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A SINGULAR PERTURBATION PROBLEM IN EXACT CONTROLLABILITY
OF THE MAXWELL SYSTEM *

JOHN E. LAGNESE!

Abstract. This paper studies the exact controllability of the Maxwell system in a bounded domain,
controlled by a current flowing tangentially in the boundary of the region, as well as the exact con-
trollability the same problem but perturbed by a dissipative term multiplied by a small parameter in
the boundary condition. This boundary perturbation improves the regularity of the problem and is
therefore a singular perturbation of the original problem. The purpose of the paper is to examine the
connection, for small values of the perturbation parameter, between observability estimates for the two
systems, and between the optimality systems corresponding to the problem of norm minimum exact
control of the solutions of the two systems from the rest state to a specified terminal state.
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1. INTRODUCTION

Let Q be a bounded, open, connected set in R with smooth boundary I', and let T > 0. We consider the
Maxwell system

pwHy+rot E=0 in Q:=Qx (0,7)
vAE=JonX¥:=Tx(0,T)
E(O) :E(), H(O) :H() in Q,

{sEt —rotH=0

as well as the perturbed system

eE? —rot H® =0

pHY +rot E° =0 in Q
VAES —SuANHAv)=Jon X, §>0,
E%(0) = Ey, H°(0) = Hp in €.
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Here A denotes vector cross product, v is the exterior pointing unit normal vector to I' and £ = (¢/%(x)),
p = (u/*(z)) are positive definite 3x3 Hermitian matrices with C°°(Q) entries. The function J is taken from
the class

U=LAD):={J|Je L*0,T;£*T)), v-J(t) =0 fora.a. z €T and a.a. t € (0,T)} -

Function spaces of C-valued functions are denoted by capital roman letters, while function spaces of C3-valued
functions are denoted by capital script letters. We use « - 3 to denote the natural scalar product in C3, i.e.,
a-f= Z?zl a;3;, and write (-, -) for the natural scalar product in various function spaces such as L?(Q) and

L£2(£2). A subscript may sometimes be added to avoid confusion. The spaces L?(Q2) and £2(12) denote the usual
spaces of Lebesque square integrable C-valued functions and C3-valued functions, respectively.
Set H = L2(Q) x L2(Q) with weight matrix M = diag(e, ). Thus

(6, )13, = (0, &) + (), ¥)-

It will be proved below that for J € U and (Ey, Hy) € H, equation (1.2) has a unique solution with regularity
(E°,H%) € C([0,T);H), v A E%|s € L2(X), v A (H° Av)|s € L2(X). On the other hand, for the same data, the
solution (F, H) of (1.1) has less spatial regularity. Thus there is a loss of regularity as § — 0 and therefore we
consider (1.2) as a singular perturbation of (1.1).

For a scalar function a € L>(Q) we define

Dao(2) ={x € EQ(Q) : div(ay) = 0},
and we set
HO = DE,O(Q) X Du,O(Q)a

which is a closed subspace of H. We note that (Ep, Hy) € Ho implies that (E°, H?) € C([0,T]; Ho) for § > 0.
Consider the problem of exact controllability of the solution of (1.1) to the space Hy at time T": given fixed but
arbitrary (Ey, Hy), (E1, H1) € Ho, find a control Jy € U such that the solution (1.1) satisfies

E(T) = Ey, H(T) = H,. (1.3)

Without loss of generality, one may assume that £y = Hy = 0. It is known that the exact controllability
problem has a solution if and only if Hy is continuously observable, that is, there is a constant C$ > 0 such that

(o, %0) 2, < C3 / e 2AE, V(o, o) € Fo, (1.4)
where

Yri=v AW AY) =Y —(Y-v),

Fo=FNHo, F={(do,%0)€H: s € L)}

and where (¢, 1)) is the solution of the problem

epy —roth =0
s +rotp =0 in Q (L5)
vAp=0onX )

¢(T) = ¢o, 1/)(T) = 1p in Q.
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Indeed, it follows from Green’s formula (2.1) below that formally

(E(T), H(T)), (60, o)) = — / J .S, Y(d0, %) € Fo.

When (1.4) holds, the control of minimum norm in £2(X) such that the state constraint (1.3) is satisfied is
given by

J = s (1.6)

where (¢, 1) is the solution of (1.5) with final data (¢g, o) € Fo given by

<(E1aH1)7(¢0,1P0)>HZ/Z|¢T|2d§3- (1.7)

Therefore, the optimality system for the problem of norm minimum control of the system (1.1) from the rest
state (0,0) to the state (Ey, Hp) at time T is given by (1.1) and (1.5), where the final data is given by (1.7),
and the norm minimum control J° is given by (1.6).

Similarly, consider the problem of exact controllability of the solution of (1.2) to the space Hy at time T
with Ey = Hp = 0 and given fixed but arbitrary (E1, H1) € Ho, find a control J % ¢ I such that the solution
(1.2) satisfies

EX(T) = Ey, H(T) = H,. (1.8)
This problem has a solution if and only if there is a constant C2. > 0 such that
[[(¢0, %o) I3 < C%/z [W2PdS,  V(¢o, ) € Ho, (1.9)
where (¢°,1?) is the solution of

5¢ffrotw5:0
pb? +rotd® =0 in Q

VA +6¢Y° =0on X% (1.10)
¢°(T) = ¢o, °(T) =10 in Q.
Indeed, for the solution of (1.2) one has
((B°(T), H(T)), (¢0, %) )n = —/EJ'¢£dE7 ¥(¢0,10) € Ho. (1.11)
Remark 1.1. From the easily verified equality
T
16 (1), 4° ()13, + 25/ /F [ 12dTdt = |[(¢0, vo)l13, ¥(d0, %) € H, 0 <t < T, (1.12)
t

one has the reverse inequality of (1.9)

[P < el ) Vo) € . (1.13)
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It follows from (1.11) and (1.13) that the control-to-state map L3.J := (E°(T), H*(T)) is bounded from U into
Ho, and one sees that (1.9) is equivalent to the bounded invertibility of (L$.)*, which in turn is equivalent to
Rg(L§) = Ho.

When (1.9) holds, the control of minimum norm in £2(X) such that the state constraint (1.8) is satisfied is
given by

where (¢%,1/?) is the solution of (1.10) with final data (¢9,1]) € Ho given by

<whmuﬁwmﬁzéwwﬁx (1.15)

Therefore, the optimality system for the problem of norm minimum control of the system (1.2) from the rest
state (0,0) to the state (Ey1, Hy) at time T is given by (1.2) and (1.10), where the final data is given by (1.15),
and the norm minimum control is given by (1.14).

The purpose of this paper is to examine the connection between the observability estimates (1.4) and (1.9),
and between the corresponding optimality systems for small values of §. Specifically, we shall prove the following
results:

Theorem 1.1. For § >0, let (¢°,1?) be the solution of (1.10) if § > 0, or the solution of (1.5) if § =0, where
(¢0,%0) € H if 6 >0, and (¢o,%0) € F if § =0. The map § — |[93]|z2(x) : RY = RT is nonincreasing.

Corollary 1.1. If (1.9) holds for some dg > 0, then it hold for all § € (0, o] with the same constant C%O, and
(1.4) holds with C = C%.

Theorem 1.2. Assume that (1.9) holds for some &y > 0. Let (E1, H1) € Ho, and (¢°,°) be the solution of
(1.10), where (¢3,%3) € Ho is given by (1.15). Then as § — 0,
(¢°(),%° () = ((-), () weakly* in L=(0,T; H)
(¢, 40) — (b, o) weakly in H,

where
e —rotp =0
' +rotdp =0 in Q
vAgp=0onX

A(T) = ¢o, Y(T) =1 in .

Further, (¢o,%0) € Fo, Vo|s — ¥ |s strongly in L2(X) and

(Ev, Hy), (o, o)) = /Z [, |25

Theorem 1.3. Assume that (1.9) holds for some 6o > 0. Let Ey = Hy = 0, (E1, Hy) € Ho, and (E°, H%) be
the solution of (1.2) with J = —?|s (thus (1.8) holds). Then (E°, H%) — (E,H) weakly* in L>°(0,T;X"),
where (E,H) is the solution of (1.1) with J = —;|s (thus (1.3) holds) and where X — H — X' is given by
(2.7) below.

Remark 1.2. The validity of (1.9) for some dp > 0 is equivalent to

|w%mwwms%4wwﬂ,wwwmno
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for some & > 0. The latter is equivalent to the following stability estimate for the system (1.2) with J = 0:
I(E°(T), H(T)) |3 < CF / [HdS,  ¥(Eo, Ho) € Ho. (1.16)
b

Inequality (1.16) is equivalent to the uniform exponential stability in Ho of the system (1.2) with J = 0.
Therefore, Corollary 1.1 implies that (1.1) is exactly controllable to Hy at time T if (1.2) with J = 0 is
uniformly exponentially stable in Hy for some dg > 0. Of course, this implication may also be proved by using
the “forward — backwards” argument of Russell [14], which is based on the contraction mapping principle.
However, Theorem 1.1 shows that this conclusion follows automatically from the observability estimate (1.9) (or
the stability estimate (1.16)). A similar observation has recently been made in a general framework by Ammari
and Tucsnak [1] for a class of second order evolution equations; see also Tucsnak and Weiss [15].

Remark 1.3. Theorems 1.2 and 1.3 show that the solution of the optimality system for the problem of norm
minimum control of the system (1.2) from the rest state (0,0) to the state (Eq,H;) at time T converges
in the sense described to the solution of the optimality system for the problem of norm minimum control
of the system (1.1) from the rest state (0,0) to the state (Ey, Hy) at time 7. In particular, the optimal
control for (1.2) converges strongly in £2(X) to the optimal control for (1.1). Further, the optimal trajectory
(E(-),H(-)) € L>=(0,T; X") that joins (0,0) to (E1, H1) at time T is approximated in L>°(0,T; X”) by the more
regular optimal trajectories (E°(-), H?(-)) € C([0,T); Ho).

Remark 1.4. When ¢ and p are positive scalars, the estimate (1.9) was (implicitly) established by multiplier
methods for § = 1 by Komornik [7], who showed that (1.2) with J = 0 is exponentially stable provided T"
is star-shaped with respect to some point x¢ € € and T is suitably large depending on the geometry of €.
These results were greatly extended by Phung [13], who used results on the propagation of singularities of
electromagnetic fields to obtain (1.9) for general regions. Very recently Eller [3] has established (1.9) in the
case of C°°(f)) positive scalar functions £ and u, provided 2 is simply connected, 7' is suitably large, and €, u
satisfy the technical condition M - V(1/ep) < 0 for all x € Q, where M(x) =  — x¢ and z is some point in
R3. On the other hand, when & and u are positive scalars the observability estimate (1.4) was established in [8]
by multiplier methods provided I is star-shaped with respect to some point zy € 2 and T is sufficiently large.
These results were later extended by Nalin [12] and, especially, by Phung [13] to general regions, and then by
Eller [4] to the case of C°°(Q) positive scalar functions ¢ and p under the same conditions mentioned above.

Remark 1.5. The proofs of Theorems 1.1 and 1.2 extend with only minor changes to the Maxwell system
ek —rotH+oFE =0, pH;+rotE =0,

where o is a nonnegative Hermitian matrix with L () entries that represent the resistivity of the electromag-
netic material. However, the author is unaware of any result that establishes either observability estimate (1.4)
or (1.9) for this system, even when ¢ is a nonnegative constant.

Remark 1.6. Although the above results are stated in the context of the Maxwell system, our arguments apply
equally to many other singular perturbations problems. One may consider, for example, the elasticity system
with traction boundary conditions:

Wi tt — 0455 = 0 in Q
oijvj = fion X
Wy (O) = W50, wm (0) = W;1 in Q,
and its singular perturbation
wgtt — afm =01in O
afjl/j + 6wfyt =fionX, >0

wf(O) = Wjo, w?,t(o) = w1 in Q,
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where ¢ = 1,2, 3,

1
5 _ ) 5 _ ) 5 0
Oij = Qijkl€kly €kl = i(wk,l erl,k)v 02>0, w

¥ i = Wi,

and {a;jm} is the elasticity tensor. Assume that each a;jr € L*°(S2). Then if f; € L2(¥) and (wip,wi1) €
HY(Q) x L%(Q), for § > 0 one has the a priori estimate (¢f. Lem. 2.3 below)

3 3
1 1
)+ Y [ Gt + o]z = g0+ 53 [1Psx.
i=1 i=1

where
£9(t) = / (W32 + of el ]de,

thus (w?,wf,) € C([0,T]; H(Q)x L2(Q)), 05|z € L*(X), w?4|s € L*(X). On the other hand, for such data the
solution has less spatial regularity when & = 0; in general (w;(t),w; (t)) ¢ HY(Q) x L?(Q) and w; ¢|x ¢ L*(X).
All of the results for the Maxwell system stated above have analogs for the elasticity system (and for many
others), with similar proofs.

Remark 1.7. Apropos to the last remark, after reading this manuscript Lasiecka has written in a private
communication that techniques developed in Hendrickson and Lasiecka [5,6] for purposed entirely different
than those of the present paper may be employed to prove a general result closely related to Theorem 1.2.
Consider the second order system

2l + Ax® + BBz =0, §>0, (1.17)

where A is a positive self-adjoint operator in a Hilbert space H and B : U +— D(A'?)" is bounded. Write (1.17)
as the first order system in H := D(A/?) x H

y? = Ay® — 6BB*y’ := Asy°®

with the standard definitions of A, B. Suppose that (As,, B) is exactly controllable to H at time T for some
dp > 0. (It is then easy to see that (As, B) is exactly controllable to H at time T for 0 < ¢ < dp.) One then has
the following result: if us is the minimum L?(0,T;U) norm control corresponding to the dynamics (As, B) that
steers the origin to yo € H at time 7', then us — u strongly in L?(0,T;U), where u is the minimum L?(0,7T; U)
norm control corresponding to the dynamics (A, B) that steers the origin to yo at time 7.

Theorems 1.1-1.3 are proved in Section 3. Well-posedness of problems (1.1) and (1.2) is considered in the
next section.

2. EXISTENCE AND UNIQUENESS OF SOLUTIONS
We set

Hi(Q) ={p e H'(Q) : v-olr =0}
R ={¢ € L2(Q): rotd € L2(Q)}

162 = /Q (162 + | rot ¢[?) da.
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It is well known ([2], Lem. VII.4.2) that C'(Q) is dense in R and that the map ¢ — v A ¢|r : C1(Q) — C1(T)

extends by continuity to a continuous linear map R +— H, 12 (T):= (Hi/ %(I'))’. That is to say, for each ¢ € R

there exists a g € H;UQ(F) such that
<¢7 rot X> = <I'Ot d)a X> - <ga X>F; VX S H}-(Q)a

and the map ¢ — g := vAQ|r is linear and continuous, where (-, ) denotes the pairing in the HT_l/Q(I‘)f i/Q(I‘)
duality. Set

V={pecLQ): ot c LEN), vA¢c L)},
2 _ 2 2 2
613 = [ (0 +[rotof)do+ [ 1w Aopar,
and define
_ 0 rot
A:M1<rot 0)’
DA) ={(p,) eV XV:vAp—0t,=00onT}-

Lemma 2.1. If § > 0, A is the infinitesimal generator of a Cy-semigroup of contractions on H. If 6 =0, A is
the infinitesimal generator of a Cy unitary group on H.

Proof. The conclusion for 6 = 0 is well-known; see, e.g. [11] (Chap. 8). Suppose that § > 0. The linear operator
A is densely defined, and from the Green’s formula

(x0t6) = (ot ) = [ (A 0) 6,0 = ot o)+ [ 6 wad)dD, () VXV ()

we obtain
(AU, U)y = — / Yr - (WA @)dl + 2¢/—1TIm(rot 9, ¢)
r

= —5/ |- |2dD 4 2¢/ =1 Im(rot 1, ¢), VU = <¢) € D(A),
r v

so Re(AU,U)x < 0.
Let (f,g9) € H and let ¢ be the unique solution in V' of the variational equation

(e, x) + (u~ ' rot ¢, rot x) + %/F(V A¢)- (v AX)dD = (g,rot x) + (ef, x), Vx € V. (2.2)

Set ¢ =g — pu~'rot¢ € L2(Q). Then (2.2) reads

<w,rotx>=<e¢,x>—<ef,x>+§/r<w¢>-<w>dr, Wy e V.

It follows that rot € £2(2) and that

ep—rotyp=cfinQ, dY,=vA¢ponl.

Therefore (i) € D(A) and (I — A) (i) _ <£ ) 0
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Now consider the problem

{E(I)f—rot\l’ézsz

M\I/f—i—rottl)é:ug in Q
V/\(I)‘S—F(S\Ilfzo on X

PN(T) = ®y, V(T)=Tgin Q.

(2.3)

As a consequence of Lemma 2.1 we have the following result:

Corollary 2.1. Let § > 0.
(1) If (99, Vo) € H and (f,g) € L*(0,T;H), then (2.3) has a unique mild solution (®°, W) € C([0,T];H) and
122, ©) | oe0,7:740) < C(Il(@o, Wo)lloe + [1(f, 9|1 (0,7:70))-

(2) If (99, Vo) € D(A) and (f,g) € C([0,T]; H), then (®°,¥°) € C([0,T]; D(A)).

Lemma 2.2. Suppose that § > 0. Let (90, %) € H and (f,g) € L' (0,T;H). Then the solution of (2.3)
satisfies v A 0| € L2().

Proof. First suppose that (®g, Vo) € D(A) and (f,g) € C1([0,T]; H). We then have
Lws 5 2 1 2 g 5 5
— I 0. VOB + @0 va) e+ [ [ 3 @harar
¢ Jr
T T
- 2\/711m/ (B9, rot ®°) dt :/ ((f,9), (®°, W) 5 dt.
¢ ¢
It follows easily that

1
1 ¥ o)+ 5 107 PAE < O {I@0, W)l + 10 0) im0}

The result now follows by density. O

By transposition, we have:
Theorem 2.1. If (Ey, Hy) € H and J € £2(X), (1.2) has a unique solution (E°, H®) € C([0,T]; H).
Proof. By using Green’s formula one finds that (E°, H®) formally satisfies

((E°(T),H(T)), (®0, o))y — /Q (E°,H?), (f,9))ndxdt = ((Eo, Ho), (2°(0), ¥°(0)))x
— /J.midE,V(%,xpo)eH, Y(f,g) € L*(0,T;H), (2.4)
¥

where (®9, %) is the solution of (2.3). From Lemma 2.2, for each (Ey, Hy) € H and J € L2(X) the right
side of (2.4) is a continuous linear functional on H x L'(0,T;H). Thus there are unique pairs (E$, H2.) € H,
(E%, H%) € L>=(0,T;H), such that

(B3, HY), (@0, Wo))3  — /Q (E°,H),(f,9))ndadt = ((Eo, Ho), (2°(0), T°(0)))

= [ W an (@ ) € M, W(Lg) € LHO.T )
>
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By definition, we set (E°(T), H(T)) = (E$, HJ). This is justified by the fact that it holds if (E°, H%) €
C([0,T); H) rather than just L>(0,T;H) (cf. [9], Prop. 2.3). The passage from L°(0,T;H) to C([0,T]; H) is
somewhat tedious but standard, and we omit this part of the argument which, in any case, is inessential to
what follows. O

Lemma 2.3. If (Ey, Hy) € H and J € L2(X), the solution of (1.2) satisfies v A E®|s € L2(X) and

1B (1), 10 (1) ||H+//( v A B2 +6|H‘*|)drdt—||<Eo,Ho 13+ L //|J| ara.. (25)

Proof. First assume that (Ep, Ho) and J are such that (E°, H%) € C([0,T]; Vx V). This will hold if, for example
(Eo,Ho) € V XV, J=uvAJsg, where J € C2([0,T); EQ( )N Cl([O T); HY(Q)), and v A Eg — Ho, = J(0) on
. As may be seen by making the change of variables E = E® —.J, H = H’ one has (E, H) € C([0,T]; D(A))
and therefore (E°, H?) € C([0,T];V x V). By calculating as in Lemma 2.2 we obtain

%H(E‘s(t) SENNZ, + < //|VAE5| drdt = —|\(E0,H0)|\H+ Re// - (v A E°)dDdt.

From the boundary condition we have

ReJ (v AE°) = (v NE°]> + |J|* — 6% H2|?),

N | =

which leads to (2.5). The result now follows by density. O

The solution of (1.1) is also defined by transposition. To that end, consider the system (2.3) with 6 = 0:

eP; —rot ¥ =¢f
{M\IltJrrotCI)—ug in Q
vA® =0 onX
O(T) =Py, U(T)=Tgin Q.

(2.6)

By Corollary 2.1, if (@9, Vo) € H and (f,g) € L*(0,T;H), (2.4) has a unique solution (®,¥) € C([0,T]; H).
Also, in this case the domain of the generator is

D(A) =R’ x R,
where
R ={x€R:vAxIr=0}
Thus, if (®¢, ¥g) € R® x R and (f,g) € L'(0,T;R® x R), then (®,¥) € C([0,T]; R® x R) and
(@, ¥)[| Lo 0,mir0x =) < C([(®0, Yo)llRoxm + 1(f, 9) 220, 7R0 < R) ) -
Set

Dy = {x € £2(Q) : div(ux) € L2(Q)}
Dy={xe€D: v (ux)r=0}-
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Remark 2.1. It is known that the map x — v - (uy) : C1(Q) — C1(I') extends by continuity to a continuous
linear mapping D,, — H~Y2(T) ([2], Lem. VIL5.2).

Set
X =R"x (RNDY)

106 Ol = /Q(le2 + ¢ + [rot x|* + [rot ¢[* + | div(u)[*) da (2.7)

= 166 Ol + /Q | div(u¢)Pda.

Lemma 2.4. Assume that (9o, Vo) € X and (f,g) € L' (0,T;X). Then (®,¥) € C([0,T]; X) and

(@, )] oo 0,132) < C(H((I)Ov Wo)llx + ”(f;g)HLl(O,T;X))' (2.8)

In fact, from the second equation in (2.6)

div (0 (1)) = div(uo) — / div(pg(s))ds

and

v ()l = v - (u0)|r - / v - (ng(s))lrds = 0

since v - rot @|r is a tangential differentiation on ' of v A ® (see [2], p. 358).
Lemma 2.5. RN DY — H'(Q).

Proof. See Leis [11] (Th. 8.6). O

We identify H with its dual space, so that X — H < X’. The scalar product in the X’ — X duality is denoted
by (-,")x. It follows from Lemmas 2.4 and 2.5 that for (®¢,¥g) € X and (f,g) € L'(0,T;X) the solution of
(2.6) satisfies

1(2(0), ®(0))[I% + /Z @2 < C(I(Do, Wo)llx + (£, 9) |1 (0,7:0) ) - (2.9)

By duality, we then have the following result:

Theorem 2.2. If (Eg, Ho) € X' and J € L2(X), (1.1) has a unique solution (E, H) € C([0,T); X") defined by

(E(T), H(T)), (B0, To))x — /

(8. H). (5. ) et = (Eo, Ho), (2(0), ¥(0)x ~ / JoU.dS (2.10)

=

for all (9, Yo) € X and (f,g) € L*(0,T; X), where (®,¥) is the solution of (2.6).

Indeed, from (2.9) there exists unique (E, H) € L*>(0,T;X"), (E(T), H(T)) € X’ satisfying (2.10). One may
use a lifting theorem of Lasiecka and Triggiani [10] to obtain (E, H) € C(]0,T]; X’), and one may prove that
the value (E, H) at t = T is exactly (E(T"), H(T)) (see [9], Prop. 2.3).
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3. PrROOFS OF THEOREMS 1.1-1.3

Proof of Theorem 1.1. Let 0 < §; < d2 and set
O =gM =g, W=y -y,
Assume that (¢o,%0) € H if 51 > 0, else that (¢o, o) € F, where

F = completion of X' in the norm / [, |2dS
b

(¢,%) denoting the solution of (1.5). Then ¥ |5 € £L2(X) and (®, V) satisfy
ed;, —rot¥ =0
Vs +rotd =0 in Q
VAD 45,0, = (3 — 61)¢° on X
S(T)=T(T)=01in Q.

From Lemma 2.3 we have
1 by — 61)2
@), vO)lE+ [ (—|vA<I>|2+62|\I/T|2)d2——“ J [ wpas.
) (52 52 b))

On ¥ we have

1 02 — 0 1 )
U= W gl = AN — B Tyh g — A gl
(52 (52 52 52
Therefore
1 ) 0o — 0 1 1)
5 < —|vAe + 2 < 2Tyl + [ = [y :
922l c2(z) < 52” llc2 (=) 52|WG lc2(z) < % 107 ez 52”1/17 ez = 197 2
Proof of Theorem 1.2. For 0 < § < §p we have
165 wd) I < o [ s (3.1

Thus, for a > 0,

1 o
/Ew»fﬁdz < @ H) el (68, 90)lIe < 511 (Bxs H) 3 + 5 11066, w03
1 o
< 2 & ~do 512 )
< gelE )+ GO [ uipas

By choosing « sufficiently small it follows that

/ 2 2dS < C(Br, Hy) |2, (3.2)
)
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Since [[(6°(£), (6l < [1(63, 63) Il we then obtain
(¢°(-),4°(+)) is bounded in L>(0,T;H)
(43, 79) is bounded in H,
Y25 is bounded in £2(%).

Thus, on a sequence § = ¢,, tending towards zero we have

(@°(-),9°()) = (#(-), () weakly* in L(0,T;H)
(03, 98) = (¢o,0) weakly in H (3.3)
2|5 — g weakly in £2(%),

for some (do,10) € Ho and g € L2(X).
Let (x,¢) € C*(Q x [0,T]) such that x(0) = ¢(0) = 0. We have

0 = / ({668 — ot 48, x) + (u? + 1ot ¢, C)) dt = — / (6% ext — 10t C) + (1P, Gy + rot x)] dt
+{(05,19), (X(T), {(T)))w + /E W2 (wAX)+ (@A) ¢]de.

Upon passing to the limit through § = §,, we obtain

/O [(¢,ex” —rot {) + (¥, u¢" 4 rot x)] dt = <(¢>o,wo),(x(T),<(T))>H+/g~(vAx)d2,

=

It follows that (¢, ) satisfy

epr —rotyh =0
s +rotp =0 in Q
vAp=0onX

(T) = do, P(T)=1yp in Q
and that ¥, |s = ¢g. Thus (¢o,%0) € Fo := F NHop, and from (1.15) we have

(Er, 1) (o, bl = lim [ [0 fPaz > [ oo Pas, (3.49)

Now consider the system
w¥y+rotd =0 in Q

vA®P=0onX
@(T) = q)(), \I/(T) = \I/() in Q,

{gtl)t —rot¥ =0

(3.5)

where (P, Uy) € Fy. Corollary 1.1 implies that the problem (1.1, 1.3) with Ey = Hp = 0 has, for any
(E1,H1) € Hp a solution J € £2(¥). Further, the control J of minimum £2(X) norm that steers (0,0) to
(E1, Hy) in time T is given by

J=-U.|s,
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where (®, ¥) is the solution of (3.5) with final data given by
((Ex, Hy), (o, Vo)) 7, /|‘I’ 2% = [[(®o, Po)| - (3.6)

From (3.6) we have
(Ela Hl) = Ao(q)Oa \IIO)

where Ag is the Riesz isomorphism of Fy onto Fy' and Fj is the dual space of Fy with respect to Hy, and

1/2
V(B E) [y = (@0, Wo) |7, = { / |m|2dz} -

‘We now show that

/Z|m7|2d2=/2|¢7|2d2. (3.7)

From (3.4) we have

1/2
[ tor2as < (B ), 0, vl < 1B ) sy Nn ol < { [0 as}{ [ jurpas]
and therefore

[wrPaz < [ u.paz.
b >

On the other hand, J = —W¥,|x is the control of minimum £2(3¥) norm such that the solution of (1.1) with
Eo = Hy = 0 satisfies (1.3), while dH? + ¢°|x is another £2(X) control that has this property. Thus

/2 0,5 < / GH? 1 42 Pds = / v A BS2dS < / WO 2AS = ((Ey, Hy), (60, 40))n

where we have used Lemma 2.3 and (1.15). Upon passing to the limit through 6 = d,, we obtain

2

1/2 1/
/I\IJTszs<(E1,H1),(¢o,wo)>H§{/ |\I/T|2dz} {/ |¢T|2dz} ,
b > >
U, |2d2 -2dY,
Jrepas< [ .

hence

which proves (3.7).
It follows from (3.7) that

(Br, 1), (9o, bo))m = /2 25 (3.8)
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Indeed, if (3.4) holds with strict inequality, we immediately see that

/|¢T|2dz</ [T, |2dx.
b)) 2

It now follows that

(¢0,0) = Ay (Er, Hy) = (Po, Vo),

that the convergence in (3.3) is through all § — 0, and that

lim/ |¢£|2d2:/ (R
0—0 Jx )

Since also ¥ |s; — 9, |z weakly in £2(X), it follows that the convergence is in the strong topology as well. This
completes the proof of Theorem 1.2. O

Proof of Theorem 1.3. From the definitions (2.10) and (2.4) of the solutions of (1.1) and (1.2) with Fy = Hp =0
and with .J = —1, |5 and J = —1?|x;, respectively, we obtain

T
/ <(E5 _E’H(S —H),(f,g)}xdt Z/WT U, _'djﬁ ’ \Ilf—] dZ,V(f,g) € Ll(O’T;X)’ V(CI)O,\IIO) St
0 b

where (&%, ¥%) and (®, ¥) are the solutions of (2.3) and (2.6), respectively, and (-, -) ¥ denotes the scalar product
in the X’ — X duality. To complete the proof it suffices to show that

nm/wﬁ-\pidz:/%-mdz.
d—0 5 5

Since 1| — 9, |s strongly in £2(X), it is sufficient to prove that ¥l|s — W, |s weakly in £2(X). In fact, we
shall show convergence even in the strong topology. Set

P =0 —p, U =0'_y.
These satisfy

g(i)f —rot ¥% =0
u\i/errot(i)‘s =0 inQ
VAP 4+ 000 = -6, on ¥
®N(T) = ¥°(T) =0 in Q.

Because of our hypotheses on the data, we have ¥, |s € £2(%). We apply Lemma 2.3 to this system to obtain
R R T . . T
5@ (1), &0 (1)2, +/ /{|u A B2 4 520 2}dTdt / / 52|, [2dTdt.
t Jr t Jr

It follows that W!|s;, and hence W[y, is bounded in £2(X), that

(®°,W%) — (®, V) strongly in L>=(0,T;H),



SINGULAR PERTURBATION OF THE MAXWELL SYSTEM 289

and that Uo|y — h weakly in £2(X) through a sequence of §’s tending to zero where, in fact, h = ¥, |x (see
the argument in the proof of Th. 1.2). In addition,

/|\IJT|2dEgliminf/ |\I/i|2§/|\1’7|2d2,
5 6—0 » b

where the last inequality is from Theorem 1.1. Hence ¥|x — W, |5 strongly in £2(X).
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