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AN INTERIOR POINT ALGORITHM FOR CONVEX
QUADRATIC PROGRAMMING WITH STRICT
EQUILIBRIUM CONSTRAINTS

RACHID BENOUAHBOUN! AND ABDELATIF MANSOURI!

Abstract. We describe an interior point algorithm for convex qua-
dratic problem with a strict complementarity constraints. We show
that under some assumptions the approach requires a total of O(y/nL)
number of iterations, where L is the input size of the problem. The
algorithm generates a sequence of problems, each of which is approxi-
mately solved by Newton’s method.

Keywords. Convex quadratic programming with a strict equilibrium
constraints, interior point algorithm, Newton’s method.

1. INTRODUCTION

A mathematical programming with equilibrium constraints (MPEC) is a con-
strained optimization problem in which the essential constraints are defined by a
complementarity system or variational inequality. This field of mathematical pro-
gramming has been of much interest in the recent years. This is mainly because
of its practical usage in many engineering design [3,10], economic equilibrium [6],
multi-level game-theoretic and machine learning problems [4,9]. The monograph
[12] presents a comprehensive study of this important mathematical programming
problem.

Definition 1. Let M be a (n x n)real matrix. We say that a matrix M is co-
positive if for all x > 0, Mz > 0.
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It is easily seen that if M is co-positive, then for > 0, we have | XMX|| <
2T Mz, and | X Mz|| < 27 Mx, where X = diag(x1, ..., 1,).

In this paper, we consider the following convex quadratic program with a strict
linear complementarity constraint:

Minimize %ITGx +dTx
s.t.
(CQPEC) { Az =b,
2T Qx =0,
x >0,

where x and d are n-vectors, b is an m-vectors, A is an m X n matrix with
rank(A) = m < n, G is a symmetric positive semidefinite n X n matrix, @ is
a symmetric co-positive n X n matrix and the superscript 7' denotes transposi-
tion. Our purpose is to construct an interior point algorithm to solve the problem
(CQPEC). Using Newton's direction the algorithm generates a sequence of inte-
rior points which under some conditions converges to a solution (stationary point)
of (CQPEC) in a polynomial time. The algorithm has a complexity of O(n3-°L)
where L is the input length for the problem.

The paper is organized as follows. In Section 2, we give some applications of
the problem (CQPEC) in mathematical programming. In Section 3, we present
some theoretical background. In Section 4, we present the algorithm and we prove
some results related to the convergence properties of the algorithm. Finally, in
Section 6 we discuss the initialization of the algorithm. To illustrate our approach
we conclude the paper with some numerical results in Section 7.

2. SOME APPLICATIONS OF (CQPEC) IN MATHEMATICAL
PROGRAMMING

The problem (CQPEC) have a wide range of applications for example in eco-
nomic equilibrium, multi-level game and machine learning problems. In this sec-
tion, we show some applications in mathematical programming. The problems
that we consider in this section, are generally NP-Complete. Nevertheless, the
approach presented in this paper solves a particular cases of these problems in
polynomial times.

2.1. OPTIMIZATION OVER THE EFFICIENT SET

Consider the multiobjective linear program
Minimize {55 st.TEXx= {Zﬁc’ :5, T > 0}} (1)

where C is an k x n matrix. Recall that a point T € x is an efficient solution of (1)
if and only if there exists no x € x such that Cx < C% and Cx # CT. Let E
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denote the set of the efficient solutions. Consider the problem
S 1o~ e ~
Minimise 52 Gr+d'z st xeFE (2)

where G is a symmetric positive semidefinite n X n matrix and d is an n-vector. In
the linear case this problem has several applications in multiobjective programming
(see [1,2]). (2) can be written in the following form

Minimize %ETéf +dT'F

s.t

A7 =b,

eTA=1, (3)
ATg+7z-CTx =0,

'z =0,

F>0,Z>0, A>0.

By taking y = 41 — y2 , with 1 > 0, and y2 > 0,

7
. 51 A_(Zlo 0 0 0)
| Z ) - AT _ AT _ T |°
B 01, AT —AT —C
X

07,000
I, 0000
Q= 0 0000 and b=
0 0000
0 0000

S =

(3) is equivalent to (CQPEC).

2.2. GOAL PROGRAMMING

Consider the multiobjective problem (1). To solve this problem, several ap-
proaches have been developed. One class of a very used methods is the Distance-
Based Methods. These methods assume that the decision-maker can select a point,
at each iteration, which can be considered as an “ideally best” point from his view-
point. If the ideal point is not feasible, the process gives the closer efficient solution
to the ideal point as possible. The research of such a solution can be summarized
by the mathematical programming problem:

Minimize {d(f*,éf) st. T € X} (4)
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where f* is the ideal point and d(.,.) is a distance of point in R¥. In the case of
the Li-distance and by introducing the following notation

g R >
v 0 otherwise
q - E;-Tff >, it fF <E;-TE
v 0 otherwise

the problem (4) can be written as follows:

k
Minimize Zwi(d;r +d;)

i=1

s.t.

Az =1 (5)
Ci—d +dt = [

(d*)"d- =0,

d*>0,d >0,7>0

where w is a vector of weights. This problem is often called goal programming. In
many applications, a mixture of the above process and the method of sequential
optimization is referred as a goal programming approach or model.

Obviously the problem (5) is equivalent to (CQPEC).

3. PRELIMINARIES

The algorithm that we consider in this paper is motivated by the application of
the mixed penalty technique to problem (CQPEC). The mixed penalty consists
of examining the family of problems

1 (xTQx)2 n
(P,) Minimize< fu.(x)= §I'TG’JJ +dTx + T *ﬂz log(z;): stz el
i=1

where S = {z: Az =0, x > 0}, allx € S is called an interior point of the problem
(CQPEC), and p > 0 is the penalty parameter. This technique is well-known in
the context of general constrained optimization problems. One solves the penalized
problem for several values of the parameter u, with u decreasing to zero, and the
result is a sequence of interior points, called centers, converging to a stationary
solution of the original problem [5].

Our aim is to construct a polynomial algorithm. Since, generally, it is impossible
to solve (P,) exactly in a finite time, we must renounce to the determination of cen-
ters, and work in their neighborhood. In other words, we can generate a sequence
of interior points {:L'k} close to the path of centers such that (:ck)T Q2% — 0 and
converges to a stationary solution of the problem (CQPEC).
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The KKT conditions applied to (CQPEC) implies that if = is a stationary,
then there exist y € R™, € R and z € R", such that:

ATy — Gz — fQx + 2z =d,
Ar = b,

2TQx =0,

2Tz2=0,

x>0, 2>0.

Let T = {(z,y,2,08) : Az=b, ATy— Gz —pQu+2=d, >0, 2>0, 8>0},
and consider the merit function defined for all (z,y, z,8) € T, by

A(z,y,z 0) =27 Qu + 27 2.
With this merit function, the above stationary condition system becomes

(m’y7z7ﬁ) ET’
A(x7yﬂzﬂ/6) :0'

For the time being, our objective is to construct a sequence {(:ck, Yk, 2", 519)} cT
such that z* is an interior point for all k. with an upper bound for the merit
function A(z*,y*, 2%, Br) = (:L'k)T QxF 4 (F)T 2%, is driven to zero at a fixed rate

of 1——%=, where o is a given constant. For this, we make the following assumptions.

Assumptions.
(a) There exists w € R™ such that ATw > 0 and bTw > 0.
(b) If z is feasible for (CQPEC), then we have for all i € {1,...,n},

x; > 0 if and only if [Qz], = 0.

(c) For all (z,y, z,8) € T, we have 8 < p, where p is a given constant.

Remark 1.
(i) The assumption (a) is used, in section 6, to transform the problem
(CQPEC) on an equivalent problem for which an initial interior point

2% € S is known in advance. As in [7], we show that there exists y° such
that: XoATy? =e.

(ii) The assumption (b) implies that the condition of Constraint Qualification
holds for the problem (CQPEC) (see [12]). Remark also that this as-
sumption is satisfied for the problems described in Section 2.

(iii) We give an upper bound for p in the next section.

Throughout this paper, we use the following notation.

When z is a lower case letter denotes a vector z = (1, ..., xn)T , then a capital
letter will denote the diagonal matrix with the components of the vector on the
diagonal, i.e., X = diag (21, ...,xy), and ||.|| denotes the Euclidean norm.
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4. THE ALGORITHM

Given an (CQPEC) problem in standard form, in the Section 6, we discuss how
to transform this problem into a form for which an initial interior point z° € S
such that there exists y° € R™ satisfying

XoATy0 = ¢, (6)

is given. For the moment we can suppose that a such initial point is known in
advance.

For a current iterate x € S , let T denote the next iterate. The direction
dy, chosen to generate T is defined as the Newton direction associated with the
penalized problem (P,). The Newton direction at the point z is the optimal
solution of the quadratic problem:

Minimize $d2V?f,(2)dy + V fu(x)"dy
(QP.) | s.t.
Ad, = 0.

Let M denote the Hessian of the penalty function f, at the point z. The following
lemma show that if 27 Qx < p, then the matrix M is positive definite and by
consequence the problem (QF,) has an unique solution.

Lemma 1. If 27 Qx < p, then the matric M = G+ (#) Q+%szTQ+uX_2
18 positive definite.
p o 1 2T Qx 1 T —1
roof. We have M = puX (XGX n (—HQ ) XQX + L XQuaTQX + 1) X1
2
On the other hand we have H (%) XQXH < (L‘?z> < 1, and so
I+ (%) X QX is positive definite. Thus M is also positive definite. |

By the KKT condition, d, is determined by the following system of linear
equations:

[G + (@) Q+ 1Qua”Q + uX 2| d, + Gz + d+
(L‘?z> Qr — uX le= ATy, (7)

Ad, = 0.
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Via a simple calculation, we obtain for d,, T, ¥, z and B :

]

dp = [M71 = MTUAT (AMTTAT) T AM 9

T=x+d,
7= —(AM'ATY  AM Y 8)
-~ IT T
p=22
I

T=Gi+d+pQi— ATy

TQ
where ¥ = pX e — Gx — d — % Qz.

We are now ready to describe the algorithm. Let 6,7, p and o be constants
satisfying:

5(176)7

1-6 ) T+o n V1

<6l ——=], p< Min , 9

K (1+5) r 30>+ 01 " /30,0, ®)
§ 1_—5)_

g R 01 (1+5 n p\/(§9192

— <M 0, | p? — —+5)+7 11— 10

VA R ”(92 0, NG (10)

where §; = 146 and 03 = §++/n. The following lemma gives some results, related
to theses constants, that will be useful to prove Lemma 6.

Lemma 2. Let §,n,p and o be constants satisfying (9) and (10). Then:

0,6,)*
@) 0 g,
—
(’LZ) Oé=1—%—p9192>0.

(iii) 0By + 62 + p2016y | L — 1| + 0 < da.
pO2

2
(iv) ({’f—"_) 5<n.

VD
Proof.
i) From (10) we obtain: =<1 —p 20,0, <1— pB162, which implies
NG n
0162)°
7(1pj QL) < pf10s. (11)
n

(ii) From (11) it follows that 1— ﬁ > ph103. Thus a=1-— ﬁ —pb165 > 0.
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(iii) By (10) we have

<6 [p2 —p(fr+0)+ 2(az2)=n
20y < 20,0, [,507 . 1} — 001056 + 0, {5 (%) . n}
2 (54 V) < —p?0105 [57 - 1} £ 82—y — pbi6s0

Z6 40+ 0y + p2010; [ — 1] <5 - 016026

82 + 0y + p26165 [ﬂ% - 1} Yo<$ (1 o p9192)
82 + 0y + p26165 [ﬂ% - 1} + o <da

The third inequality follows from the fact that §; = 146 and 63 = § +/n.

iv) By (10) we have = < 1 — @, then we obtain p010: < n.
NG o
Hence
0,6 ’
< 4% 3 ) 5 <. O]
- =

We now state the algorithm.

ALGORITHM

e Gtep.o: let 20 € S be a given interior point which satisfies (6), for an initial
penalty parameter 1o > 0, and p, d, 7 and o a given positive constants
satisfying (9) and (10). Let € > 0 be a tolerance for the merit function A.

Set k:= 0.
e Gtep.1: compute d¥, y*+1 B4y and 2F*! by using (8).
o Gtep.2:set P! := 2P +d¥ and pupi1 = up (1 - ﬁ)
Set k:=k+ 1.
e Gtep.3: compute the merit function:

A@F g, 2%, B = (%) Qat + (%) 2k,

It A(xk7ykazkaﬁk) < €, stop.

the next section, we prove that all points generated by the algorithm lie in the

set T" and that they remain close to the central path 7.. We also show that the
algorithm terminates in at most O(y/nL) iterations. This fact will enable us to
show that the algorithm performs no more than O(n®°L) arithmetic operations
until its termination.



AN INTERIOR POINT METHOD FOR CONVEX QUADRATIC PROBLEM 21
5. CONVERGENCE

We begin this section by stating the following main results.

Theorem 3. Let p, 6, n and o be positive constants satisfying relations (9)
and (10). Assume that © and d, satisfy HX_ldl.H <6 and HXQIJ?Tle-H < nu?.

Let i = p(1 —o/+/n) and consider the point (55, Y, 2, ﬂ) eR" xR™ x R* x R
given by (8). Then, we have:

(@ (2.9.258)eT

Q7 62
b) 272 < by (8 d 2 <1
(©) HX*ldg géandHXfoTda < 2.

This theorem show that if, the current iterate is close to the central path, so it is
for the next iterate.

Proof. To prove this theorem, we use the following Lemmas 4, 5 and 6 (see the
annex for the proofs of those lemmas). O

Lemma 4. Under the assumptions of the above theorem, we have
(4) (f, 7,2, B) €T and 27 Qx < pup;
PPN T Hm 92
(i) ZTZ2< pby (6 +n+ /n) and :c ﬁQm <po 02/\/5'

The following lemma will be used in the proof of Lemma 6.

Lemma 5. Let x, d, and i be as above. If HXQIJ?Tle-H < nu? and HX’ldl.H <
6, then, we have

() || Xx1 =1 < 6.0nd | Q3| < p0r02;

. z7Qz z7 Qx 02 .
(@) =T - = Sp{l—a/ﬁ_l}’
~ ~ —~ 2
(i) 298 4. T Qdy | < ppbr b Hx—ldi} ,
(iv) | XQuaTQd || < .

Now, we prove that if || X ~'d,|| < 6 and || X QuzaTd,|| < nu* are small, then they
are also for the next iteration.

Lemma 6. Let §, n and o be as above. If HX’lde <94, and ||XQ:c:anm|| <
nu?, then we have

H)A(_ldf < .

<& and H)?Qzadei}
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Let 2° € S be an initial interior point which satisfies (6). The following lemma
shows how to choose pip > 0, such that the Newton step d, at ¥, satisfies
[ X0Qa® ()" Qd2|| < nud and || Xy 'dl|| < 6.

Lemma 7. Let 6, n, po and p satisfy (9), (10):
HXO(GJUO + d)” < o [(5 —p? (1+ 6)] (12)
and
(2°)"Qa" < pop. (13)
Then
HXO_IdgH <4 and HXOQQUO(IO)TngH < nud.

Proof. From (22) we have

o | X5 €2 < ~(2)" (620 +d) — LI ey
- L9 ()70 o)X e (1)
On the other hand, we have
7(:”0);062550 (@) QdY| < 7(300);0@0 | XoQ@Xo | X "2
< ((xO):?xO)Q HXo—ldg"Q

IN

op® | X572
Then (14) becomes

(IAVA 0
o (1= p?) || X5 d2|* < —(d9)" (Ga° +d) —WTC”(dSE)TQIO—m)(da)TXOIe-

From Ad? = 0, we have (dg)T ATy0 =0, then

o (1= ) X 8 < ()" (6 +d) ~ 2O oy
0

—(d)" X5 [e— XoATY"] .
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Using (6), we conclude that

o (1= ) P 0 < (@7 [ () + L9 0]
0

(AVA 0
< I 1o (6 + )+ 2 xat) |

0\T (),.0) 2

< g o+ )+ (0L

< o | X I\ [[0 — 42 (14 0)] + 7]

< mo | Xo ]| (1= p )5
Hence )

po (1= %) [|Xo 2| < o [| Xo 2| (1= p%) 0
which implies
1x5 "z | <o.

For the last inequality of the lemma, we have

1
IX002"a")7 Qe < [ X@e"|” X5

2

< (225 gy
0

< p?é.

By (10) we have p? < g and hence || XoQz°(2")TQd2|| < ,uggé = nui. O

As a consequence of Theorem 1, we have the following result:

Corollary 8. Let 2° € S be an initial point which satisfies (6), po be an ini-

tial penalty parameter, and §, n, o and p constants satisfying the conditions of
Lemmas 2 and 5. Then the sequence {(Jck, yk, 2k, ﬁk)} generated by the algorithm
satisfies for all k > 1

i) [[XeQz*(e*) QY| < npsf, and || X, k| < 6

(i) (a%,y% 2% B) € T with ()T 2% < gy (6 + /) (8 + 1+ /n);
(iii) (%) Qx> < prp;

where pp = (1 — J/\/ﬁ)k 1o

Proof. This result follows trivially from Theorem 1. O

We now derive an upper bound for the total number of iterations performed by
the algorithm.
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Proposition 9. The total number of iterations performed by the algorithm is no

greater than k = @ log [£2[(1 — o /y/n) p+ (8 +/n)(6 + 1+ /n)]|, where e >0
denotes the tolerance for the merit A and pg is the initial penalty parameter.

Proof. The algorithm terminates whenever
ke [(0+v/n) (6 +n+vn) + (1 —0/yv/n)p] <e.

Thus, it is enough to show that % satisfies this inequality. By the definition of /k;,
we have

~

loge =~ <+ log [0 [(1— o/V) p+ (6 + V)6 ++ V)]

klog (1= a/v/m) +1log [0 [(1 = o/v/m) p+ (5 + ) (0 + 1+ V)]
> log |0 (1= o/v/n)" [(1=a/Vn) p+ (5 + V) (6 +n+ V)]

> log [pz [(1 = a/v/n) p+ (6 +v/n)(8 +n +Vn)]].

Y

The second inequality is due the fact that log(1 — z) < —uz, for all z < 1. There-
fore k satisfies pz [(6 +v/n) (6 +n+/n) + (1 —0o/\/n)p] <e. O

If we define L to be the number of bits necessary to encode the data of problem
(CQPEC), then the following corollary clearly holds.

Corollary 10. If log,(up) = O(L), logy(e) = —O(L) and the hypothesis of the
last theorem holds, then the algorithm terminates in at most O(y/nL) iterations
and with O(n*>°L) arithmetic operations.

Proof. From logy(po) = O(L) and logy(e) = —O(L), it is clear that we have
k = O(y/nL). Since for each iteration we have to solve one linear system, which re-

quires O(n®) arithmetic operations, the algorithm converges in at
most O(n3°L). O

6. INITIALIZATION OF THE ALGORITHM

Consider the convex quadratic problem with a strict equilibrium constraint

Minimize %ﬁcjréf +d'E
CQPEC e
(cQ ) 2TQz =0,

z >0,
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where T and d are vectors of length n, b is a vector of length m, A is an m x n
matrix, G is a symmetric positive semidefinite 7 X 1 matrix, () is a symmetric
co-positive X n matrix. We assume that

Assumption. N
(A1) There exists w® € R™ such that: ATw® >0 and b7w’ > 0.

(As) For all feasible point Z, we have: Z; > 0 if and only if [@5} =0.
K3
(A3) For all (z,v,w, ) € F we have 8 < p, where

r:{(uawavaﬂ): /A[T'U}féf76©5+’l):(z520, ’0207 620}

with p satisfies (9).

The aim of this section is to transform this problem into a convex quadratic
problem with equilibrium constraints that satisfies assumptions (a), (b) and (c)
and has an interior point 2° which satisfies (6). The approach that we propose
is one that has been suggested by numerous authors for transforming linear and
convex quadratic programs into a form suitable for interior point algorithms.

Let N be a large positive constant. For all ¢ we tack

~0 T AT .0 ~
[ATU,O} _ bTwO bTwO

K2

Asin [8,11] it is clear that the following convex quadratic problem with equilibrium
constraint

Minimize %5TGf +dT'Z+ oy N

AT 4+ (Ab — AZ%)ay = b,

— =2
(cQPEC) { M1 T
a1 — 0
137Qz =0,

59\205051 Z0,0&QZO,

where Z = AZ, can be written in the form of (CQPE) with

- 2;” A_[A -4 0] , _[x
Il e 1 1 2
(6%]

[1G 00 1Q00 d
G=1| 000|,Q=| 001|,d=|N
000 010 0
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=0
x 0
Let 29 = | 1 and y° = [ui ] . It is clear that 20 is a feasible point for the
1
problem (C@P\EC).
Using (15) we obtain

ATy
XoATy® = Xo [ aTw0 — (39)7 ATw0 +1
1
AT 0
= X 1
1
)’EQAVT’LUO
= 1
1

Il
—_ =)

= €.

Then 20 is an initial interior point for the problem (C’Q/P\EC’) which satisfies (6).
On the other hand, we have ATy" > 0 and 574" > 0. Thus assumption (a) is

verified for (C’@C’).
The augmented set T is of the form

T = {(f,y,z,ﬁ,ﬁ,w) AT+ (b — A%)ay = M, o+ as = 2,
1

ATy —
Y7

~ 1~ ~/~ ~ T
foﬂxQerz:d,()\bfAmO) y+u—Tas+v; =N,
u—T701+v2=0,7>0,a04 >0,00 >0, z>0,

UIZO)’UQZO?ﬁZO)TZO}-

It is easily seen that if (Z,aq,@9,y,u,2,v1,v2,8,7) € T, then we have

(;,y,z,ﬁ) € F and by the assumption (As) we obtain ( < p. Thus the aug-

mented problem (C@C’) satisfies assumption (¢) and by (Agz) this problem
satisfies also the assumption (b).

Then we can apply the algorithm to (C’@C’) for a large enough N.
If x = (Z, a1, a2) is an optimal solution of (CQPEC), then we have:
e Ifay; =0, thenz = ; is an optimal solution of (CaﬁC).

—_~—

e Else, (CQPEC) has no solution.
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7. NUMERICAL EXAMPLE

To illustrate the result of the paper, the progress of the algorithm is presented
on a numerical example. The example is a 0-1 convex quadratic problem.

Minimize x% + 230% —3x1 — 2o
s.t.

—0.25x1 + 0.25x5 < 0.1875
—0.12521 + 0.375x2 < 0.34375
0.125z1 4+ 0.5z2 < 0.640625
0.25z1 + 0.12525 < 0.40625
0.5z1 + 0.125z9 < 0.71875
0.25x1 — 0.25z9 < 0.28125
0.25x1 + 0.75z5 > 0.21875
0.521 + 0.12525 > 0.09375
x; € {0,1}.

Adding the necessary surplus variables, this problem becomes

Minimize %:L’TGIC +dTx

s.t
Ar+2z=15b
IiE{O,l}
z > 0.

Converting this system of constraints to the form required by our proposed ap-
proach, results in augmented system given by

Minimize %ETG%' +d'z

s.t
AT =10
ZTQz =0
x>0,
where
T
- ATDO ~ GO
_ 12 _ _
o (T )ermas (41062 (50)
e—x
001 _ b
Q@=1000 ’b:(e)'
100

The augmented system shown above has the initial interior point:

Zo = (0.875 0.875 0.1875 0.125 0.09375 0.078125 0.171875
0.28125 0.65625 0.453125)7
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TABLE 1.

iteration To merit dTx

0 0.87500 0.87500 — — — — — —

1 0.81523 0.70744 4.60204 —1.20179
5 0.99510 0.10504 1.68374 —212514
10 0.99495 0.01498 0.21609 —2.00987
15 0.99954 0.00109 0.03836 —2.00130
20 0.99989 0.00030 0.00479 —2.00017
25 0.99999 0.00002 0.00084 —2.00003
30 1.00000 0.00000 0.00008 —2.00000

10
x0=(0.875 0.875)
08|
06|
3 Trajectory of interior points —7
04|
02|
| x*=(1 0
0.0 T :
0.0 05 1.0
FI1GURE 1.
By starting the algorithm with this initial solution (with ¢ = 1.1 and

o = 0.5), the process terminates at the solution:

7 = (1 0 0.43750 0.51562 0.15625 0.21875 0.03125 0.03125
0.40625 0 1),

A summary of the first 30 iterations is given in Table 1.
The trace of the interior solution trajectory is shown in Figure 1.

8. CONCLUSION

We have established polynomial method for convex quadratic programming with
strict equilibrium constraints. To our knowledge this is the first time an interior
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point algorithm solves the (MPEC) in the convex quadratic case at polynomial

time. The complexity obtained here coincides with the bound obtained for linear
programming by the most of interior point methods.

ANNEX

Proof of Lemma 4.
(i) By the definition of ¥ and Z we have:

T=z+d, =X (e+X 'd;) >0 (16)
and

1
2=pX"'te - —Qra’ Qd, — pX 2d, (17)
o
1
=puX1! <e — —QXQSL'JJTQdI — dez) > 0.
i

This means that (55, U, 2, B) € T. On the other hand, we have B =

2T Qux

and from assumption (c) we obtain 27 Qxz < up.

@
(ii) From (16) and (17) we have,

2Tz <p He + X’ldl.H He — L XQrz"Qd, — X d,

z (18)
< ubz (0+n+/n).
Thus, using the fact that | XQX|| < 27Qx < up we obtain
AT A 142
277 < || X' |1 XQX|| < 2" Qb3 < ppb3.
/I\TQ/I\ 92
2 .
So we have = < PTorTn O
Proof of Lemma 5.
~ Az' ht
(i) We have HXX*1 —IH = max {m— —1} = max {—x} < 4. To prove
1<i<n | x; 1<i<n | Z;

the last inequality of (i), we have
] = - e

< pp(1+0) (5+ V/n)
= upbh0s.

The second inequality follows from the fact that [|[XQX| < 27 Qz < up
and HX_lfH = ||e + X_lth <+ /n.
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(ii) Form (i) of the last lemma, it follows that

2TQz 27 Qu

T T T
‘(ll):p Qz+2:v Qd$+d19d$

n J woop) 4 0
1 1
< pp <: - —) + 2005 + ps2k
moop [0 u
Sp[g(1+6)2—1]
o
Thus

2Tz 27Qx

a p Sp[%ﬁ—ll (19)

(iif) From (i¢) of the above Lemma, we conclude

#TQz

62 ~ 2 ~ 2
T T Qds| < 72“)(*%[5 HXX*IH XQX
7 Q ST o7 [XQX]|
9292 R 2
< 2#")@%
ST T 5

—~ 2
< pupb26, HXflda

The last inequality is obtained by (i) of Lemma 2.
(iv) We have

1 ~
H —XQura" Qd,
i

S 1
< [xx1| H—QXQxxTde
1

< nbs.

<n. O

The last inequality follows from the fact that ‘ #—IQX QzxTQd,

Proof of Lemma 6. From (7) d, and dj satisfy:

{G n (Ifo) Q-+ %meTQ n ,uX‘Q] dy + Gz +d

+ (ITfI) Qz — uX~te = ATy (20)

and

{G+ <‘T gx) Q+ %Q%TQJrﬁXQ] ds + G7 +d + <x gx) 07

— X le= ATy (21)
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Using the fact that Adz = 0 and Z = z + d,,, and multiplying (20) and (21) by dZ
we conclude that:

1 2T Qux
dZ {;QmTQ + uXQ} dy +dE Gz + dLd + <T) dLQz — pdt X le=0

and

dx [G+( fo) Q + Q%TQ—i—pX }dA—l—dTGx—i-de—i- (Afo) Toz

—pdfXle=0. (22)

So, this implies that

1 = 1
dx [G + EQ%TQ + ﬁX‘ﬂ dz = d¥ [—QmTQ + MX_Q] dy

n (xTQf” - TQ””) dL Q7 — ( Qx) dLQds + fidE X 'e — pdl X!
[t i [

We know that dZ Qzz” Qd; = (ETng)Q > 0 and d£ Gd; > 0, then we have

il

2 7T ~ 1 ~ ~
+ ( Qx) dLQdz < pd: X1 [(—2XQ30:UTQ + XX2) dy
N 1 (ITQI‘ 2TQz
n

1t i

)XQx—i——e—XX }
1

Using %e =e— \/Lﬁe and the identity e — XX~ le= —X~'d,, we can write the
above expression as:

il

2 TQ T T 3 1 & T
+ dz Qdz < pdz X~ —2XQ:mc Qd,
n

s (L
+(XX I)X d+u<ﬂ = XQu 7

Now by (i¢) of Lemma 5 we have:

T QT d:TQds
m

< 1pr 0 HX 1.
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Thus
~ 2 ~ 2 ~ 1 [~
Al X - otnte || s | < ]| [P | XQua"Qd,
~ 1|27 TQZ| 1~
x4 2 - T xeu] 4]
| op i
Hence
. 1 1~ .
o|[R1da ]| < = | RQuaT Q||+ | Rx 1 1 x|
W
T ST O 1)
L 1]2fQe @' HXQxHH,
wl p I
with o = & — p6, ;.
By using (19), (¢) and (i) of the above lemma, we obtain:
Yv—1 2 2 9%
X7 dz|| <nb1 + 6 010y | ———— —1 :
O‘H <nbi+o0"+p 12[10/\/5 }-i—a
From (i) of Lemma 2, it follows that
L. L (23)
l—o/yn = p(1+49)(6+vn)
This implies
v—1 1 2 2 01
HX &l < = (01 + 6% + p20105 | 2= — 1] 4 0. (24)
« P02

On the other hand, from (4i7) of Lemma 2 we conclude

H)?ildi <.

Now we prove that H)?QEEETQd@ < 1i%n. We have

~ ~ 20 ~
o] < e |-




Using (¢) of Lemma 5, and H)?fldg
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< 6, we obtain

H)?QEE%TQCZ@

2
<7 (%) (onte)’s
m

2
By (iv) of Lemma 2, we conclude (4) (p0162)% 6 <.

Therefore H)? Q72T Qd;

(1
(2]

(3]
(4]
(5]
[6]
[7]
(8]

(9]

[10]
[11]

[12]

H
< %1, O
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