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Abstract

We consider a U(1)-invariant nonlinear Klein—-Gordon equation in dimension n > 1, self-interacting via the mean field mech-
anism. We analyze the long-time asymptotics of finite energy solutions and prove that, under certain generic assumptions, each
solution converges as t — +00 to the two-dimensional set of all “nonlinear eigenfunctions” of the form ¢ (x)e” " This global
attraction is caused by the nonlinear energy transfer from lower harmonics to the continuous spectrum and subsequent dispersive
radiation.
© 2008 Elsevier Masson SAS. All rights reserved.
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1. Introduction and main results

In this paper, we establish the global attraction to the variety of all solitary waves for the complex Klein—Gordon
field ¥ (x, t) with the mean field self-interaction:

{&(x,t) = Ai/f(x,t).—mzlﬁ(x, D4+pX)F{p, (1)), xeR"', n>1,1eR, (1.1
Yli=0 =vo(x), ¥lr=0=mo(x),

where

<p,w(-,r>>=/ﬁ(x)w<x,r>d"x.

Rn
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We assume that p is a smooth real-valued function from the Schwartz class: p € $(R"), p #Z0.

The long time asymptotics for nonlinear wave equations have been the subject of intensive research, starting with
the pioneering papers by Segal [17,18], Strauss [22], and Morawetz and Strauss [15], where the nonlinear scattering
and the local attraction to zero solution were proved. Local attraction to solitary waves, or asymptotic stability, in U(1)-
invariant dispersive systems was addressed in [19,1,20,2] and then developed in [16,21,4,5,3,6]. Global attraction to
static, stationary solutions in dispersive systems without U(1) symmetry was first established in [8,10,14,13,7,12].

The present paper is our third result on the global attraction to solitary waves in U(1)-invariant dispersive systems.
In [11], we proved such an attraction for the Klein—Gordon field coupled to one nonlinear oscillator. In [9], we
generalized this result for the Klein—Gordon field coupled to several oscillators. Now we are going to extend our
theory to a higher dimensional setting, for the Klein-Gordon equation with the mean field interaction. This model
could be viewed as a generalization of the §-function coupling [11,9] to higher dimensions. We follow the cairns of
the approach we developed in [11,9]: the proof of the absolute continuity of the spectral density for large frequencies,
the compactness argument to extract the omega-limit trajectories, and then the usage of the Titchmarsh Convolution
Theorem to pinpoint the spectrum to just one frequency. The substantial modification is due to apparent impossibility
to split off a dispersive component and to get the convergence to the attractor in the local energy norm, as in [11,9];
the convergence which we prove is e-weaker. On the other hand, the proof of this slightly weaker convergence allows
us to avoid the technique of quasimeasures, considerably shortening the argument.

We are aware of only one other recent advance [23] in the field of nonzero global attractors for Hamiltonian
PDE:s. In that paper, the global attraction for the nonlinear Schrodinger equation in dimensions n > 5 was considered.
The dispersive wave was explicitly specified using the rapid decay of local energy in higher dimensions. The global
attractor was proved to be compact, but it was neither identified with the set of solitary waves nor was proved to be of
finite dimension [23, Remark 1.18].

Let us give the plan of the paper. In the remainder of this section, we formulate the assumptions and the results.
The proof of the Main Theorem takes up Section 2 (where we analyze the absolute continuity of the spectrum for
large frequencies) and Section 3 (where we select omega-limit trajectories and analyze their spectrum with the aid
of the Titchmarsh Convolution Theorem). The example of a multifrequency solitary waves in the situation when p
is orthogonal to some of the solitary waves is constructed in Section 4. In Appendix A we give a brief sketch of the
proof of the global well-posedness for Eq. (1.1).

1.1. Hamiltonian structure

We set W (t) = (¥ (x,t), w(x,t)) and rewrite the Cauchy problem (1.1) in the vector form:

u‘z(z):[A_Omz é] 'I/(t)+p(x)|:F(<p 3(. t)))], Woo=¥, xeR" n>1,1€eR, (12)

where ¥y = (Yo, mp). We assume that the nonlinearity F admits a real-valued potential:
F(z)=-VU(z), zeC, UeC*Q0), (1.3)

where the gradient is taken with respect to Rez and Imz. Then Eq. (1.2) formally can be written as a Hamiltonian
system,

(1) = JDH(Y),

where J is skew-symmetric and DH is the variational derivative of the Hamilton functional

1
HW) =3 /(|n|2 + VYR +m2 Y P)d"x + U((p,¥), @ = [ig;} (1.4)
Rn

We assume that the potential U(z) is U(1)-invariant, where U(1) stands for the unitary group e 0 € R mod 2.
Namely, we assume that there exists u € C 2(]R) such that

Uz)=u(lz*). zeC. (1.5)
Relations (1.3) and (1.5) imply that
F(2)=a(zl*)z, zeC, (1.6)
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where a () = —2u/(-) € C'(R) is real-valued. Therefore,

F(ez) =¢F(z), 6€R, zeC. (1.7)
Due to the U(1)-invariance, the Nother theorem formally implies that the functional
= l_ I — 7 n _| v
Q(W)—Z/(wn ) d'x, v/—[m) : (1.8)
Rn

is conserved for solutions ¥ (¢) to (1.2).
We introduce the phase space of finite energy states for Eq. (1.2). Denote by ||-||;2 the norm in L%(R"). Let
H*(R"), s € R, be the Sobolev space with the norm

s/2

1Wlias = (m =AYy .. (1.9)
For s € R and R > 0, denote by Hg (B%) the space of distributions from H*(R") supported in ]B’I‘e (the ball of radius
R in R"). We denote by || - || gs, g the norm in the space H*®(B';) which is defined as the dual to HO_S B%).

Definition 1.1.

(i) &€ = H'(R") @ L*>(R") is the Hilbert space of states ¥ = [V/(x)], with the norm

7 (x)
1ZNIE = 732 + IV, +mP w3, = 713 + 1115, (1.10)
(ii) For & > 0, introduce the Banach spaces € ¢ = H'~¢(R") @ H —¢(R") with the norm defined by
—&/2 2
w2, =] (m® = A) o2 = 1w + 11 (1.11)
(iii) Define the seminorms
1Wllge g =I5 g + VI3 g» R>0, (1.12)

and denote by &7 the space of states ¥ € &~ with finite norm

oo
W llgs =D 2 FI¥llg— & < co. (1.13)
R=1

We will denote &joc = &Y

loc*

Remark 1.2. The Sobolev embedding theorem implies that the embedding € C €, is compact for any & > 0.

Eq. (1.2) is formally the Hamiltonian system with the phase space & and the Hamilton functional . Both H and O
are continuous functionals on &. We introduced into (1.9) the factor m? > 0, so that H(¥) = %HlI/ ||%2 +U{p, ).

1.2. Global well-posedness

To have a priori estimates available for the proof of the global well-posedness, we assume that

m2

U(z)>A—Blz|> forzeC, where Ac Rand0< B < -
2llplls,

(1.14)

Theorem 1.3. Let p € 8(R"), and let F(z) satisfy conditions (1.3), (1.5), and (1.14). Then:

(i) For every Wy € & the Cauchy problem (1.2) has a unique solution ¥ € C(R, &).
(ii) The map W (t) : o+ W(t) is continuous in & and 8\ for each t € R.
(iii) The values of the energy and charge functionals are conserved:

H(W (1)) =HW), QW) =0W), teR. (1.15)
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(iv) The following a priori bound holds:
¥ @) <CWp) <oo, 1€R. (1.16)
(v) For any ¢ > 0, the map W(t) : Wy +— W (t) is continuous in €~ and é’l;f uniformly in t € [-T,T], for any
T > 0.
We sketch the proof of this theorem in Appendix A.
1.3. Solitary waves

Definition 1.4.

(i) The solitary waves of Eq. (1.1) are solutions of the form
Y (x, 1) = dpo(x)e'",  where w € R, ¢o(x) € HI(R”). (1.17)

(i1) The solitary manifold is the set S = {(¢,,, —iwd,): @ € R}, where ¢,, are the amplitudes of solitary waves.

Identity (1.7) implies that the set S is invariant under multiplication by ¢'?, 6 € R. Let us note that since F(0) =0
by (1.6), for any w € R there is a zero solitary wave, ¢, (x) =0.
Define

E(x,w):}"g%x[ PE) 2], weCrU (=m,m), (1.18)

£24m?—w

where CT = {w € C: Imw > 0}. Note that X (-, ®) is an analytic function of @ € CT with the values in 8(R"). Since
|2 (x, w)| < const|Imw|~! for w € C*, we can extend for any x € R” the function ¥ (x, w) to the entire real line
w € R as a boundary trace:

Yx,w)= lim Y(x,o+i€), welR, (1.19)
e—>0+
where the limit holds in the sense of tempered distributions.
Proposition 1.5 (Existence of solitary waves). Assume that F(z) satisfies (1.7), and that p € $(R"), p £ 0. There
may only be nonzero solitary wave solutions to (1.2) for w € [-m, m]U Z,,, where
Z,={oeR\[-m,m]: p(§) =0 forall & € R" such that m* + £% = w?}. (1.20)

The profiles of solitary waves are given by
cp(§)

E2 1 m?—

where ¢ € C, ¢ # 0 is a root of the equation

bo(&) =

s@a(lcllo@]) =1, (1.21)
where « is defined in (1.6) and

15(8)1?

Q2w )"/$2+m (w+i0)2d £ (1.22)

0@ =(p. ()=

The existence of such a root is a necessary condition for the existence of nonzero solitary waves (1.17).
The condition (1.21) is also sufficient for n > 5 and for |w| #m, n > 1.
For |w| =m, n < 4, the following additional condition is needed for sufficiency:

I,O(E)I2

(1.23)
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Remark 1.6. As follows from (1.21) and (1.22), o (w) is strictly positive for |w| < m (since p £ 0) and takes finite
nonzero values for all w that correspond to solitary waves (for n < 4, the finiteness of o (w) at w = +m follows if
(1.23) is satisfied).

Remark 1.7. One can see that generically the solitary wave manifold is two-dimensional.

Proof. Substituting the ansatz ¢, (x)e ' into (1.1) and using (1.6), we get the following equation on @,:

02 (x) = App(x) —m*¢p(x) + p(X)F((p, d0)), x €R™ (1.24)
Therefore, all solitary waves satisfy the relation
(&% +m* — 0?) (&) = PEVF ({0, do))- (1.25)

For w ¢ [-m,m] U Z, the relation (1.25) leads to ¢, ¢ L2(R™) (unless ¢, = 0). We conclude that there are no
nonzero solitary waves for w ¢ [-m, m]U Z,,.
Let us consider the case w € [-m, m] U Z,. From (1.25), we see that

p&)
7€z+mz_wzF(<P’¢w>)~ (1.26)
Using the function ¥ (x, w) defined in (1.18), we may express ¢, (x) = ¢ X (x, w), with ¢ € C. Substituting this ansatz
into (1.26) and using (1.6), we can write the condition on c in the form (1.21).
For n < 4, the finiteness of the energy of solitons corresponding to w = #+m is equivalent to the condition (1.23).
This finishes the proof of the proposition. O

bo() =

1.4. The main result

Assumption A. We assume that p € §(R"), the set Z, defined in (1.20) is finite, and that
o(w)#0 forweZ,. (1.27)
Above, o (w) is defined in (1.22).

Remark 1.8. Note that o (w) is well-defined at the points of Z,, since /3||§|: N =0forweZ,.

As we mentioned before, we need to assume that the nonlinearity is polynomial. This assumption is crucial in
our argument: It will allow us to apply the Titchmarsh Convolution Theorem. Now all our assumptions on F can be
summarized as follows.

Assumption B. F'(z) satisfies (1.3) with the polynomial potential U (z), and also satisfies (1.5) and (1.14). This can
be summarized as the following assumption on U (z):

p
U@ =) unlz™, un€R, p>2, u,>0. (1.28)
n=1

Our main result is the following theorem.

Theorem 1.9 (Main Theorem). Assume that the coupling function p(x) satisfies Assumption A and that the nonlin-
earity F(z) satisfies Assumption B. Then for any Wy € & the solution ¥ (t) € C(R, &) to the Cauchy problem (1.2)
converges to S in the space 8135, for any ¢ > O:

im_distg (#(1), S) =0, (1.29)

where distglfs(ll/, S) = ing ¥ — s||8rg.
oc sE oc
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Remark 1.10. The Slgj -convergence to the attractor stated in this theorem is weaker than the &j,.-convergence proved

in [11] and [9], where we considered the Klein—Gordon field in dimension n = 1, coupled to nonlinear oscillators.
Obviously, it suffices to prove Theorem 1.9 for t — +-00.

2. Absolute continuity for large frequencies

2.1. Splitting off a dispersive component

First we split the solution v (x, ¢) into ¥ (x, 1) = x(x,t) + ¢(x,t), where x and ¢ are defined as solutions to the
following Cauchy problems:

X0 =Ax@, 0 —m’x(x, 0, (6Ol = Yo, 2.1

Glx, 1) = Ap(x, 1) —m*e(x, 1)+ p(X) f (1), (9, §)li=0 = (0,0), (2.2)
where ¥ is the initial data from (1.2), and

f@) =F((p.¥(.0)). (2.3)
Note that (p, ¥ (-, t)) belongs to Cp(R) since (¥, 1,.0) € Cp(R, &) by Theorem 1.3(iv). Hence,

() € Cp(R). (2.4)
On the other hand, since x (¢) is a finite energy solution to the free Klein—-Gordon equation, we also have

(x, x) € Cp(R, &). (2.5)

Hence, the function ¢(¢) = ¥ (t) — x (¢) also satisfies
(¢, 9) € Cp(R, &). (2.6)

The following lemma reflects the well-known energy decay for the linear Klein—-Gordon equation.

Lemma 2.1. There is a local decay of x in the &oc seminorms. That is, VR > 0,

|G, x@)][g g =0, 1 o0, 2.7)
2.2. Complex Fourier—Laplace transform

Let us analyze the complex Fourier—Laplace transform of ¢(x, 7):

o
P(x, 0) = Fimo[@Oe(x, 1)] 1=f€i“”<p(x,t)dt, weCh, xeR", (2.8)
0

where Ct := {z € C: Imz > 0}. Due to (2.6), ¢(-, ®) is an H'-valued analytic function of w € C*. Eq. (2.2) for ¢
implies that

—0?P(x, w) = Af(x, w) —m*G(x, w) + p(x) f(w), weCh, xR,

where f (w) is the Fourier—Laplace transform of f(¢):

]

f(w):f,%w[@(t)f(t)]=/ei“”f(t)dt, weCT.
0

The solution @(x, ) is analytic for € C* and can be represented by

§(x,0)=2(x,0)f(®), weCT. (2.9)
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2.3. Traces of distributions for w € R

First we remark that
Oe(x,1) € Cp(R, H'(R")) (2.10)

by (2.6) since ¢(x,0+) = 0 by initial conditions in (2.2). The Fourier-Laplace transform of ¢ in time,
Fiswl®®)@(-, 1)], is a tempered H'-valued distribution of w € R by (2.6). Abusing the notations, we will denote
this Fourier—Laplace transform by ¢ (-, ), w € R; it is the boundary value of the analytic function ¢(-, ), w € Ct,
defined in (2.8):

(¢, w)= lim ¢(,w~+ie), weR, @2.11)
e—>0+

where the convergence is in the space of H L_valued tempered distributions of w, 8'(R, H L(R™)). Indeed,
.o +ie)=Fino[O0e(. De ],
while ® (t)p(-, t)e™ —0> O(t)p(-,t), with the convergence taking place in ' (R, H'(R")) which is the space of
e—>0+

H'-valued tempered distributions of 7 € R. Therefore, (2.11) holds by the continuity of the Fourier transform F;_,,
in &'(R). Similarly to (2.11), the distribution f(w) for w € R is the boundary value of the analytic in C function
fw), weCt:

f(a)):égl(I)l+f(a)+ie), weR, (2.12)

since the function @ (¢) f (¢) is bounded. The convergence holds in the space of tempered distributions $'(R).
Let us justify that the representation (2.9) for ¢(x, ) is also valid when w € R, w # +m, if the multiplication in
(2.9) is understood in the sense of distributions.

Proposition 2.2. For any fixed x € R", X (x, w), w € R\{£m}, is a smooth function, and the relation
Px,0)=2(x,0) f(w), xeR" weR\{tm}, (2.13)

holds in the sense of distributions.

Proof. Due to p(x) being from Schwartz class, the function X' (x, w) defined in (1.18), (1.19) is smooth away from

w = £m, and hence is a multiplicator in the space of distributions of w, w # +m. Now the relation (2.13) follows
from (2.9) and the limits (2.11) and (2.12). O

2.4. Absolutely continuous spectrum

Let k(w) denote the branch of ~/@w? — m? such that Imvw? —m?2 > 0 for w € C*:
k(w)=vVw?—m?, Imk(w)>0, weCt. (2.14)

Then k(w) is analytic for € CT. We extend it to @ € Cc+ by continuity.

Proposition 2.3. The distribution f(w + i0), € R, is absolutely continuous for || > m and satisfies

/ | (@) M) do < oo, (2.15)

|w|>m

where M(@) = L R(k@)D), R = gy fiejzy 1E P A" Se, 7> 0.
Remark 2.4. The function M (w), |w| > m, is nonnegative, and its set of zeros coincides with Z, defined in (1.20).

Remark 2.5. Recall that f (w), w € R, is defined by (2.12) as the trace distribution: f (w) = f (w+1i0).
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Proof. We will prove that for any compact interval I such that I N ([—m,m] U Z,) = ) the following inequality
holds:

/ | F (@) M) do < C, (2.16)
1

for some constant C > 0 which does not depend on /. Since there is a finite number of connected components of
R\([—m, m]U Z,), this will finish the proof of the proposition. Let us prove (2.16). The Parseval identity applied to

o0
(,Z(x,w—l-ie):f¢(x,t)eiw’_5’dt, weR, €>0,
0

leads to
o0
/“@(',a)‘f‘ié)”izdw:27{/”@(.’t)||ize*2€tdt'
R 0

Since sup,>¢ (-, 1)l 2 < oo by (2.6), we may bound the right-hand side by Cj /e, with some C; > 0. Taking into
account (2.9), we arrive at the key inequality
C

/yf(w+ie)|2|\>:(-,w+ie)uizdwg —. 2.17)
R

Lemma 2.6. Assume that I is a compact interval such that I N ([—m, m]U Z,) = . Then there exists €; > 0 such
that

M(w)

|\2(-,w+ie)\\iz>w, wel, 0<e<er. (2.18)
Proof. Let us compute the L?-norm using the Fourier space representation. Since b3 E,w+ie)= M%, we
have:

! 5(6)21d" [ Rod
|2C.o+iol;.= / PEATE _f_ RWdh (2.19)
@my" J 1E7+m” — (w0 +i€)?] [n°+m* — (0 +i€)7
R” 0
Let K; be given by

Ki={n>0n*=0*—m? well. (2.20)
We denote

No = [k(®)] € K. 2.21)
Since the function R () is smooth and strictly positive on K/, there exists €; > 0, satisfying

1
€] <min<m,§|K1|>, (2.22)
so that R(n2) > %R(m), for all 1, ny € Ky such that [n2 — 11| < €7. Hence, (2.19) yields
2 < R(w) / dn
(-, € > , O<e<e. 2.23
” (o+i )HL2 2 |n2+m2—(a)+ie)2|2 I ( )

KiN[ne—¢€,ny+el
Estimating the integral in the right-hand side of (2.23) via the inequality

1 1 1
inf = > ,
In—nol<e N2 +m? — (@ +i€)?]>  (2nwe +2€2)? +4w?e? ~ 20€’w?
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where we took into account that nf) =w? —m? and € < €; <m < |w|, we arrive at
. 2 R(Nw) R(Mw)
|2 otial.> maslKinme —cn+el> 55, wel 0<e<e. (2.24)

The last inequality follows since by (2.21) and (2.22) either [n, — €, 1] C K; OF [y, Nw + €] C K orboth. O
Substituting (2.18) into (2.17), we obtain the bound

f |+ ie)|" M@)dw <40C;, 0<e<e;. (2.25)
1

We conclude that the set of functions g7 ¢ (w) = f(a) +i€)/ M(w), 0 <€ < ¢, defined for w € I, is bounded in the
Hilbert space L?(I), and, by the Banach Theorem, is weakly compact. The convergence of the distributions (2.12)

implies the weak convergence g; . — g7 in the Hilbert space L2(I). The limit function g;(w) coincides with the
e—>0+

distribution f (w)~/M (w) restricted onto I. This proves the bound (2.16) and finishes the proof of the proposition. [
3. Nonlinear spectral analysis of omega-limit trajectories
3.1. Compactness argument and omega-limit trajectories

Fix Yo = (Yo, mp) € €, and let y € C(R, H (R™)) be the solution to the Cauchy problem (1.1) with the initial data

W, 1/'f)|r=o = EI/O. Lett; >0, j € N be a sequence such that ¢; — oo.
Since (Y, ¥)|;; are bounded in &, we can pick a subsequence of {7;}, also denoted {z;}, such that

W, )l - By in &, forany e >0, (3.1

where By is some vector from & (see Remark 1.2). By Theorem 1.3, there is a solution 8(x,t) € C(R, H L®R™) to
(1.1) with the initial data (8, 8)|;=0 = Bo € &:

Bx,t) = AB(x,t) —m*B(x, 1) + p(xX)F ({0, B)), x €R", t eR; (B, B)li=o = Bo € &; 3.2)
this solution satisfies the bound

sup [(BC.0), BC. D)) ¢ < o0 (3.3)

te

Let S; be the time shift operators, S; f(t) = f (¢ + 7). By (3.1) and Theorem 1.3(v), for any T > 0 and ¢ > 0, there
is the convergence

S () —= B) inCy(I-T.T1. &%) (34)

If a function B(x, t) appears as the limit in (3.4) for some sequence ¢; — oo, we will call it omega-limit trajectory.
To conclude the proof of Theorem 1.9, it suffices to check that every omega-limit trajectory belongs to the set of
solitary waves; that is,

Bx,1) = o, (x)e 't xeR" 1R, (3.5)

with some w4 € R.
3.2. Compactness of the spectrum
We denote g(r) = F((p, B(-,1))).

Proposition 3.1. supp g C [—m, m]U Z,, where Z, is defined in (1.20).
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Proof. By Lemma 2.1,
lGe 301e g ——0, (3.6)
loc ¢

— 00

hence the long-time asymptotics of the solution v (x, f) in & depends only on the singular component ¢(x, ). The
convergence (3.4), together with (3.6), prove that for any 7 > 0 and ¢ > 0,

Sty (. 9) ——— (. B). inCp(-T.T1.&7). 3.7)

The convergence (3.7) implies that, for any smooth compactly supported function «(x), there is a convergence
4/
J—0o0
Due to the continuity of the Fourier transform from 4’ (R) into itself, we also have
~ Ziot; 8 ~
t(@), ¢, w))e ™ —— t(w){a, B, ), (3.8)
j—o00

where ¢ (w) is a smooth compactly supported function. Assume that supp ¢ N ([—m, m]U Z,) = @. Then, by Proposi-
tion 2.2, we may substitute ¢ (w)@(x, ®) by ¢ (w) X (x, w) f (w), getting

‘@, ZC, ) fw)e ]j;og t(@)a, B, ). 3.9)

Since f is locally L? on R\([—m, m] U Z,) by Proposition 2.3, while ¥ (x, w) is smooth in @ € R\{#£m} for any
x € R, the product ¢(w) (e, X(-, w)) f (w) is in L'(R). Therefore the left-hand side of (3.9) converges to zero. It
follows that B(x,w) =0forw ¢ [-m,m]UZ,. O

3.3. Spectral inclusion
Proposition 3.2. supp g C supp(p, (-, ®)).

This proposition states that the time spectrum of g(¢) = F({p, B(-,1))) is included in the time spectrum of
(p, B(-, t)). This spectral inclusion plays the key role in the proof of our main result (Theorem 1.9).

Proof. By (3.7),

P+ 1) = F(lpovtat +1)) = F(lp. p)) = 50

for any T > 0. Using (2.13) and taking into account that ¥ (x, w) is smooth for w # £m, we obtain the following
relation which holds in the sense of distributions:

B(x,w) =X (x,w)g(w), xeR", weR\{xm)}. (3.10)
Taking the pairing of (3.10) with p and using definition of o (w) (see (1.22)), we get:
(0, BC.®)=0(@§g), oeR\{Em}. (3.11)

First we prove Proposition 3.2 modulo the set w = {+m}.
Lemma 3.3. supp g\ {£m} C supp(p, B(-, )).

Proof. By Proposition 3.1, suppg C [—m,m] U Z,. Thus, the statement of the lemma follows from (3.11) and from
noticing that o (w) is smooth and positive for w € (—m, m) and moreover, by Assumption A, it is nonzeroon Z,. 0O

To finish the proof of Proposition 3.2, it remains to consider the contribution of w = +m.

Lemma 3.4. If wg = £m belongs to supp g, then wo € supp{p, B).
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Proof. In the case when wg = +m is not an isolated point in [—m, m] N supp g, we use (3.11) to conclude that
wo € supp(p, B) due to positivity of o (w) for |w| < m (which is apparent from (1.22)).

We are left to consider the case when wg = m or —m is an isolated point in [—m, m] N supp g. We can pick an open
neighbourhood U of wq such that U Nsupp g = {wop} since supp g € [-m,m]U Z,, and Z,, is a discrete finite set. Pick
IS Cf)x’ (R), supp¢ C U, such that ¢ (wg) = 1. First we note that

{(@)g(w) = Ms(w—wp), M eC\{0}, (3.12)

where the derivatives of the § (w — wg) are prohibited because Z * g () is bounded. By (3.10), we have U Nsupp,, ,3 C
{wp}, hence

{(@)B(x.0) =80 — w)b(x), beH'(R"). (3.13)

Again, the terms with the derivatives of §(w — wq) are Erohibited because (a,g: * B(-,t)) are bounded for any
a € Cg°(R™), while the inclusion b(x) € H'(R") is due to B € 8/ (R, H'(R")).

Multiplying the Fourier transform of (3.2) by ¢ () and taking into account (3.12), (3.13), and the relation w% =m?,
we see that the distribution b(x) satisfies the equation
0=Ab(x)+ Mp(x). (3.14)
Therefore, b(x) £ 0 due to M # 0 and p(x) £ 0. Coupling (3.13) with p and using (3.14), we get:
~ (ADb, b)
t(@)(p, B, ) =8(w — wo)(p, b) = —8(w — wo) #0, (3.15)

M

since b € H'(R") is nonzero. This finishes the proof of Lemma 3.4. 0O

Lemmas 3.3 and 3.4 allow us to conclude that supp g(w) C supp(p, (-, ®)), finishing the proof of Proposi-
tion3.2. O

3.4. The Titchmarsh argument

Finally, we reduce the spectrum of y () to one point using the spectral inclusion from Proposition 3.2 and the
Titchmarsh Convolution Theorem.

Lemma 3.5. (p, B(-, 1)) =0 or supp(p, E(o, w)) ={w4}, for some wy € [—m,m]U Z,,.

Proof. Denote

y (@) =(p. BC.1)). (3.16)
By (1.28), g(¢) :=F(y(t)) = — 5=1 2nuy|y (1)]** =2y (¢). Then, by the Titchmarsh Convolution Theorem,
supsupp g = max supsupp (y % 7) s ... % (y * )%y = psupsuppy + (p — 1) supsupp . (3.17)

ne{n<p.un70}

n—1

Remark 3.6. The Titchmarsh Convolution Theorem applies because suppy C [—m,m]U Z,, and hence is compact.

Noting that sup supp y = — infsupp 7, we rewrite (3.17) as
supsuppg =supy + (p — 1)(supsupp y — infsupp ). (3.18)
Taking into account Proposition 3.2 and (3.18), we get the following relation:
supsupp y = supsupp g =supsuppy + (p — 1)(supsupp y — infsupp ). (3.19)

This is only possible if suppy C {w}, for some wi € [-m,m]UZ,. O
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3.5. Conclusion of the proof of Theorem 1.9

We need to prove (3.5). As follows from Lemma 3.5, y(w) is a finite linear combination of §(w — w4+) and
its derivatives. As the matter of fact, the derivatives could not be present because of the boundedness of y (t) :=
(p, B(-, 1)) that follows from (3.3). Therefore, y = 27 Cé(w — w4 ), with some C € C. This implies the following
identity:

y()=Ce ' CeC, teR. (3.20)

It follows that g(w) = 2w C8(w — w,), C € C, and the representation (3.10) implies that B(x, ) = B(x, 0)e @+
Due to Eq. (3.2) and the bound (3.3), B(x, t) is a solitary wave solution. This completes the proof of Theorem 1.9.

4. Multifrequency solutions

Now we consider the situation when Assumption A is violated. In this case, we show that there could exist multi-
frequency solutions, indicating that the set of all (one-frequency) solitary waves is only a proper subset of the global
attractor.

Fix w1 € (m, 3m). Set wy = w1 /3 and pick p € S(IR") such that the following conditions are satisfied:

b =0, 4.1
p|\$|: w%fmz ( )
! pE)1Pd"g

Qo ) 82 m? o} —

o(wy) = 4.2)

These two equalities imply that o (w) vanishes at a certain point of Z,, violating Assumption A.

Lemma 4.1. There exist a € R, b < 0 so that Eq. (1.1) with the nonlinearity
F(z)=az+blz|’z, zeC,

admits multifrequency solutions r € C(R, H") of the form
. . o)
Y (e = go()sineot + 1 (0)sinwr, wo ==, do. 41 € H'(R"),

with both ¢ and ¢1 nonzero.

Proof. To make sure that the nonlinearity does not produce higher frequencies, we assume that

(0,¢1)=0. 4.3)
Due to this assumption,
33 sinwgt — sin3wpt
4

Collecting the terms with the factors of sinwof and sinwt = sin3wo?, we rewrite the equation ¥ = Ay — m>y +
pF({p, ¥)) as two following equalities:

F((p.¥)) = F({p. ¢o) sinwot) = a(p, ¢o) sinwot + b{p, ¢o)

3b(p, ¢o)>
—wjdo = Ago — m*po + p(x) (a(p, $o) + %) (4.4)
b , 3
—wi¢1 = A —m>p — p(x)%. 4.5)
We define ¢o(x) by ¢A>o(.§) =p(E)/E2+m? — a)g). Since m2 — a)(z) > 0, there is the inclusion ¢; € H'(R"). Moreover,
1 2dn
(p. o) = PEOLLE () >0,

= (27[)an %-2 +m2_w0
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due to strict positivity of o (w) for || < m (see (1.22)). Hence, for any b (we take b < 0 to comply with Assump-
tion B), we may pick a such that (4.4) is satisfied. We then use (4.5) to define the function ¢ (x) by
. bip, o)  p(&) bo(wo)®  H(&)
$1(§) =— =-

4 e24m-w 4 E24m-ow

Dueto (4.1), 1 € H L(R™). We are left to check that ¢o satisfies the assumption (4.3). Indeed, due to (4.2),

_bo(w)’ 1 pEOPdE _
4 Qo) 24m2—w?
Rn

(0,91) =

Appendix A. Global well-posedness

The global existence stated in Theorem 1.3 is obtained by standard arguments from the contraction mapping prin-
ciple. To achieve this, we use the integral representation for the solutions to the Cauchy problem (1.2):

(1) =Wo()¥o + Z[¥ 1),

t
0 v
ZIV](t):= | Wo(t —s ds, W¥= , t>=0. A.l
0= [ )[pF<<p,w(~,s)>>} [n} (A-D
0
Here Wy(¢) is the dynamical group for the linear Klein—Gordon equation which is a unitary operator in the space & ¢
for any ¢ > 0. The bound

|Z1¥11@) — Z[¥al (1) | - < Clt] sup |¥1(s) = ¥2(9) | g C >0, 1] <1, €20, (A2)
s€[0,t

which holds for any two functions ¥, ¥, € C(R, &), shows that Z[y] is a contraction operator in C ([0, t], E~¢),
e >0, if t > 0 is sufficiently small.

The contraction mapping theorem based on the bound (A.2) on the nonlinear term allows us to prove the existence
and uniqueness of a local solution in &, as well as the continuity of the map W (#) (continuity with respect to the initial
data). The continuity of W (¢) in &} follows from its continuity in & and the finite speed of propagation.

The conservation of the values of the energy and charge functionals, H and Q, is obtained by approximating
the initial data in & with smooth initial data and using the continuity of W(¢) in &. For the proof of the a priori
bound (1.16), we use (1.14) to bound ||¥ ||¢ in terms of the value of the Hamiltonian:

¥ |% < (HWw)—A), wee. (A.3)

m? —2B|p|2,
This bound allows us to extend the existence results for all times, proving the global well-posedness of (1.2) in the
energy space.

Finally, the continuity of W(¢) in &~¢ and 8135, e > 0, follows from the contraction mapping theorem (based
on (A.2)) and the finite speed of propagation.
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