preceded by a root of W. Thus, an occurrence
of W at position ¢ does not overlap a preceding one if and only if there
is no root of W just before this occurrence. Now, if an occurrence is not
preceded by the minimal root W) it cannot be preceded by one of the
roots WP0) . Therefore, we define the set P'(W) of the principal periods
of W as the periods of W that are not a multiple of pg. Consequently, an
occurrence of W at position ¢ does not overlap a preceding one if and only
if there is no occurrence of any principal root W) at position i — p, for p
in P'(W). Moreover, we show in Section 3 that it is not possible to observe
two different principal roots, W(®) at position i — p and W9 at position
t — ¢. Using these two results, we get an expression of Y; as

Yi=YiWw)— > Vi, (w®w), (1)
pEP!(W)

where Y;(W') is the indicator of the occurrence of W' at position ¢ in the
infinite sequence (X;):Z°°. Clearly, Y;(W) = Y;.

Taking the expectation in (1), we get

p=pW)— Y p(WOw), (2)
pEP!(W)

This gives an easy way to calculate and then estimate the expected de-
clumped count.

To extend this result to an occurrence of a k-clump at position 7 in the
infinite sequence (Xz)jifg, we write that i(k) = 1 if and only if there is
an occurrence at position ¢ of a word C', composed of exactly k overlapping
occurrences of W, which does not overlap any other occurrence of W in the
sequence. We denote Ci the whole set of concatenated words composed of
exactly k overlapping occurrences of W.

We noticed before that an occurrence at position ¢ of C' does not overlap
a preceding occurrence of W if and only if there is no occurrence of any
principal root W) at position i —p. We consider now suffixes of W, denoted
W(p) = Wh—pt1 - -wp. With the same methods, an occurrence of C' does
not overlap a following occurrence of W if no W,y occurs just after C,
with p € P/(W). Since we have Cp = {WF) W) ... w1 W, p,
P'(W)}, we show in Section 3 that simultaneous occurrences of two different
compound words of C, C' and C”, at position i in the sequence is not possible.

Therefore, we obtain the following expression of i(k)(W):

CeCk pEP'(W) g€P!(W)

+ 3 i (Wewy) ). ®)
pa€PI(W)
ESAIM : P&S NOVEMBER-1995, VoL.1, ART.1, pp.1-16.



COMPOUND POISSON APPROXIMATION OF WORD COUNTS 7

Using (3), we obtain expression of ﬁk = Ef/»(k)

=€) =2 > )+ Y ), (4)

CeCy Oleck+1 Olleck+2

as

A straightforward manipulation of formula (4) leads to the following expres-
sion which shows the geometric structure of jz3 (Schbath, 1995):

iy = (1 — A)2A1 (W) with A = > ey L=y 7wy, wia).

REMARK 8. Since Y; = ZkZI Yi( ), formula (4) has to and does verify
=ik (5)
k>1
We can also easily prove that
> kg = p(W) ; (6)
k>1
this result has to be interpreted carefully taking care that N(W) defined by
NW) =Y, kZieIi’(k) is not equal to N (W).

3. COMBINATORY PROOFS

All the proofs below are based on the property that the minimal root yz
cannot be simultaneously written as zz' and z'z. This property follows from
the Theorem of Lothaire (1983).

THEOREM 9 (LoTHAIRE (1983)). Two nonempty words x and x' commute
if and only if they are powers of the same word.

The next proposition is a simple application of this theorem.

ProrosiTIiON 10. If yz is the minimal root of W, then the periods of yzy
are greater than |y|.

Proof. 1f yzy has a period less or equal to |y|, the minimal root yz has a
non trivial decomposition as yz = za’ = 2’z (in Figure 2, the word z is in
black). Using Theorem 9, we get the result that yz is a power of another
word, and therefore yz is not the minimal root of W. U

Yz

FIGURE 2. yzy has a period less or equal to |y|.

Proor or THEOREM 6. We show that if (yz)"y is the canonical de-
composition of W, then there can be two occurrences of W at position ¢
and ¢ + £ only if £ is a multiple of the minimal period pg or is of the form

= (r—1)po+q where ¢ is a period of yzy. Suppose that two words W occur
ESAIM : P&S NOVEMBER-1995, VoL.1, ARrT.1, PP.1-16.
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with a shift of £ positions. Obviously, if £ > (r—1)pg then ¢ = £ —(r—1)pg is
a period of yzy, and (isin P(W). If £ < (r — 1)po, we show that £ is a mul-
tiple of pg. If it is not, we consider separately the two cases corresponding
to a second occurrence of W starting in a word y (Figure 3.a), or in a word
z (Figure 3.b). In the two cases, the minimal root yz can be decomposed
as yz = za’ = 2’z where the words z, in black in the figure, and z’ are
not empty. By Theorem 9, this is a contradiction. Such an overlap is not
possible. a

(@ Wiy ] - | -

Wiy |

<@

v [ = v

=
7
-

Yz

(b) W—?|y\
W )y | : |y |

—_—
yz

Ficure 3. Simultaneous occurrences of W at position ¢ and
i+ ¢ in two cases: (a) (is written r'pg+ €' with 0 < ¢/ < |y],
(b) € is written r"po + " with |y| < " < |yz|.

ProrosiTION 11. If W occurs at position v in the sequence, there cannot be
occurrences of two different principal roots W) at position i — p and W)
at position © — s.

Proof. By Theorem 6, we classify the principal periods into three classes:
the minimal period pg (class I), the periods of the form (r — 1)pg + ¢ such
that |y| < ¢ < |yz| (class 1), and the periods of the form (r — 1)pg + ¢
such that |yz| < ¢ < |yzy| (class 11I). To prove the proposition, we have to
consider the five cases corresponding to (p, s) in classes (I-11), (I-111), (1I-1T),
(LI-111) and (III-1II). We only study the two cases (I-111) and (LII-11I); for
the other cases, the same method is used.

e Case (I-111): We suppose that W) = yz occurs at position i — py and
W) = (y2)"y’ occurs at position i — s where 3 is a root of y. This
overlap, represented in Figure 4, implies that yz = 2y’ = y'z for a
nonempty word z, because y’ is a root of y. Theorem 9 completes the
proof; this overlap is not possible.

o Case (ITI-IIT): We suppose that W) = (yz)"y’ occurs at position i — p
and W) = (yz)"y" occurs at position i — s where y' and y” are two
different roots of y. This overlap, represented in Figure 5, leads to
yz = xa’ = 2’x. Theorem 9 completes the proof.

O

ESAIM : P&S NOVEMBER-1995, VoL.1, ART.1, pp.1-16.



COMPOUND POISSON APPROXIMATION OF WORD COUNTS 9

yz

wire)
= f

WOy [ = T _
~~ <~

y/ yz y/

FIGURE 4. Simultaneous occurrences of W) at position
i — po and W) at position i — s when s is in class (ITI).

Yz Y
— N
LS I I I
_— \l/
L N I I U
[ —
Yz

FIGURE 5. Simultaneous occurrences of W) at position i—p
and W) at position i — s when p and s are in class (IIT).

ProprosITION 12. Simultaneous occurrences at position v of two different
composed words in Cy are not possible.

Proof. Let C' and C’ be two different composed words in Cr. We can de-
compose these words into principal roots of W in the following way:

C = wWedwe) ... wWek-) W and ¢/ = W) wie) .. . wle-1) W with
pj.q; € PP(W), j=1---k—1. Since C' and C" are different, there exists
at least one pair (p;, ¢;) such that p; # ¢;; we denote j the first index such
that p; is not equal to ¢;. If C' and C” both occur at position ¢ in the se-
quence, the two different principal roots W) and W (%) occur also at the
same position. Moreover the two composed words W) ... /W Ex=1) W and
W) ... -1 17 appear at the same position. Some tedious manipula-
tion, using the three classes of principal roots, as in the proof of Proposition
11, yields to a decomposition of the minimal root yz in all the cases, which
is impossible by Theorem 9. U

4. COMPOUND POISSON APPROXIMATION

We noticed in Section 1 that to approximate the count N (W), we need to
study the occurrences of all k-clumps of this word in the sequence. Therefore,
let us suppose that the infinite sequence {Xz}ifg is observed; we define
the following count

MUSED IO M
k>1 i€l
where I = {1,...,n —h+ 1} and )Z(k) is the indicator of the occurrence of

a k-clump at position 7 in the infinite sequence, calculated in (3).

COMPARISON OF N(W) aND N(W). The counts N (W) and N (W) are
not equal but their difference is negligible in probability. Actually, they can
ESAIM : P&S NOVEMBER-1995, VoL.1, ARrT.1, PP.1-16.
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only differ in two cases: a clump of W starts before position n — i + 2 and
stops beyond position » in the infinite sequence {Xz}ii_£7 such a clump,
if it exists, is unique. Consequently, all the occurrences of W contained in
this clump are taken into account in Z\VT(VV)7 but only those we can observe
in the finite sequence Xj - --X,, are counted in N(W). In this case, there is
necessarily an occurrence of W at one of the positions n—2h+3,... , n—h+1.
The second case is when a clump starts before position 1 and stops beyond
position A — 1 in the infinite sequence. Here, no occurrence of W contained
in this clump is counted in Z\VT(VV)7 but those observed in X;X5.-- X, are
taken into account in N(W). Necessarily, W occurs at one of the (h — 1)
first positions of the finite sequence. Therefore, we have

P{N(W) # N(W)} < 2h p(W).

Moreover, these bias complement each other as shown by (6) which is
EN (W) = EN(W). Our problem is now just to approximate the variable
N(W). ]

We now consider the Poisson process Z = (Z'(k))iel,kzl such that ZZ»(k) are

independent Poisson variables with mean fi = ]E()Z»(k)). A process version
of the Chen-Stein theorem, as formulated in Arratia et al. (1990), allows

us to approximate the process Y = (i(k))iel,kZI by the Poisson process Z.
The total variation is bounded by

drv (L(Y), £(Z)) < 2(2b7 + 205 +b3),

where the expressions of b7, 05 and b3 are similar to those of by, b, and b3

given in Section 1, for the variables i(k) with the double index (7, k).
Therefore, with the same error bound, we approximate the count N(W)

by the variable >, o, k> . ; ZZ»(k)7 which is distributed according to the
compound Poisson distribution CP(A), where the discrete measure A =
Y k1 Akdy is defined by Ay = (n — h + 1)y, calculated in (4). Using the

triangular inequality, we then have

a1y (LN (W), CP(X)) < 2257 + 205 + B3) + 4hu(W).  (7)

Our task is now to show that 67,05 and 03 tend to zero. First, we need
to choose a suitable neighborhood of the double index (i, k) € I*, where
I* =1 x N\{0}.

CHOICE OF THE NEIGHBORHOOD B; . We define Z(i, k) ={j : i—h <
J < i+ (k4 1)h} (Figure 6). Therefore, Z(i, k) contains the positions j
of the letters X; that define the variable )Z(k). Actually, the length of a
compound word C'in Cy, is less than kh, and we need to know (h — 1) letters
at the ends of C' to be sure that an occurrence of C' at position ¢ is in fact
an occurrence of a k-clump of composition C'.
Moreover, in the term b3, we need to have at least r positions (r > 0) between
the sets Z(i, k) and Z(j,0), so we define (¢,k) and (4, ¢) as not neighbors if
Z(i, k) and Z(j, () are separated with at least r positions, that is if one of
ESAIM : P&S NOVEMBER-1995, VoL.1, ART.1, PP.1-16.



COMPOUND POISSON APPROXIMATION OF WORD COUNTS 11
Z(i,k)

| = L [ | = |

i—r—h  i—h i i+(k+1)h it (k1) htr

FiGure 6. Construction of the neighborhood of the index (¢, k).

the two following inequalities holds (Figure 6):
i+ (k+1)h+r < j—h,
JHU+Dh+r < i-h
Therefore, the neighborhood B; j of (i, k) is the set of indices (j, () that are
neighbors on (7, k):
Bip={0G,0) : —(l+2)h—r<j—i<(k+2)h+r} N I".

A BOUND FOR THE TERM b}. By definition, the first term b7 is written

= > > EVOEE).

(1,k)ET* (j,0)EB; &

]E(f/i(k)) = i, and ]E(Y]( )) = iy does not depend on j; we then separate the
indices j € B; ) such that j <7 and j > ¢, and we have
b7 <Y D D [ (b 2)h e ediigie + Y Y [0+ 2)h+ i,
i€l k>1£>1 i€l k>1e>1

Using the symmetry between k and £, the above expression reduces to

b7 <2 Y he | | D [+ 20+ + 1

el \>1 k>1
Therefore, it follows from (5) and (6) that
b < 200 - ht 1) (b (24 7+ DR T (%)

where £ denotes p(W).

A BOUND FOR THE TERM b3. The second term b3 is sum of Ef/i(k)Yj(

with (7,¢) in B; ; but not equal to (¢, k). Since )z(k)f/i(é) =0if k # £, and
using the symmetry of B; j, b3 is also written
k—|—2 h+r

B Y Yy E(7979),

(¢,k)el* 21 j=i+1

A straightforward majoration is not enough. Bounding ", )7]4([) = )7] by
Y; gives either b5 < O(n(3h + r)u) if we only use that Y; <1, or

by < O (np? >, [(k+2)h + r]A*L.card(Cy)) if we bound E ()Z(k)Y]) by
1> cec, M(C) and use that u(C) < p AR for a certain |A| < 1, as in
Geske et al. (1995). In the second case, the upper bound can diverge because

card(Cy) = card(P'(W))*~1; we can only conclude if card (P/(W)) = 1 which
is exactly the framework of Geske et al. (1995).

J4
We have to take into account that other products Y( )Y( ) are equal to zero,
ESAIM : P&S NOVEMBER- 1995, Vor.1l, ArT.1, PP.1-16.



12 SOPHIE SCHBATH

because the {~clump at position j cannot overlap the k-clump at position ¢,
and to identify some of them in order to prove that b3 tends to zero.

To describe these products, we need to know more about the compound
word C that appears at ¢; therefore, we write

vW=" 3 viwov), (9)
Ueld,CeC,Vey
where U is the set of h-words that do not end by a principal root of W
U={uy-u,|pe PI(W)7 Uh—pt1* " Up F W1~ Wyl (10)
and V is the set of h-words that do not start by the p last letters of W, pin
P(W)
V=A_vy--v, |VpeP (W), vy 0y % Whopy1 - Wh}. (11)
v (0

Using the same decomposition for Y gives

i+ (k+2)htr

<2 Y Y Y S E UV (UCV)

(i,k)el* UCV >1 U'el,C'eC, VIEV  j=i+|C|

in this formula we dropped the indexes j smaller than ¢+ |C| because i4+1 <
Jj < i+ |C| would mean that the compound word C’ overlaps C', which is
not possible. Considering separately the indices i + |C| < j < i+ |C| + 2h
that correspond to an overlap between UCV and U'C'V’, and the indexes
Jj > i+ |C|+ 2h that correspond to non overlapping occurrences of UC'V
and U'C'V’, we get two terms b5, and b3,.

e Lor j > i+ |C|+ 2h, we bound E(Y;_, (UCV)Y,_,(U'C"V')) by
w(u) Tt p(UCVYIp(U'C'V'), where uf is the first letter of U’. As it does not

depend on j, we obtain

5, <25° 3 Y S Y (Rt 2htr—|C] - 204 1) pUCY)pll"CV)

1
Uu
iel k>1 UGV £>1 ULCHLV! plui)

Since |C'| > h and p(u)) is greater or equal to inf e 4 p1(z), denoted ping, we
have

b5, < 2 DD ME=Dh+r+1) > wwevy | (> > wuc'v

Hinf 527 \ >t UCV >1 ULCLVY

Finally, gathering (5), (6) and (9) gives

> Y Mrev)=Yi=q

o1 ULen VY >1
and
SR wUCV) =Y ki = p,
k>1 UCV k>1
and therefore
bz € 0= b )b+ (r = h+ ) (12)

ESAIM : P&S NOVEMBER-1995, VoL.1, ART.1, pp.1-16.



COMPOUND POISSON APPROXIMATION OF WORD COUNTS 13

o For i + |C| < j < i+ |C|+ 2h, the term b}, is written
+|C|+2h—1

=2 > Y3 Y Y EYiw(UCV)Y,_p(U'C'V)).

(Lk)el* UCV (31 ULC'V!  j=it|O]
Summing first on ¢, U’ ,C’ and V', we obtain
+|C|+2h—1

=23 > Y BV uev)y;m)).
(i,k)eI* UCYV  j=i+|C|
Now, we use that Y;(W) < Y;(W) and 3y Yi_p (UCV) < Y;_, (UC) to get
+|C|+2h—1
<2 Y BLUO)Y,m)).
(i,k)el* UC  j=i+|C|

As j > i+ |C|, the occurrence of W at position j does not overlap the
occurrence of UC' at position 7 — h, so we bound E(Y;_, (UC)Y;(W)) by
p(w1) "L (UC) (W), which does not depend on j. Therefore, we have

< WY Y > o).
1€l k>1 Ueld,CeCy
Finally, we show that Zk ZU,O p(UC) = p(W); indeed, > 15y cec, MUC)

is the probability that the sequence presents, at position ¢, a clump composed
of at least k occurrences of W. Therefore

Z Z pUC) = Z Z [k = Z Kk = p(W).

k>1 Ueld,CeCy E>1 K>k K>1

*
b21

Consequently, we get

b3 < ——(n— h+ DhyP(). (13)

f(wr)

A BOUND FOR THE TERM b5. We prove in the Appendix, there exists
some constant 0 < p < 1 depending on the Markov chain such that

b5 < O(n?p"). (14)

Since r > 2 logn/logp~t, b} converges to zero. The power r of p proceed
from the choice of the neighborhood we made before.

Using (7), (8), (12), (13) and (14), we thus proved the following result on
the compound Poisson approximation of L(N (W)).

THEOREM 13.

drv(L(N(W)), CP(A)) < (n— h+ 1) (Ajh p® + Agh pji + Ash i* + Agrpi?
+A5ﬁ2) + Agn?p” + 4h p

where Ay, Ay, As, A4, As and Ag are of order O(1) and CP(A) represents

the compound Poisson distribution of >, kZ®) where Z*) are Poisson
variables independent with means (n—h+ 1)y ; the expression of jiy is given
by (4)-

The corollary below easily follows.

ESAIM : P&S NOVEMBER-1995, VoL.1, ARrT.1, PP.1-16.



14 SOPHIE SCHBATH

COROLLARY 14. Let W, be a sequence of words with length h,, = o(n) such
that np(W,,) = O(1). We then have

im gy £(N (W), CP(AL)) =0,

where CP(A,,) represents the compound Poisson distribution defined in The-
orem 13, associated with the word W,.

An alternative method could be Stein’s method for compound Poisson
approximation (Barbour et al. (1992a), Roos (1994)); it would be interest-
ing to see if this direct method could potentially improve our results. For
simple words, it gives the same bound on the total variation but a different
compound Poisson distribution. This compound Poisson distribution has a
finite number of components that are not related to the k-clumps.

APPENDIX

We first calculate the term bs, defined in section 1, which appears in
the error bound of the Poisson approximation for the sum . ;Y;. The
method presented below uses the property of g-mixing of the Markov chain
(X;), and can be easily adapted to the calculation of the terms b3 and b3
associated with Y; and )Z(k). A direct method, using the transition matrix

diagonalization, also leads to the geometric convergence of these terms.

CALCULATION OF THE TERM bz. Our aim is to bound b3 defined by
bs=Y E|E(Y; —EY; |o(Y;, j € B)) |,
el

where B; = {i—h—r+2,...,i+h+r—2}N1. It is clear that o(Y}, j € BY)
is included in the larger sigma-algebra o(Xq,..., Xi—p, Xithtr—1,---+Xn),
so we have

by < E|B(Yi —BYi | o(X1, ..., Xip, Xighgrot, .o Xa)) |

el

Let Y/ = Y;—EY; be the recentered variable, and G, Y, H, B be the following
o-algebras: G = o(X1,..., Xi—), Y=0(X4, ..., Xigh-1),
H=0c(Xitrth-1,...,X,) and B=0c(GUH). Thus, Y/ is Y-measurable.
First note that ||E(Y, | B)|[1 = sup{|EY.,¢|, ¢ B-mes, |¢| < 1}. Since ¢
is B-measurable, it can be interpreted as a function of two variables G G-
measurable and H H-measurable. Then, denoting the tensor product
Ps © Py @ Py of the marginals P, Py and Py, we have

Bv'o = [ vio(G.im)dp

- /Y;¢(G, H) d(P - P @ Py @ Py)
because [Y/ dPy = 0. Moreover, |Y/¢| < 1 leads to
|EY,¢| < drv(P, Pg@ Py @ Pp)
drv(P, Piqy)y @ Pg) +drv(Pgy) @ P, Pa @ Py @ Pg)
drv (P, P(G7y) @ Py) +dry (P(G,Y)7 Pe @ Py).

ESAIM : P&S NOVEMBER-1995, VoL.1, ART.1, pp.1-16.
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COMPOUND POISSON APPROXIMATION OF WORD COUNTS 15

From Doukhan (1994, p3), we have drv (P, P(gy) @ Pg) = 8(G6 @ Y, H)
and drv(Pyy, P @ Py) = 8(G,Y) where the coefficients 3 are the j-
mixing coefficients associated with the sequence (X;), and G®@Y is the tensor
product of the o-algebras G and Y. Since G @Y C o(X1,..., Xitr-1) and
the f-mixing coefficients are less than the ¢-mixing coefficients (Doukhan,
1994, p4), we use the following result (Doukhan, 1994, p88): there exist
constants C' and 0 < p < 1 only depending on the Markov chain (X;), such
that

P(GOY,H)<Cp" and (G, Y)<Cp".
Finally, we obtain
bs < O(np"),
and b3 converges to zero provided r > logn/log p~1.
CALCULATION OF THE TERM 33. The calculation of 33 defined by

b= E|E(Vi -V |0V, j € BY))

el

where B = {2 —2h—r+3,...,i+2h+r—3}N1, easily follows noting that

(Y], Y € BC) C o(Xy,.. XZ hertts Xithar—1s--+X,). Indeed, |Y; —
]EY| < 1 and (Y ]EY) is Y'-measurable with V' = o(X;_p41, ..., Xigh-1).
Therefore, since we choose the o-algebras G = o(Xy,..., X;—p—r41) and
H= U(Xi+r+h_1, ..., X,), we obtain

IE(Y: —EY; [ a(GUH))|L < O(p")
for some 0 < p < 1. Thus, we have

b3 < O(np"),

and bs converges to zero provided r > logn/log p~1L.

CALCULATION OF THE TERM b3. Using the same arguments for the indi-

v (k)

cator Y;'"/, we obtain the calculation of b5 defined by

v, G0 e B |-

J

b = E‘ ( D gy oy
(¢,k)EL*

The construction of the neighborhood Bi; 1, in section 4, yields
% ¢ : c r
e - BV Y | oV, (i0) € BE)Ih < O(e)

for some 0 < p < 1. Obviously k£ < n, so we have

b3 < O(n’p"),
and b% converges to zero provided r > 2 log n/logp™1.
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