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LONG-TERM PLANNING VERSUS SHORT-TERM PLANNING
IN THE ASYMPTOTICAL LOCATION PROBLEM *

ALESSIO BRANCOLINI!, GIUSEPPE BUTTAZZO?, FILIPPO SANTAMBROGIO?
AND EUGENE STEPANOV?

Abstract. Given the probability measure v over the given region 2 C R", we consider the op-
timal location of a set ¥ composed by m points in Q in order to minimize the average distance
S o dist (x, 3) dv (the classical optimal facility location problem). The paper compares two strate-
gies to find optimal configurations: the long-term one which consists in placing all n points at once in
an optimal position, and the short-term one which consists in placing the points one by one adding at
each step at most one point and preserving the configuration built at previous steps. We show that
the respective optimization problems exhibit qualitatively different asymptotic behavior as n — oo,
although the optimization costs in both cases have the same asymptotic orders of vanishing.
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1. INTRODUCTION

Planning an economic activity is in general an extremely complex problem, where a high number of parameters
often intervene. In addition, the attitude of the planner has to be taken into account: long-term planners take
their decisions through an optimization process over a large time horizon, while short-term planners behave by
optimizing day-by-day their strategies. Usually, the first kind of behavior is perceived as more virtuous and
efficient, while the second is seen as easier to implement.

In this paper we analyze the long-term and short-term strategies in a very simple model problem, and we
give a way to measure the efficiency of the first versus the second. The problem we consider is the so-called
location problem which can be roughly described as follows. Suppose one has to open a certain number n € N
of identical facilities (e.g. plants, shops, distribution centers, cinemas etc.) in the given urban region Q C R¢
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which will be modeled by a compact convex set (this convexity assumption is made for simplicity in order to
avoid ambiguities between euclidean and geodesic distances). If the density of population in 2 is given by a
known Borel probability measure v, then the simplest way to measure the optimality of the chosen configuration
of facilities modeled by a set ¥ C 2 consisting of at most n points (i.e. #X < n), is clearly to calculate the
average distance the people have to cover to reach the nearest facility

F(X):= /Qdist (x,X)dv(x). (1.1)

Hence the owner of the facilities is interested in locating them in such a way as to minimize F. That is why,
if he is able to open all the facilities at once, he would choose a configuration ¥ = ¥,, solving the following
problem.

Problem 1.1. Minimize the functional ¥ — F(X) subject to the constraints
N CQ, 4% <n.

We will further refer to such problem as a long-term planning problem since it models the optimal choice of
facility location so as to satisfy the global (long-term) needs of the facility owner. If ¥ = ¥, solves Problem 1.1,
we will denote 1, := F(X,) the respective optimal cost. It is worth mentioning that such a problem has been
extensively studied (see e.g. [10,15,16] for recent surveys on the subject). Nevertheless a lot of interesting and
important questions regarding this problem still remain open.

If, however, the owner of the facilities is unable to open all the facilities immediately (say, if he does not have
enough financial resources to do that), he will try to open them one by one, trying to minimize the average
distance functional F' at each step (i.e. when opening each facility), but, of course, taking into consideration
the location of facilities already opened at previous steps. Such a short-term optimization strategy amounts to
solving the following problem (in the sequel referred to as short-term planning problem).

Problem 1.2. For each n € N, n > 1, find a set ¥ = ¥/ minimizing the functional ¥ — F(3) subject to the
constraints

L LCYCQ #Y<n,

where Y/, :=

The above model, to the best of our knowledge, can be traced back to [17], where the short-term facility
allocation strategy is called a myopic allocation policy (see also references therein for similar formulations).
In the same paper the authors propose also several other allocation strategies which can be considered as
intermediate between the short-term and the long-term ones.

We will further denote s, := F(X]) the optimal cost of the above short-term optimization problem.

In this paper we discuss the asymptotic behavior of solutions to the above two problems as n — oo, by
studying the weak limits (in a suitable sense) of optimal configurations %, and X! as well as the optimal
costs [, and s,. Namely, we will be interested in finding answers to the following questions.

(A) Find the asymptotic order of I,, (resp. s,,) as n — oo, i.e. find an exponent o > 0 such that
Cin *<l, <Con™ ¢ (resp. Cin~* < s, < Con™ %)

for some positive constants C; and C5 and for n sufficiently large. To simplify the notation, in the
sequel we will write in this case l,, ~ n~% (resp. s, ~n~%).

(B) Find precise asymptotic estimates for I,, (resp. sy,), i.e. find lim, n®l,, (resp. lim, n®s,), or just lim inf
and lim sup, should the limit not exist.

(C) Describe the asymptotic behavior of the minimizers, i.e. find all the weak limits, in a suitable sense, of
subsequences of minimizers.
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In the pioneering paper [17] some accurate numerical calculations of optimal short-term configurations for the
case of the uniform density on a line and on a two-dimensional square have been provided for rather small values
of n. Moreover, some deep insights have been formulated regarding the behavior of solutions. Nevertheless,
the above questions have not been explicitly addressed nor even formally posed. In this paper we provide
rigorous results concerning the nature of the problem which partially confirm the insights of [17], and also go
further. In Section 2 we summarize all the known results on the asymptotic behavior of solutions to the long-
term optimization Problem 1.1 that we need for the purpose of comparison with the short-term optimization
Problem 1.2. In Sections 3 and 4 we show that, although the optimal cost of the short-term optimization
Problem 1.2 has the same order of asymptotic expansion as n — oo (i.e. the answer to question (A) is the same
for both problems), the two problems are qualitatively different even in the simplest one-dimensional case d = 1,
with v = £!. This case is actually treated in details in Section 4, where we describe explicitly the algorithm
that gives the sequence of points composing ¥;. To answer question (B) we prove that the above liminf is
different from the corresponding lim sup and strictly greater than 1 and, for question (C), we consider the weak
limits in the sense of measures of the distributions of the points and we prove that there is an infinity of cluster
points and none of them is the uniform density. Finally, we conclude the paper by some remarks and open
questions supported by numerical evidence, as well as the description of a similar problem we feel important
for applications.

2. THE LONG-TERM PROBLEM

The asymptotic behavior of the long-term optimal location Problem 1.1 has been intensively studied both us-
ing geometric (see e.g. [9,10]) and variational methods [3,11], in the latter case mainly by means of
I'-convergence tools (see [8] for details on the theory). In order to later make a comparison with the respective
properties of the short-term problem, we summarize here the most important properties of this problem. Notice
first that

I, < Cn~ Y4, (2.1)

This estimate is straightforward, if one considers a set ¥ composed by n points placed on a uniform grid of size
approximately equal to n—1/9,

We use I'-convergence theory to find answers to the questions (A)—(C) posed in the Introduction. In order to
apply it, we need to work with functionals defined on a common space, which we choose to be the space of all
Borel probability measures P(2). To this aim we identify each set ¥ C Q having #X < 400 with the measure
py € P(Q) defined by

1
Uy 1= ﬁzéﬁ‘

z€YD
We define now a sequence of functionals on the space P(2) by setting

2.2
400, otherwise. (22)

Fl) = {"”dF(E), if p = s, #3 < n,
The coefficient n'/¢ in the above formula prevents the minimization from degenerating and is chosen according
to (2.1). Tt is straightforward to recognize that minimizing §, is equivalent to solving Problem 1.1 up to the
above identification of sets with probability measures.
Here we give the I'-convergence result only for the case v = f - £2. This result could easily be generalized to
a generic measure v by inserting in the I'-limit only the absolutely continuous part of v with respect to £¢. The
proof of this theorem, for the case when f is a lower semicontinuous function, can be found in [3]. Anyway we
state such a result under the more general assumption f € L'(Q): the proof of this extension can be deduced
from the techniques developed by Mosconi and Tilli in [11] for the study of a similar problem (the so-called
irrigation problem).
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Theorem 2.1. The sequence of functionals {§y, }n I'-converges with respect to the weak®™ convergence of measures
to the functional Foo: P(Q) — R defined by the formula

Soo(p) = ba ﬁ d£d7 where 1= p - £+ Msing
Q

where p € LY(Q), psing stands for the singular part of the measure p with respect to L, and 0, is a constant
depending only on the dimension d satisfying 0 < 85 < co and given by

04 := inf{hminfnl/d/ dist (2, %,,)dz : %, € [0,1]%, #5, gn}.
n
(0,1]¢
The most important consequences of this theorem are summarized in the following corollary and answer
the questions we are interested in. For the reader’s convenience, we will simply provide a short proof for the
optimality of the measure i provided by Corollary 2.2 below, where a complete answer to questions (A), (B)
and (C) is given.

Corollary 2.2. The following assertions hold.

(A) One has 1, ~n~Y1.
(B) More precisely, one has

lirrlnnl/dln =min {Foo (1) : p € P} = bal|f]]a/as+1) > 0.
(C) Denoting by pn := ux, the measures associated to a sequence of minimizers for Problem 1.1, we have

that p, — fi as n — oo in the weak™ sense of measures, where [i is the unique minimizer of Foo and is
given by the formula

—1
po=cfY N rd yith ¢ = </ fd/<d+1>dz:d> .
Q

In particular, if v has constant density, i.e. v = c¢- L, then [i has constant density as well, namely,

n=v.
Proof. This statement comes from well-known properties of I'-convergence (i.e. convergence of minima and of
minimizers), once we find the unique minimizer of F.. Due to the strictly decreasing nature of §o, with respect
to p on {f > 0} and to the fact that ping and plir=oy do not affect the value of §oo, it is straightforward
that the minimizers should be absolutely continuous and concentrated on {f > 0}. To identify the density of
the absolutely continuous part, set A := f&/ (@D . £d Q and w := pf~4/ (@41 With this notation, finding the
minimizers to §oo is equivalent to minimizing the functional w — fQ w4 A\ over the set

{w € L', N), w >0, /

wdA = 1} :

Q

By convexity of the map w — w~'/?, it immediately follows from Jensen inequality that the minimum of the
latter functional is attained at a constant function w. This shows i = ¢f% (@D . £4 and the computation of
the constant ¢ follows from the constraint i € P(Q). At last, the value of minF., is obtained by plugging i
into the expression for §.. O

The exact values of the constants 64 are known in the one-dimensional and two-dimensional cases. Namely,
if Q =[0,1] and v = L1L.Q it is actually easy to compute explicitly the unique minimizer of Problem 1.1 which
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is given by the set of n points located at the centers of n equal disjoint intervals forming a partition of €2. In
other words, one has

"o(2i—1 1 1
Y= U{ ¢ }, F(X,) = P that 6 = T
i n

In the two-dimensional case when = [0, 1] and v = £?.Q it is known that the configuration of n points placed
in centers of regular hexagons, is asymptotically optimal as n — oo (see [9] or [10]), which gives possibility to
compute explicitly the constant ;. Namely one gets

310g3+4
1% dx .
) = /|z| e ~ 0T

where o C R? stands for the regular hexagon of unit area centered at the origin.

3. THE SHORT-TERM PROBLEM

In this section we answer question (A) posed in the Introduction regarding the short-term optimal location

Problem 1.2. Namely, we will show that
Sy ~n M4 (3.1)
whenever v < £¢, similarly to the asymptotic estimate I, ~ n~'/¢ proved in Section 2.

Before proving (3.1) we find it important to remark that the values s, may actually depend not only on n,
but also on the chosen sequence of solutions {X/,} of the short-term Problem 1.2. This is due to the fact that
at each minimization step both the position of the next point and the new minimum value may depend on the
history, i.e. on the configuration chosen on the previous steps. In other words, the choice of the optimal set at
each step may affect the minimal values of all the following steps as the following example shows.

Example 3.1. Consider the one-dimensional situation d = 1 with € := [0, 4] and

1 1
V= (5 Loy + 11[2,4]) L

Then one clearly has that both singletons {1} and {2} are solutions to the short-term location problem at the
first step n = 1, and both give the value s; = 5/4. Now, if one takes 3} := {1}, then at the second optimization
step n = 2 we get the unique minimizer ¥, := {1, 3}, which gives the value s = 1/2. On the other hand, if at
the first step one takes ¥ := {2}, then at the second step one gets the unique minimizer X4 := {1/2,2} which
gives a different value s; = 5/8.

Coming back to proving (3.1), we observe that it is impossible to use the I'-convergence theory for this
purpose. Namely, the constraint ¥ ,,; D ¥; which is imposed at each minimization step, actually gives raise
to a sequence of problems that, once rescaled and expressed in terms of probability measures as in Section 2,
involve the functionals §/, given by

Sn(p), if either = ”T_lug/wl + %595, x €€,

() = or p=ps
400, otherwise.

It is therefore not difficult to see that, whenever s, 2 [ in the weak™ sense of measures as n — 0o, then the
[-limit functional §F, would be finite only on f itself. This means that taking the limit of a sequence psy,, and
using the fact that it minimizes §._ gives no additional information on the limit itself. Hence it is not possible
to find & in this way, contrary to the long-term case. We will therefore analyze the short-term Problem 1.2
directly, without using I'-convergence tools.

The following assertion is valid.
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Theorem 3.2. For any probability measure v there exists a constant Co such that
$n < anfl/d;

moreover, if v << L%, there also exists a positive constant Cy such that
Cin~ YVt < s,

The two constants Cy and Cs do not depend on the choice of the sequence of solutions to the short-term optimal
location Problem 1.2. In particular, (3.1) holds.

Proof. Let {X,} (resp. {X,}) be a sequence of minimizers for the short-term optimal location Problem 1.2
(resp. long-term optimal location Problem 1.1), where v = f - £4 f € L'(2). Of course, the long-term cost is
lower than the short-term one, namely,

F(Z,) < F(2).
This provides the required estimate from below as a consequence of Corollary 2.2, under the same assumption

of such a corollary.
Now we come back to the case of an arbitrary v and we want to prove an estimate of the form

F(x!) < Bn~ /4

for a suitable constant B independent of the choice of the sequence of solutions to the short-term optimal
location Problem 1.2.

Once we have a set 3/, we want to estimate by how much the functional F' decreases when we add a point
xo € Q. For the sake of brevity denote §(z) := dist (x,%)). If we set ¥ := ¥/ U {xo}, it is clear that for
z € B(zo,6(z0)/4) we have dist (z,%) < 6(z0)/4, 6(z) > 38(x0) and hence dist (z,X) < §(x) — 6(z¢)/2. Thus,

e stao)i=v (5 (2500 ) ) 2502,

F(¥) < F(2,) —g(ro) and F(¥,,) < F(X,) - Sue%g(fvo)-

we get

To estimate sup, cq g(zo) we use the inequalities

oz
/Q(Io)dJUOZ/dwo/dV(w) (20)1{\zfzo|<6(930)/4}(x)
Q Q Q

oz
:/dV(fﬂ)/ ( 0)1{|x—x0\<5(x0)/4}(ﬂfo)dfﬂo-
Q Q 2

We may estimate this last quantity by using the fact that, for g € B(x, d(x)/5) the condition |z —x¢| < d(x)/4
is always satisfied as well as the inequality d(z¢) > 26(x). This implies

o(x
/g(wo)dxoZ/dV(fE)/ (20)1{|x—xo\<a<x>/5}(x0)d$0
Q Q Q

dwy 2wy dt
d+1
> /Qdu(x)2 : 5d+16($) > PO (/Q dy(x)é(ac)) ,

where wy stands for the volume of the unit ball in R%. The last inequality in the above chain is an application
of Jensen inequality since v is a probability measure.
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We have therefore obtained

sup g(zg) > ﬁ/gg(:co)d:co >C </Q dl/(:C)é(:E)) o = CF(x!)4*1,

ToEN

which implies

F(2,1) S F(2,) - CF(z)™,
where C' > 0 depends only on the dimension d of the underlying space. The conclusion follows now from
Lemma 3.4 below (minding that the value s; is independent of the choice of the sequence of solutions to the
short-term optimal location Problem 1.2). O

Remark 3.3. The lower estimate of Theorem 3.2 is valid whenever v is such that the same estimate holds true
for the long-term problem (i.e. if v is such that the infimum of the I'-limit of the sequence §,, is positive). This
happens, for instance, whenever v is absolutely continuous with respect to the Lebesgue measure, though it
suffices that the absolutely continuous part of v with respect to the Lebesgue measure be nonvanishing. In fact,
it can be quite easily proven that the expression of the I'-limit contains only the latter absolutely continuous
part.

Lemma 3.4. Let {a,} be a sequence of nonnegative numbers satisfying a1 < an, —Caltl for allm € N, where
C > 0. Then there exists a number B > 0 (depending only on a1, C and d), such that a, < Bn=4 for all
n € N.

Proof. The proof will be performed by induction, simultaneously with the choice of B.
The step n = 1 is satisfied choosing B > a;. Now we look for a condition on B such that the following
statement is satisfied: if for some n € N one has a,, < Bn’l/d, then a,11 < B(n + 1)’1/(1. Since

Ol < ap — CaZH < Bn Y4 _ C’affl,

then we must impose that
Bn~V4 — Cadtt < B(n+1)"V4,
Using again the fact that a, < Bn= /% we get

Bn~ Y4 < B(n+1)"Y? 4 B p@+D/d

or equivalently
1\1/d 1/d
0+ "1 opafi4 1)
1/n - n '
Minding that

1/d
1+2)7" -1 d(aV/?
( n) /! ( )|a;=1 — 1/d,
1/n dz
it is sufficient to impose 1/d < CB?(1 + 1/n)1/d, or even 1/d < 20B?. Therefore, the choice B := a; V
(1/2dC)"/? suffices for the proof to be concluded by induction. O

4. THE ONE-DIMENSIONAL CASE WITH UNIFORM MEASURE

In this section we address questions (B) and (C) posed in the Introduction regarding the short-term optimal
location Problem 1.2. In particular, studying question (B), we will show that, even in a very simple one-
dimensional situation with v being the uniform measure on an interval, the ratio s, /l,, (which is never smaller
than one) does not have a limit as n — oo, and hence, neither does n'/ds, (although by Th. 3.2 one has nt/ds, ~
1), since by Corollary 2.2 lim,, nt/d], exists. Moreover, we will show that in this case even liminf, s,/l, > 1.
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We further show that in the same situation there are infinitely many limit measures (in the weak* sense) of the
sequences of iz as n — oo, where X} solves Problem 1.2, and what is more, neither of such limit measures is
equal to the unique limit measure of the sequence of solutions to the long-term Problem 1.1.

In this section we restrict ourselves to the case Q2 = [0,1] and v = £!. We will further identify each set ¥ C Q
having finite number of points with the partition of {2 by the points of X.. Namely, if ¥ = {z1,..., 2}, we will
always order the elements of ¥ in such a way that

1 <x2<...<Tg,
and identify ¥ with the partition of Q given by the intervals (Ai)fill, where
Al = [0, 1‘1], AQ = [1‘1, CL’Q], ey Ak = [:L'kfl, l‘k], Ak;Jrl = [:L'k, ].]

The intervals Ay and Agyq will be further called external intervals, while all the other intervals of this partition
will be called internal intervals. We will also identify the same set with the (k + 1)-dimensional vector whose
entries are the lengths of the intervals of the respective partition

(A1l .., [Agg1|) = (21,20 — X1, 23 — T2, ..., T — Tp—1, 1 — Xp),

and we write
Y~ (xl,xg —X1,T3 —T2y...,T —Ik_l,l —xk).

For instance, the set {1/3,2/3} is identified with the respective partition of [0,1], and with the vector
(1/3,1/3,1/3), i.e. {1/3,2/3} ~ (1/3,1/3,1/3). The intervals [0,1/3] and [2/3, 1] are external intervals while
the interval [1/3,2/3] is internal.

Proposition 4.1. Given a Xy C Q, assume that X ~ (A\1,..., Ak11), and let X1 be a minimizer of F over
all sets ¥ C Q such that ¥ D 3y and #3111 =k + 1. Then Y11 = X U {x}, while either of the following two
conditions hold.

(1) FEither x is the center of some internal interval A;, so that
i1 2 (Ao A1, A/ 2,0 /2, A, - Akg),
while
F(Ek41) = F(Sk) — A /8;

(2) orx divides some external interval Ay or Api1 with the length ratio 1:2 closer to the boundary of [0, 1],
so that

2k+1 ~ ()\1/3, 2)\1/3, )\2, ey >\k+1) or EkJrl =~ ()\1 ceey )\k, 2>\k+1/37 >\k+1/3)
while
F(Si41) = F(Sk) = A /3,
wherei=1 (ifx € Ay) ori=k+1 (if v € Apiq1).
Proof. It x € Ay, i & {1,k + 1} (i.e. A; is internal), then

F(Xg41) = / dist (z,3y) dz + / dist (z,{zi—1, 2, 2;}) dz
[0,1\A;

i

1 . — J— .
:/ dist (z,3y) dz — (: :c)(;n m171)7
0
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and to conclude, it is enough to maximize the last quadratic function of . The case when A; is external, say,
i =1 (the case i = k + 1 is completely symmetric), is absolutely analogous, once one notes that

F(Xk1) = / dist (z, Xx) dz + / dist (z, {z,z1}) dz
[0,11\24 ;

i

1 ) ) o
:/ dist(z,zk)dz—ﬁ_(m__;_u)
0

2 2 4
_ F(Ek) _ 322 — 2z + x%
4
Here as well it is sufficient to maximize the quadratic part. O

We will further say that the point x € A; is in optimal position, if either A; is an internal interval and x
is its center, or A; is an external interval, and = divides it with the length ratio 1:2 closer to the boundary
of [0,1]. The above proposition says that whenever ¥, C Q, #X; = k and X1 C Q, #Xk11 = k + 1 solve
Problem 1.2, then X411 = X U {z} with = in optimal position.

We set now

1 1 1 1
Qi=|——,—|U|l- -1 — . , € N,
[2-3”1 2-31} [ 5.3 2.3 'e
so that, clearly {Q;}; gives a partition of €, while |[€;| = 2/3""!. This allows us to formulate the following
corollary to the above Proposition 4.1.

Corollary 4.2. Let ) C Q, #3; =k be a solution to Problem 1.2. Then, for the corresponding partition of Q
one has that for each interval A; there exists a unique couple of numbers (j,h) € N2, such that |A;| = 37727",
while

(1) if A; is internal, then j > 1 and A; C Q;;
(2) if A, is external (i.e. i=1ori=k+1), then h =1 and

o 0, k=1,
7= o orjo—1, otherwise,

where jo :=sup{j : Q; D A, for some m =2,...,k}.
Proof. The proof is easily obtained by induction on k. O

Consider an arbitrary X} ~ (A1,..., Ag4+1) solving Problem 1.2. Thanks to the Corollary 4.2 we will identify
each number )\; corresponding to the internal interval A; with the respective couple (j,h) € N2, j > 1, such
that \; = 37727, We will further identify every external interval A; with the couple (j + 1/2, —1/2), where
j € N is such that \; = 37727 (the reason for the latter identification will be explained in a moment).

Consider now the set D of couples (j, h) € R?, where (j,h) € N2, j >1,0or j € N+1/2, h = —1/2. We have
that each interval A;, and each \; is identified with a unique point dy, € D. We introduce the ordering on D
according to the following definition.

Definition 4.3. We denote (j2, ha) > (J1, h1), if
ha — h1 + (j2 — j1) log3/log2 < 0.

Observe that the above relation well orders the set D. We have now the following simple assertion.
Proposition 4.4. Let ¥) C Q, #X) =k be a solution to Problem 1.2. Let p,q € {1,...,k+ 1}, and consider
dx, = (Jr,, ha,)sdx, = (jn,, ha,) € D. Consider X} | = ) U{zP} and X} | = X5 U {29}, where 2P € A,
and x? € Ay are in optimal positions. If dx, = dy,, then

F(Si1) > F(Si)-
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Proof. One considers separately three cases.
Case 1. Both A, and A, are internal intervals. Then
F(Sh,) = F(Z) - 2/8
(Zh) — 37222720 /8
(%) = 3702720 /8 = F(37,,),

Vol
o

because hy, — hx, + (jx, — j»,) log3/log2 < 0 implies 3~2*p272Mp < 372272,
Case 2. One of the intervals (say, A,) is internal, another one (A,) is external. Then, minding that

hy, = —1/2, and hence X, = 37 F1/29=1 = 379x, = 1/292hx, e get
F(S},1) = F(Z) — /3
= F(Z}) — 3722
= F(Z}) =372
> F(S}) — 372272 /8 = F(XP ),

because hy, — hx, + (j, — jr,) log3/log2 < 0 and hy, = —1/2 implies 37 *» 27" < 37222722 /8,

Case 3. Both intervals A, and A, are external, so that \, = 37 +1/22-1 and A, = 372 +1/22-1 while
j,\q <j)\p. Then

F(2},,) = F(Z) - A3,/3
= F(%}) — 37 % T1272/3
> F(X)) =37 %1272 /3 = P(S), ). O

As an immediate consequence of Proposition 4.4 we get the following theorem.
Theorem 4.5. Let X} C Q, #X) =k be a solution to Problem 1.2. Let d = (j,h) € D be mazimal (with respect
to the order =) among the elements dy, € D corresponding to g € {1,...,k+1}. If ¥ | CQ, #¥5 , =k+1
solves Problem 1.2, then ¥ | = ¥ U{x} where x € A, is in optimal position and p € {1,...,k+ 1} is such
that d = dy, (such an element may be nonunique).

We are now able to formulate the following statement which says exactly what the sequence {¥ } of solutions
to Problem 1.2 looks like in the particular case we are considering.
Corollary 4.6. Enumerate D in the order given by the relation =, so that D = {d(i)}$2,, d(i + 1) = d(i).
The sequence of solutions ) C Q, #3) =k to Problem 1.2 can be described in the following way by induction
on (D,=). Each d(i) = (j(i),h(i)) € D gives rise to a part S* of the sequence of optimal sets.

o SY consists of the unique set ¥ ~ (1/2,1/2).

o The set S™"! consists of the sets X} ..., %), where X is the last element of S*,
E;-l-l:g_/ju{m]'}? j:ka"wh*la
h=k+2M) 1, rj € Ay C Qg in optimal position, and p € {1,...,7} is an arbitrary index satisfying
d(i) = dx,.
Proof. The proof is easily obtained by induction on the well-ordered set (D, >). O

Remark 4.7. An easy consequence of what has been proven so far, is that in the case we are considering (that
is, when v is the uniform measure over the interval) the value of s,, does not depend on the particular sequence
of solutions {X/ } to short-term Problem 1.2, i.e. it depends only on the index n.
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Example 4.8. We consider the first elements of the possible sequences of solutions ¥, C Q, #X = k to
Problem 1.2.

(1) i=0,8% = {%)}, where
¥~ (1/2,1/2).
(2) i =1, d(1) := (j(1),h(1)) = (=1/2,—1/2) € D. From d(1) = dy, we get \, = 37/(1+1/22-1 = 1/9,
which corresponds to the two external intervals of length 1/2. Hence, S := {2}, 34}, where
either X ~ (1/6,1/3,1/2) or ¥4 ~ (1/2,1/3,1/6),
S ~ (1/6,1/3,1/3,1/6).

(3) i =2, d(2) := (j(2),h(2)) = (1,0) € D. From d(2) = dy, we get \, = 377P27h() = 1/3 which
corresponds to the two internal intervals of length 1/3, both belonging to Q) = Q. Hence, S? =
{¥}, 34}, where

either ¥ ~ (1/6,1/6,1/6,1/3,1/6) or ¥ ~ (1/6,1/3,1/6,1/6,1/6),
¥ ~(1/6,1/6,1/6,1/6,1/6,1/6).

(4) i=3,d(3) == (§(3),h(3)) = (1/2,—1/2) € D. From d(3) = d», we get \, = 377 ~1/2271 = 1/6, which
corresponds to the two external intervals of length 1/6. Hence, 83 := {3, X%}, where
either X, ~ (1/18,1/9,1/6,1/6,1/6,1/6,1/6)
or ¥, ~(1/6,1/6,1/6,1/6,1/6,1/9,1/18),
S, o~ (1/18,1/9,1/6,1/6,1/6,1/6,1/9,1/18).
(5) i =4, d(4) := (j(4),h(4)) = (1,1) € D. From d(4) = dy, we get \, = 372" = 1/6, which

corresponds to the four internal intervals of length 1/6, all belonging to ;4 = Q;. Hence, S% =
{X%, 35, 10, X1 }, where

either ¥ ~ (1/18,1/9,1/12,1/12,1/6,1/6,1/6,1/9,1/18)

or ©f ~ (1/18,1/9,1/6,1/12,1/12,1/6,1/6,1/9,1/18)

or ©f ~ (1/18,1/9,1/6,1/6,1/12,1/12,1/6,1/9,1/18)

or $f ~ (1/18,1/9,1/6,1/6,1/6,1/12,1/12,1/9,1/18),
cither ¥ ~ (1/18,1/9,1/12,1/12,1/12,1/12,1/6,1/6,1/9,1/18

or Y
or ¥ ~ (1/18,1/9,1/6,1/12,1/12,1/12,1/12,1/6,1/9,1/18
1/18,1/9,1/6,1/12,1/12,1/6,1/12,1/12,1/9,1/18

1/18,1/9,1/6,1/6,1/12,1/12,1/12,1/12,1/9,1/18),

)

)

1/18,1/9,1/12,1/12,1/6,1/6,1/12,1/12,1/9,1/18)

)

or Y )
)

~(
=~ (
=~ (
=~ (
=~ (
or Eg) ~(1/18,1/9,1/12,1/12,1/6,1/12,1/12,1/6,1/9,1/18
~(
~(
~(
or ¥y =~ (

We are now able to claim the following assertions answering questions (B) and (C) for the case we are
considering.

Theorem 4.9. Assume v = L*[0,1]. Then the bounded sequence {ns,} does not converge as n — oco. Further,
for any sequence {X,} of solutions to Problem 1.2, the sequence of probability measures psy has infinitely many
limit measures in the weak™ sense as n — oo.
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Proof. Fixed a j € N, consider the sequence of indices &, such that ¥ ~induces a subdivision of the set €;
into 2" equal subintervals while the partition of 2 corresponding to Z;fn 41 divides further one of the latter
subintervals into two equal intervals. This means that the sequence of partitions corresponding to optimal
sets X, starting from k = k,, and up to k = k,, + 2", will be obtained by dividing into two equal parts at each
step one of the 2" subintervals in €2;. Set now

Gn ::/ dist (2,3}, )dz and b, 1:/ dist (z, ¥}, )dz.
0,1\2 " e '

J

Fix an arbitrary dyadic number A € (0, 1) and consider the new sequence of indices k], := k,, + A2™, so that the
partition of € corresponding to 3, coincides with that corresponding to ¥, up to the fact that some of the
subintervals in )y, namely, a fraction A of the total, have been split in two parts. This implies that

k;zlk;,b = k;LF(E;%) = (kn + )\2n)(an + (1 - )‘/Q)bn)a

splitting an interval in two equal parts reduces the average distance from its points to X by a factor two. Mind
that

knli, = knF(X),) = kn(an + by),

and hence,

n?

and assume by contradiction that, limy kl exists. Then lim,, kglk% = lim,, k, 5

(ko + AQ”)(anJr(l - g)bn) — En(an + bn)

- )\(Z”an _ %knbn + (1 _ %) 2"bn>

= A(2"an - %knbn + %(1 - g)) —0

as n — oo. Therefore, 2"a,, — kpb,/2 — A/18 — 1/9 as n — oo, which means that, taking two different dyadic
values of A € (0,1), the sequence {2"a,, — k,,b,/2} has two different limits. This contradiction proves the first
claim.

To prove the second claim, we first show that the limit measures of the sequence {‘U,E;} are not unique, where
1 € [kn, kn+2"]. To this aim, suppose by contradiction that all the subsequences of the above sequence converge
in the weak® sense to the same limit measure p as n — oo. In particular, this is the case of {ME%W }, which
clearly then converges to a uniform measure over {2; since the points of E;cn are uniformly distributed over Q;.
Observing that k,, > 2", and hence

/(14N <kn/k, <1,

we may assume without loss of generality that up to extracting a subsequence of k,, (not relabeled), the sequence
{kn/K,} converges to some finite limit. Hence

psr, (825) v
S A ) L — (14 ) lim An

1= lim Qj) n—oo 2n/kn 00 k;L7

n—o0 ’
Hsy

which gives lim, k,/k], # 1. But since

kn 2™
psr, (Q5) = s () + T
n

k!
n n
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FIGURE 1. Plot of s, /1, for the case of uniform density over [0, 1].

then passing to a limit in the above relationship as n — oo, we get

.k :
wu(€;) = lim k_,ﬂ(Qj)+ lim

= u(2;) lim IZ—:I + lim (1 — k—n) .

n—oo n—00
n

Minding that lim, k,, /k], # 1, the above relationship is only possible when p(€;) = 1, i.e. when the unique
limit measure p is concentrated on €2;, which is clearly not the case because

1(82)
3

p(€41) > (4.1)

To verify the latter inequality, it is enough to notice that

psr (1) 2k 41
n = , with (4,n) = (7 +1,h),
ps (@) e MO =G LR

so that h > n —log3/log2, which gives (4.1) in the limit as n — oo.
At last, to show that the limit measures of the sequence {yux: } are infinite, it is enough to vary j € N. [

In Figure 1 we provide a graph of s, /I, for the case we are considering calculated according to the algorithm
given by Theorem 4.5 and Corollary 4.6.

Theorem 4.10. No sequence {X.} of solutions to Problem 1.2 (with v uniform measure on [0,1]) has the
Lebesgue measure L1L[0,1] as a limit measure of some subsequence of psr in the weak™ sense as m — oo.

Proof. By using Corollary 4.6, to any k we can associate a set §2; in the following way. Let ¢ € N be such that
¥, € 8. Consider now the pair (j(i),h(i)) € D corresponding to the index i, and set j := j(i). The index
J = j[k] associated to a set ¥ represents the set ; where we last put a point in building ¥} and also the
set {1; which is being divided in a dyadic way by the optimal sequence at step k. Namely, if we look at the
points composing ¥, we see the following picture.

e For every j > maxy <y j[k'] no point of ¥ belongs to €2;.
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e Every ; with j < maxy < j[k'] and j # j[k] contains a certain number 2" of points of ¥} (precisely
we have h = max{h : (j,h) < (§[k], k)}).
o At last, in Q) we cannot exactly predict the number of points of 2
Up to choosing a subsequence of n (not relabeled), we can suppose the existence of two distinct indices j; and
Jo such that for any n (from the chosen subsequence) we have j[n] # ji1, and j[n] # j2. Extracting a further
subsequence of n (again not relabeled), we may assume that max <y j[k'] > (j1 V j2), and hence the number of
points of X/, in the sets 2, and €25, is a power of two. This means that, if we set u,, = frsy and we suppose

fin — = L£1[0,1] in the weak* sense as n — oo, we get

9A(m.j1,d2) pn(82) —
Hn (sz) N(Q]é)

where A\(n, j1, j2) is an integer exponent depending only on n, j; and jo. Yet this is a contradiction as a sequence
of powers of two can converge only to 0, +00 or a power of two. O

The above theorem gives a rigorous formulation of the insight of the authors of [17] who noticed that a
short-term strategy in the above one-dimensional situation, compared to other allocation policies, induces
“a more uniformly spaced allocation yet not completely uniform”.

Corollary 4.11. One has
1 < liminf s, /1, <limsup s,/l,,

n— oo n—00

if v is the uniform measure over [0, 1].

Proof. The second inequality is just the reformulation of the first claim of Theorem 4.9 minding Corollary 2.2.
To prove the first inequality, note that s, > l,,, while, should the above lim inf be equal to one, we could build

a subsequence {22} of solutions to short-term Problem 1.2 such that the respective sequence of measures
{ns; } is asymptotically optimal for the sequence of functionals {Fy,, }» defined by (2.2). From general results

in I'-convergence theory we would obtain ux, 2 i in the weak* sense as n — oo, where [i is the limit measure
for the long-term Problem 1.1, i.e. the Lebesgue measure over [0, 1], which contradicts Theorem 4.10. (]

5. CONCLUDING REMARKS AND OPEN PROBLEMS

We conclude the paper by a list of remarks and open problems regarding the model studied in this paper,
which we consider to be interesting for further study.

Question I. Tt seems interesting to understand whether the phenomena studied in Section 4 (e.g. non
existence of the limit of s,,/l,,, the fact that the respective liminf is strictly greater than one, non-uniqueness of
the limit measures for the short-term location problem, etc.) for the case v = £L[0, 1] occur in the case of generic
measure v in one-dimensional case d = 1. Further, it seems to be important for applications to characterize
completely the limit measures of the short-term problem and to obtain sharp estimates on liminf, . 5/l
and limsup,,_, . $n/l, even for the uniform measure v. In the latter case, the numerical computation provided
in this paper (Fig. 1) suggests that both limits are close to 1. In practice, one could assume that asymptotically
the value of the functional in the short-term problem is almost the same as in the long-term one, which would
give a rigorous statement of the idea first suggested in [17].

Question II. In the case of the generic space dimension d > 1 we are able to prove only the asymptotic order
estimate of the value of the functional in the short-term problem. It seems therefore important to study the
above posed problems for generic space dimension even in the simplest case when, say, v is the uniform measure
on the unit ball or on the unit square. Figure 2 shows what one can expect about the behavior of s, in the
case of a uniform density on a unit square (for convenience, the normalized values s, /I3° are provided, where
[ := n’l/d92||f||d/(d+1) stands for the asymptotical value of the long-term minima according to Th. 2.1), while
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FIGURE 2. Plot of s,,/15° for the case of a uniform density on a unit square.
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FIGURE 3. Short-term location for the case of a uniform density on a unit square of (left) the
first 9 points (right) 1000 points.

Figure 3 shows how the distribution of points in this case looks like. Both figures are obtained by a numerical
calculation on a uniform 200 x 200 grid. We just point out that the plot of n — s, /{3° in principle may depend
on the sequence X/, i.e. on the history. It seems important therefore to understand whether lim,, s, /l,, depends
on the sequence X/,. More results of numerical computations for the short-term optimal location problem can
be found on the web page [18].

Question IIT. At last, it is natural to mention here a similar problem introduced in [7] and sometimes
called irrigation problem (see [4-6,12-14]) on minimization of the average distance functional, but over compact
connected sets of finite length, rather than discrete sets of points (as in this paper). The statement of such a
problem is obtained by replacing the constraint on cardinality #X of the unknown minimizer ¥ in the location
problem by the similar constraint on the one-dimensional Hausdorff measure H!(¥). The problem is therefore
that of finding a minimizer of the cost F: ¥+ [, dist (z, ¥) dv(z) over all compact and connected sets ¥ C €
satisfying H!(X) < [ with given [ > 0. This problem, which again can be interpreted as the long-term one,
admits also a natural short-term approach. Namely, by letting the parameter [ increase, we would like to
find an irrigation set ¥ which increases continuously with [, in such a way that the functional F' decreases
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as fast as possible. This construction may be made rigorous through a slight modification of the well-known
method of minimizing movements (see for instance [1,2] for the presentation of the theory). Namely, fixed an
arbitrary time step 7 > 0, we minimize the functional ¥ — F(X)+H!(X\ £7)?/27 over the set of all connected
compact subsets of ) satisfying the constraint Y741 D X, where X = () (alternatively, one could drop the H*-
penalization term in the above functional and add the additional constraint H*(Zx11) < H'(X]) + 7 instead).
Let then t — X7(¢) be the piecewise constant map defined by

Y7(t) =X, for t € [kr, (k+ 1)7].

One should first study whether in this way one can find a well-defined increasing evolution X(¢) as a limit (in
the Hausdorff topology) of £7(¢) as 7 — 0. Further, several questions then arise about the behavior of ¥(t). For
instance, it has been proven in [5,6,13,14] that the solutions of the long-term irrigation problem under suitable
conditions on problem data do not contain loops, have a finite number of endpoints and may have only regular
tripods (i.e. triple junctions with the branches with infinitesimal angles 120° between each other) as branching
points, which are at most finite in number. It is interesting to verify whether the same or similar properties
hold also for solutions of the short-term problem X(¢) for all (or for some) ¢t € R*, or whether such solutions
are just simple curves without branching points. Besides, one is also interested in the asymptotic density of
the curve X(t) (i.e. the weak* limits of the measures H' X(t)/H*(2(t)) as t — oo), which for the long-term
irrigation problem has been studied in [11].
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