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NUMERICAL COMPARISONS OF TWO LONG-WAVE LIMIT MODELS

STEPHANE LABBE! AND LIONEL PAUMOND!

Abstract. The Benney-Luke equation (BL) is a model for the evolution of three-dimensional weakly
nonlinear, long water waves of small amplitude. In this paper we propose a nearly conservative scheme
for the numerical resolution of (BL). Moreover, it is known (Paumond, Differential Integral Equations
16 (2003) 1039-1064; Pego and Quintero, Physica D 132 (1999) 476-496) that (BL) is linked to the
Kadomtsev-Petviashvili equation for almost one-dimensional waves propagating in one direction. We
study here numerically the link between (KP) and (BL) and we point out the coupling effects emerging
by considering two solitary waves propagating in two opposite directions.
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INTRODUCTION

The difficulties met to work with the full water-wave problem lead to derive simplified model in the special
case of long waves. The model equation we will consider describe the evolution of three-dimensional weakly
nonlinear, long water waves of small amplitude,

By — AP + u(aA’P — bADy) + (B, AD 4 (VP)?) = 0, (1)

where ®(xz,y,t) is the velocity potential on the bottom of the domain after rescaling the variables and V and

A are respectively the two-dimensional gradient and Laplacian. The constants ¢ and b are positive and such
that a —b = 0 — 3 # 0 where o is the Bond number. ¢ is the amplitude parameter (nonlinearity coefficient)
and p = (ho/L)? is the long wave parameter (dispersion coefficient), where hq is the equilibrium depth and L is
the length scale. This equation was first derived by Benney and Luke (BL) (see [5]) when a =1/6 and b =1/2
with no surface tension. Let us remark that the model (1) is not valid for ¢ = b (¢ = 1/3) and in this case, it
corresponds to a nonlinear wave equation with no dispersion. Precisely, in this special case, (BL) is not linearly
well-posed. Then, we can derive (see [14]) an equation still valid when we suppose that o is equal or close to
1/3,

By — AP + 2 [aA*® — bDADy | + e [BA* Dy — AN | + 2V, - VO + &,AD] =0, (2)

where € = u? and the positive parameters A, B are linked. This model becomes linearly well-posed even if o is
close or equal to 1/3. For the study of the Cauchy problem for these nonlinear equations we infer to [14,15].
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Putting a solution in (1) having the form ®(z,y,t) = f(X,Y,T) with the scaling X =z —¢, Y = /ey and
T = €t/2, we obtain at the lowest order in € (see [12,16])

1
(uT — (U — §) uxxx + 3qu) +uyy =0, (3)
X

where u = fx. We recall that if ¢ > 1/3, this equation is KP-I, if o < 1/3, it is KP-II. By setting a — b =
o —1/3 = 6p with 6 € R independent of p and doing exactly the same in (2) we obtain the fifth order KP-I
equation (see [14])

1
Ox <8Tu — 00%u + Raiu + 3u8xu> + 03u =0, (4)

where we have set u = fx. Let us remark that if we suppose f not depending on the y variable we obtain
respectively the KdV equation and the Kawahara equation.

The family of KP equations can formally be derived from the full water-wave problem (see [1]). A rigorous
proof of this derivation is known in the one dimensional case (see [8,10,17]) and consistency results for the two
dimensional problem can be found in [7,11]. It is quite natural to link rigorously KP to intermediate models,
that is done in [4,9] and specially in [14,15] (1) and (2) are considered.

From a numerical point of view, Milewski and Keller compared in [12] doubly periodic solutions of BL to
those of KP but the algorithm they give is only able to compute these particular solutions. Milewski and
Tabak (see [13]) solved the BL equation and related models using a pseudospectral method based on an explicit
Runge-Kutta time discretization, but they do not give a mathematical study of this scheme. In particular they
simulate the propagation of a single solitary wave and the interaction of two solitary waves at small angle. In
[6], Berger and Milewski derive formally lump solitons to a generalized Benney-Luke equation from those of KP,
they also study numerically the collision of such waves and their propagation over an obstacle.

The purpose of our work is to compare the KP dynamic to that of the BL one thanks to a simple and nearly
conservative scheme in order to solve equations (1). Moreover we give a rigorous numerical analysis of our
method.

Precisely, in [15], it is shown that if u = u(X,Y,T) is an enough regular solution on [0, 7p] x R? of the KP
equation

(ur — (a — buxxx + 3uux)x + uyy =0,
where X =2 —t, YV = 5%y, T = et/2, then there exists g9 > 0, and a constant Cy > 0 such that for every
e €0, 0], the BL equation has a unique solution ® in [0,27,/¢] x R? of the form

O(z,y,t) = a;(lu(ac —t,e?y, et/2) +ep(x, 2y 1), (5)
where p(-,-,0) = p¢(-,-,0) = 0, satisfying

sup  ||®y(z,y,t) +u(z —t,e' %y, et/2)|| 2me ) < Ce¥/4, (6)
t€[0,2T0 /€] oy

with C independent of ¢ but depending on u. The solutions u of KP considered in [15], are localized on R2,
moreover, we have made some restrictive assumptions on 5 u(X,Y,T) (€ HP(R?) for some large p). Lannes
proves in [11], starting from a Boussinesq system, that these assumptions can be removed, and then, the rate of
convergence is decreasing with the loss of zero mass assumptions. In this paper, we will illustrate Theorem 1.1
of [15], when w is a line soliton or a periodic lump soliton of KP which do not satisfy these assumptions. We
show that the rate of convergence seems to be at least 3/4 in these special cases.

Moreover, in [15], we have only considered the approximation of BL by one KP equation. In [3,4,17] the case
of two waves propagating in two opposite directions is considered. Precisely, in [4], the authors have shown two
convergence theorems between the solutions of a general hyperbolic system, and two systems of KP equations
coupled or uncoupled. In the uncoupled case, the convergence obtained by their method is of order o(1), and of
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order O(g) in the coupled one. Then we could think that the coupling effects determine the order of convergence.
In this paper, we show up this coupling effect numerically by estimating the error between a BL solution by
two solitary waves of two uncoupled KP equations. The numerical results leads us to surmise that the rate of
convergence is not worse in this case.

This work is organized as follows. In a first section, we describe the numerical scheme used to solve BL and
we give its mathematical study. Next, we show the numerical results corresponding to a bench. In Section 4,
we compare BL and KP for two kind of solitary waves solutions of KP. The last section is devoted to the study
of two waves propagating in two opposite directions.

1. THE NUMERICAL SCHEME
In this section, we present the discretization of periodic solutions of (1); in the following, we will work on the
box Qry = [0,2L] X [0,2M]
We will proceed in two steps: a finite difference discretization in time and a spectral discretization in the space
directions.

1.1. Transformation of the Benney-Luke equation

In order to discretize system (1), we set, for every T'in R, s > 2, and ® in C°([0,T], H*~2(Qnr))

_( F@®) \_(U
v-(Fey)- ()
where, for every ¢ in L?(Qpy) and € in Zpy = {(Ix/L,mm /M), (I,m) € Z*},

Flp)(€) = / o(z) e 7€ da

QLM
Let us set for every € € Zpar, Qu(§) = (1+ palé?), Qu(&) = (1 + pblél*), Q) = g:((g)) [€]* and A(¢) =
< Q(()g) (1) > Using these notations, equation (1) can be rewritten
Vf S ZLI\/I; Ut(f) = A({)U(ﬁ) +N(U7 Uaf)a (7)

where

NU,V,8) = (0,—eQ, () FIF 1 (U) FH(—I¢PVa) + 2(F (i Un) F~ 1 (i&a Vo) + F 1 (i&oUr) F (&2 V2))]) "

1.2. The time discretization

First of all, we discretize in the direction of time. One of our goal is to have a good preservation for the
approximation of the quantity

SU) = |VallLz (0, 0 + H01€U2N T2 (0, 00y + 11601120000y + mall €U T2 (00009 (8)

Indeed, it is not difficult to see that this quantity is conserved by the dynamic of (7) if U is periodic on Qp s
(see [15] for the case of the whole space). The equation to solve, rewritten in its integral form, is

Wto,t) € [0,T], to < t, U(t) — Ulto) = / (AU (s) + N (U(s),U(s), ) ds. )

to
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The discrete space considered will be the space of the piece-wise linear functions in time taking their values in
H572(QL1\/[) for s > 4. Let Wy = {U S S’(QLM)|./C.71(U) € CO([O,T],H572(QLM)) X CO([O,T],H572(QLN[))}
for s > 4, we set k a time-step and N the greatest integer such that N & < T, so we define the discrete time
space

Wi ={U e WiVi € {0,...,N — 1}, Uxpir,i+1)0 (t) € (P'(C,R))*}

where g, for I C R, is the characteristic function of I and P!(C,R) designates the set of polynoms on R of
degree lesser or equal to one with complex coefficients. So, we define the projection P’;€ from W onto Wf . and

its transposed operator PZ’t by

YU € Wy, PL(U) =

Eol

N—1

D UGk (G + 1)k =) + U((i + DR)(E = ik))xpir, 1)1 (1),
i=0

YV eW!, PYI(V) =V

We counsider the following approximation of (9), that is find V € Wf i such that:

VO — UO,
) ) (i+1)k
Vie {0,.,N -1}, VTt —vi= /k (A()V (s) + N(V(5),V(s),£)) ds, (10)

where, for all i in {0,..., N}, V' = V(ik).

1.2.1. An approximated scheme

A first “natural” approximation is to use a quadrature formula to integrate (10): a one point Gauss quadrature
formula. This method “gives” the classical Cranck-Nicholson scheme

(11)

) ) Vi+1 Vz Vi+1 V'L' Vi+1 Vz
yitl :V1+I<:<A(£)<72+ )+N( e g>)

By convergence of the quadrature formula used, we deduce the consistency of the scheme. The stability, in sense

of the semi-norm S(U) is directly deduced from the fact that for all ¢ in {0,...,N — 1}, S(U"™!) — S(U?) = 0.
Vi+1+v7,

This property is proved by multiplying the second line (11) by Qy(£) and after by (we use the same
principle of demonstration than the one used in [15] in the regular case). Using this result, we deduce that the
scheme (11) is well-posed and of order 2. Even if this scheme is conservative, we will use the following exact
time integration of (10) in order to have a better time approximation.

1.2.2. The exact scheme
Now, using the fact that N (U, V,€) is bi-linear in (U, V'), we can integrate (10) and obtain

vie{0,..,N -1}, VTl —yi = k/o (1 —3s) AV +5 A(E)(VY

+ (1= N(VFL VL 4 5° N(VE V€
+5(1—s) N(VIHLVE &) 4 N(VE VT €)))ds
- gA(é)(Vi“ + VI §(N<V",Vﬂ§> +N VLV )

F WLV NV 6))),
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The time discretization can be written, for all i in {0,.., N — 1} and for V? = U°,

1+1 7
VIl = V4 RA(E) <7V Al >
2k (N(VE V) + NV, Vit Vit 4 Vi oyt y
+?( ( £) 2( §)+N( R g)) (12)

1.3. The space discretization: spectral discretization

The spectral discretization is the projection of functions on a finite number of frequencies

L N, N, Ny Ny (T T
V(l,]) S {_77..., 7 — 1} X {—77..., 7 -1 ,517_] = (’LE,JM) .

We set h = (&, 4.

x Y

1.3.1. Finite Fourier transform
We set

_ N,
WY, = ({u|}'1(u) € Span {el =t Y(n,p) € {7, T 1} X {
Wikn = {U € WY Vi €{0,..., N — 1}, Uxjir,i+1)1 (t) € (P'(C,R))?},
then we define Py, the projection in sense of L? (Qrpar) from H*=2(Qpar) x H*=2(Qrar) into WY 1,- We remark
that th is include in HS_Q(QLM) X HS_Q(QLM), that means that the transposed operator of P} is the identity
on WY ,,. So we can define

Yo e H2(Qpn) x H 7 2(Qar),  Fiu(v) = F(PE(v)).

F(Wi ) is isomorph to RW=TV): for each element u of F(Wf,,) we associate an element U of R(V+Fy)

V(n,p) € {_Tx""’Ty - 1} X {—Ty,...,Ty — 1}7 Upp = /QLMU et Tn g,

and for each element U of R(N=+Nv) we associate an element u of FOVEL)

Ng Ny
ol -
Vo€ Qpy, Flu)(z) = Z Z Uppe " ©Sme = U(x).
N Ny

x

nN=—"3" p=——%"
So we can define a finite Fourier transform
Ne 1 Ny _
2 2 )
VU ERNEN FAU) = 3T 3 UnpFleT ).

__Ng Ny
n=—-—5- p=——
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1.3.2. The time-space discretization

The time-space discretization can be written, for all 4 in {0,.., N — 1} and for V° = P} (UY),

. . i+1 %
VIt = Vg k() (L ;V)

b3 (VOLIVTLVILG g (VIR VTV )y
where )
VU € Wiy, An(€)(U) = Fr(F~H((PRA)F(U)()))),
and

V(U V) € VL)%, Nu(U,V,€) = Fu(FHPLWN(FU)(E), F(V)(E).6)))-

2. CONVERGENCE AND ORDER OF THE EXACT SCHEME
We will now prove the consistence and stability of (13).

Theorem 2.1. The scheme (13) is consistent. There exists a positive real constant C, only depending of the
solution on (1) such that the consistency error epsilon satisfy for every i in {0,...,N — 1}:

€ k’5/2

[nilliz @) < e

NN
where W = F+m

Proof. We set, for (u');—o,... n—1 solution of (13):

' t—1; tiv1 —1t
Vi€ {0,...,N —1},Vt € [ti, tiya], ul(t) = TUHI T %uz’
and for all v in CO([t;,t;11]) and 4 in {0,..., N — 1},
t—1; tig1 —t
Zi(v)(t) = B v(tip1) + %v(ti).

Setting u = (¢, ¢¢)* solution of (1), for all 4 in {0, ..., N — 1}, we have

i = utiv1) — /tl“ u)(t) + N (Zi(u) (1), Zi(u)(t), £))dt

i

_ /( ua(t) — Ti(us)(1) )dt
QO ()~ Tilun) (1)) + Na(u(t), u(t). &) — Ma(Zi (w) (1), Zi(w) (). ) ) ¥

Therefore, using the fact that u; is an element of C2([0,T], L2(Qzar)), we use the classical polynomial interpo-
lation errors to prove that

K22
lu2(®) = Tiu2) Ol 2z < 5 7= l05” |z oy 220000
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k‘5/2 5
[1Q(E)(u1(t) — Zi(ur) )l 2 (pnr) < mﬂug Lo (07522 (@ 00)

V2 (u(t), u(t), ) =Na(Zi(u)(t), Zi(u) (), )l L2(@pnr) <

3k B @ 2)
2¢/30|h[2 L2 /30””1 o (0,122 [t Lo (o, 13522(2100)

2
+||u2| |L°°([0,T];L2(QLM)) | |’U/§ )||LOC([01T];L2(QLM))

2
el 0,122 000 1887 220 0712220000 |

where N3 is the second component of A, so, by summation of these inequalities, we obtain the conclusion. O

Remark 2.1. The proof of consistency for the approximated scheme is the same. The difference is in the
evaluation of the nonlinear term consistency, for Cranck Nicholson, a term of quadrature error so instead of
k72, we find out k3. Numerically, this estimation is confirmed by the fact that the exact scheme is more
accurate than the Cranck Nicholson scheme.

Using the fact that the Cranck Nicholson scheme is stable, we prove that the exact scheme is stable.

Theorem 2.2. For \}%% < 1, the scheme (13) is stable.

Proof. We use the notations introduced above. We set (u);—o,... ny—1 solution of (11), (v%);=o,.. n—1 solution of
(13) and w* = v" — u* for every i in {0,..., N}; so (v*");=0,....N—1 is solution of

wwuﬂm:fl”ym@¢m+wuum%m@»w

i

b+t i+t i i+t
+RA©)UL (%) N (U;c (%) o (%) ,,5)

using the Peano error formula, we obtain

. ) Wi+ wit! w4 it
W= = ka2 (1o
tit1 ) . 7 ) o .
+ (0,1)" N (wi, (), w(t),£)dt — (0,1)* EN(MH —ut, utTh =t g).
t;

Then, using a Gronwall discrete inequality, assuming that % < 1 and that (w');=o,.. n—1 is controlled by
k and (u%);—o,.. n—1 with the fact that (11) is stable, we deduce that (13) is also stable because the distance
between u’ and v* is proved to be controlled by k. O

3. A NUMERICAL BENCH

In this section, we will give some numerical results in order to validate our numerical scheme. The test we
decide to do is the same as that of [13], that is the simulation of the evolution of a solitary wave. We know that
for a = 0, b = 1/3, (no surface tension, o = 0) equation (1) possesses an explicit solitary wave solution having
the form

A
O(z,y,t) = o tanh (ki + koy — ckt), (14)

and
®y(z,y,t) = —Asech? (kyx + koy — ckt), (15)
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FIGURE 1. ®;. FIGURE 2. ®g.

where k = \/k? + k2. The amplitude A and the celerity ¢ of the wave are linked by

A= gczkz. (16)

Moreover, in R?, the following relation between ¢ and k holds

1
2
1— §€k2

The numerical problem we consider is periodic in space, then we must fit the initial data in a periodic box
Qray = [0;2L] x [0; 2M] satisfying k1 L = koM as follows

A 1
D(z,y,t) = & tanh(kix + koy — ckt) — 7 tanh(k1 L) (krz + k2y) | , (18)

and
®y(z,y,t) = —Asech?(kyx + koy — ckt). (19)

The relation between A and ¢ remains unchanged but now we have

9 1

_ . 20
¢ T T IR v 4k’ L tanh(ki L) (20)
The initial data are the following
A 1
Do(z,y) = — [tanh(k1z + koy) — — (k1z + koy) tanh(k1 L) | , (21)
ck k1L
and
@ (z,y) = —Asech? (ki + koy). (22)

We give their shape in Figures 1 and 2.
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By — &, |2 By — &y |} So(®)(t) — So(®)(0
Let us set €5 = 1 ell (QLM), Eoo = 1 tlli@san) and Econs = o(®)() _ 0(®)( ), where ®, is

[@elli2(2par) [ellio= (2200) So(®)(0)
the exact solution given by (19), ®; is the numerical one and

So(®) = [1®4[[72 + [IVR[Z2 + pbl| V|72 + pal| AR||Z. (23)

We see in Figure 4 that the time convergence of our scheme is of order (At)2. Figure 3 shows the evolution of the
12(Qrar) relative error for At = 5 x 1073, These experiments have been done on a meshgrid of 256 x 256 points,
corresponding to the following space steps: Az = 0.17, Ay = 0.34.

Figure 5 points out that our scheme is dissipative for the energy So(®), but even for large At (e.g. At =0.1),
Econs 18 less than 7 x 1074 (see Fig. 6). That confirms that our method is almost conservative and that the
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conservation is of order 2 in time. In Figures 7-10, we compare the evolution of ||®¢|;(q,,,) and [|®¢]|;=(q, )
for various time steps. The difference becomes virtually undistinguishable when At = 1073, but for large time
step we observe the stiffness of the problem.
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4. NUMERICAL COMPARISONS

4.1. Comparison with a KP line soliton

In this section, we want to compare numerically two particular solutions of the KP and BL equations. Let
take a line soliton of the KP equation

(ur — (a = buxxx + 3uux)x + uyy =0, (24)

having the form
u(X,Y,T) = Asech? (k1 X + koY — wT),
k2 —4(a — b)ki

B . Let us remark that
1

with A = —4(a — b)k?, w =

A
Oy u(X,Y,T) = = tanh(k1 X 4 koY — wT),
1
does not satisfy all the hypothesis of Theorem 1.1 in [15]. We build our initial data from this solution,

A
Do (z,y) = T tanh(k1z 4+ k281/2y),

A

€
P1(z,y) = _k:_l(kl + Ew) sech?(kyz + kae'/?y),

and we fit them in a periodic box for the numerical experiments (see [13])

A 1
Do (z,y) = o [tanh(k;lac + k251/2y) NI tanh(k1 L) (k1z + k2€1/2y) ,

A
D (z,y) = T <k1 + gw) sech? (ki 4 koe'/?y).

Let us remark that it dictates to take k1L = koe'/2M. The difficulty comes from the increasing of the box
4
size when ¢ tends to zero: L = 4w, M, = #, thus € must stay in a range fixed by the space step Ay. The
€
parameters are chosen as follows: k1 = 1, ks = 10, a = 2/3, b = 1/3 for KP-I (resp. a = 1/3, b = 2/3 for
KP-II), At = 0.005 and 128 x 512 points and Ty = 1073.
The time T corresponding to the existence of the KP soliton is chosen very tiny but the celerity w of this

soliton is of order 100. We give the numerical results for £rroe = sup || P + ullj(q, ) in the following
2T,
tabular. In the following t,,qa. = 2Tp/e will denote the final time for [t0}71e z{)er]nputation.
€ 0.01 0.005 0.001 0.0005 0.0001 0.00005 0.00004
4 4 4 4 4 4 4
M, 12.6 17.8 39.7 56.2 125.7 177.7 198.7
Az 1.96 x 1071 1.96 x 1071 |1.96 x 1071 1.96 x 1071{1.96 x 107! [1.96 x 1071 |1.96 x 10!
Ay 4.91 x 1072]6.94 x 1072 [1.55 x 1071 2.19 x 1071 |4.91 x 1071 [6.94 x 1071 |7.76 x 10!
tmaz 0.2 0.4 2 4 20 40 50
Erroe (KP-I) [6.58 x 1071]3.29 x 1071 |6.58 x 1072 [3.29 x 1072 |6.61 x 1073 |3.44 x 1073 |2.88 x 1073
Erreo (KP-II) [6.76 x 1071 [3.38 x 1071[6.76 x 1072 [3.38 x 1072 |6.89 x 1072 |3.75 x 1073 |3.21 x 1073
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FIGUureE 11. KP-I
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We observe that these functions decrease with € and it seems that they will be bounded by below, thus we

In (6), the constant C' depends on |[u|z2gz ) but does not depend on e.
can think that the rate (3/4) of convergence is still valid in this case.

we plot hereafter the errors supy

stant could depend on ||ul|2
(see Figs. 11-14).
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4.2. Periodic solitons of KP-1

431

In this section we consider a class of soliton for KP-I (24) periodic in one direction and exponentially

decreasing in the direction of propagation (see [2]),

uw(X,Y,T) = —4vVa — ba?

1 — Bcosh (ﬁ + Q(a — b)1/4T) cos(0Y")

[cosh (

where « and § are fixed and 2 and (§ are determined from § =

FIGURE 15. ®q.

AP

FIGURE 17. ®;.

aX

(a—b)1/7

+ Q(a — b)1/4T) - ﬂcos(éY)} v

02 — 304
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0,275 /€] g3/4

We build from (25) the initial data periodic in z as follows,
tanh (W)

Py (z,y) = —8(a —b)*"a 2
1 — Bcos(de'/?y) + [1 + B cos(del/?y)] tanh (2((:5)1/4)

+ P(y)z|,

where
P(y) tanh (2«:5)1/4)
Yy)=— ’
1 — Bcos(del/2y) + [1 + Bcos(det/2y)] tanh? (W)

and

1 — Bcosh (:“795/) cos(6e1/2y)
®y(z,y) = [4Va — ba® — 2¢(a — b)aQ)] (a=t)'/7 5
[cosh (ﬁ) — ﬁCOS(&gl/Qy)}
Let us remark that ®; and ®; are periodic in y but we must choose 2M, = % (see Figs. 15-18). For

our experiments we have chosen Ty = 0.125, N, = 512, N, = 256, L = 70, M. = 7/4/e, and we have ploted

1Pe+ullico @y,

7 > for e = 0.1, 0.05, 0.025, 0.0167, 0.0125, 0.01 (see Fig. 19). The results are almost the same as
in the case of the line solitons, that is the [*°-error is decreasing and seems to be bounded from below by a
positive constant.
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€ 0.1 0.05 0.025 0.0167 0.0125 0.01
L 70 70 70 70 70 70
M. 22.14 31.30 44.27 54.22 62.6 70
Az [273x1071[{273x 1071|273 x 1071 [2.73x 1071 [ 2.73x 107! | 2.73 x 10~ !
Ay [1.73x1071[244x 1071 [3.46x 1071 [ 424 x 1071 [4.89 x 1071 | 5.47 x 107!
tmaz 2.5 5 10 15 20 25
Erroo | 3631072 [1.99x 1072 [ 1.11 x 1072 [ 8.01 x 1073 | 6.41 x 1073 | 5.40 x 1073

433

4.3. Conclusion

In both particular cases we have studied, we can conclude that even if the solutions considered do not satisfy
the assumptions of Theorem 1.1 of [15], the rate of convergence is at least 3/4. Moreover, it seems that the error
converges to a constant when ¢ tends to zero. Then we can think that this rate could be the best. However,
the perturbation due to the periodic boundary conditions does not allow us to consider longer simulations.

5. THE COUPLING EFFECTS

In this section we will consider the case of two waves propagating in two opposite directions. We wonder
what happens if we consider a solution of (BL) having the form

(I)(l‘, Y, t) = f(Z - tv 51/2?/7 815/2) - g(l‘ + tv 51/2?/7 815/2) + ps(xa 51/2?/7 t)a

where

sup ||p€t('7 '7t)H%2(]R2) + Hpex('v '7t)H%2(]R2) —0.
t€[0,2T0 /€] e—0
In this case we can expect u; = fx and uy = g% to be solutions of the following uncoupled system of KP
equations

{ (urp — (@ = b)ur xx x +3urui x)x +u1yy =0, (25)

(uar + (@ — b)uoxxx + Buguay)x — U2yy =0,

where X = z + t. Let remark that if a — b > 0 (resp. a — b < 0) we have two KP-I (resp. KP-II) equations. In
[15], there is no theorical result about this question, then we will look for the rate of convergence we can expect.
Let

u1(X,Y,T) = Ay sech? [k1 X + koY — T,
us(X,Y,T) = Ay sech? k1 X + koY — woT],

be respectively two line solitons of the two equations of (25) where A; = —4k?(a — b) = —Ay and w; =
k2 -4kt (a—b)

™ = —wsy. The corresponding periodicised initial data are

A 1
Do (z,y) = Qk—l tanh(k z + koe'/?y) — T tanh(ky L) (kyz + ko' ?y) | |
1 1

q)l(xay) =0.

Hereafter, we compare the numerical solution of the Benney-Luke equation to —u(z — t,eY/%y,et/2) — ua(z +
t,51/2y,5t/2), thus we plot the evolution of || — ®; + u; + uz|[;~ when ¢ decrease. Precisely, the comparisons
are made in the KP-I case where a = 2/3, b = 1/3, k1 = 1 and ks = 10. We sum up in the next tabular the
data for our experiments.



434 S. LABBE AND L. PAUMOND

Il—d>‘+u1+u2||‘w

H — q)t +U1 +u2||loo .

Ficure 20. KP-I sup 3/ : 256 x 256 points, At = 0.005.
[0,2To /€] €
€ 0.01 0.005 0.0025 0.002 0.001 0.0005
L 47 47 47 47 47 47
M, 12.56 17.78 25.13 28.10 39.74 56.20
Ar [1.96x1071[1.96x 1071 [1.96x 1071 [1.96 x 101 [ 1.96 x 1071 | 1.96 x 107!
Ay [491x1072[694x1072]9.82x1072[1.09x 107! [1.55 x 107! | 2.19 x 1071
tma 0.2 0.4 0.8 1 2 4
Erroe [ 221 x 1071 [ 1.92x 1071 [ 1.43x 1071 [ 1.23 x 107! | 6.61 x 1072 | 3.49 x 10~ 2
€ 0.00025 0.0002 0.000125 1.11.10~% 0.0001 9.09. 10—°
L 47 47 47 47 47 47
M, 79.48 88.86 112.4 119.2 125.6 131.8
Azr [1.96x 1071 [1.96x1071 [1.96 x 1071 [ 1.96 x 107! | 1.96 x 10~! | 1.96 x 101
Ay [310x 1071 [347x 1071 [4.39x 1071 [ 4.66 x 1071 [ 4.91 x 10~ [ 5.15 x 107!
tmaz 8 10 16 18 20 22
Erroe | 197 x 1072 [ 1.67 x 1072 [ 124 x 1072 | 1.16 x 1072 [ 1.09 x 1072 | 1.04 x 102

In Figures 21-28, we show the evolution of the shape of —®(t,q,) for some ¢ in order to well understand
Figure 20. In this figure, we point out the interaction phenomena between the waves. Indeed, the error increases
when the wave are close (¢ € [1073;1072]) and then it decreases when they separate (¢ € [5 x 107%;107?]).
Since we simulate the periodic case, another wave begin to interact with the first one, thus the error increases
again. This is an illustration of the limits of the approximation of Benney-Luke by a uncoupled system of two
KP equations. In [4] Ben Youssef and Lannes confirm this fact for a general hyperbolic system by showing that
the approximation obtained by a coupled system of KP equations seems to be better. However, the decrease of
the error after separation of the waves leads us to think that if we do not have considered periodic boundary
conditions, we should have obtained the same behaviour as the one-wave case, that is the rate of convergence
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could be the same.
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FIGURE 27. —®:(tmaz),
e = 0.000125, t;q: = 16.

FIGURE 28. —®(tmax),
e=1.1110"%, tyes = 18.

An interesting work would be to show numerically that there is a real improvement

considering the coupling mode in the KP equations when the waves interact. It would seem to be interesting
to use a symmetric decomposition in our numerical scheme, but it is not so relevant because such a choice
privileges the decoupling effects.
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