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OPTIMAL CONTROL OF AN ILL-POSED
ELLIPTIC SEMILINEAR EQUATION
WITH AN EXPONENTIAL NON LINEARITY

E. CASAS, O. KAVIAN, AND J.-P. PUEL

ABSTRACT. We study here an optimal control problem for a semilinear
elliptic equation with an exponential nonlinearity, such that we cannot
expect to have a solution of the state equation for any given control. We
then have to speak of pairs (control, state). After having defined a suit-
able functional class in which we look for solutions, we prove existence
of an optimal pair for a large class of cost functions using a non standard
compactness argument. Then, we derive a first order optimality system
assuming the optimal pair is slightly more regular.

1. INTRODUCTION

In this paper we are concerned with the optimal control of the following
semilinear elliptic equation

{ —Ay=eY+u in Q,

y=20 on I (1.1)

where Q C R™, n > 2, is a bounded open set, I' being the boundary, which
is assumed to be Lipschitz. The function u is the control, that will be taken
in some space LP(2), and y denotes the state in our control problem.

The equation (1.1) appears in several contexts: we refer for instance to
D.A. Franck-Kamenetskii [5] for combustion theory in chemical reactors,
S. Chandrasekhar [3] in the study of stellar structures. The equation (1.1)
is ill-posed in the sense that there is no solution for some controls v and many
solutions can be found for some others (see for instance .M. Gelfand [7],
M.G. Crandall and P.H. Rabinowitz [4], F. Mignot and J.P. Puel [8, 9],
Th. Gallouét, . Mignot and J.P. Puel [6]). Because of the term e¥, we need
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362 E. CASAS, O. KAVIAN, AND J.-P. PUEL

to explain what we mean by a solution of (1.1). We will say that y is a
solution of (1.1) if it belongs to the class of functions

Y ={ye Hy(Q):e¥ € L'(Q)} (1.2)

and it satisfies the equation in the distribution sense. Then the optimal
control problem will be formulated in the following terms

C ,_ 2. ulz\dz N u(z)|Pdx
- Minimize J(y, u) ._/QL( yy(e))de + p /Q| (x)|Pd

(y,u) € Y x K satisfies (1.1),

where K is a nonempty closed convex subset of LP(2),2 < p < 400, N >0
and L : 2 x R — R is a Carathéodory function of class C'! with respect to
the second variable and satisfying appropriate growth conditions which will
be shown to be the following

\%ﬁwwﬂSam@+amwwﬁ+&» (13)
Lie.y) > ax(e) — ar(ly™|" + e, (1.4)

for some ay, ay € LY(Q), a1, ag > 0, 8, = np/(n — 2p) if p < n/2, and

0<6, <+o0ifp>n/2,and 1 <60y < p. For instance, yg € Y being given,
a typical functional J would be

o= [ o) = wte)Pde+ = [ pu@ppar. (15)

We should emphasize on the fact that one of the main difficulties of the
problem is to choose an appropriate class of solutions such that (P) has a
solution in that class.

The plan of the paper is as follows. In Section 2 we will analyze the state
equation and we will establish the necessary background to study the control
problem. The existence of a solution for (P) is studied in Sections 3 and 4
for the cases p > 2 and p = 2, respectively. The case p = 2 presents some
difficulties and we will be able to prove the existence of an optimal control
under some additional assumption on the function L. We should note that,
as it seems to us, the case 1 < p < 2 cannot be treated with the techniques
we use in this paper. Finally in Section 5 the optimality conditions will be
investigated.

2. ANALYSIS OF THE STATE EQUATION

We start this section by establishing that any solution of (1.1) in the
sense defined in Section 1 is a solution in the variational sense in H}(Q);
this requires to prove some regularity of the term e¥.

LEMMA 2.1. Let y € Y be a solution of (1.1), then e¥ € H™Y(Q), e¥z €
LY(Q) for every z € Hy(Q) and

/Vy(x)Vz(x)dx:/[ey(x)—l—u(ac)]z(x)dx. (2.1)
Q Q
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Proof. By the definition of a solution of (1.1), for all z € C2°(2) we have

/Vy(x)Vz(x)dx:/[ey(x)—l—u(ac)]z(x)dx. (2.2)
Q Q

Given z € L™ () N H{(£2), we can take a sequence {z;}72, C C2°(£2), with
lzklloo < |12]loo + 1, for every k € N and z; — 2 in H}(2) and z; — z in
L= (Q)-w*. Then for all £ > 1 we can replace z by 2z in (2.2) and pass to
the limit when & — oo to obtain that the identity in (2.2) is also true for
any z € L>(Q)n HL(Q).
Let us take now z € H} () such that z > 0 and set
k if z(x) > k,
Ti(z)(a) = { fo i l ;Z(x) o

Then Ty(z) € L>(Q) N H} () and

/vy )VTi(2)(x )dac_/[ @) 4w (2)]Th(2) () da vk € N.

Since Tx(z) — z in Hj(Q), the only trouble to pass to the limit in this
identity comes from the term e¥z;. As Tk(z) > 0 and €Y > 0, then from the
monotone convergence theorem, taking into account that Ty(z)(z) 1 z(x)
for almost all 2 € Q, we deduce

/ey(x)z(x)dx = lim VO (2) (2) da
Q

k—+o0

= lm {/ V() VT (2 ()dw—/ (x)Tk(z)(x)dx}
_ /Vy(ac)Vz(ac)dac—/Qu(x)z(x)dx< too.

Next, for a general z € Hj(Q), we notice that z = zT — 27 with 27,27 €
HI(Q) This proves that (2.1) is satisfied. Moreover eV € H~1(Q) and (2.1)
shows that for all z € H}(Q)

<ey,z>:/ey(l’)z(x)dx.
Q
O

Now we state a very important identity to derive some estimates, in terms
of u, on the solution of (1.1).

THEOREM 2.2. Let u € L*(Q) and assume that y € H*(Q) is a solution of
(1.1). Then for any xo € R™ we have

(5-1) [ IFo@lar+ 5 [1900)Pe) - @ - wldo
(2.3)

=n | (¥~ 1V)de — | u(@)[(z — o) - x)]dz,
= [ @) = 1)de~ [ w@)lie ~ ) V(o

where v(o) denotes the outward unit normal vector to I' at the point o.

ESAIM: Cocv, NOVEMBER 1998, VoL. 3, 361-380



364 E. CASAS, O. KAVIAN, AND J.-P. PUEL

Proof. Since y € H?*(Q), then ¥ = —Ay — u € L*(Q). Therefore we can
multiply the equation (1.1) by any function of L?(€) and make the inte-
gration in Q. In particular we can take (z — zg) - Vy(z) € L?(Q) as this
function:

[ =80l = a0 - Vil = [ @l = aw)- Voot [ alfe = 20) -wg@

Let us make an integration by parts in the first integral
[ =8l = 20) ¥4
Q
= / VyV[(z — z¢) - Vy] — /F&,y(a)[(a — z9) - Vy(o)ldo

S [ 0uv0.. 162, = 20,002, - /F 0,9(0)[(0 - x0) - Vy(o)ldo

711

- Z / et 3 / Ouy(; — w05) 02, ylda

1,5=1

- / 9,y(0)[(0 = o) - Vy(o)]do
- Z/mm dot Z/  — 007)0, (D)

- [ ool ) V()

Now we can integrate by parts in the last relation, taking into account
that for ¢ € I' we have Vy(o) = £|Vy(o)|v(o), then (o — 2¢) - Vy(o) =
+|Vy(o)|v(o) - (0 — o) and d,y(c) = Vy(o) - v(o) = £|Vy(o)|, we get

n

/Q [~ul(e = 20)- V) =3 [ 10l

=1

i Z { / +/F($J‘ _xoi)yj(w)(axiy)2da}

1,5=1

(2.5)
- /F 0,y(0)[(e — z0) - Vy(o)do

(-1 Z [ w0t = [10)- (o = s Vuto) e

In order to handle the first term in the right hand side of (2.4), for k > 1
set

Ti(y)(z) == ¢ yl=) if —k<ylz) <k,
-k ify(z) < —k.
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OPTIMAL CONTROL OF AN ILL-POSED ELLIPTIC SEMILINEAR EQUATION 365

One checks easily that T)(y) — yin H}(Q) and a.e., e*¥) — e¥in L2(Q) and
a.e. On the other hand e*WVTy(y) — e¥Vy in L' (Q); but as V(eT+)) =
e WVTy(y), we conclude that e?Vy = V(e — 1) in L*(€). Therefore

/eyVy-q)dx:—/(ey—l)V-(I)dx
Q Q

for all ® € (C*(R™)", and we may write:

/ e’[(x — o) - Vyldz = Z/ (z; — wo;)eY0,, ydx
Q e

(2.6)
Putting together (2.5) and (2.6) in (2.4), we get (2.3). O
LEMMA 2.3. Let us assume that u € L*(Q), Q is star-shaped with respect to

some interior point xg (i.e. (0 — xg) -v(a) > 0 for 0 € ') and y € HL(Q)
satisfies Ay € L*(Q). Then we have

(3-1) /Q Vy(e)Pde < /QAy[(x ~ 20) - Vylde. (2.7)

Proof. Let us consider a sequence of bounded open sets 2y D €3 D -+ D Q,
with N72,8; = Q, with I'; = 9Q; of class C'1! and such that all of them are
star-shaped with respect to xzg. For each j we consider the problem
—Az=(eV+u)xq in €,
z=10 on I';,
where yq is the characteristic function of €. This linear problem has a
unique solution y; € HY(Q;) N H?(2;). We extend each y; and y to Q; by
zero, thus y;, y € H}(Q4). From the above equation we get

| vupds = [ 9o = [ 4 ddude < 17+ ullogoy 2,
1

J

which proves the boundedness of {y;}?2, in Hg(Q). By taking a subse-
quence we can assume that y; — g weakly in H}(Qy) and y;(z) — g(z) for
almost all # € Q1. Obviously we have that §(z) = 0 for € Q1 \ Q. Then
we have that y = 0 on I' and —Ay = lim; o, —Ay; = ¥ + v in Q. This
leads to the equality § = y. Moreover

/ |Vy|*de < liminf/ |Vyj|2dac§1imsup/ |Vy;|*dz
Ql Ql ] Q1

J—+oo J—00

= limsup/ |Vyj|2d96= hm/ [e¥ + u]y;dx
Q] J—r0o0 Q]

J—00
= [+ v = [ [VyPde = [ |VoPaa,
Q Q 971
hence lim ;oo [|y;l| g3 (1) = Wl 1 (q,)> which proves the strong convergence

: 1
y; = yin Hy(Qy).
ESAIM: Cocv, NOVEMBER 1998, VoL. 3, 361-380
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Now arguing again as in the proof of Theorem 2.2 and using the fact that
(6 — x¢) -v;j(0) > 0 for every o € I'; (here v; is the outward normal to I';),
we deduce

lj—Amuw—xw-vmm::mn (—Ay) (@ - 20) - Vy;lde

J—+co JO

= lim (—Ay;)[(z — z0) - Vy;ldz

J]—00 Qj

o " (24, L )y |2

= ],h_glo {(1 2) /QJ Vy;|"dx Q/FJ[(U o) - ()] Vy;l dg}
: n 2gr— (1" 2

< jlggo (1—5)/Q|Vy]| de = (1 2)/Q|Vy| dz.

Remark. Inequality (2.7) makes sense when we assume only that y € YV
and u € L%() but we do not know whether it holds under these assump-
tions. Actually (2.7) is true for solutions (y,u) € Y x K such that there is
a sequence of solutions (yg,ug) € Y x K with y, € H?(Q) satisfying (1.1),
up — u strongly in L?(2) (indeed this implies that yx — y in H}(Q)-weak
and e¥ — e¥ in L1(Q)). O
COROLLARY 2.4. Let us assume that u € L*(Q), Q is star-shaped with re-

spect to some interior point o and y € Y is a solution of (1.1) such that
eV € L*(Q). Then we have

(g 1) /Q IVy(2)2de < n/ﬁ(ey(x) ~ 1)da — /Qu(ac)[(x — 20) - Vy(z)]de.
(2.8)

A

O

Proof. If y € H*(Q) this inequality is an immediate consequence of (2.3).
Indeed it is enough to note that v(o) - (¢ — zg) > 0 for almost every o € I’
because €2 is assumed to be star-shaped with respect to xzg. Since we have
not assumed I to be of class C'! or Q to be convex, we cannot deduce the
H?(Q)-regularity of y from the fact that eV + v € L*(Q2). However (2.6) is
still valid, therefore the result follows from the previous lemma. O

As a consequence of this corollary, we deduce some estimates for vy in
terms of u.

THEOREM 2.5. Let us assume that y is a solution of (1.1) that satisfies
the inequality (2.8). Then there exist positive constants C;, 1 < i < 4,
independent of w and y such that

le?yllzay < Cillullfzqq) + Ca, (2.9)

1yl 1) < Csllullrz29) + Ca. (2.10)

Proof. Thanks to Theorem 2.1 we know that

2)|%2dz = V(@) () da w(z)y(z)dz. .
[ 1vv@Pde = [ @@ypis+ [ upyiend (2.11)
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Combining this identity with (2.8) we deduce

n_ v n
(2 1)/Qe ydav—l—(2 1)/9uydx
< n/ [ — 1]dx — / ul(z — zo] - Vyldz.
Q Q
Which yields

2n
Awmm;hQAW—um+mwm@mmmy (2.12)

Let us set

dn
Q, = Q: .
{xe y(ac)>n_2}

Then from (2.12) we get
1 An_
Jewie <5 [ erydos [ e det iz ol
Q n 2\
therefore

1/ 1
— eyydx§02——/ eVydz + c1||ul| 2o |1Vl 710y -
5| . ol a1yl

Taking into account that ef[f| < ¢(n) < 400 for any real number ¢ < 22
we get from the previous inequality

| eolds < s allllaalollg o 213
Using this inequality in (2.11), we obtain (2.10). Finally using (2.10) in
(2.13) we get the estimate (2.9). O

We finish this section by proving two propositions that will be very useful
in the next sections. Here we will use the notation y* = max{y,0} and
y~ = max{-y,0}.

PROPOSITION 2.6. Let y be a solution of (1.1) corresponding to a function
uw € LP(Q). Then y* € L"(Q) for all 1 <r < 4o0; y~ € LYQ) with
+o0 if p>n/2,
q= <4oo  ifp=n/2
np/(n—2p) if p<n/2.
Moreover ||y~ [|pa(q) < Cpqllu™||Lr()for some constant C, 4 > 0 independent
of w and y; if we denote by [r] the integer part of r and k := [r]+ 1 then

g+ ller@) < (R)Y7(Cullull 2y + C2)V"

Proof. Let us take k = [r] + 1. Then |yT|" < kle¥ € L'(Q), which proves
that y* € L"(Q). Using the estimate [, evda < C’lHuH%z)(Q) + C5 one gets
the last estimate of the proposition.
Now assume that p < n/2 (the case p > n/2 may be treated in the same
way). Consider ¢ € H{ () satisfying —Av = —u~. We have
—Ay > —u” = -Ay

ESAIM: Cocv, NOVEMBER 1998, VoL. 3, 361-380
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and by the maximum principle we conclude that y > ¢ in Q. As ¥ < 0, we
conclude that 0 < y~ < ¢~ = |¥)|. Now recall that by a classical result of
G. Stampacchia [12] (theorems 4.1 and 4.2), if for some s > 2 (and s < n)
one has —Az =T € W=1(Q) and 2z € H}(Q), then

1 1 1
HZHLs*(Q) < C(n, S)(HTHW—LS(Q) + HZHL2(Q))7 ey = s
Here we have —Avy = —u~ € LP(Q) and LP(Q) C W—1#(Q) if
1.1
s p n

Consequently one sees that the estimate of the proposition on ||y~ ||r«(q)
holds if ¢ = s*, which means

O

ProrosiTION 2.7. Let u and y be as in Proposition 2.6 and satisfying the
inequality (2.8). Then y € LP(Q) and

1Yllze@) < Crpllullze(@) + Cops

for some constants C; , > 0 independent of u and y.

Proof. Let us take k = [p] + 1. From (2.9), the inequality e’ < |t|e! + 1 for
every ¢ € R and taking into account that p > 2, we deduce

_ 1/p
Iyt Lr(e) < (k'/ eydw)p = (01”“”%2@ +02)
Q

< CSHUHLz + s < ez (lull 2y +1) + s < esllullriq) + co-

On the other hand, from Proposition 2.6 it follows that y= € LP().
Indeed it is enough to note that np/(n — 2p) > p if p < n/2. Moreover

1y~ lzr(@) < Colle™ llzrie)

Now it is enough to write y = y* — y~ and to use the two inequalities
obtained above to achieve the desired result. O

3. EXISTENCE OF AN OPTIMAL CONTROL. CASE p > 2

The aim of this section is to study the existence of a solution for the
optimal control problem. As usual, to prove the existence of such a solution,
we take a minimizing sequence {(yg, ur)}72, of feasible elements. Assuming
that either K is bounded in LP(Q2) or N > 0, we can deduce that {us}3>,
is bounded. The difficult part is to deduce that {yx}72, is bounded in
H3(Q). If the elements (yx,uy) satisfy the inequality (2.8), then Theorem
2.5 provides the necessary inequalities to deduce the boundedness of {y5}72 ;.
Unfortunately (2.8) has been proved to hold only for solutions of the state
equation with eV € L2?(Q2). This leads us to consider the following class
of states: we denote by ) the subset of Y formed by the functions which
satisfy (1.1) and (2.8) for some control » (note that for ¢ > n/2 one has
ESAIM: Cocv, NOovVEMBER 1998, VoL. 3, 361-380
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W24(Q) N HY () C V). Not every element of Y needs to be a solution of
(1.1) with e¥ € L?(2). In fact we have the following result.

THEOREM 3.1. Let us assume that {(yr, ur)}ie,; C Y X LP(Q) is a sequence
of functions satisfying (1.1) and converging weakly to some element (y, u)
in HY(Q) x LP(Q), with p > 2. Then e¥% — e¥ in L1(Q), y € Y and (y,u)
satisfies also (1.1). The same result holds if yp — y in HY(Q) and up — u
strongly in L*(Q).

Proof. The weak convergence y; — y in H(2) implies the strong conver-
gence yr — y in L%*(Q). Then taking a subsequence if necessary, we can
assume that yr(z) — y(z) for almost every point € Q. In particular
evi (@) 5 o¥(#) almost everywhere in €. Let us use Vitali’s theorem to prove
the convergence e¥* — eV in L'(Q). First let us note that the boundedness
of {ur}32, in L*(Q) along with (2.9) imply that [[e¥*yx||1(q) < C for some
constant C' < 400 and all £ € N. Now given € > 0, let us take m > 0 such
that C'/m < €/2 and 6 = €¢/(2e™). Then for every measurable set £ C €,
with meas(L) < §, we have

/eyk(l’)dac < e eyk(l’)yk(x)dw—l—/ e"dx
E M J{zeE:y,(z)>m} {z€E:yr(z)<m}

1
< —/ Uy (2)|da + e meas(E) < = +e™d < e VEk €N,
m Jjo m

which allows to conclude the desired convergence. Now it is easy to pass
to the limit in the state equation satisfied by (yx, ux) and to conclude that
(u,y) satisfies (1.1).

Let us prove that (y,u) satisfies (2.8). First of all we will prove that
there exists a subsequence, that we will denote in the same way, such that
Vyip(z) — Vy(z) for almost all point 2 € Q. To achieve this aim, we
remark that eVs — e¥ in L'(Q) while (ug)y is bounded in LP(): therefore
(Ayg)x is bounded in L!'(Q). Now by a result due to L. Boccardo and
F. Murat [2] (theorem 2.1) one may conclude that there exists a subsequence
(still denoted by) (yx)x such that yx — y in H'(Q) weakly and Vy; — Vy
almost everywhere.

Now the weak convergence Vy, — Vy in (LQ(Q))n along with the point-
wise convergence implies the strong convergence in (L"(Q2))" for all r < 2
(we use here the fact that the weak convergence in L?(Q) implies that the
sequence |Vy, — Vy|” is equi-integrable and we apply Vitali’s theorem).
In particular the strong convergence of Vyr — Vy holds in Lp/(Q)7 with
(1/p) + (1/p") = 1 (this is the only place where we need the assumption
p > 2). Then we can pass to the limit in the inequality (2.8) to obtain:

(g - 1) /Q |Vy|?de < lilggf (g - 1) /Q |Vyy|?dx

< 1ikrgi£f {n/ﬁ[eyk — 1]dx — /Quk[(ac — 29) - Vykdac}
= n/Q[ey — 1]dz — /Qu[(ac — x0) - Vydz,

ESAIM: Cocv, NOVEMBER 1998, VoL. 3, 361-380
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which concludes the proof when (yx,ug) — (y,u) in HJ(Q) x LP(Q) and
p > 2. On the other hand it is clear that when p = 2 and wup — w strongly
in L2(Q), in the above inequalities one has

/ ug(z — z9) - Vypdz — / u(z — o) - Vyda
Q Q

as k — oo. O

Now we reformulate the control problem as follows

,_ 2. ulz\dz N w(z)|Pdx
) Minimize J(y, u) -—/QL( Jy(x))de + p/g| (x)|Pd

(y,u) € Y x K satisfies (1.1).
The fact of taking (y,u) € Y X K imposes a restriction on the class of

solutions of (1.1), but it is not restrictive with respect to the controls. More
precisely, we have the following result

ProPOSITION 3.2. Let us assume that § is star-shaped with respect to some
point xg € Q and that (1.1) has a solution for some control v € LP(Q),
p > 2. Then there exists a solution z of (1.1) corresponding to the same
control u and belonging to the class Y.

Before proving this proposition, we state and prove the following lemma:
LEMMA 3.3. Fork > 1 and t € R let us denote fi,(t) := min{e® e'}. Then
there is z, € H}(Q) such that

{ Az = fi(z) +u inQ,

2 =10 onl. (3.1)

Moreover zj, < zp11 and the sequence {z;}7~, is bounded in H}(Q).

Proof. We denote with y a solution of (1.1) associated to the control u. Let
us take yo € H3(Q) such that —Ayy = u. Then we have the following three
inequalities:

—Ayo < fe(yo) +u, —Ay > fily) +u, —A(y —yo) =e’ > 0.
From the last relation we deduce that yg < y in €2. From the two first re-
lations it follows that yo is a subsolution and y is a supersolution of (3.1).
Combining all these, by the now classical techniques introduced by D.H. Sat-

tinger [10] (see also H. Amann [1]) we get the existence of a solution zj of
(3.1) such that yo < 2z <y. Moreover we have z, < zpy; and

/|Vzk| de = /Q[fk(zk)—l—u]zkdx < /Q[ezk—l—|u|]|zk|dw

< /Q[ey + lulllzelda < fle¥ + ulllm-r (o) 12kl 13 ()
which implies that {z;}72, is bounded in H} (). O

Proof of Proposition 3.2. The sequence {z;},-; being given by Lemma 3.3,
taking a subsequence, denoted in the same way, we infer that there exists
an element z € H}(Q) such that

2 — 2 weakly in H3(Q), zx(z) — 2(z) ae. z € Q. (3.2)
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Therefore fi(zr(z)) — e for almost all € Q and fi(z) < e* < eV,
Then we can apply the dominated convergence theorem to obtain that e —
e” in L'(Q). Now it is easy to pass to the limit and to deduce that » satisfies
(1.1). We are going to prove that z € Y. First of all let us remark that
Te(zk) +u € L*(Q), hence Az, € L*(Q). Therefore we can multiply (3.1) by
(x — 29) - Vzi, and integrate over  and get:

—/ Azip[(z — o) - Vzi]da
Q

= / fie(ze)[(z — o) - Vzg]da —I—/ ul(z — zo) - Vzg]da. (3.3)
Q Q

Let us define the function Fj : R — R by

el — 1 if t <k,
F’“(t)_{ Ft—k+1)—1 ift >k

Then F} is the primitive of f; (which is defined in Lemma 3.3) satisfying
F(0) = 0 and Fy(t) < e’ — 1. Arguing as in the proof of Theorem 2.2 we
obtain

/ka(zk)[(ac — w0) - Valde = —n/QFk(zk)dac > —n/ [ — 1)dz.  (3.4)

Q
Now from Lemma 2.3 we get

(5-1) [19afdr < [ Al —a)-Valdr. 39

Combining (3.3), (3.4) and (3.5), the following inequality is obtained

(g _ 1) /Q |V 24| 2da < n/Q[eZk — 1]da — /Qu[(x — 20) - Vzi]da.

Using (3.2) and the convergence e — e” in L' (), it comes

(5-1) [19sPde < [ [ = 1o~ [ alte = a0)- V4

which proves that z € J as desired. O
In the next proposition we state some interesting properties of the set of
feasible controls.

ProprosITION 3.4. Let p > 2 and let 2 be star-shaped with respect to one of
its interior points. Then the set of controls uw € LP(Q) for which there exists
a solution y € Y is non empty, conver and closed in LP ().

Proof. 1t is enough to take any function y € C°(€2) and to put v = —Ay—e?
to deduce that the set of feasible controls is non empty. Let us take a
sequence of feasible controls {uy}72, converging in LP(€2) to some function u.
Thanks to Theorem 2.5, we know that the corresponding states {yz}32, C Y
are bounded in H}(2). Then Theorem 3.1 claims that any weak limit of
{yr )32, is an element of Y satisfying (1.1) along with the control u, which

proves that the set of feasible controls is closed.
Now let us prove the convexity. If uy and uy are two feasible controls,
with associated states y; and ys, respectively, and A € (0,1), we set u =
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Aup 4+ (1 — Nug and y = Ay + (1 — A)yo. Let us take 10 € HE(Q) such that
—A% = u. Then

—A¢§e¢+u, and — Ay =2Xe¥" + (1 —A)e?”?> +u>eY +u.

Therefore 9 is a subsolution of (1.1) for the control  and y is a supersolution.
On the other hand, —A(y — ¢) > e¥ > 0, then ¢ < y. Therefore we
deduce the existence of a solution z of (1.1) associated to the control u, with
1 < z < y. Finally, the conclusion follows from Proposition 3.2. U

So far we have studied the properties of the feasible pairs (y,u) € Y x
LP(Q) satisfying (1.1). Let us say something about the action of functional
J on these pairs. For each one of these pairs (y,u), J is well defined and
—00 < J(y,u) < 4oo. Indeed the only trouble can come from the integral
of L(z,y(z)). With the notation of (1.4), let us set

fl2) = L. y(@) + o (o™ (@)% + /) — as().

Then fis a nonnegative measurable function and consequently its integral is
well defined as a number in [0, +00]. On the other hand, it is enough to use
Theorem 2.5 and Proposition 2.6 and the assumptions on 8, to deduce that
ly|”> and eV are integrable functions. Therefore the integral of L(z,y(z)) is
well defined, though it could be 400 in some cases.

Finally we establish our result of existence of a solution to (P).

THEOREM 3.5. Let us assume that p > 2 an

(i) There exists a pair (y,u) € Y x K satisfying (1.1).
(ii) Fither K is bounded or N > 0.

Then problem (P) has at least one solution.

Proof. Let us assume that p := inf(P)< +oo (otherwise the theorem is
obvious). Let {(y,ux)};2,; be a minimizing sequence for problem (P):
J(yk,ur) 4 p. Thus we can suppose that J(yg,ux) < g+ 1. The main
point in the proof is to establish the boundedness of {uy}72; in LP(€2). This
is obvious if K is bounded. Let us assume that K is not bounded. We have

N
/ az(ac)dw + —/ |Uk($)|pd$ — 042/ |yk_($)|€2d$ _ 042/ Q¥k(7)
Q P Ja Q Q
Using the fact that the exponent ¢ defined in proposition 2.6 satisfies ¢ > p

we conclude that Hyk_HZ;’ < C'fJug|%2. In the same way we observe that

[ ez < i+ 1),
Q

and finally we obtain:
]t < €+ Clluglly + Cllugll5

As 6, < p and p > 2, this implies that (uy)y is bounded in LP(€2).

The boundedness of {y;}?2, in H}(2) is a consequence of (2.10). There-
fore, taking a subsequence if necessary, we can assume that (yg, ug) — (y, u)
weakly in H}(Q) x LP(2). Theorem 3.1 asserts that y € Y and (y, u) satis-
fies (1.1). Moreover the convexity and closedness of K in LP(2) implies that
uw € K. Thus (y,u) is a feasible pair for problem (P). Let us prove that it
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is a solution. Since y; — y strongly in L%(2) we can take a subsequence in
such a way that y;(2) — y(z) for almost all 2 € Q. Let us set

Jilw) = Lz, yilw)) + aa (|7 (@) 4+ %)) — ax(e)
and
J(2) = La.y(2)) +aa (Jy(@)] + ) — ase).

Then fy(2) — f(z) almost everywhere and f; > 0. Therefore we can
apply Fatou’s Lemma and the convergences e¥ — e¥ (Theorem 3.1) and
lye|?®> — |y|% (Proposition 2.7) in L'(2) to derive

Jow) = [ e = [ oo iy @ + ) — ar(o)} i

—|—%/Q|u(x)|pdx gli]ggf{/gfk(x)dx
- [ fox (@ ) —aa)] do+ [ fustope

:nkrggf{AL(x,yk(x))dx+%/Qm(mpdx}

= lim inf J (yg, ux) = inf (P).
k—oo
This concludes the proof. O

We conclude this section by studying the uniqueness of the solution.

THEOREM 3.6. Let p > 2 and assume that ) is star-shaped with respect to
some xg € Q and that the set of admissible pairs (y,u) € Y X K satisfy-
ing (1.1) is not empty. Assume also that the function t — L(x,t) is mono-
tone on R, non decreasing and convex for almost all x € Q. Then problem
(P) has at most one solution if one of the following conditions holds:

(i) N > 0;

(ii) L(z,-) is strictly increasing;

(iii) L(z,-) is strictly convez.

Proof. Let us assume that (yi,u;) and (yz,uz) are two different solutions
of (P). We note in particular that y; # y; and we set v = (u; + u2)/2.
Looking at the proof of Proposition 3.4, we remark that one may prove the
existence of a solution y € Y of (1.1) corresponding to the control u, with
y < (y1 + y2)/2. In fact we have that this inequality is strict in Q. Indeed

—Al(y1 +y2)/2-y]l > %(eyl ) — ¥ > eUt®)/2 _ v > in O

and due to the fact that y; # y2, we have %(ey1 +e¥2) —e¥ £0 on Q. Now
by the strong maximum principle we conclude that (y1 + y2)/2 > y in .
Therefore

[ res@yis < [ L o)+ pale)/2)ds
Q Q

3 ([ temnds + [ L)),

ESAIM: Cocv, NOVEMBER 1998, VoL. 3, 361-380

IN



374 E. CASAS, O. KAVIAN, AND J.-P. PUEL

and the inequality

[ pstond < 5 ([ temontet [ o)

is strict if the strict convexity or monotonicity of L(z,-) is assumed. If the
previous inequality is strict or if NV > 0 we deduce

Tsw) < 51T (g, ) + J (2, w2)] = inf (P),

which is a contradiction with the fact that (u,y) is feasible for problem (P).
O

4. EXISTENCE OF AN OPTIMAL CONTROL. CASE p =2

As we noticed before, when p = 2 the conclusions of Theorem 3.1 holds
only when we know that uj, — u strongly in L%*(Q). The difficulty comes
from the fact that the strong convergence Vyi — Vy can only be proved in
L™(), with r < 2. Hence we cannot pass to the limit in the inequality (2.8)
satisfied for every (yx,ur). Therefore we cannot deduce that (y,u) satisfies
(2.8), and consequently we are not able to prove the existence of a solution
in Y x K. Since we have estimates on the state (see Theorem 2.5) only for
elements of ), we cannot deduce, in general, the boundedness in Y x K of
a minimizing sequence of problem (P). In this section we will show that,
under some additional assumptions on the function L, it is possible to have
a minimizing sequence {(yx,ux)}32, of (P) with {yx}32, C Y. In this way,
we can deduce the boundedness of the states and prove the existence of an
optimal solution.

THEOREM 4.1. Let us assume that €2 is star-shaped with respect to one of
its interior points. We also make the hypotheses

(i) The function t — L(z,t) defined on R is monotone non decreasing for
almost every x € Q.

(it) There exists a pair (y,u) € Y X K satisfying (1.1).

(iii) Either K is bounded or N > 0 and 8, < 2 in (1.4).

Then problems (P) and (P) have at least one solution. For each solution
(y,u) of (P), we can find y € Y such that (y,u) is a solution of (P) and
(P). Moreover, if L(z,-) is strictly increasing for almost all x € Q, then any
optimal solution of (P) is also a solution of (P).

Proof. Let us take a minimizing sequence {(yr,ur)}re, C Y x K. From
Proposition 3.2 we deduce the existence of elements z; € Y such that (zx, ug)
satisfies (1.1). Moreover, by looking at the proof of the mentioned propo-
sition, we know that z; < y; in Q. Now using the monotonicity of L(z,-),
we get that J(zp, ux) < J(yk,ur). Therefore {(zx,ur)}72, is also a min-
imizing sequence of (P). Arguing as in the proof of Theorem 3.5, we can
obtain a subsequence, denoted in the same way, converging to an element
(y,u) € Y x K solution of Problem (P).

If y ¢ Y, we can apply again Proposition 3.2 to deduce the existence of
an element y € Y, with y < y, such that (y,u) satisfies (1.1). Again the
monotonicity of L(z,-) leads to J(g,u) < J(y,u). So (y,u) is a solution of
(P), and consequently of (P) too.
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Finally, if L(z,-) is strictly increasing and § € Y, then J(g,u) < J(y, u),
which contradicts the optimality of (y, u). O

5. THE OPTIMALITY CONDITIONS

The aim of this section is to derive some optimality conditions for the
control problem. We will prove two theorems corresponding to the cases
K = L?(Q) and K C LP(Q) with K # LP(Q). Let us start with the first
case.

THEOREM 5.1. Assume that ) is star-shaped with respect to one of ils in-
terior points, p > 2 and K = LP(Q). If (y,u) is a solution of problem (P)
(resp. (P)) with eV € LP(Q), then
~Ay=eY+u inQQ,
{ 2 " (5.1)
and setting ¢ := —N|u|P~24, one has @ € WOI’S(Q) for every s < n/(n—1)
and

Y
~Ap=dip+ Sy i,
©=0 onl.

(5.2)

Moreover, if p > n/2, n < 5 and a; € LQ”/(”H)(Q) in (1.3), then ¢ €
H Q).

Proof. Let us take z € H}(Q) N L*(Q) such that Az € LP(Q). For every
A€ER, A#0, we set
yn =7+ Xz and uy =u— AAz+ &Y — e¥tAz,

Then Corollary 2.4 implies that yy € Y, with —Ayy, = e¥ 4+ u). On the
other hand uy € LP(§2). Then (yx,u,) is a feasible point for (P) (resp. (P)),
consequently, using Lebesgue’s convergence theorem along with assumption
(1.3), we get

J(y/\7 u/\) — J(gv ﬂ)

0 < lim
A—0 A
L — Lz, y
= lim (2, () (. 9(x)) dz + lim — / [ua (@ [u(2)[” dx
A—=0 Jq A A=0 P

= —(x,y(x))z(x)dw—l-N/ luP~*u (-Az — e¥2) da.
o 0y Q
From the linearity of the previous relation with respect to z we deduce that

oL . 5 wlP7%u (—Az — e¥2) da =
8y( y(m))z(x)dw—l—N/Q|u| ( A )d 0

for every z € HL(Q) N L*>(Q) such that Az € LP(Q). Let us set ¢ =
—NulP~2u, then

/Qcp (—Az—e¥2)da = A a—y(x, y(z))z(z)da (5.3)

ESAIM: Cocv, NOVEMBER 1998, VoL. 3, 361-380



376 E. CASAS, O. KAVIAN, AND J.-P. PUEL

Given f € C5°(Q), let = € H}(Q) be the solution of Dirichlet problem

{ —Az=f in Q, (5.4)

z=10 on I'.

Then z € H}(Q2) N L>(Q) and for s < n/(n — 1) and (1/s) + (1/s') =1 we
have (see G. Stampacchia [12], Theorems 4.1 and 4.2)

HZHL‘X’(Q) < CstHw—l,s’(Q)- (55)

Combining (5.3), (5.4) and (5.5) we get
/Qcpfdac = /Qcp(—Az)dx:/Q{Z—j(x,y(x))z(x)—l—eyz} dz

(‘GL
<

8—y($7?)
dL .
Co | || = (2,9 + |leY|| 1 1o
(H T R (m) 11h-s

+ HeyHLl(Q)) 12l (o)

L)

Taking into account that C§°(Q) is dense in W~1%'(Q), we deduce from the
; !

above inequality that ¢ € (W_l’s (Q)) =W, *(Q) for every s < n/(n—1).

The fact that (5.2) follows from (5.3) is a straightforward consequence of

the definition of ¢.

Finally, if p > n/2, from the fact that —Ay = eV + u € LP(Q2) and using
again the above mentioned results of G. Stampacchia [12], it follows that
j € L>=(Q). On the other hand, W, *(Q) C L™/("=9)(Q) ¢ H~1(Q) if s is
close enough to n/(n — 1) and n < 5. Therefore the right hand side of (5.2)
belongs to H~1(Q), which allows to conclude that ¢ € Ha (). O

In case of a problem with control constraints, we have the following result.
THEOREM 5.2. Let us assume that € is star-shaped with respect to some
29 €Q, p>2andp >n/2. If (y,u) is a solution of problem (P) (resp. (P))
with €Y € LP(Q), then there exist a real number o > 0 and a function
@ € Wi (Q) for every s < n/(n —1) such that

&+ Il e @) > O (56)
P o
—Ac,o:eycp—l—a%(x,y) in €, (5.8)
P = on I';
/Q (¢ +aN|uP~%u) (u— u)de >0 Yue K. (5.9)

Moreover, if n <5 and a; € LQ”/(”H)(Q) in (1.3), then ¢ € HL (D).
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The proof of this theorem requires some previous lemmas. First of all, let
us remark that § € L>(Q2). Indeed —Ay = eV 4+ u € LP(Q) with p > n/2,
thus it is enough to use again the mentioned results of G. Stampacchia [12]
to deduce the boundedness of y. In particular we have that if (y,u) is a
solution of (P), then it is also a solution of (P) because y € Y; see Corollary
2.4.

Given ¢ > 0 we define J, : LP(Q) X LP(Q) — R by

Je(u,w) = J(yu /|ey“w — w|Pdz

—/ |u—u|pdac—|——/ leV — w|Pdx,
PJa pJja

where y(, ) is the unique element of H(Q) solving the boundary value
problem

{ —Ay=u+w in £,

y=20 on I'. (5.10)

Once again using the mentioned results of G. Stampacchia [12] we obtain
that y(u.) € L>(Q) and therefore J, is well defined. Now we consider the
following control problem

Minimize J.(u, w
o b st g,

where By () (resp. By(e¥)) denotes the closed unit ball of LP(2) with center
at @ (resp. e¥). We have the following result.

LEMMA 5.3. Problem (P.) has at least one solution (u., w.). Moreover we
have

- 1
. — _ . _ . p
tim ([, — all ooy = lim e = 7| ooy = lim = le% — w0, =0,

(5.11)

i {lye = gllzeo () = im flye = gll gy ) = 0. (5.12)
where y. is the solution of (5.10) corresponding to (u.,w.).

Proof. The existence of a solution is obvious because of the convexity, bound-
edness and closedness of the set of feasible controls as well as the weak lower
semicontinuity of J.. Furthermore {(u., w.)}o<c<1 is bounded in LP(€) x
LP(R2), consequently {y}o<e<1is bounded in H}(Q) N L>(2). Then we can
take subsequences such ¢, \ 0 as k — oo and (u., ,w,,) — (@, @) weakly in
LP(Q) x LP(2). Hence we get from (5.10) that y., — § = y(g,4) strongly in
HY Q)N L= (Q).
Since (u,eY) is a feasible control for (P.) and § = Y(u,e7), We have that

Je(ue,w.) < Je(u,e¥) = J(y,u). Then we have

: Ye _

11_%% He - weHLP(Q) — 07
which implies that ¢ = w. Therefore j € Y is a solution of (1.1) corre-

sponding to @. So (y,u) is a feasible point for problem (P) (and also for
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o o . 1.,. 1, - -
J(y,u) < J(@,u) < J(@,u)+ ;Hu - uHip(Q) + ;Hey - eyH][),P(Q)

A

liminf J,, (uc,, we,) < J (Y, 4),
k—oo

which leads to the equalities 2 = w and § = y. Now the convergences (5.11)
and (5.12) follow from the above inequality and the state equation (5.10).
O

LEMMA 5.4. There exist ¢g > 0 and a sequence {(u., w.)}ocece, such that
(ue, we) is a solution of (P.) and for all € > 0 such that € < €q:

|t — uellpry <1 and  [Ju— ul|rp) < 1. (5.13)

Furthermore, there exists o, € Wy*(Q) for every s < n/(n — 1) such that

—Ay. = u. +w, in €,
{ vem 0 on (5.14)
oL
_ — pYe _ ;
AS‘QE =e S‘QE—I_ 8y ($7y6)+gﬁ m Q? (515)

w. =10 on I';

Yu € K, / {995 + NP2 ue + |ue — P~ (ue — ﬂ)} (u— uc)de >0,
Q
(5.16)
where gc — 0 in LP'(Q) as € \, 0.

Proof. The existence of a sequence {(u., w.)}ocece, Of solutions satisfying
(5.13) is a consequence of Lemma 5.3. Given h € LP() we denote by
z, € HE(Q) N L>(Q) the solution of

{ —Az="h in Q,

z=0 on I
Let us set ye = yY(y,w,) and
1 Y P—2(,Y y p—2(.7
@E:z|e€—we| (e¥ —w.) +|e¥ — w P (e¥ — w,).

From the optimality of (u., w.) we deduce that for all w € K and w € LP(Q):
dJ. 0Je

%(u67 we)(u—u) >0 and 8—w(u67 we)w = 0. (5.17)
We compute the second derivative for each w € LP(Q)
. L
Z—{U(ue, we)w = /Q {g—y(x, ye) + ¥, —I—gE} Zydx — /Qcpewdx =0,
(5.18)
where
ge = —e¥|e? —w P72 (e¥ — w,).

From (5.11) and (5.12) we get that g. — 0 strongly in L?'(Q).
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Computing now the first derivative of (5.17)

aJ, dL
_E _ — _ Ye
8U (ue7 we) (U ue) /Q { 8y ($7 ye) +e Pe + ge} Ru—ue dx

—I—/ {N|u5|p_2uE + |u. — ﬂ|p_2(uE - ﬂ)} (u —u.)dx > 0.
Q

Taking w = u—u, in (5.18), one sees that (5.16) follows from this inequality.
Finally, from (5.18) we get that

/@E(—Az)dx:/ {8—L(ac,ye)—|—ey€cp€—|—ge}zdw
Q o L dy

for every z € H}(Q) with —Az € LP(Q). Arguing as in the proof of Theorem
5.1, we deduce from here that ¢, € WOI’S(Q) for every s < n/(n — 1) and
(5.15) holds. ]

Now we are ready to conclude the proof of Theorem 5.2.

Proof of Theorem 5.2. If {p, fo<e<e, is bounded in L1(Q), then {p, focece, is
also bounded in W, *(€) and it is easy to pass to the limit in (5.14)~(5.16)
with the aid of Lemma 5.3 and to deduce (5.7)-(5.9) with & = 1. Otherwise
we take

1

o= —
el L1 ()

and we redefine ¢, as acp.. Then (5.15) and (5.16) can be written

oL

_ASOE = eyeg‘oe + 0568_($7 ye) + a.g. in Qv
Y

pe=10 on I’

and
Yu € K, / {c,oE + 045N|u5|p_2uE + a|u. — ﬂ|p_2(uE — ﬂ)} (u —u.)dx >0,
Q

respectively. Now {¢, }o<e<e, is bounded in L1(Q) and o, — 0, then we can
pass to the limit in the previous relations and to obtain (5.8) and (5.9) with
a = 0. It remains to prove that (5.6) holds, or equivalently that ¢ # 0.
From the equation satisfied by ¢, we deduce that {¢.}o<c<e, is bounded in
Wy*(Q) for every s < n/(n —1). Then we can take a subsequence, denoted
in the same way, such that ¢, — ¢ weakly in VVOLS(Q)7 hence also strongly
in L' (). Now the equality ||¢c||z1(q) = 1 leads to [|§]|1q) = 1.

The H}(Q)-regularity of @ claimed in the theorem follows as in the proof
of Theorem 5.1. U

In some cases we can prove that & can be chosen equal to one in the
system (5.7)-(5.9).
COROLLARY 5.5. Under the assumptions of Theorem 5.2, if furthermore
there exists an open set w C Q and a neighborhood W of zero in C§°(w)
such that w+ w € K for every w € W, then (5.7)-(5.9) holds with & = 1.
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Proof. If @ = 01in (5.7)-(5.9), then from the hypothesis of the corollary and
(5.9) we deduce that @(z) = 0 for almost all 2 € w. Now (5.8) is

—Ap=eYp in Q.
=0

on I'.

Then we deduce that @ = 0 in Q (see J.C. Saut and B. Scheurer [11]), which
contradicts (5.6).
O
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