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COMPUTATION OF 3D VERTEX SINGULARITIES FOR LINEAR ELASTICITY:
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Abstract. This paper is concerned with the computation of 3D vertex singularities of anisotropic
elastic fields with Dirichlet boundary conditions, focusing on the derivation of error estimates for a finite
element method on graded meshes. The singularities are described by eigenpairs of a corresponding
operator pencil on spherical polygonal domains. The main idea is to introduce a modified quadratic
variational boundary eigenvalue problem which consists of two self-adjoint, positive definite sesquilinear
forms and a skew-Hermitean form. This eigenvalue problem is discretized by a finite element method
on graded meshes. Based on regularity results for the eigensolutions estimates for the finite element
error are derived both for the eigenvalues and the eigensolutions. Finally, some numerical results are
presented.
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1. INTRODUCTION

The present paper is concerned with the study of the behaviour of three-dimensional elastic fields satisfying
Dirichlet boundary conditions near the vertex of a polyhedral cone. It is well known, that stress singularities
can arise in the neighborhood of the vertex [9,34,40]. The detailed knowledge of the singular terms of the elastic
fields is of interest, e.g., in crack mechanics where the intersection of crack fronts or notches with the surface of
the body generates vertices. Moreover, in computational mechanics, the lack of regularity near edges or corners
demands modified discretization procedures. Our goals are to describe a mathematical method which leads to
an efficient computation of the vertex singularities in very general situations, to derive error estimates for finite
element solutions and to present numerical results.

Keywords and phrases. Quadratic eigenvalue problems, linear elasticity, 3D vertex singularities, finite element methods, error
estimates.

* The authors were supported by Deutsche Forschungsgemeinschaft (German Research Foundation), Sonderforschungsbereiche
(Collaborative Research Centers) 393 and 404.

L TU Chemnitz, Fakultit fiir Mathematik, 09107 Chemnitz, Germany. e-mail: apel@mathematik.tu-chemnitz.de

2 Universitit Stuttgart, Mathematisches Institut A, Pfaffenwaldring 57, 70511 Stuttgart, Germany.

e-mail: saendig@mathematik.uni-stuttgart.de

3 Kazan State University, Faculty of computer science and cybernetics, Kremlevskaya 18, 420008 Kazan, Russia.

e-mail: sergei.solovyev@ksu.ru
© EDP Sciences, SMAI 2003



1044 T. APEL ET AL.

Writing the boundary value problems in spherical coordinates (r, ¢, ) centered in the vertex of the cone and
using the Mellin-transformation (rd, — «) we get a parameter-depending boundary value problem A.(a)u = F
in a curved polygon Q) C 52 on the unit sphere S2 C R3. The eigenvalues «; and the eigensolutions u(ay;; ) of
the operator pencil A.(-) generate the singular terms of the elastic fields near the vertex. They have the form
(here written without logarithmic terms)

S carula; ¢,0).

In order to solve this generalized eigenvalue problem efficiently we formulate a modified quadratic eigenvalue
problem by introducing the parameter A = a + 1/2 leading to an eigenvalue problem with a symmetric distri-
bution of the eigenvalues. It reads in the weak formulation: Find A € C and u € V' \ {0} such that

E(u,v) = X g(u,v) + A\? m(u,v) Yo €V (1)

with self-adjoint, positive definite forms k(-,-) and m(-,-) and a skew-Hermitean form g(-,-). By V we denote a
complex Hilbert space of vector functions defined on 2. For the numerical solution we construct a finite element
subspace V}, C V and look for the finite element solution of problem (1): Find A, € C and up € V, \ {0} such
that

k(un,vn) = An g(un,vn) + Af m(un,vn) Vo, € V. (2)

This approach is widely used in the engineering literature [28,47]. Modern methods to solve the algebraic
eigenvalue problem (2) by exploiting the structure can be found, for example, in [3,7,38].

The main interest of the current paper is to investigate the finite element errors |\ — Ap| and ||u —up]||y. The
particular difficulty is that the domain Q has, in general, corners such that the eigenfunctions are not smooth.
In Section 2, we formulate the quadratic boundary-eigenvalue problems at the sphere. They are related to the
three-dimensional boundary value problems for the elasticity operator. Furthermore, we define Hilbert spaces on
the spherical domain Q, sesquilinear forms and formulate the modified variational quadratic eigenvalue problem
with the parameter A. We also describe basic properties of the sesquilinear forms. In Section 3, we introduce
more notation and derive regularity results for eigensolutions of two related operator pencils. These results
are in principle well known but here we need modified statements which are necessary for the proof of the
approximation results.

Section 4 is devoted to error estimates for the approximate eigenvalue problem. We start with some general
approximation results in Section 4.1. Then we introduce graded meshes which are appropriate for the approxi-
mation of the eigenfunctions with piecewise linear finite elements. In order to get approximation error estimates
some non-standard local interpolation error estimates are proved in Section 4.3. The main challenge lay in the
use of appropriate weighted Sobolev spaces due to the transformation of the eigenvalue problem from the sphere
into the plane parameter domain and due to the reduced regularity of the eigenfunctions. Together with the
abstract results of Section 4.1 we conclude approximation error estimates for the eigenvalues and eigenfunctions.
The estimates are optimal only due to the use of the graded meshes. The main result is that an appropriately
calculated approximate eigenvalue A is second order accurate, |)\ )\h| < h?, where h is the global mesh size
which relates to the number N of degrees of freedom by N ~ h~2. Numerical results are discussed in Section 5.
They confirm the theoretically predicted convergence orders.

For simplicity we consider Dirichlet boundary conditions; other boundary conditions as Neumann or mixed
boundary conditions can be treated similarly [24].

We use the notation a < b and a ~ b which means the existence of positive constants C; and Cy (which are
independent of the discretization parameter h and of the function under consideration) such that a < Csb and
C1b < a < Osb, respectively.
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2. FORMULATION OF THE EIGENVALUE PROBLEM AND REVIEW OF KNOWN RESULTS

2.1. Description of corner singularities by an operator eigenvalue problem

The equilibrium equations for linear anisotropic fields in a polyhedral domain G read
3
=Y 005 =F, inG, i=12.3, (3)
j=1

where F; are given body forces, o0 = (aij)?jzl is the stress tensor, x = (x1, 22, x3) are Cartesian coordinates, and

9; := 9/dx;. Denote by U = (Uy,Us,Us) " the displacement field and by e(U) = (1.(U))},,—; the associated
linearized strain tensor where €;,(U) = %(81 U, + 0,U;). For small strains, Hooke’s law yields

3
0ij(U) = Z aijinein(U), 4,4,0,n=1,2,3. (4)
l,n=1
The elastic moduli a;jmy are real valued constants and satisfy the symmetry relations
Qijin = Qnij = Gjiln = Qijni- (5)

The energy conservation law yields a strong ellipticity and boundedness condition for the corresponding qua-
dratic form

3 3 3
M [T > aigmibn < M Yy &7 Ve, R, 0,5 =1,2,3. (6)
ij=1 ij,ln=1 ij=1

It follows that the elastic matrix A is symmetric and positive definite,

1111 @1122 A1133 G1123 1131 A1112
: 2222 (2233 42223 A2231 42212
A — : * (3333 3323 43331 (3312 (7)
: 2323 (2331 2312
© 43131 3112
: 1212

with
01 0 0 0 03 09

DT =10 0 0 093 0 01]. (8)
0 00300 0

we obtain DU = (81178227833, 2523, 2631, 2612)T and ADU = (0‘117 0922,033,023,031, 0‘12)T. With this notation,
we get the linear elasticity equations (3) in the form —LU = F with L = DT AD.
In the following we will study the homogeneous Dirichlet problem

—LU=F inQG, U=0 on0G.
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The variational formulation of the problem is to find U € H}(G)? for given F € L?(G)? such that
/(DV)TADUd:c :/ F-Vdr Yve H}(G), (9)
G G

with A and D from (7) and (8), respectively.

The behaviour of elastic fields near vertices of the polyhedron G can be locally investigated by means of a
partition of unity. Therefore we can consider the problem in an infinite cone K C R3 with vertex O at the
origin, i.e.

K:{$€R3:0<|x|<oo,x/|ac|€ﬁ}, (10)

where € is a subdomain of the unit sphere S? C R3 with Lipschitz boundary 9. We introduce spherical
coordinates (r, ¢, 0) centered in O. Vertex singularities are searched in the form

ru(a; @, 0). (11)
The functions (11) have to be a solution of the homogeneous system
LU =0 in K, U=0 ondK.
In other words, u(c;-) is solution of
Ac(@)u(a;) =0 in £, (12)

where A.(«) is the operator pencil which is obtained by inserting (11) into our homogeneous problem in the
cone K and using the Mellin transform

uaio6) = [ U0 T,
0

which maps r0, into the complex parameter «, 8, := 9/9r. We will discuss this in more detail in Section 3.2.
The problem (12) is a quadratic eigenvalue problem which has a finite number of eigenvalues in any strip
c1 < Rea < co. The set of these eigenvalues is discrete, see also Section 3.3 below.

2.2. Function spaces and weak formulation of the problem

For the weak formulation of the quadratic eigenvalue problem (12) we introduce now appropriate function
spaces. We consider 2 C S? in spherical coordinates (p,0) and Cartesian coordinates x = (x1,z2,23) =
(cos psin @, sin psin @, cos @), and denote by © C R? the corresponding domain in the parameter plane,

Q = {(cos psinb,sinpsind, cosf) € R*: (p,0) € Q} -

In this sense we write v(ip, 6) = 0(cos @ sin 0, sin ¢ sin §, cos ). We also use two different norm symbols to define
the complex Lebesgue space L2,

712 ::/§2|ﬁ|2d8, )20 ::/Q|U|2dw, dw = sin 00 d.
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Moreover, let H! and H? be the complex Sobolev spaces endowed with the norms (expressed in the parameter
domain )

k
2
llhg = llloe + D e, k=12

j=1
W] g = / <|sin_198¢v‘2+|89v|2) dw,
Q
W]3.q = / <|sin_29 8Wv|2 + ‘sin_lﬁapgvf + |899v|2) dw,
Q
where 0y := 0/00, 0, := 0/0¢p, g9 = 0pp etc. Note that in this setting [|0]|y g = [[v][g . [0]; o = [v]1,0, but

0|5 & # [v]2,0, only |0, & 2 [v]2,q. This is, however, sufficient for our purposes.
The usual norm symbols are used in connection with the parameter domain 2 in Section 4.3

k
2
ol =Yl o= Y [ |oiods] asa.
j=0 itj=k 7
The same symbols, || - || and |[ - ]|, are used for the norms/seminorms of vector functions v = (vy,vq,v3)". The

square of the (semi-)norm of a vector function is defined as the sum of the squares of the (semi-)norms of its
components.

By Hg (Q) we denote the space of H! (Q) functions vanishing on I' = 9. Furthermore, we define the

-\ 3 \3
spaces H := L> (Q) and V := H} (Q) of complex vector functions and identify them with the corresponding
spaces L?(2)? and H}(Q)3, respectively. These spaces are equipped with the norms

1/2
loll = 0llogs oy == (I +300a) -

The factor % is used in order to underline that the constants M; and M> in Lemma 2.1 below are just the
constants in relation (6).
The weak formulation of problem (12) is derived, e.g., in [27] by inserting the ansatz (11) into (9). For

presenting the result, we introduce some abbreviating notation. We define for u € H}(Q)

1
ej(u) := fiAju + B;jOgu+ C;0,u, s;(u):=Au, j=1,2,3,

where
Ay :=cospsinb, By := cospcosl, Cy := —siny/ sin b,
As :=sinpsinf, By :=sinpcosf, Cy := cose/sinb,
Az := cos0, Bs := —sin6, C3:=0.

The corresponding vector functions A, B, and C arise in the representation of the nabla operator (9;,d,03) "
in spherical coordinates after setting » = 1. Now we introduce the mappings k : V xV — C, m: H x H — C,



1048 T. APEL ET AL.

d:HxV —->C,andg:V xV — C,

3
k(u,v) := Z /Qaijlnej(ui)en(ﬁl)dwa

g ln=1
3
mu ) = Y [ asms s do,
ijln=1"
3
d(u,v) = Z /aijlnsj(ui)en(al)dw’
ijln=1"

g(u,v) := d(v,u) — d(u,v).
The eigenvalue problem reads: Find o € C and v € V'\ {0} such that

0=a(a+1) m(u,v) — (a+1) d(u,v) + o d(v,u) + ! m(u,v) + % d(u,v) + L d(v,u) — k(u,v) Yo eV.

=
(V)

Since the eigenvalues « of the generalized eigenvalue problem (12) are distributed symmetrically with respect
to the line Reaw = —1/2 (we will see this in Th. 3.9, p. 1054), we introduce the new parameter

A=a+1/2. (13)

Then the weak formulation of the transformed eigenvalue problem is much simpler and reads: Find A € C and
u € V'\ {0} such that

E(u,v) = X g(u,v) + A2 m(u,v) Yo e V. (14)

The number A is called eigenvalue of problem (14), and the vector function w is called eigenelement corresponding
to A

Lemma 2.1. The sesquilinear forms k and m are Hermitean, the form g is skew-Hermitean,

k(u,v) = k(v,u) Yu,v €V,

g(u,v) = —g(v,u) Vu,v €V,

m(u,v) =m(v,u) Vu,v € H.
Moreover, the ellipticity and boundedness properties

Myflullf,
M lull3

k(u,u) < Mallul? Yu eV,
m(u,u) < Mallul|% Yu € H,
lg(u,u)| < 2/k(u,u) /m(u,u) VYu€eV,
ld(u,v)| < /m(u,u) \/k(v,v) Yue HveV,

<
<

hold.

Proof. The properties follow from the definitions of the sesquilinear forms, the symmetry assumptions (5) and
the ellipticity and boundedness assumptions (6) on the coefficients a;jin, ¢,7,1,n = 1,2, 3. |
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3. TWO RELATED EIGENVALUE PROBLEMS IN INFINITE DIMENSIONAL SPACES

3.1. Notation for operator eigenvalue problems

In this section we recall notation for general eigenvalue problems which will be used in two different cases in
Sections 3.2 and 3.3.

Let A(a) : X — Y be an operator pencil (operator function) mapping, for fixed @ € C, the Banach space
X into the Banach space Y. Thus we have A : C — L£(X,Y). In this paper we specifically assume that A is
quadratic in a. A set

o(A)cC

is called the spectrum of A(-) if for a € o(A) there is no bounded inverse operator (A(a))~* : Y — X. The
number ay is called eigenvalue of A(+), if there exists an element u(ap;-) € X \ {0} such that A(ap)u(ag;-) = 0.
This element u(ap;-) is called eigenelement of the operator pencil A(-) corresponding to ag. Shortly, we say
(o, u(p;+)) is an eigenpair. The set

U(A, ag) := {u(ap;-) : Alag)ulap;-) =0} U {0}

is a closed subspace in X, which is called the eigensubspace of the operator pencil A(:) corresponding to «y.
The dimension

n(A, ap) :==dim U (A, ap)

of this subspace is called the geometric multiplicity of the eigenvalue .
A set of elements u®, u!, ..., v~ is called Jordan chain of the length k of A(-) at g if the following
relations hold:

A(Oé()) UO = 0,
Alag) ut + A (ap) u® = 0, (15)
Alao) u’ + A'(ao) u '+ 24 () u'"? =0, i=2,3,...,k—1
The elements u® = u(ap; ), u! = ul(ag;-), ..., u* =1 = u*1(ap;-), of any Jordan chain of the operator pencil
A() at ap are called generalized eigenelements corresponding to cg. The closed linear hull of all the generalized
eigenelements of A(-) at g is called generalized eigensubspace

W (A, ap) (16)
of A(+) at ay. The maximal length of Jordan chains beginning with u® € U(A, ap) is called order
v(A,u?)

of the eigenelement u®. Different eigenelements to the same eigenvalue ap may have different orders, therefore
we introduce by

#(A, ap) = (A u)

max v
u€U(A,a0)\{0}

the maximal order of generalized eigenelements corresponding to «y.
A system of eigenelements uf, u3, ..., u?, from U(A, ap) is a canonical basis of eigenelements of A(-) at ap if

V(A uf) = #(A, ao)
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and uf, 2 <14 <[, is an eigenelement of the maximal possible order belonging to some direct complement M;
in U(A, ap) to the linear hull £(uf, ... ,u? ;) of the eigenelements u{,... ,ul_;, i.e.

V(A ul) = 5\n/ta<{{0} v(Au), i=2,3,...,1L
ueM;

The vector (v1,ve,... 1) with v; = v(A,u?), i = 1,2,... 1, is the same for every canonical basis of eigenele-
ments. The number

wlA,ap) =11+ +...+ 1y

is called algebraic multiplicity of the eigenvalue «g. If the algebraic multiplicity of an eigenvalue g exceeds it
geometric multiplicity, the eigenvalue oy is called defective. In the other case, where no generalized eigenelements
exist, it is called non-defective.

1

Remark 3.1. Consider generalized eigenelements u® = u%(ay;-), u' = u'(ap;-), ..., v~ = uF~(ap;-) of

A.(.) at ag. They are also generalized eigenelements of the weakly formulated eigenvalue problem (14) to some
eigenvalue \g = ag + % and satisfy the following variational equations,

k(u®,v) — Ao g(u®,v) — A3m(u®,v) =0 Yv eV,
k(ut,v) — Ao g(ut,v) — X m(ul,v) = g(u®,v) + 2Xo m(u®, v) Yv eV,
k(ut,v) — Ao g(ut,v) — A m(ut,v) = g(ui=1v) + 22X m(u'~1,v) + m(u'=2,v) Vv eV,

i=2,3,... k-1

3.2. Regularity of the eigenfunctions of the operator pencil A.(«)

First, we consider the operator pencil
\3 \3
Aa) : H (Q) L H (Q) (17)

defined by (12). Let us assume that Q C S? is a smooth domain. The function i(e;-) is solution of the
eigenvalue problem (12),

Ac(@)a(a;) =0 in Q.
For every fixed a this equation describes an elliptic boundary value problem [23] (p. 98). Therefore one can
\3
conclude: if a nontrivial eigensolution @°(c;-) = %\ — 1;-) € X = Hy (Q) of A.(-) exists, then it belongs to

H? (Q)B and

The regularity of generalized eigenfunctions, given by the relation (15) can be derived successively: Since

2\ 3 \3
@° = a(e;-) € H? (Q) it follows from the second equation A.(a)a! = —AL(a)d" € Ly (Q) and therefore

{3 \3 \3
' = al(a,-) € H} (Q) belongs to H? (Q) . The third equation implies @?(c, ) € H? (Q) . Continuing this

procedure we get:
- ) \3
Lemma 3.2. If Q C S? is a smooth domain then the generalized eigenelements @'(c,-) € H} (Q) , 1=

\3
0,1,...,k—1, are contained in H? (Q) .
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FIGURE 1. Vertex with one edge.

3 .
In the case of a polyhedral vertex, the operator pencil A.(«) is also defined on H (Q) , see (17). Since Q2

has corner points (generated by the edges of the domain ), we cannot conclude in general that the general-

_ ~\3
ized eigenelements u’(a;-) € H? (Q) and we have to analyze the influence of the corners on the asymptotic

behaviour carefully. We follow here a paper of Dauge [11], where the corner-edge asymptotics is studied. The
main idea is to introduce special fitted spherical coordinates which allow to couple the edge and corner singu-
larities easily. We underline, that these special coordinates have auxiliary character and that the final results
are independent of them.

Since singularities are of local nature we can assume, without loss of generality, that € is smooth, except in
one angular point P, = (0,0,1). Thus, the infinite cone K, see (10), with the vertex ¢ = (0,0, 0) has one edge e
only which coincides with the half-line {(0,0, z),z > 0}. Besides the Cartesian coordinates © = (z1, z2,x3) we
introduce cylindrical coordinates (o, ¢, z) with ¢ = (z7 4+ 23)'/2. We assume that in a conical neighborhood V,
of the edge e the cone K coincides with a wedge W (see Fig. 1),

W:{(Q,CP,Z):Q>O, 0 < ¢ <wo, ZGR}

Now, we introduce special spherical coordinates (r, X), where 7 = (22 + 23 +23)/? and X denotes a coordinate
system at the sphere S? such that X = (X, X3) with X; = z1/r = cospsinf and Xy = 29/ = sinpsinf

locally in Vp, = V. N S2. Note that in Vp,
dist(P,, (X1, X2)) = (X2 + X2)Y2 = £ —sin 0 =: R.. (18)
r
We adapt the definition of the vertex-operator pencil (12) to the new spherical coordinates and introduce an edge-

operator correspondingly. To this aim we write the linear elasticity operator L, introduced in
Section 2, as

L= L(E)l, 82, 83) = T_Qﬁc(Xl,Xg, 7’87’, 8X1,8X2).
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\3
Applying the Mellin transformation with respect to r we get the vertex-operator pencil A.(a.) : H} (Q) —
\3
7 (2)
AC(OLC) = Ec(Xl, XQ, A, 8X1 5 8X2).

We denote by C[fé,%) the set of eigenvalues of A.(-) in the strip f% < Rea. < % and by wu.(ag;-) the corre-
sponding eigensolutions.

The edge singularities are generated by the non-tangential (non-tangential to the edge) part of the operator L.
Thus we remove the derivatives 03 in L and define

L.(01,02) := L(01,02,0).
Writing this operator in polar coordinates (g, @) we have
Le(On,02) = 0 2Le(p, 00,5,0,)
and after the Mellin transform with respect to o
Ac(ae) = Le(p, e, 0y).

Let be £(g,1) the set of eigenvalues of Ac(+) in the strip 0 < Rea, < 1 and ®.(a;-) the corresponding eigenso-
lutions.
Now we are in position to formulate the regularity results for the eigenfunctions u.(c.; ).

Theorem 3.3 [10,36,40,41]. Assume for simplicity that the eigenvalues in C[fé,%) and &1y are non-defective.
Then the weak solution U € H}(G)3 of (9) admits the following decomposition in the vicinity of the vertex c:

U= Z Cacracuc(acinaXQ) + Urem,c, (19)
*€C-1
where Cy, are constants,
UC(OLC; Xla XQ) = Z Cae (ac)Reae o, (ae; 50) + Urem,e(ac)a (20)
aees[gvl)

and Urem,c 15 a remainder depending on the edge singularities,

Urem,c = Z doze ($3, T)Qae D, (ad 90) + Urem,c,e(ac)- (21)
Qe 65[011)

Here, R, :=sinf, C,, and Cq,(ac) are constants, do, are functions, and Urem,e(Ctc), Urem,c,e(0c) are regular
remainders.

Remark 3.4. If we admitted defective eigenvalues in Cj_ 11 and &g, 1), then there would occur Jordan chains
of A, and A, together with logarithmic terms of r, R., and p in the expansions (19, 20), and (21) [8,35,37,40].

Consider now a polyhedral cone K, see (10). We denote by & the set of edges for which the set of eigenvalues
&lo,1) is not empty. Since corner and edge singularities are of local nature we see from (20) that the eigenfunctions

ue behave like RS in the neighborhood Ne of a corner P, of Qforecé. Here, a. is the minimal element in the
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corresponding set g 1). In the parameter domain we introduce the weighted Sobolev space Vﬁ2 (Q), 8= (8c)ees,
via the norm || - ||2,5.0 which locally in N, (N. C Q corresponds to N, C Q) is given by

v ll2,6.,n. ~ [REv]o,n,, foralleeé, (22)
[Ilv |||2,66,Q\Ue€g N, ™~ |[u]|2’Q\U€€£ N,

where 3. € (1 — Reae, 1) is arbitrary.

Corollary 3.5. The eigenfunction u.(ay;-) with respect to some eigenvalue a. € C[_%,%) of A.(+) belongs to
VZ()?, with entries B, € (1—Reae,1) of B. That means, the corresponding norm is bounded, || uc ||2,5,0 < oc.

Proof. Let P. be a corner which is described in the parameter plane by (¢, 60). Assume first that 6y & {0, 7}.
From (20) we find that the exponent of R, of the expansion of Rf*?uc is Be + Rea, > 1, therefore

[Rleuclo,n, S |RE<icly 5, < o0
If 60 = 0 then R, = sinf ~ 6 and we obtain
[Hﬁeuc]g,Ne < 00
by direct calculation. The case 6y = 7 can be treated analogously by using R. = sin(w — 6). |

We end this section by citing some results about the distribution of the eigenvalues which are of interest in
the context of our work.

Lemma 3.6. Let be K = {(x1,22,23) : 3 > f(x1,22)} where fis a continuous and positively homogeneous
function of degree 1, i.e., f(ax1,ax2) = af(x1,x2) for all a > 0.

(i) Then the strip |Reac + 5| < & does not contain eigenvalues of the pencil Ac(ac) [24] (Th. 11.2.2, p. 353).
(ii) If the restriction of f to the sphere St = {(x1,32) : 2% + 2% = 1} belongs to the Sobolev space H(S1),
then the strip ‘Re Qe+ %| < % has no eigenvalues of the pencil A.(a.) [24] (Th. 11.3.3, p. 364).
(ili) If N edges with the opening angles @;j, j =1...N, meet in the vertex c, ¢; € (0,7) for j=2,... ,N and
¢1 € (0,27], then the strip |[Reae + 1| < 1 is free of eigenvalues of the pencil Ac(ac) [24] (Th. 11.4.1,
p. 367).

There are also results on the distribution of the eigenvalues of the pencil A.(a).

Lemma 3.7 [24] (Th. 8.6.2, p. 286, and Th. 11.2.2, p. 353). Let be

x
K ={(z1,22) : 0 < (22 + 23)"/? < 00,0 < arctan = < wy}-
1

(i) Ifwo € (0,m), then the strip |Reae| < 1 does not contain eigenvalues of the pencil Ac(ae) [24] (Th. 8.6.2,
p. 286).

(ii) If wo € (m,2m), then the strip 0 < Reae < 1 contains exactly 2 eigenvalues (counting multiplicity) of the
pencil Ac(ae) [24] (Th. 8.6.2, p. 286).

(iii) If wo = ™ or wo = 2m, then in the half plane Reae > 0 the only eigenvalues cer = k or qep = %,
respectively, occur with two linearly independent eigensolutions (no associated eigenfunctions exist) [24]
(Sect. 8.6.2, p. 284f).

(iv) The strip [Reae| < 5 is free of eigenvalues of the pencil Ac(oe) [24] (Th. 11.2.2, p. 353).
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3.3. Regularity of the eigenfunctions of the operator pencil B(\)

In the previous section we reviewed regularity results for the eigenfunctions of the operator A.(«) : V — V',
V = H}(Q)? which is the typical setting in the corresponding literature. In this section we describe properties
of a related operator pencil B(A) : V' — V and its adjoint which we will apply to formulate general spectral
approximation results in the next section.

We come back to the weak eigenvalue problem (14) which is basic for the discretization. We introduce the
operators M : V — V and D : V — V by the relations

Mu € V, k(Mu,v) = m(u,v) Yo €V,
DueV, Ek(Du,v)=d(u,v) YoeV.

The adjoint operator D* : V' — V is defined by the equality
k(Du,v) = k(u,D*v) Yu,v € V.

We set G = D* — D and introduce the operator pencil B(-) : C — L(V, V) by
BA)=I-XG—-X\M, )eC.

The variational eigenvalue problem (14) is then equivalent to the eigenvalue problem for the operator pencil
B(-): Find A € C, uw € V' \ {0}, such that

B(A)u = 0.

Note that the definition of B()) is equivalent to B(A\) = J =1 A.(A—1/2), where J is the isometry from V onto V'
defined by k(u,v) = (Ju,v)y v Vu,ve V.

Moreover, we define the operators G* and M™* analogously to D* and introduce the operator pencil B*(-) by
the equality

B*(\) = [BA)]', AeC.

Now, we investigate the spectral properties of the operator pencil B(-) on the basis of classical results from the
spectral theory of operator pencils, see, for example, [25,26,31,48]. First, from Lemma 2.1 and the compact

embedding V' S H , where H = L?(Q)3, see Section 2.2, we obtain the following lemma which then implies
Theorem 3.9.

Lemma 3.8. The operators G:V -V, M:V -V, D:V =V, D*:V =V, are compact and M* = M,
g*=—-¢g.

Theorem 3.9. The spectrum o(B) of problem (14) consists of isolated eigenvalues with finite algebraic multi-
plicities and with the only one possible accumulation point at infinity. If Ao is an eigenvalue of problem (14)
then so are —Xg, Ag and —X\g.

Proof. Since A\ = 0 is a regular value of the operator pencil B(A\) = I — AG — A2 M, X\ € C, with compact
operators G and M, the assertions follow from [27,31]. O

Lemma 3.10. B* and B are also related by B*(\) = B(=\) for A € C.
Proof. The assertion follows from the definition and the properties of B, G and M:

E(B(\u,v) = k(I — AG — X2M)u,v) = k(u, (I — XG* — X M*)v)
= k(u, (I — (=X\) G — (=) M)v) = k(u, B(=\)v) = k(u, B*(\)v)

for u,v e V, A € C. O
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Now, we consider the adjoint eigenvalue problem: Find A € C, u € V' \ {0}, such that B*(A\)u = 0. By using
Lemma 3.10, its variational form reads: Find A € C, u € V' \ {0}, such that

k(u,v) = —Ag(u,v) X m(u,v) YveW.
Theorem 3.11. The spectra of B and B* coincide,
o(B) = o(B%),

and for any eigenvalue Mg € o(B) the mazimal order of generalized eigenelements, », the geometric multiplicity,
n, and the algebraic multiplicity, u, are finite and equal for B and B*:

#(B,Xo) = #(B*, \o) < o0,
n(B, o) = n(B*, A) < o0,
1(B; o) = p(B*, Xo) < oo.

Proof. These results follow, for example, from [17,25,26, 30, 32, 48]. O

We use now the regularity results for the Jordan chains of the operator A, in order to clarify the smoothness of
the generalized eigenfunctions of the operators B and B*. The definition of these generalized eigenfunctions was
already given in Remark 3.1 on page 1050. Note that the operator pencils A () : V — V' and B(A) : V -V
are closely connected via A = a + % and the Riesz representation theorem.

Lemma 3.12. The generalized eigenelements of the operator pencil B(-) at A and of the operator pencil B*(-) at
—\, respectively, belong to V;(Q):‘, with entries B. € (1 —Reae, 1) of B. Moreover, for an eigenpair (A, u(X;-))
of B(:) or B*(:) the estimate

a0 ) s < € (NP 105 Mo g + N1 0) (23)

holds with a constant C' independent of A and u(X;-).

Proof. For simplicity, we consider again the case of non-defective eigenvalues a. € Cj_ 11 and a. € &p1)-

Setting e = Ac — 3, formulae (19) and (20) describe the behaviour of the eigensolutions u(; ) of the operator
pencil B. As in the proof of Corollary 3.5 we find that || u(A;-) [||l2,3,0 < co. Using the definition of the generalized
eigenfunctions, see Remark 3.1, recurrently, we get analogous results for the generalized eigenfunctions.

Now we pass to the estimate (23). For a fixed eigenpair (A, u(A;-)) we have

k(u(X;),v() = Ag(u(X; ), v() + N m(u(X; ), 0() Yo € V.

Since u(\;-) € V;(Q)3 for 8. € (1 — Reae,1) this weakly formulated V-elliptic boundary value problem is
equivalent to a classical one,

Kou(\; ) = X Kju(h;-) + A2 Kou();-) inQ,  w();-)=0 ondQ,

where K; are differential operators of the order ¢. Due to the well known a priori estimates for elliptic boundary
value problems in weighted spaces [22] the estimate

u(xs ) llzpe < C [N Kiu(ds) + 2% Kou(h; )], g

< € (IO g + IR 1O o 0

follows.
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We have seen that the regularity of the eigenfunctions u();-) of B(-) is dominated by the geometry of the
spherical cone, that means, by the eigenvalues ae € &g 1). Therefore, the arguments for the derivation of the
estimate (23) can be repeated for an arbitrary eigenvalue A.

Since B*(—\) = B()\) : V. — V, the regularity results are valid for the generalized eigenelements of B*,
too. O

4. THE APPROXIMATE EIGENVALUE PROBLEM

4.1. General spectral approximation results

In this section we review approximation results taken from the papers of Karma [19-21].
Let V;, C V be given finite-dimensional subspaces such that for any v € V

en(v):= inf |lv—wp|lv =0 for h — 0. (24)

v €V

Problem (14) is approximated by the following finite-dimensional problem: Find Ay € C, up € V4, \ {0}, such
that

E(un,vn) = An g(tn, vn) + Aj, m(un,vp) Vg € Vi (25)

The number A, is called approximate eigenvalue and the vector function wy, is called eigenelement corresponding
to )‘h-
We define the projection operator Py : V' — V}, by

Pru € Vi,  k(Pru,vn) = k(u,vp) Yo, € Vi,u €V,

set G, = PrG, My, = PpM, D}, = P, D and introduce in analogy to Section 3.3 the operator pencil By (-) by
the formula Bp,(\) = I — AG, — A2 My, A € C. Then the variational eigenvalue problem (25) is equivalent to:
Find A\, € C, up, € V3, \ {0}, such that

Bh()\h)uh =0.

Lemma 4.1. The operator Py, : V — Vj is a self-adjoint projector with

M.
[u—Prullv <4/ MQEh(u) Yu eV,
1

where My and My are the constants from (6).

Proof. These results follow from the projection property of P, and the properties of the sesquilinear form k(.,.)
given in Lemma 2.1. O

Now, let us formulate properties of the operators Gy, My, Dy, Bi () analogously to the properties described
in Section 3.3 for the infinite-dimensional case.

Lemma 4.2. The operators G, : Vi, — Vi, My, : Vi = Vi, Dy, = Vi, — Vi, Df + Vi, — Vi, are compact and
h=Mn, Gy = —Gp.

Lemma 4.3. B} and By, are related by B;(\) = Bn(=\) for A € C.

Theorem 4.4. The spectrum o(By) of problem (25) consists of isolated eigenvalues with finite algebraic mul-
tiplicities. If A\, is an eigenvalue of problem (25) then so are —\pn, A and —\p.
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For Ao € o(B) we define

Ep —

en(v), (26)

max en(v), €5 = max
vEW (B, o), [lvllv=1 vEW (B* o), [lvllv=1

where W (B, \g) is the generalized eigensubspace, see (16).

Theorem 4.5. Let \g be an eigenvalue of problem (14) with mazimal order » = (B, \g) of generalized
eigenelements. Then there exists a sequence Ap, of eigenvalues of problem (25), A\n € o(By), such that \, — Ao
as h — 0 and for sufficiently small h the following error estimate is valid:

A = Xol S (enep)'/™.

Proof. The error estimate follows from classical results [19] and Lemmata 3.8 and 4.1. g

In the case » > 2 the estimate can be improved when the arithmetic mean of the approximate eigenvalues is
considered.

Theorem 4.6. Let Ay be an eigenvalue of problem (14) with algebraic multiplicity u = pu(B, o). Then there
exist sequences A\ € o(Bp), i = 1,2,...,u, of eigenvalues of problem (25), counted according to the algebraic
multiplicity, such that At — \g as h — 0. For

. 1
A== A\
Hi=
and sufficiently small h the following error estimate is valid:
|5\h — )\0| 5 EhEZ.

Proof. With Lemmata 3.8 and 4.1 we have proved the assumptions to apply the recent results of Karma [20,21].
O

Theorem 4.7. Assume that \g is an eigenvalue of problem (14) and (An,up) are eigenpairs of problem (25),
such that A\, — Ao as h — 0. Then for each element uy, there exists an eigenelement u® = ug(h) € U(B, Xo) of
problem (14) corresponding to Ao such that for sufficiently small h the following error estimate holds:

Jun — u®llv < en + (enel)'/ ™.

Proof. The error estimate follows from [18,49], Lemmata 3.8 and 4.1 and Theorem 4.5. |

4.2. Meshes

We define the finite element meshes in the @, f-parameter plane. In view of Theorems 4.5-4.7 the meshes must
be chosen such that the eigenfunctions can be approximated well. If  is a smooth domain, the eigenfunctions
are smooth and can be approximated well on standard uniform finite element meshes. In general, however, the
domain € is not smooth and the mesh should be refined in the neighbourhoods of concave corners. (Due to
Lem. 3.7, part (i), the eigenfunctions are regular near corners P with interior angle wq € (0,7).)

If the parameterization is such that the concave corner is not located at the north or south pole then we can
use in the neighbourhood a standard graded mesh as described for example in [44]. It is characterized by (28)
as stated below. In the other case, when the refinement center is one of the poles, we have to refine towards the
line # = 0 or # = 7. Since a refinement in ¢-direction is not necessary we arrive at the idea of using anisotropic
mesh grading there, see (29, 30) or the illustration in Figure 4. This anisotropy in the mesh saves many degrees
of freedom and makes the analysis of the approximation error slightly more involved.
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;: hr
L—Thor

h%T

¥ ¥ 4

FiGURE 2. Illustration of different cases of triangles.

In order to describe the meshes we make the simplifying assumption that the domain Q C S$? can be
represented, by using a suitable choice of the north pole, by a polygonal domain 2 in the (¢, 6)-plane. Then,
we define a family of meshes 7, = {T'} with the following properties. For later use we define

Y_p:= inf sin6, Yy := sup siné. (27)
(p.0)€T (p.0)€T

Admissibility: We assume that Q = UTeTh T where the elements T are open triangles. Any side E of any
triangle T is either part of the boundary 99 or side of another triangle T” € 7j,.

Aspect ratio: For triangles T' with J_ 7 > 9, = const. > 0 we assume that T has bounded aspect ratio,
without further constraints. The diameter of T is denoted by hr. For an illustration see Figure 2, left
hand side.

For ¥_ r < ¥, we assume that two edges of 1" are parallel to the coordinate axes. Their lengths are
denoted by h, 7 and hg  which can be chosen independently, see also Figure 2, middle and right. That
means the aspect ratio of 7' may not be bounded by a constant.

Refinement: If  is a smooth domain then hr ~ h for all T € 7}, and the aspect ratio of all elements is
bounded.

If © is not smooth the mesh is refined in the neighbourhoods of concave corners. For each of those
corners P = (o, 0y) the refined mesh is defined as follows where the parameter  is the corresponding
weight exponent as used in Corollary 3.5, this means 5, € (1 — Rea., 1).

Case 1, 0y ¢ {0,7}: The aspect ratio of the elements is bounded and

R/ (1=8) if dist (P,T) = 0,
hp ~ (28)

h [dist (P, T)]? if dist (P, T) > 0.
This means that hy ~ h for dist (P,T) > C. = const.
Case 2, 0y € {0,7}: The refinement zone is determined by sinf < .. The elements might be aniso-
tropic,
h(p,T ~ h) (29)
RYO=B)if9_ =0,
ho ~ {

30
ho’ . if9_ 5> 0. 0

The space V}, is introduced by
Vi={veV vl e (P)foral T € 7;},
where P; is, as usual, the space of polynomials of maximal degree one. For estimates of the approximation error

of the eigenvalues and eigenfunctions via Theorems 4.5-4.7 we need estimates of €5, and ¢, from (26). Since
the regularity of the functions from W (B, \g) and W (B*, \o) is the same, see Lemma 3.12, we need to estimate
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en(u) from (24) for functions u € VF(§2). Therefore our aim is to bound [[u — Tnul|y where T, : C(Q) — Vi is
the interpolation operator with respect to the vertices of the triangulation. We start with local interpolation
error estimates for scalar functions.

4.3. Local interpolation error estimates

The aim of this section is to estimate the interpolation error u — I u for scalar u in the three cases which are
indicated in Figure 2. Let us start with the simplest estimate.

Lemma 4.8. Let T be an isotropic triangle, that means, T has bounded aspect ratio, and assume that
O_ 7> hr (31)
Then the error estimate
[u—Thulmr S ﬂ:f’%hQT_m[u]gj, m=0,1,

holds when |[u]ly < co.

Proof. By using the results in standard norms we get for m = 0,1
105" (u = Tnw)]lo 7 = || sin'/20 05" (u — Tnw)llo,r
1/2 | am
< 0/ 71105 (u — L)

< YT oy

0,T

1/2
< 929~ 2Rz (\ [sin=20 O] |} + |[sin ™10 Dypu] [ . + |[399u]|(2)’T>

I e ] (1 P (32)

s

We show now that ¥4 p/9_ r < 2. Indeed, by the definition of ¥_ p and ¥4  there exist angles §_ and 6
with 9_ r =sinf_, V4 v =sinf,, and |01 — 0_| < hy. Consequently, by using (31), we get
Y4 =sinf; = sinf_cos(6y —0_) + cosf_sin(6y —0_)
=d_ 1 (cos(9+ —0_)+ 19:71T cosf_sin(f; — 9_))
< 20_ 7. (33)

Analogously to (32) we show

| [sin_19 O (u — Ihu)} = sin—1/29 Op(u — Ipu)|lo,r

‘O,T
< 074210 (u = Tyu)lo.r
< ﬁ:%QhT|U|2,T

§ ﬁ:}ThT[U]Q’T. (34)
With (32-34) we have proved the lemma. O

We do not claim that this result is optimal with respect to the dependence of the right hand side on J_ 7.
But this estimate is sufficient for our purposes since we use general isotropic triangles only in parts of the
domain where 9_ 7 > ¥, = const. > 0.
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Lemma 4.9. Let T be an anisotropic triangle with two edges parallel to the coordinate axes, compare Figure 2,
middle. Assume that |[u]], - < co. Under the assumption 9_ 1 2 her the error estimates

[ —Tnully r S W02 7 |[sin™20 ppul | 1 + o hoa 91 |[sin™0 Byoul | 1. + 1§ 7 |[ooully 1

‘ [Sinflﬂ Op(u — Ihu)} |07T S he V-7 | [sin*29 &p@u] |07T + hoT ‘ [sinflﬁ &Pgu} ‘QT ,

[0 (u — Ihu)]|07T S herd- 1 | [sin_19 &peu} ‘QT + hor |[899u]|0,T
hold.
Proof. The proof is analogous to that of Lemma 4.8. Only, we use the anisotropic error estimates [2,4]
lu—Tnullor < B2 pll0ppullor + hor horl|0peullor + ho olldseullor,
10 (u = Ipu)llo,r < he, 1l 0ppullo,r + hor|[Opoullor,
106 (u = Tnu)llor S herl|Opoullo.r + ho.zl|Osoulo.r-
For example, the last of the three estimates is obtained as follows:
190w — Thw)]|o 7 = || sin'/?0 9p(w — Tyu)lo,r
< 0y 71100 (u — L) o r
< 02 (hg,r)10p0ullo,r + ho.rl|Ovaullor)
< 191/2T (h%Tﬂi/?T [sin_19 o ‘QT + he,Tﬂ:%Q |[Opoul |07T)
= 193-/,2T19:,1%2 (hw,T(ﬁ}k/,QTﬁ:,fW—,T | [sin~"0 O pu] ‘O,T +her |[8‘991“4“0?) :
The arising factors 191/ 2T19:%2 is bounded by a constant as shown in (33). g

Let S be the union of all elements 7" with ¥_ 7 = 0. If S is not connected we treat all simply connected
parts of S separately, such that we can assume that

S = (%0, 1) x (0, he,s). (35)

Lemma 4.10. Assume that |[u]|, ¢ < oo. Then the interpolation operator l is well defined in S and the
estimates

[U7Ihu]mys 5 hg:gm[u]g’s, m = 0,1,

hold.

Proof. By the mapping ¢ = @, 6§ = h97sé we transform S to S = (g, 1) x (0,1). On S we define the weighted
Sobolev spaces

HYjy (8) = {5 € D' (8) + [0l /2,5 < o0}, (36)
k
~112 .7 ~12
”””k;1/2,§ = Z |v|j;1/2,.§"
=0

.12 o A1/2 91 97
02, s = > He L0170
—

2
0,8
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Such spaces were investigated by Mercier and Raugel [39] in the context of a transformation to polar/cylindrical

coordinates. In particular, Theorem 4.7 of that paper states that H12/2 (S) — CY (S), that means that

1all o gy S N1allg;1 /2,5 < [l 5 -
Consequently, I, is well defined in S. Moreover,
107 Tl 5 % 1l oy 12l .5 < il o5 =01 (37)

Let us now prove the interpolation error estimate. From [39] (Th. 4.6) we have the following Deny-Lions type
argument,

Aot 110 =@l 7n 5 < 91302 5 .

Therefore we can use the standard proof for the f-derivative of the interpolation error. By transformation to S
and using sin(hg g0) ~ hg 50, (37, 38), we get for m =0, 1,

105" (u — Tnw)lo,s < ho g™ 195" (@~ 10l o,

_ 1-m m/ ~ N T A~ N
=hyg wlél?f;l ||8é (4 —w —Ip(a — w))|

0;1/2,8
N hé,_sm wi£7f>1 @ — ZI1”2;1/2,9
1— ~
S gl 0.5
< " [ula,s- (39)

For the estimate of 0, (u — I u) we distinguish in a first step two cases. First, if T' is a triangle with one side E
at the o-axis then u is constant on E and d,Ipu = 0 in T', that means,

|[sin™"0 0 (u — Ihu)] sin™'0 9, u]

|0,T: H ‘O,T'

In the other case, T is a triangle with one vertex at the -axis and one edge E parallel to the yp-axis. The
equivalence of norms in one-dimensional spaces, the interpolation property and the trace theorem yield that

[fsin 00, Ty, ~ | [0~ 0000

/ dplpil
E

< Hé_laqgﬁ

0;1/2,17

[
E

0,7 * Hé_la‘f’éa

~

S 0sally 4

0,7 * Hé‘20¢¢ﬁ

0,7

< | [sirle &Pu] |0’T + ho.s (‘ [sin719 &pgu} ‘QT + ‘ [sin729 awu} ‘O,T) .
Combining the two cases we obtain

‘ [sin™'0 0, (u — Iu)] |07S < ‘ [sin™'0 9, u] ‘075 + ho,s <| [sin™'0 D,0u] |0,S + | [sin ™20 D, ,u] |O,S) . (40)
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It remains to estimate the first term at the right hand side. Let H} (S’) = {b € H! (S) : 09(¢,0) = 0} and
note that 9,4 € H} (5’) Using [39] (Cor. 4.1), namely

Y| <ol . \%eHl(S),
H v 0.5~ |U|1,s v 0
we conclude
|[sin719 dpul ‘0 PR [é_laﬁﬂ} s
, 0,

< |67 0

~ ‘ Pt 0,8

S 1940llg,5 + [10pp1llg 5

j—15 o i—25_ -

S ‘9 Ogit 0,§+ HH Oppt 0,8

< hos (| [sin ™0 Dpoul |, o +|[sin 7?0 O] |O,S> . (41)
The desired estimate is obtained by combining (39-41). O

Until now we assumed that [u]er < co. In the case of polyhedral corners, however, the eigensolutions do
in general not possess this regularity near the corners ]56 of Q. Let ]56 be represented by P. = (o, 6p) and
consider first the case 6y ¢ {0, 7}. Then we can modify the proof of Lemma 4.8 by using the following result of
Raugel [43], see also [15] (Sect. 8.4.1),

=Tyl ShT"7 N IREOLSGullor, m = 0,1, (42)
i+j=2
Re:= Re(0,0) = [(¢ — ¢0)? + (0 — 09)?]*/2, 3 € [0,1). This leads immediately to the following lemma.
Lemma 4.11. Let T be an isotropic triangle and assume 9_ r 2 1. Then the error estimate
2-m—3 ;o _
=Tl SHE" Y ‘[Rf@;@gu} ’QT, m=0,1,
i+7j=2
holds for B € [0,1).
Proof. The error estimate follows from (42) and sinf ~ 1 in T'. O
In the case that 8y = 0 we have to modify Lemma 4.10.
Lemma 4.12. Assume that || u||2,3,s < 00 and 1 —Rea. < 8. < 3. Then the interpolation operator I is well
defined in S, S from (35), and the estimates

[u—Thtlm,s < hy g [0Pulas, m=0,1,

hold.

Proof. We follow the lines of the proof of Lemma 4.10. It is shown in [33] (Lem. 1.1) that [[ul[c3) < [lu|
if B, < % Consequently, I, is well defined for functions from V12/2 e
by % + 0, B €]0,1). This can be proved in the same way as in [39]; we have to ensure only that the embedding
H12/2+ﬁ (S) s H11/2+ﬁ (S’) is compact. (The definition of these weighted spaces is analogous to (36).) This is

indeed true, see [22] (Lem. 3.5).

2,1/2+8,S
Estimate (38) holds also when 3 is replaced
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0

21 ¥

FIGURE 3. Illustration of the mesh for the conical domain.

For proving the estimate which is analogous to (39) we need the embedding theorem H12/2+B (S’) — Hll/2 (S”) ,
which holds for § € [0, 1), see also [22] (Lem. 3.5). Consequently,

[0p(u — Inu)]ly 5 < Ha;”(d o iha)H

0;1/2,8
= wlél}; Hé) (U_ _Ih(/&_w))llo;l/zg
S wlg7f91 4 —@llg /2455
5 |ﬁ|2;1/2+ﬁ,§
< hg L1072 s

The derivation of (40, 41), is easily modified since all conclusions hold true also when hg p is substituted by

hos 07100 by |01+ 50 b 2awuH by |02+, ot O

~ )

0,
4.4. Approximation error estimates

The circular cone is the simplest case since €2 is a rectangle and the eigenfunctions are regular, see Section 3.2.
Let {75} be a sequence of quasi-uniform triangular meshes. Each mesh is obtained from a rectangular mesh
by dividing each rectangle into two triangles of diameter h, see Figure 3.

Theorem 4.13. Assume that uw € V' is a vector function with [u]z,q < co. Then the interpolation error can be
estimated on the mesh described above by

lu —Thully S hlul20

Proof. We apply the interpolation error estimates of Lemmata 4.8-4.10 and obtain

1
[ — Tyul[ ~ ZZU*IhU AR Zh2+h I3.0 ~ hlul3 g
m=0

T€T, m=0

which is the desired result. O

In the case of polyhedral vertices, the eigenfunctions have singularities itself, see Section 3.2. On uniform
meshes we do not achieve the optimal convergence order, see Remark 4.15. Therefore, we use refined meshes as
defined in Section 4.2.
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Theorem 4.14. Assume that u € V is a vector function with ||ul||2.s.0, 8 € [0,1), where || - ||2,5.0 was
introduced in (22). On the graded meshes introduced in Section 4.2, the interpolation error can be estimated by

lu —Thullv S Al wll26.0

Proof. If a corner P is at position (¢o,00), 0o ¢ {0,7}, then the refined mesh in the neighbourhood of P
consists of isotropic triangles only. For all elements T with (pg,600) € T Lemma 4.11 is applied. By using
2—m— [ >1- 0 and (28) we obtain for m =0, 1,

1— i aJ
Y S5 3 ([R50
1+)=

~n 3 [[Reosop],,
i+j=2 ’
< hllullzer (43)

For all other elements T in the refinement zone, TN N, # (), we use Lemma 4.8, (28), and dist (T, P.) < R, for
all points of 7', and obtain for m =0, 1,

[w = Inulm,r S hr [ul2,r
~ h [dist (P, T)]° [u]2.r
< b [Rlulor
< bllwllzp.7 (44)
Let now P, be the north pole. Then for all elements T in a strip S as defined between Lemmata 4.9 and 4.10,
Lemma 4.12 is applied. By using (29) and (30) we obtain, again for m =0, 1,
[w = Thulm,s S hy g [07ulz,s
~ h [0%u)2 s
S bllwllz,p,s- (45)
For all other elements T with TN N, # () we can use Lemma 4.9, (29, 30), 9_ 1 < 1, and 9_ ¢ < 6 for all points
of T', and obtain for m = 0, 1,
[w—Tptlmr S herd—r |[sin"?0 Qiu} ‘0 o (he -7 + ho 1) | [sin™"0 0,09u] ‘QT + hor |[O5u] |0’T
Shd? g ular
S h[0Pular
S hllulllz,er. (46)

If the south pole is also a singular corner of €2, then it is treated analogously. For elements T outside a refinement
region N, we use Lemma 4.8, 4.9 or 4.10, respectively, and obtain also

[u=Tnulmr S hllwllzsr.

Combining all these estimates we obtain the desired result. O

Remark 4.15. If the mesh is not refined, hy = hin (28) and hg,r = hin (30), then one can proceed analogously.
However, we obtain in (43-46) only a local convergence order h'~? (using h < h'=F [dist (P,T)]" in (44)
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and (46)). That means that the global convergence order is

1 —maxf, = minRea, — e, ¢ > 0 arbitrary,
€ €

since B, > 1 — Re a, was assumed.
Corollary 4.16. For the discretization as described in Section 4.2 the following error estimates for the eigen-
pairs (Ao, u(Xo;-)) of (14) hold:
IAn = Ao S B Aol M,
A = X0l < B2 ol
[un = u(o;)llv < A [Aol**, @ = min{1,2/x}-

~

Proof. Using Theorems 4.13 and 4.14 and defining

Xo) = ma v *(No) = ma v
o) = omax  (lollapn, o"()i= o omax (ol
we find that
Ep = max en(v) < hao(l),
h vEW (B,Xo), |lv]lv=1 n(v) S (%)
gy = en(v) S ho*(Xo).

max
veEW (B*,Xo),||v||v=1
There exist generalized eigenelements w € W (B, \g) and w* € W (B*, \), ||w||v = [Jw*|lv = 1, such that
a(do) = lwllzpe 0% (do) = llw” ll2,5.0-

Therefore we can conclude with Lemma 3.12 that

a(Xo) S Pol% o () S Aol
and, consequently,
en < h|ol?, er S hidol?
Using Theorems 4.5-4.7, we derive the desired estimates. (|

Remark 4.17. The number \g does not depend on h and can thus be considered as a constant factor. But a
large eigenvalue \g diminishes the accuracy of its approximation.

5. NUMERICAL TESTS

In order to confirm the theoretically predicted convergence order we test our method in a case where the
eigenvalues can be obtained by a simpler method to arbitrary precision, namely we consider the circular cone

K = {(cos psinf,sin psinf,cosf) € R®: 0 < ¢ < 21,0 < 0 < £}

and isotropic material. The values of Apmin = Amin(§) are calculated for the Poisson ratio v = 0.3 in [5, 6]
for rotationally symmetric forces and in [45] for the general case. The eigenvalues satisfy a rather lengthy
transcendental equation. In the case £ = 90° the cone degenerates to the half-space and the eigenvalues are the
positive integers.
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TABLE 1. Example 1: Approximate eigenvalues «, error and convergence order for various

mesh sizes and angles.

T. APEL ET AL.

Angle (mh)~! AP error approx. order
90 8 0.9917948929 8.20511 e—03 1.94
16 0.9978589231 2.14108 e—03 2'02
32 0.9994719803 5.28020 e—04 2'02
64 0.9998693746 1.30625 e—04 2'01
128 0.9999674776 3.25224 e—05 '
exact value 1.00000000
120 8 0.5425845623 + 0.0054051649 i 5.44107 e—03 1.88
16 0.5419631338 + 0.00148069101i 1.48069 e—03 1.96
32 0.5419310513 + 0.0003796528 i 3.80792 e—04 1.80
64 0.5419564998 + 0.0001091573 1 1.09230 e—04 1'99
128 0.5419571416 + 0.00002734751 2.75516 e—05 '
exact value 0.5419604892
150 8 0.3037192732 + 0.0049080364 i 4.93810 e—03 1.64
16 0.3036384809 + 0.00151221401i 1.58161 e—03 1.96
32 0.3032978815 + 0.0003872941 i 4.06278 e—04 1'94
64 0.3032079364 + 0.00010102821 1.06218 e—04 2'02

128 0.3031821396 £ 0.0000252988 i 2.62490 e—05

exact value 0.30317514090

In the test we used a fifth order numerical integration rule with 7 points to generate the matrices. The
eigenvalue problem is solved with SHIRA, the Skew-Hamiltonian Implicitly Restarted Arnoldi method [3,38],
with the shift value 7 = 0.3 and the convergence criterion ¢ = 1072, The software was mainly written by
Uwe Reichel and Cornelia Pester with the help of David S. Watkins. It makes use of various packages like
ARPACK [29], Super-LU [12], LAPACK [1], as well as libraries of the Chemnitz SPC group for assembling
matrices, graphics, memory management and other basic tasks [16,42].

In Table 1 we display the smallest approximate eigenvalue and the error for various mesh sizes and angles
& € {90°,120°,150°}. From the results of two successive levels of refinement we compute the approximate
convergence order.

We see that the relative error is nearly independent of the angle and the approximation order is surprisingly
close to the predicted order two. The case £ = 120° is also calculated in [14] by using an adaptive finite element
method and by exploiting the symmetry in the eigensolutions. There, the approximate convergence order 2.12
was obtained for linear finite elements and 4.60 for quadratic elements.

As a second test we consider the Fichera corner. The domain can be described as the unit sphere where
one octant is missing. A representation in the parameter plane is shown in Figure 4. This problem has been
considered in the literature for isotropic material, for example in [46] for a single material and Dirichlet boundary
conditions and in [13] for a bi-material joint and Neumann boundary conditions. We use also the bi-material
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T 2T ¥ T 2T ¥
FIGURE 4. Fichera corner in the parameter plane: uniform mesh (left) and graded mesh (right).

1

0.9f ~ .

0.8 b

0.7F b

0.6 J

0.5F b

0.4f 8

0.3 b

0.2 b

0.1F 1

0 n PR | n Ll n PR |

10 3

10

FIGURE 5. Three minimal eigenvalues « for various material parameters.

joint but calculate the eigenvalues for the Dirichlet problem. The material is defined by
1
FEy =1.0for 6 < 3™

1
FEs for 6 > 3™

where Fs is varied in the interval [0.016, 64]. The three smallest eigenvalues are plotted against Fy in Figure 5.

The exact eigenvalues are not known in this case. Therefore we estimate the convergence order by calculating
with three different meshes of mesh size h, %h, and %h. By assuming A\, — A = C, A2 — A = C277 and
Anja — A = C27% we obtain the estimated convergence order z = logy[(An — Anj2)/(Anj2 — Anya)]. Table 2
shows the results for uniform meshes and meshes graded with the parameter § = 0.5. This choice of 3 should
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TABLE 2. Approximate minimum eigenvalues « for different mesh sizes and various material
parameters, for both uniform (above) and graded meshes (below).

Es 0.016 0.0625 0.025 1.0 4.0 16.0 64.0

h=m/16 0.5017 0.4920 0.4633 0.4123 0.3282 0.2880 0.2755
h=m/32 0.4957 0.4862 0.4581 0.4078 0.3223 0.2813 0.2685
h=m/64 0.4933 0.4839 0.4560 0.4059 0.3196 0.2781 0.2650
h=m/128 0.4924 0.4829 0.4551 0.4051 0.3184 0.2765 0.2633

est. order 1.3354 1.3274 1.2951 1.2396 1.1418 1.0420 1.0062

h=m/16 0.4974 0.4878 0.4598 0.4096 0.3262 0.2857 0.2729
h=m/32 0.4933 0.4838 0.4560 0.4060 0.3203 0.2788 0.2656
h=m/64 0.4922 0.4827 0.4549 0.4049 0.3183 0.2762 0.2629
h=m/128 0.4919 0.4824 0.4546 0.4046 0.3177 0.2754 0.2620

est. order 1.9343 1.9349 1.9062 1.8556 1.7092 1.6233 1.5828

be sufficient for theoretical purposes since the edge singular exponent is always larger then 0.5. As a numerical
computation has shown this limit is reached here for Fs — occ.

We see that graded meshes deliver a more accurate eigenvalue approximation when the same number of
unknowns is used. We see also that the estimated convergence order is significantly larger for graded meshes.
The optimal convergence order is not yet reached. However, we are not able to do calculations with a still
smaller mesh size.
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