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CONTROL OF THE CONTINUITY EQUATION
WITH A NON LOCAL FLOW

RINALDO M. CoLoMBO!, MICHAEL HERTY? AND MAGALI MERCIER?

Abstract. This paper focuses on the analytical properties of the solutions to the continuity equation
with non local flow. Our driving examples are a supply chain model and an equation for the description
of pedestrian flows. To this aim, we prove the well posedness of weak entropy solutions in a class of
equations comprising these models. Then, under further regularity conditions, we prove the differen-
tiability of solutions with respect to the initial datum and characterize this derivative. A necessary
condition for the optimality of suitable integral functionals then follows.
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1. INTRODUCTION
We consider the scalar continuity equation in N space dimensions

dp+div(pV(p) =0  (t,z)eRy xRN 1.1
p(0,2) = po() z€RY -y

with a non local speed function V. This kind of equations appears in numerous examples, a first one being
the supply chain model introduced in [3,4], where V(p) = v ( fol p(x) d:c), see Section 3. Another example

comes from pedestrian traffic, in which a reasonable model can be based on (1.1) with the functional V(p) =
v(p x n) ¥(x), see Section 4. Throughout, our assumptions are modeled on these examples. Other analytically
similar situations are found in [5], where a kinetic model for pedestrians is presented, and in [23], which concerns
the Keller-Segel model.

In the following we postulate assumptions on the function V' which are satisfied in the cases of the supply
chain model and of the pedestrian model, but not for general functions. In particular, we essentially require
below that V' is a non local function, see (2.1).

The first question we address is that of the well posedness of (1.1). Indeed, we show in Theorem 2.2 that (1.1)
admits a unique local in time weak entropy solution on a time interval I. For all ¢ in I, we call S; the nonlinear
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local semigroup that associates to the initial condition pg the solution Sipg of (1.1) at time ¢. As in the standard
case, S; turns out to be L-Lipschitz.

Then, we look for the Gateaux differentiability of the map py — Sipg, in any direction ry and for all
t € I. A weak Gateaux differentiability of the semigroup generated by (1.1) is proved along any solution
p € COI; (WHT N WL)(RN:R)) and in any direction 79 € L*(RY;R). Full differentiability follows under
stronger assumptions. Moreover, the Géateaux derivative of S; at pg in the direction 7 is uniquely characterized
as weak entropy solution to the following linear non-local Cauchy problem, that can be formally obtained by
linearizing (1.1):

Or + div (rV(p) + pDV(p)(r)) =0 (t,x) el x RN 19
{T(O,x):ro(ac) reRN (1.2)
where p(t,z) = (Stpo)(z). Thus, also the well posedness of the nonlocal problem (1.2) needed to be proved,
see Proposition 2.8. Remark that, in both (1.1) and (1.2), solutions are constructed in C°(I;LY(R™;R)).
Therefore, we mostly refer to Kruzkov solutions, see [21], Definition 1. Indeed, this definition of solutions is
more demanding than that of weak solutions. Besides, it allows us to apply the results in [15], used in the
subsequent part concerning the differentiability of solutions with respect to the initial datum. However, we note
that in the case of the standard transport equation (5.2) and with the regularity conditions assumed below, the
two notions of solution coincide, see Lemma 5.1.

We recall here the well known standard (i.e. local) situation: the semigroup generated by a conservation
law is in general not differentiable in L', not even in the scalar 1D case, see [9], Section 1. To cope with
these issues, an entirely new differential structure was introduced in [9], and further developed in [6,10], also
addressing optimal control problems, see [11,13]. However, the mere definition of the shift differential in the
scalar 1D case takes alone about a page, see [13], p. 89-90. We refer to [7,8,18,24,25] for further results and
discussions about the scalar one-dimensional case.

Then, we introduce a cost function J: CO(I, L*(R™;R)) — R and, using the differentiability property given
above, we find a necessary condition on the initial data py in order to minimize 7 along the solutions to (1.1)
associated to pg. We stress that the present necessary conditions are obtained within the functional setting
typical of scalar conservation laws, i.e. within L' and L>°. No reflexivity property is ever used.

The paper is organized as follows. In Section 2, we state the main results of this paper. The differentiability
is proved in Theorem 2.10 and applied to a control in supply chain management in Theorem 3.2. Sections 3
and 4 provide examples of models based on (1.1), and in Section 5 we give the detailed proofs of our results.

2. NOTATION AND MAIN RESULTS

Denote Ry = [0, +oo[, RY = ]0,400[ and by I, respectively I.x, the interval [0,T[, respectively [0, Tex[, for
T, Tex > 0. The open ball in RY centered at 0 with radius § is denoted by B(0,6). Furthermore, we introduce
the norms:

[vllge = ess sup[lv(z)], [vllwes = lvllps +[1Vavlga,
zeRN )
[vllwze = [0llpe +1IVavllpe + [|[Vi0] pes  [0lwroe = 10llge + 1Vallge-

2.1. Existence of a weak entropy solution to (1.1)

Let V: LY(RY;R) — C%(RY;R") be a functional, not necessarily linear. A straightforward extension of [21],
Definition 1, yields the following definition of weak solutions for (1.1).
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Definition 2.1. Fix py € L¥(R";R). A weak entropy solution to (1.1) on I is a bounded measurable map
p € CO (I;Li, . (RY;R)) which is a Kruzkov solution to

loc

Op + div (pw(t, x)) =0 _
{p(o,x) = po(z) where  w(t,z) = (V(p(t))) (x).

Here, differently from [21], Definition 1, we require the full continuity in time.
Introduce the spaces

X =(L'NL*NBV)RY;R) and X, = (L'nBV)(R";[0,q]) for a >0

both equipped with the L' distance. Obviously, X,, C L>®(R";R) for all a > 0.
We pose the following assumptions on V', all of which are satisfied in the examples on supply chain and
pedestrian flow as shown in Section 3 and Section 4, respectively.

(V1): There exists a function C' € C°(R; R, ) such that for all p € L*(RV R),

V(p) € L=(RY;RY),
||V$V(p)||L°C(]RN;]RN><N) < C(HPHLoo(RN;R))a
vav(p)”Ll(RN;]RNXN) < C(HPHLOO(]RN;]R))a

V2V (0) | Lr v sy < CllPlpae v my)-

There exists a function C' € C°(R;R;) such that for all py, p2 € LY(RY,R)

[V (p1) — V(P2)||Loc(]RN;RN) < C(HPIHLOC(]RN;]R)) llp1 — pQHLl(RN;]R)v (2.1)
V2V (p1) — V:cV(P2)HL1(RN;1RNxN) < C(||p1HL°°(RN;R)) o1 — P2HL1(1RN;1R)'

(V2): There exists a function C' € CO(R; R, ) such that for all p € L*(RV R),
V2V (0]l g0 v v vy < CUIAN Lo 1) )

(V3): V: LY(RY;R) — C3(RV;RY) and there exists a function C € C°(R ;R ) such that for all p €
L'(RY,R),

||Viv(p)HLoo(RN;]RNXNXNXN) S C(HP”LOO(]RN;]R))'

Condition (2.1) essentially requires that V' be a non local operator. Note that (V3) implies (V2). Existence
of a solution to (1.1) (at least locally in time) can be proved under only assumption (V1), see Theorem 2.2.
The stronger bounds on V ensure additional regularity of the solution which is required later to derive the
differentiability properties, see Proposition 2.5.

Theorem 2.2. Let (V1) hold. Then, for all o, 3 > 0 with B > «, there exists a time T'(a, 3) > 0 such that
for all py € X, problem (1.1) admits a unique weak entropy solution p € C° ([0, T (v, B)]; Xs) in the sense of
Definition 2.1. Moreover,

(L) el < B for all t € [0,T (e, B)].
(2) There exists a function L € CO(Ry;R.) such that for all poa,po2 in X, the corresponding solutions

satisfy, for allt € [0, T(a, B)],

lp1(t) — p2(t)[lpr < L(t) [|po,1 — po.2|lps-
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(3) There exists a constant L = L(3) such that for all pg € X,, the corresponding solution satisfies for all
t€[0,T(a, 5)]

TV (p(t)) < (TV (po) + Ltllpolly=) e and  [Ip(t)]g < [lpollp -

The above result is local in time. Indeed, as 8 grows, £(/3) may well grow, even unboundedly. Hence, both
the total variation and the L norm of the solution may well blow up in finite time. To ensure global existence
in time we need additional conditions on V':

(A): V is such that for all p € LY(RY;R) and all x € RY, (divV(p)) (z) > 0.

(B): The function C in (V1) is bounded, i.e. C € L*®(R4;Ry).
Note that in the supply chain model discussed in Section 3, condition (A) applies. On the contrary, in the
case of the pedestrian model in Section 4, iterating Theorem 2.2, we obtain the existence of solution up to time
> ; T(ci, aiy1). The latter turns out to be a convergent series, see Remark 5.5.

Lemma 2.3. Assume all assumptions of Theorem 2.2. Let also (A) hold. Then, for all o > 0, the set X, is
invariant for (1.1), hence if the initial datum po is such that ||po||pe gy gy < @ then [|p(t)||ge @y gy < o as
long as the solution p(t) exists.

Condition (B), although it does not guarantee the boundedness of the solution, does ensure the global
existence of the solution to (1.1).

Theorem 2.4. Let (V1) hold. Assume moreover that (A) or (B) hold. Then, there exists a unique semigroup
S: Ry x X — X with the following properties:

(S1): For all pg € X, the orbit t — Sipg is a weak entropy solution to (1.1).
S2): S is LY-continuous in time, i.e. for all py € X, the map t — Sipo is in CO(R,; X).
+
S3): S is L1-Lipschitz with respect to the initial datum, i.e. for a suitable positive L € CO(R4;R.), for all
+3 Ry
te Ry and all p1,ps € X,
[1Se01 = Sep2llps mamy < L(E) lo1 = p2llps v p)-

(S4): There exists a positive constant L such that for all po € X and all t € Ry,

TV (p(t)) < (TV (po) + £t ol oe vz ) €

Higher regularity of the solutions of (1.1) can be proved under stronger bounds on V.

Proposition 2.5. Let (V1) and (V2) hold. With the same notations as in Theorem 2.2, if py € Xy, then

po € (WA NL®)(RY;R) = Vit € [0,T(a, )], plt) € WHL(RY;R),
po € WE(RY; R) — vt € [0,T(, B)], p(t) € WES(RV;R),

and there exists a positive constant C = C(8) such that
el < llpolwra  and  lp(t) Iy <€ llpollwan-
Furthermore, if V' also satisfies (V3), then
po € (W NL*)(RY; [a, 6]) = Vt € 0,T(a, B)], p(t) € W*(RY;R)
and for a suitable non-negative constant C = C(3), we have the estimate

lp®)llwaa < (267" = 1) [lpollyyz.-

The proofs are deferred to Section 5.
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2.2. Differentiability

This section is devoted to the differentiability of the semigroup S (defined in Thm. 2.2) with respect to the
initial datum pg, according to the following notion. Recall first that a map F: L1(RY;R) — LY(RY;R) is
strongly L' Gateaux differentiable in any direction at py € L*(RY;R) if there exists a continuous linear map
DF(po): LY(RY;R) — LY(RY;R) such that for all rp € L*(RY;R) and for any real sequence (h,,) with h,, — 0,

F(p() + hnTO) - F(Po) n;»m

N DF(po)(rg) strongly in L.

Besides proving the differentiability of the semigroup, we also characterize the differential. Formally, a sort
of first order expansion of (1.1) with respect to the initial datum can be obtained through a standard linearizing
procedure, which yields (1.2). Now, we rigorously show that the derivative of the semigroup in the direction 7
is indeed the solution to (1.2) with initial condition 7. To this aim, we need a forth and final condition on V.

(V4): There exists a function K € C°(R,;R.) such that for all p € LY*(RY;R), for all » € L*(RY;R),

V(o +7) =V(p) =DV(p) (M)l wae < K (Ipllpe + llp+rlipa) I7lgs,
DV (p)(r)llw20 < K (llpllpe) 7L

Consider now system (1.2), where p € C%(Iy, X) is a given function. We introduce a notion of solution for (1.2)
and give conditions which guarantee the existence of a solution.

Definition 2.6. Fix ry € L (RY;R). A function r € C° (I; L (RN, R+)), bounded and measurable, is a weak
solution to (1.2) if for any test function ¢ € C° (I x RY;R)

T p—
/0 /RN [rowp +ra(t,z) - Ve —divd(t, x)¢] de dt = 0 where Z;,‘;DV(p)(r) (2.2)

and 7(0) = ro a.e. in RV,
We now extend the classical notion of Kruzkov solution to the present non local setting.

Definition 2.7. Fix ro € L*°(R";R,). A function » € C° (I;L1 (RN;R+)), bounded and measurable, is a

loc
Kruzkov solution to the nonlocal problem (1.2) if it is a Kruzkov solution to

{ Or + div (ra(t, @) + b(t, z)) = 0 where a = V(p) and b = pDV (p)(r).

r(0,2) = ro(z)

In other words, r is a Kruzkov solution to (1.2) if for all & € R and for any test function ¢ € CC°°(I xRY:R,)

[l =000+ (= V() Voo = div (K (5) + pDV (1)) e snlr = ) datt > 0
and

lim |r(t) —rolde =0 forall § > 0.
t—0+ B(0,5)

Condition (V4) ensures that if p € WLT(RY:R), then DV (p)(r) € C2(RY;R") and hence for all ¢+ > 0, the
map x +— p(t,r) DV (p(t)) (r(t,z)) is in WHL(RY;R), so that the integral above is meaningful.

Proposition 2.8. Let (V1), (V4) hold. Fiz p € C°(Iex; L*(RY;R)) such that p(t) € (W N W) (RY; R)
for all t € I.x. Then, for all o € (L' N L>®)(RY;R) there exists a unique weak entropy solution to (1.2)
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in CO(Iex; LY(RY;R)) and for all time t € I, with C = C(||p||Lx([07t]XRN;R)) as in (V1) and K =

K (Hp”LOC([Oyt]XRN;R)) as in (V4)

[r(t)]|gs < Pl awiay oC g |

K
Ir(®)ll g < €t 7ol + K t et " Pty o) 0 n o lIrollpa

IN

If (V2) holds, p € L (Ieyx; (WE* N W2L)(RY;R)) and ro € (WHL N L®)(RY;R), then for all t € I,
r(t) € WHLRYN:R) and

(&) lwra < (14 C') & lrollyyra + Kt(1+Ct) ' [lrollga 1pllpe (w2

where C' = max{C, KHp|\Lm(IeX;W1,1(RN;R))}-
Under (V1) and (V4), the following mild differentiability result can be proved.

Proposition 2.9. Let (V1) and (V4) hold. Let po € (WL N WL (RN R) and 79 € Xy. Then, there exist
hy >0 and T, = Ty(||polly, ), such that for all h € [0, h.] the solution p to (1.1) and the solution py to

{ depn + div (pn V(pn))

=0 (t,l’)GR+XRN
pn(0,2) = po(z) + hro(x)

reRN (2.3)

are defined for all t € [0,T.]. Moreover, if there exists an r € L1([0,T.] x RN;R) such that (pn — p)/h h0 T,

then r is a distributional solution to (1.2), i.e. it satisfies (2.2).

Below, we consider the following stronger hypothesis, under which we derive a result of strong Gateaux
differentiability and uniqueness of the derivative.

(V5): There exists a function K € C°(R,;R.) such that for all p, 5 € L*(RY;R)

ldiv (V(5) = V(p) =DV (p)(5 = p)llgs < K (Ipllgee + 1llg) (15 = pllga)?

and the map r — divDV(p)(r) is a bounded linear operator on L*(R";R) — L*(RY;R), i.e. for all
p,r € LY(RV;R)

|div (DV(P)(T))“Ll(RN;R) <K (HPHLOO(]RN;]R)) H7"||L1(RN;R)~

Theorem 2.10. Let (V1), (V3), (V4) and (V5) hold. Let py € (WL N WZL)(RN:R), rg € (W1
L) (RY;R), and denote Ts, the time of existence of the solution of (1.1) with initial condition py. Then, for all
time t € Iy the local semigroup defined in Theorem 2.2 is strongly L1 Gateaux differentiable in the direction rq.
The derivative DSy(po)(ro) of St at po in the direction ro is

DSy (po)(ro) = 2¢°(ro)

where 3P0 is the linear application generated by the Kruzkov solution to (1.2), where p = Sipg, then for all
t € Iox.
2.3. Necessary optimality conditions for problems governed by (1.1)

Aiming at necessary optimality conditions for non linear functionals defined on the solutions to (1.1), we
prove the following chain rule formula.
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Proposition 2.11. Let T > 0 and I = [0,T]. Assume that f € CY1(R;R,), ¢ € L>(I x RY;R) and that
S: I x (LY NL®)(RN;R) — (L1 NL*®)(RY;R) is strongly L Gateauz differentiable. For all t € I, let

Tow) = [ £(Sipw) wit.z)da. (2.4)
R
Then, J is strongly L™ Gateauz differentiable in any direction ro € (W1 N L>®)(RY;R). Moreover,

DJ(po)(ro) = . f'(Stpo) B7° (o) (t, x) da.

Proof. Since |f(pn) = f(p) — f'(p)(pn — p)| < Lip(f') lon — p|?, we have

J(po + hT’()) —J
h

o) [ 1S DSl ) v(t,2) o

< [ 17 )| S0 = Sl

—DSi(po)(ro)|[¥(t, )| dz

+Lin(r) g [ 151+ o) = 53 o) da

The strong Gateaux differentiability of Sy in L' then yields

/ F(Sepo)]
RN

thanks to S¢pp € L and to the local boundedness of f’. Furthermore,

St(po + hro) — Si(po)
h

= DSi(po)(ro)

[(t, )| de =0(1) ash—0

St(po), St(po + hro) € L
1 — . .
7 (St(po + hro) — St(po)) e DSt (po)(ro) pointwise a.e.

St(po + hro) — St(po) =00 pointwise a.e.

the Dominated Convergence Theorem ensures that the higher order term in the latter expansion tend to 0 as
h — 0. O

The above result can be easily extended. First, to more general (non linear) functionals J(pg) = J(Stpo),
with 7: X — Ry such that for all p € X’ there exists a continuous linear application D7 (p): X — R such that
for all p,r € X:

T(p+hr)—T(p)
h

=0,

—DJ(p)(r)

Secondly, to functionals of the type

T T
ooy = [ [ FSwvtea) dedr o Tin) = [ (i)

This generalization, however, is immediate and we omit the details.
Once the differentiability result above is available, a necessary condition of optimality is straightforward.
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Proposition 2.12. Let f € CHY(R;R,) and ¢ € L (I x RV;R). Assume that S: I x (L* N"L*)(RY;R) —
(LY NL*>®)(RY;R) is strongly LY Gateaur differentiable. Define J as in (2.4). If po € (LT NL>®)(RY;R) solves
the problem

find min J(p) subject to {p is solution to (1.1)}
Po

then, for all ry € (L' N L*°)(RY;R)
/ ' (Sepo) 1 1b(t, ) do = 0. (2.5)
RN

3. DEMAND TRACKING PROBLEMS FOR SUPPLY CHAINS

Recently, Armbruster et al. [4], introduced a continuum model to simulate the average behavior of highly
re-entrant production systems at an aggregate level appearing, for instance, in large volume semiconductor
production line. The factory is described by the density of products p(t,x) at stage x of the production at a
time ¢. Typically, see [1,4,20], the production velocity V' is a given smooth function of the total load fol p(t,x) dx,
for example

1
V(u) = Umax/(1+uw) and V(p)=v (/ p(t, s)ds) . (3.1)
0
The full model, given by (1.1)—(3.1) with N = 1, fits in the present framework.

Proposition 3.1. Let v € C* ([0,1];R). Then, the functional V defined as in (3.1) satisfies (A), (V1), (V2),
(V3). Moreover, if v € C%([0,1];R), then V satisfies also (V4) and (V5).

The proof is deferred to Section 5.4.

The supply chain model with V' given by (3.1) satisfies (V1) to (V5) and (A). Therefore, Theorem 2.4
applies and, in particular, the set [0, 1] is invariant yielding global well posedness. By Theorem 2.10, the
semigroup Sipp is Gateaux differentiable in any direction ro and the differential is given by the solution to (1.2).

Note that the velocity is constant across the entire system at any time. In fact, in a real world factory,
all parts move through the factory with the same speed. While in a serial production line, speed through the
factory is dependent on all items and machines downstream, in a highly re-entrant factory this is not the case.
Since items must visit machines more than once, including machines at the beginning of the production process,
their speed through factory is determined by the total number of parts both upstream and downstream from
them. Such re-entrant production is characteristic for semiconductor production lines. Typically, the output
of the whole factory over a longer timescale, e.g. following a seasonal demand pattern or ramping up or down
a new product, can be controlled by prescribing the inflow density to a factory p(t,x = 0) = A(¢). The influx
should be chosen in order to achieve either of the following objective goals [4]:

(1) Minimize the mismatch between the outflow and a demand rate target d(¢) over a fixed time period
(demand tracking problem). This is modelled by the cost functional 3 fOT (d(t) — p(1,1))? dt.

(2) Minimize the mismatch between the total number of parts that have left the factory and the desired
total number of parts over a fixed time period d(t). The backlog of a production system at a given
time ¢ is defined as the total number of items that have been demanded minus the total number of items
that have left the factory up to that time. Backlog can be negative or positive, with a negative backlog
corresponding to overproduction and a positive backlog corresponding to a shortage. This problem is

1 T t 2
modeled by 3 [ (fo d(T)u — p(l,T)dT) dt.

In both cases we are interested in the influx A(#). A numerical integration of this problem has been studied
n [22]. In order to apply the previous calculus we reformulate the optimization problem for the influx density
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A(t) = po(—t) where pg is the solution to a minimization problem for

2
1

niow =3 [ ([~ srpteac) s

respectively, where Sipg is the solution to (1.1) and (3.1). Clearly, J; and .J> satisfy the assumptions imposed
in the previous section. The assertions of Proposition 2.12 then state necessary optimality conditions, which we
summarize in the theorem below.

Jipo) = 1 / (d(x) — Srpo(x))? da
0 (3.2)

Theorem 3.2. Let T > 0 be given. Let the assumptions of Proposition 3.1 hold. Let pg € (WL NW2Z1)(R;R)
be a minimizer of Ji as defined in (3.2), with S being the semigroup generated by (1.1)—(3.1). Then, for all
ro € (WL NW21L)(R;R) we have

/0 (d(@) — p(T,2)) (T, ) di = 0, where

(r fol pdx + pfol rd:c)
O + Oz | Umax =0, T(Ov l‘) - 7’0(1‘).

(1+fo pdac)2

The latter Cauchy problem is in the form (1.2) and Proposition 2.8 proves its well posedness. The latter
proof is deferred to Section 5.4.

4. A MODEL FOR PEDESTRIAN FLOW

Macroscopic models for pedestrian movements are based on the continuity equation, see [12,14,16,19], possibly
together with a second equation, as in [17]. In these models, pedestrians are assumed to instantaneously adjust
their (vector) speed according to the crowd density at their position. The analytical construction in Section 2
allows to consider the more realistic situation of pedestrian deciding their speed according to the local mean
density at their position. We are thus led to consider (1.1) with

Vip) =v(p*n)v (4.1)

where
n € C2(R?;[0,1]) has support sptn C B(0,1) and |5, = 1, (4.2)

so that (pxn)(x) is an average of the values attained by p in B(z, 1). Here, ¥ = 0(x) is the given direction of the
motion of the pedestrian at x € R2. Then, the presence of boundaries, obstacles or other geometric constraint
can be described through ¥, see [16].

Note that condition (A) does not allow any increase in the crowd density. Hence, it may not hold when
describing, say, the evacuation through a narrow exit. Therefore, in general, for this example we have only a
local in time solution by Theorem 2.2.

As in the preceding example, first we state the hypotheses that guarantee assumptions (V1) to (V5).

Proposition 4.1. Let V' be defined in (4.1) and n be as in (4.2).
(1) Ifve C?(R;R) and ¥ € (C2NW21)(R2;SY), then V satisfies (V1) and (V2).

(2) If moreover v € C3(R;R), © € C3(R%;R?) and ) € C3(R%R) then V satisfies (V3).
(3) If moreover v € C*(R;R), ¥ € C2(R%*;R?) and n € C2(R%;R), then V satisfies (V4) and (V5).
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The proof is deferred to Section 5.4.

A typical problem in the management of pedestrian flows consists in keeping the crowd density p(¢, ) below
a given threshold, say p, in particular in a sensible compact region 2. To this aim, it is natural to introduce a
cost functional of the type

J(po) = / / T (Sipol@) wlt, ) dw e (4.3)

where

(£): feCHY(R;Ry), f(p) =0 for p e [0,0], f(p) > 0and f'(p) > 0 for p> p.
(¥): ¥ € €=2([0,T] x RM;[0,1]), with spte(t) = Q, is a smooth approximation of the characteristic
function of the compact set Q, with Q # 0.

Section 2.3 then applies, yielding the following necessary condition for optimality.

Theorem 4.2. Let T > 0 and the assumptions of (1)—(3) in Proposition 4.1 hold, together with (£f) and ().
Let pg € (WE° N W2L)(R;R) be a minimizer of J as defined in (4.3), with S being the semigroup generated
by (1.1)—(4.1). Then, for all o € (W1 NW2L)(R;R), py satisfies (2.5).

The proof is deferred to Section 5.4.
Consider the problem of evacuating a meeting room. Then, the optimal py corresponds to the best distribution
of people during meetings, so that the room is evacuated in the minimal time in case of need.

5. DETAILED PROOFS

Below, we denote by W the Wallis integral
w/2
Wy = / (cos )V da. (5.1)
0

5.1. A lemma on the transport equation

In what follows, a key role will be played by the transport equation

{ Or + div (rw(t,z)) = R(t, ) (5.2)

r(0,2) = ro(x).

The next lemma is similar to other results in recent literature, see for instance [2]. It provides the existence and
uniqueness of solutions to (5.2) with the present regularity conditions, showing also that the concepts of weak
and Kruzkov solution here coincide, see also [26].

Lemma 5.1. Let T > 0, so that I =[0,T[, and w be such that

w € CO(I x RNV;RY) w(t) € CYRY;RN) vtel

w e LO(I x RV;RY)  V,w € Lo(I x RN;RNXN), (5.3)
Assume that R € L™ (I; Ll(RN;R)) N L*>® (I X RN;R) and rg € (L* NL>)(RY;R). Then,
(1) the function r defined by
t
r(t,z) = ro (X(0;¢,2)) exp ( / diVU}(T,X(T;t,IL'))dT)
(5.4)

/ R(r, X(r ))exp( /Tt divw(u,X(u;t,x))du) dr,
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where t — X (t;to, xo) is the solution to the Cauchy problem

dx
FTARAAGRY (5.5)
x(to) = o

is such that r € CO(I; L*(RV;R));
(2) the function r, as defined by (5.4), is a Kruzkov solution to (5.2);
(3) any weak solution to (5.2) coincides with r as defined in (5.4).

Recall that, in the present case, [21], Definition 1, amounts to define Kruzkov solution to (5.2) a function
r € L™ (I;L1 (RN;R)), continuous from the right in time, such that for all & € R, for all test function

loc

e €C(0,T[xRY;Ry)

/OT/RN[(T —k)(Orp+w-Vuep)+ (R—kdivw)yp]sgn(r —k)dz dt > 0 (5.6)

and such that for almost every t € [0, 7], for any ¢ > 0,

lim |r(t, z) — ro(x)|dx = 0. (5.7)
t—0 B(0,6)

On the other hand, by weak solution to (5.3) we mean a map r € CO(I;LY*(RM;R)) N L>®(I x RY;R) that
satisfies (5.3) in distributional sense. Remark that as an immediate corollary of Lemma 5.1, we obtain that any
weak solution to (5.2) is also a Kruzkov solution and is represented by (5.4).

Note that the expression (5.4) is formally justified integrating (5.2) along the characteristics (5.5) and
obtaining
d .
Recall for later use that the flow X = X(¢;t0,x0) generated by (5.5) can be used to introduce the change of
variable y = X(0;¢, ), so that x = X (¢;0,y), due to standard properties of the Cauchy problem (5.5). Denote
by J(t,y) = det (V,X (¢;0,y)) the Jacobian of this change of variables. Then, J satisfies the equation

dJ(t,y)
dt

=divw (¢, X (t;0,v)) J(t,y) (5.8)

with initial condition J(0,y) = 1. Hence J(¢,y) = exp (fg divw (7, X (7;0,9)) dT) which, in particular, implies
J(t,y) >0forallt eI, yec RV,

Proof of Lemma 5.1.
(1) Let R, € L>(I;C*(RY;R)) and rg,, € C}(RY;R) approximate R and 7y in the sense

[Bn = Rllp (iwyipy — 0 and  lron —rallpa gy gy =0 as  n— +oo.
Call r,, the corresponding quantity as given by (5.4). Then, by (5.4), also
||Tn - THLOO(I;Ll(]RN;]R)) —0 as n— +oo

so that r € L*°(I;L*(RY;R)). Concerning continuity in time, simply note that, by (5.4), r, €
CO(I; LY (RYN;R)) and r is the uniform limit of the r,,.
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(2) The boundedness requirement follows from (5.4):

divw||; oo .
) e ey < (70 e sy + IRl sy ) €419 e axeio (5.9)

Let k € R and ¢ € C° (I x RY;R,). Then, according to [21], Definition 1, we prove (5.6) for r given
asin (5.4). By (5.8), the semigroup property of X and denoting R(¢,y) = fot R (7, X(7;0,y)) J(r,y) dr,
so that R is Wb in time, we get

+°° [(r = k) (Opp +w - Vo) + (R — kdivw)g] sgn(r — k) da dt = o i ;Ot(y) ﬂ;(:’y) K
0 RN 0 R (t.y) (t,y)

x (Op (t, X (10,)) +w (t, X(t;0,9)) - Vap (£, X (£;0,y)))

+ (Rt X(40,y)) — kdiv (w (£, X (£;0,9)))) ¢ (£, X (¢ O,y))l

7/'O(y) R(ta y)
X sgn (J(t,y) + Tty — k) J(t,y)dy dt

- / +°°/ [r()(y)iso(t X(8:0,9)) — K J(ty) o (£, X(£:0,9)
O RN dt b) ) b) bl dt b) ) b)

dt dt
x sgn (ro(y) + R(t,y) — kJ(t,y))dy dt

+oo
=[] 5 (o) + Ret) = k(0 (8. X (1:0.9))
0 RN
x sgn (ro(y) + R(t,y) — k J(t,y))dy di

+oo
:/ / %(|r0(y)+’R(t,y)fkJ(t,y)|sﬁ(t7X(tEan)))dy dt
0 RN

ke X(50,0) Sy + L Rty X o,ym]

= 0.

Finally, (5.7) holds by the continuity proved above.

(3) Let r be a weak solution to (5.3). It is enough to consider the case R = 0 and 1o = 0, thanks to the
linearity of (5.3). Then, fix 7 € ]0, T, choose any ¢ € C* (I;CL(RY;R)) and let 8. € C*(I;R) such that
Be(t) =1fort € [e,7 —¢], BL(t) € [0,2/e] for t € [0,¢], BL(t) € [-2/¢,0] for t € [T —¢,7] and B(t) =0
for t € [r,T]. By the definition of weak solution,

T € T
0:/ / (ratg0+rw~Vga)ﬂEd:cdt+/ ﬂ;/ rgpd:ﬂdtJr/ / roBldrdt
0 JrN 0 RN r—e JRN

T 1
= / Be / (royp+rw-Ve)dzdt + / eB.(et) / r(et, x) p(et, z) dx dt
0 RN 0 RN

* /TT_ Be(®) /RN r(t, x) p(t, =) dz dt.

Consider the three terms separately. As ¢ — 0, the first one converges to fRN fOT r (Opp +w - Vo)dtde.
Consider the second summand, by the Dominated Convergence Theorem, it tends to 0, since ro = 0.
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Passing to the latter term, note that:

/TTsﬂé(t) /RN T(t,x)ga(t,x)d:cdt+/ r(r,2)o(r, 2) dz

RN

[ 20 [ 0t et0) ot pptr.a)) dear

—0 as e€—0

by the continuity of r in time and the smoothness of .

Therefore, choose any n € C(RY;R) and define ¢ as the backward solution to 0y + w - Vo = 0 with
©(1) = 1. Then,

0= /]RN /OTT (8tga+w-Vga)dtd:c7/RN r(r,x)o(r,z) dx
= /]RN r(r,z)e(x) dx

proving that r(7), and hence r, vanishes identically. O

5.2. Proof of Theorem 2.2
Corollary 5.2. In the same setting of Lemma 5.1, if R = 0 then:

po >0 for a.e. © = p(t) >0 for a.e. x and for allt € I,
divw >0 for a.e. (t,x) = ||p(t)||Le < |lpollpefor allt €1,

o)l Lo rviry < [P0l Lo v k) €XP (t ||din||Loo([o,t]xRN;R)> : (5.10)

The proof follows directly from Lemma 5.1 using in particular (5.4).

Lemma 5.3. In the same setting of Lemma 5.1, if R =0 and also
divw € L™ (LY (RY;R))  and V,divw € L™ (I;LY(RY;RY)) (5.11)
then, setting
ko = NWN@2N 4+ 1)[[Vow| e rxrygrxyy  and £ =2N|[Vow| g1 yrn mrxn
we have the following bound on the total variation:

TV (p(t)) < TV (po)e™*

¢
+NWN/ e”‘)(t_s)/ e*ldivwliuee |7 div (s, z)|| dz ds ||pollge
0 RN

(5.12)

where ||V, divw(s, )| is the usual Buclidean norm of a vector in RY.
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Let p1, pa be the solutions of (5.2) associated to wi, wy with Ry = Ry = 0 and with initial conditions p1 o,
p2,0 in X. Then

Kot __ ent

1(pr = p2)D)lls < 1o — p2ollps + TV (p1,0)llw1 — wal|pe

t eﬁ)()(t—s) _ en(t—s)

+NWN/

P /N esldivelliee |7 divw, (s, z)|| dz ds (5.13)
0 - R

X |lp10llgee w1 — wallpe

t
+ / en(tfs)esudlvaLoo /N |diV (w1 — wg)(s,:ﬂ)| dx ds HpLO”Looa
0 R

where
ko = NWNQ@2N + D)[[Vewrllpee rupnygyxny  and &= 2N[|Vawi e g mymrsony-

Proof. The bound (5.12) follows from [15], Theorem 2.5, the hypotheses on w being satisfied thanks to (5.3)
and (5.11). More precisely, we do not have here the C? regularity in time as required in [15], Theorem 2.5,
but going through the proof of this result, we can see that only the continuity in time of the flow function
f(t,z,r) = rw(t,z) is necessary. Indeed, time derivatives of f appear in the proof of [15], Theorem 2.5,
when we bound the terms J; and Ly, see [15], between (4.18) and (4.19). However, the use of the Dominated
Convergence Theorem allows to prove that J; and L; converge to zero when 7 goes to 0 without any use of time
derivatives. The continuity in times follows from [15], Remark 2.4, thanks to (5.11) of w and the bound on the
total variation.

Similarly, the stability estimate (5.13) is based on [15], Theorem 2.6. Indeed, we use once again a flow that is
only CY instead of C2 in time. Besides, in the proof of [15], Theorem 2.6, the L> bound into the integral term
in [15], Theorem 2.6, can be taken only in space, keeping time fixed. With this provision, the proof of (5.13) is
exactly the same as that in [15], so we do not reproduce it here. The same estimate is thus obtained, except
that the L* bound of the integral term is taken only in space. O

Lemma 5.4. In the same setting of Lemma 5.1 if R =0 and (5.11) holds, together with

C

HvinLW(IXRN;]RNXNXN) =
for a suitable C' > 0, where we assume that C' > ||Vow||ye (pypy grxny, then

t) e WHLRN: R oralltel
po € WHL(RN:R) = p(t) ( e ) f
@) lwaa < e lpollwra,
p(t) € WEX(RN;R)  foralltel

po € WLo(RN; R) =
o). < € lpollyyr.e-

If moreover HVinLw(IX]RN,RNxNxNxN) < C then pg € WZL(RY;R) implies that p(t) € WZL(RY;R) for all
tel and

lp(®)llwaa < (1+CH** [lpollwas- (5.14)
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Proof. The W11 and W1 bounds follow from the representation (5.4) with R = 0, noting that
[V X |lg0e < et Indeed,

¢
V. X(t0,2) = IdJr/ Vew(r; X(150,2))V, X (7;0,2) d7, hence
0

t
IV X(t0,z)] <1 +/ IVow(r; X (750, 2) |||V X (730, 2) || d7
0

IN

t
1 +/ C|| VX (r;0,2)| dr
0

and a direct application of Gronwall Lemma gives the desired bound. Hence, we obtain

Vo)l < (€2 =) llpollpe +* Vol

and consequently
o)l < € llpollwr.e-
Similarly, the W11 estimate also comes from (5.4).
To obtain the W21 bound (5.14), apply (5.4) and Gronwall Lemma to get ||V§XHLOC < e2Ct — Ot Using
the estimates above, together with

[V2p()[| 5 < (27" = 3 + 1)e" [[pollpa +3(e“* = 1)e* [[Vpolla + e [[V2po]| 1.

we obtain |[p(t)||wa1 < (2e¢t — 1)2e“! || po||\yz.1, concluding the proof. O
We use now these tools in order to obtain the existence of a solution for (1.1).

Proof of Theorem 2.2. Fix a, f > 0 with 8 > a. Let T'(«, 5) = (In(8/)) /C(5), with C as in (V1). Define the
map
g . €M) — €O (1 4p)
' o — p
where I = [0,T(«, 8)[ and p is the Kruzkov solution to

Oip + div (pw) = 0 . w = V(o)
{P(Oaf) = po(z) with e A, (5.15)

Assumptions (V1) imply the hypotheses on w necessary in Corollary 5.2 and Lemma 5.3. Therefore, a solution p
to (5.15) exists, is unique and in X. Note that by (5.10), by the choice of T(«, 3) and by (V1), we have
llp(t)||L~ < B and hence Q is well defined.

Fix 01,02 in C°(I; X3). Call w; = V(0;) and p; the corresponding solutions. With the same notations of [15],
Theorem 2.6, we let

ko =NWy(2N +1) ||v1‘w1HL°°(I><RN;RN><N)7 k=2N Hvi‘leLOO(Ix]RN;RNXN)'

Note that by (5.1)

w/2 N
Ko 1 2 s 1 3
— > N — 1—— de=—=—1——— ) > — 1
"@_< Jr2)/0 < Wx) ’ 2< 2(N+1)>_8>

hence kg > k. Then, by (V1), we obtain a bound on kg. Indeed,

IV2V ()l vy < C (101l (rxrnmy)
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and since o1 € CO(I; Xj3), finally ko < NWy (2N + 1) C(3). Let us denote
C=0C(B) and C' =NWy(2N+1)C(B). (5.16)
Again, (V1) implies the following uniform bounds on all 01,02 € C°(I; Xj3):
2
HVIV(UI)HLOO([;LI(RN;RNXNXN)) <C,
[V (o1) — V(UQ)”LOO(IX]RN;]RN) < Clloy — 02||L°°(I;L1(RN;R))’

[div (V(o1) — V(UQ))HLOO(I;Ll(]RN;]R)) < Clloy - UQHLOO(I;Ll(]RN;]R))'

Thus, we can apply [15], Theorem 2.6. We get, for all ¢ € I,
11 = p2) (Bl < CteS TV (po) o1 = 2ll e oy

t
+ NN [l o = o2l o sy [ (6= 970 s

t
+CeCt”pOHL°°/O T (01 = 02)(5) | s

Therefore, we obtain the following Lipschitz estimate:
1Q(01) = Q(02)llp (r.1.1) < CTe“ ™ [TV (po) + (NWNCT + 1)e“[|poll ] o1 = 02lpoo (1,11

Here we introduce the strictly increasing function
F(T) = CTeC [TV (po) + (NWNCT + 1) || po|| . ]

and we remark that f(T) — 0 when 7' — 0. Choose now T > 0 so that f(71) = 1/2. Banach Contraction
Principle now ensures the existence and uniqueness of a solution p* to (1.1) on [0, 7] in the sense of Definition 2.1,
with T = min{T(a, 3), 71 }. In fact, if T} < T(a, ), we can prolongate the solution until time T'(c, 3). Indeed,
if we take p*(T}) as initial condition, we remark that ||p*(T1)| g~ < |lpollg~e¢@Tt. Consequently, the solution
of (5.15) on [Ty, T(«, #)] instead of I satisfy, thanks to (5.10)

o)l < 110" (T1) e P < g | TN ET < | py 1, T,

which is less than 3 thanks to the definition of T'(«, §) and since py € X,.

Now, we want to define a sequence (T3,) such that T,, > T'(«a, ) for n sufficiently large. Let assume that the
sequence is constructed up to time T, with T}, < T'(«, 3). For Ty, 41 € |Th, T(c, 3)], we obtain the contraction
estimate

19(01) ~ Qo) (1, sty < C(Tns1—T)e® T [TV (o(T)) 4+ (NW (T 1~ T) + 1) [0l ]
X |lo1 = o2llpee (7, 70 40110

< | TV (po) €€ ™ + C' T T + (NWNC(Tppyy — Tpy) + 1)

pollp,e

% Cl(Tn—i-l _ Tn)ec (Tn+1—Tn)Ho'1 — O'QHLOQ([TanJrl];Lw
where we used the bounds on TV (p(Ty)) and ||p(T})||g« @~ g) provided by Lemma 5.3 and Corollary 5.2
associated to (V1). We may thus extend the solution up to time T},41, where we take T, 1 > T}, such that

1

TV (po) T 4 CT;, e 4 (NWNC Ty — Tp) 4+ 1) eCTn POHLoo} C(Tpy1 — Tn)ec'(THrTn) =

If T,4+1 > T(a, B), then we are done.
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If we assume that the sequence (7},) defined by induction as above remains less than T'(«a, ), in particular
it is bounded. Consequently the left hand side above tends to 0, whereas the right hand side is taken equal to
1/2 > 0. Hence, the sequence (T},) is unbounded. In particular, for n large enough, 7, is larger than T'(«, §);
thus the solution to (1.1) is defined on all I.

The Lipschitz estimate follows by applying the same procedure as above, in the case when the initial conditions
are not the same. The L> and TV bounds follow from (5.10) and from Lemma 5.3. O

The proof of Lemma 2.3 directly follows from Lemma 5.3.
Proof of Theorem 2.4. We consider the assumptions (A) and (B) separately.
(A): Let T >0, so that I = [0,T[, and fix a positive . As in the proof of Theorem 2.2, we define the map

co(r;x,) — CO(I; x,)

o — p

Q

where p is the Kruzkov solution to (5.15) with pg € X,. The existence of a weak entropy solution for (5.15) in
CO(I,LY(RYM;R)) is given by Lemma 5.1, the set of assumptions (V1) allowing to check the hypotheses on w
necessary to apply Lemma 5.3. Note that furthermore (A), thanks to Corollary 5.2, gives an L> bound on p,
so that for all t € I, p(t) € [0,qa], a.e. in x. Fix 01,09 in C°(I;X,), call w; = V(o;) and let p1, p2 be the
associated solutions. With the same notations of [15], Theorem 2.6, we let as in the proof of Theorem 2.2,

ko =N Wn(2N +1) ||V:cw1HLoe(1x1RN;RNXN)a k=2N ||v$w1HL°°(I><RN;RN><N)

so that ko > k. Then, by (V1) we have:

IVaV (1) e rrmgsry < C (01w (rgmneny )
and since o1 € C° (I; X,,), we have ||o1]|p < a so that kg < NWx (2N + 1)C(«). Denote
C'=NWyx(2N +1)C(a) and C=C(a). (5.17)
The following bounds are also available uniformly for all 01,0 € C° (R ; X,), by (V1):

V2V (o, C,

[V(o1) — V(UQ)HLOO(IXIRN;]R) < Cllo - UQHLOC(I;Ll(]RN;]R))’

|div (V(o1) — V(02))||Loo(1;L1(RN;R)) < Clloy - 02||L°°(I;L1(RN;R))'
Applying [15], Theorem 2.6, we get
(1 = p2) ()2 < Cte” TV (po)llor — o2/l (0,9,

t
+C2NWN/ (t—5)e” ") ds |01 = o2l oo (0.0:00)
0

t
+/C£“”Wm—mwmu®-
0

So that
1Q(01) = Q(o2) |l (ryL1) < CTe“ [TV (po) + NWNCT + 1] [|o — 2|lLee(r;L1)-
Here we introduce the function f(T') = CTe®T [TV (po) + NWnCT + 1] and we remark that f(T) — 0 when

T — 0. Choose now T > 0 so that f(T1) = % Banach Contraction Principle now ensures the existence and
uniqueness of a solution to (1.1) on [0, 71] in the sense of Definition 2.1.
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Let assume that we have defined Th < Ty < ... <T,. Let T),41 > T}, then

||Q(0'1) o Q(UQ)HLOO([T,L,T,L+1];L1) < C(Tn—i-l - Tn)GC’(Tw,+1—Tn) [TV (p(Tn)) + NWNC(Tn+1 - Tn) + 1]
X |lo1 = o2llpeo (7, 70 40710

< [Tv (p0) €€ Tr 4+ C' T T 4 NWnC(Toyr — Tp) + 1

% C’(Tn+1 _ Tn)ec/(TnH—Tn)HUl _ UQ"LOO([T,L,T,L+1];L1)

where we used the bounds on [|p(Ty)lly, g~ ) and TV (p(Ty)) provided by Corollary 5.2 and Lemma 5.3
associated to the conditions (A) and (V1). We may thus extend the solution up to time T}, 1, that we define
implicitly by

1

[TV (p0) €T 4 CTe T 4 NWNC(Tr1 = To) 4 1] C(Ta = Ty)e T =10 —

Note that this equation defines a unique 7,41, the function
T [Tv (po) €€ T 4+ CTe® T + NWNC(T — T, + 1] C(T — T,)eC (T=Tn),

being increasing, taking value 0 in 7' = T3, and going to +oo when 7' goes to oo.
If the sequence (T3,) is bounded, then the left hand side above tends to 0, whereas the right hand side is
taken equal to 1/2 > 0. Hence, the sequence (7},) is unbounded and the solution to (1.1) is defined on all R,.
(S4) follows from Lemma 5.1 and (V1). (S3) is proved as (S1). Note that the Lipschitz constant so obtained
is dependent on time. The bound (S2) follows from Lemma 5.3, that gives

TV (p(t)) < TV (po)e"t + NWnCte || po|| o -

(B): Repeat the proof of Theorem 2.2 and, with the notation therein, note that if we find a sequence (a,)
such that > T'(ap, 1) = +00 where T'(«, ) = [In (3/a)] /C(B3), then the solution is defined on the all R.
It is immediate to check that (B) implies that

1
Inoy, — +o0o0 as k — +oo

k
S T(amanin) > (ICgee, ,))

n=1
completing the proof. O

Proof of Proposition 2.5. The bounds on p in W1 and W11 follow from Lemma 5.4, thanks to (V2). The
W21 bound comes from (5.14) in Lemma 5.4, thanks to (V3). O

5.3. Gateaux differentiability

First of all, if 7o € (L> N LY)(RY;R) and p € L*® (Iex; (Whin Wl"”)(RN;R)), we prove that the equa-
tion (1.2) admits a unique solution 7 € C°(Iex; L (RY; R)).

Proof of Proposition 2.8. We use here once again Lemma 5.1 in order to get an expression of the Kruzkov
solution for (5.2).

We assume now that p € CO(Iex; (W N WH)(RY;R)) and we define w = V(p); we also set, for
all s € CO(Iex; LY(RY;R)), R = div(pDV(p)(s)). Thanks to the assumptions on p and (V4), we obtain
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R € L™ (L; LY (RY; R)) N L (Iex x RV;R). Let £ € Iox. Then, on [0, Tex — €] we can apply Lemma 5.1 giving
the existence of a Kruzkov solution to

o +div (rw) = R, 7(2,0) = ro € (L= NLYRY;R).
Let T € [0,Tox — €] and I = [0,T]. We denote @ the application that associates to s € C° (I;Ll(RN;R))

the Kruzkov solution r € C°(I;L*(RV;R)) of (5.2) with initial condition ro € (L> N LY)(RY;R), given by
Lemma 5.1. That is to say

Q:s—r(t,x) =ro(X(0;t,2))exp ( /Ot divV(p) (1, X(7;t,x)) dT)
- /Ot div (pDV (p)(s)) (1, X (7;t,x)) exp ( /Tt divV (p) (u,X(u;t,x))du) dr.

Let us give some bounds on r. The representation of the solution (5.4) allows indeed to derive a L* bound
on r. For all t € I, thanks to (V1) and (V4) we get, with C = C (HpHLOO([O’TeX_E]XRN;R)),

IOl < lIrolle + te“ llpllges (o.m:wr) DV (0) .o 15l s (0.4 13-
The same expression allows also to derive a L' bound on r(t)

(@)l < Irollse® + e pllg (o gews. s PV (0) w3l o g 10

Now, we want to show that @) is a contraction. We use once again the assumption (V4). For all s1,s0 €
Lee (I; (L NnBV)(RY; R)) continuous from the right, we have

[[div (pDV (p)(s1 — 52))||L1(]RN;]R) < CHPHlel(RN;]R)HSl - 52||L1(]RN;]R)'

Thus, we get:

T
1Q(s1) — Q(32)||L°°(I;L1) < CHPHLw(I;WLl)HSl - 32||L°°(I;L1)/O exp (T = 7)[|div V(p)||, ) d7

< (eCT - 1)”p”LOC([O,TeX—E];lel)”51 o SQHLO"(I;Ll)'

Then, for T small enough, can apply the Fixed Point Theorem, that gives us the existence of a unique Kruzkov
solution to the problem. Furthermore, as the time of existence does not depend on the initial condition, we can
iterate this procedure to obtain existence on the interval [0, Tox — ¢]. Finally, as this is true for all € € IDeX, we
obtain the same result on the all interval I.y.

The L' bound follows from (5.4). Let T' € Iox and t € I, then for a suitable C' = C (||p||L°°(I><RN;R))

t
[r(®)llLs < HToHLleCt+HPHLx(I;wm)HdivDV(p)HLoe/O ()l x d7.

A use of (V4) and an application of Gronwall Lemma gives

Ir@)ls < eCre TPl awan g,

where K = K (Hp||LOQ(IX]RN;R)) is as in (V4).
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The L*° bound comes from the same representation formula. Indeed, for T € I, and t € I we have

t
Iz < e lrollpe + ol rowr ) 1div DV (o)l [ lIr(7)]ga dr-
( ) o
Then, the last ||r(7)||.. is bounded just as above. We get
Il < e lirollym + Kte e Mt ol pll e g .o

Finally, we get a W1 bound using the expression of the solution given by Lemma 5.1. Indeed, assuming in
addition (V2) and (V4), we get

A

t
IV ()L vy < IIVrollLs +Cte®lroflpa + K(1 + Ct)eQCthHLx(,;Wz,l)/o ()l x d7

IN

*[Vrol|pa + Cte* ol

+ Kt(1+ Ct)e*Cte Wl w8y || 1ol e oz -

Hence, denoting C” = max{C, K||p||y s w11}, we obtain

(D)l wra < Irollws (1 +C0e + Kt(1 + CH* o]l gallpllgoe (rowzn)
concluding the proof. O
Now, we address the weak Gateaux differentiability of the semigroup generated by (1.1).
Proof of Proposition 2.9. Let o = max{||po|lp~,1} and 3 > «. Fix h € [0,h*] with hA* small enough so
that 8 > «(1 + h*). Note that po,79 € X,. By Theorem 2.2, (1.1) admits the weak entropy solutions

p € C%0,T(,B)]; X3), and (2.3) admits the solution p, € C°([0, T (a(1 + h), 3)]; X5). Note that

B/(a( + 1))
c(B)

~ In(1+4h)
c(p)

T(a(l+ h),B) = In( = T(a, ) < T(a, B)

and T'(a(l + h),3) tends to T'(«, 8) as h goes to 0. In particular, both solutions are defined on the interval
[0,T,], where Ty, = T'(a(1 + h*), ).
Write now the definition of weak solution for p, ps. Let ¢ € €°([0,T.] x RV R)

/* /]RN (pOrp + (pV (p)) - Vayp) da dt = 0,

/ / (Pn0vp + (pnV (pn)) - Vayp) dz dt = 0,
* RN
.

use (V4) and write, for a suitable function ¢ = e(p, pn), V(pn) = V(p) + DV (p)(pn — p) + €(p, pn), with
2
1€, )l Loe (rv iy < K(2) (Ilph - pHLl(]RN;]R)> - Then,

pV(p) = prV(pn) = (p = pr)V(p) + pDV (p)(p — pn) + (p = pr)DV (p)(p — pr) — pre(p, pn)-
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Consequently,
/ / {—p ;ph8t<p+ (—p ;phV(p) +pDV (p) (—p hph)
;RN
f— E s
17 hph DV (p)(p — pn) — Ph%) : Vw] dz dt = 0.

Using (V4), p(t) € A and the estimate on € we obtain for all ¢ € [0, T,]:

— E s

V20l| 222DV (0)(p — 1) — pi (o.21)| 4,
h h
RN
p = pn
< [ (C@)lp=ml+BEES) o= o) Vel de,
RN h L1

—0 as h—0,

by the Dominated Convergence Theorem, since 22=2 is bounded in L* ([0, T.]xRY; R). Then, if (p,—p)/h "0,
we get

/R/RN [rdip + (rV (p) + pDV (p)(r)) - V] dx dt = 0.

That is to say, r is a distributional solution to (1.2). O

As this is true for all A* small enough, finally we obtain a solution on the all interval [0, T(a, 3)[. Hence, we
observe that if p € CO(Io x RY;R), then r is defined on all ..

Assume now that (V4) and (V5) are satisfied by V. We want to show that with these hypotheses, we have
now strong convergence in L! to the Kruzkov solution of (1.2).

Proof of Theorem 2.10. Let o, 3 > 0 with 8 > «, and h € [0, h*] with h* small enough so that § > a(1 + h*).
Let us denote T'(h) = T(a(1 + h),3) for h € [0,h*] the time of existence of the solution of (1.1) given by
Theorem 2.2.

Fix pg € (WL n WZL)(RN:[0,a]), ro € (L= N WBLL)(RY;[0,a]). Let p, respectively pp, be the weak
entropy solutions of (1.1) given by Theorem 2.2 with initial condition pg, respectively py + hrg. Note that
these both solutions are in CO([O,T(h*)]; LY(RY ;R)). Furthermore, under these hypotheses for py and rg, we
get thanks to Proposition 2.5 that the corresponding solutions p and pj of (1.1) are in C°([0,T'(h*)]; (W' N
W21)(RY;[0,])), condition (V3) being satisfied. Hence, we can now introduce the Kruzkov solution r €
CO([0,T(h*)[; LY(RN;R)) of (1.2), whose existence is given in this case by Proposition 2.8. Note that, o
being in WHH(RY;R) and p € L* ([0,T(h*)]; W21 (RY;R)) and (V2), (V4) being satisfied, r(t) is also in
WLLRN:R) for all ¢ € [0, 7(h*)[ thanks to the W1 bound of Proposition 2.8.

Let us denote z;, = p+hr. We would like to compare py, and zj, thanks to [15], Theorem 2.6. A straightforward
computation shows that zj is the solution to the following problem,

{ Oz + div (zn (V(p) + KDV (p)(r))) = h*div (rDV (p)(r)) ,
zn(0) = po + hro € Xo(14n)-

Note that the source term being in C°([0,7'(h*)[; L*(R™;R)), and the flow being regular, we can apply to this
equation Lemma 5.1 that gives existence of a Kruzkov solution.

As in the proof of Lemma 5.1, we make here the remark that [15], Theorem 2.6, can be used with the
second source term in C° ([0, T(h*)[; L*(RY;R)) and the flow C? in space and only C° in time. Besides, we
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also use the same slight improvement as in the proof of Lemma 5.3, taking the L°° norm in the integral term

only in space, keeping the time fixed. We get, with ko = NWx (2N + 1)[[VaV (on)|lpe ((0,7(h)) xr &) and
k= 2N|[|VaV (pr) e jo,7(h) xR 7)» for some T € [0,T'(h*)] and with I = [0, 77,

lon = 2l 1y < €T TV (o + hro) [V (on) = V(p) = ADV (0) () e f0.1-ne i)

T
SNy [ @0 T [ (0] [ div V(o) o
0 RN

x[V(pn) = V(p) — hDV(P)(T)”Lw([o,T(h*)]x]RN;RN)

T
+h2/0 (Tt /RN |div (rDV (p)(r))| dz dt
[T [ e (Von) = Vi) = KDV () () e

Ul )00} -
8 tgfﬁ);ﬁ] {lon ) llgees 120 (O] Lo b

Then, setting C' = C(f) and K = K(20), we use:
e the bound of p and pp, in L*> given by Corollary 5.2

1p(B)llg~ < lpollgme® < B and  [lon(®)llpe < 9o+ hrolleeC’ < 8;
e the properties of V' given in (V1) to get
Ve div V(ph)||L°°(R+><RN;R) <C and [V,div V(Ph)”Loo(];Ll(RN;R)) <
e the property (V4), respectively (V5), to get
2 .
1V (o)~ Vo)~ DDV (D)) e rensny < K (10n — ol i vy & 198 — 2l iga e sy ) - respectively
. 2
Idiv (V(on) = V(p) = ADV (D) llge 1 vy < K (10n = Pl (ra vy + 10 = 20 lluoe riza vz )
e the property (V4) to get
[[div (rDV (p)(r)) [l < K [[7{lgwrall7flps-

Gathering all these estimates, denoting C’ = NWyx (2N + 1)C, we obtain

lpn = znllgoe (riry < Te T (TV (po + hro) + NWNCTB) K <||Ph - P||ioe(1;L1) +[lon = ZhHLOO(I;Ll))
+h*KTeC Trllg e oy 17l poo (rnay
’ 2
+ (ﬁ + hstlel? ||7“(t)||Lx) TeC'T K (||Ph = pllnse(rny + llon = Zh||L°°(I;L1)) :
Then, dividing by h and introducing

Fu(T) = KTe® T [TV (po) + h TV (o) + NWNCTS + 8 + h||r(t)|| ] »
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we obtain

Ph — Zh
h

Ph — P
h

Ph — Zh
h

< Fu(T) | llen = pllnee 11

Loe (I;L1) Lo (I;L1) ‘ LW(I;Ll)]

—+ hKTeC T”THLoo([;Wl,l)||T|‘L°°(I;L1)'

Note that F}, is a function that vanishes in T' = 0 and that depends also on pg, o and h. Hence, we can find
T < T'(h*) small enough such that Fp-(T) < 1/2. Furthermore, for all T' < T'(h*), h — F,(T) is increasing
and hence h < h* implies F},(T) < Fp«(T). Noting moreover that H Ph—p has a uniform bound M in h

"
by (2) in Theorem 2.2, we get for T < T

HLOO(I;Ll)

Ph =P
h

Ph — Zh
h

2

T2

|

_1‘

Loo(I;L1) Lo (I;LY)

M c'T
< 7||Ph = Pl (rnry + RETe” T[rllpee 1wy 7o (riny-
The right side above goes to 0 when h — 0, so we have proved the Gateaux differentiability of the semigroup S
for small time. Finally, we iterate like in the proof of Theorem 2.2 in order to have existence on the all interval

[0, T'(h*)]. Let Th be such that Fp«(T1) = 1/2 and assume Ty < T'(h*). If we assume the Géateaux differentiability
is proved until time 7,, < T'(h*), we make the same estimate on [T, T 41], Tht1 being to determine. We get

lon — ZhHLOQ([Tn,Tn+1];L1) < (Taga — Tn)eC’(T7L+17T") (TV (pn(T)) + NWNC(Tos1 — Tn)3)

2
x K (th = Pllte o Ty o = ZhHLoo([T,L,TnH];Ll))
+R2K (Tyi1 — Ty )eC Tner=Tw)

T||L°°([Tn,Tn+1];W1v1) H7“||Loe([Tn,Tn+1];L1)

+ (ﬁ +h sup |r(t)|Lx> (Thy1 — Tn)ec’(Tn+1_Tn)

[TnaTnJrl]
2
% 1 (llon = Pl et itny + 1on = 2nlloe g iy ) -

Then, we divide by h and we introduce, for T > T,
Fon(T) = K(T — T,,)e% (T=Tw) [(TV (po) + h'TV (r0))eCTm 4+ BC T,y

CNWNCT - T8+ 5+ h sup ||r<t>||w]-

[Tann+1]

We define T),+1 > T), such that F}, ,(Th41) = % This is possible since Fj, ,, vanishes in 7' = T}, and increases
to infinity when T' — oo. Hence, as long as Tj,41 < T'(h*), we get

The next question is to wonder if (73,) goes up to T'(h*). We assume that it is not the case: then necessarily,
Fpon(Ths1) 370, since Tj41 — T,, — 0. This is a contradiction to Fpn(Thy1) =1/2.

Ph—p

h

< KMllpn = pllyee (1, 1011
Loo ([T, Tot1]5L1)

+ 2h,K(Tn+1 — Tn)eCI(THJrI*Tn)

ez 1wy Pl o, 03
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Consequently, T;, "= oo and the Gateaux differentiability is valid for all time ¢ € [0, 7(h*)]. Then, making
h* goes to 0, we obtain that the differentiability is valid on in the interval [0, T(c, 3)[.

It remains to check that the Gateaux derivative is a bounded linear operator, for ¢ and pg fixed. The linearity

is immediate. Additionally, due to the L estimate on the solution 7 of the linearized equation (1.2) given by
Proposition 2.8, we obtain

IDS:(po)(ro)llps = lIr(®)lga < &Ml awtn e gy,

so that the Gateaux derivative is bounded, at least for ¢t < T < Tey. O

5.4. Proofs related to Sections 3 and 4

Proof of Proposition 3.1. Note that v(p) is constant in x, hence div V' (p) =0, and (A) is satisfied. Besides, we

easily obtain [[0:V (p)ll«@r) = 0: 102V (0) L1 m.m) = O ||8§V(p)||L1(R;R) =0 and

V(1) = V(p2) Lo iz < 1V Lo gy 101 = p2llLa i)
102V (p1) — axV(P2)||L1(]R;R) =0,

so that (V1) is satisfied. Similarly, 92V (p) = 0 and 92V (p) = 0 imply easily that (V2) and (V3) are satisfied.
We consider now (V4): is v is C? then, for all A, B € R,

v(B) =v(A) + v (A)(B — A) —|—/O v" (sB+ (1 —s)A) (1 —s)(B — A)*ds.
Choosing A = fol p(€)d¢ and B = fol p(€) d¢, we get

v(/olﬁ@)ds) v</01p(s>ds> o </01p(5>d£> /01 (5— p) (€) e

and we choose K = 1([v"|L, DV(p)(r) = ' ( 01 p(f)d{) fol r(§)d¢. Condition (V4) is then satisfied since
there is no z-dependence, so

<

~ 2
< Sl e llA =l
Loe

1
2

IV(5) = V(p) =DV (p)(p = p)llwz~ = V(D) = V(p) =DV(p)(5 = p)llL~

1 - 2
S 17 = pllLa-

IN

Similarly, [DV (p)(r)llw2. = [IDV(p)(r)l[gec < [0l [l - Finally, consider (V5):

‘div[v(/olﬁ(@dé) —v(/olp@)de) —v’(/olp@)de) /01 (5-p) (§>d§}
‘ div (v’ ( / 1 p(f)df) / 1 r(&)dg)

Concluding the proof. O

Ll

Ll

Proof of Proposition 4.1. The proof exploits the standard properties of the convolution.
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Consider first (V1):

VeV (P)llpe = 10"l ol IVanllp 19l + vllpee 1Vatlly
< C(llpllpe),

V2V (p)llLs < lollwree 19llwaa (U4 ol [[VanllLs),

V2V ()l < vl 17wy

2 2
x [+ o3 IVl 3+ ol V20l + 2ol |Vl

< C(llpllge),
V(1) = V(p2)llpee < 10"l 1Tllgee mllpee 101 = p2llLs,
IVa(V(p1) = V(p2))llL2 = llollwzoe 100w 1llwaa (2 4 IVenllpa lorll)llor = pallpa-

Then, we check (V2):

V2V ()| < 2lvllwwe [0]lwe

2 2
x (14 ol < I¥anlEs + ol 1720 + olle I V2mla ) -

Entirely analogous computations allow to prove also (V3).
Consider (V4). First we look at the Fréchet derivative of V(p): v being C2, we can write, for all A, B € R,

1
v(B) =v(A) + v (A)(B — A) +/ v"(sB+ (1 —s)A)(1 — s)(B — A)? ds.
0
If we take A = p 1 and B = j * 0, then we get, for p, p € L}(RY;R)

- - . 1 2 - 2 o
[(v(pxn)—v(pxn) —v (pxn)((p—p)*n) Vg~ < §||U"||Loe 70500 12 = PllLa 17l g0 5

and
~ 7 ~ — 3 Y2 2 ~ 2 |
Ve (v (pxn) —v(p*xn) —v" (pxn) ((p—p)*n)) U]lpe. < 5||v |00 I7lIar2,00 18 = Pl L2 [|V]lwya, oo
1 2 ~ 2 —
+5||’U’"||Loo||77||LooIIPIILooHVMIILlIIP*P||L1||v||Loo;
V21w (Bxn) —v(pxn) —v (pxn) (5 —p)*n) 0|
< o]

~ 2 2 2 ~ 2 -
5= sl 9o (ol + 7)o
~ 2 2 ~ —
+2u®|| 15 plEalnlvas (lollgm + 171z00) 9017l

1 - 2 2 =
5[ 15 = ol lpllae Inllws + 1) 1l

~ 2 2 —
+6]0" e 17 = pllLa 1l v2.co [7llwy2.00 -
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Then, DV (p)(r) = v'(p *n)r *nv. To satisfy (V4), we have to check that the derivative is a bounded operator
from C2 to L'. We have,

DV (0) ()l e
V2DV (p) ()| Lo
V2DV (p)(r

[V | oo Il e 121z 17l
[0]lwz.00 [Tl .o 11llwa.00 (2 + oMo 1l 7l

1]l wa.oc 7]l w2, 191 ww2.00

2 2
% (44 lpllgee Illwa + 012190120 ) Il

IN N

IN

e

Finally, we check that also (V5) is satisfied:

[div (V/(p) = V(p) =DV (p)(p = p))lIa

1 ~ .

§|\v||W3,oo 15— pliza 17l L 7llwwr.00 | llvwra,00 (3 + Il poe 7llarn) 5
[div DV (p)(7)||,2

[div (o' (p % )7 % 0 0)[|y2

[ e G 3] S vy

IN

completing the proof. O

Remark 5.5. The above proof shows that (B) is not satisfied by (4.1): here C' grows linearly, C(a) = 1 + «a.
Hence, with the notation in the proof of Theorem 2.4, for a; > 0,

Q41 1 Q41

n n 1 Y
ZT(ak,akH)SZTakH/a ;dté%/ﬂ

k

;dt</+m;dt
A+t — [, (1+0)

k 1

and the latter expression is bounded. This shows that, in the case of (4.1), the technique used in Theorem 2.4
does not apply.

Acknowledgements. The authors are indebted with a referee whose remarks allowed to simplify the proof of Lemma 5.1
and to overall significantly improve the paper. This work has been supported by the DFG SPP1253, DAAD D/06/19582,
DAAD D/08/11076, and HE5386/6-1. The third author thanks Sylvie Benzoni-Gavage for useful discussions.

REFERENCES

[1] C.E. Agnew, Dynamic modeling and control of congestion-prone systems. Oper. Res. 24 (1976) 400-419.

[2] L. Ambrosio, Transport equation and Cauchy problem for non-smooth vector fields, in Calculus of variations and nonlinear
partial differential equations, Lecture Notes in Math. 1927, Springer, Berlin, Germany (2008) 1-41.

[3] D. Armbruster, P. Degond and C. Ringhofer, A model for the dynamics of large queuing networks and supply chains. STAM
J. Appl. Math. 66 (2006) 896-920.

[4] D. Armbruster, D.E. Marthaler, C. Ringhofer, K. Kempf and T.-C. Jo, A continuum model for a re-entrant factory. Oper. Res.
54 (2006) 933-950.

[5] S. Benzoni-Gavage, R.M. Colombo and P. Gwiazda, Measure valued solutions to conservation laws motivated by traffic mod-
elling. Proc. R. Soc. Lond. Ser. A Math. Phys. Eng. Sci. 462 (2006) 1791-1803.

[6] S. Bianchini, On the shift differentiability of the flow generated by a hyperbolic system of conservation laws. Discrete Contin.
Dynam. Systems 6 (2000) 329-350.

[7] F. Bouchut and F. James, One-dimensional transport equations with discontinuous coefficients. Nonlinear Anal. 32 (1998)
891-933.

[8] F. Bouchut and F. James, Differentiability with respect to initial data for a scalar conservation law, in Hyperbolic problems:
theory, numerics, applications, Internat. Ser. Numer. Math., Birkhduser, Basel, Switzerland (1999).

[9] A. Bressan and G. Guerra, Shift-differentiability of the flow generated by a conservation law. Discrete Contin. Dynam.
Systems 3 (1997) 35-58.



[10]
[11]
[12]
[13]

[14]
[15]

[16]

[17]

[23]
[24]
[25]

[26]

CONTROL OF THE CONTINUITY EQUATION WITH A NON LOCAL FLOW 379

A. Bressan and M. Lewicka, Shift differentials of maps in BV spaces, in Nonlinear theory of generalized functions (Vienna,
1997), Res. Notes Math. 401, Chapman & Hall/CRC, Boca Raton, USA (1999) 47-61.

A. Bressan and W. Shen, Optimality conditions for solutions to hyperbolic balance laws, in Control methods in PDE-dynamical
systems, Contemp. Math. 426, AMS, USA (2007) 129-152.

C. Canuto, F. Fagnani and P. Tilli, A eulerian approach to the analysis of rendez-vous algorithms, in Proceedings of the IFAC
World Congress (2008).

R.M. Colombo and A. Groli, On the optimization of the initial boundary value problem for a conservation law. J. Math.
Analysis Appl. 291 (2004) 82-99.

R.M. Colombo and M.D. Rosini, Pedestrian flows and non-classical shocks. Math. Methods Appl. Sci. 28 (2005) 1553-1567.
R.M. Colombo, M. Mercier and M.D. Rosini, Stability and total variation estimates on general scalar balance laws. Commun.
Math. Sci. 7 (2009) 37-65.

R.M. Colombo, G. Facchi, G. Maternini and M.D. Rosini, On the continuum modeling of crowds, in Hyperbolic Problems:
Theory, Numerics, Applications 67, Proceedings of Symposia in Applied Mathematics, E. Tadmor, J.-G. Liu and A.E. Tzavaras
Eds., American Mathematical Society, Providence, USA (2009).

V. Coscia and C. Canavesio, First-order macroscopic modelling of human crowd dynamics. Math. Models Methods Appl. Sci.
18 (2008) 1217-1247.

M. Gugat, M. Herty, A. Klar and G. Leugering, Conservation law constrained optimization based upon Front-Tracking. ESAIM:
M2AN 40 (2006) 939-960.

R.L. Hughes, A continuum theory for the flow of pedestrians. Transportation Res. Part B 36 (2002) 507-535.

U. Karmarkar, Capacity loading and release planning in work-in-progess (wip) and lead-times. J. Mfg. Oper. Mgt. 2 (1989)
105-123.

S.N. Kruzkov, First order quasilinear equations with several independent variables. Mat. Sb. (N.S.) 81 (1970) 228-255.

M. Marca, D. Armbruster, M. Herty and C. Ringhofer, Control of continuum models of production systems. IEEE Trans.
Automat. Contr. (to appear).

B. Perthame and A.-L. Dalibard, Existence of solutions of the hyperbolic Keller-Segel model. Trans. Amer. Math. Soc. 361
(2009) 2319-2335.

S. Ulbrich, A sensitivity and adjoint calculus for discontinuous solutions of hyperbolic conservation laws with source terms.
SIAM J. Control Optim. 41 (2002) 740.

S. Ulbrich, Adjoint-based derivative computations for the optimal control of discontinuous solutions of hyperbolic conservation
laws. Syst. Contr. Lett. 48 (2003) 313-328.

V.I Yudovi¢, Non-stationary flows of an ideal incompressible fluid. Z. Vyéisl. Mat. i Mat. Fiz. 3 (1963) 1032-1066.



	Introduction
	Notation and main results
	Existence of a weak entropy solution to (1.1)
	Differentiability
	Necessary optimality conditions for problems governed by (1.1)

	Demand tracking problems for supply chains
	A model for pedestrian flow
	Detailed proofs
	A lemma on the transport equation
	Proof of Theorem 2.2
	Gâteaux differentiability
	Proofs related to Sections 3 and 4

	References

