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GENERICITY OF OBSERVABILITY OF CONTROL-AFFINE
SYSTEMS

M. BALDE AND P. JOUAN

ABSTRACT. For smooth or real-analytic single-input, control-affine, non-
linear systems, with at least two ouputs, observability for any input of
a given class is generic. This class can be either the class of inputs
bounded with their derivatives up to a certain order, or the class of
polynomial inputs with bounded degree.

1. INTRODUCTION

In this paper we deal with genericity of observability of control-affine
systems of the form:

5 = f(z)+uyg(z) z€X, ueR
ly=rh) y € RP,

where the state space X is compact and d-dimensional.

Such a single-input p-outputs system is said to be observable for an input
t — wp (t) if any two initial states are distinguished by the outputs (corre-
sponding to a given input) on any time interval, i.e. if:

Vag #£ 2 € X, VI'>0, 3IT€[0,1] s.t.
hley (T)] # hlea ()],
where z; () is the solution of the dynamical system for the input ¢ — wug (t)
and the initial condition z; (0) = z;.

This definition of observability is not the standard one that was proposed
by Hermann and Krener in [10]. But our definition is justified by the gener-
icity results at least when there are more outputs than inputs. It is used in
[7],[13] and [16].

In fact, we deal with the stronger property of differential observability:
a C*-input being given, the system Y is said to be differentially observable
for this input if, for an integer k' < k, the mapping which associates to
the state the outpuls together with their k' first derivatives is an embedding.
This definition permits the use of transversality tools, that are involved in
order to prove the following results:
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346 M. BALDE AND P. JOUAN

Theorem 3.2. Fix p > 2. The set of systems with p outputs which are
differentially observable for any C*-input is residual in the set of all C"-
systems, for r € NU{oo,w} large enough.

Theorem 3.3. A bound B > 0 being given, the set of systems that are

G (0)] <
B is open and dense in the set of all C"-systems, for r € NU{oco,w} large
enough, and for p > 2.

Analogous statements are proved in [7], [8] for general nonlinear systems.
Notice, however, that since the interior of the subset of control-affine systems
is empty in the set of all non-linear systems, our results cannot be deduced
from those of [7], [8].

In the statement of the above theorems, one can notice the requirement
p > 2. This is in fact the general requirement that the number of ouputs
is strictly larger than the number of inputs, which is also made in [7], [8].
If the number of ouputs is equal to the number of inputs the theorems are
false as it is shown in [6].

In section 5 we prove the following result: Theorem 5.1. The set of
systems that are differentially observable for any polynomial input whose
degree is smaller than a given bound contains an open and dense subset of
the set of all C"-systems, for r € NU {oco,w} large enough, and for p > 2.

The proof of this theorem is based on a method of compactification of the
inputs, that was used for the first time by the second author in the case of
general non-linear systems (see [14], [15]).

One of the main interests of differential observability for all inputs whose
derivatives belong to a bounded set is the possibility of constructing non-
linear observers. We do not give this construction here, because it follows
the same line as the construction made for general non linear-systems and
can be found in [6] or [7]. The computations are particularly detailed in [16]
where it is moreover shown that differential observability is a sufficient but
not necessary condition for the possibility of the constructing of nonlinear
observers.

To finish we want to recall another result proved in the uppermentionned
paper [7], and that is immediatly available for our particular systems:

Theorem 5.1 of [7]. For an analytic system X, the following properties are
equivalent:

differentially observable for any C?*-input t v+ ug (t) such that

e Y is observable for any C“-input
e Y is observable for any L°°-input.

For the sake of clarity, we have chosen to deal with single-input systems
only ; but our results can be rather easily extended to multi-input control-
affine systems assuming that the number of ouputs is strictly larger than
the number of inputs.

For systems whose state manifold is not compact, similar results are cer-
tainly true in the Whitney topology. Nevertheless, the observer design prob-
lem is well posed only if the state space is compact or when restricting to
a compact subset (see for instance [16]). For this reason we consider the

Compact case only.
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GENERICITY OF OBSERVABILITY OF CONTROL-AFFINE SYSTEMS 347

2. DEFINITIONS AND NOTATIONS

Let X be a d-dimensional, compact, connected C*°-manifold.

Let h : X — R? be a C"-mapping and f, g two C"-vector-fields on X,
where r € NU {oco}. We consider a single-input, p-outputs system ¥ =
(h, f,g9) on X defined by:

S g = { DSl e TER wER )

The set C" (X, R?) (resp. the set I'" (T'X) of C"-vector-fields on X) will
be denoted by H" (resp. I") and endowed with the C"-topology. S" will
stand for the set H” x (Fr)2 of C"-systems. For r < 0o, H", ["and S” have
the natural structure of Banach spaces (see [1]).

In what follows, the integer r will be supposed to be large enough in order
to perform all considered operations.

The k" dynamical extension of the vector-field f+ ugg is the vector-field
F* on X x R* controled by uj and defined by:

Fk ($7 U, uk) = f ($) + Uuog ($) + Zf:_()l ui—l—laiulw
where U= (UQy ULy ey Uf—1) -

A system ¥ = (h, f,g) € 5" being given and for 1 < k < r 4 1 we define
the mapping Ry x by:

Riy : X xRF — RM
(2,) = (h(2), Lpeh (2,u) o i (2, 0) ).

REMARK 2.1.

1. Ry depends on u = (ug, 4y, ..., ux,—1) but not on ug.
di
2. Let t — wug (t) be an input which verifies o (0) = w;fori=0---k—1.

] dt’
It is clear that

R (h iy K )
1) = ), — 130 ] I 4 )
s ) = (B0 0) (00N o s B0 (0])
where t — ¢ (1) is the solution of & = f(2) + uo (t) g (2) passing by the
initial condition ¢ (0) = z.

We will also use the suspension mapping SRy, which is merely:
SRyyx (z,u) = (Rrx (v,u),u) € RF? x R

Since X is a compact manifold, SRy x, is always a proper mapping. We
are interested in systems X for which SRy is an embedding, at least when
restricted to X x U where U is a subset of R”, for the following reasons:

1. If the restriction of SRy to X X U, is one-to-one, then, according
to remark 2.1(2), ¥ is observable for any input whose (k—1) first
derivatives belong to U.

2. The fact that SRy y is additionally an embedding is a sufficient condi-
tion to construct observers.
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3. TRANSVERSALITY RESULTS
3.1. STATEMENT OF THE RESULTS

The following theorems holds only for p > 2, i.e. if the number of ouputs
is strictly larger than the number of inputs.

THEOREM 3.1. The set of systems X such that SRaqy is an immersion
contains an open and dense subset of S” (for r € NU{oco}, large enough).

THEOREM 3.2. The set of systems 3 such that SRaqy1 x is an embedding is
residual hence dense in S™ (for r € NU{oo}, large enough).
THEOREM 3.3. Let B > 0 and Ig = [—B, B]. The set of systems ¥ such

that the restriction of SRaq41,x to X X (IB)2d+1 is an embedding is open
and dense in S” (for r € NU {oo}, large enough).

3.2. SOME REMARKS

1. We recall the following definition: a subbundle B of a vector bundle
F is called partially semi-algebraic (PSA) if its typical fiber is a semi-
algebraic subset of the typical fiber of £ (see [4],[1],[17],[11]). Standard
properties of PSA subbundles are used in the following proofs.

2. We denote by ¢ the fiber product over X. Thus the bundle of k-jets
of systems is the bundle:

JES = J*H @ J* T @ J*T.

3. The mapping Ry yx (resp. TxRyyx) depends only on the (k — 1)-jet
(resp. the k-jet) of X, therefore it induces a mapping on J*S x R* that
is also denoted by Ry x (resp. Tx Ry x).

4. If a point (x,ug) is a singularity of the system X, i.e., if f(z) +
upg () = 0, we will sometimes denote by (C, A) the linearized sys-

tem (dh (z),Tx (f (z) + uog (2))).

3.3. PROOF OF THE THEOREM 3.1

Let B (k) denote the subset of J*S x R* of all (73, u) such that rank
[Tx Ry.s (,u)] < d. We consider the following partition of B (k):

B (k) = By (k) U By (k) U Bs (k),
where:

o (55 u) € By (k) <= £ (2) + uog (@) £0
A @) + uog () = 0
o (j¥S,u)€ By (k) «<= { and the linearized system
(dh (z), Tx (f (z)+uog (z)))is not observable.
A (@) + og () = 0
o (j¥S,u)€ B3 (k) <= { and the linearized system
(dh (z),Tx (f (z) + uog (x))) is observable.

B (k), By (k), By (k), Bs (k) and their respective projections B (k), By (k),
By (k), Bs (k) into J5S are PSA.
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GENERICITY OF OBSERVABILITY OF CONTROL-AFFINE SYSTEMS 349
3.3.1. Copmm(By(k))=k(p—1)+1—d. Let
O, = {(]!;E,u) e JES x RE, f(2) 4+ uog (2) # 0).

Notice that O; is an open subset of J*S x R*. Let p; be the mapping:
M1t Ol — (T*X)®kp
(JF%,u) — TxRyz (v, u).

The mapping p; is a submersion because, by Lemma 6.2, the linear map-

ping j5h s Tx Ry s (v, u) is surjective as soon as f (z)4uog (z) # 0. Notice

that By (k) is the pullback by g of the set of elements of (7%X)¥*? whose
rank is less than d. By the product of coranks theorem (see [9]), the codi-
mension of this set is (d— (d—1))(kp— (d—1)) = kp+ 1 — d. Thus the
codimension of By (k) in J*S x R¥ is also kp+ 1 — d, and the codimension
of By (k)in J*Siskp+1—-d—k=k(p—-1)+1—d.

3.3.2. Cop(Bs (k),J"S) = d+p—1. Let 2 € X and let JFS be the
(typical) fiber of J*¥S over z. Let V be the subset of J*¥S x R* defined by
(j¥2,u) € V <= f(2) + uog (z) = 0. The set V has codimension d in
JES x R”. Let pg be the mapping:
i : V — (T7X)° x End (T, X)
(725, u) — (dh (2) , Tx (f (2) + uog ().
We see that pg is clearly surjective and the typical fiber of B, (k) is

the pullback by py of the set of unobservable couples (C, A) of (T;X)" x
End (T,X), whose codimension, according to lemma 6.1, is p. Therefore

codim (BQ (k),J*S x Rk) = d + p. But By (k) does not depend on the
variables q, ..., ur_q and Codim(B2 (k) 7J’“S) =d+p-1.

3.3.3. Copv(Bs (k),J*S) > min {k (p — 1) + 1;2d}. First let us define by
O3 the subset of J*S of elements that verify (f (z),¢g(z)) # (0,0). The
set Oy is clearly an open, dense and PSA subbundle of J*S. Let B (k) =
Bs (k)N (03 x R¥) and B4 (k) = By (k)NO3. Observe that (55, u) € By (k)
implies ¢ (z) # 0.

For 1 < p <d—1let us define BG(k,p) by :

Bg;(k,p):{(j!;E,u) EBé(k), U =uy =---=1uy,—1 =0 and up;éO}

We may notice that uqy = ug = - -+ = ug_y = 0 implies (jf;E, u) ¢ Bé (k)
because of the observability of the linearized system, and conclude that:

Bo= U bk
1<p<d—-1
For 1 < p<d-—1, both By (k, p) and its projection Bg (k, p) into O3 are

PSA.
Let G, C (O3 @ TX) x R¥ be the set of elements (jf;E, A, u) such that:
L f(z)+uog (x) =0
2. u1:u2:---':up_1:0
3. the vectors A'A, 0 < ¢ < p are linearly independant.
ESAIM: Cocv, OCTOBER 1998, VoL. 3, 345-359
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G, is a subbundle and a submanifold of (O3 @ T'X) x R* ; its codimension
equals d + p — 1. Let pus be the mapping;:

Ha G, — R*
(jES, A u) — Tx Ry s (x,u) A

By Lemma 6.3 of the appendix, usis a submersion and codim (,ugl (0), Gp)
= kp. Therefore, (G, being conical w.r.t. A, the codimension of the projec-
tion of u3' (0) in O3 x RFis kp+ (d+p — 1) — (d— 1) = kp + p.

Let (jf;E, u) € Bg (k,p). There exists A € T, X, A # 0, such that
TxRyys (z,u).A = 0. By lemma 6.3 of the appendix, CA’A = 0 for
i =0,...,p—1. The pair (C, A) is observable and this implies that the vectors
A*A, 0 <1 < pare linearly independant. As a consequence (jf;E, u) belongs
to the projection of u3* (0) into O3 xR¥. Hence codim (BG (k,p),03 x Rk) >
kp 4+ p and codim(Bg (k, p),03) > kp+p—k =k (p— 1)+ p. Therefore

Codim (B3 (k),J S) > min k(p—1)+pt=k(p-1)+1

Now Bs (k) \ Bj (k) is included in J*S \ Os. The codimension of

Bs (k) \ B (k) in J*S is therefore larger or equal to 2d and

Codim (B3 (k) 7JkS) > min {k (p—1) + 1;2d}.

3.3.4. END OF THE PROOF. It is now possible to compute the codimension
of B (k). We have

. k . . . k
Codim (B (k) , J*S) > i{q}g’?)Codlm (B; (k) ,J"S)

>min{k(p—1)+1—-d,d+p—-1,k(p—1)+1,2d}.

For p > 2 and k > 2d, we have Codim (B (k) , J*S) > d+1. The set B (k)
is PSA and the same is true for the closure B (k) of B (k) in J*S. Therefore
W is a finite union of submanifolds of J*S whose codimension is larger
or equal to d+1. For r > 2d+1, the evaluation mapping: (¥, z) — s a
Cl-mapping. Then by Abraham’s theorems on transversality (see [1]), the
set of systems X such that j*¥ avoids W is open and dense in S”. The
fact that j* avoids B (k) implies obviously that SRy is an immersion.
This proves Theorem 3.1 for 2d + 1 < r < oo. Since the C"*°-topology is the
inductive limit of the C"-topologies, the result holds for r = cc.

3.4. PROOF OF THE THEOREM 3.2

Let X stand for X x X \ AX where AX is the diagonal of X x X, and
let J*S be the restriction of (Jk5)®2 to X.

Let By (k) be the subset of JES x R whose elements (jF %,
j§227u0) verify:

o [(x1) +uog (x1) = f(2) + uog (x2) =0

o hi(xzy)=nh(x).

The codimension 2{/§4 (k) in JES xR equals 2d +p. Since By (k) is PSA,

the codimension in J*S of its projection By (k) is 2d + p — 1.
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Let §5 (k) be the PSA subbundle of j’;TSV ¥  R* whose elements
(JF 3, jE 35, u) verify:

o [ (1) +uog (w1) #0or f(x2) + uog (2) # 0
o Ry (z1,u) = Rz (22,u).

Let Os be the open subset of JES % RF consisting of elements

(j§127j§227u) such that f(z1) + uog (z1) # 0 or f(x2) + uog (v2) # 0.
By Lemma 6.2 of the appendix the mapping;:

s Os — RF?
(jE 2, jE S u) — Riy (v2,u) — Ry (21, 0)

is a submersion. Clearly Bs (k) is equal to uz* (0), and thus its codimension
in Os, and also in J¥S x R*, is kp. Finally, the codimension in J*S of the
projection Bs (k) of Bs (k) is kp — k =k (p — 1).

Let B’ (k) = B4 (k) U Bs (k). The codimension of B’ (k) is larger or equal
to 2d + 1 as soon as p > 2 and k > 2d + 1. By Abraham’s theorem on
density [1], the set of systems X such that (jfglE,jﬁQE) avoids B’ (k) for any

(1, 22) € X is residual (hence dense) in S” for r > 2d + 2. Thus Theorem
3.2 is proved for 2d + 2 < r < oo. Since the C"*°-topology is the inductive
limit of the C'"-topologies, the result holds for r = co.

To finish, let K be a compact subset of X = X x X \ AX. Since B’ (k)

is PSA, its closure B’ (k) is again a PSA subbundle of J*S of codimension
larger or equal to 2d 4+ 1 as soon as p > 2 and k£ > 2d + 1. By Abraham’s
theorem on openness of non-intersection, we can state:

LEMMA 3.4. The set of systems X such that the mapping:

K x RF — R*

($17 T9, U) — Rk,z ($27 U) - Rk,z ($17 U)
does not vanish at any point is open and dense in S” forr > 2d+2, k > 2d+1
and p > 2.

This lemma will be used in Section 5.

3.5. PROOF OF THE THEOREM 3.3

The mapping:

§7 — O (X x (1g)* s REAHY)
Y — SRy v

being continuous, and the set of embeddings being open in C"~2¢ (XX(IB)M;

R(2d+1)p) for p > 2 and r > 2d, the set of systems X such that the restric-

tion of SRoq41x to X X (IB)Zd is an embedding is open in S” (for r large
enough); it is dense by Theorem 3.2 and thus Theorem 3.3 is a straightfor-
ward consequence of the previous ones.
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4. THE ANALYTIC CASE

We consider in this section the set S of real-analytic systems of the form
(2.1):

B _Ji=f(x)tuyg(z) z2€X, uweR
E_(h’f’g)_{y:h(x) y € RP,
i.e., we assume that X, h, f and ¢ are analytic.

For any system X = (ho, fo,90) € 5%, one can build Banach spaces of
analytic functions (resp. analytic vector-fields), (resp. analytic systems) H,
F, G and S = H X F x (G, containing respectively hg, fo, go and g and
such that:

1. the norm of H (resp. F, GG, S) is stronger that the norm of H" (resp.
Fr,Gr, S") for r € N;

2. for any distinct points z; and x5 in X, and for any integer k, there
exists an element in H (resp. F, G, S) whose k-jets at 21 and x3 have
arbitrary prescribed values.

The proof of the existence of such Banach spaces can be found in [7].

Now, replacing S” by S, we can exactly repeat the statements and proofs

of Theorems 3.1, 3.2 and 3.3. Thus these theorems remain true in the
analytic case.

5. OBSERVABILITY FOR ANY POLYNOMIAL INPUT WITH BOUNDED
DEGREE

In this section we examine systems that are observable for any polynomial
input whose degree is smaller than an arbitrary but given bound. For the
sake of clarity we consider the case p = 2. The main result is:

THEOREM 5.1. Let b be a positive integer. The set of systems that are ob-
servable for any polynomial input whose degree is smaller or equal to b con-
tains an open and dense subset of S” (for r € NU{oo,w}, large enough).

This theorem is a straightforward consequence of Theorem 5.2, whose
statement needs the following definition according to the input compactifi-
cation in Section 5.1.

Let b > 2d be an integer. We denote by G the subset of R¥, where
K= (d-=1)(+1)+ 1, whose elements (u, %) = (ug, ..., Up; Upt1, -y UK —1)
verify:

e cither

max |u;| <1
0<i<b

lug) < A ()] for bH1<i< K -1
where A (u) = maxo<i<p |u2|u+1 > 1.
We can now state:

THEOREM 5.2. The set of systems X such that the restriction of SRy s
to X x Gy is an embedding contains an open and dense subset of S” (for
r € NU{oo,w}, large enough).

In order to prove this theorem, we will need two lemmas.
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5.1. INPUTS COMPACTIFICATION
For ¥ = (h, f,g) € S" and A € R} = {z € R|z > 0}, ¥, will stand for
the system (h, Af, ¢). For the same positive real A:
e A, is the linear mapping from R” into R* defined by:

Ayu = Ay (ug, Uty .oy Up—1) = (/\uo7 Auq, .. /\kuk_l)
e A, is the linear mapping from R2?* into R?* defined by:

Ax Y1y 215 Y2, 225 -5 Yk, 28) = (yh 215 Ay, Azgs o AV Ny /\k_lzk) .
LEMMA 5.3. For any system X € S”, any A € R%, and any k > 1 we have
Rexy (AN() = AsBex ().

Proof. Let u = (ug,uy, ..., ux—1) € R¥ and let t — u (t) be a C*input
that verifies:
diu
dt
Let us denote by ¢t — ¢ (t) the solution of & = f (2) + uog (z) passing by
the initial condition ¢ (0) = z¢ and corresponding to the input ¢ — w (¢).
The trajectory ¢ verifies:

%[Cb(At)] =A[fod (M) +u(At)goo(At)].

Therefore t — ¢ (At) is the solution of & = Af (@) +ugg () for the initial
condition zg and the input t — Au (At), whose derivatives verify:

(0)=u; fori=0,..,k—1.

di »
— [Au (At)] =XHy; fori=0,... k—1.
dt t=0
Since:
d—i[ho¢(m] |t=0= /\id—i(hocb) (0) fori=0,...k—1
o t=0= A7 ort=0,..,
and according to the remark 2.1(2), we have:
d dF-1
Rz, (ro,Azu) = [ho¢(At), ——[ho @ (Al)],..., 55— [h o ¢ ()]
dt dt =0

k—1
= A, (ho¢(t),%[hoqﬁ(t)],...7;116—_1[ho¢(t)])t_0
= A\Rpyx (zo,u).

5.2. A TRANSVERSALITY LEMMA

LEMMA 5.4. The set O of systems ¥ = (h, f, g), such that the mapping from
X into R*

¢ —s (h, Lyh, ... Lj—lh) (2)

is an immersion, is open and dense in S” for r > d.
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This lemma is a standard application of the transversality theorems to
the observability theory of uncontrolled systems. Its proof can be found in
[5] or in [13].

5.3. PROOF OF THEOREM 5.2

Proof. Let R be the set of systems X that verify:

1. ¥ belongs to the open set O defined in lemma 5.4.

2. SRy441,x is an embedding.

3. X belongs to the interior of the set of systems 3 such that SRyq v is
an immersion.

The set R is residual in S". Let ¥ = (h, f,¢g) € R. There exists a
neighbourhood of ¥ in S” whose elements X' are such that SRy;sv is a
proper immersion. In order to prove theorem 5.2, we have to prove the
existence of a neighbourhood of 3 in S” whose elements X’ are such that
the SRy4x are one-to-one.

Let (¥7),»; be asequence of systems that converges to ¥ in S”. We have
only to show that the restriction of SRx sn to X x (7} is one-to-one for n
large enough. Let us assume that for n > 1 one can find:

ay £ e X
(u”, 7") = (ug, ey WP UL e e _y) € G,
such that Ry wn (27, (v, 0")) = Ri zn (25, (u™,u")).

X being compact, we can extract a subsequence such that:

P — T
n—+4o00
x5 n:io T

According to lemma 3.4, the equality z1 = 2 holds: (27, 2}) converges
to (21, 22) in X X X ; the pair (21, 22) cannot belong to any compact subset
of X x X\ AX. Hence (z1,23) € AX.

Let us denote by z the point x = 21 = x5 and choose a local chart
centered at . We can assume that 27 and 2% belong to this chart for all
n > 1. Now we can define:

1
A (x5 — 27) n>1
! H% — oy 7 7
where || -|| stands for the Euclidian norm in R% clearly, A, belongs to the
sphere 971,
Furthermore, theorem 3.3 implies:
"l = Maz {|ug] ..., [up|} — +oo.
n—+co

In order to obtain convergences, we use the compactification of Section
5.1:

A=A (u™) = Ma$|u”|l+1

0<<b
n
v?:uillforz_o S K =1
(An)'™
(o™, 5") = <U7017 U Ul?—l—l? ey U?{—l)
=A - (u"u").
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Taking another subsequence, we have the following convergences:

An — Fo0

n—+co

et xy — (x,2) € AX
n—+co
A, — Aegsit
n—+co

(Unv T]n) n—)—+>oo (Uv T])

where ||v]|, =1and ||7||, <1

Consider now:

1 v —
B M RK’EZF (x5, (0", 0")) = RK,EZF (z7, (0", 0"))]-

571
According to Lemma 5.3:

1 n n =n n n o —n
e MA/\ZI [RI(,E" ($27 (U , U )) — R[@En ($17 (u , U ))] X
2 1

571
By assumption §” = 0, and hence the same is true for its limit that we
denote by:
lim 6" = (Lo, L1, ..., Lx_1) € R*E,

n——+oo

Let us denote by d; the k" double coordinate of §”. Clearly op is a
polynomial in the k& — 1 first components of (v™,0") and its coefficients are

derivatives of h w.r.t. A71f, and g,. Since A\;! — 0, all the monomials
n—+co

where derivation w.r.t. A lf, arises tend to 0 when n tends to infinity.
Therefore:

Lo=h

L, = voh(l)

Ly = vgh@) + vlh(l)

L, = Pk,kh(k) NS Pk,lh(l)

where
hD = drLlh (z) - A, 0<I<K-1.

Ly, belongs to R? and Py is a polynomial in vg, vy, ..., vk_1.
Moreover, for 0 < k£ < K — 1, we have that P} is a sum of monomials of
the form:
oo
where ¢ € N* = N\{0} and:
(*){ Po+p1+-Fpr—1 =1
po+2pL+ -+ kproy = k.

We prove the property (*) by induction. Clearly Ly = R and Ly =
voh(M. Let us assume the property is true for L. Clearly L1 is obtained

for 0 < i< k—1. Let m =

by derivation of L w.r.t. vgg and vH_la
v
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Coployt - - vZ’i‘ll be a monomial of Py; where 0 < < k — 1. By assumption
we have:

Po+pr+- -1 =1
po+2p1+ -+ kpr—1 = k.

e If mh() is derivated w.r.t. vog we obtain:
Lvog (mh(l)) = Uomh(1+1)7

1 -1. : :
vom = (T oPtul? o oP T is a monomial of Py yq1 that verifies:

(ot ) +pit-+pr=10+1
(po+1)+2p1 4+ kpror =k+ 1.

0
o if mh() is derivated w.r.t. Vit1=— , 0 <7 < k-1, weobtain (if p; > 1):

ov;
J LY = PO pi—1, pit1+1 Pr=1p (1)
Ui-l—l 8 ) m = piCUO e Ui Ui-l—l e vk—l .
1
. i—1 Dy 1 _ .
The monomial p;Cvy° - - - vf vfﬁﬁ o0t of Py verifies:

potpit+o o+ i— D)+ @ipr + 1)+t pr-1 =1
pot+2pi+-+ G+ 1) (pi = 1)+ (E+2) (pigr + 1)+ -+ kpr—a
=k—-(+1)+(E+2)=k+1.

Thus the property (x) is true for Ly4q.

A consequence of this property is the existence of an integer 7, 1 < j <

k
7 1, such that p; # 0. Otherwise we would have:

k
> i+ 1p > Tl=k.
0<i<k—1

Let 5,0 < 5 < d—1, be the smallest integer for which 2(*) = dL3h (z)-A #
0. Such an s does exist by lemma 5.4. If s = 0, then Ly = A # 0.
Otherwise, let ¢, 0 < ¢ < b, be the smallest integer for which v, # 0. Such
a q does exist since [|v]|,, = 1. We have:

s(g+1)<(d-=1)x (b+1) <K —1.
We will show that:
s(g+1)
l
Ls(q-l—l) = Z Ps(q+1),lh() # 0.
=1
o if [ < s, h)) =0 by assumption, hence Ps(q+1)7lh(1) =0.
e if [ > slet us consider a monomial m of Py, y1y:

m = G -
1
There exists j < L;—) — 1 < ¢ for which p; # 0. But j < ¢

emplies v; = 0. Hence m = 0 and Py(441), = 0.
e [t remains the case [ = s.
— one of the monomials of Ly(,41),, is Cvgh(s), ¢ # 0. It can easily be
obtained by suitable derivations of Ly = h(?).
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_ _ po,p1 ., Ps(et1)—
let m = Cvy’vy V(g 1)—

There exists j # ¢ for which p; # 0. Moreover:

i be another monomial of L1 ,-

potprt- ot Pt Psgr)-1 =S
po+2pi+- A+ (g+ Vpg+ -+ s+ Dpgge1)—1 = slg + 1).

Hence:
1 2 _
ittt s = 5
If po=p1 =---=pg—1 =0, then on the one hand:
q+2
(]—I——lpq+1 T+ SDs(gr1)—1 = Patl T Ps(g41)—1

and on the other hand there exists j, ¢+1 < j < s(g+1) — 1, such
that p; # 0. This is impossible, hence one of the p;’s, 0 < j < ¢—1,
is positive. Therefore m = 0, since v; = 0.

Finally, we have obtained:

Ly(q+1) = Cush® #£0

This is in contradiction with the assumptions Ly = 0,0 <k < K — 1, and
the theorem is proved. O

6. APPENDIX

We state here three lemmas that are proved in [7]. They are used in the
proofs of our transversality results.

LEMMA 6.1. Let d and p be two positive integers and let L be the sel of
linear mappings I = L (Rd, Rp) x L (Rd, Rp). An element (C, A) of L is
said to be observable if mKerCAi = {0} or, equivalently, if the rank of
i>0
(C’, CA,CA% ...,CAd_l) is d.
The set of unobservable elements of L is an algebraic subset of L of codi-
mension p.

In the statement of the two next lemmas the notations are those of the
third section.

LEMMA 6.2. Let (jfjof, jf;og, u) € (JkF) B2 RF such that f(z0)+uog (z0) #
0. Then

1. the mapping
JEH — R
jf;oh — R v (20, u)
is linear and surjective.
2. the mapping
JEH — (T2, X)"
jﬂlb’goh — TXRk,E (960, u)
is linear and surjective.
LEMMA 6.3. Let (jﬁof,jﬁog,/&,u) € ((Jklﬂ)e92 @TX) x R* and p > 1 such

that:
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[ (0) + uog (z0) = 0

F(v0) # 0 or g (20) # 0 (hence g (ao) # 0);

U =Uy =+ =1up—1 =0 but u, #0;

the vectors A'A, 0 < i < p, are linearly independant (where A =
Tx (f (z0) + uog (o)) -

Then:
1. the mapping

JEH — R
jgoh — TXRk,E (960, u) A

is linear and surjective.

2. for0<e<p

the

[1]
(2]

. 1 .
dx Lipeh (zo,u) A = SCATA

where C' = dh (zg) .

We are very grateful to Professor W. Respondek for his collaboration in
reading and criticism of the text.
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