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MAXIMUM NORM ERROR ESTIMATES
IN THE FINITE ELEMENT METHOD
WITH ISOPARAMETRIC QUADRATIC ELEMENTS
AND NUMERICAL INTEGRATION (*) (')

par L. B. WAHLBIN (%)

Communiqué par V. THOMEE

Abstract. — We consider a second order real elliptic Dirichlet problem in a bounded plane
smooth domain, Lu = fin Q o= R?, u =0 on Q. For its numerical solution we employ
the finite element method with quadratic triangular isoparametric elements combined with
a numerical integration procedure involving function values at three nodal points in each element.

We prove that if f has third order derivatives in L, and if the sequence of finite’element parti-
tions is quasi-uniform with the maximum diameter of any element for a certain partition being
essentially h, then with u, denoting the approximate solution we have

ma:;]u(x) —u ()| s G| fllwi

Here ¢ is an arbitrarily small positive number, and C, does not depend on h or f.

1. THE NUMERICAL PROCEDURE AND THE MAIN RESULT

In this section we shall present the problem which we want to solve, define
precisely our method for finding an approximate solution, and state our error
estimates (in Theorem 1.1). After giving some references to related work
we proceed to prove Theorem 1.1 using certain auxiliary results which will be
verified in the remaining sections of the paper.

The following conventions will be used throughout this paper. The letter C
will denote a generic constant, and ¢ will be used for an arbitrarily small
positive number, often subject to a non-essential change. Generic constants C
may depend on & without explicit mention.

(*) Manuscrit regu le 21 avril 1977.
(*) Supported in part by the National Science Foundation, U.S.A.
(?) Department of Mathematics, White Hall, Cornell University, Ithaca, U.S.A.
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174 L. B. WAHLBIN

Let Q cc R? be a bounded domain with boundary dQ of class %>, and
consider the Dirichlet problem

2 9 ou 2 ou
Lu=- —(a;;x)— |+ 2 bi(x) —+c(x)u=f in Q,
i,jzil 6xi( i )5xj) i§1 ( )6xi () / (1.1)

u=0 on 0Q.

Here it is assumed that the real coefficients a;;, b; and ¢ belong to € (Q),
and that the symmetric matrix function { a;; (x) } is uniformly positive definite.
We remark that the smoothness of the coefficients will be used mainly in
estimates for the numerical quadrature; for various regularity results needed
for solutions of (1.1) or its adjoint, less smoothness suffices. We postulate

that the problem (1.1) has a unique weak solution in Vf’zl (Q) for any f in
L, (Q). Here W: (Q) for k = 0 an integer and 1 < p < oo stands for the
closure of €3 (Q) in W% (Q), the Sobolev space with norm

> Do)}, @)'"  for 1= p<oo,

fal=k

max || D*v||., @  for p=oo.
o<k

HUHW's(n) =

For p = oo we shall also use non-integral k; Wk (Q) = ¢*(Q) is then the
appropriate Holder space.

We shall now describe the numerical solution of the problem (1.1) using
the finite element method with isoparametric quadratic elements and a second
order accurate numerical integration scheme.

We follow the work of Ciarlet [5], and Ciarlet-Raviart [6, 7, 8].

We consider a sequence of finite element partitions associated with Q.
Let N = Ny, Ny+1, ..., (or a subsequence thereof) and let

h=N"12,

In a preliminary way, let points on dQ and in Q be given, inducing a certain
straight-edged triangulation of a domain close to Q (fig. 1). Each triangle

Figure 1.

R.A.LR.O. Analyse numérique/Numerical Analysis



FINITE ELEMENTS AND NUMERICAL INTEGRATION 175

t~,,, n =1, ..., N, can be thought of as the image under an affine map of the
two-simplex ¢ with vertices g, = (0, 0), g, = (1, 0), and G5 = (0, 1). We shall
refer to £ as the reference element. Assume that the sequence of triangulations
{{#,}¥}2 is quasi-uniform, i. e., if §, = diam (7,) and &, = max { diameter
of inscribed circles of ;,, }, then there exist constants ¢; > 0, i = 1, 2, 3 inde-
pendent of r» and N such that for any N,

¢ h<p,£¢6,2¢c;h for n=1,...,N. (1.2)

For large N, no triangle has more than two vertices on 0Q. If t~,, does have
two vertices on the boundary, we modify it in the following way in order
to obtain a better approximation to 0Q. Let ¢, q,, and g5 be the vertices

of t~,,, with ¢y, g, € 0Q. Denote by gq,3 and ¢,; the midpoints of the segments

[41> 95] and [g3, g5], respectively, and by g, the midpoint of [gy, ¢,]-
Let g4, be the (closest) point of intersection between 0Q and the normal

to [41, 9,] through 412, (cf. fig. 2).

%

%3
Figure 2.

Introduce g;;, 1 <i<j<3 as the midpoint of the segments [7;, g,]
of the reference element #, and let
F(n)=(F15F2): ;—*RZ:
be the map with Fj, I = 1, 2, quadratic polynomial functions of the coordinates
%, %, of 7, and such that
F(n)(ai)=qi 1Sig3,

F(n)(aij)zqij 15i<j<L3.
Set
t, = F,) (0).

vol. 12, n° 2, 1978 6



176 L. B. WAHLBIN

The notation above is extended in the obvious way to the unaltered triangles;
then ¢, = t~,,, and F, is affine. When no ambiguity is possible, we shall often
write ¢ for ¢, and F for F,.

Since the sequence of triangulations { {7, }V }@ is quasi-uniform, the
maps F,, are uniquely determined and invertible if # is small enough
(see [5, 7, 8]), and if ¢;, p, and o, have the same meaning as ¢;, p, and G, in (1.2)
but relative to ¢,, then

cith=p,=c;0,=c3h (1.2)

We set
N

Q, = closure (z,),

1

and note that since 0Q is of class %3, we may assume that

max dist(x, Q) = O(h®) as h— 0. (1.3)

x e oQp
In general, neither is Q, included in Q, nor Q included in Q,.
We next define the sequence of spaces of approximating functions, { S" }.
Let first S* consist of all functions ¥ on Q, such that
XEC (), %, = PoFuy,

where P is a quadratic polynomial on the reference element 7. We note,
[S, 6,7, 8] that y is determined in each element 7, by its values at the six
points ¢;, q;;- We set now

S"={xeS":xjsu, =0}

Whenever necessary, functions in S* will be extended by zero to larger
domains.
In order to solve the problem (1.1) numerically, consider first its weak

formulation: Find u e I/fle (©) such that

Bo(u, v) = Q{ ‘Z Ou v (ib——-i—cu)u}dx

i,j=1 ”a ax i=1  0x;
=, v)nzf fodx for all ve WE(Q). (1.4)
Q

Roughly speaking, to obtain an approximate computable problem, we replace

here Q by Q, and W, (Q) by S In general we must use numerical integration
to evaluate the integrals involved. We proceed now to describe the method
of approximate quadrature.

R.A.LR.O. Analyse numérique/Numerical Analysis



FINITE ELEMENTS AND NUMERICAL INTEGRATION 177

~

Consider first an integral J g () dx over the reference element. For this,
14

let

1G.8) = ; ICH

1<i<j<3

be an approximation using the values of the function only at the three
midpoints of the sides. We then have

1G, ﬁ):ﬁﬁ(fc)d; (1.5)

for P a quadratic polynomial.
Now, for ¢ an arbitrary element,

f g(x)dx = fhgw &) IR d3,

where
JF(£)=det{iF,.(§c)}.
0x;
We put
~ 1 ~
I(t,g)=I(t,g(F(.)Jr(.)) =~ Z 2(q:) Jr(q:))-
615i<js3
Let
N 2 2 ~
BRw,wy= Y I{t, Y a,-jgv— a_w+ Zbio—v—+cv w (1.6)
n=1 i,j=1 ~ 0x; 0x; =1 0x;
and

N
(f’ w)gg = =Zl I(tm fw)' (17)

i

Note that even if Q, ¢ Q, in order to evaluate the terms in (1.6) and (1.7)
it suffices to have the coefficients of L and the functions f, v and w defined

on QN ﬁ,,. Thus, no extension of the coefficients or of the functions will be
necessary in the numerical work.

The sequence of approximations u,e §h to the solution u of the
problem (1.1), or (1.4), is given by the requirement that

BG) (uy, 1) = (fs )G, for all xeSo", (1.8)
Our main result can nowbe stated as follows.

vol. 12, n°® 2, 1978



178 L. B. WAHLBIN

THEOREM 1.1: Assume that 0Q is of class 6>, that the coefficients of the
operator L belong to €° (Q), and that { a;; (x) } is uniformly positive definite.
Assume furthermore that the problem (1.4) has a unique solution for every f
in L, (Q). Let the sequence of partitions { { t, }} }% be quasi-uniform and
satisfy (1.3).

Then, given any € > O there exists a constant C = C, such that if h is suffi-
ciently small, then for any fe W3 (Q), u, is uniquely determined by (1.8) and

lu=u|lz, @ = CR*|| £ |lws @ 1.9

Here u,, is taken as zero outside of Q.

We note that for fe W7 (Q), it follows from Sobolev’s inequalities and
regularity results for (1.1) (¢f. Section 2) that ue‘g3"(ﬁ). Furthermore,
essentially no more smoothness in the maximum norm can be guaranteed
for u, so that the estimate (1.9) is in a certain sense sharp.

Error estimates in the L, and W) norms for the problem (1.1) (with
b; = ¢ = 0), and also other classes of isoparametric elements and integration
methods, were given in Ciarlet and Raviart [8], and, in the case of W}
estimates, in sharper form in Ciarlet [5]. For maximum norm estimates
in the case when the upcoming integrals are assumed to be evaluated exactly,
¢f. Nitsche [12], Schatz and Wahlbin [15, 16] and Scott [17], and references
given there.

In the case of piecewise linear functions combined with the midpoint rule
for numerical integration, an error estimate of the form

=t ]|w @ < CH27°|| £ [Iw2 @ (1.10)

can be inferred from the work of Nitsche [12] and Fix [9]. In [12] it is shown
that an estimate C h* In 1/k || u ||, holds for the error in the approximation %,
sscalculated’” without use of numerical integration. The result of [9] is that
| %—u ||t £ CH* || f|lwz and (1.10) easily obtains. The techniques of
the present paper would give the somewhat sharper error estimate C 2> ¢ || £ ||w2
for the piecewise linear case with the midpoint rule.

In our quadratic situation, the estimates in W, of [5] would only give
an O (h®°) estimate in the maximum norm.

Theorem 1.1 can readily be extended to the case of cubic isoparametric
simplicial elements, using then an integration method which is exact for
quartics on the reference element (cf. [5, 8]). The resuit is that under appro-
priate smoothness assumptions,

lu—unllz, @ = CH**{| £ |lwt

R.A.L.R.O. Analyse numérique/Numerical Analysis



FINITE ELEMENTS AND NUMERICAL INTEGRATION 179

We shall now give the proof of Theorem 1.1. For this purpose we need
to modify a number of results from [5, 6, 7, 8 and 15, 16] to fit the present
situation. In connection with maximum norm estimates, new difficulties
arise from the numerical integration, and from the ¢“boundary layer”’
(N Q) U (AN Q). In the proof immediately below, only the relevant final
modifications will be quoted — their proofs will occupy the remaining sections
of the paper.

Proof of Theorem 1.1: Note that if we can establish (1.9) for any u, satis-
fying (1.8), then unique solvability of (1.8) follows from the alternative
theorem of linear algebra, and the uniqueness in the continuous problem.

We shall first shift our point of view slightly and consider », as an appro-
Ximation to a function u (%) defined on a domain Q (%) containing Q.
Although u (k), as indicated, will depend on £, its dependence will be “uniform’”
for all our purposes, and having Q, = Q (#) will be convenient.

Let ¢, be such that

max dist (x, 6Q) < ¢, h>,
anQh

¢f. (1.3), and let
Q(h) = {x :dist(x, Q) < c, h*}. (1.11)

It will be shown in Lemma 2.1 that if the coefficients of L are extended to
the outside of Q (continuously in W;‘ norms) then for 4, > 0 small enough,
for A < hy the problem

Lv=g 1 Q(h),

v=0 on aQ(h), (1.12)

has a unique solution » = v (%) for any g € L, (Q (4)). Let now f be as in (1.1),
and extend it continuously in W;‘ norms to the outside of Q. Let u (%) be the
solution of (1.12) with g = f. Then Lemma 2.1 also shows that

Hu—u(h)lln.,,m)éCha((fllwm- (1.13)

We note that dQ (k) is of class ¥* with the third derivatives of functions
occuring in local chart representations of the boundary being uniformly
bounded. The modulus of ellipticity for the extended operator L is uniformly
positive for A small, and the ' norms of the coefficients are uniformly
bounded. It follows that the constants occuring in @ priori estimates involving
up to third order derivatives, and in Sobolev inequalities, are uniformly
bounded.

The domains ©, which were based on the original domain Q are unchanged,
and what were previously the boundary nodes are now not necessarily on
0Q (k). Figure 3 depicts the general perturbed situation.

vol, 12, n° 2, 1978



180 L. B. WAHLBIN

951(h)
~
O(hBK—\ \/J_Q,’

Figure 3.

It remains, by (1.13), to estimate u (h)—u,. Let first %, € S* be such that
Bo, (s, X) = (fs Xy, = Ba, u(h), x)  for yxeS" (1.14)

here the forms do not involve numerical integration. That %, is uniquely
determined will follow from Lemma 5.3 (applied with L* replaced by L).
In Lemma 6.1 we shall show that

lu® = |z, @an = CH || f lw2 @ (1.15)

The proof of (1.15) consists to a large extent in modifying arguments
from [15]. The major novelty is to take into consideration the “boundary
layer” Q (AH)\L;. In particular, Lemma 5.9 is crucial in this context.
Following [16], certain simplifications of the proof in [15] are used, see
in particular the proof of Lemma 5.7. These simplifications depend on the
fact that our problem is two-dimensional and that we are content with a
loss of € in the rate of convergence in (1.15). We make essential use of the
basic properties of S* given in [5, 6, 7, 8].

For our present purposes, an important by-product of the proof of (1.15)
is the following result, Lemma 5.8: Let v be supported in an element ¢, which

we recall has diameter less than or equal c3 4. Let |, € Sh satisfy

Bo, (> Vw) = (1, v)  for xeS" (1.16)

This problem has a unique solution for % sufficiently small, ¢f. Lemma 5.3,
and we have

HVallee @n+ 11V llwt @+ || Ve |37 @0 < CR 8|0l (117

Here
N i/p
lolan=(Z ollse)  for 12p<w a9

with the obvious modification for p = oo. Let us remark that it is the esti-
mation of the last term on the left of (1.17) that will be most troublesome.

R.A.LLR.O. Analyse numérique/Numerical Analysis



FINITE ELEMENTS AND NUMERICAL INTEGRATION 181

By (1.15) we are now left with bounding %, —u,. Let x, € t,, be such that
i(':h—”h)(xo” = ”;‘h_uh”Lw (Qn)*
By an inverse property, (3.11), we have
s =unllee @m < CH™* {lun—ta]lza > (1.19)
To estimate the right hand side here we shall employ a duality argument,

“ Up—uy ||L1 (tno) = sup (uh— Up, U). (1 .20)
o1y () =1
veby (tno)

For each fixed such v, let \llheée" satisfy (1.16). Note that we base the
duality argument on use of the form B not involving numerical integration.

We now come to a crucial point in our argument, (1.21) below. Using (1.14)
and (1.8) we obtain

(ah ~uy, V) = By, (;h —up, Vp)
=(f \l’h)n,.—Bn,, (uns V)
= (1, U)o, +(BS) — Ba,) (u Vi) — (> ¥i)on-

Writing u, = (u,—,)+u, in the right hand side we thus have

(uy—uy, v) = {(B®) — Bg,) (u,—u,, ¥,) }
+ { (B(h) —Bn,.) (1;;,, \lfh) }
+{(]: Vo, — (S \l’h)(h) =1, +1,+1,. (r.21)

The reason for this last step is, loosely speaking, that we know much more
about the properties of #, than about u,. The term I, will be handled via a
“kick-back’ argument.

Using (1.5) and the Bramble-Hilbert lemma, and mapping back and forth
to the reference element, relying on the results of [5, 6, 7, 8] we establish
in Lemma 4.1 that for v,, w, € §h,

| BG) (v wi)—Ba, (0 wi) | < C1? || 04][Ws, | wallPh @ (1.22)
|(f, wn —(fs wia, | < CH* 7| f |lwi o)
x {||wale,, (nh)+|iwh“Wi(nu)+”wh”(vﬁ)%mn)}' (1.23)

As we shall now show, these results enable us to estimate I, I, and I in (1.21).

vol. 12, n° 2, 1978



182 L. B. WAHLBIN

For I, we obtain, employing (1.22), the inverse property (3.10), and (1.17),

11| £ CR || —un |7 o 1] Un 1155 e
S CR R |uy—~uy ||, @) CH' ™"

s Ch2_£”;h‘”h“L,, (@) {1.24)
To estimate I,, we first note that
14 [ @0 = Ch7 || £ {lwi (1.25)

This follows from (1.15), see Lemma 6.2 for the additional details.
From (1.22), (1.17) and (1.25) we get

| L2 = CF {37 am | ¥ |17% o
SCRR|| fllwy@Ch'™
S CR*7%|| f |lws - (1.26)
Finally, (1.23) and (1.17) give

| 3] < CR7 | 1wz @ L] Wa |z o+ 1] W lliws o+ 1] W wﬂnh)
S Ch7%|| fllw: o (1.27)

Inserting the estimates (1.24), (1.26) and (1.27) into (1.21), and the result
of that operation into (1.20) and (1.19) we have (changing & for convenience
in notation),

us—suliL, @ < CH 78 ||t—u4llr, o+ CP 7| f |iws

Taking 4 sufficiently small, this proves that

= vnlic,, @an = || 8= ta||re @0 S CE || fllwr @ (1.28)

The desired result (1.10) now follows from (1.13), (1.15), (1.28) and the
triangle inequality. This proves Theorem 1.1.

The remainder of this paper consists of proving results used in the proof
of Theorem 1.1 above. In Section 2 we give the perturbation argument that
enables us to assume that Q, is contained in the domain of the problem we
are approximating. In Section 3 we collect basic results concerning the
spaces S”, relying on [5, 6, 7, 8]. Error estimates for the numerical integration
scheme are considered in Section 4, again following [5] and [8] with some
modifications. In Section 5 we derive, cf. [13, 14, 15, 16], certain estimates
in L, and L, based norms for the projection with respect to the form B not
involving numerical integration. Finally, the results of Section 5 are used in
Section 6 to derive maximum norm estimates in the case without numerical

R.A.LLR.O. Analyse numérique/Numerical Analysis
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integration — the considerations here follow those of [15] and [16], with
some additional arguments necessary in order to handle the difficulties intro-
duced in the boundary layer.

2. A PERTURBATION RESULT

In this section we shall prove the perturbation result used in the proof
of Theorem 1.1.
Let Q be as in Section 1, and for 8 > C,

O = {x :there exists yeQsuch that|x—y|<8}.

(In the proof of Theorem 1.1, Q (k) = Q")) Note that for sufficiently
small &, > 0, there exists a constant C = C(8,, Q, p, q, [, k) such that
for 0 <3 =5,

{ for 0 <1<k, with ‘
q é—z—p-— if p , 2

|w]lwy, @) < Cl|w||wg @2 2+pk—1) 2.0
( q> Ez——l if p=oo. S

That the constant will depend only on the indicated quantities may be seen
from any standard proof of the Sobolev inequalities, see e. g. [11], since
the boundary of Q® has, for small §, essentially the same smoothness pro-
perties as 0Q.

Assume that the coefficients of the operator L have been extended to Q% for
some 6, > 0, and that this extension is continuous in W: norms, see [18]
(or [3, 11] for k < 3, which are the only cases we shall use). We may also
assume that the extended matrix {a,-j (x)} is uniformly positive definite
on Q%,

Consider now for & < 8, the family of problems

Lv=g in QF

»=0 on oG5, (2.2)

LemMa 2.1: (i) there exists 0 < 8y < 8, such that for & < d,, the
problem (2.2) has a unique weak solution for every g in L, (Q%);

(ii) given 1 < p < oo and k = 2,3 there exists a constant C = C (8,, Q, p, k)
such that for & < 3,

1o lws 0y = C |l 8 |lwe-2 a5 (2.3)

(iii) there exists a constant C = C (3o, Q) such that the following holds:
If fe WZ(Q) and g is an extension of f to Q%, continuous in W} norms, then

vol. 12, n° 2, 1978



184 L. B. WAHLBIN

with u the solution of (1.1) and u® the solution of (2.2),

||y @ = C3]| £ |20 (2.4

Proof: We first show the statement concerning the existence of a unique
solution. Assume this were false. Then there would exist a sequence &' — 0,
8" £ 8, and functions v; on Q; = Q% with || v;||,,, = 1 such that

Ly, =0 on
v,- = 0 on 6Qi.

By well known a priori estimates, ¢f. [1] and references there,
[0 llwz 00 = Cll o1, 00 = C. 2.5

The constant C here is independent of i since the proof of (2.5) can be
accomplished by locally flattening the boundary via a mapping that has its
third derivatives bounded uniformly in 8.

By Sobolev’s inequality (2.1),

|o:]]ze @ = Clluillwi@n =€
so that for i large,

(2.6)

N | -

lolon = =l a0 2

Since the inclusions W7 (Q) <« % (Q) and W2 (Q) = W} (Q) are compact,
of. [11], we may assume that v;— v in % (Q) n W} (Q). For we W} (Q)
we have B, (v;, w) = 0 and thus v satisfies

Bo(s, w)=0 for all we Wi (Q).
Since for x € 0Q,

|| = C8!%||vilgu2 @y £ €8 [ v1]lwz @0 S €&,

we see that ve Vf/; ).

But by (2.6), || 7 ||, @ = 1/2 and this contradicts the assumed uniqueness
for the problem (1.1).

Thus, for & small enough the problem (2.2) has a unique solution.

To see that (2.3) holds one may again consult [1], reasoning as for (2.5)
to see that the constant is uniform in §.

For the estimate (2.4), note first that

Lu—u)=0 in Q,
w—u=1u’ on 0Q.

@2.7)

R.A.LR.O. Analyse numérique/Numerical Analysis-
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By the mean-value theorem and (2.3), (2.1),

|4 |lon < 8|4 ||wy, @) = C8|[4|lw3 o)

S C8| flle, @ = C8| f|lm (2.8)
where 2 < p < 0.

Let now k& be a non-negative number so large that the operator f,,
Lo= Lo+kv

satisfies the maximum principle on Q, ¢f. e. g. [3]. Let u be determined by

By the maximum principle and (2.8) we obtain
]Iz, @ = €31 f [Iw3 @ 2.9)
Next, using (2.7) we have
Lu+u—u®y=—ku in Q,
utu—u*=0 on 0Q.
Thus from (2.1), (2.3) and (2.9),
luts=u|le, @ = Cllutu—|lp3 @ < Cllu |, @ < C8|| f llwz
From this and (2.9) it follows that
u=tlley @ S lut—u ||, @+ |40 @ = €3]/ |lw @

which is the desired estimate (2.4).
This completes the proof of Lemma 2.1.

3. THE FINITE ELEMENT SPACES

In this section we collect results from Ciarlet [5], and Ciarlet-Raviart
[6, 7, 8] and simple consequences thereof that will be needed in the sequel.
Most of the notation in this section was introduced in Section 1.

We shall use the seminorms

(I Z|:—z” D*v|[f @)/ for 1=<p<oo,

max || D*v||., ) for p= oo.

”|W},(m=l
la] =1

vol. 12, n° 2, 1978



186 L. B. WAHLBIN

Recall that the sequence of meshes is quasi-uniform in the sense of (1.2").

Then for 2 small enough, F :t— t is one-to-one (we suppress the index n
in the notation). Letting v (x) = v (F x) we have the following fundamental
relations for the behavior of seminorms under this mapping. Corresponding
results hold with v replaced by v and F by F~

I”'Lp 0=Cl|Jr ltiop(z)l A|Lp @ G-1)
[olwy 0 < C |2 o 1 F7 |Wé°(t)|5|w?(t)’ @.2)

lolwz 0 < ClIe|” 5 {1 F! 1(,)|v|W2(t)+|F e, (t)|U|W1.(,) (3.3)

lolws 0 = ClIEl "5
X{IF_IISV&(t)IUIWg(;‘)'FlF_I|Wgo(t)|F_l|Wg° (')‘U|W%,'(?)
+HF s ololwy o} G4

Here and below the generic constant C is independent of ¢, v, and A, and
depends on the constants in (1.2"), and on p. The notation J stands for the
Jacobian determinant.

When applying the estimates (3.1)-(3.4) the following results are needed:

CH,1=1,2,
IFIW&(;)ég 0 1>3 } (3.5)
|F S Ch7Y 1=1,2,3,4, 3.6)
Ch2+l’l=0’ 1’ 2,
lJFlWIw(?)éé 0,123, 3.7
1 11 -2
Te-tlrew=|—| sCh (3.8)
FlLg ()

If F is affine, certain of these estimates can trivially be improved.

We next consider certain approximation properties of S* that will be
important. Let II denote the interpolation operator which takes a
continuous function u on ¢ into the function I « of S* () which has the same

values at the points g;,, 1 <i < 3, 4ij» 15i<jg3 If I denotes the
corresponding 1nterpolat10n operator on ¢, we note that I is exact on quadratic

polynomials. Since (l'I v) = I % we obtain the following results by mapping
back and forth from ¢ to ¢ and applying the Bramble-Hilbert lemma [4]

on ¢. The results (3.1)-(3.8) above are used to evaluate the influence of the
mappings on various norms and seminorms.
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Llet 1 <p, gL 0, 0=512k=<3(=0,1,2), and
(1) g > 2/k,
(i) if p < 00:q22p/Q2+p(k-1)),
if p=o0:q>2/(k-]).
Then
lo=Tollny 5 CH DD 3.9

We shall have later use for various estimates for functions ¥ in S™
We easily derive the following.

Hllwsw S CR % Plix|lwne for 051<k<2, 1Sp=<ow. (3.10)

Iy 0 S CH2 @O0 x|l for 1Sg,pSoo. (.11

ltllem=C max | % G- (3.12)

X=4qi, i<3
<3

qij, 1<;2

As a preparation for our next and final result in this section, note that for
quadratic polynomials, the third order derivatives vanish. Correspondingly
for y € S* we use (3.4), the fact that ¥ is a quadratic polynomial, and (3.3)
(with F replaced by F ~1!) to see that

Hxllwsw < Cllxllwzw  for 15 p<= o0, (3.13)

This estimate enables us to prove the following result, which is well known
for various other finite element spaces.

Let x € S* and ® € ¢® (Q). Then
[t ox —TL(@0) || 0y < Ch| % ||wy ca (3.14)

where 9 = { ) t,:t, A supp® # @ }. To see this, use (3.9), (3.13) and
{(3.10) to obtain
l|ox—TL(@0) [[w; » < Ch* || 0X]lw3 0
< Ch*||xllw2 0 £ CR [ X |iws o

The desired result (3.14) follows by squaring and summing over the elements
in 2.

4. ERROR ESTIMATES IN THE NUMERICAL INTEGRATION

The notation in this section will be as in Section 1.
Using ideas from Ciarlet [5] and Ciarlet-Raviart [8] we shall prove the
following result.
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LEMMA 4.1: For any & > 0 there exists a constant C such that for v, we S*
and fe W3 (Q),
| Ba,, (v, w)—BG) (v, w)| £ Ch* [ 0|7 @u || @][W 4.1
and
| (s W), —(f, w5
7|l @ Ul #llee @ot o lm @t || @} 4.2)

Here f is assumed to be extended to the outside of Q, continuously in W;‘
norms.

Proof: We shall first consider the highest order terms occuring in the form B.
Let ¢ be a typical element and set

dv v 9
E,(f) = J @ o —d —1( a: 6_;3)
i J

Letting g (x) = g (F X) and (F '1),, as in denote the kth component of the
map F ~!, we have

v ow o dF Y\ & 0w d(F Y, “
a; —_—= TACY T E— = Jpdx.
L 7 ox; i 0x; J, @i )<k216xk 0x; )(1; 0x; 0x; FOx

Observe that D (F =) = (DF)™! = (1/Jp) (co DF), where co DFis the matrix
of cofactors of DF. Thus

6 -1 1 o+ 1 a
—(F ) = _1) Sy F o
ax,.( i JF( e
where c=1fori=k=1, 0= —1fori=k=2, and o = 0 otherwise.

By the Bramble-Hilbert lemma and (1.5) we have that

Ug(?c)d?c—f(t, §>‘ = ClE® |y i
t

It follows that

2
~ 0D 0w
|E2(l)i é C Z al](x) ~ Kl ik, l(x)
k,i=1 0%, 0%, £ 10)

where

)o+a aFk+<r aFl+ts _l

axH—o’ ax_)+o' JF

Ki,j,k,l(;é) = ( 1
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Thus,

2
|E2(’)I =C ) ) Iaij(x)lw ®
kI=1 a+Biy+s=3 ®
priz2
y+152

xIaiW&”(?>|'Q"W‘{“(?)lK"’f”‘"(’mwm‘)‘ “#-3)

Now, using (3.5) and (3.8) combined with (3.7),

~ 1
|Ki,j,k,1(x)|w§n(’r‘)éC&H;as:le‘ "‘l”(’,‘)“'l st Ay J w2 &
<C Z h51+1h82+1h—2+53s Cha.

d1+82+083=8

Considering (3.1)-(3.4) with F replaced by F ~!, and using (3.5) and (3.8),
we obtain from (4.3) that

|Ex]=C Y B aylwe oh® olwers " T [wlpye o 1°
a+B+y+8=3
B+1<2
y+1=2

< CR|v||wa, o ll2]lwz o 4.4)

El(t)=fb,3’iwdx—1 £, w).
t 6xi 6x1

Reasoning as above we see that

Next let

61) ~ a(F)k+a

|E1 (t)l
X 0Xjiq w3 (@),
= Cu+6+y+5=3l bilw% @ I v'"’?o“(?)l wlwl (?)lFlWi’o“ ®
B+1=2
Y£2
= CR||v]lwy, wllw|lws o 4.5
Finally, if
E (1) = j cowdx—1(t, cow)
t
then
|Eo®] S Cl&Tely s S CR ollms ol wllwrr 4.0

Summing the above estimates (4.4)-(4.6) over all elements 7 in Q, we obtain
the desired estimate (4.1).

vol. 12, n° 2, 1978



190 L. B. WAHLBIN

To prove (4.2), we have as before with E(¢) = f fwdx—I(t, fw).
t

|E@)| < C|fode|

w3y

Using (3.7) to estimate derivatives of J, and using also Hélder’s inequality
with 1/p+1/p' = 1(p = 2—8, & small positive) and 1/g+1/9' = 1 (g large
but < o0), we have

A

IEOI= {1 f L ®li + la | Bhws o+ 1 s 19 b 0}
+Ch*{ |f|W2(t)| in (:)+|flwl(t)l |Wl (t)+!f|r | AlW%(?)}
+ch*{|f]

Using (3.1)-(3.4) with F replaced by F ', and (3.6), (3.8) we obtain

IE@]=cr®(||fwioliwlli. o
+if g wllwllws, o+ £ llws ol @ llws, o)

Wq(t)l ILq (r)+|f|Lm(r)| IWi(ﬁ}'

Sum this inequality over all elements ¢ in Q,. Using that

1/ |y, cm = CI| f lwy,

and Sobolev’s inequality, ¢f. (2.1), we get
| (fs wa,—(f; WG,

= (|| f lwi cem [ ®llee @+ I f w3 @n [|@]iws, @n
+{| S s @l 1|5 @0
1
= Ch3Ilf”W%(n)(““’”Lw(nu)+”“’HW},,(m)""”w“Wq. @)
Employing the inverse property (3.11) we may replace p’ by 2 and g’ by 1
at the expense of a factor 275 if p’ and ¢’ were suitably chosen close to 2

and 1, respectively. The inequality (4.2) obtains.
This completes the proof of Lemma 4.1.

5. SOME AUXILIARY ESTIMATES

Let L* be the adjoint operator of L, taken on the domain Q (%), ¢f. (1.11).
Consider the problem of finding ¥ such that for v given,

L*y=v in Q(h),
V=0  on dQ(h). G-1)

R.A.LR.O. Analyse numérique/Numerical Analysis



FINITE ELEMENTS AND NUMERICAL INTEGRATION 191

Let Vs, € S* be such that

Ba, (% V) = (X, Vg, for yeS" (5.2)

[+]
Then, with functions in S” extended by zero,

Baw(OL V=Y =0  for xeS (5.3

so that Vs, is the projection of { with respect to the bilinear form B without
numerical integration. In this section we shall give various estimates for { —\s,,,
Y, and V. In Lemmas 5.7-5.9, v shall furthermore be supported only in an
element ¢.

We shall first need to investigate approximation of functions which vanish

on 9Q (k) by functions in Sh, Compared to Section 3, we need to take some
care of what happens in the “boundary layer” Q (AH)\Q,.

LeMMA 5.1: Let R > 0 be given. There exists a constant C depending on R
and the W {°-norms of functions occurring in local chart representations
of 9Q, such that for h sufficiently small the following holds.

Let D be a disc of radius R with center in Q,, and let D, = D n Q (h),
D, = 2 D n Q(h) where 2 D denotes the disc of radius 2 R concentric with D.

For any we Vf/z‘ Q) n WE(Q(h) there exists ¥, e S" such that
lw=xlwy @0 = Chl|w||w3 @, (5.4

Proof: Let %€ S* be such that

(5.5

__jw at nodes interior to Q,
0 at boundary nodes.

Consider first an element ¢ without nodes on the boundary of Q. By (3.9)
then,

”“"X”Wé(r) = ” “’—H“’”Wi w=Ch “ "’“W% o (5.6)

For ¢ an element with nodes on the boundary we obtain using (3 9) and
(3.10), (3.11),

lw=xllwy o S | w=T1w ||y o+ || Tw—x||wy

= ChHw“"’%(r)"'C“nw_X”me- )]
By (3.12) we have
[Mw—x|lL, ;S C max [w(x)]. (5 8)
xedQNt
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Assume now that w has been suitably extended from Q (%) so as to be defined
on (3/2) D; this can be accomplished using only the values of w on D,. Since
dist (06Q, éQ (k) £ Ch® we have for a < 1, using Sobolev’s inequality on
(3/2) D (so that the constant in (2.1) depends only on R),

max [w(x)] £ CH**||w]lex a2 0y S CH*{|0]lw232 ¥ C B> || 0|3 2 -
X €

Taking e. g. o = 2/3 we obtain from this and (5.7), (5.8) that for a
boundary element,

|[w—xl]W.(,,_Ch||w[|W2(,)+Ch |lw”W2(Dz) (5.9
Finally, we consider D,\ &,. Here % = 0 and with 1/p+1/p" =1, p < oo,
| ]lws @ £ CH7 || 0|y, 31200y = CH* || wilw3 0. (5.10)

Choose here p' = 3/2.

By (5.6), (5.9) and (5.10) we obtain, since the number of boundary
elements is proportional to 472,

lw—x|lws 00 = Ch||w]lw; @,

This completes the proof of the lemma.
We note the following consequence:

COROLLARY 5.1: There exists a constant C such that the following holds.
For any we W} (Qh) n W2(Q(h), there exists xe€S" such that

ilw—=xllws @an = Chilw|lwz @y

The next lemma, concerning approximation in the maximum norm, is
proven in a similar way.

LEMMA 5.2: Given € > 0 there exist C and p < oo such that for
we W2 (Q(R) n W} (Q(h) there exists yeS* such that

lo=2ilc @on+h||w=2lws, @y < CH*7*||w]|w; @an
Proof: Let y be as in (5.5), and for an element ¢, let
1) = |jw=x[|ee @+ hliw—xllwy o
For ¢t an element without boundary nodes, by (3.9),

1) S CE P w|lps o (5.11)
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For ¢ a boundary element we have

10 £ {Jlw-Tw|l, m+h|lw—Tw||w, o}

+H{[|Mw—2le, o+ || To=x|lw, o}
=1,)+1,(2).
By 39),

L) 2CR P w||ws ¢

Using (3 10) and (3.12),
LOSCMw—x ||, S ngglw(")] s Ch||w|le=@am
< CH*{jwlws @ans
for @ < 1. Thus, for ¢ a boundary element, for p large,
I 2 CR™P |w|lw; @y G-12)
By (5.11) and (5.12) it remains only to consider

1w le @ oy
As above, this is bounded by Ch**||v ||y for any a < L.
This concludes the proof of the lemma.
Note that for any x € S

” w—X”W&, @M\ = ” "’”W&, (@ ()\ D)

and thus, in the term % || w—y ||y (o, in Lemma 5.2, Q, cannot be replaced
by Q(#4). (This fact accounts for the need of Lemma 5.9 in the proof of
Lemma 6.1.)

We now return to the problems (5.1), (5.2). Note that by Lemma 2.1 and
Fredholm’s alternative, the problem (5.1) has a unique solution. Since

§" < I'(I)/Zl (Q (h)), using Corollary 5.1 one obtains, following Schatz [14],
that (5.2) has a unique solution for 4 sufficiently small. Furthermore [14]
gives

LEMMA 5.3: There exists a constant C such that

[ =¥ ], (n(h))‘*'hn"’_‘i’h”vv; Y0
s ci*||¥llm @y = CH||o]|e. @y

We shall also need local estimates for {—,. Using Lemma 5. 1, the inverse
estimate (3.10), and (3.14), one obtatns the next result, following Nitsche-
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Schatz [13] with some minor modifications (which we shall not give) when
the domain D, below intersects the boundary of Q.

LEMMA 5.4: Let R > 0 be given. There exists a constant C depending on R,
the W3° norms of functions occurring in local chart representations of 0Q,
the modulus of ellipticity for the operator L*, and the W ° norms of the coeffi-
cients of L*, such that for h sufficiently small the following holds.

Let D be a disc of radius R with center in Q,, and 2 D the concentric disc
of radius 2R. Let D, = D Q(h), Dy =2D nQ(h). Then for ¥, V, as
in (5.1)-(5.3),

IV —=Vllws @0 £ CRIV iwz 00+ C IV =V i]22 02

As in [15], to determine the dependence of C on R in more detail for R
small, we map D linearly to a disc of unit size. There we apply Lemma 5.3
(with A replaced by #/R — for h/R sufficiently small), noting that the modulus
of ellipticity is unchanged, while the W;° and W norms mentioned in
Lemma 5.4 are decreased. Thereafter we map back to D, utilizing the obvious
counterparts of (3.1)-(3.8) to account for the influence of the linear maps.
We obtain then:

COROLLARY 5.4: There exist constants cs > 0 and C such that for cs h < R,

1=V llws o0 < Ch{]¥ w2+ R | ¥ |wyon+ R || V|1, osy }
+CR™ || V=YL, )

We shall next consider the case when the function v in (5 1) has small
support. We start with two simple preliminary results.

LEMMA 5.5: For any € > 0 there exists a constant C such that if
diam (supp v) < R, then

1 lws @an = CR | 0]|L, @y

Proof: By Sobolev’s inequality and the regularity results (2.3) we have
for p close to 1,

V¥ llwy @an = Cll¥|lwz @an = Cll o], @y £ CRETP | 0], @ gy
This proves the lemma.

LEMMA 5.6: For any € > O there exists a constant C such that if 2 < Q (h)
with diam (2) < R, then for Y e W, (Q(h)),

V|22 = CR || |lwy @ -
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Proof: Using Sobolev’s inequality for p large, we have
1V Iz @) = CR P ||L, @y < CR* P || |lwy oy

which proves the lemma.
For the rest of the section, let the function v in (5.1) have its support in
an element ¢. Following [15, 16] we have next

LEMMA 5.7: For any € > O there exists a constant C such that
=V [lwi @any < CH2 [ 0|1, -
Proof: Let x,€t, and
={x:277" < |x=x0| =277},  j=Jo .-s J1s

where Q(h) = {x :|x—x, | £277°}, and 277173 < ¢5 b < 277472, with ¢
as in Corollary 5.4. Put

Q;=Q,nQ(h),

Qi.:(gj_luﬂj_”_lu...UQJ-_H), l=1, 2,
and

Q, = Q(h)\ O Q;.

j=Jo
Letting ¢ = y—V, we have
e llw; @an = Z||e“W'(n,)+”e”W1<nn (5.13)
With dj = 2_",
] 3 1z
lelbriars(37) " dllellnes 5.19

and using Corollary 5.4,

ellws @y = Ch{|¥|wz@pt+d; " |V wsan+d5 2| V|, an }
+Cd; || ellr, @iy (5.15)

One next finds that
[V lwz @y = CLd7 [V lwy @y +d5 2 |V ]|s oz }- (5.16)

This can be seen by using a suitable function © € ¥* (Qz) with® = 1 on Ql
and which vanishes on the part of 692 which does not coincide w1th
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Q) n Ql 5, where é;s ={x:27772% < |x—x,| £279*'5 }. By the
counterpart of (2.3),

| oW wz @iy < C|| L* (@) |2, @y
and using that L*{ = 0 on QJZ. (assuming, as we may, that ¢; = max p,,

cf. (1.2)), one easily obtains (5.16).
Utilizing now (5.16) and Lemma 5.6 in (5.15),

[ellws @p = C{hd; || Vlws@an+d; | el @an }»

and by Lemmas 5.5 and 5.3,

llellwsop = €7 a7 ||0]lz, 0

n

Thus, from (5.14),
llellw @p = CH*72d*||v||L, .
One also has, using Lemma 5.3,
llellwi @n = Ch|le]lws @n < Chlle|lws@an = CH? || 0|z,

The desired result now follows from (5.13), and this completes the proof
of the lemma.

The following result was used in the proof of Theorem 1.1. It is essentially
a consequence of Lemma 5.7.

LeMMA 5.8: For any € > O there exists a constant C such that
Wk || zae @+ 1 W s @+ 11 W |15% @i < €A% |0

Proof: For p slightly larger than 2 we have using Sobolev’s inequality
and the inverse property (3.11),

i llew o = Cll Vg @uy S CHT2 D= 14 {0 0
and by Lemmas 5.3 and 5.5,

[¥allws @ S [V 1lws @an+ Ch[o]ls 0 S CH [ 0]z, o
Thus it suffices to estimate ||, ||gg>mh).
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For T an element,

1 s |lwz ) < =0V ||z ooy + | T =V [z ey + | W 2 -
By (3.11),

=T |lwzy < CA7H [ V=TV |lwy y S Ch™H [ V=¥ ||y oy
+ CH [ =T1¥ [y oy
Thus, summing and using Lemma 5.7,
Va7 @0 = CH 8| 0]l 0+ CRTH || TIV =V [y 0

+{| T = ||5% @, +1[ Vw2 @0
By (3.9) we have

T =¥ ||y o +H 1TV =¥ |[# @0 S ClI¥ |lng @iy 9> 1
and since from (2.3) it follows for g close to 1 that

1 bz @y = Cll vy = CHE [ 0][1, -

we obtain the desired resuit.
This proves the lemma.

Finally, we shall prove the following result which will be needed in Section 6
to handle the discrepancy between Q and Q,. Recall that ¥ is the solution
of (5.1) with » supported in an element ?.

LEMMA 5.9: For any € > 0 there exists a constant C such that
[ 1lwt @amam = CH* 7% |[0]]2, -
Proof: Let S = Q(H\Q,. Partition S into pieces S;,
S;={xeS;27 < dist(x, ) <277},

for j=Jg, ..., J;. Here if 277t < h, then redefine J, to be such that
27771 < h <277 and let

J1
S, =S\US;
Jo
We have

J1
W |lws sy = ||‘1’||Wi(s1)+;““’uwi 57 (5.17)
4]

where, if dist (z, 0Q (k) 2 A, the first term on the right is missing.
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If the first term on the right of (5.17) is there, then for p large and using
Sobolev’s inequality,

[ w1 s = €D ™D |y sy
< CEH P lwy @
< CHY TN |wz @

< (' ||v]|L, @ (5.18
To estimate the contributions from S;, put d; = 274, With p large we have
[ lwy sp < CB* )~ PV [y s,y (5.19)

Letting S; = Q; where Q; is a suitable domain of diameter less than C d;,
and dist (Q;, ) = d,/4, we have, employing an affine transformation x — x/d;
in’Sobolev’s inequality and using (3.1)-(3.8) that

1 lwg @p < CATP{ |V ]wzan+d; 1V |y @p+d7 2| V| @p }-

The constant C here can be made independent of j by a suitable choice of Q;.
By Lemma 5.6 and the obvious counterpart of (5.16) we obtain

1|z, @p = €5 7% || ¥ lws @ s

|V lwz @ = Cd7 [V s @ any-

Thus, using Lemma 5.5,
W lws @p < Cd7 20 || 0]lL, o

Combining this with (5.19) and inserting the result (and (5.18) if appro-
priate) into (5.17), we get for p large,

J1
[ Iy ) = Ch4—e(1+ szj_e) 1o ]z.

This proves the lemma.

ReMArk: If we demand more smoothness of the coefficients of L* and of
the boundary 0Q, then the above Lemma 5.9 can be proven in a somewhat
more straightforward fashion by representing { in terms of v via the Green’s
function and using the estimates of [2] or [10] for derivatives of the Green’s
function (when the singularity is close to the boundary, in particular).
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6. MAXIMUM NORM ESTIMATES IN THE CASE WITHOUT NUMERICAL
INTEGRATION

Let u (k) be the solution of the problem

Lu(hy=f in Q(h),
u(h)=0 on 0Q(h),

(where f and the coefficients of L are extended from Q), fand let u, e S* be
such that
Bg, (uy—u(h),x) =0  for yeS"
Relying on the results of Section 5, in particular Lemmas 5.7 and 5.9,
we shall show the following.

LemMA 6.1: For any € > O there exists a constant C such that for h suffi-
ciently small,

lun—u® I, @an = CH || f {lwz -
Proof: Let x, be such that
” ah_u(h) ”Lm QMm) = I(ah—u(h))(xo)l.
If x, ¢ Q,, then (2.8) (which holds on Q (A)\ Q,) shows the desired result.
Assume hence that x, belongs to an element z. Using (3.11) we have for
re s,
lt—u®]le., o
| A | P o Pt 2 (O] | P
< ChH lu=x | o+t =2 M, e
Ch M u—u@ ||+ Ch 7 luW =%l 0+l X =4 (®) |20
< Ch™ luw—u )| 0+ Cllu W —=x ]}z, o
By Lemma 5.2, and (2.3) and Sobolev’s inequality for large p = p (g) < oo,
we may choose ¥ so that
e =% ||ee @ = €7 ||u®)|lw; @y
= CR || fllwy @am < CE || £ |lws @
It remains therefore to show that
Ch | uy=u ) ||z, < CH* || f || w3 (6.1)
We have
Hun—uh)||r, 0 = sup (uy—u (h), v).

ve€P (1)
Hollez =1
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For fixed v as above let
L*y=v in Q)
Y=0  on oQ(h).
Then with \, as in (5.2) we get for arbitrary 7 in §h,
(ah—u (h), v) = Bq (h) (ah_“ ("), ¥)
= Ba ) (up—u(h), Y—V,)
= Bg ) (x—u(h), ¥—y).
Thus, with S = Q (A)\Q,,
I(Qh—u(h), v)|
< Cllu®|lwy, 1V ]lwi s+ Cllx—u Moy, @ llV=Vallwi @0 6.2)

We proceed to estimate the four norms occuring on the right.
Clearly,

lu® {lws, ) < Cll f [lw2 @y (6-3)
Furthermore, by Lemma 5.9,
W ]lws o < CR* 7 0]l 0 (6.4)

By Lemma 5.2 we may choose y such that with p < oo, using also Sobolev’s
inequality and (2.3),

lx—u®llws, @ = CH T [Ju®]lwg@on < CH* || fllmr @ (6.5
Lastly, by Lemma 5.7,
= |lwt @m < CH* 7 0|2, (6.6)

Inserting (6.3)-(6.6) into (6.2) we obtain the desired result (6.1). This
proves the lemma.

Finally we shall derive the following simple (and not very sharp) conse-
quence of Lemma 6.1. The result was used in the proof of Theorem 1.1.

LeMMA 6.2: For any € > O there exists a constant C such that
luall7% c@m < CB78|| £ |3

Proof: Consider a typical element 7. For x = Il u (k) € S* and for p large
we have by (3.11),

| #n [, oy B
< Ch™ 7 |[uy)lws )

= Ch™ " luy=x |lwg 1y + CH™ 2P | x—u® lwg ay+ Ch™ " || u () |} cay.
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The two last terms on the right are easily seen to be bounded by the correct
quantities, by (3.9), (2.3) and Sobolev’s inequality.
Next, by (3.10),

len=xllwz e < Ch72 || us= 2]z, 0y
<Ch? ” u,—u(h) “L,, (T)'*'Ch_2 || u(h)_x“Lp(T)’

and it follows from Lemma 6.1, (3.9), (2.3) and Sobolev’s inequalities that

“ ;h—X”W},(T) SCh'" ”f HWi‘ @

This proves the lemma.

—

10.

11.

vol.
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