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ABSTRACT. — Given any constar@ > 0, we show that there existg > 0 such that for any
e < g0, the problemP.: —Au, = ul" /"2 4, > 0in Ay; u, = 0 0Nd A, has no solutiom,,
whose energyng |Vu,|?, is less than C, wherd, is a ringshaped open set k' andn > 4.
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RESUME. — Etant donné une constante positivarbitraire, nous montrons qu'il existg > 0
tel que pourtout < &, le problemeP,: —Au, = ul"2/"=2 4. = 0 dansA,; u. = 0 SUrdA,,
ne posséde pas de solutiondont I'energieJAE |Vug|?, est plus petite que C, ofl. est un ouvert

deR” ayant la forme d’'un anneau et> 4. 0 2002 Editions scientifiques et médicales Elsevier
SAS

1. Introduction and the main results
Let us consider the nonlinear elliptic problem

—Au=uP, u>0 InQ,
P& {u:O onosz,
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wheref is a bounded regular domainlR¥, n > 3 andp + 1= 2n/(n — 2) is the critical
Sobolev exponent.

The interest in this type of equation comes from its resemblance to some nonlinea
problems in geometry (Yamabe problem, Harmonic map¥ and physics (Yang—
Mills equations, Then body problen)...) where some lack of compactness occurs
(see Brezis [6]). It is well known that if2 is starshapedP (2) has no solution (see
Pohozaev [13]) and if2 has nontrivial topology, in the sense th, _1(2; Q) # 0 or
H (R2; Z/2Z) # 0 for somek € N, Bahri and Coron [3] have shown th&(2) has a
solution. Nevertheless, Ding [9] (see also Dancer [8]) gave the example of contractible
domain on whichP(2) has a solution. Then, the question related to existence or
nonexistence of solution @ (£2) remained open.

In this paper, we study the proble®(2) whenQ = A, is a ringshaped open set in
R™ ande — 0. More precisely, leff be any smooth function:

FiR™Y (1,21, (br,...,00-1) — f(61,...,0,_1)

which is periodic of periodr with respect t@;, ..., 6,_» and of period 2 with respect
to 6,_1. We set

Si(f)={xeR"|r=f(b1,....6,-1)}

where(r, 64, ...,0,_1) are the polar coordinates of For ¢ positive small enough, we
introduce the following map

gssl(f)%ga(sl(f)) :SZ(f)v x'_>g£(x):x+8nx

wheren, is the outward normal t&1(f) at x. We denote by(A,)..o the family of
annulus shaped open setdii such thatt A, = S1(f) U So(f). Our main result is the
following theorem.

THEOREM 1.1. —Assume thaik > 4. Let C be any positive constant. Then, there
existseg > 0 such that for anys < &g, the problemP.: —Au, = u("*2/0=2 4 >
Oin A,,u. =00ndA,, has no solution such tha, [Vu,|? < C.

Remark1.2. — We believe the result to be true alsodcte 3 (see Remark 1.4 below).

The proof of Theorem 1.1 is given in two principal steps:

Stepl. We suppose that, has a solution, which satisfieszg |[Vu,|?> < C, C being
a given constant. We study the asymptotic behavier, afhene tends to zero. We prove
thatu, blows up at p pointsyt € N*), then the location of blow up points is studied. In
order to formulate the result of this step, we need to introduce some notations.

We denote byG, the Green’s function of Laplace operator definedvbye A,

—AG(x,)=c,8 inNA,  Gu.(x,)=0 o0noA, (1.1)

wheres, is the Dirac mass at andc, = (n — 2)meagS” ). We denote byH, the
regular part ofG,, that is,

H, (x1, X2) = |x1 — X2/ — Go(x1, x2), for (x1,x2) € A, x A,. 1.2)
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Forp e N* andx = (x1, ..., x,) € A?, we denote by = M, the matrix defined by
M = (mij)i<ij<p. Wherem;; = Ho(x;i, x;), mi; = —G(x;, x;), i # J, (1.3)

and definep, (x) as the least eingenvalue #f (x) (po,(x) = —oc if x; = x; for some
i # j). Fora e R" andx > 0, §,,,) denotes the function

n—=2
A2

(1+22x —al®)'z

5(a,x)(x) =Co (1-4)

It is well known that ifcq is suitably chosefico = (n(n — 2))¥) the functiond, ,, are
the only solutions of equation

n+2
—2

—Au=un2, u>0 IinR" (1.5)
and they are also the only minimizers for the Sobolev inequality

S =inf{|Vu2oglul ™%, . St.VuelL? uelLifz, u#0}. (1.6)
Ln=2(R")

We also denote by, the projection o8, ;) on H}(A,), that is,
_AP88(a’}L) = —A(S(a,)h) in As, Psé(a,k) =0o0n 8A8
Lastly, we define orHOl(AS) \ {0} the functional

I, |Vul|?

Jeu) = —"———F—
(ng [u|n=2) """

2.7)

whose positive critical points, up a multiplicative constant, are solutior .of
Now we are able to state the main result of step 1.

THEOREM 1.3. —Letu, be a solution of problen®,, assumeng |Vu,|? < C, where
C is a positive constant independentsofThen, after passing to a subsequence, there
existp e N*, (aye,...,a,.) € AP, (A1, ..., A, ) € (RY)? such that

(i)
— 0,

)4
\4 (”a - Ps5<a,-,g,x,-,5)>
i=1 L2(4,)

)"i,s — 400, )"i,sdi,s — 400, 8ij — 0

whene — 0, whered; . = d(a; ., dA,) and

Mie A
, j.e 2
&) = + +AigAjelaie —ajl
A A
J.€ i€
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(i) Moreoverp > 2 and ifn > 4, then we havedk < p, Ji1,...,ir€{1,2,..., p}
such that

dn_zp&‘(ail,&‘a ey aik,&‘) - 07 dn_lvpg(ail,&‘a ey aik,&‘) —0
Vm,l e{1,...,k} |ai, . — ai.| < Cod, Wwhered =min{d(a;, ., 0A;) | 1 <1 <k}
and Cy is a positive constant independentsof

Remark1.4. — We believe the result of part (ii) in the Theorem 1.3 to be true for
n = 3. Forn = 3 our method also proves easa'w*pg(a,-l,g, ..., a;.¢) — 0, but for the
proof of d"‘lv,og(ail,g, ...,a; ) — 0 we need a more careful estimates of the rests in
Propositions 3.2 and 3.3 below.

The main ingredients of the proof of the Theorem 1.3 are a fine blow-up analysis, or
the one hand, and a very delicate expansioW éfnear infinity, on the other hand.
Step2. We prove the following result.

THEOREM 1.5.—Forn > 3, letCo > 0and let(xq, xo, ..., x) € A’; such that
d"?p.(x1,...,x) — 0 whene — 0and|x; — x,| < Cod, Vi, j,
whered = min{d(x;, dA;) | 1 <i <k}. Then
d" Vp,(x1,...,x) 4 0 whens — 0.

We notice that Theorem 1.1 is an easy consequence of Theorems 1.3 and 1.5.

The remainder of the present paper is organised as follows. Section 2 is devoted to tt
proof of the first part of Theorem 1.3, while the second part of Theorem 1.3 is proved in
Section 3. In Section 4 we give the proof of Theorem 1.5. Lastly, we give in Appendix A
some technical lemmas needed in Section 3.

2. Asymptotic behavior of solutionswith bounded energy

In this section, we will study the asymptotic behavior of solutiapsf P, whene
is small enough and their energy is bounded. Thus, in the remainder, we assume th
Ja, |Vu,|? < C, whereC is a positive constant independentsofWe begin by proving
the following lemma.

LEMMA 2.1. —We have the following claim

/|Vug|2 + 0, M,— +oo, whene— 0, whereM, = |u;|pxa,).
A,
Proof. —On the one hand, sinag is a solution ofP,, we have

) 20
/|Vu£| :/ug”‘z.
A

Ae
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On the other hand, we have

n=2
o n 1 2
ug|n-2 <= [V |
S
Ag Ae

whereS denotes the Sobolev constant defined in (1.6). Thus

% o 2_"2
% |Vu,|?= g <ceMi™

and our lemma follows. O

LEMMA 2.2.—There exists a positive constant ¢ such thatdamall enough, we
have

2
eM{? >c¢, whereM, = |u.|r=a,).
Proof. —On the one hand, we have

2 4
[vuit= [ui® <mi [woa
Ag A

&

On the other hand, we have

/uf(x) dx :g"/vf(X) dx

Ag B

wherev, (X) = u, (¢ X) and whereB, = ¢(A,), with ¢ : x — ¢(x) = ¢ 1x. Observe that

n 2
8"/v82(X)dX< 8—/|Vv8(X)|2dX= 8—/|Vu8(x)|2dx.
Ce Ce

B, Ag

By

Thus
4
Ce < 82]‘4";1—2
According to Lin [12], we have lim.qc, = ¢ > 0, therefore our lemma follows.O

- 2
Now let A, = M % (A, — ay,), wherea; . € A, such thatM, = u,(a1.), and we
denote by, the function defined od, by

__2
ve(X) = M tu, (a1, + ME2X). (2.1)
It is easy to see thai, satisfies

n+2 ~
{ —Av, = vg”_z, 0< Ve < 1 in Ag, (22)
v, (00=1 v.,=0 ONdA,.
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2 5 2n_ 2n_
/|va| =/|Vus| =/v;-2=/u5-2<c.
i Ac Ac

A

Observe that

Let us prove the following lemma.
LEMMA 2.3. —We have the following claim
2
¢ %d(aye, 0A,) —> +00, whene — 0.

Proof. —Let [ = lim,_.o M?"~?d(a; ., dA,). First we will provel # 0. A similar
result has been proved by Harrabi, Rebhi and Selmi [11]. We will adapt their proof to
our case. Let; . € dA, such thatd, := d(ay ., dA.) = |a1. — a1.|. We may assume
without loss of generality that the unit outward normalota, ata; . is e,, wheree,
is the last element of a canonical basiclf. We see thatl, = a; ..e, = af ., where
ai. = (at,.....a},). v, is well defined in

B(0,(2/3)eM? "2y n {(xt, ..., x") ) —d.- M "™ < x" < (28/3—d )M "D},
Letz. = (0,..., —d.M?"=2) and letv. (X) = v, (X + z), for
X € B(—z., (2¢/3yM?"2) N {0 < x" < (2g/3)MZ "2},
We suppose, arguing by contradiction, that| =1, — 0 ase — 0. Then —z, €

B*(0,60) = B(0,6) N {(x%,...,x")/x" > 0}, whered is a fixed positive real small
enough choosen below. L& > 0 be such that

2 2
B*(0,0) C BT(0,R) C B(~z., (2/3)e M) N {0 <x" < (2/3)eM:?}
for e small enough. We consider the following equation

{ —Aw, =0 inBT(0, R),
We = Vg ondBT (0, R).

Thenw, € C?(B*(0, R)) N C°(B*(0, R)). We derive that
|ljg—a)slw2,q(3+(o,R))<C, Vq<OO
In particular, grafv, — w,) is bounded inB* (0, R), and we have

0V, 0w,

<c .
ax" axn

Observe that

3G .
we(x) = — / af+a)g(y)dy in B¥(0,0).
3B+ (O,R)
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Thus

dw, d 0Gp+

=— dy.

() | s emd
3B+(0,R)

According to Lemma 2.6 [10], we have

0 0Gp+
ax" dv

1
(x,y)<c, VyedBT(O,R), |x'| <=, 0<x" <@.

39 >0,3c>0 O0<-— >

Sincew, < 1, we derive thabw,/dx" is bounded for O< x" < 6. Thusav, /ox" < ¢'.
Let f.(¢) = v, (te,), then we have

00, ,
fs(ls) - fs(o) = fg/(cs)ls = gvn(csen)la <l

2
wherel, = M/ 2d,. Hencef.(l,) — f.(0) = 7,(0) — ,(z,) = 1 < ¢’l, which contradicts
the assumptiori, — 0. We derive thai # 0. We suppose, arguing by contradiction,
[ < oo. Then it follows from (2.2) and standard elliptic theories that there exists some
positive functionv, such that (after passing to subsequeneg)y> v in CL.(R2), where
Q is a half space or a strip &", andv satisfies

n+2

{—Av:vn_, v>0 InQ,
v =1 v=0 onog.

Butif © is a half space or a strip @", by Pohozaev Identity (see Theorem 111.1.3 [15]),
then v must vanish identically. Thus we derive a contradiction and our lemma
follows. O

From Lemma 2.3, we derive that there exists some positive funetisach that (after
passing to a subsequence)—~ v in CL (R"), andv satisfies

{—Av:v%, v>0 IinR", 2.3)

v(0)=1 Vv =0.
It follows from Cafferalli, Gidas and Spruck [7]
. -1/2
v(X) =80,4,)(X), wWitha, = (n(n—2)) 7",

Hence

-2
M u,(are + M2 X) = 80,0 (X) — 0 inCie(R"), whene — 0.

Observe that

__2
Ms_lug (al’g + Msn_zx) —80,0,)(X) = Mg_l(us(x) - S(al,g,ll,a)(x»

2
wherers . = o, M.
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In the sequel, we denote lny the function defined om, by

Ur(x) = e (X) — Pediay, 1. (). (2.4)

Notice thath, , — 400 andiy .d(as e, dA;) — +0o whene — 0.
LEMMA 2.4.—Letu? be defined by2.4). Then we have
() —Aul= [ul|72ul + g, with 8¢l yy-2 — O, whenz — 0,
(i) [y, IVull?= ], IVusI2 Sp +0(1).
(i) [, ul|iz = I, lu. |72 — S, + 0(1) whereS, = S5.

Proof. —
(i) We have
1 e R~ 1 1
_Aus _AME+AP 8(alx Ale) =Us 6(6115 )»15) ’us " 2 +g8
where
+% n+2 1 4 1
8e = Us S(alaklg) lug|=2u;.
Observe that

4

= O(|P.8|72 |u, — P.8| + |ue — P.8|72 P,8) + O(872 (8, — P.5))

. 2 4 e ..
whereP.8 = Ped(ay, 1,,) QNASe = 84y, 24,y SiNCEL+2 — H~, it is sufficient to prove
that

_8n
(S |u8—P8|n+2—>0 and /8"+2| ¢ — P.8|?-+ — 0, wheng— 0.

Observe that

n2 4 2n ngnfél 2n
57 |8—P8|n+2<c 85 Uy — 8,72 + ¢ [ 8277415, — P.S| 72

2n
"2 dx

8n
< C/S(é;i)(Xﬂvg(X) M35, (ay, + ME2X)

+O(|8 _P8|n+2 )

L n—=—2

/ +o(1)

BO,R)  A,\B(O,R)

2n
whereR is a large enough positive constant such thaty o ¢, 8.4, = 0(1).
Now we are going to estimate the 2nd integral
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_8n

[ 8840000 = 800 (0

A:\B(O,R)

<< / (’62”)(X))$(~/ [v:(X) = 80 —)_

A:\B(O,R) Ae\B(O,R)
4

2n2 nt2
g Cl( / (’b Oln)(X)>
R™\B(0,R)

indeedf;g vizz < C. For the first integral, we have

n+2 dX

2
2 dX — 0O,

W2 dX < C / V(X)) = 80,0 (X)
B(O,R)

0a )(X)!vs(X) — 80,0, (X)
B(O,R)

whene — 0, indeedv; — §(.4,) — 0 in CL.(R"). In the same way, we prove that

_8n
/8”+2| . — P.8|"*4 — 0, whene— 0.

(i) We also have

/|Vu§|2=/|Vu8|2+/|VP88|2—2/Vu8VP88.
A Ag

Ag Ag

nt2
/|vpa|_ 5;-2P85_/5"2 /5 (8, — P.5)

n 2 % _ P
= 5(0a) 8¢ (8, — Pd)

n+2
/ 8(0 an) / 8

R\ A,

Observe that

For the 2nd integral, we have

n+2 —n
8072(8, — P.8) < C|5, — Pedl < cOiedrs)? — 0, whene — 0

&

Ag

Wheredl,g = d(algg, d0A,).
For the first integral, we have

/ si; =o(1)

RI!\AS
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indeedA, — R" andd o, € L2 (R"). Then

/|VP86|2= S, + o(1).

We also have

/VMSVPE(S =/V(u8 — P88)VP88+/|VP88|2.

Observe that

n+2

/V(uS—P(S)VPS—/(uS—P(S)S -

n+2

—/(us 8)8”2+/(8 — P.8)8¢ 7

n+2
= /(vs ~ 80,018 (0.0 + O(D)

42
< /(vg—(s(o,a,,))sgaznﬁ / (v — Bi0)8in . + (D).
B(O,R) R"\B(O,R)

Notice that, on the one hand

n+2
nt2

2 2\
(Ve = 8(0.0,))8(0,0y) < C ( / 3 (m) =o0(1).
R™"\B(0,R) R\ B(0,R)

On the other hand
s - Al
/ (Ve = 8(0.0,))8(0.0) = O(1),  SINCEV; = 804, IN Cige(R").
B(O,R)

Then
/VuNPgs =S, + o).

Ag

Thus (ii) of Lemma 2.4 follows.
(iif) The proof of (iii) in Lemma 2.4 is similar to the proof of (ii), so we will
omitit. O

Now, we distinguish two cases
(i) [4, |Vull>? - 0whens — 0.
(i) [, |Vu}l?# 0whens — 0.
If [, |Vuf|>— 0, the proof of (i) (Theorem 1.3) is finished.
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In the sequel, we consider the second case, thﬁ],l isVull> - 0, whene — 0 and
we are going to look for a second point of blow upuof

In order to simplify the notations, in remainder we often omit the indeka, anda,.

Let us introduce the following notations

n—2
ug(ap) :=»r> = max ug(x), (2.5)
(Ae\ B(a1,£))
n=2 n=2 TZ
he= max Ix —a1|"7 ue(x) = lay — as| "7 u,(az) = |ay — az|"? . (2.6)

B(ay,2¢)

We distinguish two cases.
Casel. h, — +oo whene — 0.
Case2. h, < ¢, whene — 0.
Now we study the first case, thatlis — co whenes — 0. Let

Aa=mMax(Ap, A3) 1= I/la ?(aa).

For X € B(0, %|a; — a4|) N D,, we set

—(n=2

we(X)=hy 2 uo(ag+r;'X), With D, = A4(A, — ag).
It is easy to check the following claims
Aalay — aal = (1/2)Aslay — as|, and Ase > (1/2)Aslay — asl.

Thus

Aalay — as) — 400 and Aze — 400 ases — 0.

We also have
we(X)<c, VXeB(0,(1/2)xslar—asl) N D

As in Lemma 2.3, we can prove
Aad(as, 0A,) — 400, ase — 0.

Thus, there exisb € R” and A > 0 such thatw, — 8¢ in CL.(R"). Therefore we
have found a second point of blow ap of u, with the concentration., in this case
(@o=as+b/rg andiz = A)g).

Next we study the second case, thak jgemains bounded when— 0, wherer, is
defined in (2.6). In this case we consider two subcases.

: o
0) fB(aLZg) |M;L|”*2 — 0 ase — 0.
() Spay20) lul|i=2 -+ 0 ase — 0.



726 M. BEN AYED ET AL./Ann. I. H. Poincaré — AN 19 (2002) 715-744

Let us consider the first case, thatkis remains bounded anf; . ., |u§|nZ"Tz — 0 as
e — 0. Thus there exists > 0 such that

2n
O<c< / |ui|m gc)\%/uggc(skz)?
AS\B(LI]_,ZE‘) A
Hence, there exisis> 0 such that
Aolay — az| = Aoe = 2c.

Now, for X € E, = A2(A. — ap), we introduce the following function

2—n
2

Ue(X) =257 ug(az+2151X).
Asin Lemma 2.3, we can proved (az, dA,) — +oo. Itis easy to see thdf, satisfies
U <1, inB(0,(1/2)xz]a1 — azl).

Thus, there existé € R” and i > 0 such thatl, — 8., in Cgo(R"). Therefore we
have also found a second point of blowaof u. with the concentration; in this case
(az=as+ b/rp andiy = AXy).

Now, we study the second case, thakisremains bounded anf}, . ,,, |ug|f+‘z -0
ase — 0. We introduce the following function defined ¢h = ¢ 1(A, — a1) by

W,(X)=e"Zul(a+eX).
Observe that, “converges” to a strip oR" whenes — 0. We notice thatV, satisfies

{_AWs = |Ws|£Ws+fs in Fe,
W,=0 OnoF,,

with | fe|y-1(f,) — 0 ase — 0. We also have

2
=2 50, ase—0

wit = [
& &€

B(0,2)NF; B(ay,2e)NA;
and
2
/|VW£|2=/|Vu§ <C
Fe Ag

|W5|% — 0 almost everywhere antWJ% — 0 in LY(F). From Dunford—Pettis
Lemma [5], we have

350> 0, Jo, > 0, @, — 0, Ib, € F S.t. / W22 > 8. (2.7)

B(be,ae)NFe



M. BEN AYED ET AL./Ann. I. H. Poincaré — AN 19 (2002) 715-744 727

We can choosé, anda, such thatr, is minimum ande(bg,amFS |[W,|n-2 = §.

LEMMA 2.5.-Let («,, b,) be defined by2.7) and let 1, = (er,)~ %, and a, =
ai + ¢b,. Then we have

A A -
MENEN +o00 oOr MR 400 Or Aihglay — a‘2|2 — 4+00 wheng — 0

A2 A1
2

wherex, = M 2.

Proof. —~We argue by contradiction. Let us suppose that,, /A1 andiiis|a; —
a,|? are bounded when— 0.
ForX € A, := A (A, — a1), we introducew, defined by

we(X) = M ul(ar + A71X). (2.8)
Observe that, on the one hand
2n_ 1 2
/ 0, (X)] 2 dX = / k()| 72 e
B(n1(@2—a1),M1/r2)NAs B(az, 1/x2)NA;

_ / |W,(X)|72 dX =8 > O.

B(be,0e)NFe

On the other hand, sincg |a, — a1| andi,/A, are bounded, we have

3R > 0such that B(A1(az —a1), A1/A2) C B(O, R).

Thus
/ oo (X)| 22 dX
B(r(@z—a1),21/A2)NA,
2n
< / . (X)|722 dX
B(0,R)NA.
1 1 1 1y 12
= / |M " ug (a1 + A7 X) — M7 PoSay oy (an + 277 X) |72 dX
B(0,R)NA.
2 2
Sc¢ / Ve = 80,0 (X)| "2 +C/ |8 (x) — P:8(x)|"2.
B(O,R) Ag
Thus
/ W, (X)|Z2dX > 0 whene — 0

B(hi(az—a1), 1h2)NA,

which yields a contradiction and our lemma followsa
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Now we setA, = (A, — d,) and we introduce the functioti, defined by

_@2=n

Ve(X) =2, 2 ut(a+r;'X).
Observe that
/ V|2 = / |22 = 50> 0 (2.9)

B(O, 1)ﬂZg B(az,1/12)NA¢

and we also have
[ivvie<e.  [vims<c

It is easy to see that there exists some functions V such that (after passing to
subsequencey, — V in H.() and V satisfies

4 .
—AV = |V|i2 Q = Q
{ V=|V|=V inQ, V=0 onix, 2.10)

JoIVVE<C,  [oIVIF2<C.
where is a half space or a strip orl¥’.
From (2.9), it is easy to see thut+£ 0.
LEMMA 2.6.—Let V be defined b§2.10) Then, we hav& > 0.

Proof. —We have

_ (2o _ - _ @2 _ -
Ve (X) = )\2 2 Ug (02 + )‘2 lX) - )‘2 Z 8(111,?»1) (a2 + )‘2 1X)
_ @

97 (Sarap (@2 + A5 X) = Pediayay (@2 + 257 X)). (2.11)

Thus, it is sufficient to prove that

_@2-n

Ao ? 8(01,?»1) (&2 + )_‘Z_lX) — 0 in HI%C(RH)'

Observe that

n—2 n+2

_@2=n )\’ 2 o)
I, = (xz 2 s — ) dx

BB A+ Aflaz+ A" X —a1|?) 2
A\ dx
_ <_1> / _ S (2.12)

A2 1+ (A1/22)?|X — Ao(a1 — az)|?) 2z

B(O,R)

If A1/A» — O it is clear thatl, — 0 whens — 0. If 111, — +o0, let y = (A1/A2) X.
Thus

n+2

- n—2
A\ 2 1 2

I, < (—2> /( - 2) dy -0 whene — 0.
A1 1+ |y — dilay — az)l

Rn
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Lastly if 11/A» /A +o0 andi,/A1 A +oo, then, by Lemma 2.5, we have
MAzlar — az|> — +oo, wheng — 0.
Observe that foX € B(0, R), we have
| X — dolar — ap)| = |ralar — a2)| — |X| = c|rz(ar — a2)|.

Therefore

n+2

A\ 7 1
Ie< T 11y2|3 7.)12) 52
2/ pon (€GP Ne(a—a2)l%)

C(R)— 0, whene— 0.

X - _ +2
(MAzlay — ax|®) =

Then, our lemma follows. O

Now, from Theorem Il 1.3 [15], we derive2 = R"”. Thus, using (2.10) and
Lemma 2.6, we also obtain a second point of blow uptoin this case. Thus in all
cases we have built a second paigt of blow up ofu, with the concentration, . such
thati, , — 400 andiy d(az., dA,) — +o0o ase — 0. It is clear that we can proceed
by inductions. Thus, we obtain a sequeie®), such that

/IW’;IZ:/|Vu§‘1!2—sn+o(1>=/|wg|2—ksn+o(1>.
Ag Ag Ag

Thus

0</|Vu’g|2:/|Vu6|2—kS,,—|—o(l) < C —kS, +0(D). (2.13)
Ag Ag

Since the later term in (2.13) will be negative for large k, the induction will terminate
after some indey € N*. Moreover, for this index, we have

— 0, )"i,s — 400,
L2(A)

p
\% (us — Z Pas(ai,g,?»;_s)>
i=1

)\i,ad(ai,aa 0A;) — +00,

. . )‘i,s )‘j,a 2 _%
Vi#j, &= )\—'—{—T—{—Ai,gkj,glai,g—ajgg -0
j.e ie

as desired in the first part of Theorem 1.3.
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3. Proof of the second part of Theorem 1.3

Let, for p € N* andn > 0 given

Ve(p,n) = {u € TV(A.) s.t.3xy, ..., x, €A, g, ..., &, >0 with

P . 1 1
u—C(p)Y  Pebxa) <n, Viki>=, hd(x;,0A,) > =
i=1 HX(A) n n’
. Al A 5 -7
Vl;ﬁ_} gij: —+—+)\,-)\j|xl-—xj| <n
AiooM

whereT*(A.) = {u € Hy(A:) |u >0, |ulya,) = 1}-
If a function u belongs toV,(p, n), then, forn > 0 small enough, the minimization
problem

p
u — Zai P88(Xl‘,)\,l‘)
i=1

min
o, Ai>0, x;€A,

(3.1)

HY(A)

has a unique solution, up to permutation (see Lemma A.2 in [3]).
Therefore, fore > 0 sufficiently small, Section 2 implies that(solution of P,) can
be uniquely writen as

i, = = e Peda 00 T Ve (3.2)

|us|H1

whereu, satisfies the following conditions:

ando; . satisfies:

(J (o) 2al? 2 _140(1), Vi

In order to simplify the notations, in the remainder, we waitea;, 2, §; and P§; instead
of i, ajey hies 84,0, ANAPS,,, 5, respectively and we also write instead ofi, .
As usual in this type of problems we first deal with thepart ofu,.

PropPoOSITION 3.1. —Let v, be defined by3.2). Then, we have the following estimate

—_— ﬂ .
i (A,-d,»l)"—z + 2 ¢ ('—09(8,31)) " if n <86,
|US|H1(A£) < C n+2 42
o 2 "—E—Z +2e (LOQ(Si;l)) 2 ifn>6.

idi
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Proof. —From (3.2), we derive

—Ave =—Au, + A(Z%P&‘)

= ) (Sarps +u) - et
=(J(Ms))ﬁ{<2a,-P5i>% n+2(2a,P8>i2v8+O(|v8 2 §>
+O(Sup<2aiP8i,vg>n42_ |vg | )} Za, 2

Thus, since/ (u,) is bounded,

/Iva|2=(J(us))"'_12[(f n+2/(2a,P8)£v§] +0(Jv |'”f<32"/<" 2)

£

|+
N

NI

where
/ (Sarrs) o (3.3)
Then
OV, v,) = (J(ug))n— (f. ve) 4+ O(Jv ||nf(3 ,2n/(n— 2)))’
where

20w = [ 19 2 ) [ (Sarpa) R

Ag

a_
Observe that, sincé(u.)"2a/ > = 1+ 0(1), thenQ(v, v) is close to

n+2 4 5
/|VU|2——Z/P5i"_2v
—24

Ae " LA

and thereforg) is a positive definite quadratic form an(see [2]). Thus

a0|v8|H1 Q(vg,v£)+0(| |Inf(32n/,1 2))

= (J(ue)) "2 ( f, ve)
<CIfIIv5|H01-
Hence
el <C'I£1.
Now we estimate f|. We have

n+2

itz 4
(f’Ué,):Zai?lZ/P 2U6+O(Z / P81’12P8j|U5|).

P§;j< P
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Observe that

n+2 n+2
/P(S 21)8_/1)85”‘2+O</
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4

2 Pal->|vg|)

4 nt2
=O< / 8;‘*2(8,- — P(Si)lvsl) +O< 8i"2|v8|>
B(a;.d;) R\ B(a;,d;)
whered; =d(a;, 0A,). Thus
n+2
/Péi”2v8=0(|v8|H&{| — P, |Loo< / 5"
Ag B(az dz
n+2
2n_ 2n
+( 8,-”‘2) D (3.4)
B (aj,d;)
Notice that
*<o(ap)
(Aidi)
R\ B(a; ,d;
and
8/1g %
B(a;.dy)
.
:o( it > 6)+%( n=6)+ n__z(ifn<6)>. (3.5)
i i )"iz
Therefore
n+2
/P(Si”’ Vg
A
1 ) Log(n;d;) ) 1 D
=0| |v, — — +(fn=6—]/———= + (if 5——1). (3.6
(|U |H°l[(kidi)n_52 =9 (hid;i)* i< )()\idi)n_2 (3.6)
We also have
n+2
_4_ ? 2n
[ poresiu < |v5|{ | (esyps, )] . (3.7)
P§;<PS; P§;<PS;
If n > 6, we have-2 2” > - and thus
—_— ﬂ n
(1)3,."-2105]-)"+2 < (P5; P§;)i2 = O(e] -2 Log(s;;")).  (3.8)
P5j<P5‘ Péngé,-
If n <5, we have 1< = , thus
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P5j>n+2<c< / (5i5j)m) <cel? (Log(e7Y) "7 . (3.9)

Ps§j<PS; P < PS;

Using (3.6), (3.7), (3.8) and (3.9) we conclude that

4
2

(P8~

1

= _
> W + > & (Log(sijl)) " if n <6,

|fw 5; én+? 1 0+2) .
L= +Y e 7 (Log(e;h) > ifn>6

(ridi) 2

and Proposition 3.1 follows. O

ProPOSITION 3.2. —For n > 4, we have the following expansion
8P81 -2 H i, A

(W(us), y ) =27 (u)er [— (=2 o Heldi- i)

8Ai H(:)L(Ag) 2 )\’n

88,1 (n—2) H, (a,,aj)
Z“’( 2 G

(1+0(1))

)(1+ o()) + R]

where
Log(Axdy)

R=0(3 =5+ el Loale;))

k i#]
Proof. —We have

n+2
2

VI () = 2J () [ue + J )2 A u™2)]. (3.10)

Thus
I Ps; 3P
(VJ(uS) A ax,) 2J(u8)[ZaJ<P8J,A >y )
"”ap&

—J(ug)ﬁ{x,-/(z(xjps )7
22 [ (Cesps) ™ aai‘f"

1 OJu, [z 20~ 2»)” (3.11)
0

Notice that ifn > 4, we have

n+2

(Za]P(S ) = (a; P5))"2 +—Z(a,P3 )iza,; P§;

I#J
+O(Z(aiP8i)é(ajP5j)n’+z>
i#j
+O( > (ajP5j)ﬁ(akP5k)) (3.12)

k(i j}i)
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and

(Zajpa) (a,Ps)nz+o<ZP<s"2 P§;+ PS8} ) (3.13)
J#i

Combining (3.12), (3.13) and (3.11) and using the fact thad P§;/0A;| < ¢8; and
P, < 8, we need to estimate the following integrals

futei [+ [+

8j<lvel  Si<lvel el <inf(8;.85)

wgfg+ou%ml+0(/®6»w) (3.14)

5i
/ P8/ ng ;

B(a;,d;)

a9 — PS5, PR T
=—/P5i"2vg)\-¥ /PS-’"Zv At
J )Y oA

n+2

|v8|H1 8n 2 2 2
gioi n 2_4 —|— 8" +O n U€(8i_P8[)
(hid?)'7" ]

i

1 , Log(nidi) . 1 )
=0O(|v, R fn=6——= fn<b——), (3.15
(i '”3)((Aidi>#+(' "=yt TSI ggyz) B9
P87y o0 o<|v8|,,17n+2> (3.16)
In; (nid;) ™2
R™\B(a;,d;)

Now, using Proposition 3.1, Lemmas A.5-A.9 in Appendix A, and the fact that

_4_
J(e)2a;* =1+0(1),
Proposition 3.2 follows. O

ProPosITION 3.3. —For n > 4, we have the following expansion

(w(ug) 18P8"> —J(u)cl[)ﬁlilaH(a“a)(1+0(l))

Ai 0 da;

ZZ <1 881']' 1 8H£(a,-,aj)
— o:| — —
/ )\i 861,‘ ()\‘ A )u 861,‘

i

)(1+ o(1))

+O(R+ij|a, ajlels %)]

whereR is defined in Propositio3.2
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Proof. —As in the proof of Proposition 3.2, we obtain (3.11) but wit instead
P
of A; &2 o and using Lemmas A.10-A.14 in Appendix A our proposition follows]
Next we are going to give the proof of the second part of Theorem 1.3. From
Proposition 3.2 we easily derive that> 2. Now fori € {1, ..., p}, we introduce the
following condition

P
2_p_128ki ngs(aiaaj)()\i)\j)%- (3.17)
ki j=1
We divide the sefl, ..., p} into T, U T, with
T, ={i| s.t.i satisfieg3.17)},
T, ={i | s.t.i does not satisfy3.17)}.
In 7> we order the\s: A;; <A, <--- < A;,. We begin by proving the following lemma
LEMMA 3.4. —For n > 4, we have the following estimate
Z (& + ()\idi)z_n) =R
JET2, j#i
WherERl = O[ZkeTl I_(igj:)‘ik + Zr;«ék rely glér e Log(gkr ))]
Proof. —Using Proposition 3.2, we derive

3 PS;
0= 22"% (VJ(uS) A, M‘)

k=1 Lk

N 8 lk
=2-](M8)C12{ Z 2 e, Ty b (1+ o(1))

k=1- j#i
P H.(a;,a,
Z %(14— o(1)) + R] (3.18)
= hi) 2
Notice that
881']' n—2 2)\'j n%
Thus, ifA; > A ; andi, j € T>, we have
88ij 881']' 881']' n—2
i = A > A > ——¢i. 3.20
on  Ton, T Mo T a4 Y (3:20)

For j € T; andi € T, two cases may occur.
0] %dj <d; <2d;. Using in this case the fact thatsatisfies (3.17) and/, (a;, a;) <

(n—2) .
z—, we obtain

2 —2

A\ 2 A\ 2 p H. , p —(n-2)
(%) w< () cZLf’f\cZ ((hidy) Oxdi)) %

=1 (AjA) 7
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We deduce that
A 2 1
—e” =2 — 0(72> (3.22)
A Y (A1dy)

(i) In other cases, we have; —a;| > %max(di, d;), then

. A _ l
"Ll < S (hijla; — a;1?) T < Gula _aj|)_2=0< )
Ai (A1d1)?

and (3.21) follows in this case. Using (3.18)—(3.20), and (3.21), we see that

14
0> ((n~2)/4) Z(Zszj — 2" Hoa,a)(hih) 2 +R>.

i€y \ j#i j=1

Sincei € T, and H, (a;; a;) ~ ¢/d"? for ¢ small enough (see [1]), then

0>c2(28,j God )= 2)(1+0(l))+R1.

ieTy ™ j#i

Therefore our lemma follows. O

Now, in T; we order all the;d;: A;dj < Aj,dj, <--- < Ajd;, . Inorder to simplify
the notations, we suppose thfat= {1, 2, ..., q} andiidy < Axdo < -+~ < Ayd,.
Let us introduce the following sets:

KQZ{iET1|E|k1,...,kmETls.t.klzi,...,km:].

nd % = Wl co}, (3.22)
inf(dy;, dx;.,)

B=KoNn{1,....0 (3.23)
wherel = maxi € T, | Ad; //\, 1d;_1 < C1} and Cy and C; are positive constants
choosen later.

LEMMA 3.5.—Let B be defined b{3.23) Then, there existse T; such thati € B
andi # 1.

Proof. —We argue by contradiction. We assume tBat {1}. Using Proposition 3.2,

and the fact thaH, (a;; a;) ~ ¢/d" 2, we derive
0P,

0=(VJ A

( () Mgy A1 )

-2 H,
=2J(u)cy [— (n > )0(1 Siil_’zal) (1 + 0(1)) + O( E 8](1)] .
1 k£L

Thus

0< —c(Md)? ™" + o( 281k>- (3.24)
k#1
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Observe that:
— fork € T», we have by Lemma 3.k, = O(Ry);
— for k € Ty, two cases may occur.

If Kk >1, then

—2

<2p+1ZH(ak,a] ( 1 )"T< 1 1
=RODE SN\ owdotady) S =2 (Oud) Gadi) 2

Thusey, = 0((A1d1)>™") if we chooseC, large enough.
In the other case, we hakes Ko, then|a; — ai| > Co inf (dy, di), then

n—2

1 z 1 1 1
< (mmmar) <@ =)
Aglar — agl T ((Mady) Mdi)) T (A1d1)

if we chooseCy large enough. Thus (3.24) yields a contradiction and our lemma
follows. O

In order to finish the proof of the second part of Theorem 1.3, it is sufficient to prove
the following lemma.

LEMMA 3.6. —For n > 4, we haved"2pz — 0 and 4" 'Vpz — O,whene — 0,
whered = inf;cpd(a;, 0A,) and pp = p(a;, ..., a;,), With B = {i1,...,i,} the set
defined by(3.23)

Before giving the proof of this lemma, we begin by studying the veataefined by

2—n 2—n

A=7007). (3.25)

n ? m

We denote by the eingenvector associateddp. We know that all components efare
strictly positive (see [4]). Le > 0 be such that for any belongs to a neighborhood

C(e, n) of e, we have
oM ap 1
Sy and Ty—Ly= ( B+°<dn_1>>lylz

Ty Mpy — palyl? < —

dn—2 da; da;
(3.26)
and fory € (R*)™ \ C(e, n) , we have
T 2 03|V|2
yMpy — pglyl= = (3.27)

dn—2

where

Cle,n) C {y e (R*)" sit. ‘Ii_l —e

o)

m =cardB; andMg = M (a;, i € B) the matrix defined by (1.3).
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LEMMA 3.7.—Let A be defined by3.25) ThenA e C(e, n).

Proof of Lemma 3.7. We argue by contradiction. We assume tiak (R*)™ \
C(e,n). Let
I-0)A+1|Ale  y(@)
(A=A +1|Alel |y

A1) = A
From Proposition 3.2, we derive

(VI o), Z)] o=

j—t(TA(t)MBA(t)) +O< > e,-,~>

ieB, je(T1\B)UT,

1
R -
TR O(()\ldl)n_2>

whereZ is the vector field defined on the variablealong the flow line defined b (¢).
Observe that

"A(MpA(D) 2
ar ( A(I)MBA(Z)) ar (WU\(ON )
_ 22( (1_t)2 T _ 2 )
=|A(0)] ™ PB+7|y(t)|2 ( A(O)MpA(0) — pp|A(0)[%)
21—
= IA(0)|2< |(y(t)|i) (" A©)M5A Q) — ps|A0)]?)

x (—=(1 = DA O)](e. AO)) —t|A|2)).
Thus

(VI(ue), Z)|,o= AMpA — pp|A1%) (—|Al{e, A0)))

C
|A|2(

1
+0<7n_>+0< > 8”)‘
(Aad1)"2 i€B.je(T1\B)UT,

Sincele| = 1, then there exists k such thgt> % Thus
(e, A(0)) Zel P >

Using (3.27), we obtain

1
(VJ(Mg),Z>’ =0/ n— |A|Ak+0<7n_) ‘JFO( Z Sij)
t d ’ (Aldl) 2 ieB,je(T1\B)

c 1
s i) )
(adidedy) 'z (hady)" 2 icB.jeT1\B !

Observe that
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— if j > 1, sincej € Ty, we have

c 1 c 1
(Mdl) (hjd))"2 7 Oadiad) "7 (Mad1Akdy) 2

— if j ¢ Ko

1 % C2 n
gij < <—2> < —H
(Aidjla _ajl ) ()Mldlkjdj)T

2—n,m—1
S S 0(%)
(Adididy) 7 (Ardadidy) 2
if we choseCq > C;.

Thus

o> (sarare) o) () (s o) o
(Madiredy) 2 (Aad1)"2 (Ad1)"2 ) \(C)) "z

This yields a contradiction and our lemma follows:

Proof of Lemma 3.6. YUsing Proposition 3.2, we have

0= Z(w(ug)/\ P‘S>

ieB l
H (alval Ha(aiva')
=Y [P o) - X (o - e ) (o)
ieplt i j#i.jeB (AiAj) 2
+O< Z 8ij> + R}
Je(T1\B)UT>

1
=TAMzA 0<7> R o( )
B A+ VAL + R1+ Z &ij

je(T1\B), ieB
Observe that, foti € B and j € T1 \ B, we have, as in the proof of Lemma 3.5,
gij = 0((A1d1)?™), for Co andC; large enough. Thus
0=" AMzA +0((11d1)*™). (3.28)

We assume, arguing by contradiction, td@at?pz 4 0, whene — 0. Therefore, there
existsC, > 0 such thatpgd” 2| > Cy.

Now, we distinguish two cases.

1stcase pp > 0. In this case, we derive from (3.28)

0>pB|A|2+o<;) c2|A|2+o< 1 )>0.
(A1d1)"2 dn—2 (A1d1)"2

This yields a conttradiction and we derive ti4t?pz — 0 in this case.
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2ndcase pp < 0. In this case, we derive from (3.26) and (3.28),

ca| AJ? ( 1 )
0< pslAl? of ———
'OB| | + dr—2 + (Aldl)n—Z

|AJ?
= dn—2
IAI2

1
dn—Z C < )
opd™ 4 C2) 0\ G2

1

gz et O((xldm—?-‘)'
If we chooseC, < %C4, we obtain a contradiction. Thett 2pz — 0, whens — 0 also
in this case.

Observe that, sincé"—?pz — 0, then there exist§€s > 0 such thata; — aj| > Csd,
foranyi, j € B andi # ;.

We assume, arguing by contradiction, tH&t*V pz 4 0 whene — 0.
Using Proposition 3.3, we derive

omrA My o ¥ (a3t )

da ieTiB oa; (Aidj) 2
+o<l 1 >+kR+O<ZAA| |L2>+O<Z)\ )
N 1 Nn_D i irjla; —ajle &ij
d; (Mdy)"~ 2 jeT1 ! ! JET2 !

Observe that:
— for j € T, we have by Lemma 3.4;¢;; = O(A; Ry);
— for j ¢ Ko, we have

_
(i2))7

0H,

da;

88,-j
8Cli

—(a;,a;)

< c ( 1 + 1 )
h ()\,-)\j)% la; —a;|"=t * djla; —aj|"~2
1 1
& (cama7a) (&Y
(hdidjd) 7 Co

2c 1 1 1
P n—2 0 n—2 ;
Co “d (Mdy) d(M1dy)
— for j > 1, we have

1t
(Aih)*7

< =0\ ———=
: (hady)"—2d d(r1dy)"2

n+

)\i)leai —aj 8-n~T2 = O(d()\ldl)l_n)'

tj

de;;
Eal) = @ ap)

da;

— for j € T1, we have

N
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Therefore, by (3.26) we have

M 1 NG 1
0=" A" BA+0(7):(3W—1+0<1>)' | +0(7).

da; d(kldl)"_2 da; dn—1 d(kldl)"_z
Thus
| 1 |A[? ( 1 ) A7 ( 1 )
0= |(|—|d" o(1 o ——— | >C o] 0.
<‘aa ol )> a1 O\ Qonay—2) 7 “Ca 1 T\ Goan2) ”

This yields a contradiction and our lemma follows

4, Proof of Theorem 1.5

Let (xq1,...,x) € A, such that
d"%p.(x1,...,x) — 0 whens — 0and|x; — x;| < Cod, Vi, j, (4.1)

where(y is a fixed positive constant aml= min;¢;<x d(x;, 0A;).
We may assume, without loss of generality, gt inf1<; i d;.
Now we introduce the map

Ag—>gg, x»—>£:dl_l(x—x1).

According to [1], we have
Pe(X1, .., X)) =di" (0, %o, ..., Ky (4.2)

where . is the function defined, replacing® by A* in (1.3), andA, converges in the
C*-topology on every compact set @, where is a half-space or a strip.

Observe thatx;| < Co, Vi €{2,...,k}.

Now, we have the following Lemmas.

LEMMA 4.1. —Fore >0, let
Fo(e)={(X1,...,X0) € A |3i # jst. X, = X, }.

Theng, converges in th€*-topology top,, whens — 0, on every compact set that does
not intersectV, whereV is any neighborhood of} (¢) and pgq is the function defined,
replacing A* by Q@ in (1.3).

The proof of Lemma 4.1 is similar to the proof of Lemma 4.1 in [1].
LEMMA 4.2. —Let pg the function defined replacing’ by Q* in (3). Then the map

10,11 > R, 1+ 1"2pg(0,tX>, ..., 1Xx)

decreases when t decreases for &fy. .., X; € Q.

The same arguments in the proof of Lemma 4.5 in [1] prove easily our lemma. From
(4.1), (4.2) and Lemmas 4.1 and 4.2, we easily deduce our theorem.
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Appendix A

In this appendix, we collect the estimates of the different integral quantities which
occur in the paper. For the proof of these estimates, we refer the interested readers to [
and [14]. In the sequel, we assume that small enough.

LEMMA A.l. — We have the following estimate

H.(a,a) . O(LOQMI)

VPS =S, —
/ IV Pon] A2 (d)

wherec; > 0andd =d(a, 0A,). Futhermorec; and O are independent of.

LEMMA A.2.— For n > 4, we have the following estimate

n 2n H.(a, logAid
psitz=s5,— ¢ (aa)+o( g )

n—2 1 -2 Oud)"

&€

wherec; andO are independent of.

LEMMA A.3.- Fori # j, we have

H(a;,a;) Log(Axdy)
(P51, POy =ea(e = 8 ) +0( 5] Logle )
A = T ) kez(:”) EWAL

wherec; andO are independent of.

LEMMA A.4. - For n > 4, we have the following estimate

n+2
/P(Si"’ZP(Sj=(P8,-,P8j)H&+R

whereR = 0(8” 2 LOg(S,J )+ Zke(z i) (AAdA)”,{))

LEMMA A.5.— We have

IPs n—2 H.(a.a) <Log(kd)>
PS. A - o)
( N >H1 2 2 PO\ T

wherec; andO are independent of.
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LEMMA A.6.— Forn > 4, we have

/ 32*2,\@—2(1)5 A@) +O<L°g(’\d)).
on on (nd)"

Ag

LEMMA A.7.- Fori # j, we have

8P8, 88ij n—ZHS(a,-,aj)
P8],)\,' =C )\i + B —— +R
oA )t oA 2 (Airj) 7

where R is defined in Lemmda4.
LEMMA A.8.— Forn >4 andi # j, we have

w2 P, aPs;
/P(S" Ai—— P&j, hi—— + R
0ri / ut

where R is defined in Lemmia4.
LEMMA A.9.- Forn >4 andi # j, we have

ke, j)
LEMMA A.10. — We have

1 dP§; 1 c1 0H;
P§, — =L
)\i 8)\1 2)\,? 861,‘

1
' “"”O((xd)")'

LEMMA A.11. - Forn > 4, we have

n+2 10PS 10PS Log(rd)
Moo =2 e .
/ o ( % 9a >+O( 0d)” )

LEMMA A.12. - Fori # j, we have

19PSs; c1 dH, c1 08ij
P(Sja_ = ,12 (alaa])+_
Ai 0a; 1 (A A7 A 0ai Ai da;

O 1 n+1
25 la; .
+ (Z oy il = ')

kei,j
LEMMA A.13. - Fori # j andn > 4, we have

219 10PS;
P" — Pé;, — 0]
/ Fa = (o aa,)ﬂg+ (2w

kei,j

1
(Aidy)"

2 s, 9PS, aPs, Log(ud
nt /P(S <P8” ) ) ( 55, A ) +o< 3 M).
A i ) g ()"

+ &/ og(s;1)>.

743



744 M. BEN AYED ET AL./Ann. I. H. Poincaré — AN 19 (2002) 715-744

LEMMA A.14.— Forn >4 andi # j, we have

" /P(sjP(s;’-Z— - <P8i, = ) +o< 3 )

n—2 )"i Bai )\.,’ Ba,- HY . ()\'kdk)n
A, 0 keli.j}

+0(e/? Log(—i—si;l)).
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