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GENERICITY OF OBSERVABILITY OF CONTROL�AFFINE

SYSTEMS

M� BALDE AND P� JOUAN

Abstract� For smooth or real�analytic single�input� control�a�ne� non�
linear systems� with at least two ouputs� observability for any input of
a given class is generic� This class can be either the class of inputs
bounded with their derivatives up to a certain order� or the class of
polynomial inputs with bounded degree�

�� Introduction

In this paper we deal with genericity of observability of control�a�ne
systems of the form�

� �

�
�x � f �x	 
 u�g �x	 x � X� u� � R
y � h �x	 y � Rp�

where the state space X is compact and d�dimensional�
Such a single�input p�outputs system is said to be observable for an input

t �� u� �t	 if any two initial states are distinguished by the outputs �corre�
sponding to a given input	 on any time interval� i�e� if�

�x� �� x� � X� �T � 
� �� � �
� T � s�t�
h �x� ��	� �� h �x� ��	� �

where xi �t	 is the solution of the dynamical system for the input t �� u� �t	
and the initial condition xi �
	 � xi�
This de�nition of observability is not the standard one that was proposed

by Hermann and Krener in ��
�� But our de�nition is justi�ed by the gener�
icity results at least when there are more outputs than inputs� It is used in
�������� and �����
In fact� we deal with the stronger property of di�erential observability�

a Ck�input being given� the system � is said to be di�erentially observable
for this input if� for an integer k� � k� the mapping which associates to
the state the outputs together with their k� �rst derivatives is an embedding�
This de�nition permits the use of transversality tools� that are involved in
order to prove the following results�
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��� M� BALDE AND P� JOUAN

Theorem ���� Fix p � �� The set of systems with p outputs which are
di�erentially observable for any C�d�input is residual in the set of all Cr�
systems� for r � N	 f
� �g large enough�

Theorem ���� A bound B � 
 being given� the set of systems that are

di�erentially observable for any C�d�input t �� u� �t	 such that
���diu�
dti
�
	
��� �

B is open and dense in the set of all Cr�systems� for r � N 	 f
� �g large
enough� and for p � ��
Analogous statements are proved in ���� ��� for general nonlinear systems�

Notice� however� that since the interior of the subset of control�a�ne systems
is empty in the set of all non�linear systems� our results cannot be deduced
from those of ���� ����
In the statement of the above theorems� one can notice the requirement

p � �� This is in fact the general requirement that the number of ouputs
is strictly larger than the number of inputs� which is also made in ���� ����
If the number of ouputs is equal to the number of inputs the theorems are
false as it is shown in ����
In section � we prove the following result� Theorem 	�
� The set of

systems that are di�erentially observable for any polynomial input whose
degree is smaller than a given bound contains an open and dense subset of
the set of all Cr�systems� for r � N	 f
� �g large enough� and for p � ��
The proof of this theorem is based on a method of compacti�cation of the

inputs� that was used for the �rst time by the second author in the case of
general non�linear systems �see ����� ����	�
One of the main interests of di�erential observability for all inputs whose

derivatives belong to a bounded set is the possibility of constructing non�
linear observers� We do not give this construction here� because it follows
the same line as the construction made for general non linear�systems and
can be found in ��� or ���� The computations are particularly detailed in ����
where it is moreover shown that di�erential observability is a su�cient but
not necessary condition for the possibility of the constructing of nonlinear
observers�
To �nish we want to recall another result proved in the uppermentionned

paper ���� and that is immediatly available for our particular systems�
Theorem ��� of ���� For an analytic system �� the following properties are

equivalent�

� � is observable for any C��input
� � is observable for any L��input�

For the sake of clarity� we have chosen to deal with single�input systems
only � but our results can be rather easily extended to multi�input control�
a�ne systems assuming that the number of ouputs is strictly larger than
the number of inputs�
For systems whose state manifold is not compact� similar results are cer�

tainly true in the Whitney topology� Nevertheless� the observer design prob�
lem is well posed only if the state space is compact or when restricting to
a compact subset �see for instance ����	� For this reason we consider the
compact case only�
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GENERICITY OF OBSERVABILITY OF CONTROL�AFFINE SYSTEMS ��	

�� Definitions and notations

Let X be a d�dimensional� compact� connected C��manifold�
Let h � X �� R

p be a Cr�mapping and f� g two Cr�vector��elds on X �
where r � N 	 f
g� We consider a single�input� p�outputs system � �
�h� f� g	 on X de�ned by�

� � �h� f� g	 �

�
�x � f �x	 
 u�g �x	 x � X� u� � R
y � h �x	 y � Rp�

����	

The set Cr �X�Rp	 �resp� the set �r �TX	 of Cr�vector��elds on X	 will
be denoted by Hr �resp� �r	 and endowed with the Cr�topology� Sr will

stand for the set Hr 
 ��r	� of Cr�systems� For r �
� Hr� �rand Sr have
the natural structure of Banach spaces �see ���	�
In what follows� the integer r will be supposed to be large enough in order

to perform all considered operations�
The kth dynamical extension of the vector��eld f 
u�g is the vector��eld

F k on X 
Rk controled by uk and de�ned by�

F k �x� u� uk	 � f �x	 
 u�g �x	 

Pk��

i
� ui��
�
�ui

�

where u � �u�� u�� ���� uk��	 �

A system � � �h� f� g	 � Sr being given and for � � k � r 
 � we de�ne
the mapping Rk�� by�

Rk�� � X 
Rk �� R
kp

�x� u	 ��
�
h�x	� LF kh �x� u	 � ���� Lk��

F k h �x� u	
�
�

Remark ����
�� Rk�� depends on u � �u�� u�� ���� uk��	 but not on uk �

�� Let t ��� u� �t	 be an input which veri�es
diu�
dti

�
	 � ui for i � 
���k���

It is clear that

Rk�� �x� u	 �

�
h �� �t		 �

d

dt
�h �� �t		� � ����

dk��

dtk��
�h �� �t		�

�
t
�

�

where t ��� � �t	 is the solution of �x � f �x	 
 u� �t	 g �x	 passing by the
initial condition � �
	 � x�

We will also use the suspension mapping SRk��� which is merely�

SRk�� �x� u	 � �Rk�� �x� u	 � u	 � R
kp
Rk

Since X is a compact manifold� SRk�� is always a proper mapping� We
are interested in systems � for which SRk�� is an embedding� at least when

restricted to X 
 U where U is a subset of Rk� for the following reasons�

�� If the restriction of SRk�� to X 
 U� is one�to�one� then� according
to remark �����	� � is observable for any input whose �k � �	 �rst
derivatives belong to U �

�� The fact that SRk�� is additionally an embedding is a su�cient condi�
tion to construct observers�
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 M� BALDE AND P� JOUAN

�� Transversality results

���� Statement of the results

The following theorems holds only for p � �� i�e� if the number of ouputs
is strictly larger than the number of inputs�

Theorem ���� The set of systems � such that SR�d�� is an immersion
contains an open and dense subset of Sr �for r � N	 f
g� large enough��

Theorem ���� The set of systems � such that SR�d���� is an embedding is
residual hence dense in Sr �for r � N	 f
g� large enough��

Theorem ���� Let B � 
 and IB � ��B�B�� The set of systems � such

that the restriction of SR�d���� to X 
 �IB	
�d�� is an embedding is open

and dense in Sr �for r � N	 f
g� large enough��

���� Some remarks

�� We recall the following de�nition� a subbundle B of a vector bundle
E is called partially semi�algebraic �PSA	 if its typical �ber is a semi�
algebraic subset of the typical �ber of E �see �����������������	� Standard
properties of PSA subbundles are used in the following proofs�

�� We denote by � the �ber product over X � Thus the bundle of k�jets
of systems is the bundle�

JkS � JkH � Jk�� Jk��

�� The mapping Rk�� �resp� TXRk��	 depends only on the �k � �	�jet

�resp� the k�jet	 of �� therefore it induces a mapping on JkS
Rk that
is also denoted by Rk�� �resp� TXRk��	�

�� If a point �x� u�	 is a singularity of the system �� i�e�� if f �x	 

u�g �x	 � 
� we will sometimes denote by �C�A	 the linearized sys�
tem �dh �x	 � TX �f �x	 
 u�g �x			�

���� Proof of the theorem ���

Let �B �k	 denote the subset of JkS 
 Rk of all
�
jkx�� u

�
such that rank

�TXRk�� �x� u	� � d� We consider the following partition of �B �k	�

�B �k	 � �B� �k	 	 �B� �k	 	 �B� �k	�

where�

�
�
jkx�� u

�
� �B� �k	�� f �x	 
 u�g �x	 �� 


�
�
jkx�� u

�
� �B� �k	��

	

�

f �x	 
 u�g �x	 � 

and the linearized system
�dh �x	� TX �f �x	
u�g �x			 is not observable�

�
�
jkx�� u

�
� �B� �k	��

	

�

f �x	 
 u�g �x	 � 

and the linearized system
�dh �x	 � TX �f �x	 
 u�g �x			 is observable�

�B �k	� �B� �k	� �B� �k	� �B� �k	 and their respective projectionsB �k	� B� �k	�
B� �k	� B� �k	 into JkS are PSA�
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GENERICITY OF OBSERVABILITY OF CONTROL�AFFINE SYSTEMS ���

������ Codim�B� �k		 � k �p� �	 
 �� d� Let

O� � f
�
jkx�� u

�
� JkS 
Rk� f �x	 
 u�g �x	 �� 
g�

Notice that O� is an open subset of JkS 
Rk� Let 	� be the mapping�

	� � O� �� �T �X	�kp�
jkx�� u

�
��� TXRk�� �x� u	�

The mapping 	� is a submersion because� by Lemma ���� the linear map�
ping jkxh �� TXRk�� �x� u	 is surjective as soon as f �x	
u�g �x	 �� 
� Notice

that �B� �k	 is the pullback by 	� of the set of elements of �T
�X	�kp whose

rank is less than d� By the product of coranks theorem �see ���	� the codi�
mension of this set is �d� �d� �		 �kp� �d� �		 � kp 
 � � d� Thus the

codimension of �B� �k	 in JkS 
Rk is also kp
 �� d� and the codimension
of B� �k	 in JkS is kp
 �� d� k � k �p� �	 
 �� d�

������ Codim
�
B� �k	 � J

kS
�
� d 
 p � �� Let x � X and let JkxS be the

�typical	 �ber of JkS over x� Let V be the subset of JkxS 
 R
k de�ned by�

jkx�� u
�
� V �� f �x	 
 u�g �x	 � 
� The set V has codimension d in

JkxS 
R
k� Let 	� be the mapping�

	� � V �� �T �xX	
p 
End �TxX	�

jkx�� u
�
��� �dh �x	 � TX �f �x	 
 u�g �x			�

We see that 	� is clearly surjective and the typical �ber of �B� �k	 is
the pullback by 	� of the set of unobservable couples �C�A	 of �T

�
xX	

p 

End �TxX	� whose codimension� according to lemma ���� is p� Therefore

codim
�
�B� �k	 � JkS 
Rk

�
� d 
 p� But �B� �k	 does not depend on the

variables u�� ���� uk�� and codim
�
B� �k	 � J

kS
�
� d
 p� ��

������ Codim
�
B� �k	 � J

kS
�
� min fk �p� �	 
 �� �dg� First let us de�ne by

O� the subset of JkS of elements that verify �f �x	 � g �x		 �� �
� 
	� The

set O� is clearly an open� dense and PSA subbundle of J
kS� Let �B�� �k	 �

�B� �k	�
�
O� 
R

k
�
and B�� �k	 � B� �k	�O�� Observe that

�
jkx�� u

�
� �B�� �k	

implies g �x	 �� 
�

For � � 
 � d� � let us de�ne �B� �k� 
	 by �

�B� �k� 
	 �
n�

jkx�� u
�
� �B�� �k	 � u� � u� � � � � � u��� � 
 and u� �� 


o
We may notice that u� � u� � � � � � ud�� � 
 implies

�
jkx�� u

�
�� �B�� �k	

because of the observability of the linearized system� and conclude that�

�B�� �k	 �
�

����d��

�B� �k� 
	�

For � � 
 � d� �� both �B� �k� 
	 and its projection B� �k� 
	 into O� are
PSA�
Let G� � �O� � TX	
Rk be the set of elements

�
jkx���� u

�
such that�

�� f �x	 
 u�g �x	 � 

�� u� � u� � � � � � u��� � 

�� the vectors Ai�� 
 � i � 
 are linearly independant�
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��� M� BALDE AND P� JOUAN

G� is a subbundle and a submanifold of �O� � TX	
Rk � its codimension
equals d
 
� �� Let 	� be the mapping�

	� � G� �� Rkp�
jkx���� u

�
��� TXRk�� �x� u	 ���

By Lemma ��� of the appendix� 	� is a submersion and codim
�
	��� �
	 � G�

�
� kp� Therefore� G� being conical w�r�t� �� the codimension of the projec�

tion of 	��� �
	 in O� 
R
k is kp
 �d
 
� �	� �d� �	 � kp
 
�

Let
�
jkx�� u

�
� �B� �k� 
	� There exists � � TxX � � �� 
� such that

TXRk�� �x� u	 �� � 
� By lemma ��� of the appendix� CAi� � 
 for
i � 
� ���� 
��� The pair �C�A	 is observable and this implies that the vectors
Ai�� 
 � i � 
 are linearly independant� As a consequence

�
jkx�� u

�
belongs

to the projection of 	��� �
	 intoO�
R
k� Hence codim

�
�B� �k� 
	 � O�
R

k
�
�

kp
 
 and codim�B� �k� 
	 � O�	 � kp
 
� k � k �p� �	 
 
� Therefore

Codim
�
B�� �k	 � J

kS
�
� min

����d��
fk �p� �	 
 
g � k �p� �	 
 ��

Now B� �k	 n B�� �k	 is included in JkS n O�� The codimension of
B� �k	 nB�� �k	 in J

kS is therefore larger or equal to �d and

Codim
�
B� �k	 � J

kS
�
� min fk �p� �	 
 �� �dg�

������ End of the proof� It is now possible to compute the codimension
of B �k	� We have

Codim
�
B �k	 � JkS

�
� min

i
�����
Codim

�
Bi �k	 � J

kS
�

� min fk �p� �	 
 �� d� d
 p� �� k �p� �	 
 �� �dg�

For p � � and k � �d� we have Codim
�
B �k	 � JkS

�
� d
�� The set B �k	

is PSA and the same is true for the closure B �k	 of B �k	 in JkS� Therefore

B �k	 is a �nite union of submanifolds of JkS whose codimension is larger
or equal to d
�� For r � �d
�� the evaluation mapping� ��� x	 �� jkx� is a
C��mapping� Then by Abraham�s theorems on transversality �see ���	� the

set of systems � such that jk� avoids B �k	 is open and dense in Sr� The
fact that jk� avoids B �k	 implies obviously that SRk�� is an immersion�
This proves Theorem ��� for �d
� � r �
� Since the C��topology is the
inductive limit of the Cr�topologies� the result holds for r �
�

���� Proof of the theorem ���

Let eX stand for X 
X n X where  X is the diagonal of X 
X � and

let gJkS be the restriction of �JkS��� to eX�
Let bB� �k	 be the subset of gJkS 
 R whose elements

�
jkx���

jkx��� u�
�
verify�

� f �x�	 
 u�g �x�	 � f �x�	 
 u�g �x�	 � 

� h �x�	 � h �x�	 �

The codimension of bB� �k	 in
gJkS
R equals �d
p� Since bB� �k	 is PSA�

the codimension in gJkS of its projection B� �k	 is �d
 p� ��
ESAIM� Cocv� October ����� Vol� 	� 	
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Let bB� �k	 be the PSA subbundle of gJkS 
 R
k whose elements�

jkx��� j
k
x�
�� u

�
verify�

� f �x�	 
 u�g �x�	 �� 
 or f �x�	 
 u�g �x�	 �� 

� Rk�� �x�� u	 � Rk�� �x�� u	 �

Let O� be the open subset of
gJkS 
 R

k consisting of elements�
jkx��� j

k
x�
�� u

�
such that f �x�	 
 u�g �x�	 �� 
 or f �x�	 
 u�g �x�	 �� 
�

By Lemma ��� of the appendix the mapping�

	� � O� �� R
kp�

jkx��� j
k
x�
�� u

�
��� Rk�� �x�� u	� Rk�� �x�� u	

is a submersion� Clearly bB� �k	 is equal to 	
��
� �
	� and thus its codimension

in O�� and also in
gJkS 
 Rk� is kp� Finally� the codimension in gJkS of the

projection B� �k	 of bB� �k	 is kp� k � k �p� �	�
Let B� �k	 � B� �k		B� �k	� The codimension of B� �k	 is larger or equal

to �d 
 � as soon as p � � and k � �d 
 �� By Abraham�s theorem on
density ���� the set of systems � such that

�
jkx��� j

k
x�
�
�
avoids B� �k	 for any

�x�� x�	 � eX is residual �hence dense	 in Sr for r � �d
 �� Thus Theorem
��� is proved for �d 
 � � r � 
� Since the C��topology is the inductive
limit of the Cr�topologies� the result holds for r �
�

To �nish� let K be a compact subset of eX � X 
X n X � Since B� �k	

is PSA� its closure B� �k	 is again a PSA subbundle of gJkS of codimension
larger or equal to �d
 � as soon as p � � and k � �d
 �� By Abraham�s
theorem on openness of non�intersection� we can state�

Lemma ���� The set of systems � such that the mapping


K 
Rk �� Rkp

�x�� x�� u	 ��� Rk�� �x�� u	� Rk�� �x�� u	

does not vanish at any point is open and dense in Sr for r � �d
�� k � �d
�
and p � ��

This lemma will be used in Section ��

���� Proof of the theorem ���

The mapping�

Sr �� Cr��d
�
X 
 �IB	

�d �R��d���p
�

� ��� SR�d����

being continuous� and the set of embeddings being open in Cr��d
�
X
�IB	

�d�

R��d���p
�
for p � � and r � �d� the set of systems � such that the restric�

tion of SR�d���� to X 
 �IB	
�d is an embedding is open in Sr �for r large

enough	� it is dense by Theorem ��� and thus Theorem ��� is a straightfor�
ward consequence of the previous ones�
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�� The analytic case

We consider in this section the set S� of real�analytic systems of the form
����	�

� � �h� f� g	 �

�
�x � f �x	 
 u�g �x	 x � X� u� � R
y � h �x	 y � Rp�

i�e�� we assume that X � h� f and g are analytic�
For any system �� � �h�� f�� g�	 � S�� one can build Banach spaces of

analytic functions �resp� analytic vector��elds	� �resp� analytic systems	 H �
F � G and S � H 
 F 
 G� containing respectively h�� f�� g� and �� and
such that�

�� the norm of H �resp� F � G� S	 is stronger that the norm of Hr �resp�
F r� Gr� Sr	 for r � N�

�� for any distinct points x� and x� in X � and for any integer k� there
exists an element in H �resp� F � G� S	 whose k�jets at x� and x� have
arbitrary prescribed values�

The proof of the existence of such Banach spaces can be found in ����
Now� replacing Sr by S� we can exactly repeat the statements and proofs

of Theorems ���� ��� and ���� Thus these theorems remain true in the
analytic case�

�� Observability for any polynomial input with bounded

degree

In this section we examine systems that are observable for any polynomial
input whose degree is smaller than an arbitrary but given bound� For the
sake of clarity we consider the case p � �� The main result is�

Theorem ���� Let b be a positive integer� The set of systems that are ob�
servable for any polynomial input whose degree is smaller or equal to b con�
tains an open and dense subset of Sr �for r � N	 f
� �g� large enough��

This theorem is a straightforward consequence of Theorem ���� whose
statement needs the following de�nition according to the input compacti��
cation in Section ����
Let b � �d be an integer� We denote by Gb the subset of R

K� where
K � �d� �	 �b
 �	 
 �� whose elements �u� !u	 � �u�� ���� ub� ub��� ���� uK��	
verify�

� either

max
��i�b

juij � �

� or

juij � �� �u	�
i�� for b
 � � i � K � �

where � �u	 � max��i�b juij
�

i�� � ��

We can now state�

Theorem ���� The set of systems � such that the restriction of SRK��

to X 
 Gb is an embedding contains an open and dense subset of Sr �for
r � N 	 f
� �g� large enough��

In order to prove this theorem� we will need two lemmas�
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���� Inputs compactification

For � � �h� f� g	 � Sr and � � R�� � fx � R jx � 
g� �� will stand for
the system �h� �f� g	� For the same positive real ��

�  � is the linear mapping from R
k into Rk de�ned by�

 �u �  � �u�� u�� ���� uk��	 �
�
�u�� �

�u�� ���� �
kuk��

�
� A� is the linear mapping from R�k into R�k de�ned by�

A� �y�� z�� y�� z�� ���� yk� zk	 �
�
y�� z���y�� �z�� �����

k��yk � �
k��zk

�
�

Lemma ���� For any system � � Sr� any � � R��� and any k � � we have

Rk���
��� � ��		 � A�Rk�� ��� �	 �

Proof� Let u � �u�� u�� ���� uk��	 � R
k and let t ��� u �t	 be a Ck���input

that veri�es�

diu

dti
�
	 � ui for i � 
� ���� k� ��

Let us denote by t ��� � �t	 the solution of �x � f �x	
u�g �x	 passing by
the initial condition � �
	 � x� and corresponding to the input t ��� u �t	�
The trajectory � veri�es�

d

dt
�� ��t	� � � �f � � ��t	 
 u ��t	 g � � ��t	� �

Therefore t ��� � ��t	 is the solution of �x � �f �x	
u�g �x	 for the initial
condition x� and the input t ��� �u ��t	� whose derivatives verify�

di

dti
��u ��t	�

����
t
�

� �i��ui for i � 
� ���� k� ��

Since�

di

dti
�h � � ��t	� jt
�� �i

di

dti
�h � �	 �
	 for i � 
� ���� k� �

and according to the remark �����	� we have�

Rk���
�x�� �u	 �

�
h � � ��t	 �

d

dt
�h � � ��t	� � ����

dk��

dtk��
�h � � ��t	�

�
t
�

� A�

�
h � � �t	 �

d

dt
�h � � �t	� � ����

dk��

dtk��
�h � � �t	�

�
t
�

� A�Rk�� �x�� u	 �

���� A transversality lemma

Lemma ���� The set O of systems � � �h� f� g	� such that the mapping from
X into R�d

x ���
�
h� Lgh� ���� L

d��
g h

�
�x	

is an immersion� is open and dense in Sr for r � d�
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This lemma is a standard application of the transversality theorems to
the observability theory of uncontrolled systems� Its proof can be found in
��� or in �����

���� Proof of theorem ���

Proof� Let � be the set of systems � that verify�

�� � belongs to the open set O de�ned in lemma ����
�� SR�d���� is an embedding�
�� � belongs to the interior of the set of systems �� such that SR�d��� is
an immersion�

The set � is residual in Sr� Let � � �h� f� g	 � �� There exists a
neighbourhood of � in Sr whose elements �� are such that SR�d��� is a
proper immersion� In order to prove theorem ���� we have to prove the
existence of a neighbourhood of � in Sr whose elements �� are such that
the SR�d��� are one�to�one�
Let ��n	n�� be a sequence of systems that converges to � in S

r� We have
only to show that the restriction of SRK��n to X 
 Gb is one�to�one for n
large enough� Let us assume that for n � � one can �nd�

xn� �� xn� � X
�un� !un	 �

�
un� � ���� u

n
b � u

n
b��� ���� u

n
K��

�
� Gb�

such that RK��n �xn� � �u
n� !un		 � RK��n �xn� � �u

n� !un		 �
X being compact� we can extract a subsequence such that�

xn� ��
n���

x�

xn� ��
n���

x�

According to lemma ���� the equality x� � x� holds� �xn� � x
n
�	 converges

to �x�� x�	 in X
X � the pair �x�� x�	 cannot belong to any compact subset
of X 
X n X � Hence �x�� x�	 �  X �
Let us denote by x the point x � x� � x� and choose a local chart

centered at x� We can assume that xn� and xn� belong to this chart for all
n � �� Now we can de�ne�

�n �
�

kxn� � xn�k
�xn� � xn�	 � n � ��

where k �k stands for the Euclidian norm in Rd� clearly� �n belongs to the
sphere Sd���
Furthermore� theorem ��� implies�

kunk� �Max fjuno j � ���� ju
n
b jg ��

n���



�

In order to obtain convergences� we use the compacti�cation of Section
����

�n � � �un	 � Max
��i�b

juni j
�

i��

vni �
uni

��n	
i�� for i � 
� ���� K� �

�vn� !vn	 �
�
vno � ���� v

n
b � v

n
b��� ���� v

n
K��

�
�  

�
��
n
�un� !un	�
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Taking another subsequence� we have the following convergences�

�n ��
n���





xn� � x
n
� ��

n���
�x� x	 �  X

�n ��
n���

� � Sd��

�vn� !vn	 ��
n���

�v� !v	

where kvk� � � and k!vk� � �

Consider now�


n �
�

kxn� � xn�k



RK��n

�
��
n

�xn� � �v
n� !vn		�RK��n

�
��
n

�xn� � �v
n� !vn		

�
�

According to Lemma ����


n �
�

kxn� � xn�k
A
�
��
n
�RK��n �xn� � �u

n� !un		� RK��n �xn� � �u
n� !un		� �

By assumption 
n � 
� and hence the same is true for its limit that we
denote by�

lim
n���


n � �L�� L�� ���� LK��	 � R
�K�

Let us denote by 
nk the k
th double coordinate of 
n� Clearly 
nk is a

polynomial in the k � � �rst components of �vn� !vn	 and its coe�cients are
derivatives of h w�r�t� ���n fn and gn� Since �

��
n ��

n���

� all the monomials

where derivation w�r�t� ���n fn arises tend to 
 when n tends to in�nity�
Therefore�

L� � h���

L� � v�h
���

L� � v��h
��� 
 v�h

���

� � �

Lk � Pk�kh
�k� 
 � � �
 Pk��h

���

� � �

where

h�l� � dLl
gh �x	 � �� 
 � l � K � ��

Lk belongs to R
� and Pk�l is a polynomial in v�� v�� ���� vk���

Moreover� for 
 � k � K � �� we have that Pk�l is a sum of monomials of
the form�

�vp�� vp�� � � � v
pk��
k�� �

where � � N� � Nnf
g and�

��	

�
p� 
 p� 
 � � �
 pk�� � l
p� 
 �p� 
 � � �
 kpk�� � k�

We prove the property ��	 by induction� Clearly L� � h��� and L� �
v�h

���� Let us assume the property is true for Lk� Clearly Lk�� is obtained

by derivation of Lk w�r�t� v�g and vi��
�

�vi
for 
 � i � k � �� Let m �
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�vp�� vp�� � � � v
pk��
k�� be a monomial of Pk�l where 
 � l � k� �� By assumption

we have� �
p� 
 p� 
 � � �
 pk�� � l
p� 
 �p� 
 � � �
 kpk�� � k�

� If mh�l� is derivated w�r�t� v�g we obtain�

Lv�g

�
mh�l�

�
� v�mh�l����

v�m � �vp���� vp�� vp�� � � � vpk��
k�� is a monomial of Pk���l�� that veri�es��

�p� 
 �	 
 p� 
 � � �
 pk�� � l
 �
�p� 
 �	 
 �p� 
 � � �
 kpk�� � k 
 ��

� ifmh�l� is derivated w�r�t� vi��
�

�vi
� 
 � i � k��� we obtain �if pi � �	�

vi��
�

�vi

�
mh�l�

�
� pi�v

p�
� � � � vpi��i v

pi����
i�� � � � v

pk��
k�� h

�l��

The monomial pi�v
p�
� � � � vpi��i v

pi����
i�� � � � v

pk��
k�� of Pk���l veri�es�	


�
p� 
 p� 
 � � �
 �pi � �	 
 �pi�� 
 �	 
 � � �
 pk�� � l
p� 
 �p� 
 � � �
 �i
 �	�pi � �	 
 �i
 �	 �pi�� 
 �	 
 � � �
 kpk��
� k � �i
 �	 
 �i
 �	 � k 
 ��

Thus the property ��	 is true for Lk���
A consequence of this property is the existence of an integer j� � � j �

k

l
� �� such that pj �� 
� Otherwise we would have�X

��i�k��

�i
 �	 pi �
k

l
l � k�

Let s� 
 � s � d��� be the smallest integer for which h�s� � dLs
gh �x	�� ��


� Such an s does exist by lemma ���� If s � 
� then L� � h��� �� 
�
Otherwise� let q� 
 � q � b� be the smallest integer for which vq �� 
� Such
a q does exist since kvk� � �� We have�

s �q 
 �	 � �d� �	
 �b
 �	 � K � ��

We will show that�

Ls�q��� �

s�q���X
l
�

Ps�q����lh
�l� �� 
�

� if l � s� h�l� � 
 by assumption� hence Ps�q����lh
�l� � 
�

� if l � s let us consider a monomial m of Ps�q����l�

m � �vp�� vp�� � � � v
ps�q�����

s�q����� �

There exists j �
s�q 
 �	

l
� � � q for which pj �� 
� But j � q

emplies vj � 
� Hence m � 
 and Ps�q����l � 
�
� It remains the case l � s�

� one of the monomials of Ls�q����s is �v
s
qh

�s�� � �� 
� It can easily be

obtained by suitable derivations of L� � h����
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� let m � �vp�� vp�� � � � v
ps�q�����

s�q����� be another monomial of Ls�q����s�

There exists j �� q for which pj �� 
� Moreover�

p� 
 p� 
 � � �
 pq 
 � � �
 ps�q����� � s
p� 
 �p� 
 � � �
 �q 
 �	pq 
 � � �
 s�q 
 �	ps�q����� � s�q 
 �	�

Hence�
�

q 
 �
p� 


�

q 
 �
p� 
 � � �
 pq 
 � � �
 sps�q����� � s�

If p� � p� � � � � � pq�� � 
� then on the one hand�

q 
 �

q 
 �
pq�� 
 � � �
 sps�q����� � pq�� 
 � � �
 ps�q�����

and on the other hand there exists j� q
� � j � s�q
�	��� such
that pj �� 
� This is impossible� hence one of the pj �s� 
 � j � q���
is positive� Therefore m � 
� since vj � 
�

Finally� we have obtained�

Ls�q 
 �	 � �vsqh
�s� �� 


This is in contradiction with the assumptions Lk � 
� 
 � k � K � �� and
the theorem is proved�

�� Appendix

We state here three lemmas that are proved in ���� They are used in the
proofs of our transversality results�

Lemma ���� Let d and p be two positive integers and let L be the set of
linear mappings L � L

�
Rd�Rp

�

 L

�
Rd�Rp

�
� An element �C�A	 of L is

said to be observable if
�
i��

KerCAi � f
g or� equivalently� if the rank of

�
C�CA�CA�� ���� CAd��

�
is d�

The set of unobservable elements of L is an algebraic subset of L of codi�
mension p�

In the statement of the two next lemmas the notations are those of the
third section�

Lemma ���� Let
�
jkx�f� j

k
x�
g� u

�
�
�
Jk�

���

Rk such that f �x�	
u�g �x�	 ��


� Then

�� the mapping

Jkx�H �� Rkp

jkx�h ��� Rk�� �x�� u	

is linear and surjective�
�� the mapping

Jkx�H ��
�
T �x�X

�kp
jkx�h ��� TXRk�� �x�� u	

is linear and surjective�

Lemma ���� Let
�
jkx�f� j

k
x�
g��� u

�
�
��
Jk�

���
� TX

�

Rk and 
 � � such

that
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� f �x�	 
 u�g �x�	 � 
�
� f �x�	 �� 
 or g �x�	 �� 
 �hence g �x�	 �� 
��
� u� � u� � � � � � u��� � 
 but u� �� 
�
the vectors Ai�� 
 � i � 
� are linearly independant �where A �
TX �f �x�	 
 u�g �x�		 �

Then


�� the mapping

Jkx�H �� R
kp

jkx�h ��� TXRk�� �x�� u	 ��

is linear and surjective�
�� for 
 � i � 


dXL
i
F kh �x�� u	 �� �

�

i"
CAi�

where C � dh �x�	 �

We are very grateful to Professor W� Respondek for his collaboration in
the reading and criticism of the text�
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