ESAIM: M2AN ESAIM: Mathematical Modelling and Numerical Analysis
Vol. 39, N° 2, 2005, pp. 349-376
DOI: 10.1051/m2an:2005015

MIXED FINITE ELEMENT APPROXIMATION FOR A COUPLED PETROLEUM
RESERVOIR MODEL *
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Abstract. In this paper, we are interested in the modelling and the finite element approximation
of a petroleum reservoir, in axisymmetric form. The flow in the porous medium is governed by the
Darcy-Forchheimer equation coupled with a rather exhaustive energy equation. The semi-discretized
problem is put under a mixed variational formulation, whose approximation is achieved by means of
conservative Raviart-Thomas elements for the fluxes and of piecewise constant elements for the pressure
and the temperature. The discrete problem thus obtained is well-posed and a posteriori error estimates
are also established. Numerical tests are presented validating the developed code.
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INTRODUCTION

Due to emerging technologies such as optical fiber sensors, temperature measurements are destined to play a
major role in petroleum production logging interpretation. Using temperature recordings from a wellbore and
a flowrate history on the surface, it can be envisaged to develop new ways to predict flow repartition among
each producing layer of a reservoir or to estimate virgin reservoir temperatures.

In order to solve the inverse problem, one first needs to develop a forward model describing the flow of a
monophasic compressible fluid (oil or gas) in a reservoir and a well, from both a dynamic and a thermal point
of view. This implies to couple a reservoir model (porous medium) and a well model (based on the compressible
Navier-Stokes equations).

In this paper, we only consider the reservoir model, written in axisymmetric form and depending on the
cylindrical coordinates (r, z). It consists of the Darcy-Forchheimer equation coupled with a non-standard energy
balance (see [10]), notably including the temperature effects due to the decompression of the fluid (Joule-
Thomson effect) and the frictional heating that occurs in the formation. This energy equation thus quantifies
the cooling or the heating of the produced fluid before entering the wellbore. Therefore, it stands apart from
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the classical models which mainly consider the wellbore thermal exchanges due to conduction and convection
and assume that the produced fluid enters the wellbore at the geothermal temperature.

In order to solve this nonlinear system, we first implement a time discretization which uses a classical Euler’s
scheme and then we linearize the problem at each time step. Its unknowns are now the pressure p, the specific
flux G = pv, the temperature T and the heat flux q = AVT, the density p being updated by verifying the
cubic Peng-Robinson state equation at the end of each time loop. The semi-discretized system is shown to be
well-posed by means of the Fredholm’s alternative, for smooth coefficients and for sufficiently small At.

Concerning the space discretization, we introduce a mixed variational formulation where the convective terms
are treated by means of an upwind scheme. To provide an accurate determination of the fluxes, we employ the
lowest-order Raviart-Thomas finite elements for the velocity and the heat flux, and piecewise constant finite
elements for the pressure and the temperature. We prove that the mixed problem is well-posed thanks to an
extension of the Babuska-Brezzi theory (cf. [12]).

Numerical tests are presented, validating the model from both a numerical (convergence in time and space)
and a physical (comparison with analytical solutions for the pressure) point of view.

We are next interested in defining and justifying a posteriori estimators, which involve mesh-dependent norms
as in [13]. We establish upper and lower error bounds, allowing us to locate the areas where an improvement of
the solution is necessary.

An outline of the paper is as follows. In Section 1, we introduce the governing conservation laws and we
write the problem in cylindrical coordinates (see also [8]). Once the time discretization and the linearization
introduced, Section 2 is devoted to the mathematical study of the semi-discretized problem. The existence and
uniqueness of a solution is proved in two steps. Firstly, we neglect the convective terms and we show by means
of a non-standard mixed formulation that the obtained problem is well-posed. Moreover, the smoothness of its
solution is discussed. Secondly, we show the existence and uniqueness of a solution for the complete problem,
by making use of the Fredholm’s alternative. The finite element approximation is detailed in the next section.
An upwind scheme is introduced and the discrete problem is shown to be well-posed. In Section 4, we present
several numerical tests confirming the theoretical results. A comparison with an existing software PIE is given
and some realistic cases are also considered on different meshes. Finally, in the last section we define a posteriori
error indicators and we carry out some numerical tests which highlight the local character of the estimators.

As a conclusion, we have developed a code for petroleum reservoirs, based on conservative finite elements
of Raviart-Thomas and taking into account a non-standard energy equation. In perspective, the mathematical
analysis of the error in time is to be done and the code is to be coupled with a wellbore simulator.

1. PHYSICAL MODELLING

Our aim is to model the flow of a monophasic compressible fluid (oil or gas) in a petroleum reservoir from
both a dynamic and a thermal point of view.

To give an idea of the studied domain, we have represented in Figure 1 a petroleum well, delimited by a
casing and surrounded by a cement layer and by the reservoir. The communication between the well and the
reservoir is achieved through perforations. The reservoir 2 is treated as a porous medium divided into several
geological layers (€2;)1<;<n which are characterized by their own dip and physical properties. Thus, each layer
is made of a porous rock (of porosity ¢), characterized by vertical and horizontal permeabilities, and saturated
with both a mobile monophasic fluid (of saturation s,) and a residual formation water (of saturation s,,).

In what follows, we agree to write the vectors in bold letters and the tensors in underlined bold letters. We
shall denote by ¢ any positive constant independent of time and of the space discretization.

1.1. Conservation laws

We denote by p the density of the fluid, by w its viscosity, by g = —ge, the gravitational acceleration, by ¢
k1
0 ko
layers. We also denote by v the Darcy velocity and we introduce the specific flux G = pv.

the porosity of the medium and by K = 0 ] its permeability, with ¢ and K depending on the geological
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FIGURE 1. Geometry of a wellbore surrounded by a reservoir.

The fluid flow is modelled by the Darcy-Forchheimer equation coupled with a non-standard energy balance
which takes into account, besides the convection and the diffusion, the Joule-Thomson compressibility effect
and the frictional heating.

So, the problem is described by the following conservation laws:

¢% +divG = 0, (1)

p~t (WK™'G + F|G|G) + Vp = pg, (2)

(po), %—f +p ! (pe); G- VT — divg — ¢ﬁT% —p (BT - 1)G - Vp =0, (3)
p=p(p,T). (4)

Due to the high filtration velocity which can arise around gas wells, we have introduced a quadratic term in
the standard Darcy’s equation to take into account the kinematic energy losses; F' represents the Forchheimer’s
coefficient.

In the energy equation, (pc), characterizes the heat capacity of a virtual medium, equivalent to the fluid and
the porous matrix, while (pc) 7 only symbolizes the fluid properties. The coefficient A denotes the equivalent
thermal conductivity, T is the temperature and q = AVT represents the heat flux.

As usually when modelling petroleum fluids, we use in (4) the Peng-Robinson cubic state equation, see [11].

To this system we add initial conditions for p and T

p(2,0) = po (x) and T (z,0) =Ty (z) a.e. in €,
and boundary conditions which will be prescribed later.

1.2. Problem in cylindrical coordinates

Due to the geometry of the domain, it is quite natural to write our problem in 2D axisymmetric form, only
depending on the cylindrical coordinates (r, z). Following the ideas presented in [8], this means that we consider



352 M. AMARA ET AL.

I'

Iy

I's

”””” / \ \ T3 \

well  casing cement perforation Teservoir

FIGURE 2. Boundaries of the 2D domain.

a cylindrical reservoir characterized in cartesian, respectively cylindrical coordinates by:

Qp = {(z,y,2) ; 12, < 2> + 9> < R%, 2 € [Zmin, Zmax]}
= {(767972) ;T ST < R7 S [Zmirnzmax]}-

The flow is supposed to be radial and the pressure and the temperature independent of 6.
Thus, our 2D domain merely consists of:

Q=A{(r,2); ro <r <R, 2 € [Zmin, Zmax) }»

and the (r, z) formulation of our problem is shown to be:

O _
T(ﬁa +div(rG) =0,

p~' (WK™ + F|GII) G + Vp = pg,

%quT: 0, (5)

oT . 0 _
r(pc), wn +rpt (pc); G- VT — div(rq) — rqbﬁTa—It) —rp Y (BT —1)G -Vp =0,

p=p(p,T),
where G now refers to (G,,G,)!, q = (¢r,q.)" and Vv = (%, %)t, divv =V - v.

One notes that (5) is a coupled nonlinear system whose unknowns are G, q, p, T and p.

Moreover, all the coefficients related to the porous medium (notably K and A) are discontinuous across the
interfaces of the geological layers.

1.3. Boundary conditions

In order to define the boundary conditions, I' = 92 is divided into five parts, see Figure 2.

The boundary conditions apply to G and its dual variable p, as well as to q and T'.

Concerning the specific flux, a condition of impermeability G - n = 0 is imposed on I'j, I'3 and I'y. On the
external boundary I's, either a normal specific flux or a pressure p = pr can be set. This most notably allows us
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to treat the standard cases of a closed reservoir (no-flow condition G -n = 0) and of a reservoir feed at constant
pressure. It goes the same way for the perforations located on I's.

Concerning the temperature, the geothermal gradient is imposed on the top I'; and the bottom I's of the
reservoir, whereas a null normal flux condition or a temperature TT can be set on the lateral boundaries I's, I'4
and I's.

From now on, we denote by I',, I'r, I'g and I'y respectively the union of the boundaries where a pressure pr,
a temperature Tt, a normal specific flux @ and a normal heat flux ¥ are imposed. So, we have T’ = ' U fp =
T, UT7. In order to simplify the presentation, we assume in what follows that I', # @ and 'z # O.

2. ANALYSIS OF THE SEMI-DISCRETIZED PROBLEM

2.1. Time discretization

The time discretization is based on the classical Euler’s implicit scheme. At any time increment, we determine
the unknowns G, q, p and T', and then we update p by satisfying the Peng-Robinson cubic equation. This last
step is achieved by means of a thermodynamic module.

With this aim in view, let us first replace in the mass conservation equation the derivatives of p thanks to
its dependency in p and T"

dp  Op oT
ot XPE - 5PE7

where we have introduced the compressibility coefficient x, respectively the expansion coefficient § by putting:

L0y (VY _ (o)
X_p o), "V an_ p\9T )/,

This leads to the following time-discretized linear problem:

1
pnfl

1

7q(bpn—lxn—l " (bpn—lﬁn—l

(Mn71K71 +F|Gn71|1) Gn +vpn :pnflg7

¢pn—1xn—1 — r(bpn—lﬁn—l

_ " di G") = Tn—l
At P A FdivrGT) =r TR At ’ (6)
n—1
(pC):}il n (pc)f n—1 n (bﬂnilTnil n
r Ar T +r o G vT r A p",
nflTnfl —1 n—1 nflTnfl
—r (6 pn_l )anl . vpn _ le(an) _ T(pci»; Tnfl _ ’I"(bﬂ N pnfl.

For the sake of clarity, let us introduce some notations for the thermodynamic coefficients:

a=¢p" X" b=gp" BT, d = (pe)i T,

n—1

(pc) f
pn—l

B 1— ﬂnflTnfl
- pn—l

f=oB" 1T k=

and let us also introduce the symmetric tensor:

1 n—lygs—1 F n—1

1

)

M =

One can notice that a, b, d, f, k, A and M are positive, respectively positive definite, whereas [ is of variable
sign.
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We agree to make the change of variables G = rG, q = rq and to denote from now on C~}, q by G, q.
Moreover, for the simplicity of the presentation, we drop the index n — 1 on the coefficients of the problem.

We are now interested in the mathematical analysis of the previous linearized problem, which writes as
follows:

1

~MG + Vp=p""'g,

1

—q— VT =0,

rA (7)
&yl divg = Lt L

AP T A WA= TP "A

riT + kG L. VT — rip +IG" . Vp — divg = riT"_l — rip"_l.
At At At At

The unknowns G, q, p and T satisfy the boundary conditions:
G n=Qonlg,qgn=Vonly, p=pronl,and T =1t onI'r,

as well as classical transmission conditions at the interfaces between the geological layers 2;, ¢ =1,..., N. Let
us recall that M and A are discontinuous across the interfaces of ;,7=1,..., N.

From now on, we make the following assumptions on the thermodynamic coefficients, which are justified in
practice by all the available experimental data:

(A1) a, d, % are bounded from below by a strictly positive constant and M is uniformly positive definite;
(A2) a, b, d, f, k, I, % and M are bounded a.e. in ;

(A3) 3c € R such that 4ad — (b+ f)? > ¢ a.e. in €.

2.2. Well-posedness of the problem without convection

Let us begin the mathematical analysis by neglecting, for the moment, the convective terms kG™ ' - VT and
IG"™!. Vp in the energy equation and by writing next the problem (7) under variational form.

We denote by V = (G, q) the vector unknowns, respectively by s = (p,T') the scalar ones and we introduce
the spaces:

L2(Q) = L*(Q) x L*(Q),
H(div, Q) = H(div, Q) x H(div,Q),
H(div, Q) = {V' = (G/,q¢') € H(div,Q) ; G'*n=0o0onlg, ¢ -n=00nT,},

H*(div, Q) = {V' = (G',q') e H(div,Q) ; G’ n=QonTlg, q -n=%onTl,},

endowed with their natural norms || - |lo,q and ||| - [||-
By multiplying the equations of (7) by test-functions (V’,s’) and after integrating by parts, one gets the
following mixed problem:

Find V € H*(div,Q), s € L?(Q2) such that
AV, V') + B(s, V') = F, (V') ¥V’ € H(div, Q), (8)
—B(s', V) +C(s,s') = Fo(s') Vs € L?(Q),
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where the bilinear forms are defined by

1 1
AV, V) = / MG - G'dx —|—/ ~a q'dx,
Qfl ol

B(s, V') = —/pdivG'dx—i—/ Tdivq'dx,
Q Q

a b d f
C(s, s :/r—pp'dxf/r—Tp'der/r—TT'dxf/r—pT'dx,
(s:5) = | T A7 oAt oA oAt

and the linear forms by

B (V') = / p" g G'dx — (G’ n,pr)r + (d' - n,Tr)r,
Q

R = [ Fplan - s [

r
—(dT™ ! — fp"HT'dx.
o At

Here above, we employed the notation (-, -)r for the duality product between H~/2(T") and HY/?(T).
Then one can establish:

Theorem 2.1. Assume that p"~1,p"~1, T"=1 € L?(Q) and that the coefficients a, b, d, f, X and M satisfy the
hypotheses (A1) to (A3). Then the mized problem (8) has a unique solution.

Proof. Thanks to (A1) and (A2), the forms A(-,-), B(-,-), C(-,-) and Fi (), F5(-) are obviously continuous and

moreover,

AV, V') > c|[V'|[§ .o, YV’ € H(div, Q),
since £ > L. So A(.,-) is H(div, Q)-elliptic on
KerB={V'=(G/,q) € H(div,) ; divG’ = divq' =0 in Q} .
One can easily show that B(-,-) satisfies the inf-sup condition.

Indeed, with any s = (p,T') € L?(Q2) one associates G’ = Vs, q' = V¢ where ¢, ¢ are the unique solutions of
the following boundary value problems:

—A¢=pin Q —A¢p=T1in Q

gaOOH r, : 42¢00n I'r ()
<

%zoonf‘g %zoonf‘q

Thus, the couple V' = (G', q’) belongs to H(div, ) and one has

B(s,V) _ B(s,V')
Vs € L*(Q), sup . > ’ > ¢c|lsllo.q
vero@iv,) VI Il
where ¢ depends only on the domain 2.
In addition to the inf-sup condition for B(:,-) and the ellipticity of A(:,-) on KerB, one has that C(-,) is
positive definite.
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Indeed, thanks to (A3), one has that

C(s,s) = /Q ALt [ap® +dT? — (b+ f)Tp] dx

r b+ f.\°  dad— b+ f)?, ,
— 7 B A A
/QAt ( P o ) * da dx

c
> = Uplie + ITI50)-

Therefore, the relation A(V,V) + C(s,s) = 0 implies that V = 0, s = 0, which ensures the uniqueness of the
solution of problem (8).

In order to prove the existence of a solution, we use a Galerkin method. First of all, let us notice that the
classical Babugka-Brezzi theorem gives the well-posedness of problem (8) with C(-,-) = 0, which allows us to
consider next F;(-) = 0. So, we solve the problem on a sequence of finite dimensional spaces H,,, x L,,, spanned
by the first m vectors of a Hilbert basis in H(div, ) x L?(Q).

The unique solution (V,,,, s,) € H,,, X Ly, satisfies A(Vi, Vi) + C(Sm, Sm) = Fa(sm).

The positivity of A(-,-) and the coercivity of C(-,-) together with the inf-sup condition on B(,-), give that
both (s,,) and (V,,) are bounded with respect to m. Passing to the limit when m — oo, one classically obtains
the existence of a solution. We have thus established that the variational problem (8) is well-posed. O

Remark 2.2. The bilinear form C(-,-) being non-symmetric, one cannot use the results of Brezzi and Fortin
[5] in order to prove the well-posedness of problem (8).

In order to write our problem by means of a linear continuous operator, let us first denote the data of the
initial problem (7) by:
f=(fa, fr) € X1 x Xy,

where
fo = (f1,f2, f3, fa) € Xy = L2(Q) x L*(Q) x L*(Q) x L*(),

fr=(pr,Tr,Q,¥) € Xy = H/3(I',)) x HY/?(I'y) x H-Y/2(T'¢) x H-'/2(T,),

with, in our case,

_ "
At

r

(ap™ ' —bT™ 1) and f, = A7

fi=p""'g, £:=0, f; (@™t — fp" ).

With these notations, the right-hand side term of problem (8) can be written under the following form:

Fl(Vl)Z/fl-GldX+/fQ-quX—<Gl-n,pr>p+<qI-H,Tp>r,
Q Q

(s = / fap'dx + / fuT'dx.
Q Q
Then, thanks to Theorem 2.1, we can define a linear continuous operator
L :X; x Xo — H(div, Q) x L*(Q),
which associates, with any data f, the unique solution of (8):
o = (V,s) € H(div, Q) x L*(Q).

Finally, the variational problem is equivalent to Lf = o.
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2.3. Smoothness of the solution

We show here that for sufficiently smooth boundary conditions and thermodynamic coefficients, the solution
of (8) is smoother on each geological layer Q;, i = 1,..., N. More precisely, we shall prove in the next theorem
that the previous operator £ is well-defined from X; x X3 to H(div, Q) x Y, with

N
X5 =[] [H1/2+5(F;‘,) x HY2H0(Dh) s HV/2H0(TL) x H-Y/2H0(ri)]

i=1

N
Y = [[H" (),
=1

and 0 < 6 < 1.

We have put:
HYPHTL) = HY2H(0, no%y), HY?H(TL) = HY2H(Tp 0 oQ,),

HV28(0G) = HO2H (Do), H- V() = H-H(T, 0 o).

We suppose next that, at any t", there exists a lifting (V*, s*) € H(div, Q) x Y satisfying the imposed boundary
conditions.
We can then establish:

Theorem 2.3. Suppose that p"~t € HY(Q), VX € L>(;) and M= (M) 1<ki<2 € COL(Q), where my are
Lipschitz functions for each i =1,...,N.
Then, for any (pr,Tr,Q, V) € X3, one gets that s € Y, where o = (V,s) is the unique solution of (8).

Proof. First of all, an integration by parts on each subdomain €2; gives that:

N N N
B(s, V') = (/ Vp - G'dx — / VT - q'dx) - / pG’ - ndo + / Tq - ndo.
( ) ; Q Q ; a9 ; 89

By taking V' € D(Q;) as test-function in the first variational equation of (8), one gets that:

1 1
VT =-—q, Vp=p""'g—-MGin®Q; i=1,...,N.
)\7‘ T

Next, since G’ - n and q’ - n are continuous across the interfaces of the subdomains, it comes that p and T are
also continuous across the interfaces. Finally, this implies that p, T € H(Q).
One can now write in each layer €); that:

div <1q> = VA VT + \AT,
r
1
div (;G) = —div(p"'M'g) — div(M ' Vp).

Since r is bounded and since divq, divG € L?(Q), it comes that:

AT € L), div(M~'Vp) e L?().
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Let us also notice that
T="Tre H/?>*(TL), AVT-n= %q ne H /2T,
and similarly
p=pre€H/*T), M 'Vp-n=—p""'M 'g-n— %G n e H V2T,
Moreover, the following transmission conditions hold at the interfaces between the subdomains:
[T] =0, [p] =0, AVT -n] =0 and M~ *Vp-n] =0.

The existence of the above mentioned lifting ensures that the Dirichlet and Neumann boundary data satisfy
usual compatibility conditions.

Then, thanks to the regularity of an elliptic problem with discontinuous coefficients on a polygon (see for
instance Grisvard [9]), it finally comes that

N
(pa T) € H H1+6(Qi)7

which ends the proof. O
Remark 2.4. One cannot have (p,T) € H?(Q2), due to the discontinuity of A and M at the interfaces.

Remark 2.5. Whenever the boundary conditions are sufficiently smooth and each layer €2; is a convex domain,
one gets s = 1.

Remark 2.6. Let us recall that Vp = xpVp — BpVT and, since p and T are shown to be in H*(2) with no
additional condition, the hypothesis p"~! € H(Q) is quite natural.

An important point in theorem 2.3 is that one conserves the regularity of the solution from one time step to
another, for sufficiently smooth initial boundary conditions.

Indeed, if the boundary conditions at t*~! belong to X3, then according to the proof of Theorem 2.3 it comes
that p" € H1/2+5(I‘;) and T € HY/?H9(T'k), i =1,..., N. Moreover,

N N
G" = —rp" "M 'g—rM 'Vp" € [[H’ () and q" = rAVT™ € [[H’ (),

=1 =1

which implies that:
G"-ne H'?Y(Ty), q"-ne H V2T

So the boundary conditions at t™ are also in X3.

2.4. Fredholm’s alternative for the problem with convection

Let us now take into account the convective terms and define therefore the linear continuous operator
K:Y — L*Q), K(s)=kG" 1. VT+IG"!.Vp.

The main point is that the operator K is compact thanks to the compact embedding H%(€;) — L?(Q;), for
i=1,...,Nand 0 <4 < 1.
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We also need to introduce K : H(div, Q) x Y — X; x X3,

K(o) = (fa, fr),

with fo =(0,0,0,K(s)) and fr = 0.
Then our initial problem (7) can be put under the following form:

o=L(f+K(0)) < (Z - LK)o = L1, (10)

where LK is now a compact operator from H(div, ) x Y to itself.

In order to prove the well-posedness of problem (10), we apply the Fredholm’s theory. More precisely, we
establish next that Ker(Z — LK) = {0}, therefore problem (10) has a unique solution for any right-hand side
term.

Lemma 2.7. Under assumptions (A1), (A2), (A3) and for At sufficiently small, one has Ker(Z — LK) = {0}.

Proof. The solution of the equation (Z — LK)o = 0 satisfies the following relations, obtained by taking 7 = o
as test-function in the variational formulation:

A(V,V)+ B(s,V) =0,

—B(s,V) 4+ C(s,s) + /Q K(s)Tdx =0.

By adding these equalities, it comes that

AV, V) +C(s,s) +/ K(s)Tdx =0.
Q

1 1
By replacing VT = e Vp = —-MG and by means of the Gauss reduction, the previous relation can be
r r

finally written as below:

1 l ne1 l ne1 1 k n12 / r b+ f 2
-M — =1 . — =1 + | —|q+ =1 + [ — - —=1
/ " (G 5 G ) (G 5 G )dx / Y ‘q 5 G dx 7 ap 2/a dx

r (dad— (b+ f)? At~ .. 4 1\ o
LA e B S Al V] [ Lo e L [y 2 P
+/Q o~ ( . MGG dx = 0,

—~ k2
with M = [°M + —1I positive definite and with 4ad — (b + f)? > ¢ > 0 due to (A3).

N
Then, for

o 4dad—(b+ f)?

At < r*— ,
aMGn—l . Gn—l

one gets that all the squares vanish, which implies that o = 0. O

As a conclusion, we have established in this section the well-posedness of the time-discretized problem (7) at
any t", under nonrestrictive regularity assumptions on the data but for a sufficiently small time step.
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3. FINITE ELEMENT APPROXIMATION

3.1. The discrete problem with upwinding

We are now interested in the space discretization of problem (7), which will be achieved by means of low-order
conforming finite elements.

Let us consider a family (73,);, of triangulations of Q consisting of triangles matching at the interfaces between
the layers €;, and with (7 ) regular in the sense of Ciarlet [7].

We employ classical notations: hg represents the diameter of the triangle K, h. the length of the edge e,
h = maxier, hi is the discretization parameter and we denote by &}, the set of all the edges of 75, and by 52
the set of the internal edges.

We consider the following finite dimensional spaces:

Ln=A{p' € L*(Q) ; p|, € P, VK € Tp.},

Vi, ={G' € H(div,Q) ; G|, € RTy, YK € T},

where Py is the space of constant functions and RTj is the lowest-order Raviart-Thomas space,
ar +b
RTy = {(az+c) ,a,b,c € R}.

Lp = Ly X Ly,
V9 = (Vi, x Vi) nH°(div, Q),

Then we put

and we also introduce the affine set:
Vi={(G,d)eVix Vs | G'" n=Z;(Q) on ', ¢ -n =Z;(¥) on Iy}

where 7, (Q)) and 7 () are piecewise constant approximations of @ on I'c, respectively of ¥ on T',,.
Let us recall that the solution of the continuous problem satisfies the variational equations:

AV, V') + B(s, V') = F1(V') VvV’ € H(div, Q),
(11)
—B(s', V) + (C + D)(s,s") = Fa(s') Vs' € L?(Q),
where the convective term
D(s,s') = / K(s)T'dx = / kG . VTT dx + / IG™! . VpT'dx (12)
Q Q Q

is well-defined, thanks to the regularity of the exact solution (Vp, VT € L?(1)).
We employ an upwind scheme in order to treat the convective term and we approximate, on every triangle
K € 7;, and for every T € Ly:

/ kGp !t VTdx~ Yk </ Gyt nda> (T* — Tk), (13)
K e

ecOK—
with
0K~ = {ee@K; GZ_I-II<O}
the set of incoming edges, T = Tk and T = T|g- where the triangle K* is such that {e} = K NOK™.
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We recall that since G;L“l € V}, one has that szl -n is constant on every edge.

A similar formula is used for the term fK ZG271 - Vpdx.

Whenever the edge e € 9K~ belongs to 912, we agree to take T, p* equal to the imposed boundary conditions
ifeCI'r oreCTI, and equal to Tk, px otherwise.

We counsider the following approximation of D(-,-) on L, x Ly:

Di(s,s") = In(T,T") + Jn(p, T"),

where the bilinear forms I (-, -) and Ji(+,-) are defined by:

W(TT)=> Y &k (/ G;;l-nda) §(T) Ty,

KeT, ecOK—
Jn(p. T Z Z (/ Gyt nda) ()T,
KeT, eeOK—
with
—Tk ifecTyp,
5(T) = 0 if e C O\I'r,

[T =TTk ife € &)
and with §(p) defined in a similar way, with respect to I',. To this bilinear form Dy (-,-), we add a linear part
corresponding to the non homogeneous boundary conditions:

Fyp(s') = — (/ G~ nda) Tr Ty —

e€6K [RI

Z l (/ Gyt nda) pr1.

e€OK—NI'y
We are now able to write the discrete problem:

Find Vj, € V3, s € Ly, such that
A(Vy, V') + B(sp, V') = Fip (V') YV €V, (14)
—B(s', Vi) + (C + Dp)(sp,s') = Fon(s') + Fan(s') Vs’ €Ly,
where Fi;,(-) and Fby(+) are obtained from Fi(-) and Fy(-) by replacing p"~1, p"~t, 7"~ by pp =t pp=t, 7071
respectively.

Remark 3.1. Let us notice that all the coefficients of the discrete problem are obtained, at each time step
t"~ 1 from p"~! and T" ! by means of a thermodynamic module. So, in practice, they are piecewise constant
functions and this numerical integration introduces a supplementary error of O(h). However, for the sake of
simplicity, we neglect here this aspect.

Concerning the continuity of Ij,(-,-) and Jp(,-), one can prove the following result:
Lemma 3.2. Suppose that 7;, satisfies an inverse assumption h < chyi. Then there exist positive constants cq

and cg, independent of h, such that for any p,T,T’ € L;, one has:

C1
In(T,7)] < 5

Co _
[n(p, T < 351G o lIplog 1Tllo.e -



362 M. AMARA ET AL.

Proof. One can write, for any T', T’ € Ly, that:

k _
|Ih(T,T/)| = Z h_ < Z (GZ 1-1’1d0‘) (5(T)> ||TI|O,K
KeT, K \eccox- "¢
k _
<> L—'< > e 1-n||o,e||6<T>|o,e> 7o 1
KeT, K \ecor-
1/2 ) 1/2
c n—
<3 (Z hellGy 1-n|3,e> (Z h—|5<T>||8,e> 1Tl
ecéy, ec&, ¢

by the Cauchy-Schwarz inequality. Using the equivalence of norms in finite dimensional spaces and the passage
to the reference finite element, one classically gets for Gz_l € Vi, and T € Ly, (see for instance Roberts and
Thomas [12], Brenner and Scott [4]) that:

1/2
<Z he|G"TE- n||3,6> < |G o,

e€€y
1/2
C
) < ST log.

<Z 57|

ec&, ¢

So, the first statement holds. The proof of the second inequality is similar. (I

3.2. Existence and uniqueness of a solution

Let us now study the well-posedness of the discrete problem (14) and apply for that the following variant of
the Babuska-Brezzi theorem which can be found in [12].
Besides the inf-sup condition on B(-,-) and the ellipticity of A(:,-) on KerpB, if the next conditions are
satisfied:
(1) A(V,V)>0,vV eV,
(2) (C+ Dp)(s,s) >0,Vs €Ly,
(3) either A(-,-) or (C' + Dy)(-,) is symmetric,
then the mixed problem (14) has a unique solution.
Moreover, denoting by
A B
An = [BT (C+Dh):| ’
it comes that the norm of the inverse matrix A,:l is independent of the norm of (C + Dp,).
In our case, since
Ker,B = {(G',q) € V} ; divG' = divq’ =0 in Q} C KerB,
it comes that A(:,-) is H(div, Q)-elliptic on the discrete kernel of B(-,-), with an ellipticity constant independent
of h. Obviously, A(:,) is symmetric and positive on the whole space H(div, §2).
The next lemma ensures that the discrete inf-sup condition on B(-,-) is also satisfied, uniformly with respect
to the discretization parameter.

Lemma 3.3. There exists a positive constant 3 > 0, independent of h, such that:

B
Vs € Ly, sup (s, V)
vevo |l VII]

> Als|

0,Q -
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Proof. The proof is classical and makes use of the Fortin’s trick. That is, with any s € L, we associate the
couple V' = (G',q’) € H(div, ) solution of the auxiliary problems (9). Since €2 is a convex polygon, the
regularity of the previous elliptic problems gives that V' € H*({), so one may consider its Raviart-Thomas
interpolant:
En(V') = (En(G'), En(d)) € V},,
which satisfies:
HEL (VI < ellV'[l1.0 < s
B(s, En(V')) = B(s, V') = [sllg -
So the lemma is established. (]

0,95

It is now sufficient to prove that (C' + Dy)(:,+) is positive on Lj, x Lj, which is given in the next lemma.

Lemma 3.4. For At sufficiently small and for h < chg, one has that:
(C+ Dp)(s,s) >0, Vs € Lp.
Proof. Thanks to (A3), one has that C(-,-) is positive definite:

c
C(s,s) = E”SH(QJ,Qa Vs € L(9).

Since L, C L%(Q), the previous relation holds on Ly, with ¢ independent of h and depending only on the
coefficients a, b, d and f.
Then, by means of Lemma 3.2, it comes that:

c Cl | me C2 1 me
(C'+ Dn)(s,s) 2 A—t(llpllg,n +IT)3,0) - 72 1Gx ool T30 — 7z IGh Hlo.ollpllo.ollTllo,o-

So, for
h2
R L — (15)
G llo.
with o = 2c one deduces the announced statement. O

)
c1+ chrc%

Remark 3.5. Let us notice that I, (-, ) is positive (see [2] for the proof), so the above constant « can be taken

as 2. Moreover, if one considers p™~! instead of p™ in the energy equation, then Dy, (-, -) becomes positive and

c2
there is no condition imposed on At.

So, gathering together the previous results, one deduces
Theorem 3.6. Problem (14) has a unique solution.

Remark 3.7. If we impose a strict inequality in (15), then (C' + Dp)(-,-) is even positive definite and the
discrete operator Ay, is obviously injective. So the discrete problem (14) has a unique solution, whether B(-,-)
satisfies the inf-sup condition or not.

Concerning the convergence of the approximation method, let us first notice that one cannot directly apply
the results given by the theory of Babuska and Brezzi for mixed formulations, since the continuous problem (5)
does not satisfy the Babuska-Brezzi conditions. However, thanks to the well-posedness of the discrete problem,
one has:

4 CQEnil,

D y—D 1)+ Fap(m
E"=|c—on|| <1 in£ lo — ||+ sup (:74) h(TiL’Th) * Fon(7h)
Th€Vy, XL T} €VY XL HThH

where c¢q, co are independent of time and of the discretization and where the right-hand side term refers to the
upwinding scheme. More details can be found in [2].
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FIGURE 3. Pressure maps on congruent meshes at t = 7 days.

Erteur relative sur la Pression en norme L? (1=7i)

FIGURE 4. L2-Error for the pressure at ¢t = 7 days.

4. NUMERICAL SIMULATIONS

In this section we present several numerical tests of our scheme. In order to validate the considered model
from both a numerical and a physical point of view, we first study the behaviour of the solution with respect to
mesh refinement (Sect. 4.1). We also compare the computed pressure with analytical pressure solutions given
by well-test softwares such as PIE (Sect. 4.2). Finally, we present some results obtained for more realistic data
(Sect. 4.3).

4.1. Mesh convergence

We consider a reservoir divided into two geological layers, which physical and thermodynamic properties are
homogeneous (notably k1 = 1000 mD and ke = 350 mD) but where only the lower one is perforated. We
intend to simulate the production of a light oil by imposing a difference of pressure Ap = 10 bar between the
perforation and the external boundary of the reservoir.

The solutions are computed on congruent meshes 7;,/; obtained from an initial mesh 7j,, each triangle be-
ing successively divided into four congruent ones. Note that in order to avoid considerable calculations, the
dimensions of the reservoir are deliberately reduced.

We use the solution associated with the finest mesh as a reference solution and we compute the error between
this solution and the ones obtained for the intermediate meshes. We have represented the pressure on congruent
meshes in Figure 3 and the corresponding error in Figure 4. As shown in Figure 4, we numerically obtain the
following error bound for the pressure:

lp = prllo,o < Clh|%,

with o ~ 1.46. Similar results hold for the temperature.
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28371

Température a instant t=7 jours

28381 3359

2838
2839 3358
2839
28401 A 335.7
2840

3356

2841

3355

-2842
_oga3l _2843 3354

_ogaal 2844 3353

3352

28451 L L L L L L L L L L 1 2 3 4 5 6 7 8 9 10
0

(a) Velocity field (b) Temperature map
FIGURE 5. Velocity and temperature on 7y /5 at t = 7 days.

Figure 5 represents the velocity field and the temperature map after producing during one week.

4.2. Comparison with well-test softwares

Well-testing consists in varying the well flow rate, which disturbs the existing pressure in the reservoir,
and then in measuring and interpreting the variations in pressure versus time to get information about the
reservoir. To make well-test interpretation easier, different softwares such as PIE! are employed. For a given
flow rate history, they are notably able to analytically evaluate the distribution of pressure in the reservoir (cf.
[3]) by using Fourier and Laplace transforms. Accordingly, these analytical simulators only work in simplified
frameworks and do not take into account the energetic aspect.

Here, our aim is to compare our computed pressure with the one given by PIE.

Thus, we treat the case of a mono-layer reservoir with constant physical and thermodynamic coefficients
and with horizontal and vertical permeabilities given by k1 = 100 mD and ks = 1 mD. Moreover, the flow is
supposed to verify the Darcy’s assumption and to be independent of the gravity effects, i.e. F =0 and g=0
in (2).

First, we consider a reservoir characterized by a constant pressure (here pr = 360 bar) on its external
boundary. A production at constant flow rate (Q = 150 m?/day) is simulated during the first 24 hours and is
followed by a shut-in period (Q = 0 m?/day) during the next 24 hours. As expected, we observe in Figure 6a
that during the draw-down period, the flow regime goes through a transitory state to reach a permanent one.
This permanent state is characterized by a constant wellbore pressure given by:

B R
Dwell = PT — a% (lﬂ — + S) ; (16)

where « is a conversion factor, B is the volume factor, S is the skin (null in this experience) and r, R respectively
refer to the wellbore and to the reservoir radius. Still in permanent regime, we can modify (16) to estimate, at
a given z, the pressure at any r. Figure 6b shows that our solution (pink crosses) and the analytical one (in
green) are very closed.

Next, we repeat the same experience for a closed reservoir. In other words, a no-flow condition G -n = 0 is
now set on the external boundary of the reservoir. As shown in Figure 7 and explained in Bourdarot [3], while
the well is producing (the first 24 hours) the flow regime becomes pseudosteady-state as soon as the reservoir
boundaries are reached. Moreover, while the well is shut-in (the last 24 hours), the pressure stabilizes at a value
called average pressure in the whole area defined by the no-flow boundaries.

1www .welltestsolutions.com
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‘Comparaison avec PIE : Résenvoir alimenté & pression constante Pression fonction du rayon en régime permanent

365 .
squ: A

’W‘ T
Temps (en h) Rayon (en m)
(a) Pressure evolution during 24h (b) Pressure at a given z, in a per-

manent regime

FIGURE 6. Reservoir with a constant pressure boundary. Comparison of pressures.

FI1GURE 7. Closed reservoir evolution in time of the pressure near the well.

4.3. Realistic reservoir

Let us now present a more realistic example. Our aim is to model an existing reservoir which is divided into
seven geological layers characterized by high heterogeneities concerning the physical properties (c¢f. Fig. 8).
Thus, the producing layers (here, the even-numbered ones) have high permeabilities (from 1 to 7 Darcy) and
can be separated by quasi-walls (for instance, the third layer from the top) with low porosity and permeability.
We simulate the production of a light oil by imposing a gradient of pressure between the perforations and the
external boundary of the reservoir.

As one can observe in Figure 9, the temperature and the pressure obtained for different meshes after a
one-month production are physically acceptable.

Mesh | Nodes | Edges | Triangles
Mesh 7; | 173 458 286
Mesh 73 | 575 1609 1035
Mesh 73 | 2020 | 5832 3813

Figure 10 represents the transitory period at the end of which the pressure is stabilized, while Figure 11 shows
the behaviour of the reservoir temperature during a one-month production.
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k1 =7000 mD k2 =350 mD ¢ =0.20 s, =0.15
)
: k1 =T7000 mD ke =350 mD ¢ =0.28 s, =0.1]
k1 =10 mD ke =1 mD ¢ =0.08 s, =0.9
)
: k1 =1000 mD ko =15mD ¢ =0.24 s, =042
k1 =1000 mD ke =15mD ¢ =0.26 s, =0.30
)
) k1 =1000 mD ke =15mD ¢ =0.22 s, =0.38
)
k1 =1000 mD ke =15mD ¢ =0.24 s, =040

FIGURE 8. Vertical section of the reservoir.
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FIGURE 9. Pressure and temperature maps at ¢ = 28 days, for realistic data.

4.4. Influence of the permeability

3365

3355

3305

334

3335

367

As one can notice from the previous examples, when treating a reservoir associated with a vertical wellbore,

one generally has that ki > ko where ki is the radial permeability and ks the vertical one.
order to numerically validate the code, we next present an example where ko > k.

However,
More precisely, we take

n

k1 =1 mD whereas ky = 1000 mD. Since the flow is mainly radial, the influence of the radial permeability k;
is preponderant compared with the one of the vertical permeability k2, which leads to similar results from a
qualitative point of view for both situations ke > k1 and ko < k1 (¢f. Fig. 12).
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FiGure 10. The pressure reaching steady state.
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FIGURE 11. Behaviour of the reservoir temperature during a one-month production.
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FIGURE 12. A one-layer reservoir with ko > ky.

Finally, we detail an example where the permeability is extremely different in the layers. This aspect was
already encountered to a lesser extent when studying the realistic case.

We take for that a two-layer reservoir with (k1, k2) = (5000 m.D, 350 mD) for the first layer and (1 mD, 1 mD)
for the second one, and we impose a difference of pressure between the perforation and the external boundary
of the reservoir. The layers are both perforated but due to a better permeability, the flow mainly takes place
through the first layer, which leads to a higher rise in the temperature as shown in Figure 13.
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Ficure 13. Two-layer reservoir with heterogeneous permeability.

5. A POSTERIORI ERROR ESTIMATORS

We define in this section reliable and efficient a posteriori estimators, which can be used for local mesh
refinements and implicitly for improvement of the solution.
It is useful to write the discrete problem (14) under the equivalent form:

{Find on € Vi x Ly )

Ap(on,0}) = Fin(a},), Yo, € V) x Ly,

A B F
where o3, = (Vi $n), A = [—BT (C + Dh)} and F = <th Jlthgh)'

5.1. Mesh-dependent norms and error indicators

In order to define a posteriori error indicators on the Raviart-Thomas finite element space V},, we apply
some results of Verfiirth and Braess [13]. We begin by introducing the following mesh-dependent norms:

1/2
IVIln = <||G||(2),Q +lalge+ D helGnl§.+ D hela- n||3,6> VYV =(G,q) € V),

ecéy ecép 12 (18)
[slin = ( Dolia+ D TR+ D lpllse+ h§1II[T]II3,e> Vs =(p,T) € L,
KeT, KeT, ecén ecén
where [p] represents the jump of p across an internal edge e, respectively the trace of p if e C 9.
Then the following equivalences of norms hold:
Vil < [[IVI[n < Vi, YV €V}, (19)
Isllo. < chlslin < c[[sllo.; Vs € La, (20)

with ¢, ¢ independent of h. We refer for instance to Roberts and Thomas [12] for the proof of (19) and (20).
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Moreover, one has:

|B(s, V)| < d|[VIlIn]s]i,n, VVEV,ON Vs € Ly, (21)
B(s,V

sup (s, V) > c|s|1,n, Vs € Ly, (22)
vevo [l[VIIn

where the first statement is obvious and the second one is established, for instance, in Verfiirth and Braess [13].
Finally, the above inequalities ensure that the bilinear forms A(:,-) and B(:,-) satisfy the Babuska-Brezzi
conditions with respect to the discrete norms ||| - |||5 and | - |1,-
Concerning the continuity of (C' + Djy)(-, ) with respect to the norm |- |1 5, one can easily show that:

c1h? _
0(878/) + Dh(svsl) < <1A—t + C2”(-;1’;; ! O,Q) |5|17h|8/|1,h7 VS,S/ € Ly,

therefore its continuity constant depends on Z—i. However, the norm of the inverse operator Agl being inde-

pendent of the norm of C' + Dy, the following stability property is true:

An(V,s),(V', &
IVIle+lshn <c  sup AV, (Vo)

L V(V,s) e V) x Ly 23
S v P P A #)

with a constant ¢ which only depends on the thermodynamic coefficients.
Let us proceed with the a posteriori error analysis. For that, we introduce the following residuals on any
triangle K € 75, and any edge € € &p:
5 N\ 1/2
0,K>

1
—q, - VT,
+HT)\qh \Y% h

2
77K1—<H MGy, + Vp, — pp 'g

b b 2
= —1T; divG _Tn 1
NK2 = ( Atph "At h 4 divGy, — At +rAt 5 .
+ Ti T—p + — Z / Gn 1 77 do
At h h |K| e,2
cOK~
d f 2 1/2
Z / G} n)ne1do — divgy, — TET}? 1+TE ol ) 7
eE@K* 0.K
1/2
Me = (|[7e,1113.c 2 M2
where
Ph — PU ifech Th_TI‘ if@CFT
Ne,1 = 0 ifeC aQ\F;D y Ne,2 = 0 if e C 6Q\I‘T .

[pn] ifecé&) [Ty] ifecé&)
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The local error indicator is a weighted combination:

1/2
K = <n§(,1 +Biengca + Y h21773> :
ecOK

and the global one is given by:

1/2
n= lz (Mfcr + hicmics) + hﬁnf} :

Kery, ecéy

According to [13], we make the following saturation assumption (SA): 38 < 1 such that

IV = Viplllase +1s = snzlinz < B IV = Villlnz +1s = snline)

where 7}, /5 is obtained from 7}, by dividing each triangle into four congruent ones and where oy,/2 = (Vy/2, Sp/2)
is the unique solution of the variational problem:

Find o7,/2 € V5 x Ly
(24)
Anj2(0ns2,0") = Fia(o’), Yo' € V) 1y x Ly o,

with Ay, /o = |:BT CJFDWJ and Fp /> = (FQhJFFSh/Q).

We took the same right-hand side terms Fip, Fop, as in (17), since they only depend on discrete quantities
already computed at t*~1, but we redefined on 7}, /2 the terms arising from the upwind scheme.

5.2. Error analysis

We first establish an upper bound for the error. One immediately gets (see for instance [13]):

NG Ilny2 < G [n < V2|G|[ny2, VG’ € Vi, (25)
1
ﬁ|pl|1,h/2 <|p'lin < 1P'|1,ny2, VD' € L. (26)

Then the following statement holds:
Theorem 5.1. One has that:

1 Vi = Vallln + [sny2 = snline < en,
with ¢ independent of the discretization and of At.

Proof. Using the stability property (23) for the problem (24) and the fact that Vi, — V5 € V?L, one has that:

Apso(Vie = V2, 0 = spy2), (V' 8))
IVh = Visalllnse + [sn = snyaline < c sup / / / :

(V',s")€V] XL 2 |||V/|||h/2 + [8"|1,n/2
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Let us estimate:

App2(Vie = Vo, 80 = sns2), (V' 8") = A(Vi, V') + B(si, V') — B(s', Vi)
+(C + Dyya)(sns 8 2) = Fin(V') — Fan(s") — Fanya(s').

For that, we integrate by parts:

B(sp, V') = Z /G' nlpy]do — Z /q -n[Ty)d

e€EPUT, ecEPUTr
and we take into account the boundary terms of Fi,(-). The Cauchy-Schwarz inequality then gives that:

A(V}“V/) + B(S}l, V/) — Flh(V/)

1/2 1/2
<Z he|G"-nl[, +he||q’-n||8,e> (Z th?)

KE'I’),/ eGSh eESh
1/2 1/2
< < domikt Y helﬂf> <|V'||(2),Q + > hel G nllf o + helld’ - g, ) < ll[Vl[]n-
KGT},, eESh eGSh

In the same manner, one may write that:

—B(s', Vi) + (C 4 Dy j2)(sn, 8') — Fan(s') — Fyp 2(s")
= —B(s', Vi) + (C+ Dp)(sn,s") — Fon(s") — Fan(s") + (Dpj2 — Di)(sn,5") + (Fan — Fsp)2)(s")

< (Dnj2 — Di)(sh,8") + (Fsn — F3p 2)(s")

KeTy,

1/2
< < Z h%{ﬁ%ﬁ) |8"[1,n + (Dny2 — Du)(sn,8") + (F3n — Fny2)(s).

KeTy,

By using the continuity of Dp(-,-) and F3x(-) (see the proof of Lem. 3.2) and the relations (25) and (26), one
has that:

1/2
Di(sn,8") = Fan(s') < cl|GR ™ o,ls [z (Z heln3> ;

ecly

and similarly,

1/2
Dy jo(sn,8') = Fansa(s') < G ol |1ne (Z h;%ﬁ) :

ecép

Therefore, it now comes that:

1/2
—B(s", Vi) + (C + Dy 2)(sn, ") — Fan(s') — Fsp (s’ < Z hims x + Z he ) Is"l1,n/2

KeTy, ec&y
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and finally:
Ans2(Vie = Viya, 80— sns2), (V' 8") < enls[1ny2 + 1Vl ny2),

with ¢ depending on |G} !||o,o. This last estimate leads to the conclusion. O

By applying the triangle inequality and the saturation assumption (SA), one can now deduce an upper
estimate for the error in weighted norms:

Theorem 5.2. The following error bound holds:

c
|1V = Vullln +1s — snlin < 1T—3"

B

Concerning a lower bound for the error, this is easily obtained thanks to the definition of the discrete weighted
norms. Indeed, the regularity of the continuous time-discretized problem (7) gives s € H*(§2), therefore by the
trace theorem one gets that [s,] = [s), — s] on every internal edge e € £7. So,

1/2
<Z hel773> < |sh = |1 (27)

ec&y

Moreover, since the exact solution (V| s) satisfies:

1 1
;MG +Vp—p"lg=0and —4a- VT =0 a.e. in ,

one may write that:

2 2

1 1
Niq = Hv(p—ph)-f——M(G—Gh)—( L— o D +HV(T—T}1)+—)\(Q—%)
r 0,K r 0,K
c(lp—pulf g 1T = Thl} x + IG = Gull§  + la—aull & + 10" = o7 5 k) -
Hence,
1/2
( 3 nK> < ¢ (Is = snlun + IV = Vallln + 15" = o) - (28)
KeTy,

In order to bound the last residual ng 2, we use that divGy € Ly, for all G, € V},. Then the last variational
equation of (14) gives, on every K € 7:

b b
divGy, = Py, ( prt — T—Tf? 1) P, ( ra T—Th> ;

AtPh At AT AL
. rd r rd r _
divay, = P}Z(At h AJ; ) Ph (At T AJ;pZ 1)
Z / (Gh™ L 77e2d0+ Z / Gyt ) Ne,1do,
ecOK— ecOK—

with Py, : L?(2) — Lj, the piecewise constant L2-orthogonal projection operator.
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Then by replacing divq,;, and divGy, in nx 2, it comes that:

a ., b, a b 2
77?(,2 < H <A_tph T KtTh - A—tph + KtTh> (r — Ppr)

0,K
2

d f d n—1 f n—1
Sy A S L -
+H(At he AP T At aPh ) (0 Par)

C 2
SN [r = Prrll x

0K

and finally,
1/2
ch?
( Z h277§(,2> < Ar (29)
KeT,
By putting together (27), (28) and (29), we have thus established:

Theorem 5.3. The error estimator n yields the following global, respectively local, lower bounds:

_ _ ch?

n<c([|V=Vallln+1s = snlin+llop " = p" 1|0’Q)+E
_ _ ch?
Nk S C - hlllh,wk S — Sh|l,h,wik Ph —p 0,K AL
<c(l[lV— Villl + | | + llpp~t = o™ +

where wi 1s the set of the triangles K' € Ty, neighbours of K and c is independent of h and At.

Remark 5.4. One can also consider a posteriori error estimates with respect to the natural norms of H(div, £2)
and L2(2) (see [2]). Then following Verfiirth and Braess [13], one can obtain under a saturation assumption

that:
1/2
0,e <Z hglﬂ(g) )

eclp

-~ C _
IV = Valll+ s = snllos < e+ 5 |G|

where 7] is defined by:

1/2
7= (Z Mo+ Y nf(,2+2h;177§> :

KeT, KeTy, ecép

A lower bound can also be obtained but is not optimal.

5.3. Numerical results

We consider the same case of oil production as the one presented in Section 4.3.

In Figure 14, we represent the local estimators 1, k.1, 7r,2 and (3 cox h;tn?)Y/? calculated for different
meshes 77, 75 and 73 introduced in Section 4.3, after a one-month production. The approximate pressure and
temperature on the previous meshes were given in Figure 9.

1/2
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FIGURE 14. Local estimators for different mesh refinements.

As expected, the quality of the estimators increases with the mesh refinement. Moreover, one can notice that
the area requiring a local refinement of the mesh is the one located near the wellbore, i.e. where the velocity is
the highest.
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