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Irrational Rapidly Convergent Series.

JArROSLAV HANCL (%)

ABSTRACT - The main result of this paper is a criterion for irrational series which
consist of rational numbers and converge very quickly.

1. Introduction.

Mabhler in [6] introduced the main method of proving the irrationality
of sums of infinite series. This method has been extended several times
and Nishioka’s book [7] contains a survey of these results. Other
methods are given in Sandor [8], Hané¢l [5] and Erdés [4].

In 1987 in [1] Badea proved the following theorem.

THEOREM 1. Let {a,}. =1 and {b,}-1 be two sequences of positive

. b b
integers such that for every large n, a, > "b—“af - ZH a, + 1. Then

b, . . .
the sum a= > — is an irrational number.
k=1a,

Later in [2] he improved this result. Erdos in [4] introduced the no-
tion of irrational sequences of positive integers and proved that the se-
quence {2%'1”_, is irrational. In [5] the present author extended this
definition of irrational sequences to sequences of positive real num-
bers.
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DEFINITION 1. Let {a,};-1 be a sequence of positive real numbers.

© L 1.
If. for every sequence {c, }—, of positive integers, the sum >, —— is an
n=1 a,Cy,

irrational number then the sequence {a, }y, -1 is called irrational. If the
sequence s not irrational then it is rational.

The same paper also gives a criterion for the irrationality of infinite
sequences and series.
In 1999 in [3] Duverney proved the following theorem.

THEOREM 2. Let 8 be a positive rational number and y be a non-
negative real number with 0 <y <2. Assume that {w,};-1, {a,}r-1
and {b,};-1 are sequences of nonzero integers such that

lim u, = o,

i
Uy 1= Puy + Ou),
log |a, | = 0o(2")
and

log | b, | = o(2").

oo

Then a = 2, bCL 1s a rational number if and only if there is ny such
n=10,U,

that for every n >n

an+1bn an,+2bn,+l

n .
ﬁan+1bn+2

Up+1= ﬂ%z -

Qy, bn +1

The main result of this paper is Theorem 3. It deals with a criterion

for the irrationality of sums of infinite series of rational numbers which

depends on the speed and character of the convergence. In particular it
does not depend on arithmetical properties like divisibility.

THEOREM 3. Let A >1 be a real number. Suppose that {d,}, -, is @
sequence of real numbers greater than one. Let {a,}r-1 and {b,}; - be
two sequences of positive integers such that

1

(@))] lim a2 =A

n—o N
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and for all sufficiently large n

A o0
@) - > [lq
az 7"
and
dz?l
3 n o __
3) Jim, =

©
n

. b, . . )
Then the series a = 2, —~ is an rrational number.
n=10a,

COROLLARY 1. Let A>1 be a real number. Assume that {an},‘f_l
and {b, }, -1 are two sequences of positive integers such that hm a, o =A
and for evefry sufficiently lmﬂge posztwe integer m, a,; o (1 + = ) <A and

n

b, < . Then the series Z b s 1rrational.
n=10a,

This is an immediate consequence of Theorem 3. It is enough to put
d,=1+L.
n

COROLLARY 2. Let A>1 be a real number. Assume that {a,}; -1
and {b,},-1 are two sequences of positive integers such that nlgrolo a,;_; =A
and for every sufficiently large positive integer n, aw;zi” (1+4(2/83)")<A
and b, < 29" Then the series i b s irrational.

n=1 a/rz

This is an immediate consequence of Theorem 3. It is enough to put
d,=1+(2/3)".

REMARK 1. Theorem 3 does not hold if we omit condition (2). To see
this let ay be a positive teger greater than 1 and for every positive in-
teger n, a,=a’_,—a,_1+ 1. Then

a1 1 1 \z7 1 _ L
n — 9 —

a,z? a,z + >

Ay -1 Wy —1
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and

1 1

% - 3 on +1 Lﬁ - 3 1-— -
on p— 2" J—
a,z = 4 az = 4 0

1
Hence lim a,2" >1 and

RIS zi

n=0 A, ay

1 “ -1 1 “ 1 1
) n=1 an(an -1) o n=1\ a, — 1 an(an -1)

1,3 1 1 )_ 1 11
ay =1\ (o= DI[=a;  (ao— DI yq;

=_ + =
Qy ao(ao_l) C(/O_l
s a rational number.

ExAMPLE 1. Let [x] be the greatest integer less then or equal to x,
w(n) be the number of primes less then or equal to n and d(n) be the
number of positive divisors of the number n. As an immediate conse-
quence of Corollary 1 we obtain that the series

® [d(n)(3/2)“] +2n © [d(n)2(4/3)”] +pn?
and

B R (=

are 1rrational numbers.

ExAMPLE 2. Let [x], n(n) and d(n) be defined as in Example 1. As
an immediate consequence of Corollary 2 we obtain that the series

& [d(n)<5/4>”] +n & [d(n)<6/5>”] +n?

m and
[(\f 2 )

2?1,
— n —
n |:(\/_ 27(71) )
are rrational numbers.

—n!

OPEN PROBLEM 1. It is an open p?ﬂoblem if for every sequence

{c.}n=1 of positive integers the sum 2 1

—— s rrational or
not n=1c,2%" +2"+2
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2. Proof.

1

Proor (of Theorem 3). From (1) and (2) we obtain that nli_l)l}g Oan”T =

=VAand lim d, = 1. This, (1) and (3) imply nli_r)r&(dmlanﬁ a 1?) =
1 3 n

= _— < 1. From this and (3) we obtain that
VA

bn+1
. Ay 41 . b +1 Ay . n+1 @,
4  lim —— = lim (n——" < lim d?,, —— =
n n+1 Yn m+ 1
W,

1 1

_ - +1
— hm ) i+ 1 on+1 2" =0.
n— oo(d’L+1an an+1 ) O

Inequality (4) implies that the series >, o

n=1a,

is convergent and for every

sufficiently large positive integer n

S b 2h
5) > gLt
j:nJrlaj Uy 41

©
n

Let us suppose that the series a = 2, o is a rational number. Then
n=10a,
there exist positive integers p and q such that o= P Thus we

have

nop. n n i b.
(6) An:<p_q2_])na’]:qnajz —

j=1 a,]- j=1 j=1 ]:n-%—lCLj
is a positive integer for every n =1, 2, .... Thus
) A,=1.

Now we find a positive integer » such that A, <1, a contradiction with
(7). Let s be a positive integer such that for every n = s, (2) holds. This
and (2) imply that for every n and k with s<k<mn

A oo oo
> [la= 14,

= =k =
aF J J=n
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Hence

A
®) ———>1laq,.

From (1) and (8) we see that for infinitely many »

1 1
9) azit = d,+1 Mmax a7
j=8,..,m

otherwise there exists n, with ny=s such that for every n = n,

1 1 n+1 1
it <dy,y; max e <..< [l d max a7,
j=8,..,mn J j=ng+1 "j=58,...,mp J

contradicting (1) and (8) for sufficiently large n. Inequality (9) and the
fact that 2° + ... + 2" < 2" "1 imply

2n+1
Ay 41 = dn+1

L 277+1 2n+1 i 2"’+2’"'_1+“.+23
;7 ) >dig (]_:I‘glax a;? )

( max
J=8, ..., n

n
n 1 2i

_ 2n+1 —

=d;q H( max a;? )

i=s\ =8, ..,

n n s—1 -1
2'n+1 _ 2'n+1
2d’n,+1']i[aj_dn+1 'Hlaj H a; .
J=s J=

j=1

From this, (3), (6) and (6) we obtain for infinitely many »

n o b. n
An:q(naj) 2 _jsq(JHa]) an+1 <

j=1 j=n+1 a; j=1 Ay +1
n b s—1 b
1 1
<2q(naj) poEn n+ 1 - =2q(H a/j) 7;::1 <1
J=1 dn+1(ij'L=IQ7')(H?=laj) J=1 dn+1

and the proof of Theorem 3 is complete. =
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