RAIRO-Oper. Res. 42 (2008) 157-198 RAIRO Operations Research
DOI: 10.1051/ro0:2008008 WWW.rairo-ro.org

ASYMPTOTIC ANALYSIS OF THE TRAJECTORIES
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Abstract. In this paper, we study the differentiability of the tra-
jectories of the logarithmic barrier algorithm for a nonlinear program
when the set A* of the Karush-Kuhn-Tucker multiplier vectors is empty
owing to the fact that the constraint qualifications are not satisfied.
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INTRODUCTION

In this paper, we analyze the differentiability of the trajectories of the logarith-
mic barrier algorithm for a nonlinear program when the constraint qualifications
are not satisfied at the optimal solution. During our analysis, we establish sufficient
conditions, which make it possible to conclude that the trajectory is differentiable.
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Consider the problem
min f(x)
st. gi(x) <0, iel={1,2.m}

as well as the associated penalized subproblems
p(r,x) = flz) —r Zl log(—gi(x)). (2)

Fiacco and McCormick [5,6] showed, under some hypotheses, the existence of a
differentiable function z(r) in the neighborhood of » = 0 and such that lirnO x(r) =
T—

a*, where z* is an optimal solution of the problem (1). Moreover, they showed that
x(r) is a strict local minimum of problem (2). Mifflin [9] showed that without the
constraints qualification, any cluster point 2* satisfy the Fritz John [7] conditions.

The differentiability of the trajectories of the logarithmic barrier algorithm can
be shown in two ways, either by using the Primal-Dual approach or Primal ap-
proach. These two approaches are respectively the subjects of the two following
subsections.

0.1. PRIMAL-DUAL FORMULATION

The first results of Fiacco and McCormick [5,6] concerning the differentiability
properties of the trajectory z(r) were obtained by using the implicit functions
theorem to show that the following system:

Vf(IC) -+ ZZL )\Zng(:c) =0

Nt g =0 i€ ={iel | gia") <0}

gi(:c)JrAii:O tel*={iel | gi(z*)=0},

implicitly defines C! functions (z(r), A(r)) in the neighborhood of r = 0.

Theorem 0.1 [5]. If the sufficient optimality conditions for problem (1) hold at
(x*, \*); and moreover if:

e 2" is a regular point: {Vg; (x*) | i€ I*} is linearly independent;
o the strict complementarity is verified: g;(z*) < 0 <= X = 0 for
1<1<m,

then the system

Voo (r,x) = Vf(x)+ 3" AiVgi(z) =0

3
N4+ =L =0, 1<i<m ®)
gi(z)
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s equivalent to

~ Vgi(z)
Ved (r,z) =V f(x)—1r
() = V1) =Y
and defines in a neighborhood Vo of r = 0 isolated functions x(r) and \;(r) =
—T__ 1<i<m of class C' in Vy such that when r \, 0:

gi (z(r))

=0 (4)

Moreover z(r) is a strict local minimum of ¢(r,x) .

0.2. PRIMAL FORMULATION

In this section, we suppose that the hypotheses of Theorem 0.1 are satisfied and
we show that the preceding result can be obtained without the dual variables .
Since z(r) is a solution of problem (2) then

®(r,2(r)) = Vao(r,z(r)) = 0.
Thus, if the derivative a’(r) exists then it must satisfy the following system:
Vo ®(r, x(r))z’ (r) + V,@(r,z(r)) = 0,
where V,.®(r, z(r)) is the derivative of ®(r,z(r)) with respect to r, or that
Ve ®(r,z(r))z' (r) = =V, ®(r,z(r)).

With an orthogonal transformation @) satisfying the relation

Q% Vatet) = ()

O(n—m*)xm*

where U is a non singular upper triangular matrix and m* = |I*|, we can write

Qriry Va®(r, 2(r)Qu(ryQr (@' (1) = = Q1) V@ (r, (). (5)
We introduce the notation
y(r) = Qﬂﬂw'(?’) (6)
and

Then, by relations (6) and (7), relation (5) can be rewritten as

cer (o S0 f;?)T)y(r) = QT Vel
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or

T

( Gu + 2(UV=U" + RV;«R")  Giz + 2RV;- ST )
y(r)

Ga1 + %SVJ*RT Gaa + %SVJ*ST

FHUAL(r) + BAy=(r))
, (8)
=S+ (r)

where V;+ and Vj« are diagonal matrices with components \? associated with
respectively the active and nonactive constraints.

To show the differentiability of the trajectories generated by the logarithmic
barrier algorithm, it is sufficient to show that system (8) possesses a solution at
r = 0. However, the % terms diverge when r — 0. Broyden and Attia [3]
proposed a technique to solve the problem of the ill conditioning for the quadratic
penalty. Dussault [4] generalized this technique so that system (8) is written in
the form

My(r) =1,
where
rU Gy + Vi-UT + U'RV;-RT +U'Gy2 + U'RV;. ST
" Go1 + 15V, RT Gao + 1SV ST
) A (r) + UTLRA 5+ (7))
" _TIS)\J* (r)

when r» — 0 this system approaches

o sz* y(0) = ( )\]’}l(o) )

Vi Ut

where

e V7.UT is invertible because
o the hypothesis of the linear independence of Vg« (2*) ensures that U
is an invertible matrix;
o the strict complementarity hypothesis ensures that V;« is an invertible
diagonal matrix;
e (G5, is invertible since the second order sufficient condition is satisfied;
o h= rhi{lo =LSXs+(r) is a bounded vector because Vj € J*, 7~h—r»n0 =\i(r) =

gj(x*)”
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The developments above prove the following.

Theorem 0.2 [5]. If the sufficient optimality conditions for problem (1) hold at
(x*, \*), and moreover if:

— x* is a regular point: {Vg; (z*) | i€ I*} is linearly independent,,

— strict complementarity is verified: g; (%) <0 <= Xf =0 for1 <i<m,
then the system

vx¢(rv $)) =0 (9)

defines in a neighborhood Vo of r = 0 an isolated function x(r) of class C* in Vj
such that when v\, 0: x(r) — x*. Moreover, x(r) is a strict local minimum of
o(r,x) .

We just presented two techniques to prove the differentiability of the logarithmic
barrier trajectories under the traditional hypotheses used by Fiacco & McCormick.
These hypotheses are

(i) the objective function is of class C?;
(74) the gradients of the active constraints are linearly independent;
(7i7) strict complementarity is satisfied;
(iv) the second order sufficient condition is satisfied;
(v) Vi €1, g; is a C? function.
Let us recall that, when hypotheses (i) and (i%) are satisfied, the set A* of Karush-
Kuhn-Tucker multiplier vectors [8] is nonempty. The study of the case A* = ()
where hypothesis (i4) is satisfied (which can occur only if the objective function is
not differentiable at the optimum), is in [1,2] . In this paper, we study the case
where A* = ) and hypothesis () is satisfied. That can occur only if no constraint
qualification is satisfied. The following example shows us that the trajectory may
be differentiable even if no constraint qualifications is satisfied.

Example 0.1.

Min :c1+:c3+:c§
g — 25 <0
1’271’13§0
—IgSO
—I4§0
—IQSO
1’371§0

s.t.

Notice that the origin is the unique isolated solution, but that the active constraint
gradients are linearly dependent there, and that A* = ().
The penalized objective functions are written

d(r,x) = a1+ a3+ a2 —rlog(x} —x4) — rlog(zi® — x2)

—rlog(xs) — rlog(xs) — rlog(wz) — rlog(1l — x3),
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and their gradients are

1— (3x1%r) N (5z1%*r)
(x13—22)  (z1°—24)

ng)(?",l‘): 1+7—T—(%) ;

where & = (1, 22, ¥3, 24, x5). The values which cancel V,¢(r, 2) and the associated
Ai(7) quantities are

x1(r) = 16r, xa(r) = 204873

z3(r) = 2+ — V1 + 42, z4(r) = 52428817, x5(r) =0
M) = moggr: A1) = suge

X(r) = T e

Aa(r) = 52421887"47 As(r) = 204187"2

Ao(r) = o A

Therefore the trajectories, x(r) = (x1(r), z2(r), x3(r), z4(r), z5(r)), are differen-
tiable at r = 0 but A1 (r), A2(r), A(r) and As(r) diverge when r — 0. Notice
that the optimal solution x* satisfies the Fritz John [7] conditions. O
The paper is organized as follows. In Section 2, we will show some preliminary
results. Then, in Section 3 we will give conditions to ensure that the trajectory of
the barrier algorithm is differentiable even if A* = (). An illustrative example and
the proof of lemmas in Section 3.2.3 are presented respectivly in Appendix A2 et
A1 and finally some concluding remarks close our paper.

1. PRELIMINARY RESULTS

It is possible to weaken hypothesis i), but hypothesis i) is a necessary condi-
tion as shown in the following theorem:
Theorem 1.1. If there is an i € I* such that \;(r) = m approaches \f =0
when r — 0 then the trajectory x(r) is not differentiable at r = 0.
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Proof. Suppose that there is an i € I* such that \;(r) = m approaches A} =0

when r — 0. If 2/(0) exists, then lim, .o M = 2/(0) is bounded. By the
mean value theorem we have that, since i € Ik,

r = in(€7‘)7
therefore
lim gi(i(r)) "(0)Vgi(€*) < oo

Thus

lim \i(r) = 1 — Ly

im \(r) = lim = ,

r—0 r—0gi(z(r))  2'(0)Vgi(£*)

which implies that A} # 0. O

The following example illustrates Theorem 1.1.

Example 1.1.

min x;
x% —x1 <0

s.t. 2y < 0.

The values which cancel Vo(r,z) and the associated A;(r) quantities are

x1(r) = %r
xa(r) = /5
)\1(7“) =1
)\2(7’) = 2\/;

The optimal solution is #* = (0,0). The second constraint is active and Aa(r)
approaches 0 when r — 0. According to the preceding theorem, the trajectory is
not differentiable. Indeed, we have z3(r) = /5.

As previously stated, in this paper we are interested in the case A* = (). In
this context notice that necessarily some \;(r) = m diverge as shown in the

following theorem.

Theorem 1.2. Let [*¢ = {i € I* : \;(r) — +o00, when r — 0}.

(1) If A* =0 then I*¢ ().
(2) If I*? # O then there is a \o(r) such that:
lim )\0(7“) =0
r—0
1im0 Xo(r)i(r) = py
where 0<puf<oo for i={1,2,..,m}.
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Proof. (1) Suppose that I*? = ); then we have

o(r,z) = 77”Zlog —gi(x

and its gradient
m

Vao(r,z) = Vf(x) - Zg Vo @

=1

That is to say, if z(r) is a local minimum of ¢(r, z), then

Vo b(r,a(r) = >

i=1

e VgZ x(r)) = 0.

We use the notation \;(r) = Then Vi € I A\;(r) > 0 and

ek
VY (@(r) + Vg(a(r)"Alr) = 0.

o If i ¢ I'* then limo)\i(r) =0

0
e If i € I* then, since I*? = (), 1im0 Ai(r) =< or
T >0,

Therefore,
lim Vf(z(r)) + Vg(a(r)) ' A(r) = Vf(a") + Vg(a®) A" =0

and limo A(r) = A* > 0, which implies that A* # (.
(2) Tt is sufficient to take Ag(r) = m to have the result. O

Since we are interested in the case A*x = (), the strict complementarity condition
is adapted as follows:

Definition 1.1. The generalized strict complementarity condition is satisfied if
limO Ai(r) = 0 implies limO gi(x(r)) < 0.
r— r—

Remark 1.1. When A* # (), the generalized strict complementarity condition is
equivalent with the usual strict complementarity condition.
2. DIFFERENTIABILITY OF THE PRIMAL TRAJECTORIES z(r)

In this section, we propose to study the differentiability of the trajectory x(r)
even if the constraint qualifications are not satisfied, in particular the matrix
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Vgr-(x*) is not of full rank. Let us recall that

I = {i:gi(a*) =0} m*=|I]
J* = {i: gila”) < 0}

Ai(r) = s

Suppose that rank(Vgr-(z*)) = k where 1 < k < m* and that
K = {i1, -+ ,ix € I" | Vg, (x%),--- , Vg, (¢*) are linearly independent}, k= |K|
Ki={ie K| lim Ai(r) = 400}, kd=|K|
r—
Ke={ie K| lim \(r)=X; >0}, k=K
I'\K = {i € I" | Vg;(2*) and the columns of Vgx (z*) are linearly dependent},
m* — k= |I"\K|.
Remark 2.1. The set K is not unique, it can be chosen.
Remark 2.2. For all i € J* we have:
lim ——— = lim \(r) = 0.
A ) )

Then A(r) can be written:

Aga(r)
)\J*(T)
Let
Via(r) 0 0 0
B 0 Ve (r) 0 0
V(r) 0 KO Viek(®) 0 : (11)
0 0 0 Ve (r)
with

a(r) (7
(r) (A7
Vieg(r) = diag(\?
Vi« (r) (A7

c

S

r

In the following we suppose, without loss of generality, that the components of

A (r) are subscripted in descending order, and consider the following hypotheses:

H;: z* is an isolated stationary point not necessarily regular and the se-
quence x(ry) converges to x*;



166 A. EL AFIA ET AL.

H: the generalized strict complementarity condition is satisfied (Def. 2.1);
H;: f is a function of class C?;
Hy: Vi € I, g; is a function of class C?;
Hs: Age(r) approaches \j.. when r — 0.
In what follows we suppose that these hypotheses are always satisfied. First, we
recall a well-known lemma:

Lemma 2.1. Let A be a n xm matriz, (m <n). If rank(A) =k < m, then there
exists a permutation B such that AB = QZ where @) is an orthonormal matriz

and
pe (gt
O(n—t)sck | O(n—t)x (m*—k)

with U an k x k non singular upper triangular matriz.

Let z(r) be the solution of V,¢(r,x) = 0; then Vg(z(r)) can be written
Vg(a(r)) = ( Vgra(x(r)) Vgre(z(r)) Vgrx(z(r)) Vgs-(x(r) )

and thus by the Gram-Schmidt orthogonalisation process, there exists an orthog-
onal matrix @,y such that

U%(T) 512(7“) 513(7“) gl(r)
s Vo) = QB(T) Ujggg Rig:g ()
0 0 0 Ra(r)

where
U11(7’) U12(7’) U13(7’)
— 0 Usa(r) Uss(r) | is a m* x m* upper triangular matrix.
0 0 U33(7’)
—: Uy1(r), Usa(r) and Uss(r) are respectively k9 x k%, k¢ x k¢ and (m* — k) x
(m* — k) upper triangular matrices.
—: Upa(r), Uis(r) and Uss(r) are respectively k% x k¢, k% x (m* — k%) and
k¢ x (m* — k) matrices.
Then, according to the lemma 2.1,
(i) 7‘11_{110 Us3(1) = O(m=—k) x (m*—k)»
o\ Ull(’l“) Ulg(’l“)
(ii): < 0 Una(r)
( Ui (r)  Usa(r) ) _ ( U Ul

) is a k x k non singular upper triangular matrix,

e T
(#i1) Jim

0 Usa(r) 0 U
upper triangular matrix.

) is a k X k non singular

According to the same decomposition, we write:

Qury = (Qre Qre Qrax Q) (13)
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where Qga, Qke and Qr-\x are matrices associated respectively with the gra-
dients of the active constraints, Vgga, Vgke, Vgr-\k, and ()« being a matrix

associated with the gradients of the inactive constraints Vg j-.

In what follows we first show the existence of 2/(r) for r €]0,7] and 7 > 0 and
then that 2/(0) exists.

2.1. TRAJECTORY ANALYSIS OF z(r) AT r =7 >0

If the derivative a’(r) exists, then it must satisfy the following system:
Vo ®(r, ()2’ (r) + V. ®(r,z(r)) =0,
where V,.®(r, z(r)) is the derivative of ®(r,z(r)) with respect to r. We have
Vo ®(r,z(r))z’' (r) = =V, ®(r, z(r)). (14)

To show the differentiability of the trajectory x(r) at r =7 > 0, it is sufficient to
show that V,®(r,z(r)) is an invertible matrix for » > 0. With this intention, let

Dy =1{d | Vgx(a*)Td=0}.

Lemma 2.2. If d € D} then Vg g(z*)'d = 0.

Proof. Since for each i € I*\ K, Vg;(a*) and some columns of the matrix Vgg (z*
are linearly dependent, then there exists a matrix Z such that Vg-\g(z*) =
Vgk(x*)Z and thus we have

Vgl (@)d = 2TV gk (a*)d
=0. O

As we are presently interested in the case A(z*) = () and since according to Theo-
rem 1.2 some \;(r) diverge, then V2L(z(r), A(r)) may diverge and thus we cannot
satisfy the second order sufficient condition quoted by Fiacco and McCormick.
This motivates us to consider the following hypothesis:

Hg: there exists an 7 such that V¥d € D3, d # 0 and Vr €]0,7] we have
dTV2L(x(r), \(r))d > 0.

Theorem 2.1. If hypothesis Hg is satisfied then the trajectory x(r) is differentiable
on 10, 7).



168 A. EL AFIA ET AL.

Proof. To show that the trajectory z(r) is differentiable on ]0, 7] it is sufficient to
check that Vd € R™\{0}, dT'V,®(r,z(r))d > 0 Vr €]0,7]. We have

V.b(ra(r) — )= > V)
T Vi Vi T
+;gi(x(r)) gi(x(r))Vgi(x(r))

m )\i(T')Q

Vgi(z(r))Vai(a(r)"

m

VL () A0 + 3 2 g () Vi ()

i=1

We notice that wdTVgi(ac(r))Vgi(ac(r))Td > 0 for d € R™\{0} and thus we
i=1
have two cases:

(1): if d € D}, then dTV2L(z(r), \(r))d > 0 for r €]0, 7];
(2): if d ¢ D3, then Vr €]0,7] we have

ATV, 0(r,2(r))d = dYV2L(x(r d+z i(2(r) Vgi(z(r) ' d

Z)\ )(dTV2gi(z(r))d + As (r) ATV gi(x(r))Vgi(z(r)) " d)
+dTV2f(x(r))d-

However the term #Vgi(x(r))Vgi(x(r))T > 0 diverges and domi-
m
nates the converging term d?V2g;(z(r))d, as well as the term . X\;(r)
i=1
(dTV2g:(x(r)) d + 22V g, (2(r)Vgi(x(r))) > 0 dominates the term
d'V? f(x(r))d, which implies that dT'V,®(r, z(r))d > 0, Vr €]0, 7]

(
Therefore we have Vd # 0, dTV,®(r,z(r))d > 0, Vr €]0, 7]. O

2.2. TRAJECTORY ANALYSIS OF z(r) AT r =0

With the orthogonal transformation introduced above, we have

Qriry Ve ®(r, 2(r)Qu(ry Qb (1) = —Q1 Vi ®(r, z(r)).
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Let us put

y(r) =

r
r

()
Erg = Qar)?'(r)
(r)

r

<

1
2
3
4

NSNS

Qr) = QL Va@(r, (1) Qur)

b(r) = —QT,, )V, (r, x(r));

then we proceed by analyzing the following system:

2.2.1. Analysis of y1(r) and ya(r)

169

Consider the following lemma the object of which is to show that limO y1(r)

and lim yo(r) exists.
r—s0

Lemma 2.3. If hypotheses Hg and Hs are satisfied then the vector yi(r) ap-

proaches 0 and vector ya(r) approaches a bounded vector when r — 0.

Proof. For each i € K, consider the function h;(r) = g; o z(r).

According to

Theorem 2.1, there exists 7 such that h;(r) is differentiable on ]0, 7] . By the mean
value theorem, there exists 7 €]0, 7| such that

hZ(T) — hi (0)

which implies

I
<
<
o
=
—~
|
~
H\
—~
3

Vgi(x ()" ' (F)
Vgi(2(7)" Qu(n@rr ' (7)
(Qa(ry Vgila(r)) (7).
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Thus, we have

VP 0 e\
( "0 ) ) ( erce ) = (Qu(nyVyr((r) y(7)
Un(r) Un(r) \' [ n()
_ 0 Uxn(r) ya(7)
0 0 ys(7)
0 0 ya(r)

where eja and e are unit vectors with respectively k¢ and k¢ components. Since
U11(r) and Usa(r) are nonsingular matrices, then y;(7) and y»(7) can be expressed
as follows:

{ 0 () = (U (7)) Viea* (Mexca 6)
y2(7) = (U (M) (= Vil P (Merce — U )y (7).

When r — 0, 7 — 0 and VI;dl/Q (r)ega approaches a null vector, therefore

{ y1(0) =0
y2(0) = (Uss )TV 2 (0)exce.

Remark 2.3. Equation (16) expresses y(7) according to VI;;/Q(T). However, 7

approaches 0 as r — 0, but we do not know yet how r behaves close to r = 0;
also, we have that

Xi(r) Vg (x(7) 2/ (7) = —1.
2.2.2. Analysis of the term b(r)
We have
b(r) = —QuVr(Vao(r,x(r)))

= QL V()0
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By using relations (10) and (12), we obtain:

e N I G By N R
0 0 0 Ry(r)

%(Uﬂ(?‘))\Kd (’I“) + Ulg(T))\Kc (7“) + Ulg(’l“))\[*\K(T) + Ry (7‘))\*]* (7“))
L(Uz2(r)Ake (r) + Uzs(r)Ap\ k(1) + Ra(r)X5. (r))
%(U33 (M Ak (1) + R3(r)\5. (7))

FRa(r) N5 (1)
b1 (7“)
bg (7”)
B b3 (7”)
b4 (7”)

Consider the following lemma which enables us to show that by (r), rba(r), rbs(r),
and by(r) are bounded in the neighborhood of r = 0.

Lemma 2.4. When r — 0, the vectors U1 (r)Aga(r) + Urs(r) A\ g (1), Uaz(r)
Ak (1) and Uss(r) A\ g (r) approach bounded vectors.

Proof. We have

Qz (@ (r, 2(r)) 2(r) (VI (@(r)) + Vg(a(r))A(r))

QL VI (x(r) + QL Va(a(r)A(r)

= Qi)+ | g U g R
0 0 0 Ry(r)
)\Kd(”l’)
)\Kc(’l’)
Ak ()
Ay (r)
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Let us define
r

(

(r
3(r
Fy(r

to express the system in the following form:

Ull(’l“))\Kd (7“) + Ulg(’l“))\[*\K(’l“) = —Fl(’l“) — Ulg(T))\Kc (7“) — Rl(T))\J* (7“)

F(r) =

)
) | = QL Vi)
)

UQ?,(T))\[*\K(T) = —FQ(T) — UQQ(T))\KC (’I“) — RQ(T))\J* (’I“)

Uss(1)Ap\k (1) = —F3(r) — Ra(r)A ;- (1)

Fy(r) + Ra(r)Ay«(r) = 0.

Since F(r) is a continuous function at the points x(r) and by the hypothesis
x(r) — «*, F(r) is bounded when r approaches 0. Moreover Qf(T)CI)(r, x(r)) =0
and Ay« (r) approaches 0 so that

Jim (U1 (r)Agea (r) + Una(r)Ar-\k (1)) = =(F1(0) + U2 Afce)
tim (Ua () A1\ (7)) = —(F2(0) + U Ajce)
tim Uss(r)Ar-\k (1) = —F3(0). O

On the basis of Lemma 2.4 we can prove the following corollary:

Corollary 2.1. If hypotheses Hy, Ho, Hs, and Hy are satisfied then
Fi(r) rb1(r)

?2 E:g = :Zi E:g is a bounded vector in the neighborhood of r = 0.
FFu(r) ba(r)
Proof. Since
rby (1)
rba(r) |
7“b3(r -
ba(r)

Ui (r)Aga(r) + Ura(r) Ao (1) + U (1) A\ i (r) + Ra(r) A% ()
Usa (1) Akce (1) + Uas (1) A pe\ i (1) 4 Ra(r) N5 (1)

Uss (T))\]*\K(T’) + Rs(r)A\5. (1)

FRa(r) Xy (r)
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and
7
F; (7“) = Qz(r)vf(x(r))
F4 (7")
= —QLVa(z(r)A(r)
Ui1(r)Aga(r) + Ura(r)Age(r) + U13(7"))\1*\K(7’) + Ry (r) A5 (r)
Una(r)Asce(r) + Uzs(r)Ar-\k (r) + Ra(r) A% (r)
Uss (1) A\re\k (1) + R3(r) A5 (r) 7
Ra(r) A (1)
we have
Fi(r) rby (1)
Fy(r) _ rba (1)
Fs5(r) rbs (1)
%F4 7”) b4(7")

Since limO L R4(r)A3.(r) is a bounded vector, LFy(r) is a bounded vector in the
r—

neighborhood of » = 0 and thus according to Lemma 2.4 the result follows. O

2.2.3. Analysis of the term Q(r)

We present here the high level analysis of Q(r). Details of the proofs of several
lemmas will be found in Appendix Al. Now, we study the matrix Q(r) from
system (15). Let us define

m

H = H(z(r),r) = V2f(2(r) + > _ Xi(r)Vagi(z(r)), (17)

gu(?’) gw(?”) gm(?’) gm(?”)
60 = Qi@ = | GhiD) Gty Ga Guy | 09
Ga(r) Gao(r) Gas(r) Ga(r)
and, recalling our splitting of variables into four part,
SO = | sul) St Swl) Sulr) 1)
Sa1(r)  Saz(r)  Sas(r) Sua(r)
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R;(r)Vy«(r)R;(r), and

with Sij (’I“)

\}
o
N
S~—
\lI}
n
o d
Pl
£ X
M
g |
S | =
o
—
—~ e —~
[
NN

VVSQ(T)
O(nfm )Xm

where

—

—

—

~—

PN NG NG NG NG

T~ o~ o~ o~ o~ o~ o~ —

N S NN

o~ o~ o~ o~ o~ o~ o~ o~ —~

M Y Y Y Y Y Y Y

V2o, (r, 2(7))Qq(r), which allows to write

QI(T)

Recall that Q(r)

2
zg

Far) + 3 M)V

2
T

(V

Qz(r

Q(r)

)V (z(r)"

z(r

T

@ Vg((r)V(r)(Q

QT

Jr_
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Next by using relations (11), (18), (19), (20), we obtain the following form of Q(r)

Q(r)

G(r) + %S(r) + %W(r)
QH(T) ng(T) 913(7“) Q14(74)

921(7") QQQ(T) Qgg(T) QQ4(T)
Q31(7‘) Qgg(?‘) 933(7“) Q34(’I“)

Q41(7‘) Q42(7“) Q43(7“) Q44(74)

So that the system (15) is writen as:

LR () Qi) ) Ysl) Qi) \ [ 0l
LR () Qi) ) asl) Dal) | | wa(r)
) || 0 260) 9w6) 0um) || w0
LEy(r) Qui(r) Qaa(r) Qaa(r) Qaa(r) ya(r)
Let us put
n() = UR' ()Vis 2(0)2(r);

then we have the following equivalent modified system:

1FR(r) Q1 (UL (Vi Y2(0r) Qua(r) Qus(r) Qualr)
1Py (r) Qo1 (MU (MViga V() Qoa(r) Qual(r) Qaa(r)
S F3(r) Qar (VUG ())Viea 2(r) Qao(r)  Qas(r)  Qaalr)
PFalr) (U (Vi 2() Quar) Qus(r) Qua(r)

z1(r)

Yya(r)

X
y3(r)
ya(r)

Multiply the first block of line and the three blocks of lines of the preceding system
respectively by Vlgdl /2 (U, (r) and 7 to obtain the following equivalent modified
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system:
Fi(r) Qui(r) Qa(r)  Qus(r)  Qua(r) z1(r)
Fy(r) Qo1 (1) 1Q22(r) 1Q23(r)  7Q024(r) ya(r)
F3 (’I“) Q31(’I‘) 7“932 (7“) 7“933 (7“) ’I“Q34 (’I“) Y3 (7“)
1F4(r) Qar(r)  Qua(r)  Qus(r)  Qua(r) ya(r)
with

Ar) = Vi PUL )R,

() = Ve 2OUG (UL (1)Viea (1),
Q) = Ve POUR)Qu(r) i =2,3,4,
Qu(r) = 1Qa)UL (MViea 2(r) i=2,3,
Qu(r) = QurUGR (r)Via Y2(r).

We now consider regrouping the blocks 1 and 2 as well as 3 and 4. We wish to
analyze separately the diagonal block subsystems. In order to analyze the systems
separately, we introduce:

Fi(r) Qus(r)  rQa2s(r) y3(r)
N1 (7‘) = - B 5
Fa(r) Qua(r)  7Qa4(r) ya(r)

Fs(r) Qa1(r)  7Q32(7) z1(r)
N2 (7") = - _ ’
%F4 (r) Qa1 (T’) Qao (7') Y2 (T’)
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We can now analyze the two systems separately:

B z1(r)
Ql (T’) = N1 (7")
y2(r)
(P)
) ys(r)
QQ (7’) = NQ(T)
ya(r)

where Q(r) and Qa(r) are the following matrices:

Qll (7“) ng(’l“)
() = _
Qo1(r)  1Qaa(r)
B ’I“Q33 (’I“) ’I“Q34 (’I“)
and Qo(r) =
Q43 (7”) Q44 (7’)

Consider the following definition which weakens the regularity assumption used
by Fiacco and McCormick (linear independence of the gradients of the active
constraints).

Definition 2.1. Let

E={ieI"\K | 1im0 Ai(r)Vgi(z(r))  is not bounded}.

x* is called a weak regular point when one of the two following conditions is
satisfied:
(1) E=0,
(2) if E # 0 then there is a partition of K¢, P = {K¢,--- , K} and a bijective
function o : E — P defined by:

Vi >0, Xi(r)Vgi(a(r)) + 32 Aj(r)Vg;(x(r))
a(i) = K¢ «— jeKd
is a bounded vector on [0, 7].

Remark 2.4. We notice that:

(1) If z* is a weak regular point, then lim B(r) is a bounded matrix where

r—>0

B(r) = VQI*\K(QC(T’))V}*\KI/Q + Vgga(z(r))A(r)
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with A(r) = (A1(r) | Opdx(m=—ki¢—|g))) sSuch that

A, (1) 0 e 0
wo=| L0
0 0 - An(r)

and Ji,Jo - -+, J; form a partition of K¢

(2) Vygp(z*) = —Vgga(z*) ‘hmo Al(r)VE_lm(r) where limO Al(T)VE_l/Q(T) is
a bounded matrix;

(3) Vi € I"\K such that i ¢ E, Vg;(z*) is a null vector,

(4) if z* is regular then it is weak regular.

We first observe that if there exists diverging multipliers, then either E # () or an
active constraint gradient vanishes.

Lemma 2.5. IfVi € I*, Vg;(z*) # 0 and E = () then K¢ = ().
Next,

Lemma 2.6. If x* is a weak regular point and E # () then Vgg(z*) is a full rank
matrix.

Lemma 2.7. If * is a weak reqular point then Vi € E, Vg;(x*) and the columns
of the matriz Vg (z*) are linearly independent.

Consider now the two following lemmas. The first will be useful in the proof of
the second, for which the object is to show that some submatrices of the matrix
Q(r) are bounded when r is close to 0.

Lemma 2.8. Let M be an x n matrixz. If

11 1 --- 1
111 - 1
M = 111 -1 Then I + M is a nonsingular matriz.
11 1 - 1
Proof. The lemma is shown easily by using the Gauss-Jordan process. |

Lemma 2.9. If z* is a weak reqular point then
(i) U13(7“)V1*\K1/2(7°) = U1 (r)A(r)+Bi(r) where Hmo By (r) is a bounded
matriz,
(i) lirnO Ugg(r)Vp\Kl/2(7") =Us;  where Uy is a bounded matrix,
r—
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hm Uss(r )V[*\Klm(r) =Uj; where Uiy is a bounded matriz,

1m Via Y2(r)A(r) = A*  where A* is a bounded matriz,

(i3

(v

1m Vica Y2 (1)U, (r)Via2(r) = Uyy is a nonsingular matriz,

(vi

)
)
(v) I + A*A*T zs a nonsingular matriz,
)
(vid)

hm Via Y2(r)Up1(r)A(r) = A where A is a bounded matriz.

Let us recall that .
- ~1/2
y1(r) = U111 (T)VKd/ (r)z1(r),
and consider the tow following lemmas, for which the object is to show, under
some hypotheses, that z1(r) et y1(r) are bounded in the neighborhood of r = 0.
Lemma 2.10. If limO Vica(r)Y2y1(r) is a bounded vector then lirnO z1(r) is a
r— r—
bounded vector.

Now,

Lemma 2.11. IfVi € K¢, limo% is bounded then lim Vi () 2y,(r) is a

bounded wvector.

Define
={d | Vgx(z")"d=0},
D=lim{d | Vor(x(r)"d=0},
D+ = orthogonal complement of D
and let us consider the following definition which weakens the usual second order
sufficient condition for our case where A* = ().
Definition 2.2. We shall say that the weak second order sufficient condition
(W.S.0.S.C. for short) holds at «* when
(i) Hg is satisfied;
(i) 37 such that Vd € D+ N D}, d # 0 and Vr €0, 7,

rd? (V2L(z(r), \N(r)) + Z A2(r)Vgi(z(r) Vgi(z(r))")d > 0.

Consider the following technical hypothesis which will be useful in the following
section:

3 : Nl *
H.: hmo TdTVQL(x, A(r))d = { is bounded if d € DN D3
r—

0 elsewhere.

Lemma 2.12. If hypotheses Hs, Hy and Hy are satisfied at x* then we have

rG11(r) rGia(r) rGis(r) rGia(r) 0 0 0 0

lim ’I“G21(7“) TGQQ (’I“ TG23 (7“) ’I“G24 (7“) _ 0 0 0 0

r—0 ’I“G31 ) TGgg( TG33 ) ’I“G34 (7“) 0 0 G§3 0
Ga(r)  Gaz(r)  Gas(r)  Gaa(r Gh G Giz Gi

where G35, Gy, Gy, Gis et G}, are bounded matrices.
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Lemma 2.13. If z* is a weak regular point, satisfying the W.S.0.5.C. and hy-

* * x T
potheses Hy, Hy and Hy, then ( G33 + UsUss 0

o o ) s a nonsingular matriz.
43 44

Lemma 2.14. If x* is a weak regular point satisfying the weak second order suf-
ficient condition, hypotheses Hs, Hy, Hy and furthermore limo Vé/f(r)yl (r) is a
bounded vector, then
(1) lirnO Qa(r) = Q2(0) where Q2(0) is a nonsingular matriz,
r—
(44) lirnO Ny(r) = Na(0) where No(0) is a bounded vector.
r—

Lemma 2.15. If x* is a weak regular point, satisfying the weak second order suf-
ficient condition, hypotheses Hs, Hy, H7 and furthermore that Hmo Vil(/f(r)yl (r)
rT—

is a bounded vector, then the sequences of vectors ys(r) and y4(r) approach respec-
tively y3(0) and y4(0), which are bounded vectors.

2.3. DIFFERENTIABILITY OF z(r) IN THE NEIGHBORHOOD OF 1 = (

In this section, we show the principal theorem concerning the differentiability
of the trajectories when A* = (). Consider the following definition:

Definition 2.3. We say that z* is a linear weak regular point if the two following
conditions are satisfied:

(1) z* is a weak regular point,

.. . . A/(T) .
(ii) for all i € K¢, hrnO 5 +5 is bounded.

Remark 2.5. If z* is a linear weak regular point then according to Lemma 2.11,
limO Vlyfyl (r) is a bounded vector.
r—

Theorem 2.2. If x* is a linear weak regular point, satisfying the weak second
order sufficient condition and hypotheses Hi, Ho, Hs, Hy, Hg, Hs, H7, then the
trajectory x(r) is differentiable at the point r = 0.

Proof. According to Theorem 2.1, the trajectory z(r) is differentiable at points
r > (0. Close to 0 let us denote

I
)
83
=
R\
3

y(r)
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yi(r)
According to Lemmas 2.3 and 2.15, the vector lim 5252 exists and since
r— 3
ya(r)
Qz(ry is an orthogonal matrix then the vector 1im0 a'(r) exists also, and we have
rT—
the result. 0

Let us now show that the theorem is a genuine generalization of the usual
results by checking that the theorems of Fiacco and McCormick constitute in fact
a corollary of Theorem 2.2.

Corollary 2.2. Ifx* satisfies the usual hypotheses used by Fiacco and McCormick
then the trajectory x(r) is differentiable.

Proof. Again let us point out the usual hypotheses used by Fiacco and McCormick:
Vi € I, g; is a C? function;

the objective function is of class C?;

linear independence: Vg;(xz*),i € I*, are linearly independent;

a* is a cluster point of the sequence z(r);

strict complementarity: g;(z*) =0 <= \f > 0;

second order sufficient condition: Z'N*L(x*,\*)Z > 0,VZ € Ker
(Vgr-(z*)).

The first two hypotheses imply that hypotheses Hs, H, are satisfied. Since
Vgi(z*),i € I*, are linearly independent then z* is a weak regular point, hy-
potheses H; and Hj are satisfied and K d — (). Thus z* is a linear weak regular
point and hypothesis H7 is satisfied. Strict complementarity implies that hypoth-
esis Hy is satisfied and the second order sufficient condition implies that the weak
second order sufficient condition is satisfied, and we have the result. O

3. CONCLUSION

This work falls within the field of Interior Point Methods intensively studied in
the context of linear and quadratic programming in the last fifteen years. Our work
relates to the application of these methods in a non-linear programming context
and generalizes results originating in 1968. Motivated by the success of penalty
algorithm methods on non-linear programming problems, in particular to the log
barrier algorithm, Fiacco and McCormick [5,6] showed, under some hypotheses,
the existence of a differentiable trajectory in the optimal solution neighborhood.
When the usual hypotheses are used by Fiacco & McCormick, the set A* of the
multiplier vectors of Karush-Kuhn-Tucker [8] is nonempty.

In this paper we analysed the behavior of the log barrier trajectory in the
neighborhood of a degenerate solution (i.e. the contraint qualification are not
satisfied), which implies that the set A* of Karush-Kuhn-Tucker multipliers [8] is
empty. To show the existence of a differentiable trajectory even if the optimal
solution is not regular, we defined new weak hypotheses. The weak second order
sufficient condition (W.S.0.S.C.) is a natural generalization of the usual second
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order sufficient condition . The weak linear regularity definition is a natural gener-
alization of the usual regularity and ensures that some submatrices of the matrix

S A2 (r)QT, v Vi@ (r ))Qz(T)Vgi(ac(r))T are bounded and limO Vil(/f(r)yl(r) is a
=1 r—

bounded vector. However, H7 is a technical hypothesis, which may not be neces-
sary to the result but nonetheless useful in our proofs. This paper shows us, under
the weakened hypothesis, that a differentiable trajectory exists in the optimal so-
lution neighborhood. This coroborates the robustness of the log barrier algorithm
method and enlarges its field of application.

Our work opens new perspectives toward the development of robust algorithms
to solve degenerate problems. An interesting extension of our work would weaken
the strict complementarity condition. Miflin[9] has shown that in that case (under
constraint qualifications), the trajectories behave as O(y/r), so that a possible
extension would involve a parametrization in ¢t = 2.

Hopes to address non-regular solutions with equality constraints seem more dif-
ficult since in that case, stationary points for the constraints may not be feasible.

Extension to other penalties, such as the exponential penalty function appears to
gi(z(r)
)

will diverge, so "(I(T)) — oo destroying the hope for a differentiable primal tra-
jectory.

fail: the K-K-T multiplier estimates for the exponential penalty function (e

APPENDIX Al: PROOF OF LEMMAS IN SECTION 2.2.3
Proof of Lemma 2.5. Suppose that £ = () and K% # (). We have

ZA WVgi(z(r) = > N(r)Vgi(z(r)) + Y Xi(r)Vgi(z(r))

icKd i€eKC

i€I*\ K ieJ*
However limO > Ai(r)Vgi(xz(r)) is a bounded vector, since
"Viekd
(i) hm > Ai(r)Vgi(x(r)) is a bounded vector,
0jcKke
(#4) hmO > Ai(r)Vgi(z(r)) is a bounded vector,
iceJ*
(#41) lim > Ai(r)Vg;(z(r)) is a bounded vector because E = 0,
0, \(KUE)
m
(1v) lirnO > Ai(r)Vgi(x(r)) is a bounded vector by Corollary 2.1.
r—Yi=1
If K # () there are two possible cases: k% = 1 or k% > 1. If k% = 1 then K¢ = {iy},
limO Xio (M) Vi, (2(r)) is a bounded vector and thus Vg;, (z*) is a null vector. If

k? > 1, suppose there exists ig € K% such that \;, (r) = max(\;(r),i € K%), thus
we have

A
Vi e KN\ {ig}, lim
T—
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which implies that

Voole?) = — Jim, 3 V()
iekd "0

- - Y uVak),

i€ K4\ {io}

and we have: either

Vi e KN\{io} pf = 0 then Vg;,(z*) is a null vector, or

Ji € K%\ {io} such that g} > 0 then Vg;,(z*) is written as a linear combination
of the columns of Vgg (z*). Both contradict the definition of K, and we have the
result. O

Proof of Lemma 2.6. Pick some «; € R such that > «;Vg;(z*) = 0. Since z* is
icE

a weak regular point then according to Remark 2.4, there are scalars a; € R such

that

Z a;Vg;(x¥)

Z o Z a;Vg;(z*)

i€EE i€E  jeK¢
= DD xaVg(a)
i€E jeK?
= > aa;Vgi(a)+ Y asa;Vg(aT) 4+ Y aia;Vg;(a")
jEKE jEKY jEK{
= 0’
where Vj € K4, a; is nonzero. However {K¢ ... ,Kld} forms a partition of K¢ and

Vgga(z*) is a full rank matrix, which implies that

RS K{l, 10y
Vj € Kg, Q2a; =

Vie K aa; = 0
so that we have a1 = ag = -+ = @y = 0. Thus the columns of the matrix Vgg(x*)
are linearly independent, and we have the result. O

Proof of Lemma 2.7. Suppose that there is an i« € F such that Vg;(z*) and the
columns of the matrix Vgge(z*) are linearly dependent, which implies that there

exists a; € R such that o;Vg;(z*) + > «;Vgi(z*) = 0. Since z* is a weak
JEK®
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regular point then

a;Vg;(z") + Z a;Vgi(z*) = o4 Z a;Vg;(x*) + Z a; Vg (z*)

jeKe jeK? jeKe
= Z a;a;Vg;i(z*) + Z a; Vg (z*)
jEKY JEK®
= 0’

where Vj € Kf, aj is a nonzero scalar. However Kid C K and K¢ C K where
K ={iy, - ,ip € I"|Vgy, -, Vg, (x")are linearly independent},

which implies that

Vie K¢ aa; = 0
Vj e KC, oy = 0,
and so o; = 0, and we have the result. O

Proof of Lemma 2.9. Recall that
B(r) = Vgl*\K(x(r))V[*\Kl/Q + Vgga(z(r))A

where A = (A1 | Ogax(m=—ki_|g|)) such that

A, (1) 0 e 0
0 Ag(r) - 0
Au(r) = : 2: . :
0 0 e Ay (r)
and Ji,Jo---,J; form a partition of K¢ Since z* is a weak regular point then

limOB (r) is a bounded matrix.

Multiply B(r) by Qf(r) to obtain

QinB(r) = Qz(r)v.gl*\K(z(r))vl*\K1/2(T)+Q£(T)V9Kd(x*)A(T)
U13(7")VI*\K1/2(7") U1 (r)A(r)
= UQ3(7")V]*\K1/2(7") + 0
U33(7‘)V1*\K1/2(7‘) 0
By (r
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thus

. 32(7") _( Uz
rhi>no( Bs(r) ) - ( Ui,
limO Bl(r) is a bounded matrix

which shows points ), i) and 7).
iv) Since Vgga(z*) is of full rank then V.J; C K9, Vg, (z*) is of full rank. This
enables us to say that the components of each column of the matrix A (r) diverge
at the same rate when r — 0, i.e.

lim Viga Y/2A(r)
r—0

Vi, 20 (r) 0 - 0
0 Vi A () - 0
= lim
o : : - s
0 0 VA ()
€J: 0 0
0 €7, 0
= lim .
r—0 :
0 0 e,
e;;, 0 -+ 0
0 ez -+ 0
0 0 e,
= AT
where ej,,ez,, -, ey, are unit vectors. Then we have
lim Viea 2@)AE) = i Viea 20)(A10) | Ot ))
= (Thi{lo Vica 2(r)Ar(r) | Ok x (m*—kd—| E]))

= (AT | Opax(me—ri—|E])

= A"
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T+ AAT = 144,747

IJl +ey e?l 0 v 0
- 0 IJ2+€J2€?;2 0
0 0 cee IJl + ey, e?l
therefore I+ A* A*T is a block diagonal matrix such that e, e?l, e, e?z, oL ey eTh

are matrices with all their components equal to 1, and thus by lemma 2.8, I +
A*A*T is a nonsingular matrix, and we have the proof of v).
(vi) Let us define

1 1 1
Uy, (r) U%Q(T) Uél(r)
0 Un(r) - Ujr)
Uni(r) = : : . : ’
l
0 0 e Ug(r)
which enables us to write
Viea UL () Va2 () =
Vi ROl v 2y v R eul, v, 2 e v R v R e
0 Vi RO v, 2y e v R ud v R e
0 0 V*l/z(r)UlJl(r)lelﬂ(r)

J1

Since Vi € {1,2,..,1}, the components of the vector A, (r) diverge at the same rate
then

. ~1/2 . ~1/2 . ~1/2
Tim VU, (Ve A (), tim V20U, (Ve A ), - lim V()
U 51 (r) lel/ %(r) are bounded upper triangular and nonsingular matrices. Since

the components of the diagonal matrix VKdl/ 2(r) are subscripted in descending
order then

Vi,j € {1,2,..,1} such that i< j, anVJ;l/Q(r)UiJj(r)VJ,l/Q(r) =0,
r—

J
which implies that limO VKd_1/2(7°)U11(r)VKd 1/2(7“) = U1 are bounded upper
triangular and nonsingular matrices.
(vii) Let
U}b(r) ([ﬁz E? . g‘; Er%
J 7" ... J 7"
U11(7’) = . 2 . L.

0 0 e Ub(r)
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which enables us to write

Via Y2 (r)Ur1(r)AL(r) =

Vi P UL (M)A () VUL (A () - VUL (r)Ag, (r)
0 VPO (A () - VP UR (1A, ()
0 0 vgl”(r)tf'.z(rn]l(r)

Since the components of the diagonal matrix VKdl/ 2(r) are subscripted in de-
scending order then the columns of the matrix A; are arranged in descending
order with respect to the rate of divergence, which implies that

lim Viea 20U (M) AL (r) =

. —-1/2
Jim VY EUg (mxg, () 0 o
. —-1/2
0 im V20U, (A () e 0
) “1/2,
0 0 e lim V20U (), ()

from which follows lim VKd71/2 (r)Uy1(r)A; (r) = Ay is a bounded matrix. Con-

r—0
sequently
lim_ Vica 2(r) U1 (r)A(r) = A
where A = (A; | Ok x (m*—kd—|g))) is @ bounded matrix, which concludes the
proof of (vii). O
Proof of Lemma 2.10. Since y;(r) = (UEI)TV§1/221(T) then
lim 2 (r) = THLHOVII(QQ(T)UMT(T)M(T)

= Jim VU 0V Vim0,

However, according to (vi) of lemma 2.9, lirnO Vlyf(7’)U11T(7’)V1;,1/2 (r) is a bounded
T—

upper triangular and nonsingular matrix, and we have the result. O

Proof of Lemma 2.11. Let i € K?. Since Vr > 0, \;(r) is a differentiable function

then

—gi(w(r)) +rVgi(a(r)"«(r)
gi(x(r))?

Ni(r) =

?
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which yields

rX(r)
)\i (7")

=14+ X(r)Vai(z(r) 2 (r). (21)

Therefore limO Xi(r)Vgi(x(r) "2/ (r) is bounded. According to Equation (16) we

have

Via ()21 (r) = =Viga(m)Y2UHT 1)V Y2 ga(7)ega  where P>

To show that limO Vica(r)Y/?y;(r) is a bounded vector it suffices to show that
r—

limO Vica(r)Y/2V =12 14 (7) is a bounded matrix and
r—

Aml (r)

NG 0 0

0 e 0

Vica (7")1/2‘/71/2;(4(72) _ /\7,2'(7) .
0 0 24 (1)

According to Remark 2.3 and Equation (21), for i € K¢ we have

>~
<
—~

<
~

VE = MOVeee) T )
_ o4 TS (r)
Ai(r)
which implies that 1im0 112:; is bounded, and we have the result. O

Proof of Lemma 2.12. If hypotheses Hs and H, are satisfied at z* then according
to relations (17) and (13), respectively,

m

H(r) = Vf(a(r)) + Y N(r)V3ai(a(r)) = V2L(x(r), A(r)

=1

and Qa,(r) - (QKd (’I") QKC (’I") QI*\K (T) QJ* (T)) ;
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we have
QKd;(T)
Qi HQer) = | 7% AT | H (Qualr) Que) Quese(r) Qe (1)
Qs-T(r)

Qua T (MHE)Qra(r)  QuaT (MNHT)Qre(r) Qua® (MHTQrk(r)  Qua’ (r)H(r)Q«(r)
QreT(MHMQga(r) Qe (MH(r)Qxe(r) Qre’ (NH(r)Qr\k(r) Qre™ (rH(r)Q = (r)

Qravg T (MH(MQpa (1) Qrevk " (MH(MQke(r) Qrevk " (MNHM)Qre\x(r) Qre\x ™ (NH(r)Q (1)
QiT(MHMQpa(r)  Qu«T(MHMQke(r) QuxT(MHM)Qr\kx (1) QT (r)H(r)Qu«(r)

Gi1(r) Giz2(r) Giz(r) Gia(r)
GQl(T) GQQ(T) ng(r) G24(T)
G31(T) G32(’r’) Ggg(’r’) G34(T) )
G41(T) G42(’r’) G43(’r’) G44(T)

Since hypothesis H7 is satisfied and the columns of the matrix Q«\x are the
vectors of D+ N D}, then we have:

TGH(?‘) ’I“Gu(?“) TG13 (’I“) ’I“G14(7“) 0 0 0 0

lim TGQl (7“) ’I“GQQ (7“) TG23 (’I“) ’I“G24 (7“) _ 0 0 0 0

r—0 TG31 7”) TG32 (7”) TG33 7’) T’G34 7") 0 0 G§3 0
Ga(r)  Gaa(r)  Gas(r) Gaalr) Gn Gi Giz Gl

* * x T
Proof of Lemma 2.13. Lemmas 2.9 and 2.12 imply that ( G Jqu% Uz G(?" )
43 44
is a bounded matrix. Condition ) of W.S.0.S.C. implies that G, is a nonsingular
matrix. Condition 4i) of W.S.0.S.C. implies that G3; + UZUss” is a nonsingular
* « 77 T
matrix , which implies that < Gz + U*33 Uz (1 ) is a nonsingular matrix. [
Gis Gl

Proof of Lemma 2.14. If x* is a weak regular point then, according to Lemma 2.9,
we have

limo Uss (T)‘/[*\Kl/2 (r) = Uss,
T—

lim Uss(r)Vi\/2(r) = Uy,
T—

. —-1/2 o pAx
Jim Viea " (r)A(r) = A7,
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(4)

lirnO Qo (r) =

rGas (’I“) + Uss (T)V]*\K(T)Ugg’ (’I“) + S33 (7“) rGay (’I“) + 534(7“)

lim

r—0

Gas(r) + £S43(r) Gaa(r) + £S44(r)
Gis + UsUss™ 0

* *
G43 G44

According to Lemma 2.13, 5(0) is a nonsingular matrix.
(1) Since we have

(1) Thglo(rGgl(r)ngl/Q(r) + 531(7“)‘/[;;/2(7“) + Uss(r)Vie\ g (r)Uis" (r)

Vlgdl /2 (r)) is a bounded vector, indeed

limo(rGgl (r)VZ12(r)) =0 by hypothesis Hr,

I Kd
THL{IO(SM(V“)V};;/Q(T)) =0,

h_r}n(#Ugg(T)V]*\K(T)UIBT(T)V71/2 (T))

Kd

m (Uss (r) Vv i 2 (0) Vi i 2 (7)

=1
r—0
x Urs" (r)V,2y?(r))

= Uz lim (=A™ (U} () + Ba(r) ")V, * (),

Kd

T

i) and #4¢) from Lemma 2.9

= ~Uss lim A" (r)Uf1(r)V,c% (r)

Kd
+ Uz lim Ba(r)"V,e”*(r)
= ~Uss lim A" (n)Uf1(r)V,e* (r)

Kd

= _U§3AT7
(2) limO(G41 (T)VI;;N(T) + %541(7’)1/];1/2(7’)) is a bounded vector, indeed
r—

THLHO(G‘H (T)Vlgl/Q(T)) =0 by hypothesis Hz,
m (L84 (r)V,ed? (1)) = 0.

li
r—>0



ASYMPTOTIC ANALYSIS OF THE TRAJECTORIES... 191

( F5(0) ) ; ( Qus(r)  rQos(r) ) ( ys(r) )
bs(0) /TN Qu(r) rQaa(r) ya(r)

F3(0) —U3s AT G 30 + UsUss™ 21(0)

( b4(0) ) - ( 0 G" 42 ) ( y2(0) )

N»(0).

Then

limO Na(r)

According to Lemma 2.10, z1(0) is a bounded vector. Thus N2(0) is a bounded
vector. 0

Proof of Lemma 2.15. Vectors ys(r) and y4(r) are solutions of the following sys-
tem:

QQ(T) = NQ(T).

- y3(0)
025(0) = N5(0).
y4(0)
According to lemma 2.14, 5(0) is a nonsingular matrix and N2(0) is a bounded
y3(0)
vector, then the vector exists and is bounded. O
y4(0)

APPENDIX A2: AN ILLUSTRATIVE EXAMPLE
In this section, we consider the following example

min x1 + x3 + x5 +I62
—$4§0
71‘2§0
71‘3§0

24— 1212 <0

x93 — 5% <0

$3—1§0.

s.t

For this problem, 2* = (0,0, 0,0, 0, 0) is the unique isolated solution. The gradients
of the active constraints at «* are linearly dependent, whereas Vgr-(x(r)) is a full
rank matrix for all » > 0.



192 A. EL AFIA ET AL.

The penalized problems are written:

(r,x) = x4+ a3+ 25+ 26° — rlog(xs) — rlog(2) — rlog(z3)
—rlog(—x4 + x1°) — rlog(—x2 + 25°) — log(—23 + 1)

and their gradients are

1 0
0 0
1 r 0
‘7¢(T,$) - 0 - <z;;> 1
1 0
216 0

0 0

1 0

r 0 o —1

T2 0 I3 0

0 0

0 0

5z.tr
(#1°—z4)

—r r
T2 + (z53—w2)

1+ 22— =L

x3—1

—T i
$4‘+ (15 —xq)

2.
1 T 3@5 r

$53712

2$6
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The values which cancel Vo(r, ) and the associated A;(r) quantities are

2i(r) =107, ws(r) = 108r%,  2s(r) = % b %m
z4(r) = 50000r°, x5(r) =6r, x6(r)=0
Alzm%, QZLLQ, N ’
T 108 r §+T—§m
R
r 08 r §*T+§m

The multipliers A4(r) and A5(r) diverge when  — 0 whereas the trajectories,
x(r) = (x1(r), x2(r), z3(r), za(r), z5(r)), are differentiable at the point r = 0.
Let us recall that

Vyr(z(r)) = ( Vgga(z(r)) Vgre(z(r)) Vgrw(z(r)) Vgs-(z(r))
0 0 0 -—500000* 0 0
0 1 0 0 -1 0
3 0 0 -1 0 0o 1
— | -10 o 1 0 0
0 0 0 0 ~10872 0
0 0 0 0 0 0

where

K = {i1, - ,ix € I"| Vg, (z%),--- , Vg, (z*) are linearly independent},
Ki={ie K| limo)\i(r) = +oo},
r—
Ke={i€ K| lim X(r) = X} >0},
I'\K = {i € I" | Vg;(z*) and the columns of Vgg (z*) are linearly dependent}.

In this example we have

K = {1’ 27 3}’
K¢ = {172}a
K° = {S}a

I"\K = {4,5},
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which implies that the associated canonical subspaces are

Dy = {d | Vgg(=)"d=0}

= {(d1,0,0,0,d5,ds) | di,ds,ds € R},
D = lim {d | V- (z(r))"d = 0}

= {(0,0,0,0,0,ds) | ds € R},
D = lim{d | Vgr(e(r)"d=0}"

- {(d17d27d3;d47d570) | d17d25d3;d47d5 G]R}

Therefore

-1
0
M (M) Vg1 (x(r)) + MaVaa(x(r)) = 8 is a bounded vector,
0
0
and
0
0
Ao (1) Vg2 (x(r)) + AsVgs(z(r)) = 8 is a bounded vector,
-1
0

which implies that (0,0,0,0,0) is a weak regular point. Since
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then we have

Viga(r) 0 0 0
_ 0 Vice (1) 0 0
V(T) - 0 0 V[*\K (’I") 0
0 0 0 VJ* (’I")
3500000000 ;8 O 0 0 0
0 11(1364 7%4 0 0 0
2
’ © v ’
- 0 0 0 25000100000 7% 0
0 0 0 0 11%}64
0 0 0 0 0
which gives us
N S
2500000000 78
o Via(r) = ,
0 11
11664 r*
1 1
— 0
2500000000 78
[} VI*\K( ) —
0 _1 1
11664 r*
2
r
[ ] VKc (’r) = 1 1 ,
(—5 —7r+ 5\/1"’47‘2)2
2
r
[} V]* (7“) — 1 1 .
(=5 +r— 5\/1 + 4r2)2
Moreover,
Uu(r) U12(7“) Uls(r)
T o 0 UQQ(T) UQg(T‘)
Qu(r)” Vy(z(r)) = 0 0 Ul

195

0
0
0
0
et 0
7‘2
Lt iviraoz
R1 (7“)
Ra(r)
R3 ’I“)
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1 0 0 -1 0 0
0 1 0 0 -1 0
_ 0 0 1 0 0 -1
- 0 0 0 50000r* 0 0
0 0 O 0 10872 0
0 0 O 0 0 0
where
0 0 0O -1 0 O
0 -1 0 0 0 O
0 - 0 0 -1 0 0 O
=1 -1 0 o0 o 0 0|
0 0 0 0O -1 0
0 0 0 0 0 1
which gives us
1 0
o Uy (r) = ;
0 1
0
° Uu(?”): < 0 ),
-1 0
0U13(7”): s
0 -1

5000074 0
Uss(r) = ( 0 10872 )

Usz(r) = 1 and Uss(r) = (0,0).

We notice that
_ Ve (500007% 0 oo 0 ) =
o lim Uss(r)Vy/\p(r) = lim < 0 10812 0 )

r—0 10812
1 0
0o 1)’

1
o tim V()Y () = i 0.0) (T3 )~ 0,0)

i
r—0 10872
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0 O
o Ups(r\V, 3 (r) = —=Uni(r)A(r) + Bi(r) ot By (r) = ( )

-1 0
et A(r) = ( ),
0 -1

which illustrates Lemma 2.9. Also

1=6
Gz,r) = fw)(vgf@(?“))+Z>\i(7“)V29i(x(r)))Qx<r>
0 00 O 0 O

000 0 0 0

5r

—1
3r

and we have

= _9 is bounded,
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3
5 0
(11) G*33 + U*33U*§3 = is nonsingular,
2
0o =
’ 3
5 0 0
Gras +U*33U*2, 0
(vi1) =1 o 2 o | is nonsingular.
G*43 G*44 3
0O 0 2

Then the weak second order sufficient condition and hypothesis H7 are satisfied.

(1]

(2]

(3]
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