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SOME ASYMPTOTIC ERROR ESTIMATES
FOR FINITE ELEMENT APPROXIMATION
OF MINIMAL SURFACES (")

par Rolf RANNACHER (%)

Communiqué par V. THOMEE

Abstract. — The solution of a minimal surface problem over a plane domain is approximated
by piecewise linear finite elements. Using related results of Johnson|Thomée [5] and a weighted
Sobolev norm technique introduced by Nitsche [117], we show the L®-convergence with rate
0(h? |In h|) and the L*-convergence with rate O(h?).

1. INTRODUCTION

Let Q be a bounded, strictly convex domain in the plane R* with smooth
boundary 8Q e C*% 0 < a < 1, and let g e C°(R?) be a real function. We
consider the following minimal surface problem for functions u € C*!(Q):

v) j (1 +|Vu|?)!?dx = Min,, u = g on Q.
Q

If g satisfies the bounded slope condition on Q2 and is-in the Sobolev space
W?4(Q) for some g € ]2, oo or in the Hoélder space C?*(Q), then it is known
that there is a unique minimizing function

ue W1(Q) or ueC»*(Q)c W=(Q),
respectively, (see [7; 4.2.1]). This solution will be approximated by the
simplest finite element method.

Let Q, > Q0 < h < hy < 1, be polygonal domains, and let 7, = { T, } be
finite triangulations of ﬁh, such that the triangles have disjoint interiors and all
their edges are the edge of another triangle or of the polygon 0Q,. Further
all vertices of the inscribed polygonal domain

Q:=U{Te|T<cQ}cOcq,

) Manuscrit recu le 22 mars 1976.
) Institut fiir Angewandte Mathematik der Universitit Bonn. (Fed. Rep. Germany).
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182 R. RANNACHER
are on the boundary Q. It is assumed that the triangulations 7, are quasi-
regular :

(T') Each triangle T € T, contains a circle with radius ¢, h and is contained in a
circle with radius c, h.

We define finite dimensional subspaces S, = W'2(Q,) by
Sy := { v, € C(Q,) | v, linear on each Te T, }
and SY = Wy2(Q,) = Wy2(Q)by
S0 :={v,eS,|v,=00n, —Q,}.
The usual interpolant [, g € S, of g is determined by
L,g(x) = g(x) foreachvertex xeTel,. (1)

Now the approximating functions u, € S, are defined by the finite problems
(V) J (1 + |Vu,|?)'/?dx = Min, u, — I,geS?.
Qn

The function F(n) := (1 + |n|?)*? is strictly convex on RZ.

Thus the existence of unique solutions of (%) follows from the continuity
and coerciveness of the functional.

Johnson/Thomee [5] have shown for u e W?:2(Q) n W' ®(Q) the rate of
convergence

IV = )], = 0®) (2)

and the estimate
IVi|lo, = O(1). (3)

Further for u € W?:9(Q), g > 2, they derived, using a common duality argu-
ment,
Ju—wl, = 0@ , 1<p<2 @)

For uniform triangulations and ue C?(Q) n W*2(Q) Mittelmann [6]
has shown the L*-estimate

lu — il = O |in &[*72). (5)

In the linear case F(u) = |Vu|? — 2 fu with u € W?:®(Q) the analogue of the
method (7)) has the order of convergence (see [8], [13], [11], [12], [4])

| — u) o = O(h?* |In Al). (6)

Recently this was obtained by Frehse [3] for the general variational pro-
blem, too :

JF(., u, Vu)dx = Min, ue W}2(Q). (7)
Q
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FINITE ELEMENT APPROXIMATION OF MINIMAL SURFACES 183

He used a Morrey norm estimate
[V —w)|l|,= O(h) withan o > 0, (8)

which is proven in [2] for zero boundary conditions and uniformly convex
functions F(x, &, .). These assumptions are not valid in the case of minimal
surfaces. In this note we shall prove the L*-estimate (6) for the nonlinear pro-
blem (V) without making use of (8). Furthermore the I7-estimate (4) will be
extended to the case p = 2.

THEOREM : Assume 0Q e C*% 0 < a < 1, and ge W»4(R*) n W*1(0Q)
and u € W*'%(Q) for some q with 2 < q < oo. Further let the triangulations T,
be quasi-regular in the sense of (T). Then

i = o = O~ | k), M
e = wl, = 0@ (In)

ReEMARKS : The methods applied in the proof also work with slight modifi-
cations for the general variational problem (7) under the assumptions of [3].
This will be of its own interest since the estimate (8) is somewhat hard to

prove. For this problem the above L®-estimate can be extended to higher
dimensions # 2 3, too. This will be carried out in a forthcoming paper.

Moreover, there is no difficulty to obtain analogously to [11] the order of
pointwise convergence O (A™) for the finite element approximation of a solu-
tion u € W™= (Q) of (7) with elements of order m = 3.

Here and below I* (Q)and W™ ? (Q), W2 (Q) denote the usual real Lebesgue
and Sobolev spaces with the corresponding norms

I-le=l-loa s llmp = l-lnpa » 1Sp <0, meN,.
Further we use the abbreviations
Ov:=0v/ox , i=1,2Vo=Vv:=gradv , V?v:= (0;0,0); 41,2

for the partial (generalized) derivatives, and ¢ for a positive (generic) constant
which is independent of the parameters 4 and p, defined below. Finally, we
shall use the usual summation convention.

2. PROOF OF THE THEOREM

First we introduce some notations and technical facts.
The minimizing functions ue W24(Q) < C*(Q), 2 < g < o0, of (V)
and u, € S, of (V,) necessarily satisfy the Euler equations

Ju + VUV Vu . Vodx = 0, Voe Wi2(Q),
Q

J (1 + |Vu,|)) "2 Vu, . Vo, dx =0, Vu,€eS;.
Qn

vol. 11, n° 2, 1977



184 R. RANNACHER
Denoting by F, := 0,0, F, i, k = 1, 2, the second derivatives of the function
F(n):= (1 + [n]*)?, n € R?, we obtain
F,m)&& = (1 + |Tl|2)_3/2 |§Iz , M, EeR
Combination of the Euler equations yields
a(v,, u — u,) 1= J al(.)0,v,0,(u — u,)dx = 0, Vv, € Sy, )
Qn

with the L* (Q)-functions
1
a():= j Fu(Vu,(\) + tV(u — u)(.)) dt, k=12
0

Further by the result (3),
a?kgiék =c mz , £E€eR? |, on Q.

Since the a” are discontinuous we introduce the bilinear form
a(v, w) := fa,-k(.)aivakw dx, v,we W-3(Q),
. Q

with coefficients
()= Fu(Vul(.))e W1(Q) , k=12
Then the differential operator
A=~ {ay(.)0;} (11)
is uniformly elliptic in Q and hence satisfies the well known a priori estimate
(see [7; 5.2 ff]):
o2, < cf4v], , Yoe W5?(Q)n W>2(Q).
From the boundedness of the derivatives of F;, it follows that
lag —ak]| <c|V —u) on Q (12)

For functions ve W??(Q), 2 < p < o0, and we W2 (Q) n W*2(Q) and
the corresponding interpolants I,v € S, and I,w € S the following estimates
are known (see [1] and [10]) :

”U - Ihv”j,p,ﬂh = Chz_j “VzU“p Q 0 S-] <2 b 2 SP < oo.

(13)

||U - Ih”“j,oo,n,, < ch?7iT2Ip ”Vzvilp;ﬂh

R.A I.R.O. Analyse Numérique/Numerical Analysis



FINITE ELEMENT APPROXIMATION OF MINIMAL SURFACES 185

Using in addition Lemma A4 of the Appendix we find with (15)
lw— Lowll; . <ch® ™ wl,, , 0<j<2 (14)
Proof of Proposition (I)

In order to make the outline of the proof clear we write its main steps as
lemmas.

Set en: = u — un and let Ex: = Inen = Inu — un be its interpolant on Q.
Observe that Ex € S§.

First we estimate ¢, on Q — Q, :
The assumptions (T') and 0Q e C? imply

d(0Q,, 8Q) := sup dist (x, 0Q) < ch’. (15)

xe0Qp

Thus, we conclude using ¥ =g on 0Q, u, = I,g on Q — Q, and the
estimate (13)

”eh"m;ﬂ—ﬂh = ”u - g”w;ﬂ—ﬂh + “g - Ihg”oczn—nh
< k7 (Julyg + [19]2,6.22)-

Next, let z, € Q, be points with the properties
|Ey(z4)] = | Bn |-
Then, with any disk B := B (z,), T > 0,

IEy]o < ct-? j IE,| dx + ct |VE, ...
B

Using the well known inverse relation |VE,|, < ch™! ||E,|,, we find that
for t© := 6k, 8 > 0 a constant sufficiently small,

IE,|.. < ch'ZJIEhI ix.
B

Thus by the estimate (13)
”eh”‘n;gh = ”u - Ihu“m;ﬂh + “Eh”uo

< ek u],, + ch‘zjlehl x. 1)
B

In the following our main tool will be a modification of the weighted norm
technique by Nitsche [11]. With a real parameter 0 < p < p,, which will be
appropriately coupled with % below, we define the weight function

ou(-) = (|. = /" + p?)12
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186 R. RANNACHER

and the weighted norms (7" denoting triangles of 7;)

o= (5, [h i) ver (18

TSQn

Since the points z, and the corresponding disks B := By, (z,) will be fixed
during the proof, we shall omit the index of .

Obviously with constants independent of p
Vo|<c¢ , |VPo|<co ' =<cp! on R?
and for p = ¢3h, c4 sufficiently large,

max { max ¢”(x)/minc"(x)} < ¢, —4<v<id
TeTh xeT xeT

From this and (13) we conclude the following interpolation estimate for func-
tions v € C(Q,) N S W2 2(T) (see [11]):
<=Qpn

lo = Lol + 2|V = L)l < ch® [V2o] o, » —4<v<4 (19

LeMMA 1 : Let 1 < B < 2. Then there are constants c,, cy, independent of h
and p Z c3h, so that

lealwsa, < csh® 22 [In A + coph™" [in 4| [Vey|Ep).
Proof. We shall estimate the integral in (17) making use of a common
duality argument. Let G" € W% (Q) n W?%(Q) be the solution of the boun-
dary value problem (smoothed Green function)

AGh — h=2cpunlo \n in O Gh— 0 on A0 {20\
AG h™%sgnie)rs m Q G 0 on 20} )

with x p the characteristic function of the disk B, and let G! € S be its Ritz
projections defined by

a(v,, Gi) = a(v,, G") , Vou,eSy. (21)
With this setting we obtain by integration by parts denoting
0,:= —may,d, , (n,n,):=outward normalto 0Q,
h~? f le,| dx = J e,0,G"ds + a(e,, G" (22)
B 20
and by (9)

h™2 f le,| dx = J e,0,G"ds + ale,, G" — G}) + (a — d")(e,, G}). (23)
B o0

Now we shall estimate the three terms on the right.

R.A.I.LR.O. Analyse Numérique/Numerical Analysis



FINITE ELEMENT APPROXIMATION OF MINIMAL SURFACES 187

Since e, = g — [,g on 0Q, we find using Holder’s inequality and a well
known trace theorem (see [9])

f e,0,G" ds
a0

For g e W*%(R?) n W*-4(9Q) it is proven in [5] that
lg = Ziglgon < ch®.

Using Hoélder’s inequality (notice r = 2g/(2q — 1) < 2), Poincaré’s inequality
for G" € W}'?(Q) and Lemma A2(a) with p = ¢;h, we find (We note that the
logarithm only appears for r = 1.)

1G"|2., < ch™ Y In A['2 { [VG*]|, + [V2G"|2) } < ch™' [Inh|. (25)
Thus

<clg = Ll G 2 Vr=1~-1/29) (24)

< ch* !4 |in hl. (26)

J‘ e,d,G" ds
20

The second term in (23) is the same that occurs in the case of linear problems
(see [4]). The modified interpolate of u, defined by

i,,u:= Iu on 9;:’
I.g on Q, —Q,

obviously satisfies /,u — u, € SO. Hence, we find using (21)
la(er, G* = G| = lau — I,u, G" — G})
<c |V - L) ;0. [V(G" — GZ)”I

e(llag + elsam X f VG dx.

Q-Qp

By Lemma A4 (notice (15)) and Lemma A2(a) (with e = 0, p = ¢54) it follows
in the same way as in (25) with r = 1

J VG dx < ch? |G*],., < ch? fin .
Q-Qy

Thus, we conclude using the estimate (13)and the result, stated in Lemma A2(b),
concerning the convergence of Green functions :

|la(ey, G* — G})| < ch?*~2/|In h|. (27)
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188 R. RANNACHER

The third term in (23) comes from the nonlinearity of the problem (V), i.e.
from the replacement of the discontinuous coefficients a by a, € W'1(Q).
By making use of (12) and Lemma A2(c) (with p > c¢; ) we see (notice G = 0
on Q — Q)

ll@ — a")(e;, GI)| < ¢ | |Ve,|*c™ P |oP VG]| dx
Qn
< cgph™" [In | || Ve, |

Together with (27) and (26) this establishes the desired estimate.

Since B < 2 our proposition (I) suggests the estimate ||Ve, | _g = O(h'~1/4)
without any logarithmic term. Obviously this would complete the proof of (I).
A first step in this direction will be the following :

" LEMMA 2 : Let 1 < B < 2. Then there are constants cq, Cp, independent
of h, so that for p = cgh |In h|*?

[VenlE-p < cah® P72 [in ]
Proof. The result (2) gives forp = h
[VeulZy = c Vel oy [Verlahi ™ < ch® Vel car (28)

The weighted norm on the right will be estimated in the same way as in [11]
and [12]. By (10) we have

Venll?-2) < cla(e, 07 %ep)| + ¢ ( Ve, ley] [Vo 2] dx
Jﬂh
<cla"(ep 57 %e,) + ¢ |Vey -2 llenll—ay-

Since vy, := L, (0™ 2E,) € Sy, E, := I,u — u,, it follows by (9) that
" (ex, o7 %€,)| = |a"(ey, 672 (u — Liu) + 0 2E, — v,)|
<c|Ve -2 { VO™ — Lu)la + VO 2E, — v)| ) }-

Using the estimate (19), we get for p = ¢,k (notice VZE, = 0 on each T e T;)
IVe™2 @ = Lu)le) < c{u— Lu| s + [V — Lul 2}
< ch [V2ul -5
and
V(™2 E, — v )
ch |V (672 E,)| o) :
ch { ”eh”(—s) + ||Ve,,||(_4) + fu — Ih““(—s) + [|V(u - I,,u)il(_4) }.
c{ ||eh”(—4) + hp™t | Vey| 22y + A |V (-3 }-

A IAIA
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FINITE ELEMENT APPROXIMATION OF MINIMAL SURFACES 189

Thus
Vel -2y < ¢ llenll-ay + chp™" [Veu| =2y + ch [V2ul -2y, (29)
and with p = ¢4 A, ¢ sufficiently large,
IVerll(-2) < ¢ llenll~ay + ch* =24 |In A2 |Ju] 5 . (30)

In order to estimate the first term on the right we use a duality argument.
With the solution ve W§2(Q) n W?2(Q) of the boundary value problem
Av=0"%, in Q , v=0 on 90,

we obtain by integration by parts

“eh”(z—‘t) = e, 0,0 ds + ale,, v)
aQ

and in addition with ,v € Sy by (9) (see (23))

lenlt s = j e,0,vds + a(e,, v — I,v) + (a — (e, I,v). (31)
00

The three terms on the right will be estimated analogously to those in (23).
With 1/r = 1 — 1/(2g) we get

J e,0,vds
2

From the estimate (19) and Lemma A4 it follows that

laler v = L)l < ¢ [Veul - [VO = Loy + ¢ [V~ Ihg)llmj |Vl dx

Q-Qp

<c ”g - ]hg”q;aﬂ H”“z,r

< ch* Valin AY12 { Vo], + |[VZ0], }.

< ch Ve -3 [V?0[ ) + ch? o],
< c{h|Vey -z + B A2} { Vo], + [V20l }-
Using the estimate (12), Lemma Al (with v = 2) and the result (2), we find
ll@ = @) (e, o) < ¢ [Vey|E-s) i A| { [ Vol, + [V20] 5 }
< chn b |Vey| -2y { [Vol2 + [Vl }-
Thus, by Lemma A3, observing that |4 v| 4, = [le,/l(-4)>
len|(~a) /< ch* " |In k| + chp™! [In h|*? |Ve,|| ..

We substitute this in (30), choose p = ¢k |In 2|*'?, ¢ appropriately large, and
obtain ' )
[Venl|(~2) < ch* ™21 |In Al. (32)

From this the desired estimate follows.
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190 R. RANNACHER-
By combination of Lemma 1 and Lemma 2, we find as a first result for
l1<B<2
||e,,||w;nh < cgh®™ P72 |In p|*. (33)

Now, this will be used to improve the estimate of Lemma 2.

LEMMA 3 : Let 1 < B, <1 + (¢ — 2)/(3q). Then there are constants c,,
cg independent of h, so that for p = c,h

"Veh“(—nq) S ¢ =i,

Proof. Set p = c;h to guarantee the interpolation estimate (19). We start in
the same way as in the proof of Lemma 2 concerning the term Ve[ -,
With v, := I,(c PE,) €S}, E, := Lu — u,, we find analogously to (29)

IVeull(—py < ¢ |ei5||(—u—z) + chp™t ||[Vey| gy + ch HV2u||(—B>

and for p = ¢, 4, ¢, appropriately large,
Vel -y < Heh‘lh—s—m + ch [|[V2ul ).

~

Thus, by the result (33)
Vel (- gy < ch® P~ In hJ* |1 —p_yy + ch?>7P2724 luf], |
< chlTUa {27382V |Ig pf* 4 proBRT 1A Y,
Since ¢ > 2, we can find some §, with 1 < B <1 4 (g —2)/{3¢) <2, so
that
(2~ 3Ba/2-1/@) |Inh|“ + pA-Baiz-1/a) <

This proves Lemma 3.

Finally, combination of Lemma 3 and Lemma 1 completes the proof of
proposition (I).

Proof of Proposition (II)
The proof of Proposition (II) makes use of the estimate (I) for the given
g>2(e:=u—u):

lewllo < ch?~24 |In h| < c,h. (36)
Let ve W52 (Q) n W?2:2(Q) be the solution of the problem
Av = ¢, in Q , v=0 on 0Q. (37)

Using (9), we find analogously to (31) with I,v € S?

ledl> = j e,0,vds + a(e,, v — I,v) + (a — d")(e,, I,,v). (38)
F
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The three terms on the right can be estimated in a similar way as those in (31).

We get
J e,0,vds
o0

and, using (14) and the result (2),
la(e,, v — Lv)| < ¢ |Veu |, [V = L), < ch? |v],,,.

<c ”g - Ihg”z:@n ”“2,2 < ch? ”””2,2

Further

o = @en 10 < e 3 [ o = il Vel 970
Qh

ik

It will be convenient to replace the discontinuous function |V /,v| by a con-
tinuous approximant ,:= 1, |Vo| 0 of |Vv|e W' (Q) on Q, By the
boundeness of «;,, ", and the estimate (12), we have

@ — d")(e,, I,v)| < cj {|Vey [V(I,v — )| + |Ve,|||Vo] — Wyl + |Ve, > ¥, } dx

and, using (13) and the result (2),

w—wmmmswmewm+g[mxmm

Qn

< ch? o, 5 + ¢ f Ve, 2, dx.

Qn

The integral on the right can be estimated in the same way as the term |[Ve, | _,,
in the proof of Lemma 2. Defining v, := I,(V,E,) € Sy, E, := Liu — u,, we
have by (9)

J\ lvehlz‘*l/n dx| <c }ah(eha Vi(u — Iu) + V,E, — vh)l
Q

+ ¢ | (Ve e [V, dx

Qp

and hence

f ‘Veh'z\l’h dx < c Hveh“z { “Vlbh(u - Ih")”z;m + \N’hv(u - Ihu)uz;nh

+ ”V(\‘IlhEh - Uh)“Z;Q;. + ”V\l’hehnz;n;.}
< Ve, { ) + i) + Gi) + ()}
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192 R. RANNACHER

Using Holder’s inequality, the Sobolev embedding theorem and (13), it fol-
lows that

@) < c¢lu = Lu|, g, [V¥l2.0, < ch?>722 ul, , 0],
(i1) =c ||V(“ - Ihu)“q;ﬂh "‘|’h“1;2 Q, = ch )|u||2_q N”“z,z-

Observing \, = 0, V2, = V2E, = 0 on each T e 7, and the result (3), we
find

(i)

IA

1/2
ch( » f V(4 dx) < b [Wils.a VE.
T

TcQp

IA

ch H““z,q ||v||2,2,

Finally, our result (36) applies to the crucial term (iv)
(iv) = “V‘l’hHZ;Qh lenll o, 0 < € lv]l2,2-
This gives

@ — @) (ew Lv)| < ch o], 5 Ve,

2>

Thus, by ||v],,, < ¢ ||, and the result (2),
leall, = O(A?).

This completes the proof of the theorem.

3. APPENDIX

Here we state some lemmas used 1n the proof of the theorem. Assume the
condition (T) to be satisfied.

LEMMA Al : Letve W2 (Q) n W*2(Q) and let I,v € S? be its interpolant.
Then

IViol < ¢ fin A o], (a)

and with the weighted norms (18) for 0 < v < 4 and p = c;h
|02 VEo]., < ¢ fin b (V0] 0ay + V20 (b)

Proof. We shall prove (b). The proof of (a) is similar.

Let T € T, be any triangle with T < Q, and let £ € T be the center of the
inscribed circle with radius ¢, 4 (assumption (7). The boundary 0Q is of
class C? and hence satisfies a strong cone condition. The corresponding sphe-
rical cone K := K(§, 1) = B(§, 1) with vertex &, opening |Z;| and height

R.A.1.R.O. Analyse Numérique/Numerical Analysis



FINITE ELEMENT APPROXIMATION OF MINIMAL SURFACES 193

1 > 0 (independent of § € Q and /) can be cut off to a cone K; = T with volume
|Ky| = ch? and K; = = B(E, t). Then by (19)

[6¥2 VI,v(E)| < ch_zf o2 |VI,v| dx

Kr

<ch ' |V - L,v)|, + ch_zf o"/? |Vu| dx

Kt

< c V20|, + ch'1<f

Kr

1/2
c” |Vul? dx) .

Now choose a function ¢ € C® with support in the ball B(&, 1) and the proper-
ties (independent of 4)

0<¢<1, |Vo|<c , o=1 on K.

Using polar coordinates (r,0 ) centered in § we find with the function
p(x — &)= (lx - g[* + 4#%)7"

h-ZJ‘ o |Vo|? dx < cf J rp(r) joc*? Vo|? dr do.
Kt Zx JO0

According to the special choice of ¢ it follows by integration by parts

rp(r) lpc*? Vo2 dr = — 2 j {J‘ sp(s) ds }(pcvlz Vo] 8, (@c"? |Vu)) dr
0 0 0

and, using the inequality ab < ea® + (4g)"'b% € > 0,

| e i <4 [ {f 5pl6)ds } r2p()"r [V (@02 Vo)) dr.

r 2
The function { J sp(s) ds}r—zp(r)"l is continuous and nondecreasing
(0]

for 0 £ r < h and hence uniformly bounded by ¢ |In A|*> for r < diam (Q).
This gives

h—zf c" [Vol* dx < c fin B[*(|Vo]-5 + [V?0])*
Kr

and completes the proof.
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194 R. RANNACHER

LeMMA A2 : Let G" € W5?(Q) n W?2(Q) be the smoothed Green functions
defined by (20) and let G} be its Ritz projections defined by (21). Then with the
weighted norms (18) for p = c3h

- 1 e>0
VG + V2G4, < c,pht ’
9o + 190y e { | L 270 @
V(6" = Gl < clin 2 [¥(6" = Dy < colm, (0
lo'* VG|, < c,ph~'|Ink| , &> 0. ©

Proof. The estimate (a) and (b) are proven in [4].
Analogously to Lemma A1l we find
lo' S VGLE) < ch™! |V(Gh = G") 2429 + ¢ [InA| { [VG"] g
' + V26" 54 g, )
and, using (a) and (b),
lo* " VGEE) < cph™* [Inh|'? + cph™* |In Al.
This proves (c).

LEMMA A3 : Let ve W2 (Q) n W22(Q) and let A be the uniformly elliptic
differential operator deﬁned by (11). Then with the weighted norms (18) for
0<p<pg

Vol + [V20] ) < cp™ (1 + [lnp['?) [Av] ).

For the sake of completeness we shall sketch a proof of this important
a priori estimate. It rests on ideas contained in [12] and [4]. A similar assertion
is stated by Nitsche [11] for the Laplace operator.

Proof. Seto ()= {]. —z? + P40 <p < py, zc Q.
Denoting by 7 : = x/ — zJ, j = 1, 2, the components of the vector x — z,
x € Q, we get

IV20l&) = Z 1y VZol3 + p* V202

and by the well known Lz-estlmate,

p Vo], < < cpt [Av] w),
|7 V20ll, < ¢ {[V2(o)lls + Vo2 } < e {]4070)]2 + Vo], }-
Further, using M : = = max laully,, < oo and max laylo < ¢M, we find with

p:=2q/(q - 2)
14 (o], = ¢ { llyfAvllz + M |of|, + M Vo], } < ¢ {[yav], + o], },
and thus by Poincaré’s inequality and 6™ < ¢p~!

[V2ollay < e { 4oy + ol } < e {p7" [40ll@y + Vol 3. (39)
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By the inequality ab < (a® + b?)/2, it follows that
IVol3 < a(,v) < cp™ [Inp|[4v]G, + cp® [Inp|™* [oZa,

Denoting by g(., .) the Green function of 4 over Q we obtain
ol = o0 [avt@rets )

and by Holder’s inequality and an interchange of the order of integration
Il < fo*(@ poter( fo (et { [onetem dn}dx) &

It is well known that the Green function g can be estimated on Q by (see [4])
0<glxy)<ec(l+|mlnfx—y[])

2
dx,

From this we conclude
fG““(n)g(x, n)dn < cp™*(1 + [In p|).

It follows that

lolf-a) < cp™*(1 + [ p|)* [ A0l
and thus

[Voll, < ep™* (1 + [In p*?) [ 40| ).

Together with (39) this completes the proof.

Finally, we state a simple boundary estimate, which can be proven by
locally reduction to one dimensional integrations.

LemMA A4. Let ve W*P(Q), | < p < . Then (see (15))

j of? dx < ¢, d(30, 50, f {l? + [Vol? } dx.
Q—Q Q
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