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A MIXED FINITE ELEMENT METHOD
FOR A WEIGHTED ELLIPTIC PROBLEM (*)

par Marie-Noélle LE Roux (*)

Communicated by P G CIARLET

Abstract — In this paper, we study a Dirichlet's weighted problem , we give a mixed formulation
which has a umque solution and we obtain error bounds in weighted Sobolev spaces for a mixed finite
element approximation

Résumé — Cet article est consacre a l'etude d’un probléme de Dirichlet avec poids , nous donnons
une formulation mixte de ce probléme admettant une solution unique, nous obtenons ensuite des

estimations d’erreur dans des espaces de Sobolev avec poids pour une approximation par des elements
fims mixtes

I. INTRODUCTION

Let Q be a bounded domain of R? with a regular boundary I'. We consider
the Dirichlet’s problem : Find a function u defined over Q such that :

T TN
div (D ! grad u) me,} @1

u=0onT,

where D is a given function € C®(Q), positive over Q and null over I" such
that there are two constants a;, a, > 0 such that

D(x)

0<a <3

<a, for xeQsuchthatd(x,T)<a (a>0). (1.2)

This problem is occurring in oceanography ; D is the deepthness of the water,
which is null on the shore ; f 1s the vorticity and the components of the hori-

(*) Regu en juillet 1981
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244 M.-N. LE ROUX

zontal velocity 7 on the surface can be obtained from u. As a matter of fact,
we have
por
7 o

_youl
— 17"
b 0x

This kind of probleﬂ is found at each time step for vorticity method. So,
in order to calculate V', we shall use a mixed finite element method.

An outline of the paper is as follows : in section 2, we introduce a mixed
formulation of problem (1.1); in section 3, we give a formulation of the finite
element approximation. Section 4 will be devoted to the derivation of error
bounds and section 5 is devoted to the proof of a result used in section 4.

II. A MIXED FORMULATION OF PROBLEM 1.1

Introduce the space :
H! ,(Q) ={ve2'(Q)/D ¥ vel*Q); D2 grad v e(L*(Q)*} (2.1)
provided with the norm :
I olh,-120 = 1D ¥ 0 |2 + | D™ 2 grad v fagye)? . (2.2)
We have the following result (c¢f. Bolley-Camus [1]).
THEOREM 2.1 : D(Q) is dense in H!,,(Q) and the semi-norm

—_—
1/2 grad v I(LZ(Q))Z (2. 3)

[vl1,~120=1D"
is a norm over H!,,(Q ) which is equivalent to the norm | ||y _y;,q.

Then, a variational formulation of problem (1.1) is as follows : given a
function  feL},(Q) = {f€2'(Q/D’? feL*Q)}, find a function
ue HL 5(Q) such that

J D' grad u.grad v dx = J fodx forallveHL,,(Q). 2.4)
Q

Q

Clearly, from theorem 2.1, this problem is coercive in H!,,(Q) and then
it has a unique solution u € H, ,(Q).

R.A.L.R.O. Analyse numérique/Numerical Analysis



A WEIGHTED ELLIPTIC PROBLEM 245
Introduce now the space :
H},Q) ={ve2'(Q)/D **vel*Q), D "?vel*Q), |a|=1,
D2 rveL*(Q), |a|l=2} (2.5
provided with the norm :

1/2
| u ||2,1/2,n = <I Z |D_3/2+|m| v |i2(n)> (2.6)

al<2

THEOREM 2.2 : Problem (2.4) has a unique solution u which is in H{,,(Q)
if fisin L%,Z(Q); moreover, this solution satisfies :

| ull21/20 <C| D3/2f|L2(Q) (2.7)
where C is a positive constant depending only on Q.

Proof : The dual space of H.,,(Q) is given by :

o

(HL,@) = {fe@’(a)/f o+ 3 o DPheL2@),

DUf, e L2Q), DU2f,e Q) }

and the problem : given a function fe(H!,,(Q)), find ue H!,(Q) such
that :

J D-'grad ugrad v dx = < £, 0 Drr, yay. 1y 107 2ll 0 € HL, (@)
Q

has a unique solution.
Assume now that fis in L},(Q); we note

Ou

Then, we obtain
div (D! grad ¥) = div D“ﬁgraHD +—6—(Au).
0x, 0x,

Besides,
Au=D"1 graaD.gra u — Df,

vol. 16, n° 3, 1982



246 M.-N. LE ROUX

hence, we get
D*Y2 Aue L?(Q) and Bi;cl (Au)e (HL, Q) .
Similarly, we have
D 1/2< ?& D) e LX(Q)

and then

div< B&’D) e(HL Q) ;

so, we get
div(D™! raa Y)e(HL,, Q) .
Besides we have

D2 ue H*(Q)(A(DY?u)e L*(Q)) and D " ue H'(Q)

so, we get
D”Zé—a—li € L*(T), hence¥ =0onT .
X1 r
Then, we obtain
Hence, we get
_19 OF 0%u oD ou
D 1/2(—3;— = D”Za s+ D~ /2 I e L*(Q),
1 1 1
4, OF 0%u 1, 0D Ou
D 1/2&-2 = D'/? aon D2 ——= . e L(Q)
and then
2
DI/Z%GLZ(Q), R Fu_1aq),
X1 X1 0X,
2
D12 Zx‘: D12 Ay — D12 ‘;x e L2(Q)

that is u € HZ,(Q) and we get easily the estimate (2.7).

R.A.LR.O. Analyse numérique/Numerical Analysis



A WEIGHTED ELLIPTIC PROBLEM 247

To obtain a mixed formulation of problem (1.5), we introduce the space X
defined by :

X ={de(@ @)D" Fe* Q) D*divdeL}Q)} (2.8)
and provided with the norm :
1dlx=(D"q IG2@yz + | D3 div § |F20))' . (2.9)

THEOREM 2.3 : (2(Q))* is dense in X.

Proof : Let § € X. First, let us show that there exists a sequence of functions
of X, with compact support in Q that tends to §.
Let 0 be a function in C*([0, + oof) such that :

0(x) =0, 0<x<1;
0<6(x)<1, 1<x<2;
0x)=1, x=2.

We set
0,(x) = OAD(x)), AeR*, xeQ;

§(x) = 6,(x) §(x) .
Therefore, we have

l Dl/z(‘_l)x - ‘7) \(ZLZ(Q)V = j D(x) (Gx(x) - 1)2 I Z]’(x) |2 dx

Qn {(x/D(x) <2/A}

and from Lebesgue’s theorem, this term tends to O when A — + co.
Similarly, we get

w“mw%—amm=f D3(x) (6,(x) — 1)? x

QN {x/D(x)<2/A}

xmwmﬁw+jwm@ﬁwn%Wﬂ-
But, ’

grad 0,(x) = 0 for D(x)s% or D(x)>-§':,

grad 6,(x) = M'(AD(x)) grad D(x), for 1 < AD(x) < 2.

vol. 16, n° 3, 1982



248 M.-N. LE ROUX

Thus, we get
J D3(x) (graa 0,(x).4(x))? dx < CJ‘ D(x) | q(x) |* dx
Q an{x/t<p<%}
and from Lebesgue’s theorem -

m | D3 div @ — ) |z = 0.

A=+

Hence, ¢, 1s a sequence with compact support 1n Q that tends to § m X.

From the above, we can assume that g has a compact support 1n Q; then,
4 € (L*(Q))? and dv § € L*(Q) Therefore there exists a sequence of functions
4, € (2(Q))* such that

Iim (| qd-4, |(2L2(Q))2 + |dwv (§ — Zin) ll2@) =0 [7]
n—+ o

and then,

Im | 21> - ‘_1: x < C lm (| Zi - ‘-I)n |(2L2(Q))2 + [div (21) - 311) |£2(n))1/2 =0.

n—>+ o n—+ o
LEMMA 2 1 - For anyue H!,,(Q) and § € X, we have :

f (grad u.q + u.divg)dx = 0. (2.10)

This result follows immediately from theorems 2 1 and 2 3.
Now, we define a bilinear form a over (L% ,(Q))?

(L1,Q) = {ve 2'(Q/D'?vel*(Q)}

a3, ) = f D) F)-3x) dx . YA Fe(LI,@)P  (2.11)

Let us introduce the space M
M={ve2'(Q)/D *vel*Q)} (2.12)
provided with the norm

lvly =1D"3?0 |2y - (2.13)

R AIR O Analyse numerique/Numerical Analysis



A WEIGHTED ELLIPTIC PROBLEM 249

We define a bilinear form b over X x M by

b(d,v) = J‘ v.div § dx (2.14)
Q
and we consider the following problem :
Given a function f€ L3,,(Q) = M, find functions P € X, u € M such that :
Vie X,a(p,q) + b(du) =0

Yo eM,b(if,v)+qudx=0. @.15)
Q
THEOREM 2.4 : Problem (2.15) has a unique solution (B,u)e X x M;

besides, u is the solution of problem (2.4) and P is given by :

P=D 'gradu. (2.16)

Proof : From a result of Brezzi [2], the problem (2. 15) has a unique solution
if the following conditions are satisfied :

i) There is some positive constant & > 0 such that :
ad, ) = ol dly; VdeV ={deX/bGv)=0 VveM}. (2.17)
ii) There is some positive constant > 0 such that :

upMZBHvHM, YveM. (2.18)

zex 11 4 lx
Clearly, V is also defined by
V={deX/divi=0}.

Therefore, if § e V, we have

I1q 1

(a((}’, ‘-1)) 12

and hypothesis 1) is satisfied with o« = 1.
Now, if v € M, let us consider ¢ solution of the problem :
{ div (D! grad ) = D% v, over Q,
¢o=0onT.

vol. 16, n° 3, 1982



250 M.-N. LE ROUX

From theorem 2.2, ¢ € HZ,(Q) and || @ [|5,120 < C|D ™32 v | 2q .
We set,

=D 'grado.
Then,

I ‘_I)HX <o ”2,1/2,9 SCllvly
and

b@ v) =1lvlly.

Thus, hypothesis ii) is satisfied with § = 1/C.
Besides, if u is the solution of problem (2.4) and P defined by (2. 16) we get :

—divp=f

and b(P,v) = —ffvdx, YveM;
Q

Ve Xa(B, ) + b(d,u) = j (grad u.d + div .u)dx = 0

from lemma 2.1.
Therefore, (P, u) is the unique solution of problem (2. 15).

1. A MIXED FINITE ELEMENT APPROXIMATION OF PROBLEM (2.15)

In order to approximate problem (2.15), we first constructaset Q, = U K
_ KeTp
as a finite union of triangles with vertices in Q. For any K € G,, we set

WK) = diameter of K, h(K) < h,
p(K) = diameter of the inscribed sphere of K .

We assume that this triangulation is regular, that is :

sup h(K)

KeEhW(—)SO' (0'>O) (31)

We also assume that a triangle K has not three vectices on the boundary I'.

Notations
We denote :
e I', the boundary of Q,; it is clear that I', does not coincide with T,

R.A.L.R.O. Analyse numérique/Numerical Analysis



A WEIGHTED ELLIPTIC PROBLEM 251

e T, the union of the triangles of G, which have no vertices on I
e Q,= U K
Ke G

e T} is the boundary of Q;
[ a"G’,, = ‘Gh - ‘G;l

If K € 06, has two vertices on the boundary T, let us denote by K the

surface limited by the two sides of K which are in Q and the part of I' between
the two vertices of K.

Now, we define an approximation X, of X.
If K is the reference finite element with vertices (@, = (1,0), 4, = (0, 1),
s = (0, 0)), we define the space X by :

X=1{8=01,0:)/81 = 1 +0x1, 4y = By + 0X3 3 R, Ky a€P ) (3.2)

(P, is the space of the constants).
Let us denote by F

F:%— F(X)=Bx +b, Be #(R?), beR?

an affine invertible mapping such that K = F (K). To any scalar function ¢
and any vectorial function § defined over K, we associate the functions ¢
and ¢ defined over K by :

¢=¢oF!
5 (3.3)
qoF=J"'Bf, J=|detB|=2mesK.
For any K € G,, we set :
Xe={D/deX}. (3.4)

vol. 16, n° 3, 1982



252 M.-N. LE ROUX
We have the equalities :
divg, =J 'divg,, (3.5)
Guoite = I Gite, J,=J|B 'R (3.6)
where 7, denotes the outward umt vector normal to the boundary 6K of K.
Besides, for K e 86, §, can be defined over K by the same expressicn as

over K.
We note :

H(dw,Q) = {Je(L*Q)*/dvdeL*(Q)} = X
and we set
X, ={gyeH(d;Q)VKeT, §yxeXg}. (3.7)

Then, g, € X, 1if §,x € Xg, VK €B,, and satsfies :
VK, K, € By, Guk, - Bk, + njk, Nk, =0 over 0K, n 3K, [8]. (3.8)
Let M, be an approximation of the space M defined by .
M, = {v,e LA(Q)NK € G}, v,x € Py } . 3.9)
Then M, ¢ M ; but to any v, € M,, we associate 7, defined, over Q by :

VK E"Gh, ﬁth = Dslz(x)D~3/2(aK) Uth (K’ = K lfK 6“6;‘
K' = K 1fK €3G,) (3.10)

where ay 1s the barycenter of K 1f ag lies n Q, otherwise ay 1s the vertex of K
mnside Q.

Notations

We denote by : a,,, 1 = 1, 2, 3 the vertices of K ; ag, the barycenter of K
if ag lies m Q; otherwise ay 1s the vertex of K mside Q 0K the boundary of K

K, =[a,a] j#k#1 1=1,2,3

m,, the midpoint of 0K,. a,

m;
K
ms,

K
m
a, I

K

R AIR O Analyse numérique/Numerical Analysis



A WEIGHTED ELLIPTIC PROBLEM 253

To define the discrete problem, we shall use numerical integration.
Denote by a,(Bs, 4,) the bilinear form defined over X, x X, by

3
i) = T EGEL S Domy Bim)dimy) G 11)

KeGy,

(f m,, ¢ Q, we set D(m,. ) = 0), b, defined over X, x M, by -

by(dy, vy) = Y. (mes K) vy x.div Gy ¢ 3 12

Ke Ty
and f,(v,) 1s defined over M, by

flow) = 3 (mes K) v,k f(ag) (G 13)

KE'G;.

Then, the approximate problem 1s the following Find a pair (B, u,) € X, x M,
such that

Y4, € Xy, aw(By @) + bu(@y, 1) = 0
qn h h(_p’h dn) n(dn> Up) } (3 14)

Vv, € My, by(By, vy) + fiulv,) = 0

THEOREM 3 1  The approximate problem (3 14) has a umque solution
(B w) € X, x M,

Proof 1t 1s sufficient to prove the unicity of the homogeneous problem
Find a pair (B, u,) € X, x M, such that

Vg, € Xy, an(Bu> @n) + bul@yo uy) = 0 }
Vv, € M, bh(ﬁha v,) =0

Then, we get

ah(ﬁha 3h) = 0 s
and VKe®,, D(m,)pim,)=0, 1=123.

But D(m,, ) # 0 for at least two points m,_, so, we get :

IK?

P» =0 and, V§,eX,, by(Gyu)=0.

Therefore, u, = 0 (¢f Thomas [8])

vol 16, n° 3, 1982



254 M.-N. LE ROUX

IV. ERROR ESTIMATES

a) General error bounds

We provide the spaces M, and X, with the norms :

I on e, = (z (mes K') D~*(ay) (vh.x)Z)”z , @.1)
then I o0 oty = 1 Bl
= @ = (3 B S b @2 4
dw g, = (z (mes K) D(a) (dv qh.x)2>”2 @.3)
12l = A + 1 dw 3, ) (4.4)

L2 22
We note : ||y = | DY?* 4 22

LEMMA 4.1 : The mapping : G, € X, = | G, |, 1s a norm over X, and there
are two positive constants C,, C, such that

Coldlxy <1dulh < C21qlx- 4.5)
Proof : We have :
3

mes K
Gl = 3 —5— Y D) (@m,)
1=1

Ke Gy,

duxeXx and g, xeX.
So we get,

3 3
VK €Ty, 3 Dlm) (@ < I BIP <§gg D(x)) ICACHS

But, g, € X which 1s a space of finite dimension, so there is some constant
C; such that :

PN

3 «
Y (Qh('ﬁ;))z < Gl G 12y
1=1

R AIR O Analyse numerique/Numerical Analysis



A WEIGHTED ELLIPTIC PROBLEM 255

and then, by using (3.1)

(me

sK) & ,
VK € Gy, 3 ) Z,l D(m,,) (é’;.(m,,())z < Cz(flelg D(x)> [ c?;. ||(2L2(K))2 <

< C, | D'*g, &2y -
Further, we have
VK eTG,, D(m,) # 0 for atleast two points m,,
3
then VK €G,, Y. D(m,) qdz(m,) is a norm over Xx and we have :

1=1

mes K

3
3 ;1 D(m,,) (Zih(m,,())z >

N =

||B||21—1< inf D(mlx)> x
D¢ )#£0

m
3 :) 2
><< Y q%(mlx)> .
D(nl.;}¢0

Hence, we get

3

mes K :
3 Z D(m,,) (3}1(’”!1{))2 > C, D2 ‘7}. ||(2L2(K))2 , VKeT,
1=1

and we deduce (4.5).
Let us denote by :

Vi={gyeX,/divg, =0},
Vy={4,e X,/NK €T, div gy x + flag) =0} .
We may write for all §, € V,
an(Bh — G B — du) = a(B — G, Pr— @ + adw B — @) — @@ By — )

Thus, we get by using lemme 4.1

»’Z _ —>’—>
B=Bbk<C inf [u‘f—a o+ sup [0 — 0G0 5) ']} .6)

heVn Zh€Vn 'Zh‘x

In order to evaluate these terms, we need the following theorem which
shall be proved in section 5.
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THEOREM 4 1 If G, 15 a regular triangulation of Q, there 1s some positive
constant B, independent of h such that

bi(» v3)
Vu,€ M, sup Jllrl'l'—h_ll—h_>ﬁu Un l1as, @7
h lih

TheXn

Then, we have the following theorem (Thomas [8])

THEOREM 4 2 There 1s some positive constant C depending only on B and C,
such that

l a(‘_i}v Zh) - ah(‘_jh, 2'h) | +

[P — Bulx < _'mf [“ B—allx + sup

qn€ Xn ZneVn I Zl IX
b > 2~ > >
+C< su l (P—dqn> Dy) I + su lb(‘b.a On) = bi(qhs Us) | 4 8)
v e My I ok lla, vheMn | ox Iy,
+ su | Ju(on)—(f, Ty) |>:|
vh € Mp ” Up ”M;,
and,
u— byl < C\ilﬁ‘ I-))h‘X
a(d,, 2,) — a(d 2,
+ mf <15— (.],h Ik + sup | (‘_ih ) - w(dn> Zn) l) 4 9)
qneXn ZheXn H Zp ”h
~ b(Zha ) — bh(?h’ Up) l
+ mf <Hu—vh|\M+ su |
vn € Mn ?heg,. [EAR
b) Consistency error bounds
We estimate the consistency errors
a(‘?m 2h) - ah(—q)hs 2}:) b(Zh’ i)’h) - bn(zha vh)
ZheXn | Zh Il " zneXa I ?h ”h ’
b(‘-l)h, Up) — bh(qh’ Uy) ‘ Suy) = (f, B3) |
vne My I on llass, " one My | on 12,

These are the object of the next three lemmas

R AIR O Analyse numerique/Numerical Analysis



A WEIGHTED ELLIPTIC PROBLEM 257

LeEMMA 4.2 : There is a positive constant C independent of h such that

Vg, Zn € X,

. (4.10)
l a(zl)h’ ?h) - ah(&ha E;.) l < Ch| 2>h ]x(| Zl)h Ix + 1 D' div ‘7}; |L2(n))}

Proof : We set :

3
Ex(9) = j @(x)dx — ), (mesK) 21 o(my) .
K i=

KeTp

Let Q be an open set such that Q = Q and Q, = Q for any h. D is a regular
function defined over Q : then there is an extension D of D on Q such that :

Dew>*(@), [Dl20a<ClDl2wa-

We have :
(G Z) — ap(Gno Z) = KZG Ex(Dg, 2,) +
+ ) U D(x) §(x) Z4(x) dx — J D(x) gy(x) Z,(x) dx]-
Ked Gy K K

But, we have the estimate (Ciarlet [4]) :
| Ex(Dgy Z) | < CR* I D 12,00k I G 1.k | 2 2y -
Besides, 4, € X,, so, we get,
| gul1.x < C|divg, |L2k) -
Thus, we obtain :
I EK(DN‘_I);. Zh) i < Ch(l D'? ‘-1;. |(2L2(K))2 + | D2 div ‘_jh |i2(1())1/2 | D'? Zh |L2(x)

and

[ 2w 8 1 dx - j D) 3 30 dx | <

K K
< Ch| D'/? ‘7}; |L2(T() | D'/? Zh |L2(i) .
Hence, we can deduce (4.10).

vol. 16, n° 3, 1982



258 M-N LE ROUX
LEMMA 4 3 - There 1s some positive constant C independent of h such that
Vg, € X,, Vv eM,,

| b(a)h’ Up) — bh(‘_iha Up) | < Ch | vy lIa, | D2 dwv th lL2@ 4 11)

and
1/2
| b(‘_ih, 5;.)—bh(71)h’ Up) I < Ch| D32 div 21);; lL2@) ( Z (mes K) D‘S(ax) Uh|K>
KG'E;.
4 12)
Proof We set
Ex(o) = j 0(x) dx — (mes K) ¢(a)
K
Then, we have
b(é)ha ) — bh(“jm vy) = z Dﬁs/z(ax) Ex(ﬁs/z) div ZI)hIK Upx +
Ke Gy
+ Y (J D¥%(x) dx — J D3%(x) dx) dv gk vp x D (ax)
KedGy E K

Besides,

| Ex(D*?) | < Ch(mes K) || D2 ||o o x

J D3?(x)dx — j D¥*(x)dx | < Ch®|ID3? |o » &
K K

Hence, we get

K e Gy

1/2
| 6@ 5) — bu(de o) | < Ch lon ||Mh< S (mes K) D(ag) d1v? a,.m)
or

1/2
| @ ) Ba(@h 00) | < ChI D2 div &y I <Kzﬁ (mes K) D~ (ag) vﬁ.x)

LEMMA 4 4 There 1s some positive constant C independent of h such that
- — —_ >
Vv, € M, | (f0n) —fu(n) | < Ch v, ”M;.[l Dl/zf L2t D3> grad f |(L2(9))2]

@ 13)
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A WEIGHTED ELLIPTIC PROBLEM 259

Proof : We set, asin lemma 4.3,
Ex(0) = J o(x) dx — (mes K) o(ag)
K

Then, we get,
(fs B) — Sfulvw) = Z D _3/2(‘11() Ex(D 32 f) Uy +

Ke Gy
iy ( J D32(x) £(x) dx —J B32(x) £(x) dx)D-3/2(ax) O -
KedGn K K

Besides,

| EK(DMZ 5 | < Ch? | graa (D 32 h I(LZ(K))Z
and

LDW(x) f(x)dx — J D32(x) f(x)dx | < Ch"? | D' flpa, -
4 K

Hence, we deduce 4.13.

¢) Interpolation error bounds

It remains to estimate :

inf | B =G lx and inf [|u — 5, [ly-
qn e Xn vhe My

We define an interpolate p,g of § with p,q € X, as follows :

1. If Ke©,, € H (div; K), and if we also assume that ¢ € (H'(K))? we
can define the interpolate pgg of by [8] :

mGXK

4.14
Vi=123 f E{c}.ﬁid}':J 3.7 dv. “.19
K JK,

2. If K € 0%, and has two vertices a5 and a5 on T, if §e Xy such that
D3 g.#e L1(6K,) (i = 2, 3), then we define the interpolate pgg by :

Pxd € Xg K,
a,
Vi=23 j D3m.ﬂidy=J D3 q.# dy %
K, oK, aK3 (415)
J‘~D3divmdx=JD3divc})dx. a,
K K
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3 Therefore, because p,d must be n H (div, Q), the interpolate pgg of g
on a triangle K which has one vertex a; on I 1s defined by

PxdeX a, oK a,
E@HW=J 3.7 dy
LKI K o K, 0K, (4 16)

W=14'D%ﬁﬂW=J D3 7.7 dy
K, oK, a,

Thus p,q 1s 1n X, and 1s defined for any ¢ € X such that (D32 §) e (H(Q))?
We shall note

ora 3=<6q1 0q, 0q, 6q2>

THEOREM 4 3 Let the triangulation G, be regular Then, there i1s some posi-
twe constant C independent of h such that

Vge X,D'?grad g e (L*(Q))*
> —_— > >
| Dl/z(q — Puq) '(LZ(Q))z < Ch(| D'? q 2@y + | D12 graa q '(LZ(Q))“) 4 17)
VZ;E X,DY2gradq e (L*(Q)*, D32 grad (div q) e (L*(Q))?
-> —_ -> >
| D32 dwv (@ — pPua) |L2(n) < Ch(l D'/? q g2 + | D'? graa q le2@ys +
+ | D32 grad (dv @) lay:) (4 18)
Proof 1If K € G,, we have (¢f Thomas [8])
> —_— >
| DY2(q — pkq) lw2ay> < Ch|D'? graa q l(LZ(K))“
5> — >
| D32 div (g — pxq) |2y < Ch | D3? grad (dw ) |2y
Now, if K € 66, and has two vertices on I, div p,4 1s the orthogonal pro-
jection of div § on the space of constants with respect to the scalar product
(D32, D3?) and then we get
| D32 dwv (§ — Pxd) |r2x) < Ch | D*? graa (v @) |2y

Besides, there 1s a positive constant C mdependent of K such that

>
| D2 m lea®y: < o D' g lL2®) + | D32 graa q |(L2(I?))4)
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Then, we get
| DV(q — el |2y < € inf | DY2(F — @) |y <

@e (po)?

< Ch|D'Y?grad g lwa®ye -

It remains to estimate | D'/*(§ — Pgd) |22 and | D¥* div (§ — Pxd) |L2u)
when K has one ver_tcz( a, on I
Let us denote by pgg the function of X defined as follows

==

Pxq-1, = Pxq-m,, i=23;

R N 4.19)
D3 divpgqdx = | D >divqgdx.
K K

Hence, we get
:—)
| Dl/z(q) - Pkq) |(L2(K))2 < Ch| D'? grad Zj |(L2(K))2 s

| D32 div (§ q) |2y < Ch | D2 grad (div §) |L2x)-

Further, we have :

N—}
| Dm(m — Pxq) ‘(LZ(K))Z Ch?? | Pkd PK‘I-'_{1 [

—_—

| D32 div (T)?q’ qu |L2(K) < Ch¥2 | PK(I-;{1 - FNJK‘I-’_IH .

We have the equality :

— . = — —
J D3(Pxq.Hy — Ppxq.1y) dy = j (D* div pxq + grad D*.pgq) dx —
oK, K

N—)
- J D3 pyq.ndy — J D3 ped ity dy
0Kz v 0K3 0Ky

and from (4.16) and (4.19), we get

j D3(xq-#y — Pxd-Ay) dy = J grad D>(Pq — ) dx +
0K,

+ f D3(§ — Pxd)-Hy dy .
oKy
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Hence, we deduce
T—) _ T—) _
| Pxq-Hy — Pxd-fy | < C(h™*2 1§ — Peq Ix + h™Y* | 4.7y — Pxd-y luaky)-
Thus, we get
y —
14— Pxd Iy < C(h | DV grad @y + 1187, = el luzan,)
. —
| D3/2 le (ZI) — m) 'LZ(K) < Ch[‘ D1/2 grad 3‘(1)(1())4 +
—_— .
+ | D2 grad (div §) |y + 1 4.7 — Pdoly liaey]
and, finally,
(>
| D@ ~ D) e < Ch(I DV grad § |z + |87 = Pd7E 1o, ) -
' 1y ——
| D*2 div (§ — Pud) |r2y < Ch(I D''? grad q | 2@y +
+ | D¥2 grad (div §) l(LZ(Q))Z +q.7 = m.mu(rm).
Further, we have [5]

- 1/
|ZI>?1 - m-ﬁiu(rh) < Ch'? I g HH‘/z(r,,) < Ch'’? i 3”1{1(9,1)‘

Then, we deduce (4.17) and (4.18).

Now we consider the M,-interpolation operator m,.

Given a function v € M, the M,-interpolant m, v is the unique function
which satisfies :

n, v E M, )

J v dx (4.20)

VKeT,mvlxg =mgv =

mes K

VK € 06, tg v = 0.

THEOREM 4.4 : Let the triangulation G, be regular. Then, there is some
positive constant C independent of h such that :

Yo HL, (@), | 0= vy < CLAID™*? vl +1 D7 grad v |uag, I+
+107 2 grad v lagay ) - (@4:21)
Proof : If K € G}, we get
| D732 — #xv) |Lay = | D72 v — D7(a) g |1,
and then,
| D732 (v — #igv) |2y < Ch(| D32 Eaa 0 lLag) + D727 v i)
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Now, we assume that K € 0G,
Then, we have the estimate (¢f Bolley-Camus [1])

_ _ —_—
ID™32 v |2k < C|D 12 grad v |L2®)
(where C 1s a constant mndependent of K)
Then we deduce (4 21)
d) Error estimates

THEOREM 4 5 Assume that the solution (P, u) of (2 15) satisfies the smooth-
ness properties

D'2grad pe (LXQ))*, D *?(Log R/D) ' grad u e (L*(Q)? } 4 22)
D 5*(Log R/D) ' ue L*(Q)

xecQ
Then, we have the estimates

with R > max (max D(x), ez>

—_
| B — ﬁh Ix < Ch| Plx + | DY? grad i l2@)s + | DY f L@ +
P
+ | D¥? grad f |12y (4 23)
—_
lu— il < C{h(Plx +|D"*grad Z;I(LZ(Q))“ +
) . _— _
+h Log h(| D™3*?(Log R/D)~ " grad u | 122+ D **(Log R/D)™" u|L2q) }
(4 24)

Proof 1In the estimate (4 8), we choose ¢, = p, P, then by using lemmas
42 43 44 we get

|B=PBulx < | B=Pub llx+C { h(| PuD |x +1D'? d1V Py |20) +
+| D2 div (F—Pab) 2@ +h(I D' f |2+ D2 graa I lae@y2) }
Then, trom theorem (4 3), we deduce (4 23)
In the estimate (4 9), we choose v, = m, u, then, we get

| u—, M <C {lp-ﬁh x +1 l—;“m ‘x+h(|m |x+|D1/2 dlvm |L2(Q))+

Tl u—ftyu ||M+h( Y (mes K) D~3(a) (nx u)z)”z }

K e Ty
and by using theorem (4 4), we obtain (4 24)
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_
Remark : If we assume that DV/2 p e (LX(Q))2. D'/?grad p e (L*(Q))*, then,
we have the estimate (Bolley-Camus [1])

_

’ D_I/Z(Log R/D)ﬁ1 3 ’(Lz(g))z < C | Dl/2 grad 3 |(L2(Q))4 .
that is
N
| D~2(Log R/D)™" grad u |y < C| D' grad B |Laye -

Similarly, we have

&y _ _ _ —_—
| D75"%(Log R/D)™* u |12y < C | D™ ¥*(Log R/D)™" grad u |12y -

V. PROOF OF THEOREM 4.1
Before proving theorem 4.1, we need several results.
Notations. We define the spaces Sk, #,, ), by :
Sk = {pneL*(0K)/ulx, Py, i=1273}

/ﬂh={uh€ I1 Lz(aK)/HMeKESK; VK1, K; € Ty, Wy k, + Pk, =0

K e Gy

over K;n K, }

Hy = { ¢p€ L (Q)/VK €T, @y € Py } .

If ¥ is a function of [[ L?*(9K), let us denote by s, ¥ the function such
K € G

that s, W e || L*(0K) and s, ¥ |, is the projection of ¥ onto P,,.
Ke®y,

LEMMA 5.1 : There exists a constant C > 0 independent of h such that

Vo,e#,, Y¥eH (Q),

KeTn KeTy

_ 12 5.1
Y Dia) j 0¥ =5 ¥) dy | < Ch< Y D ag) | o Iizm> -
oK
(l D3/2 \{/ |i2(9h) + I D3/2 graa q’ |iz(ﬂh))1/2 .
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Proof : Let ¢, € #, and ¥ € H'(Q};); then we have the equality
j o 5y = [ (- s0)¥ - 50y
0K oK

and then

S Day) j on(¥ — 5, ¥) dy

KeTGy
<C Z D(ag) | @4 — Sn On |20k | Y — 80 ¥ |r20k)
KeTGpn
1/2 s s 1/2
< C( z D™ Yag) | Pp— S Py |12,2(ax)> < z D>(ag) | ¥ — s, ¥ |L2(ax)> .
KeTn KeTn

Besides, we have the estimate [5]
|Y — 5 ¥ |L2(6K) < Ch'/? | ¥ ”Hi/z(ax) < Ch'? | ¥ ||H1(K)

hence, we get

1/2
( Y D(ag) |¥ — 5 ¥ |i2(ax)> <

KeTn

1/2
< Ch1/2(| HEER Y |22(Qh) + | D372 graa b4 |%2(Qh)> .
Further, we have
| @4 — S5 @n |2y < Ch| grad @y, |20k, < Ch'/? | graa On lL2x)

and then

1/2
< Y. D™ Yag) | ®n — Sn Pn |£2(ax)> <

KeGy

12
< Ch+1/2< Y D '(a)|grad g, |£2(K)) :

KeTn

So, we obtain 5.1.
THEOREM 5.1 : Let @, be a function in #, such that :

Yu, € M, Z D(ax) Gnipdy =0. (5.2)

Ke Ty oK
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Then, there is some positive constant C such that :

Y D ()| o |£z(x)<6<xz D(ay) | Tad o, |izm>. 5.3)

KeTp € Bn

Proof : Let g, € #, satisfying (5.2) and consider the problem. Find
ue HL,,(Q) such that :

div (D! gra u)=5‘2(ph,} 5.4)

ulp =0

where D is the function defined over Q by :

BlK = D(ax) .

The solution of (6.4) is in H{,,(Q) and we have the estimate :

KeTp

_ 1/2
lullzi20 < Cl D2 D™ g, lL2@) < C< Z D™ Y(ag) | @, |12,2(K)> . (5.5)

Then, we may write :

T D 'aQ) | on b = 3 Jdiv (D~ grad u) D(ag) o, dx +
K

Ke®p Ke TGy

+ z D™ Y(ax) | ¢, IIZJ(K) .
KedGy

From (5.2), the function D, is continue in the midpoints of each side K
and it is null in the midpoint of a side of the boundary I, ; then, we get easily

_ _ —_—
Z D~ Yak) | @4 le(ax) <C z h* D~ '(ak) | grad o, |12‘2(K) <

Ke dGh KedTp

——
<C zﬁ D(ag) | grad @, lzl(x) .
Ked Ty

Besides, by using Green’s formula over each K € T;, we obtain :

Y J div (D! grad u) D(ag) ¢, dx =
K

Ke G

= — 2 ‘[D(ax)D_l_gr?iu.ﬁ(phdx_p Z f D(aK)D_la—ud’Y_
K oK

. on
K< KeT
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Further, we have

<
KeTh

Y J D(aK)D_IMuﬁ¢hdx

1/2
< C< z D(aK) | graa (ph |£2(K)> I D - 1/2 gl‘ad u |(L2(ﬂ))2

Ke Gy

and from (5.5), we get

<

Y J D(aK)D_lﬁiué?ga(phdx

KeGh

1/2 1/2
C< Z D(ag) | graa Py |%,2(K)> ( Z D _l(ax) | |12,2(K)> .

KeTy Ke TGy

Consider now the term

0
Y j D(ax) D la—l;whdv-

Ke T

We have

= Y =—n, (n, are the components of 71) .

We note

Y, (x) = D‘l(x)%:-(x), 1=1,2.

We may write

Y J D(ax)D”‘g opdy = ), ZD(aK)J ¥, @pn dy =
K oK

KeBh |, KeTh1t

Z Z \[ D(aK) (Ph(\Pl - Sh ‘{’l) n, dy +
K

KE"G;. 1=

+ ) Z J‘ D(ag) s ¥, @ i dy
oK

KE'G;‘ 1=
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and from lemma 5.1,

2
KZG Z f D(ag) ¢u(¥, — s, ¥))n, dy | <
€Bpr1=1

172
< C( Y. Dlag) | graa O |%2(K))

KeTBpn

Mo

X
1

(| D3? ¥, |%2(n,.) + | D3? grag ¥, |22(nh))1/2

1

Then, by using (5 5) we get

_, 0u 1/2
Y J‘ D(ax) D! 7 On dy| < C( Y. D(ay)| graa Pp IEZ(K)> x
oK

KeGn KeGn

1/2
( Z D~ (aK | 5 ILZ(K)>
Ke Ty
Now, we estimate

Z z J D(ax) s, ¥, n, @, dy
KeGp 1=1 K
Using hypothesis (5 2), we may write
2 2

z Z J D(ag) s, ¥, n, @, dy = Z Z J‘ D(ag) s, ¥, n, @, dy
oK ThroK

KeBn, 1=1 KedBp1=1

and therefore,

2 1/2
KZG 21 J D(ag) s, ¥, n, @y dy ‘ < < Z D _l(ax) | © lfz.l(ax)> X
€Br 1=1 Jog

Ked By,

2 " 1/2
X ( Z Z D> (ag) | sy ¥, lLZ(aKnrh)> .

Keo®Bp1=1

But,

1/2
< Y, D3ax)|s ¥, |12,2(aKnrh)> <

KedBn

P 1 2 1/2
< Ch2 {| D32, 2aq, + | D*? grad ¥, |2, }/

1/2
< cW( Y D Yag) | o, |%zm>

KeGp
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and
1/2 1/2

( Y D™ Yax) | @4 |12,2(ax)> SCh‘”Z( > D(ax) | grad o, |(2LZ(K))2) .

Ked®Bn KedTBy,

Then

1/2
Z Z J D(ag) s, ¥in; @y le < C< Z D~ Hag) | @ ILZ(K)> X
KeBn 1=1 Jsk KeTn

KedBp

1/2
X< Y Diay)|grad o, Ifz(x)> .

Thus, we obtain (5. 3).
Let us provide the space .#, with the norm :

1/2
(Il v Ml = ( Z hg D(ag) || I|f2(ax)>

KeTGy
and the space #, with the norm :

(Il ¥y ”[.#;, = Z (D _3(01() [ ¥y |12,2(K) + D —l(aK) | graa) ¥, |(2L2(K))2)1/2 .

Ke®hn

LEMMA 5.2 : We have the estimate

KeT®
Ve, Nl < C sup —pgm—— . (5.6
h

Yye fn

Z J ¥y, dy
oK

Proof : Let us denote by :

W, =W¥oF, f=J,meF (J,.=JIB“?1'I)-

Then,
J‘ Wy dy = J‘AlPhahd?
oK oK
and the mapping
Wi dd
b o T ¥ Ty
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is a norm over Sg ; then, there is a positive constant C such that
f EANC

oK

1w laegery < € sup == '
h 1| L2(3K) P, ePy H lPh ”H‘(IZ)

Besides, we have [6]

b 2o < Ch™ 12 || [, 2ok

and

R C -
(I 2% ”Hl(f() = 7 (” ¥, HIZ.Z(K) + h? | grad ¥, |(2L2(K))2)1/2

Then, we get
- _ _
| ¥y Iy = CDY2(ag) (D~ *(ak) | Wi 2y + D~ '(ag) | grad P, 2 2) 2

Hence, we deduce

| Wi lL2oxy < Ch™ Y2 D ™12 (ag) x

j Wy dy
oK
X sup

_ _ — :
Fneh (D 3(“1{) | ¥, |£2(K) + D I(ax) | grad ¥, I(ZLz(K))z)I/Z

But, since the space #, is isomorphic to the space []| P,(K), the local
KETJ’;«.
estimate implies the global estimate.

LEMMA 5.3 : There is a linear operator ¢, from L*(Q,) into My, such that if
Wy = Oy v

\'/Ke‘l‘;’,,f u,,dy=J vdx (5.7
oK K
and
1/2
Il b Ml < C< Z_G D3(ax)|vlf2ao> . (5.8)
K e TGy

Proof : Let us consider the problem : given v € L*((,), find a pair

(Pr Wp) €AY X My,
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such that

vth € ”h’ Z J‘ graa (ph graa ‘.Ph dx - Z J‘ ‘I’h ”’h dy =
Ke®r Jx 0K

Ke By

271

=- 3 JvThdx (5.9)

KeTGy

Vih € My D, D(ax)j e dy = 0.
KeTBp K

This problem has a unique solution (Thomas [8]).
Besides, from lemma 5.2, we have

Z J ¥y dy
aK

Ke Ty

<C su
Il ba Il < Whel;fh

Il e,
and
Y J‘ Woppdy = Y Jgraa(phgrad‘l‘hdx— Y jv‘l’hdx.
Ke®Gn Jog KeTn Jx KeTn Jg

Then, we obtain

12 12
s llle < ( Y. Dlag)| gaa () |I%2(K)> + ( Z D3(ag) | v ﬁmo) .

Ke®n KeTy

Now, if in (5.9), we choose ¥), = Bcp,,, we obtain

Ke Ty Ke Gy

Z D(ag) | g—rai On |%,2(K) = - Z f D(ag) v@y, dx <
K

1/2 1/2
< < Y. D3ag)|v |fz(K)> (KZ D™ Yak) | o5 |12,2(K)>

KeTy €TBn

and, then from lemma 5. 1, we get

Z D(ag) lgraa Pn |12,2(K) <C Z D3(ag) | v 'I%Z(K) .

KeIn KeGy

Finally, we obtain (5.8).
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LEMMA 5.4 : There is a linear operator 6, from M, into X, such that if
0, 1_’);. = Zl)h

div g, = v, (5.10)
and
I G llls < sz;; (mes K) D*(a) (vnx)” - (5.11)

Proof : Let v, be in M, ; we note
Hr = &y 0p -
Then, there 1s g, 1n X, such that [8]

{ ‘_jh-ﬁx = Wy

divg, =v,.

Besides

mes K
)

| zih Ih = ; D(m,) ‘Ih(m ))2

KE'G).

3ux) = J 71 BGu(®).

Hence, we get

mes K D(ag)
@i <C Y —— 7 LIdAP

1=1

, mes K
S C Z 3 D(aK) Z |q)h‘;l)t |2'

Thus, we obtain

1 G ln < C Il s Illn
and from lemma 5.3, we deduce

Mg lll, < C Z (mes K) D>(ax) (Uhu()

KE;.

Proof of theorem 4.1 : Let v, be in M, ; we note

Wh = -3 Uh (i‘e. Wth = D _3(aK) vth)
>
Qh = eh Wh .
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Then,
bh(‘?m vy) = KZG (mes K) Unk div Zl)h = KZG (mes K) D _3(41() (Uh|K)2
= | vx I3, -

Further, we have

If Zl)h lln < C KZG D3(aK) (Wh|x)2 = | v, ||12u,.

Thus, we obtain

bh(zjha Up) >

——— 2 Cl vy,
I i lln
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