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INFINITE TIME REGULAR SYNTHESIS

B. PICCOLI

ABSTRACT. In this paper we provide a new sufficiency theorem for
regular syntheses. The concept of regular synthesis is discussed in [12],
where a sufficiency theorem for finite time syntheses is proved.

There are interesting examples of optimal syntheses that are very
regular, but whose trajectories have time domains not necessarily
bounded. This research is motivated by the fact that one of the main
tools toward the construction of optimal syntheses is the proof of a
strong sufficiency theorem.

The regularity assumptions of the main theorem in [12] are verified
by every piecewise smooth feedback control generating extremal tra-
jectories that reach the target in finite time with a finite number of
switchings (indeed even by more complicate syntheses like the Fuller
one presenting trajectories with an infinite number of switchings). In
the case of this paper the situation is even more complicate, since we
admit both trajectories with finite and infinite time. It is important to
notice that, in spite of its complexity, this situation is encountered in
many simple cases like linear-quadratic problems (see the example of
the last section and [13]).

We use weak differentiability assumptions on the synthesis and weak
continuity assumptions on the associated value function. However, in
this paper we need the value function to be continuous at the origin
(see Remark 3.3 for more details). The general case of synthesis gen-
erated by general piecewise smooth feedback deserves a further careful
investigation.

1. INTRODUCTION

Given an optimization problem for a control system with fixed initial data,
there are various ways of giving a solution. One can find an open loop con-
trol or try to solve all the problems obtained by varying the initial data.
Beside the classical concept of feedback, one can construct a trajectory for
every initial data in such a way that the resulting collection has nice reg-
ularity properties. This gives raise to what is called a regular synthesis.
Firstly introduced by Boltianskii, the concept of regular synthesis has been
developed and used by many authors in connection with theoretical prob-
lems as well as for special classes of systems [2-8], [10-16], [18]. A synthesis
is a mathematical object with more “structure” with respect to a feedback,
and there are examples showing that a feedback alone is not sufficient to
describe the solution to an optimization problem, see [12].

In this paper we provide a new sufficiency theorem for regular synthesis.
The concept of regular synthesis is discussed in [12], where it is proved a
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382 B. PICCOLI

sufficiency theorem for syntheses formed by finite time trajectories. We refer
to [12] and the references therein for synthesis theory.

There are interesting examples of optimal syntheses that are very regular,
but whose trajectories have time domains not necessarily bounded, see [13].
One of the main tools toward the construction of optimal syntheses is the
proof of a strong sufficiency theorem. If an optimization problem is suffi-
ciently regular then every optimal trajectory must satisfy the Pontryagin
Maximum Principle (in this case we say that the trajectory is extremal).
Hence a first necessary condition for optimality is extremality. However, in
general extremality is not a sufficient condition for a single trajectory (see
[7], [8], [15]). Moreover, no regularity property can ensure the optimality of
an extremal trajectory(see [15]). On the other hand, the sufficiency theo-
rems guarantees that every extremal synthesis that is sufficiently regular is
indeed optimal.

Usually one builds a candidate optimal synthesis using regularity prop-
erties of extremal trajectories. Thus extremality is a condition granted by
construction. The regularity assumptions of the main theorem in [12] are
verified by every piecewise smooth feedback control generating extremal tra-
jectories that reach the target in finite time with a finite number of switch-
ings. Moreover, the same theorem applies also to the system considered
by Fuller, that presents trajectories with an infinite number of switchings
(however it is not clear under which conditions it is possible to apply the
theorem to a generic piecewise smooth feedback). In the case of this paper
the situation is even more complicate since we admit trajectories defined
on unbounded domains. We need weak differentiability assumptions on the
synthesis and weak continuity assumptions on the value function associated
to the synthesis. However, to treat infinite time trajectories, we have to
assume the continuity of the value function at the origin, while only weak
upper semicontinuity was assumed in [12] (see Remark 1 for more details).
Moreover, we give two different definitions of weak differentiability, see Re-
mark 3.3 of Section 3. The first relies on strong integrability properties
(of the Jacobians of the dynamics and the cost) along the trajectories, the
other, verified by the linear-quadratic example of Section 4, requires fast in
time convergence of trajectories to the target.

We state a result valid for a point target problem. The same result can
be used for Bolza problems without final condition when the form of the
Lagrangian naturally forces the trajectories to tend asymptotically to a given
point. This is the case of some examples, see [13] and Section 4.

We remark that in our problem we admit both trajectories with compact
domain and trajectories with unbounded domains at the same time. As
remarked in [12], our definition of regular synthesis is quite mild compared
to the other definitions given in previous papers [2], [5], [6]. Moreover, these
conditions can be checked easily in some interesting examples. The main
result is stated for presynthesis even if we do not know interesting examples
in which the concept of presynthesis plays a crucial role.

Finally, let us mention that another well known approach ensuring suffi-
ciency theorems is the theory of viscosity solutions for the Hamilton—Jacobi-
Bellmann equations, see [1],[9].
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INFINITE TIME REGULAR SYNTHESIS 383

In Section 2 we give basic definitions, in Section 3 we state and prove the
main result and in section 4 we give examples.

2. BASIC DEFINITIONS

Consider a control system:
&= f(a,u) T €9, ue U, (2.1)

and the minimization problem:

minimize /L('y(t), n(t))dt, (2.2)

where (v, 7) is a trajectory—control pair satisfying some admissibility condi-
tions that will be stated later.
Our basic assumption is

(H).Qis an open subset of R™, Uisaset, f: QxU — R"and L : QxU - R
are maps such that f(-,u) and L(-,u) are of class C! for every fixed u € U.

We use the same notation of [12]. In particular, we use f to denote the
R+ valued map (@, u) — (f(z,u), L(z,u)).

A controlis a map n: I — U, whose domain is a subinterval [ of R (not
necessarily bounded).

If 4 : A — Bisamap, we use Dom(u) to indicate the domain of y, i.e.
the set A. In particular, if n : I — U is a control, then Dom(n) = I.

A trajectory ~ for a control n is an absolutely continuous map v :
Dom(n) — Q that satisfies () = f(v(t),n(t)) for almost every ¢t € Dom(n).
If Dom(n) = [a, b] (so that Dom(y) = [a, b] as well), and = = vy(a), y = v(b),
we say that v (or the pair (v,7)) goes from x to y, and that n steers x to
y, and we write v~ = x, v = y. In the same way if Dom(n) = [a, +o0)
then we simply write v~ = 2. Moreover, if lim; 4~ 7(f) = y then we write
vt =y

A control 7 : I — U is admissible if the map Q x I 3 (z,t) — f,(z,t) =
f(z,n(t)) € R ! satisfies the following C' Carathéodory conditions:

(A) f, is measurable as function of (¢, z)

(B) for every compact K C Q and every compact interval .J C I, there exists
an integrable function ¢g ; such that for every x € K and t € J:

1 (@, )+ 1 Defy (2, )] < o, (8). (2.3)

If  is an admissible control, v a trajectory corresponding to 7, such that
the integral in (2.2) is defined (possibly equal to +00), then we say that
(v,7m) is an admissible pair for f. We use Adm(f) to denote the set of all
admissible pairs for f. For an admissible pair (v,m), we use J (v, n) to denote
the cost of (v,7n), i.e. the value of the integral of (2.2) over Dom(7).
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Given A € R,, (the space of row n vectors), Ag € R,z € Q and u € U, we
define:
Hz, A Ao, u) = (A, fz,u))+ AoL(z,u) (2.4)

H(z, A, Xo) = inf{H(z, X\, Ao, u) 1 u € U}. (2.5)

The functions H : QX R, xRXxU s Rand H: Q2 xR, xR —>RU{-o0}
are known as the Hamiltonian and the minimized Hamiltonian of f.

We say that the pair (v,7) € Adm(f) is extremal if there exist an abso-
lutely continuous map A : Dom(n) — R, called the adjoint vector, and a

constant Ag > 0, not both zero, such that the adjoint equation

3= =T 00 20 (1) 0(0) (2.6)
and the minimization condition:
H(y(t), A1), Ao) = H(y(8), A(t), Aoy m(t)) = 0 (2.7)

hold for almost every ¢ € Dom(n). For a discussion of the validity of PMP
under our assumptions see [18].

3. THE MAIN RESULT

We consider the problem (2.1), (2.2) with a point target that, without loss of
generality, will be assumed to be the origin. We consider only trajectories v
whose domain is bounded below, that is either Dom(v) = [a, b] or Dom(y) =
[a,4+00) for some a € R. Hence a trajectory has to start at some time a
from a point z and either reach the origin in finite time or converge to it as
t tends to +oo. We call Adm®(f) the set of such trajectories (0 indicates
the fact that they end at the origin).

IfIr C Admo(f) is an arbitrary set of admissible pairs, we define a function
Vi 1 Q = RU{+o0}, called the value function of I', by letting Vr(z) be, for
x € Q, the infimum of the costs J(7v,n), taken over the set of all (y,n) €’
such that v goes from  to 0. (In particular, if there is no (y,n) € I' going
from z to 0 then Vp(z) = +o0.) If ' = Adm°(f), then the function Vp- is
the value function of our problem, and in that case we will write V; rather
than V4 0c7. A pair (7,7) € Adm®(f) is optimal if Vi(yT) =J(v.m).

A presynthesis for our problem on a set S C Qis a set I' = {(74, 72) :
z € S} of admissible pairs (v, 7,) € Adm®(f) such that v, = z. The set
S is called the domain of I'. If the domain S of I' consists of all points
that can be steered to the origin by an admissible pair, then we say that I’
is total. Given a presynthesis I' we will always renormalize the time along
every (v, 1) in such a way that the domain of 7, (and of ~,) either is of
the form [0, T};] for some non negative number 7, or it is [0, +00).

A presynthesis is memorylessif whenever € S and t € Dom(7,) it follows
that y = 7, (t) belongs to S and 7, is the renormalization of the restriction of
7, to the interval [¢, T,] or [, 400). A synthesisis a memoryless presynthesis.

If each pair of a presynthesis ' is optimal (resp. extremal) then we say
that [ is optimal (resp. extremal). In particular, a presynthesis ' is a total
optimal presynthesis if and only if Vp = Vs
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INFINITE TIME REGULAR SYNTHESIS 385

Our goal is to prove that, under suitable regularity assumptions on I’
and Vr, a total extremal presynthesis is optimal. We first describe these
regularity assumptions in detail.

Given a locally Lipschitz vector field X on €, we say that V' has the ND.J
(“no downward jumps”) property along X if the following holds:

(NDJ). For every « integral curve of X, ¢ € Dom(7), if @ = inf Dom(~y) then
for every t € Dom(v) \ {a} we have

h,fiffip V{y(t) =V(y(t—h)) = 0.

We say that V satisfies the weak continuily conditions for the control
problem (2.1), (2.2) if V is lower semicontinuous, continuous at the origin,
and has the NDJ property along the vector field  — f(x, u) for every u € U.

We now define the “weak differentiability conditions” for I'. In this def-
inition it is understood that f(y,n.(t)) = 0 for every t ¢ Dom(n,). A
presynthesis I' = {(v4,12) : @ € S} is (f, L) -differentiable at a point € 2
if the following assumption is satisfied:

(A) there exist an open set W, containing {vz(¢) : t € Dom(n;)}, a neigh-
borhood N of z (in Q) such that N C Dom(I'), with the property that

(A1) for every compact K C €, there exist an integrable function i :
[0,+00] — R such that |¢;x(t)] < ¢x(t) for every compact J C I, t €
Dom(¢s i (t)) (here ¢k are defined as in (2.3) for the control 7;), and,
for sufficiently small £ > 0, integrable functions 1. : [0, +o0] — R such that

lim._ f0+oo (t) dt = 0, and the inequalities

17y, na(8)) = Fly,ma ()] < - (2)

1Dy f (Y, na(t)) = Dy f(y, ()] < ve(2)
hold for every y € W, & € N such that ||z — z|| < ¢, ¢ € [0, 4+00).

(A2) the map v — p,, where p, is the integrable R"*! valued function on
[0, +00) given by

pu(t) = F(72(1)s a4 o () = F(72 (1), n2(t))

is vaguely differentiable at v = 0 or it is weak™-differentiable at v = 0,
regarded as a map into the space of R”*!'—valued Borel measures. That
is: for every continuous function « : [0,400) — R, that vanishes at 400
(lim¢— 4 oo a(t) = 0), the map R" 5 v — f0+oo po(t)a(t) dt € Rt is differ-
entiable at v = 0.

Moreover the map R" 3 v — f0+oo pi(t) dt € R, where pl is the (n+1)-th
component of p,, is differentiable at v = 0.

A set A C Qis (n— 1) dimensional rectifiable if there exist Ay, Az, such
that A = A; U Ay, Ay is a finite or countable union of connected embedded
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C! submanifolds of positive codimension and A verifies H"~1(Ay) = 0
where #"71 is the n — 1 dimensional Hausdorff measure.
We can now state the main theorem (cf. [12], [18]):

THEOREM 3.1. Let Q, U, f, L be such that 0 € Q and assumption (H) hold.
Let I be a total extremal presynthesis. Assume that

(i) the associated value function Vi satisfies the weak continuity conditions,
(i) Vr(0) =0,
(iii) I is (f, L)-differentiable at all points in the complement of a (n — 1)
dimensional rectifiable set A.
Then I' is optimal.

Proof. We first prove the relation between the differential of the value func-
tion Vr and the adjoint covector fields along the extremal trajectories of
the presynthesis. This is of interest in itself so we state it as a separate
theorem. O

THEOREM 3.2. Let Q, U, f, L be such that 0 € Q and assumption (H)
hold. Let I' be an extremal presynthesis. If I is (f, L)-differentiable at &

and if X\ denote the adjoint covector associated to the pair (vz,nmz) € I' then
A(0) = D, Vr(2).

Proof of Theorem 3.2. Fix a point & of (f, L)-differentiability for I'. Let W,
N, ., be as given by Condition (A). Pick é > 0 such that the compact set

W’ = {a: d(z, {2(1) : € Dom(y:)}) < 5}

satisfies W' C W. O

Let X be the Banach space Cy ([0, +00), R) of continuous real-valued func-
tions on [0, +00), that vanishes at +o0o0, endowed with the sup norm. We
recall that usually X is defined as the completion for the sup norm of the
space of continuous functions with compact support.

With p, : [0, +00) — R"*! defined as in (A2) for v € R™, ||v|| small, let
pl, ..., p"t1 be the components of p,, so each pJ is an integrable real-valued
function on [0, +00). Then for each o € X and each j € {1,...,n+ 1} the
function v — f0+oo a(t)pd (t)dt is differentiable at v = 0, so there exists, for
each j, a unique a-dependent vector w’(a) € R™ such that

+ oo
/0 a(t)pl (t)dt = (wi (a),v) + of||v]|) as v — 0. (3.1)

It is clear that w/(a) depends linearly on a, so each component w?(«)
(i = 1,...,n) of w/(a) depends linearly on « as well. For every v € R"
sufficiently small, p/ dt is a finite Borel measure, hence an element of X*
(the dual of X). Let us indicate with by || - || x~ the norm of X*. For every
fixed o« € X, from the differentiability at v = 0, it follows that there exists

71 > 0 such that for every v # 0 sufficiently small

1 .
—/oep% dt < (4.
o]
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INFINITE TIME REGULAR SYNTHESIS 387

Hence the Uniform Boundedness Theorem implies that there exists a con-
stant 'y such that '
Py
o]

< Cy, (3.2)

ledlle: _ ‘
X*

for v small and j € {1,...,n+ 1}. (Otherwise there would exist a 7 and
a sequence {v;} such that v, — 0, v, # 0, and f0+oo [lpd, (®)1dt > Kql|v]],
with Ky — +00. By passing to a subsequence, we may assume that IIZ—EII
converges to a unit vector v. Then by (3.1) the continuous linear functionals
& X — R given by

1 [t i
(o) = T / a(t)pl, (1)t

converge pointwise on X to the map o — (w’(a),v). So the sequence
{&(a)}32, is bounded for each «, and then there exists —by Uniform
Boundedness— a C' > 0 such that ||&]||x- < C for all £. But

1t i
el = o [ I @)l > K

and we have derived a contradiction.) From (3.2), it follows in particular
that '
|(w (e}, v)| < Cllal]-[[v]] for a € X, veR",

s0 each wf is a bounded linear functional on X, and ||wf||X* < C'. Therefore
each w! is given by a (signed) Borel measure on [0, 4+o0), that will also be
denoted by w!. Let W] denote the indefinite integral of w?, i.e.

Wl (t) = wl([0,4]) for t € (0,400), @!(0)=0.

Let BV (0,00) denote the space of all functions w : [0,400) — R of
bounded variation such that w(0) = 0 and w is right-continuous at every ¢ €
(0,400). Let M (0, 00) denote the space of all monotonically nondecreasing
functions w : [0, +00) — R such that w(0) = 0 and w is right-continuous
at every t € (0,400). Then there is a canonical correspondence between
members of BV (0, 00) and signed Borel measures on [0, 400), that assigns to
a function w € BV (0, 0o) the unique Borel measure y,, such that p,,([0,t]) =
w(t) for 0 < t < +oo. (The measure of a single point set {t} is then
P (t4) — pw (t=), which is equal to gy, (t) — p(t=) if ¢ > 0 and to p, (t4)
if ¢ = 0. In particular, p,, ({t}) = 0 iff p,, is continuous at ¢.) From now on
we identify a function w € BV(0,00) with its corresponding measure i,
and write [adw for [adu,. We emphasize that, if w is not continuous,

then for an integral such as f: dw to be well defined we have to be careful to
specify whether the integral is to be interpreted as [ X[s,qdw or il X(s,7dw or

J Xis,pydw or [ X(s,pydw, so we will never write f: dw unless w is continuous.

Clearly, each @] belongs to BV (0,00), and (3.1) can be rewritten as
+(>O . n . 4
| atwpiwde=3"" [adol+ oo, (33
0 =1
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388 B. PICCOLI
where v = (vl,.. .,v”)
We now let pi(t fo pl(s)ds, so each pj(t) is an absolutely continuous

function [0, 4o00) —> R and a member of BV (0,00), that satisfies

pi(t)] < Collv|| for small v, t € [0,400),5 € {1,...,n+1}.

We let Y be the space L*=([0, +00), R) of all real-valued bounded measurable
functions on [0, +00), endowed with the weak* topology of YV regarded as
the dual of L1([0,+00),R), s0 a net {y, :d € D} of members of Y —Where
D is a directed set— converges to a y € Y iff [o(t)yq(t)dt — [a(t)y(t)dt
for all @ € L1([0,+00),R). We remark that the topology of Y is metrlzable
on subsets of Y that are bounded in the L*° norm. Therefore, as long as we
are dealing with bounded sets the topology is entirely characterized by the
convergence of sequences.
We show that

n

ph=_ o'l +o(llol)), (3.4)

i=1
in the sense that
1 . LI
m — |p) — v'w!l=01in Y, for j=1,...,n4+1. (3.5)
B T P~ 2
To see this, fix 7, and write
i 1 ~F - i,0J
Q7 (v)(t) = Toll pu(t) = ) vty (?) (3.6)
=1

Let pf (t) = pit(t) — pii=(t), where pit (t) = max(p!(t),0), and define

t t
ﬁwoz/ﬁﬂwmﬁ%o:/p%@m
0 0

so each pft, pJ~ is a monotonically nondecreasing continuous function on
[0, +00) with the property that pT(0)=p7~(0)=0, and lim;— 4. p7F(0) +
P27 (0) < CJvl]. If {vg}52, is a sequence of nonzero vectors in R” converging
to 0, then it follows from Helly’s Theorem that there exists a subsequence
{vk(ey} and functions w’*, w/~ belonging to M(0,00), such that

1

Torce (t) = w/ T (t) and

||p’Uk(z) ||pvk(4)( ) _> (.UL_(t) (37)

||Uk

for all t € [0, +o0) that are points of continuity of w/* and w’~. By passing
to a subsequence, if necessary, we may assume that there is a vector v such
that [|v]| = 1 for which

lim k(9
(=00 [|og(g)]]

(3.8)
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INFINITE TIME REGULAR SYNTHESIS 389

It then follows that

+ oo
'7+
||Uk ||/ pvk(l) )dt—>/o¢dw1
+ oo )
||Uk ||/ pvk(l) )dt—>/o¢dw17

for all o € X. Indeed, if a(t) = 377 1 arX(ey 14,1 (t), for some a), € R and
some points ¢, € R of continuity for w’®, the convergence easily follows from
(3.7). By approximation, we obtain the conclusion for every a. Therefore,
if we let w! = w!* — W~ we see that w/ € BV (0,00) and

1 +oo . .
ok | /0 ()P ()t = /adw]
forall o € X.

On the other hand, (3.3) and (3.8) imply that

1 /+°<> . L .
S at)pl, (t)dt — Z v’ / ad!
ool Jo E p

for all @ € X. Sow’ =" | v'®!, and then (3.7) implies that

and

1 - Z‘A'
||Uk ||p’Uk(z) ) —>ZU wi(t)
=1

for all ¢ € [0,400) except possibly on a countable set. But

1 n ; v n .. )
Torall D k@l (1) = Y ot (1)
=1 =1

for all t. So

3

1

ﬁ]
k(eI

Q (v (t) = Vio) (1) = 0 (3.9)

—_

1=

for almost all t. Therefore, since Qj(vk([))(t) is bounded by a fixed constant,
independent of ¢ and ¢, the Dominated Convergence Theorem implies that
Q](vk y) = 0in Y. So we have shown that every sequence {v;} converging
to 0 in R” has a subsequence {vj(} for which Q](vk p) = 0in Y. This
implies that (3.6) holds.

We can rewrite (3.6) in vector form by introducing the column-vector-
valued functions p, : [a,b] — R given by p,(¢ fo pu(s)ds, and the
matrix-valued function W : [0, +00) — Rrt+1xn (Wlth n + 1 rows and n
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390 B. PICCOLI

columns) whose entry in column i, row j, is ﬁ)f Then (3.6) clearly implies
that the scalar function
1

t— —
gl

pult) — W(t).w

converges to 0 in Y. It will also be convenient to split p, into a n-dimensional
part p! corresponding to the first n components and a scalar part p! corre-
sponding to the n 4+ 1-th component. With the obvious definition of p!, p!,
W', W", we can conclude that the scalar functions

1
t— —
gl

R 1 R
pLt) —W'(t)o||  and  t— —— |p(t) — W (t).v

[ol]

converge to 0 in Y.

Now consider z = & + v, v € R", ||v]| =1 and ¢ € R small.
Let ¢ be such that [|f(z,vz(t)) — fly,vz(t)]] < o(t)||lz — y|| for every
xz,y € W and t € [a,b]. There exists £ such that:

+ oo
Pe(t) dt <

; 2 el

for every € € [0,£]. From now on we consider only those z corresponding to
e < &. Fix now such an z. There exists T'(z) such that:

IrelT ()] < IrelT@))]) < —

Lellellis (3.10a)
and for t > T'(z)

gellel
172 () = 72O < |z — |- (3.100)
Notice that we may have that the trajectory v, (or 7z) reaches the origin

in finite time. But in this case we consider it as prolonged on [0, +o0) by
vz(t) = 0 for t > sup(Dom(y,)). This is compatible with the definition

f(ya(1),n:(1)) = 0 for t ¢ Dom(1,).
Define :ux(t) = 7x(_t)7 Vg (t) = nx(_t) so that Mo - [—T($>7 0] — R™is Ve
run backward in time and it satisfies the equation:

fio(t) = = f(pa(2), ve(t)).
Now

112 (t) = pz O < llpe(=T(2)) = pa(=T(2))]]
+/ 1 (1 (), v (8)) = Fpz(s), va(s))lds
—T(x)
< lie(=T(2)) = pa(=T(2))||

+/ 1 (1 (8)s va(8)) = flpa(s), vz (s))llds
)

T (x
+/ 1 (1 (), v2(s)) = flpz(s), va(s))llds
—T(x)
< lie(=T(2)) = pa(=T(2))||

Mz |
+/_T(x) W—SWH/O (=) |tz (5) = i ()| ds
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INFINITE TIME REGULAR SYNTHESIS 391

as long as f1,(s), pz(s) € W' for every s € [-T'(z),0]. Then

[l (£) = pa ()] < 6”¢’I'L1(Hux(—T($)) - ux(—T($))\!+/_T( ) %(—8)(18)
+ oo
< elleller (H%(T(ﬂf))HJrH’Vx(T(f))HJr i ¢a(8)d8)
_8L a b
=7 + 1 + 5= ¢

(3.11)
Assume by contradiction that i, (t) is not in W' for some t € [-T (), 0] and
let ¢ the first time in which this happens. Using the estimate (3.11) at time
t we obtain

112 (t) = pa(B)]| < 8 (3.12)
that gives us the contradiction. Hence we can conclude that for ¢ € [0, £],
Patev(t) € W' for t € [-T(z),0] and from now on we consider only those
2 =7 +¢ev for which ¢ < ¢.

For simplicity, denote by ¢ the integrable function w+ of (A1). From
(A1) it follows

sup (| Dy f(y, vo () < sup [|Dyf(y,ve(t)) = Dyf(y, va (1))
yew’ yEW!

+ sup [[Dyf(y, va (1)) (3.13)
yew!

< e (t) + o (8)-
Notice that from (3.12) we know that the segment joining g, (t) to pz(t)

is inside W' thus we can apply the mean value inequality and use (3.13).
Hence

l142(8) = 1z )] < Nlpe(=T'(2)) = pz (=T (2))

+/ 1f (1 (5), v () = flpa(s), va(s))lds
—T(x)

+/ 1f (12 (), v (s)) = flua(s), va(s))llds
—T(x)
< e (=T(2)) = pa (=T ()]

b )+ el ()~ a9
—T(x)

+ [ lpat-slas

—-T(=)

and applying Gronwall Lemma, from (A42)

12 (8) = pa ()] < et loelonp, (—T(w)) — nz(=T(2))]

+ [ o lee=9ds) g

< ellelloitliveliz (||x = z|| + Cllev|))
— ellellpitlivelipn (1+C) ||z — 2|

ESAIM: Cocv, DECEMBER 1998 VoL. 3, 381-405



392 B. PICCOLI

Now, from (3.2), (3.10) and (3.14), we have that there exists a constant C5
such that
[72(t) =72 (@) < Cslz — 2. (3.15)

We now prove the differentiability of Vr at . We have:

S0 = 7)) = (0

where

Zo(t) = Z,(t) + Z;(t),

2500 = [ B(e.t.0)- (o) = 5(0))d8 3.16)
20 = [ Baat.0)- (20(0) = :(0)10.

Bi(z,1,0) = Dy f(v2(t) + 0(v2(t) = 72(1)), 1:(¢))
= Dy f(r2(t) +0(72(t) = 72(t)), 12(1),
By(z,1,0) = Dy f(v2(t) + 0(72(t) = 72(1)), 1:(t))
= Dy f(r2(t), 1:2(1)),
and, as explained before, we write p = (p/, p"") with p'(t) € R", p"(t) € R.
We use M(t,s) to denote the fundamental matrix solution of the linear

system:
w=A(t) - w(t), 0<t< +oo,

and observe that the matrix-valued map ¢t — A(t) is Lebesgue integrable,
because of the integral bound ||A(t)|| < ¢ (t), which follows from (A1). Then
M :]0,+00) X [0, 4+00) — R™*" is continuous, and

Yo(t)=vz(t) = M(t,0) v—l—/ M(t,s)-pl(s ds—l—/ M(t,s)-Z,(s)ds. (3.17)
Next, we claim that

lim — sup{H/ M(t,s) - Z.(s) dSH 0<t< —I—OO} =0. (3.18)

v=0 [Jo]]
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INFINITE TIME REGULAR SYNTHESIS 393
Indeed, (3.15) implies that
sup{[|7z(t) = vz()[ : 0 <t < o0} = O([[v]]).

Moreover, vz(t) + 0(v(t) —vz(t)) e W C W if t € [0,400), 8 € [0,1]. Then
<

from the definition of Z! and (A1) we get the bound [|ZL(t)]] < O(e)v.(t)
(because ||By(z,t,0)|| < .(t)), so
1Zzllzr = O@E)[WellLr = ofe). (3.19)

To estimate Z2, suppose first that z; — & as j — oco. Then it is clear that

|Ba(z,t,0)|| < 2¢(t) for each fixed t,6, and By(z;,t,0) — 0 as j — oo.
Then fol |By(z,t,0)||d0 — 0 as j — oo for each fixed ¢ by the Dominated
Convergence Theorem, and fol || B (z,t,0)||d0 < ¢(t). Using Dominated

Convergence again we conclude that f0+oo fol |Bz2(z;,t,0)||d0dt — 0. So, if
we let

+ oo 1
ﬂ@%:A A\wxauwwmw

we see that (v) — 0 as v — 0. Then

[ izonacs [ ([ 1Bt o)) - o

< 3(0) sup7a(t) — 1 (Ol] 10 < ¢ < 400}
= o(e).

Therefore || Z2]|;1 = o(¢). This fact, together with (3.16) and (3.19) imply

that
1 Zz]l12 = o(e).

Since ¢t — A(t) is Lebesgue integrable, M is bounded on [0, +00) x [0, +00),
hence

/0 M (2, )] - (| Z2(s) |l ds < ofe), (3.20)

so (3.18) follows.
We now analyze the second term of the right-hand side of (3.17). Using
integration by parts, we write

[me%@szwwmwlg@w@ﬁWMS
=50+ [ ME9AWL6) s
since M (t,t) = identity and ZM(t,s) = —M (L, s)A(s). Define
A(t) = W'(t) + /Ot M(t, s)W'(s) ds.
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394 B. PICCOLI

Then A is an n X n-matrix-valued function on [0, +00) whose components

belong to BV (0,00). We then have

/OtM(t,s) ph(s)ds — A(t) - v
=) - W) v+ /OtM(t, 5)A(s) (,a;(s) — TW'(s) -v) ds.

In view of (3.9), the scalar function

1

%
]l

Fls) = W'(s) -

converges to 0 in Y. Therefore for any ¢

pl(s) — W'(s)-v

A Y
]“WWA 1M (E )| [|A(s)]] -

v—0

Since M (t,s) = M(t,t)M(t,s), and M is bounded, we can conclude that

= 0.

/Mts ph(s) — W’(s)-v)ds

im sup
v=0 || || o<t<too

Therefore (3.9) implies that the scalar functions

o /0 M(t,s) - () ds — A(t) - v

converge to 0 in Y. In view of (3.17), (3.20), it follows that the scalar
functions
1
=]
]l

converge to 0 in Y. This says, in particular, that the map = — 7, is
“differentiable at =  and its differential is the linear map v — M (-, T) -
v — A(-)v,” where differentiability is understood in the precise sense spelled
out above, namely, the difference v, (t) —vyz(t) = M (¢,T).v— A(t).vis o(]|v]])
in the sense that

Yo (t) = v2(t) = M(8,T) -0 = A(t)v

t) —vz(t) — M(t,0).0— A(t).v

+ oo
ggﬁﬂl o (1)1

for every integrable function o : [0, +00) — R.
Now

dt=0  (3.21)

w@—W@:A”u%wm@w—Azu%wm@w.
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INFINITE TIME REGULAR SYNTHESIS 395
By definition, if 7, < +oo we prolong (vz,7;) on [1,,+00) by setting

F(72(t),n2(t)) = 0 for t ¢ Dom(n,). Hence, we can write both integrals
with 0 and 400 as extrema of integration, so that

+ oo
Vi) - V() = / (L(alt), 1a(8)) — Livalt), ma(t)))dt
+ oo
" / (L (o (1), (1)) — L(va(t), ma(6)) )t

+oo gl
— /0 /0 DyL(yz(t) + 8(7.(1)
— v (1)), (1)) dB - (v (t) — y2(1)) dt
+ oo
o oY
+ oo
_ / at) - (a(t) = vo(t))dt
+eco Foo
+/ pg(t)dt+/ 25 (t)dt,

where

a(t) = DyL(vz(t),nz(1)),

2(t) = 2A(0) + 22(0),
2L = / bi(2,4,0) - (72(t) — 72())d6, (3.22)

20 = [ bale0.0) - (o) = 35008

bi(@,t,60) = DyL(v2(t) + 0(72(1) = 72(1), 12(1))
= Dy L(72(1) + (72 (1) = 72(1)), 12(1)),
by(@,t,60) = DyL(vz(t) +0(72(1) — 72(t )) 12(t)) = Dy L(v2(t), n=2(1))-
An argument identical to that used above to estimate 7, proves that the

L' norm of z, is o(||v]]) as v — 0. Also, since a(-) is integrable and the scalar
functions ¢t — ﬁH'yx(t) —vz(t) =M, T) - v—A(t)-v||goto0in Y, we can

conclude that the integral f0+oo (t) - (v (t) =72 (t) = M(t,T) - v—A(t) -v)dt

o(||v]]). Finally, the integral f+oo "(t)dt is differentiable as function of v
at v = 0. If we use A to denote its dlfferentlal it follows that

+ oo
Vi(z) — Vi (7) = (/0 a(t) (M(t,O)—|—A(t)) dt—|—A) v+ o(||v]]). (3.23)

This shows that V is differentiable at z and gives us an explicit expression
for its differential.
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396 B. PICCOLI

Let denote by (A, Ag) the adjoint covector along (vz, 7z). We have:

Ao (Vo (7 4 ev) = Vi (7))

+oo oo
:A A@wmwmmw—A AL (2 (1), 1a(t) ),

and again we can use 0 and 400 as extrema of integration for both integrals.
Notice that we have v, (t) = ~,(1.) for every t € [T, +00). Moreover the
equation:

At) = =A(1) - Dy f (32 (1), ma(2)) = Ao Dy L(72(t), na(2) (3.24)

is valid on [0, 400) defining A(t) = A(T%) for t € [T, +00). Hence

+ oo
Ao(V (@ +ev) = V(2)) = /0 Ao (L(va(t)y 1:(1)) = Ly (1), 1 (1)) ) dt

We start estimating Iy:

+ oo
h—%/ /DL%U+%M)7Ame%%@~MWWﬁ
+ oo
- / / (DyL(3(t) + 002 (t) — 72(8)), ma(t))

— Dy L(v:(t) + 0(v5(t) — v2(1)), n@(t)))
(vx(t) — v2(t))db dt

+oo pl
-I-/\o/o /0 (Dy L (72 (6)+0(72(t) =72 (8), 12(t)) = Dy L(v2(t), 112 (¢)))
(vx(t) — v2(t))db dt

+ oo
+A Mo Dy L(72(1), (1)) - (v2() = 72 (1)) dt

and the first two terms can be written as o(¢). Indeed

172(t) =72 = O(e),

and yz(t) + 0(v5(t) — vz(t)) € W', then the first integrand is bounded by
1.(t)O(e). For the second, notice that for every fixed ¢ the first factor is
bounded by 2¢(s) and tends to zero as ¢ tends to zero, therefore by dominate
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INFINITE TIME REGULAR SYNTHESIS 397

convergence we obtain the conclusion. Now using (3.24)

+OO .
112/0 (=A(t) = A1) - Dy f(y2(t), 12(1)), vo(t) — vz (t))dt + ofe)

too g
__ / SO0 7(1) = 2 (D)t

= (A0),72(0) = 72(0)) = 1im (A(t),72(t) —7=(1))

t—=+oo

(AW, FOva(t)s na(8)) = fy2(t); na(1)))dt

AW, FOra()s na(8)) = fy2(t); na(1)))dt

+ oo

+ (A= Dy f(r2(t), n2(1); 72(t) = v2(1))dt 4 o(2).

-+
c\c\rc\
8

Since D, f(vz,1z) € L'(0,+00), we have that ||A(t)|] is bounded and then
from limy—s 4 oo v (t) = limi 4 oo v2(¢) = 0, it follows that the second adden-
dum is zero. The sum of the last two integrals is o(¢), indeed we can reason
as for (3.25) replacing L with f. From the minimization condition of the
Maximum Principle:

AW, f(va(t); 12(8)) + Ao L(v2(1), 12(t))

< AW), F(v2(t), n(0)) + Ao L(2(1), (1)) (3.26)

for every z and almost every ¢t € Dom(n;) N Dom(n,). Moreover, with the
above definitions, the minimization condition holds also for ¢ ¢ Dom(n;) in
a trivial way. Indeed the first term of (3.26) is always zero, while the second
is either zero (if ¢ ¢ Dom(7n,)) or equal to the Hamiltonian, evaluated at
vz(t) = 0 and n,(¢), that is positive. From these facts we have:

+ oo
I 2 (M0), 2 - 2) = A0/0 Ao(L(72(t), 12(1)) = L(v2(t), nz(1)))dt + ofe)

and then:
I + I3 > (A(0),cv) + o(e).

We can divide by € and pass to the limit as € goes to zero, obtaining:
Ao(Dy Vi (Z),v) > (A(0), v).

Since both terms are linear in v, we obtain:
Ao(Dy Vi (Z), v) = (A(0), v).
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398 B. PICCOLI

We have Ao # 0 otherwise A = 0, but this contradicts the non triviality
of adjoint covector. Hence, it is possible to normalize the adjoint covector
setting Ao = 1. We finally obtain:

D, Vi () = A(0). (3.27)

This proves, in particular, the uniqueness of (A(:), Ag) up to multiplication
by a positive constant, since the Cauchy problem for the adjoint equation
has unique solutions. This concludes the proof of Theorem 3.2.

We now complete the proof of Theorem 3.1. From the minimization con-
dition of Pontryagin Maximum Principle (2.7), we have:

(A, f(r2(t), @) + L(72(t),0) = 0 (3.28)

for every # € S, every w € U and almost every ¢ € Dom(y,). Using a
sequence of times tending to 0, at which the inequality is true, from the
continuity of the quantities involved in (3.28), we obtain that the inequality
is true at time 0. Hence, from (3.27), we obtain:

(DyVr(z), f(z,w))+ L(z,w) >0, (3.29)

for every z € S at which I' is (f.L)-differentiable and every w € U.

At this stage, we are ready to prove optimality. Fix z € .S and consider
an admissible pair (v,7) € Adm®(f) verifying v~ = 2 and J(v,7) < +oc.
If Dom(7y) is bounded then we can reason exactly as in [12]. Thus we as-
sume that Dom(y) = [0, 400). Now, take a sequence 7; that tend to +oo.
For each fixed T}, there exists a sequence ('ylj, 771]) of admissible pairs, with
Dom('ylj) =[0,1}], nlj piecewise constant, 'ylj (T;) = ~v(T), such that 'ylj tend
to v uniformly on [0,7}], and

Lélw@w@w—lﬁwmw

— 0,

as [ tends to +00. This argument is used for the finite time case [12], for
the proof see [17].

By a transversality argument, identical to that one used in [12], we can
find a sequence of points y! converging to y(7;) such that for every [ the
trajectory 'yij’l, corresponding to control nlj and verifying 'yi"l(Tj) = yf, inter-
sects the (n-1) dimensional rectifiable set A a finite or countable number of
times. Hence using (3.29), the lower semicontinuity of Vr and the property
(NDJ) (exactly as in the finite time case, see [12]), we obtain:

w%%mséﬂwwmﬁww+w@» (3.30)

We now let ¢ tend to infinity. Since trajectories corresponding to control nlj
depend continuously on initial data, we obtain that %j,l tends uniformly to
'ylj. Moreover, using (2.3) for nlj we have that
T; . . T; . .
i [ Loy = [ LGl o)

i—>+o00 0
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INFINITE TIME REGULAR SYNTHESIS 399

Hence, passing to the limit in the inequality (3.30) and using the lower
semicontinuity of Vr we obtain:

XH#@DSAjMﬁ@mNDﬁ+Mmﬁ%@ﬁ

11—+ 00

We now pass to the limit in /. Using again the lower semicontinuity of V¢
and the uniform convergence of v/ to v on [0,7}], it follows

vwﬂzwh@DSAjMﬂmmmﬁ+MMM%@ﬁ (3.31)

11—+ 00

Finally, we pass to the limit in j. From the continuity of Vr at the origin
and Vr(0) = 0, we have

lim liminf Vi(y/) = 0.

j—=+o0 =+

Hence, since (7, 7) is an admissible pair, from (3.31) letting j tend to +oo,
we obtain

Ve(x) < J(v,m).

Since (v,n) was an arbitrary admissible pair steering  to the origin
Vr(z) < Vi(z),
therefore I' is optimal.

REMARK 3.3. The main theorem admits various generalizations.

TARGET.

This proof is valid under the hypothesis that the target 7 is the origin. The
same proof can be extended to cover the case of for more general smooth tar-
gets under additional assumptions in the definition of (f, L)-differentiability.
More precisely we ask:

.1

il_r% g"7;+vs - 7;’—“ = 0.
However, this condition seems to be too stringent to fit with the interesting
application. While in the finite time case, the result is valid for general
targets, see [12]. It is possible to consider a final cost ¢ : 7 — R, substituting
the condition V1 (0) = 0 with the condition Vp(z) < 1 (z) for every z € T.

TOTALITY.

The hypothesis requiring that the presynthesis is total can be replaced by
the following. It is sufficient to ask S to be open and ~,(t) € S for every
x € S and every t € Dom(v,). Another interesting sufficient condition
stated in term of the cost is the following. There exists a real number J > 0
such that:
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400 B. PICCOLI

(a) For every = € S we have J (v, 1) < J

(b) For every @ € S and every (y,7) € Adm®(f) verifying vy~ = z, we have
that J(vy,n) < .J implies that, for every ¢ € Dom(vy), y(t) € S.

CONTINUITY AT THE ORIGIN.
It is clear that a sufficient assumptions to carry out the proof in the same
way is that

lim sup lim inf Vi (y/) < 0.

j—+oo 1—4 00
This can be guaranteed for example by asking that for every admissible pair
(v,n) that steers a point & € S to the origin in infinite time, there exists a
sequence of time 7 such that T; — 400 and

limsup Vr (y(13)) < Vi (0).

j—+ oo

We can always choose the sequene y/ in such a way that ||y/ — v(T}) —
F(y(T5),u)|| — 0 as j — 4oo for some u € U. Thus from the (NDJ)
assumption we obtain

lim inf Vi (y7) < limsup Vi (y!) < Vi (4(T3)),

J—=too j—+oco

concluding. This condition is veryfied by Example 1 of [12].

We may also ask the existence of a set C' such that every trajectory -~
reaching the origin in infinite time is definitely in C' (that is there exist T
such that y(t) € C for every t > T) and Vr is upper semicontinuous at 0
along C', that is limsup,_,q ,ec Vr(y) < Vr(0). Again, this more geometric
condition is satisfied by Example 1 of [12]. Notice that both conditions for
the linear quadratic example of next section are equivalent to continuity at
the origin for Vr.

DIFFERENTIABILITY CONDITIONS.

We give an alternative definition of differentiability of the synthesis that
guarantees the same conclusion of the theorem. We briefly indicate the
modifications of the proof needed to reach the conclusion in this case.

This new conditions are important since the example of a linear quadratic
problem we give in the next section, satisfies these assumptions (not the
assumption (4)).

Given z, define, as in the proof of Theorem 3.1,

A(t) = Dy f(v2(1), 12(1)),

and let M (¢, s) be the fundamental matrix solution of the associated linear
system. A presynthesis ['is (f, L)-differentiable in z if the following holds.

(A)’ there exist an open set W, containing {y;(¢) : ¢ € Dom(n;)}, a neigh-
borhood N of z (in Q) such that N C Dom(I'), with the property that
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INFINITE TIME REGULAR SYNTHESIS 401

(Aa) there exists 6 > 0 such that the compact set W' = {z : d(z, {yz(¢) :
t € Dom(nz)}) < &} satisfies W' C W and

|

lim sup liminf |72(T) — vz (1) exp (HQQW/7[07T]HL1) <

=T 0

(Ab) there exist an integrable function @ : [0,400] — R and, for suf-
ficiently small ¢ > 0, integrable functions . : [0,4+00c] — R such that

lim,_ f0+oo ¥(t) dt = 0, and the inequalities

17y, na(8)) = Fly,ma ()] < - (2)

1Dy f (g 12() = Dy J(y, ma ()] < (1)
1Dy L (72 (t) + 0(y2(t) = v2(1)), n2(0)[| < (1)
hold for every y € W, @ € N such that ||z — Z|| < e, t € [0,400) and
6 €[0,1].

(Ac) the map v — p,, where p, is the integrable R"*! valued function on
[0, +00) given by

o) = F(2(0), o4 (1) = F (72 (1), 12(t))

is vaguely differentiable at v = 0 or it is weak*-differentiable at v = 0,
regarded as a map into the space of R"t!-valued Borel measures. That
is: for every continuous function « : [0,400) — R, that vanishes at 400
(lim¢—4 oo a(t) = 0), the map R" 5> v — f0+oo pu(t)a(t) dt € R™! s differ-
entiable at v = 0.

Moreover the map R™” 3 v — 0+Oo pi(t) dt € R, where p is the (n+41)-th
component of p,, is differentiable at v = 0.

(Ad) define C'y as in (3.2), then the function

L HD@,L(%@),%@)) : (M(t,O) O, /OtM(t,s) ds)

(Ae) let Az denote the covector associated to vz, then for every z € N

is integrable.

Jim (a{t), 7 (1) — 72(1)) = 0.
Notice that the condition (Ac)is the same as (A2).
The proof now can be modified in the following way.
From (Ac), we have that, as before, the scalar functions

‘/OtM(t,s) P (s) ds — A(t) - v

1
t— —
[[v]
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converge to 0 in Y.

Now condition (Aa) ensures that trajectories v, are near to vz for « near
to . More precisely, we can prove the estimate (3.12) for ¢ sufficiently
small. The estimate (3.15) is then obtained defining 7'(z) in a similar way
and using the function @y o 7(,)) instead of oy

The differentiability in Y of the map ¢t — v,(t) —vz(¢) can now be proved
only on compact intervals using the same proof and (Ab). The differentia-
bility of Vr at Z is now obtained using the assumption (Ad) to pass to the
limit for ¢ tending to 4o0.

The link of D, Vr with A;(0) is obtained in the same way, making use of
the estimate (Ae).

The rest of the proof does not change.

4. EXAMPLES

The aim of this section is to give examples of syntheses that satisfy the
assumption (A4)’and present both finite time and infinite time optimal tra-
jectories.

ExaMpPLE 4.1. Consider the system (cf. [13]):

il = T2
{ lu| < 1 (4.1)

ig:u

and the minimization problem:

+ oo
min/o (a1 (t) +23(1)) dt.

Let us describe the optimal synthesis. There are two optimal singular
trajectories that lie on the line x9 = —=zy, respectively for —1 < 21 < 0
and 0 < 21 < 1. These trajectories reach the origin in infinite time using
the feedback control u(z) = —x. The other trajectories start as bang-bang
trajectories ad either reach one of the two singular trajectories or reach the
origin in finite time (the latter happens only for trajectories reaching the
origin with control +1, see Fig. 1).

This minimization problem is not written as the optimization problem we
considered in section 2. However, it is clear that any admissible trajectory
must tend to the origin at infinity. Even a stronger property is true: namely
if z(-) is optimal and z(¢) = 0 for some ¢, then necessarily z(s) = 0 for ¢ > s.
Otherwise the trajectory defined by #(s) = x(s)xjo,q(s) would achieve a
better performance. Hence, we can introduce the final constraint assigning
the origin as point target.

For convenience, we will verify the assumptions of our theorem in a neigh-
borhood of the origin. This clearly is enough if we want to prove optimality
on some open neighborhood of the origin covered by trajectory of the syn-
thesis (choosing the open set in such a way that the trajectories do not exit
from it). For the global synthesis, one can easily check the assumptions
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INFINITE TIME REGULAR SYNTHESIS 403

estimating the effects of the switchings of the optimal trajectories. This is
entirely similar to the computations exploited in [12] for Fuller phenomenon
(now with only a finite number of switchings and hence no problem of con-
vergence).

switching curve

control -1

sinh
trajectory )
N
/ \

[

<
AN / singular

AN trajectory

control +1

switching curve

Fig.1

Consider a point z in a neighborhood of the origin, not on the two singular
trajectories or on the trajectories reaching the origin in finite time. The time
t(z), in which the optimal trajectory starting from a reaches one of the two
singular trajectories, depends smoothly on z. Consider the curve p — z,
such that t(z,) = t(z) and 29 = z. Let us check the assumption (Ac). We
first prove the differentiability for a fixed a € Co along 2,0 (the tangent
vector to the curve p — 2, at p = 0), and then along f(v,(0),7,(0)). We
have

0

FOre(t), 112, (1) = F(a(t), (1)) = m;p(t)o—nx(t) : (4.2)

The only nonzero component of (4.2) is the second one. Hence we have to
estimate only the integral:

+ oo

+ oo
/0 (M, (1) = (1)) ex(t) dt:/t I (g, (tH(x)) = 70 (t(2))) a(t) dt

(z)
= C(a) (s, (L(2)) = 72(t(x))) ,

for some constant C'(«) > 0. We obtain immediately the differentiability us-
ing the regularity of t(z) and of the singular trajectory. The computations
for the differentiability in the other direction are straightforward. Now, the
vectors xf, and f(v,(0),7,(0)) form a basis for every y in a neighborhood
of x, and are smooth functions of y. Moreover, the derivatives along these
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directions depend continuously on y. Hence, we obtain the weak™* differen-
tiability for every o € Cy. The other assumptions of Theorem 3.1 are easily
verified, therefore we can apply the theorem obtaining the optimality of the
synthesis.

ExampLE 4.2. Consider the system

i1 = p(x2)
uf < 1 (43
ig =1Uu

where ¢ € C* verifies p(z2) = z2 + o(z2), and the minimization problem:

+ oo
min/o (a1 (t) +23(1)) dt.

The optimal synthesis near the origin is entirily similar to the one described
in the previous example. The singular trajectories now lay on the set of

zeroes of the function 9
¥ 2 2

—(z T5) — 229 .

D (v1 + 23) 2 ¥
Call S this set and let S’ be its intersections with the union of the second and
the forth orthant. Then S’ can be characterized giving x5 as a function of
x1, say x2 = ¢(x1), with ¢’(0) = 1. The function ¢ can be highly nonlinear,
e.g. p(zq) = arctg(zz), showing that syntheses with the above features are
not necessarily linked to linear—quadratic problems.

REMARK 4.3. Consider the same problem of Example 4.1 but now with a
cost function () having a single zero, say at &, and a quadratic behaviour
near  (e.g. Q(x — ) is quadratic), and a perturbed dynamics admitting
the zero velocity at @ (the perturbation being small in the C* norm). Then
the optimal synthesis has the same structure with z playing the same role
of the origin in Example 4.1. (This follows from the analysis of the struc-
tural stability of two dimensional syntheses discussed in [3].) This proves
structural stability of the synthesis of Example 4.1 and hence illustrates the
applicability of Theorem 3.1.

REFERENCES

[1] M. Bardi, 1. Capuzzo Dolcetta: Optimal control and wviscosity solutions of
Hamzlton-Jacobi- Bellman equation, Birkduser, Boston, 1998.

[2] V.G. Boltianskii: Sufficient conditions for optimality and the justification of the dy-
namic programming principle, SIAM J. Contr. and Opt., 4, 1966, 326-361.

[3] A. Bressan, B. Piccoli: Structural stability for time-optimal planar syntheses, Dy-
namics of Continuous, Discrete and Impulsive Systems 3, 1997, 335-371.

[4] A. Bressan, B. Piccoli: A generic classification of time optimal planar stabilizing
feedbacks’, SIAM J. Contr. and Opt. 36, 1998, 12-32.

[5] P. Brunovsky: Every normal linear system has a regular time—optimal synthesis,
Math. Slovaca 28, 1978, 81-100.

[6] P. Brunovsky: Existence of regular syntheses for general problems, J. Diff. Eq., 38,
1980, 317-343.

ESAIM: Cocv, DECEMBER 1998, VoL. 3, 381-405



[7]
(8]

(9]
[10]
(11]

[12]

[16]

(17]

(18]

INFINITE TIME REGULAR SYNTHESIS 405

L. Cesari: Optimization — Theory and applications, Springer—Verlag, New York, 1983.
W.H. Fleming, R.W. Rishel: Determenistic and stochastic optimal control, Springer—
Verlag, New York, 1975.

W.H. Fleming, M. Soner: Controlled Markov processes and viscosity solutions, Sprin-
ger—Verlag, New York, 1993.

B. Piccoli: Regular time-optimal syntheses for smooth planar systems, Rend. Sem.
Mat. Univ. Padova 95, 1996, 59-79.

B. Piccoli: Classification of generic singularities for the planar time optimal syntheses,
SIAM J. Contr. Opt. 34, 1996, 1914-1946.

B. Piccoli, H.J. Sussmann: Regular synthesis and sufficiency conditions for optimality,
to appear in SIAM J. Contr. Opt..

E.P. Ryan: Singular optimal controls for second—order saturating systems, Int. J.
Control 30, No.4 1979, 549-564.

H.J. Sussmann: Subanalytic sets and feedback control, J. Diff. EFq. 31, No.1, 1979,
31-52.

H.J. Sussmann: Lie brackets, real analyticity and geometric control theory, in Differ-
ential Geometric Control Theory, R.W. Brockett, R.S. Millman and H.J. Sussmann
Eds., Birkhduser Boston Inc., 1983, 1-115.

H.J. Sussmann: Regular synthesis for time-optimal control of single-input real-ana-
lytic systems in the plane, STAM J. Contr. Opt. 25, No. 5, 1987, 1145-1162.

H.J. Sussmann: Recent developments in the regularity theory of optimal trajectories,
in Linear and nonlinear mathematical control theory, Rend. Sem. Mat. Univ. e Pol.
Torino, Fascicolo speciale, 1987, 149-182.

H.J. Sussmann: Synthesis, presynthesis, sufficient conditions for optimality and sub-
analtic sets, in Nonlinear controllability and optimal control, H.J. Sussmann ed.,
Marcel Dekker, New York, 1990, 1-19.

ESAIM: Cocv, DECEMBER 1998 VoL. 3, 381-405




<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /All
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.3
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Remove
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
    /Arial-Black
    /Arial-BlackItalic
    /Arial-BoldItalicMT
    /Arial-BoldMT
    /Arial-ItalicMT
    /ArialMT
    /ArialNarrow
    /ArialNarrow-Bold
    /ArialNarrow-BoldItalic
    /ArialNarrow-Italic
    /ArialUnicodeMS
    /CenturyGothic
    /CenturyGothic-Bold
    /CenturyGothic-BoldItalic
    /CenturyGothic-Italic
    /CourierNewPS-BoldItalicMT
    /CourierNewPS-BoldMT
    /CourierNewPS-ItalicMT
    /CourierNewPSMT
    /Georgia
    /Georgia-Bold
    /Georgia-BoldItalic
    /Georgia-Italic
    /Impact
    /LucidaConsole
    /Tahoma
    /Tahoma-Bold
    /TimesNewRomanMT-ExtraBold
    /TimesNewRomanPS-BoldItalicMT
    /TimesNewRomanPS-BoldMT
    /TimesNewRomanPS-ItalicMT
    /TimesNewRomanPSMT
    /Trebuchet-BoldItalic
    /TrebuchetMS
    /TrebuchetMS-Bold
    /TrebuchetMS-Italic
    /Verdana
    /Verdana-Bold
    /Verdana-BoldItalic
    /Verdana-Italic
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 150
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.00000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 150
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.00000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.00000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e55464e1a65876863768467e5770b548c62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc666e901a554652d965874ef6768467e5770b548c52175370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /ITA (Utilizzare queste impostazioni per creare documenti Adobe PDF adatti per visualizzare e stampare documenti aziendali in modo affidabile. I documenti PDF creati possono essere aperti con Acrobat e Adobe Reader 5.0 e versioni successive.)
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020be44c988b2c8c2a40020bb38c11cb97c0020c548c815c801c73cb85c0020bcf4ace00020c778c1c4d558b2940020b3700020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken waarmee zakelijke documenten betrouwbaar kunnen worden weergegeven en afgedrukt. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU (Use these settings to create Adobe PDF documents suitable for reliable viewing and printing of business documents.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
    /FRA <>
  >>
>> setdistillerparams
<<
  /HWResolution [600 600]
  /PageSize [612.000 792.000]
>> setpagedevice


