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UNIQUENESS OF THE OPTIMAL CONTROL FOR A
LOTKA-VOLTERRA CONTROL PROBLEM WITH A
LARGE CROWDING EFFECT

J.L. GAMEZ AND J.A. MONTERO

ABSTRACT. Uniqueness of the optimal control is obtained by assuming
certain conditions on the crowding effect of the species. Moreover, an
approximation procedure for the unique optimal control is developed.

1. INTRODUCTION

In this work we study an optimal control problem whose steady-state
equation is a P.D.E. of Lotka-Volterra type:

—Au(e) = u(@)a(e) - f(z) —b(@)u(a)], « e,

u(z) = 0, v € 00, (1.1)

where Q is a bounded and regular domain in RY. The unknown u rep-
resents the concentration of the biological species. The coeflicients which
appear in (1.1) can be interpreted as follows: function a is the growth rate,
function b means the crowding effect and f denotes a control on the process
of production (see [14]). The space of admissible controls is

LE(Q)={g9€ L7(Q):g(x) > 0ae. in Q}.
Under the hypothesis
[H]: a,b € L>(Q), essinfq b > 0,
the equation (1.1) has, for every admissible control f, a unique maximal

nonnegative weak solution which will be denoted by ugq 5 5 (see [2]).
The benefit-payofl functional may be given by

Tir(f) = /Q [Kugp (@) f(z) = LF2(x)] da,

which express the difference between profit and cost. Here, K > 0 denotes
the sale price of the species, and L > 0 is the cost of the control. To study
the existence of maximum for Jg ;, and some additional properties, we prefer

to consider the re-scaled functional J = JI};’L, this is
IO = [ Muanslo) o) = Pl
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2 J.L. GAMEZ AND J.A. MONTERO

where the constant A > 0 denotes the rate between the sale price of the
biological species and the cost of the control.

We denote by (Fq,qp,)) the problem of finding an admissible control, f,
such that

J(f)= sup J(g).
gELF ()

Such a control, f, will be called an “optimal control” of problem (FPqq5)).

The existence of optimal controls under hypothesis [H] has been proved
in [4], where a necessary and sufficient condition to obtain the positivity of
the optimal benefit is given.

We are interested in finding conditions which guarantee the uniqueness
of the optimal control and its approximation.

In [5] it was obtained the uniqueness and an approach scheme for the
optimal control was developed, in the case where €, a, b are fixed, and
A > 0 is small enough. The result can also be applied for Q, a, A fixed,
and b a sufficiently large positive constant, or b = vbg, where v € IR is a a
sufficiently large constant and function by satisfies [H]. However, the case
where b is a nonconstant arbitrary function does not seem to be approachable
by that method.

This last case is discussed here. We fix €2, A and a, and we prove unique-
ness of the optimal control, provided that esssupb < Messinf b, for some
1 < M < 2, and essinf b is large enough (see Theorem 3.5).

Similar problems are studied in [8, 10, 11, 13]. In [11] the authors have
studied a control problem with a steady-state equation similar to (1.1), but
with Neumann boundary conditions. Their space of admissible controls is

Cs={g€L>™(Q):0<g(z) <dae. in Q},

where 0 < 0 < essinfga(z). In this particular situation they prove the
existence of an optimal control f € Cs. Under suitable conditions, they
describe the optimal control f in terms of the solution of an appropriate
elliptic system (the optimality system). In [8] the periodic problem for the
parabolic model is considered.

In section 2 we fix some notation, and we also recall some results obtained
in [4, 5]. In section 3 we obtain the optimality system, which is used to prove
the uniqueness of the optimal control. In section 4 we provide an iterative
scheme to approximate the unique solution of the optimality system.

2. PRELIMINARY RESULTS

For a bounded function e € L (£2), we denote € = ess supg, e, and accord-
ingly e = ess infg e. From now on we consider the equation (1.1), assuming
the hypothesis [H].

For every ¢ € L*(R2), we define o1(q) to be the principal eigenvalue of
the following eigenvalue problem:

—Au(z) + ¢(z)u(z) = ou(z), z€Q,
u(z) =0, r € 00.
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UNIQUENESS OF THE OPTIMAL CONTROL... 3

It is known (see for instance [6]) that o1(¢) satisfies the variational charac-

terization
/ [Vul? + /
o1(q) = inf (2.1)

ueHH(Q)\{0} / "
Q

where H}(Q) is the usual Sobolev space. It is also known that oq(g) has
algebraic multiplicity equal to one. Moreover, one can choose an associated
eigenfunction, ¢(q), such that ¢1(¢) € C»*(Q) (the space of Holderian
functions), Vo € (0, 1), ¢1(q) strictly positive in €, and [|¢1(q)||L~(q) = 1.

As a consequence of (2.1), it follows that ¢1(¢) has the following proper-

ties:

i) If q1,q2 € L(Q), with ¢1(2) < g2(2), a.e. in Q, then o1(q1) < 01(q2).
Moreover, if the set {2 € Q : ¢1(2) < ¢2(z)} has positive measure, then
o1(q1) < o1(qz).

it) Vg € L*(Q), VM € R, o1(¢+ M) = 01(q9) + M.

iii) 01(q) depends continuously on ¢ € L*>(2).

We now recall some properties of the Schrédinger operator (—A + ¢).
LEMMA 2.1. Consider q € L*(Q), satisfying 01(q) > 0. Then:
i) For each f € L*(Q), the linear problem

—Au+ qu = f, in €2,
w =0, on 0%,

admits a unique weak solution w € H (). Moreover, if f € L>(S),
then uw € CY*(Q), YV € (0,1).
ii) Let uy,uy € HY(Q) be such that V¢ € HE(Q), ¢ > 0,

/QVU1V¢‘|‘/Q(]U1¢§/QVUQVQb‘I‘/QQUQva

uyp < ug on 0f.

Then uy < ug in Q. We remark here that the inequality u; < ug on
I means (ug — uz)t € HY(Q).

iii) Consider f € L*(Q), f(z) > 0 a.e. in Q, and py,pz € L>=(Q), with
pi(z) > pa(x) a.e. in Q, and o1(p2) > 0. We denote by w; (i = 1,2),
the unique weak solution (it exists from i)) of problem

—Aw; +piw; = f,  inQ,
w; = 0, on 0N.
Then
wi(z) <wy(z) a.e. in Q.

Proof. Part i) can be found in [5]. Parts ii) and 7ii) are proved in [12]. O

We also point out some known results about problem (1.1):

LEMMA 2.2. (see[2, 3, 7]) Assume hypothesis [H]. Then, problem (1.1) has
a nonnegative and nontrivial weak solution if and only if o1(—a + f) < 0.
Moreover, in this case the nonnegative and nontrivial solution is unique. So,
for any f € L™(Q), we can define uq qp s to be the mazimal nonnegative
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4 J.L. GAMEZ AND J.A. MONTERO

solution of equation (1.1). For oy(—a+ f) < 0 one has ugqp; € CHQ),
and the following a priori bounds:
—oi(-a+f) a-/f

7 O1(—a+ f)(z) <ugapf(z) < 2 =, Vz € Q. (2.2)

Consequently, uqqp s =0 if o1(—a+ f) > 0 and ug qp ¢ is strictly positive
in Qifoy(—a+f) < 0. Moreover, for Q,a,b fived, the map L*° () — C1(Q),

f = uqap, s 15 continuous.

Taking into account that every sufficiently large constant is an upper-
solution of (1.1) (we refer to Amann [1] for the definition of lower- and
upper-solutions), one infers that every bounded lower-solution, w, of (1.1)
must satisfy

w(z) < ugapr(z), Vo € Q.
We now recall some of the results obtained in [4, 5].
THEOREM 2.3. ([4], Existence of optimal control). Assume hypothesis [H].
Then there exists an optimal control for problem (Po qp.¢), i.e.
Af € LY (Q) such that J(f) = sup J(g).
gELF(Q)

Moreover if @ <0 then f =0, and if @ > 0, the optimal control [ satisfies
f< /\% a.e. in Q. (2.3)

THEOREM 2.4. ([4], Positivity of benefit). Assume hypothesis [H]. Then,
sup J(g) >0 < o1(—a) <0.
gELF(Q)

REMARK 2.5. 1. Observe that we have not imposed any upper bound on
the control space, but relation (2.3) implies that the space of “inter-
esting” controls is (in fact) bounded.

2. Theorem 2.3 justifies the hypothesis o1(—a) < 0 in many of the next
results. In particular, observe that oy(—a) < 0= @ > 0.

LEMMA 2.6. ([5, Lemma 3.2]). Assume [H] and 01(—a) < 0. If f € LT(Q)
is an optimal control, then
A .
f =5 waup (1 =paap)t, ae inQ,
where pq o, ¢ is the unique solution of the linear problem

—Apaaps+ (—a+ [+ 2bugap f)pass = f  inQ,
PQabf =0 on 09

(Observe that o1(—a+ [+ 2buqap z) > o1(—a+ f+bugap ) =0).

(2.4)

3. OPTIMALITY SYSTEM AND UNIQUENESS OF THE OPTIMAL
CONTROL

In this section, under suitable conditions involving function b, we are going
to prove that any optimal control can be expressed in terms of a solution of
a certain system, the optimality system (3.8)-(3.9).

We provide conditions to assure the uniqueness of solution for the opti-
mality system and therefore, uniqueness of optimal control.
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UNIQUENESS OF THE OPTIMAL CONTROL... 5

We will fix Q, @ and A, and we will look for conditions on function b to
obtain the uniqueness of the optimal control. For the sake of simplicity,
from now on, we denote by w  the maximal nonnegative solution of (1.1),
instead of ug 4 ¢, and by p ; the solution of (2.4), instead of pg 4p, f.

Our first objective is to find conditions on function b to guarantee, for
any optimal control f € L5°(12), the following estimation on the solution
of (2.4):

s <1, a.e. in Q.
In this case, we will be able to express any optimal control in terms of the
solution of an appropriate system of P.D.E’s (see Theorem 3.3 below).

To obtain this estimate we will use the statements ii)-iii) of Lemma 2.1.
In fact, as a consequence of ii) we deduce that p, s > 0 in Q. To get an
upper bound for py ¢, it will be sufficient to find an upper bound for f and
a lower bound for the expression —a + f + 2buy ;.

LEmMMA 3.1. Consider a, b satisfying [H], o1(—a) < 0 and

b < Mb, for somel < M < 2. (3.1)
One may choose ¢ € R™ such that
M 2
e < 70’1(—@ + MUL()). (32)

Then, there exists a positive constant by (which depends on Q, a, X and ),
such that if b > bg and f is any optimal control, the function py y defined in
(2.4) satisfies the estimates

0<pys< %, a.e. in £,

where () is the unique solution of

—AQ+ (—a+ %(ULO —£))Q = \q, in €2,

Q =0, on 0N. (3.3)

Proof. As a consequence of the hypothesis o1(—a) < 0 the function u; o is
strictly positive in Q and therefore oq(—a + u19) = 0. So,
2
o1(—a+ Mulp) > 0.

Due to the choice of ¢ and the statement i) of Lemma 2.1, there exists a
unique solution @ of (3.3). From the continuity of the map L>(Q) — C(9Q),
[+ uy s (see Lemma 2.2), there exists a positive constant by such that for
b > by, if g € LE(Q) with g < /\%7 then

Ury > U p—< a.e. in €. (3.4)

If fis an optimal control for (Pq,45,), then by using that uy is a lower-
solution of (1.1) and that kug = uy ¢ Yk > 0, it follows

2
MULJ“. (35)

Moreover since b > by, from (2.3) and (3.4) we obtain

b - 2 —
2bup ;= 27bub7f > Mbuaf =

2
—a+ f+42bupp > —a+ 2bup > —a+ M(ULO —¢£) a.e.in Q. (3.6)
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6 J.L. GAMEZ AND J.A. MONTERO

The function % satisfies

_A(§)+(—a+ 2 (ulo—e))%:/\%

From i) and iii) of Lemma 2.1 taking into account that A4~ > f and the

inequality (3.6), we conclude the proof of lemma 3.1. U
COROLLARY 3.2. Assume [H], o1(—a) < 0, (3.1) and
b > by = max {by,||Q]|cc} - (3.7)

Then for any optimal control f, the function py ¢ defined in (2.4) satisfies:
0<ps <1, ae inf.

THEOREM 3.3. (Optimality system). Let us assume [H], o1(—a) < 0, (3.1)
and (3.7). Then, any optimal control f € LI (2), can be expressed as

[= Ubf(l—be)

where the pair (u,p) = (ub7f,pb7f), is a solution of the optimality system:

~Au=u (a— b+ %(1—p)]u) ,in Q,

—Ap + p(—a+ 2bu) = %u(l —p)?, in Q, (3:8)
w=p=0, on 092,
satisfying
0<p<1, u>0, ae. in Q. (3.9)
Proof. 1t is a direct consequence of previous results. O

LEmMMA 3.4. Let us assume [H], o1(—a) < 0, (3.1) and (3.7). Then any
solution (v, q) of system (3.8) under the conditions (3.9) satisfies

we) < o) < 4 02 g(o) < DD e i

where w is the unique mazimal nonnegative solution of

—Aw:w[a—%w—bw] in €,
w =10 on 0%,

(3.10)

and Q) is defined by (3.3).
Moreover, by choosing € as in (3.2), one has

2 .
2b(z)w(z) > M(ulp(w) —¢) a.e. in§.

Proof. Observe that v is a nonnegative and nontrivial solution of an equation

similar to (1.1), so, estimates of type (2.2) hold, obtaining 0 < v(z) < %

a.e. in Q. The function w is a bounded lower-solution for the equation
satisfied by v, therefore

w(z) <wv(z) < a.e. in Q. (3.11)

|@| ]|
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UNIQUENESS OF THE OPTIMAL CONTROL... 7

By using the established notation for the solutions of (1.1), we have w =
u, 1, . Then, similarly to (3.5) and (3.4),
)

2~ 2 2
= 2 ~rbug A = = > — — €. in Q. :
2bw 2bub7%w > Mbub%w 72w 2 M(ul’o g) a.e. in Q. (3.12)

A
To prove ¢ < % in Q, we denote h = 51}(1 — ¢). Observe that ¢ satisfies

—Aqg+ (—a+h+2bv)g=h inQ,

g=20 on 0f).
Similarly to the proof of lemma 3.1, by using (3.11), (3.12), the definition
of () and lemma 2.1, the proof is complete. O

The main result of this section is the uniqueness of the optimal control.
We will use the optimality system and the previous lemma to prove it.

TaEOREM 3.5. (Uniqueness of the optimal control). Suppose [H], 01(—a) <
0 and (3.1). Then problem (Pqqp\) admits a unique optimal control, pro-
vided that b is large enough.

Proof. By choosing € > 0 as in Lemma 3.1, we denote § = o1 (—a+ %(ULO -
e)), which, from (3.2), is strictly positive. Take

A
a2 {5 + QMHQHOO}
b2
» Y1

b2 > by = 1
b > by = max - (3.13)
where () is defined in Lemma 3.1, and b; as in Corollary 3.2.
1 /A
Fix o = 5 (5 + QMHQHOO) In virtue of Lemma 3.4, it is easy to check

that (u,p) is a solution of system (3.8)-(3.9) if and only if (u,r) = (u, £) is
a solution of the following system,

A
—Au—au—l—buz—l—5(1—7‘04)u2:07 in €,

—Ar+r(—a+ 2bu) — %u(l —ra)? =0, inQ, (3.14)
o
w=r=0>0, on 0f).
with conditions,
Q) 1 a
< < —= (< — < < — .e. . .
0<r(z)< ob (_a),w(x)_u(x)_ Q,aean (3.15)

To show the uniqueness of (3.14), under conditions (3.15). Let us consider
another solution (v, s) of (3.14)-(3.15). Then
0=-A(u—v)—alu—0v)+bu?—v?)+

—|—§(u2 —v?) — ;(u% — v?s)

and

0= —ﬁ(r — 8)1— a(r —s) —|—12b(ur — vs)—
Y (u(a —r)? - v(a — 3)2) .
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8 J.L. GAMEZ AND J.A. MONTERO

Similarly,
0 = —?(u—v)—a(u—vz\—l—b(u—v)(u—l/—\v)—l— 5.16)
—|—§(u—|— v)(u—v) — 7u2(r —s) — 7s(u—|— v)(u—v)
and
0 = —A(r—s)—a(r—s)+2bu(r—s)+2bs(u—v)+ ,
—I—/\;u [%—(r—l—s)] (r—s)—/\;(u—v) (é—s) . (3.17)

Multiplying (3.16) by (u—v), (3.17) by (r —s), integrating on €, and adding
both expressions,

0 = /Q[|V(u—v)|2—a(u—v)2+b(u+v)(u—v)2—|—

A 9 Ao
—|—§(u—|—v)(u—v) (1 —as) — - U (u—v)(r—s)] +

[ | e = 92+ 2t o7+ (3.18)

+%O‘u (% - (r—l—s)) (r — 5)2] .

Observe that 2(u + v)(u — v)?(1 — as) and 22u (2 — (r+s)) (r — 5)? are
nonnegative. Moreover, if r(2) # s(z) in a subset of Q with positive measure
then, as a direct consequence of (3.15),

A%(%—(r—l—s)) (r—5)2 > 0.

Now, from (3.15) and (3.12), the functions (v + v)b and 2bu satisfy
(u+v)b> F(uro—e)
20u > %(ULO —€)

in Q.

The variational characterization of § (recall (2.1)) implies

2
/ Vq|? +/(—a‘|‘ —M(ULO —e))g* > 5/ 0*, ¥ q € Hy().
Q Q Q

Applying this inequality to ¢y = u—wv and ¢, = r — s and taking into account
previous considerations, from (3.18) it follows:

0 > /Q[cs(u—v)?+5(r—s)2+

+(u—v)(r—s) (2()3 - AQ_O‘ (é _ 3)2 B /\704u2)] | (3.19)
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UNIQUENESS OF THE OPTIMAL CONTROL... 9

Moreover, if r(z) # s(z) in a subset of Q with positive measure then previous
inequality is strict. The choice of «, (3.13) and (3.15) imply

2 7 —2
2bs — Aol s) — /\—Oéu2 < BlQllee | Aar | Ao <
2 \« 2 ba 2002 2b°
< L[ omn] + 29T <
= 412 00 2@2 >~
< §4+6=26.

Now, from (3.19),

/ [5(u — )24 6(r — 8)2] <
Q

§25/ lu —vl||r — s|.
Q

This implies / (Ju—v| = |r — s)* < 0, with strict inequality if r(z) # s(z)

in a subset of Q with positive measure. Then it follows that r = s, and
therefore u = v in 2. O

Observe that the technique in [5] can be applied to prove uniqueness for
b = vby, where v € R is a sufficiently large constant and the function bg
satisfies [H] (and not necessarily (3.1)). This particular case induces us to
think that hypothesis (3.1) could be improved, considering the possibility of
M > 2. However, the proof above strongly requires (3.1).

4. APPROXIMATION OF THE OPTIMAL CONTROL

In this section, we consider the approximation problem to the optimal
control. For it, we use the optimality system (3.8)-(3.9), because in virtue of
Theorems 3.3, 3.5, the unique solution of that system describes the optimal
control. We will define an iterative scheme which, under more restrictives
conditions on b, will converge to the unique solution of (3.8)-(3.9). The
main difficulty to prove this convergence is the absence of monotonicity of
the terms appearing in system (3.8). Some of the ideas contained here can
be found in [5, sect. 5] and [9, chap. V.].

For the sake of simplicity, we define throughout this section the functions

B,C,D:QxR* = R as
A
Blavup) = ua =0+ 50— plu).
C(z,u,p) = pla — 2bu),
D(x,u, ): %u(l _p)z'
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10 J.L. GAMEZ AND J.A. MONTERO
Let us call u; = w, u' = %, p1 =0and p! = %, where w and () are defined
in (3.10) and (3.3) respectively. We can find I' > 0 such that

B(z,u,p)+lTu is Su, 7p
Clz,u,p)+5p is \ou, Sp

D(%%PH‘%P is /luv /lp

for any (z,u,p) € Q x [0, +] x [O,U%Jﬁ] (here the symbol “ 7 means

“increasing with respect to”, and “\,” means “decreasing with respect to”).
We construct inductively (observe that uy,u!,p;, p! have been defined

before) the sequences {u,}, {u"}, {p.},{p"}, as the unique solutions of

_Aun-l—l + lupgq = B($7 unvpn) + Dy, in €,
Upt1 = 0, on 0%,
—Au" Tt 4 Tyt = B(z, u™, p") + T'u”, in Q,
utl =0, on 0%,
§ r ro
_Apn-l—l + Fpn-l—l = C($, U 7pn) + §pn + D($7 unvpn) + §pn7 m Qv
Prnt1 = 0, on 897
n+1 n+1 n r n n o ,n I n :
_Ap —I_Fp :C(x7un7p )+§p +D($7u 7p)+§p ) m Qv
ptt =0, on 0f2.

We now collect the main properties of these sequences. The proof of the
following assertions can be found in [5, Theorem 5.2] in a more general
version.

Observe that the sequences {u,},{u"}, {p.}, {p"}, defined above satisfy

up < g <o <y, <ut <ur <L <ulin Q,

pr<pr < <p, <pt<ptTh <L <phin @,
and
Up 7 Uy, U N\ UT, Do Py PR\ T pointwise in €.
2. U, U, Py, P*E VVOQ’q(Q)7 Vg € (1,00). Moreover, these functions satisfy

—Au, = B(z, ux, ps), in Q,
—Au* = B(z,u*, p*), in Q,
—Ap, = C(z,u*, ps) + D(2, us, ps), in Q, (4.1)
—Ap* = C(z, us, p*) + D(z,u*,p*), in Q,
Uy = U = py = p* =0, on 0f).
with conditions
w§mw%&%;0§mﬁ§%. (4.2)

3. If (u, p) is another solution of (3.8) with the property
uw<uul, p<p<p

Esaim: Cocv, JANUARY 1997, VoL.2, pp. 1-12



UNIQUENESS OF THE OPTIMAL CONTROL... 11

then
e <u<ut, pe <p<pt
Our main interest is to prove the uniqueness of solution for the sys-
tem (4.1) with conditions (4.2). If it occurs, by using that (u*, u., p*, p«)
is also a solution of (4.1)-(4.2), we conclude that u, = u*, p. = p* in © and
therefore (u., pi) is a solution of (3.8)-(3.9).

THEOREM 4.1. Let us assume [H], 01(—a) < 0 and (3.1). Then the system
(4.1)-(4.2) has a unique solution, provided that b is large enough

Proof. (Idea) To prove this theorem we use similar arguments to those given
to prove Theorem 3.5. Take § = 01 (—a+ 5 (u10—¢)) and ¢ as in (3.2) and

M@l A

Ao , Where @ = max {773}

suppose b* > max{bg,
Let (u,v,p,q) and (U,V P, Q) be two solutions of (4 1) (4.2). Equiva-
lently (u,v,r,s) = (u,v,2, %) and (U,V,R,S) = (U, V,£,2) are two solu-

Yol o Tala
tions of the system

—Au — au + bu? —|—§ 2—/\7Oéru2:0, in €,
A
—Av — av + bv? —|—2v2 —0‘52:0, in €,
1
—Ar—ar—l—var——u(——— 2):07 in €2,
o’
1
—As—as—l—?bus——v ————I—S2 =0, in Q,
2 o’ o
t=v=r=s5=0, on 0f).
satisfying
Q) 1 a
< < < —) < < —, . .
0< (o) sle) < S50 (S50 5 w() € ule)ofe) € s e in €

From the considered hypotheses and by using similar arguments to The-
orem 3.5, we deduce that (u,v,r,s) = (U,V,R,S) and therefore system
(4.1)-(4.2) has a unique solution. O

The authors wish to thank Professor A. Canada for his suggestions and
comments in the elaboration of this paper.
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