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WATER QUALITY CONTROL:
NONLINEAR PROGRAMMING ALGORITHEM

by G. GrAVEs (1), D. PINGRY (3), A. WHINSTON ()

Résumé. — This paper presents some of the more practical aspects of nonlinear program-
ming along with an application of this technique to a river basin water quality control problem.

Section II constructs a nonlinear river basin model which is of the form:
Minimize : Total cost of abatement structures
Subject to : Water quality goals satisfied.

The water quality measure used is dissolved oxygen. The treatment alternatives allowed
are regional and on-site treatment plants, by pass piping and flow augmentation. Results of
an application of this model to the West Fork White River in Indiana are presented.

Section 111 is a discussion of the nonlinear algorithm which is used to solve the nonlinear
problem formulated in Section II. The algorithm described is stepwise in nature. Starting
with some point yi in the domain of the function a direction Ay’ is determined by solving a
parametric linear programming problem. A scalar k is then calculated to obtain a new
point yi+}, = yi 4 kAyi. Discussion is focused on the determination of k and of k, the
parameter of the linear programming problem. The problems of storage space, variable
priority classes and calculation of partial derivitives are also considerecf

I INTRODUCTION

The purpose of this paper is to present some of the more practical aspects
of nonlinear programming in connection with an application of this technique
to water pollution control.

N. B. — The development of the river simulation model in this paper owes much
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50 G. GRAVES ET AL.

In Section II a description of the pollution problem is given and a formu-
lation as a nonlinear programming problem is presented. Section III presents
the theory of the nonlinear programming algorithm with details on its computer
implementation.

II. WATER QUALITY BASIN MODEL

This section presents a short discussion of water quality relationships
followed by the formulation of a river basin quality model. This model is
then solved using the algorithm described in Section III. Problems encountered
in this application are examined.

The most prevalent measure of water quality in the literature of water
pollution control, is the level of dissolved oxygen concentration. We note that
the dissolved oxygen level is often described relative to saturation level of
oxygen in a river and is called the dissolved oxygen deficit or DOD. The level
of dissolved oxygen concentration, or DO, is dependent on all the sources and
sinks of oxygen in the river basin. Typical oxygen sources, as listed in
O’Connor [14], are atmospheric reaeration and photosynthetic production.
The typical sinks are respiration of bacteria and algae, benthal deposits, and
chemical oxidation. When effluent, such as common sewage, is dumped into
a river it is decomposed by bacteria. These bacteria require oxygen. The total
oxygen required to reduce the organic material of the effluent to stable com-
pounds is called ultimate biochemical oxygen demand or BOD. A model used to
describe the relationship between DOD, atmospheric reaeration and bacterial
respiration was formulated by Streeter-Phelps in 1925, [16]. Assume

db
(1 F7 i Kb
and
dd
) P Kb — Ksd
where,

b = biochemical oxygen demand (mg/l)
d = dissolved oxygen deficit (mg/l)
t = time (days)
K, = deoxygenation rate (days™!)
K, = reaeration rate (days~1).
Equations (1) and (2) integrate to yield
(3) b =0C,

and
4) d= Kb[C, — C;] + d°C,
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WATER QUALITY CONTROL 51

where,

b% = biochemical oxygen demand when ¢t =0
d°® = dissolved oxygen deficit when ¢ = 0

and
C, =exp (—K;t)
C, = exp (— Kyt)
K =K, [(K; —K,)

In the context of a river basin, if the velocity of river flow is assumed to
be constant over a range, then time can be interpreted as

5) t = (%)a

where, v is the velocity of flow and a is the distance from the initial point of
concern.

For the purpose of this paper is has also been assumed that the reaeration
rate and velocity of flow rate are functions of the volumetric flow. It is also
assumed that the reaeration and deoxygenation rates are a function of the
temperature. The following equations were used :

()] K, = (K120)91T—20
) K, = aF"9,7%°
®) v=yF°

These equations are consistant with the approach of others in this area.
(See [12] and [18].)

Using the water quality relationships briefly described above, a programming
model of the following form can be constructed :

Minimize : Total cost of abatement structures.
Subject to : Water quality goals satisfied.

The constraints of this model are constructed by dividing the river into
sections and constraining the water quality, interpreted as the dissolved oxygen
deficit level, to be met at the end of each section. A new section begins where
one of the following occurs :

1. Effluent flow enters the river.
2. Incremental flow enters the river. (Ground water, tributary flow, etc.)

3. The flow in the main channel is augmented or diverted.

n° octobre 1972, V-2.



52 G: GRAVES ET AL.

4. The parameters describing the particular river change.
The river sections are numbered sequentially starting

g-3 with the headwaters section and including possible tri-
o2 butaries of a maximum length of one section. See Figure 1.
g-1 Explicitly the model is as follows (%) :
9 Minimize :
g+1 ® TC=Cl+ CR 4 CR
Figure 1 where,
TRE () =Y Nch+ TN ch+ YT
(11) CL = 1.865 a,(f,,)>°®
(12) CL; = 1.865 @py(Pp)>*®
(13) Ch, = 1.865 a (1) >°®
and
(14) CP =) 4922 (Z, Pm) 18007, — . 5> + 1]
as C" =2 GFus
Subject to :
(16) dy=KpJCy— Cy+ d°Cyy < d* g=1N
where,
a7 K, = K, /(«,F,* —K,,)
a18) Ciy = exp(— Ky,a,/Y,F;%)
(19) Czg = exp(— agFy'~"a,[y,)
and

If section g is the headwaters section or a tributary

3

0 F= 3 F,
j=1
3

@n bg = Zl byiFyil Fy
i=
3

(22) d; = Z b,;Fy;/F,
i=1

(1) See Appendix A for definitions of notations.
(2) The cost functions were obtained from [4] and [12].
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WATER QUALITY CONTROL 53

if section g is neither a tributary nor directly preceded by a tributary

3
(23) F,= Z; F,+F,_,
~
3
(24) bg: [Zl bajFﬂj+ b—l]/Fa
J=
o 3
(25) dg = I:Zl dij9i+d—1Fa—1]/Fa
/~
if section g is directly preceded by a tributary
3
(26) F, = Zl Fy,+F,_,+F,_,
-
3
@7 B = [Z byiFy; + by—1F,_1 + bg_zFa_z] |F,
~
3
(28) d° = [Zl d,;Fy;+d,_\F,_, +d,_,F, -2]/F,.
J=
Furthermore,
29) Fpo =2 foi+ 2 tym
(30) Fpbgr = Y bify + 2 (1 —ry) [Z Bipmil . pmi] Iom
(31) ngdgz = [Z Jipmi/z pml] tgm

We note that these quality constraints are sequentially dependent, the
quality in each section being a function of the quality in the last section.
However, the possibility of tributary, augmentation, incremental and effluent
flows entering at downstream points complicates the relationship between the

constraints.

The variables of the programming model above are :
fyi Flow from polluter i to section g.
P Flow from polluter 7 to treatment plant m.
!,n Flow from treatment plant into section g.
r,, Percent removal of BOD at treatment plant m.
F,; Flow augmentation flow in section g.

n° octobre 1972, V-2.



54 G. GRAVES ET AL.

These variables allow for the possibility of three possible treatment tech-
niques :

1. By-pass piping.
2. Regional and on-site treatment plants.
3. Flow augmentation.

The particular pattern of piping flows determines the regional and on-site
plants operating. In addition to the quality constraints given above, flow
conservation constraints are needed around the polluters and treatment plants.
These constraints are as follows :

(32) DS+ DPm—Fi=0  (=1p)
g m

(33) mei—ztg,n:() (i-_—l,p,g=1’N)

The major problem of adapting this model for solution by the nonlinear
algorithm presented in Section III is the calculation of the partial derivative
of the constraints and objective function. These calculations are necessary
to set up a local L. P. problem to determine a direction of search. If all the
constraints were of a different functional form the computer coding necessary
for partial derivative evaluation would be imense for any large-scale problem.
However, as in most large-scale problems, the constraints of the water-quality
model can be classified into a relatively few functionally homogeneous grou-
pings.

The function grouping for the water-quality model are represented in the
tableau below.

Sy Pmi Lom T'm y N

Quality Constraints .............. Ay Ay, Ays Ajq Ays

Flow Conservation (polluter). . ..... Ayy Ay, Ajys Asy Ays
Flow Conservation

(treatment plants) .............. Asq As, Ajs Asg Ajs

Objective Function ............... Agq Ags Az Agq Ays
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WATER QUALITY CONTROL 55

Each A;; represents a matrix of partial derivatives between the constraints
and the appropriate variables. For example, if the quality constraints were
labeled Q;,....,Qy then the sub-matrix A,; would be

%0, ]
afll ' apr
Ay =
O 90x
| afll apr ]
Note that the Tableau A where

[A“....AIS]

A = ) I

[ A41 PR A45 J

is comparable to Tableau (1) in Section III. Each block in A can be treated
as a unit for the computer coding of the problem. Some of the blocks require
little calculation. For example, the blocks such as A,;, A,,, etc. are simply
linear functions with coeficients of 1 requiring only that a 1 be placed in the
appropriate place. On the other hand other blocks such as A,, and A,
require considerable sorting and calculation. As an example of the complexity
of these calculations, Appendix B gives the necessary equations for the calcula-
tion of A,, and A,s. The elements of A are generated a column at a time
and only the collumns associated with the basis variables of the L. P. problem
are stored. The other columns are generated and updated as needed as explained
in Section IIIL

We notice that even with the simplification of the problem from the treat-
ment of the homogenous function blocks, that there are still 20 different
blocks to deal with. This means 20 different partial derivative forms must be
pre-calculated and programmed. In the water-quality case the « not quite
sequential nature » of the constraints further complicates the problem.

Because of the vast number of variables in the water quality problem the
following solution technique was adopted to search the feasible set. A number
of piping patterns which seemed reasonable from our knowledge of the problem
were read in as the initial solution and the percent removal variables of the
appropriate treatment plants and flow augmentation were given a high priority
level. This technique saved considerable computer time and still allowed the
feasible set to be adequately searched.

The programming model as proposed has been applied to the West Fork
White River in Indiana. The West Fork White River has its source near the

n° octobre 1972, V-2.



56 G. GRAVES ET AL.

Indiana-Ohio border and flows southwesterly for 371 miles through the state
of Indiana. At this point it joins the East Fork White River and flows to the
Ohio.

Map |

West Fork White River , Location of Polluters

Muncie
“ 2 ’4 Y,
o~ 6 3
23 16 Anderson

24 Noblesville

1/ Indianapolis

Martinsville

The major city on the West Fork is Indianapolis, a city of over 600,000
which is 234 miles from the mouth. Two other cities, Anderson and Muncie,
are upstream from Indianapolis. The concentration of population and industry
around these three cities cause the major portion of the pollution problem
in the West Fork White.

For the purpose of this paper we have chosen a length of the West Fork
White which runs from the headwaters above Muncie to Spencer below
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Indianapolis. The section described is 172.8 miles long and is divided into 62
sections based on information about polluters, incremental flow, and river
parameters. The sections range in length from .1 miles to 6.2 miles. The section
parameters necessary for the implementation of the model are given in Table 1.
The incremental flows, both in and out are given in Table 2. There are thirteen
major polluters considered on the main stream. These are listed in Table 3.

For the purpose of this application we assume that all polluters are already
treating on site at a level of 80 percent removal (secondary treatment). The
basin solution in this case will contain only advanced (tertiary) waste treatment
necessary to achieve required standards. The quality standards assumed will
be 5 mg/l for every section.

The least-cost solution for teritary treatment for the West Fork White
River is to build a regional plant for pollutes 40 and 46 at section 46 treating
at the .95 level. The rest of the polluters, except for 6 and 16, remain treating
on site at 80 percent removal. The polluters 6 and 16 must treat on site at levels

k Flow (cfs) B.0.D. (mg/2) D.0. (mg/e)
1 52.000000 2.920000 2.3000G0
2 6.100000 2.630000 6.700GC0
4 -21.200000 -0.000000 -0.000G00
5 1.000000 214.000000 1.000000
7 30.300000 9.800000 3.700000
] 4.000000 23.200000 5.600000

10 6.400000 13.200000 2.400000

14 3.000000 5.500000 5.200000

15 72.000000 7.700000 5.400000

19 44000000 7.180000 5.800000

20 -35,000000 -0.000000 -0.000000

22 23.000000 12.100000 5.600000

27 16.100000 6.900000 6.400000

28 13.000000 5.000000 6.500000

30 14.000000 5.000000 5.900000

32 -214.000000 -0.000000 -0.000000

33 28.000000 5.000000 7.900000

34 21.000000 10.620000 6.200000

35 5.800000 12.400000 6.600000

39 5.000000 9.300000 7.500000

42 1.000000 1.000000 6.000000

44 8.000000 13.900000 6.000000

46 8.000000 5.000000 3.900000

48 9.000000 5.000000 6.000000

50 10.000000 23.200000 1.000000

52 21.000000 16.700000 1.600000

53 33.700000 8.000000 8,300000

55 6.000000 13.700000 2.100000

57 14.000000 5.000000 6.000000

58 35.000000 5.000000 8.006000

59 38. 000000 5.000000 6.000000

61 71.000000 5.000000 7.000000

62 25.000000 5.000000 7.000000

TABLE 2. — INCREMENTAL FLOW DATA

n® octobre 1972, V-2.



60 G. GRAVES ET AL.

of respectively 93 and 86. They are not close enough together to use a regional
plant since the piping costs would exceed any gains from economies of scale.
The cost of the basin solution is $ 2,013,296. Of this amount, $ 1,587,054 is
for the regional plant at 46, $ 208,577 is for the pipeline from polluter 40 to
the regional plant and the rest is divided between polluters 6 and 16 in amounts
of $ 158,068 and § 59,597 respectively.

k Flow (cfs) 8.0.D. (mg/%) D.0. (mg/2
4 .27 40.000000 4,000000
6 20.83 322,000000 3.000000

11 .30 298, 000000 0.000000

16 24.40 200.000000 2.000000

26 .78 270.000000 2.000000

35 13.20 20, 500000 6.500000

36 .93 10.000000 8.300000

37 13.00 20.000000 2.300000

40 195.00 450, 000000 2.600000

41 10.00 20.000000 2,000000

42 61.0 30.440000 4,000000

46 185.00 450, 000000 3.900000

56 .93 300. 000000 0.000000

TABLE 3. — POLLUTER DATA

III. NONLINEAR ALGORITHM

The algorithm employed for solving the nonlinear programming problem
of this paper is a general purpose algorithm which solves problems of the
form :

. i < - — —
(4) Subject to g'(») < 0 i=1lm—1

Minimize g"(y)
where y is a vector in E"and g(y), i = 1, m, are continuous functions with

continuous partial derivatives defined on some open set. The vector y is assumed
to be bounded from above and below.

(35) BL < y < UB.
The vectors BL and UB are also members of E"
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WATER QUALITY CONTROL 61

The method to be discussed here was originally described by Graves in [7].
The method can also be used as a second order procedure as presented in [6].
This paper will be limited to the discussion of the algorithm as it was used to
solve the large scale water pollution problem described in Section II.

The algorithm to be described is stepwise in nature. Starting with some
point y’ in the domain of the function, a direction Ay’ and a scalar k are deter-
mined. A new point »**! is calculated.

(36) Y=y +kay
The vector Ay’ is also a vector in E”,

The object of making the step to y*** is to either reduce the value of the
objective function, if y/ is a feasible solution to the nonlinear programming
problem, or obtain a « more feasible » solution to the nonlinear problem,
if y/ is an infeasible solution. The phrase « more feasible » is interpreted in
terms of the algorithm to mean « reduce the value of SUPG », where SUPG
is defined to be :

SUPG = g"(»")

where w is the index of the most infeasible constraint. If y7 is a feasible solution
to (34) then SUPG = 0.

The completion of the determination of Ay’ and %, and the calculation of

¥ *! will complete what will be known in the paper as the j 4 1" nonlinear
iteration. Each nonlinear iteration will consist of several local linear program-

ming problems to determine Ay’. The solution of each onme of these linear
programming problems will complete what will be known as a linear iteration.

For the purpose of our exposition the nonlinear iteration will be divided
into two major parts. The first is the determination of Ay’ as a solution to a
parametric linear programming problem. The second is the determination of k.

Since we have assumed that the functions g'(y/), i = 1, m, are continuous,
and have continuous partial derivatives on some open set D, the following
approximation theorem can be used :

T | 9807 ')
a0 = | 20 e 22|

be the gradient of g’(3”) at the point y/, where 37 is a member of a closed bounded
subset E of the open set D.
Then,
g0 + &Y) = g'(7) + Ve')TAY + Ri(AY)
ne octobre 1972, V-2.



62 G. GRAVES ET AL.

where
iA
limit IM =0
Ayi>0 Iijl
uniformly for y’ € E.
The direction of improvement for nonlinear iteration j + 1 is obtained

from the function above by estimating the term R'(Ay’), and solving the asso-
ciated local linear programming problem.

Subject to : Vg'0NTAY < — g'(y’) — ke
€0)
Minimize : Vg"(¥)TAy’

The r¥ term is the estimated error for the i equation during the j - 1**
nonlinear iteration. The value of r/ is determined during the nonlinear iteration
using the following equation :

(%) =gl (7T 4+ AT — ') — V'Y

where k is implicitly assumed to be one. The absolute value of r¥ is used for
the linear programming problem.

The parameter k& will be adjusted in the course of the nonlinear iteration.
The value of k is greater than, or equal to zero, and is estimated from the
length of the previous step. The role of % in the linear and nonlinear problem
will be discussed in detail later in this section, as will the estimating procedures
used to obtain k.

The linear programming problem (37) can be treated as a parametric

programming problem with k as the modifying parameter and can be written
in tableau form as illustrated in Tableau (1).

The vectors Ay/ and v are nx1. The members of vector Ay’ are the primal
variables, and the members of vector v are the slack variables of the dual
problem. The vector of the dual variables is

®, is the value of the primal objective function and @, is the value of the dual
objective function. The labels (VBV), and (VBYV), are respectively the values
of the current basic primal variables and the basic dual variables. The labels
(BV), and (BV), are the basic variables associated with the given values.
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TABLEAU 1
Ay (VBV), (BV),
— % Ve'hHT —g' o) —krt 7
— X1 Vg"'".l(,v")T —gm! (y’; — bkt Zye1
(VBV), Ve"o)" —&" ) —kr™ -,
(BV), —v —®,

In order to generate a typical tableau of the linear programming problem,
‘Tableau 1 can be rearranged such that the first #; columns are associated
with the entering primal variables, and the first n; rows are associated with
the leaving slack varibles. This is done in Tableau 2.

TABLEAU 2
(Ay%) (Ay%), (VBY), (BY),
(= %) B, ¢y dy (@4
(= %) B, C, dy (2);
(VBV), B, Cs ds ~®,
(BV), (=) (=), — @,

B, is a nyxn; matrix, where n; < min (im — 1, n).

The n, variables are brought into the basis by block pivoting on the matrix
B; as shown in Tableau 3.
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TABLEAU 3
(%), (Ayh, (VBV), BY),
(=) B! Cy By 'd, (DY),
(— %), — B,B; ! C, d, — B,B; 'd, @,
(VBV), — B3B! Cs dy; — B3B{ 'd, -0,
(BV)q (— x4 (=) -0,

The current values of the primal variables as displayed in Tableau 3 are

o '(Aﬂ’)l] ~ [B;Idl]
L(AY), 0
The current values of the dual variables are :
-(x)l] = [3331_1]
X ==
(), =1 0

Let

C, B,
o[£} +-[3)
G B,

Note that the matrix C was not updated by the pivoting operation. This
was done to reflect the internal operation of the algorithm in its computer
application. The matrix is not stored as such, but is generated as needed during
the course of algorithm, and updated by the use of the updated B matrix.
Since at the present point all of the members of the vector Ay/ associated with C
are zero, it is not necessary to know the values of the updated C.

A typical column in C is .
P 280"
oy;

3" ')
{ oy;
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If it is determined to introduce Ay; into the basis, then it is necessary to update
C'. In order to illustrate this procedure let

ci ]
Ci = C;
o]

where Ci, C} and C} correspond to C,, C, and C; in Tableau 2. The updated
version of C' is

I BC ]
C'= | Ci— B,B{'C}
l C;— B3B{'C} J
Since at any point in the algorithm the values of
B;', — B,B;" and — B;B{!

are stored, the column C' can easily be updated. This feature of the program
reduces the necessary storage requirements, which is especially important in
large scale problems.

From the duality theorem of linear programming there are three possible
termination conditions to the local linear programming problem (42).
(A) There exists a finite value ¥ and feasible vectors

y** and x* such that
BAy” =d;x* = v

The vectors y* and x* are the optimal solution to (37).

(B) The constraints for the primal problem are infeasible and the dual
problem is unbounded or the constraints of the dual problem are inconsistent.

(C) The primal problem is unbounded and the dual problem is infeasible.

The initial solution in the domain of the functions g'(y?), i = 1, m, y’, is
not required to be a feasible solution to the nonlinear problem stated in (34).
As was discussed above, if y/ is not a feasible solution to (34), then SUPG > 0.
If 37 is a feasible solution to (34), then SUPG = 0. The goal of each nonlinear

iteration is either to reduce the value of the objective function g™(3”), or move
closer to feasibility, which is interpreted to mean reduce the value of SUPG.

The case of nonlinear infeasibility will usually imply that the local linear
problem (37) will be infeasible for any Ay’ in the e region around y’. In this
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case Vg(y')"Ay’ is chosen as the objective function and a linear programming
problem such as (39) will be constructed.

Subject to : Vg?()TAY < —g?(") —kr” peH
(39)
Minimize : Vg*(/)"Ay’
where
H = {i|Vg'()TAy < —g'(3¥) — kr¥ for some Ay’ }

Since this problem is consistent and bounded it can only terminate in
condition (4). However, it is still possible that the entire linear problem (37)
is infeasible, or in other words terminates in condition (B). In this case the

honlinear problem will also be infeasible at the new point, 3’1, ignoring errors.
Mathematically this would mean that

Ve'()TAY > — gi(y') — kr¥ for some i, i = 1, m — 1.
However, if a gain has been made in SUPG, then the algorithm proceeds
through the nonlinear iteration with the determination of k. Of course, if
the gain is large enough feasibility may be reached and the local linear problem
would terminate in condition (A4).

If the local linear programming problem (37) terminates with condition (B)
bolding and no gain has been made in SUPG, then it is assumed that the
nonlinear problem is inconsistent and the algorithm terminates unless k& can
be adjusted as will be discussed later.

The other possible termination condition (4) implies that a feasible solution
to the entire linear problem (37) has been obtained, and ignoring errors,
y*1 is a feasible solution to the nonlinear problem. The algorithm at this
point will check for a gain in g™(y). If at the new y/*! = 3/ 4+ Ay, there is
no gain in g"(y), then we assume that the local minimum has been reached.
If there is a gain in g™(y), then another nonlinear step is taken. A graphical

interpretation of these decision rules is shown in Figure 2, and Figure 3 which
will be explained in detail.

At this point it is necessary to explain in some detail the role that the
parameter % plays in the final determination of Ay’, In order to see the role k&
plays more clearly, it is necessary to write mathematical expressions for the

statements, « gain in g™(y), » and « gain in SUPG ». If the local linear problem
terminates in condition (A4), then

(40) Vg"(»”)"y = B;B; 4,
or
m-—1 m—1
(1) Ve"() Ay = Z (—x)g'0) + & 2 (— x)r¥
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In order for a gain to be made in the nonlinear objective function, the
following inequality must hold :

(42) Ag"(F)TAY < —e
Using equations (41) and (42), the condition for a gain in g™(y”) is
m=1 m=1
43) Zl (—x)g'0)) + k Zl (—x)rf < —¢
At this point, the dual variables are less than, or equal to zero. Ther¥

are assumed greater than or equal to zero, and since the nonlinear problem
is feasible g°(y’) < 0. This information implies that :

m-1
44) Z (—x)g'0H) < 0
and
m—1
(45) EY (—x)ri>0
i=1

From (43) and (45), it is clear that as k approaches zero, the gain in g"(3”)
would be greater. Therefore, if the linear problem terminaties in condition (4),
and there is no gain in g"(y), then k can be adjusted downwards, which effec-

tively is relaxing the linear constraints. As k goes to zero, condition (43)
becomes

(46) Z (= x)g'0) < —e

The same sort of condition can be derived in the case when the linear
programming problem terminates in condition (B). Condition (47) is for a
gain in SUPG.

@n Y (—x)’0) < —¢c peH

Using these results, the criteria that the algorithm uses for nonlinear
optimality and nonlinear infeasibility can be written as follows :

Optimality :

If k is adjusted as low as possible, the linear program terminates in condi-
tion (4) and

m—1
2, x> —e

then y/ is assumed to be the optimal solution to the nonlinear problem.
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Infeasibility :
If k is adjusted as low as possible, the linear program terminates in condi-

tion (B), and Z (—x,)8°0’)> —¢ peH

then the contraints of the nonlinear problem are assumed to be inconsistent.

Using the criteria described above for optimality and infeasibility, the steps
actually taken in the computer program will be described in sequence using
Figure 2, and Figure 3.

Before the steps of the actual program are discussed one additional feature
of this algorithm must be mentioned. It is possible to divide the » variables
in the nonlinear problem into IPRN priority classes. For example, assume
that IPRN = 2. This implies that every variable is either in priority class
one or two. All of the variables in priority class one would be used to try and
obtain a gain in SUPG or g™(y). The second priority class variables would not
be considered unless no gain could be made using the priority one variables
with k& adjusted to zero. The number of priority classes is unlimited.

The procedure followed by the algorithm in a dynamic sense is as follows :

1. The variables, Ay’, associated with the matrix C, which are currently
not in the basis of the linear programming problem, are scanned for
possible entry. All of the variables will be out of the basis at the outset
of each nonlinear iteration. The scanning is accomplished by updating
the element in each column of C associated with the current linear
objective function. If priority classes are used, then only those variables
in C which have a priority level less than or equal to the current level,
IPRC, are checked. See Box 1 in Figure 2.

2. The variable associated with the updated element of highest absolute
value is selected to enter the linear tableau. This criteria is used because
this variable locally affects the objective function more than the other
variables. See Box 2 in Figure 2.

3. The element with the largest absolute value is tested to see if it is signi-
ficantly different from zero. If it is, the algorithm proceeds to step 4
and the solution of the linear programming problem. If not, it is assumed
that the addition of the variable associated with the largest element
would not affect the objective function significantly, since the appropriate
coefficient is so small. In this case, k is adjusted downwards, or if
k = 0, the number of priority classes considered is expanded. If the
current priority class is the last one available, then the algorithm will
terminate. The termination will mean one of two things; the nonlinear
problem is infeasible since no gain can be made in SUPG = g*(y) > 0,
or the local minimum to the nonlinear problem has been attained and
no gain can be made in g"(y). See Figure 3.
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Update the Linear Objective Function Row of All
Variables in C with IPR < IPRC.

|

Find Element in Updated Row with

Largest Absolute Value.

b

Test Element Selected to See

If It It Significantly Different from

Zero. If |EL| < € Go to Box 10 Figure 3.

\L JEL] > €

Update Entire Column Associated

® © 0 6

With Element Selected in Box 2.
Remove Excess Columns From Tableau.
Add New Column to Tableau.

3

Solve LP Problem with Updated

Column Added to Tableau

J )

Termination Condition (A) @ Termination Condition (B)

(Linear Feasibility) (Linear Infeasibility)

N e
Check for Gain in g"(y) @ Check for Gain in SUPG

Figure 2
Selection of Variable and Solution to LP Problem

4. After selecting the variable column to be added to the linear programming
problem, the entire column in C associated with the selected variable
is updated. At this point, the linear programming tableau is augmented
by this new column and if a gain was made in the linear objective function
on the previous linear iteration, the variables rejected from the basis
are removed from the linear tableau. See Box 4 Figure 2.

5. The linear programming algorithm now takes over and solves the local
problem set up in the previous steps. The linear programming problem
will terminate in one of the three terminal conditions discussed above.
If terminal condition (4) is reached, linear feasibility, then the objective
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a\

Adjust k Downwards.

Go To Box 1 Figure 1.
Tl-c>0
@.__)!— k>0
Li=o

@ Add a Priority Class
IPRC = IPRC + 1
@ IPRN < IPRC IPRN
(IPRN > IPRC Go to Box 1 Figure 1.) > IPRC.
J{ IPRN < IPRC

SUPG > 0 TEST SUPG > 0

14
U I SUPG = 0
@ ij is Optimal Solution to Nonlinear Problem
Nonlinear Problem is Infeasible

Figure 3

Adjustment of k and Priority Classes

function g™(y) is tested to see if a gain greater than some tolerance level
was made. If terminal condition (B) is attained, then the algorithm
tests for a sufficient gain in SUPG. If either of these gains are success-
fully made, the algorithm leaves the linear programming subproblem.
If the gains are not made, then the algorithm returns to selecting variables
to enter the linear tableau. If terminal condition (C) is reached, the
algorithm again returns to selecting variables in order to bound the
primal problem. See Boxes 5-9 in Figure 2.

The first step after the successful conclusion of the local linear problem
18 to select the « best» value of k. This calculation is called the post-optimal
adjustment and proceeds in two different manners, depending on the value
of SUPG.

If the value of SUPG is zero, or we have nonlinear feasibility, then the
value of the objective function is written as a function of k, and this function
is solved for the value of %, which will minimize g™(y).
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In the case where SUPG < 0, or we have nonlinear infeasibility, & is
approximated by choosing a trial value such that G is zero, where G is defined
to be

@) G = Ay ) (BY ™) — Y)Y BY)

The value of (Ay'~*)T(Ay’~?) is stored from nonlinear iteration j — 1. The
value of (Ay")T(Ay”) can be written as a function of k. We know that

. [— B ‘dl]

(49) Ay =

0
or

. [(BD — E(PT)}

(50) Ay’ =

0
where
&2)) BT = — B 'g%()
and
(52) PT = — kB[ 'r¥

Using (50), (51) and (52) G can be written as a quadratic function in k
which can be solved for k.

In either case, SUPG = 0, or SUPG > 0, the value of ¥k must be tested
to see that it does not violate bounds which are implied by the bounds on y.
Since the value of 3’*! must satisfy equation (36), and we know that Ay’ is
a function of % from equation (50), equation (35) can be written

(53) BL < y — B 'g?°(/)— kB{ 'r”’ < UB

Solving for k¥ and assuming PT > 0 :

BL —y’ - UB—y
(59 7~ — BT < k< 57— — BT
or if PT >0

BL—y - UB—y’
(55) w7~ — BT >k > == —BT

If the value of k determined in the post optimal adjustment violates the
greatest lower bound on %, or results, in the case of SUPG = 0, in no gain
in g"(y), the value of k is adjusted downwards. The control of the problem
is then passed back to the linear programming part of the algorithm.
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The first part of the nonlinear iteration is now completed. Note that each
adjustment in % will change the optimal value of Ay’. Therefore, the determina-
tion of Ay’ is not complete until the post-optimal adjustment is finished.

It is at this point the new estimates of the error terms »/ are calculated.
This is done by evaluating the functions g'(3¥ 4 Ay’), i = 1, m — 1, and using
equation (38). The new values or r/ are used for the rest of the j+ 1—th

nonlinear iteration and the absolute values are used for the local linear problems
in nonlinear iteration j + 2.

The next step in the algorithm is to calculate the range of values for k
which will maintain a feasible solution or give the best gain in SUPG. After
a range of values is determined, the optimal value of k is chosen from the
range determined.

The range is calculated by using the following equation :
(56) @) = g0’ + £'VO)AYk + k*r < D (SUPG)

If SUPG = 0 then equation (56) just says that the new values of gi(y),
i = 1, m — 1, must be feasible. f SUPG > 0, then D is initially set equal to zero.
The quadratic functions in k£ are then solved.

£2'0") — D SUPG + Vg'(")Ay’k + k*r = 0, i=1,m—1

This will give the value or values of k£ where the constraints g'(y) will go
infeasible. If the lower bound on k is greater than the upper bound, then the
value of D is increased and the quadratic problem is again solved. If as D
approaches one, the upper bound continues to be lower, than the lower bound,
then we say that the interval determination failed and no k& can be found which
will improve SUPG. In this case the algorithm terminates.

If SUPG = 0, the algorithm determines the interval which will maintain
the feasibility of y. After the interval is determined, the best value of k is
found by evaluating the function g”(y’ + kAy’) for different k’s in the range
given. The gain in the objective function is checked to see if it exceeds some
preset tolerance level. If not, than it is assumed that we are within the lenght
of that tolerance level of a local optimal solution and the algorithm terminates.

If a gain in SUPG is made, or a reduction in g™(y), the algorithm takes
another nonlinear iteration. This procedure is repeated until either a local
minimum or infeasibility is encountered.

The programming code of the algorithm described above is made up of
sixteen subroutines as illustrated in Figure 4. The roles of some of the major
subroutines are explained as follows :

A. NONLIN : A single pass through NONLIN completes a nonlinear
iteration. The role of NONLIN is to call in order the linear programming
subroutines and the subroutines which adjust the values of k and £.
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B. SETUP : A specific problem will require the reading in of data, the
calculation of certain parameters and other necessary housekeeping.
SETUP fulfills this role and will be unique for any given problem.

C. FCNGEN : It is necessary at certain points in the algorithm to evaluate
the functions g'(y) for some specific y. FCNGEN provides this infor-
mation and is also unique for any given problem.

D. LINP : The subroutines which solve the local linear programming
problems are controlled by the subroutine LINP.

E. RCK : The selection of the variables to enter the basis is done by
RCK. This is done by updating the appropriate element of the column
in C associated with the variable being checked.

F. COLGEN : 1t is necessary to evaluate the column of C associated
with a variable entering the basis for the current value of y. This is
done in COLGEN.

G. POAD : The post-optimal adjustment is done in POAD.

H. INCON : The parameter % is adjusted downwards when required in
INCON.

I. INVDET : The bounds on k are calculated in INVDET.

J. GENMIN : After the bounds on k have been calculated, if SUPG = 0,
then GENMIN is called to find the optimal value of k.

(NONLIN)
R e N N/ \Je
SETUP FCNGEN POAD FCNGEN INVDET GENMIN
INCON FCNGEN
LINP RCK
LINPRG COLGEN CoLT
BOUND TRAN
INCHC INCHR
Figure 4

Nonlinear Programming Algorithm
n° octobre 1972, V-2,



74

S o FRS

Salial

G. GRAVES ET AL.

APPENDIX A

Water-Quality Model Notation
Partial Derivative Blocks

Length of section g

Length of pipe from polluter i to section g

Length of pipe from polluter i to treatment plant m
Length of pipe from treatment plant m to section g
BOD of effluent from polluter i

BOD of river at headwaters of section g

BOD of incremental flow entering section g
BOD of effluent flow entering section g

BOD of augmentation flow entering section g
Cost per flow unit of angmentation flow from reservoir 1
Cost of pipe from polluter 7 to section g

Cost of pipe from polluter i to treatment plant m
Cost of pipe from treatment plant m to section g
Cost of treatment plants

Cost of Reservoirs

DOD of effluent from poliuter i

DOD at end of section g

DOD goal in section g

DOD at headwaters of section g

DOD of incremental flow entering section g

DOD of effluent flow entering section g

DOD of augmentation flow entering section g
Flow from polluter i to section ¢

Incremental flow entering section g

Effluent flow entering section g

Augmentation flow entering section g

Rate of deoxygenat in section g

Rate of deoxygenation at 20° C in section g

Rate of reaeration in section g

Flow from polluter i to treatment plant m

Percent removal of BOD at treatment plant m
Flow from treatment plant m to section g
Temperature

Velocity of flow in river section g

Estimated parameter

Estimated parameter

Estimated parameter
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o, Estimated parameter
0,  Estimated parameter
0, Estimated parameter

APPENDIX B
Typical Element of Block A,

od ab°
éﬁ - ~ [Clg CZg] + 9 C2g

The particular form of the partial derivative depends on the relation
between g and m. The crucial questions are whether or not the effluent from
treatment plant m is being dumped upstream, downstream or in section g and
whether or not g is a tributary.

Let z = Min{g | #,,, >0} and Z = {g | ¢,,, > 0 and g 7 z}.

Case (a)
Ifg <z
orifg > zand g ¢ Z and g is a tributary
ody by
then m = a—r- =0
Case (b)
Ifg=-:
then
obY -
é?‘ = [Z bipmi/zi:pmi] tgm (I/Fg)
ody
or,, =0
Case (c)

Ifg >z g¢2Z, and g and g—1 are not tributaries
then

by _ [ 3bg-1 \ Cre-1
or, \ or, F,

g
62 _ (2ms) 1
or, |\ or, |F,
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Case (d)
Ifg > z,g¢ Z, gis not a tributary, and g—1 is a tributary

then
abo ab2—1 Cig-1 4+ dby_» a 2
or, or, F, or, F,
ad" dd,—y \( L N 3d,_, 1
or,, or, F, or, F,
Case (e)
Ifg > z,g€Z, and g and g—1 are not tributaries
then
ob, _ by by
or,  or, | Case (¢) + or,, | case (b)
o) _ o L
or,  or, | Case (c) or,, | Case (b)
Case (f)

If g >z, g€ Z, g is not a tributary, and g—1 is a tributary
then

3by _ ab° n by
or,, Case (d) or,, | Case (b)
o o
or,, _ or, | Case (d) or,, | Case (b)

Typical Element of Block A

od, 3K, \ , 40 [ obY
aFls (aFl 3) b [Clg C2g] + Kg ( aF [Clg C2g]

ol 3Cy, 3G, ody 9C,,
+ Kgbg { aFls o aFl3 + 8F13 ng + d: aFlB

where,
ary =
gf’: = Ci Kiga0,v; 'Fy )
%_gli: = — Cput,a,Y, (B, — 0 )Fig %"
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The values of

ob, od,
oF; " 3%,

depend on the relation between g and /.
Case (a)
Ifg <lorif g >1and gis a tributary, then

b, ody)
et =0
OF; 8F,3

Case (b)
If g =1, then
by
a_l;v_‘_(blii b:)/Fg
ody
3 F’ = (dfs — d;)/IF,
13
Case (c)
If g > I, g is not a tributary, and g-1 is not a tributary, then
od;
aF,3 (b lcl,g—l —b:)/Fg
ad,
5Fo = o = &)IF,
Case (d)
If g > ], and g is not a tributary, and g—1 is a tributary, then
by
aFlg = (bg—ch,g—Z _'—b;) )/Fg
adB
l
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