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Abstract. For a branching process in random environment it is assumed that the offspring distribution of the individuals varies in
arandom fashion, independently from one generation to the other. For the subcritical regime a kind of phase transition appears. In
this paper we study the intermediately subcritical case, which constitutes the borderline within this phase transition. We study the
asymptotic behavior of the survival probability. Next the size of the population and the shape of the random environment condi-
tioned on non-extinction is examined. Finally we show that conditioned on non-extinction periods of small and large population
sizes alternate. This kind of ‘bottleneck’ behavior appears under the annealed approach only in the intermediately subcritical case.

Résumé. Nous considérons un processus de branchement dans un environnement aléatoire dont la distribution des enfants des
individus varie aléatoirement de fagon indépendante d’une génération a I’autre. Dans le régime sous critique, une transition de
phase apparait. Cet article est consacré a 1’étude de la région proche de la transition. Nous étudions le comportement asymptotique
de la probabilité de survie ainsi que la taille de la population et la forme de 1’environnement aléatoire sous la condition de non-
extinction. Nous montrons finalement que conditionnée a la non-extinction, la population alterne des périodes de petite et de grande
taille. Ce type de comportement apparait sous la mesure moyennée uniquement dans ce régime sous critique proche de la transition.

MSC: Primary 60J80; secondary 60K37; 60G50; 60F17
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1. Introduction and main results

Branching processes in random environment (BPRE), which have been introduced in [7,28], are a discrete time model
for the development of a (discrete) population. You can think of a population of plants having a one-year life-cycle.
In each year, the environment varies in a random fashion, independently from one generation to the other. Given the
environment, all individuals reproduce independently according to the same mechanism.

More precisely, let A be the space of all probability measures on No. Equipped with the total variation metric, A
is a Polish space. Let Q be a random variable taking values in A. Then an infinite sequence IT = (Q1, O3, ...) of
i.i.d. copies of Q is called a random environment and Q,, is the (random) offspring distribution of an individual at
generation n — 1. Let us denote by Z,, the number of individuals in generation n. Then Z,, is the sum of Z,_ inde-
pendent random variables, each of which has distribution Q,,. A sequence of Ny-valued random variables Z, Z1, ...

I This paper is a part of the research project ‘Branching processes and random walks in random environment’ supported by the German Research
Foundation (DFG) and the Russian Foundation of Basic Research (RFBF, Grant DFG-RFBR 08-01-91954).
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is called a branching process in the random environment I1, if Z; is independent of [T and, given IT the process
Z =(Zy,Zy,...)is a Markov chain with

L(ZnZnoi =2, 1T =(q1,92,...) =q,)° (L.1)

foreveryn e N={1,2,...},z€ Npand gy, g2, ... € A, where ¢** is the z-fold convolution of the measure ¢q. By P, we
will denote the corresponding probability measure on the underlying probability space. For convenience, we assume
that the process starts with a single founding ancestor, i.e. Zg = 1 and we exclude the trivial case P(Q(0) =1) =1
throughout this paper. (We shorten Q({y}), ¢({y}) to Q(¥),q(»).)

As it turns out, the fine structure of the offspring distributions is only of little importance and the asymptotic
behavior of the BPRE is mainly determined by the properties of logm(Q), where

m(g) =Y yq(y)

y=0

is the mean of the offspring distribution ¢ € A. More precisely, to describe the asymptotic behavior of the BPRE, we
have to examine the so-called associated random walk S = (S,),>0 which is defined by Sy = 0 and the increments
X, =8, — Sy—1,n > 1 with

X =logm(Q) resp. X,, =logm(Qy,).

Note that the expectation of Z,,, conditioned on the environment, can be expressed in terms of S, i.e. using (1.1) and
the assumption Zp = 1 a.s.,

EIZ|T) = [[m(Qi) =exp(S,) P-as.
k=1

and, averaging over the environment,
E[Z,]=E[m(Q)]", (1.2)

where we assume that the expectation is finite. Using a first moment estimate yields P(Z,, > 0|IT) = ming<x<, P(Z; >
O[IT) < ming<g<, E[Zk|IT] and thus

P(Z, > O|IT) < exp( min Sk) P-as. (1.3)
0<k<n

This is a classical upper estimate for the survival probability. If S is an oscillating random walk, the branching process

is called critical (see [4]) resp. subcritical if S drifts to —oo. From the strong law of large numbers, it results that the

conditional non-extinction probability at n decays in this case at an exponential rate for almost every environment as

n— oo.

As was observed by Afanasyev [1] and later independently by Dekking [18] there are three possibilities for the
asymptotic behavior of subcritical branching processes. The asymptotic behavior changes with the sign of E[XeX],
which we assume to be finite. A BPRE is weakly subcritical if E[X eX]1>0, intermediately subcritical if E[X eX]1=0
and strongly subcritical if E[Xe*X] < 0.

The present article is a part of several publications having started with [3—-5], in which we try to develop charac-
teristic properties of the different cases. The phase transition already becomes visible when looking at the asymptotic
survival probability, i.e. there are positive constants 61, 6 such that P(Z, > 0) ~ 6;P(min(Sy, ..., S,;) > 0) in the
critical case and in the weakly subcritical case (see [3,4]), whereas P(Z,, > 0) ~ 6,E[m(Q)]" in the strongly subcriti-
cal case (see [5]). Characteristics of the different regimes become more evident in the typical magnitude of Zi, k <n,
conditioned on {Z,, > 0}. In the weakly subcritical case Zj is very large, unless k is close to O or n [3]. Contrarily in
the strongly subcritical case Z; stays small for all 0 < k < n, see [5]. The phase transition between weak and strong
subcriticality can also be observed on the level of large deviations, see [8,13,24,25]. For a more detailed comparative
discussion we refer the reader to [12].
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Here, our goal is to describe the intermediate case. It is located at the borderline between the weakly and strongly
subcritical cases. The passage corresponds to the phase transition in the model, thus a particular rich behavior can
be expected for the intermediate case. This is reflected in our results below. In particular we shall observe a kind
of bottleneck phenomenon, i.e. that conditioned on survival, there are times when the branching process is small
(bottlenecks), yet very large inbetween. This phenomenon does not occur elsewhere under the annealed approach. In
the critical regime under the quenched approach, the branching process conditioned on survival also exhibits periods
of large population sizes alternating with bottlenecks (see [31,32] and [33]).

Assumption Al. The process Z is intermediately subcritical, i.e.
E[X eX ] =0.

The assumption suggests to change from P to a measure P: For every n € N and every bounded, measurable
function ¢ : A" x Ng“ — R, P is given by its expectation

E[(p(le M an ZOv ceey Zﬂ)] = V_nE[QD(Ql, ML ] Qna ZO’ MR Zn)esn_s()]’
with
y =E[eX].

(We include Sy in the above expression, because later on we shall also consider cases where Sy # 0.) From (1.2) we
obtain

E[Z,]=y". (1.4
The assumption E[X eX] =0 translates into
E[X]=0.

Thus S becomes a recurrent random walk under P.
As to the regularity of the distribution of X we make the following assumptions.

Assumption A2. The distribution of X has finite variance with respect to P or (more generally) belongs to the domain
of attraction of some stable law with index o € (1, 2]. It is non-lattice.

Since E[X] = 0 this means that there is an increasing sequence of positive numbers
a, =n'’?¢,

with a slowly varying sequence £1, £2, ... such that for n — oo

P(iSn € dx) — s(x)dx

dn

weakly, where s(x) denotes the density of the limiting stable law. In the case of finite variance o> = E[X?] < oo, the
slowly varying sequence is constant, i.e. £, =o.

Note that due to the change of measure X~ always has finite variance and an infinite variance may only arise from
X In case of < 2 this is the so-called spectrally positive case ([11], Section 8.2.9).

Our last assumption on the environment concerns the standardized truncated second moment of Q,

R
;(a)—m;y 0(), aeN.



Conditional limit theorems for intermediately subcritical branching processes 605
Assumption A3. For some ¢ > 0 and some a € N
E[(log+ {(a))a+8] < 00,
where logt x =log(x Vv 1).

See [4] for examples where this assumption is fulfilled for any « € (1, 2]. For binary branching processes in random
environment (where individuals have either two children or none) ¢(3) = 0, and for cases where Q is a.s. a Poisson
distribution ¢ (2) < 2 or a.s. a geometric distribution ¢ (2) < 4.

The following theorem has been obtained under quite stronger assumptions in [1,21,30]. Let

t}’l = mln{k S n|Sk S SO» S11 LR Sn}
be the moment, when Sy, takes its minimum within Sy to S,, for the first time.

Theorem 1.1. Under Assumptions Al to A3, there is a constant 0 < 6 < 0o such that as n — oo
P(Z, >0)~0y"P(z, =n).

In this form the result holds in the strongly subcritical case too [22], however it differs from the corresponding
result in the weakly subcritical case [3]. Along the way of proving the subsequent results we also obtain a proof of the
above theorem (see the end of Lemma 3.3). Since P(t, =n) ~ 1/b, with

1—a~ !y
b, =n £,

for some slowly varying sequence (£,,) (see Lemma 2.2 below), it follows

y}’l
P(Z, > 0) ~9b—.

n

If 02 < 00, then l,’l is constant (see [11], Theorems 8.9.12/8.9.13). The next theorem deals with the branching process
conditioned on survival at time 7.

Theorem 1.2. Under Assumptions Al to A3 the distribution of Z, conditioned on the event Z, > O converges weakly
to a probability distribution on N. Also for every B < 1 the sequence E[Z,? |Z,, > 0] is bounded.

For B =1 this statement is no longer true, since E[Z, ] = " from (1.4) and consequently E[Z,|Z,, > 0] — oo for
n— oo.

The next theorem captures the typical appearance of the random environment, when conditioned on survival. Let
S" be the stochastic process with paths in the Skorohod space D0, 1] of cadlag functions on [0, 1] given by

St=8u, 0<t<l.

We agree on the convention S,; = S|/}, which we use correspondingly for Z,,, 7.
Also let L* denote a process, which can be understood as a Lévy-process on [0, 1] conditioned to attain its mini-
mum at time ¢ = 1. Formally we will define it in Section 2 in such a way that (L} — L’("l_t)_)oflfl is a Lévy-meander,

as introduced in [16]. If E[X?] < oo, this is the dual process of a Brownian meander.

Theorem 1.3. Assume Assumptions Al to A3. Then, as n — 00, the distribution of n — t, conditioned on the event
Z, > 0 converges to a probability distribution p on Ny and

@
dn

z,,>0>—">L*
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in the Skorohod space D[0, 1]. Also both quantities are asymptotically independent, namely for every bounded con-
tinuous ¢ : D[0, 1] — R and every B C Ny

1
E[w(—S");n -1, €8
an

In the strongly subcritical case, n — 1, also converges to a probability distribution on Ny (consequence of [5],
Theorem 1.3). However, this statement is not true for critical (see [4], Theorem 1.4) or weakly subcritical BPREs (see
[3], Theorem 1.1 and its proof). The limit L* only appears in the intermediate case.

The last theorem characterizes the typical behavior of Z, conditioned on survival. For a partial result see Theorem 1
in [2]. Recall that 7,,; is the moment when Sy, ..., S, takes its minimum.

Zy > 0} — E[p(L*)]p(B).

Theorem 1.4. LetO<tj < ---<tp, <1. Fori=1,...,rlet

(i) = min{j <i: inf LY = inf L;‘}.
=7

1<t;

Then under Assumptions Al to A3 there are i.i.d. random variables V1, ..., V, with values in N and independent of
L* such that

d
((Zr,,,l s Zr,,,,)|Zn > 0) = Vu@ys o5 V)

as n — 00. Also there are i.i.d. strictly positive random variables W1, ..., W, independent of L* such that
Znt1 Znt d
ey : Z,>0)—=> W,my,..., W,
((es’”l —Seuy eS"”—STmr ‘ " ( w() M(r))
asn — Q.

Note that this theorem cannot be generalized to a functional limit result in Skorohod space. The limiting process
would consist of paths which are constant within excursions between descending ladder points of the process L* and
change independently from one excursion to the next. However, such a process is not cadlag at these ladder points.

The content of Theorems 1.2 to 1.4 may be understood as follows: As in Theorem 1.2 one expects that the popu-
lation size is small at time n, conditioned on {Z, > 0}. This requires that S, is not much larger than min(Sy, ..., S,),
because otherwise the population would grow again at the end. Indeed this is confirmed by Theorem 1.3. Similarly one
expects that the population size is small in decreasing ladder points before n, which is stated in the first part of Theo-
rem 1.4. On the other hand within upward excursions between such points of minimum, the population development
is unaffected of the condition {Z,, > 0}.

More precisely for » = 1 and #; = ¢ Theorem 1.4 says the following: At time t,,; the population consists only of few
individuals, whereas at time n¢ it is large, namely of order e5* ~Sw -many individuals, which for every & > 0 is bigger
than e®® with probability 1 — ¢, if § > 0 is small enough. Thus the minimum of the random walk at time 7,; acts as
a bottleneck for the population, whereas afterwards the increasing random walk generates an environment, which is
favorable for growth.

Moreover: In case of r =2 either 1,;, < Tys, OF Tns; = Tnsy, Which for the limiting process L* means u(2) =2 or
n(2) = 1. The theorem says that in the first situation of two bottlenecks the population sizes Zy,, and Z,, are asymp-
totically independent, as well as the sizes Z,;, and Z,;,. In the second situation of one common bottleneck certainly

Zz,, and Z Ty, ATC equal. Interestingly this is asymptotically true as well for Z,;, / S =S and Znty/ eSS, Here
a law of large numbers is at work, in a similar fashion as for supercritical Galton—Watson processes.

Theorems 1.3 and 1.4 may lead to the conjecture that (% log Z,,+)o<i<1 converges to a Lévy-process, conditioned
to take its minimum at the end and reflected at zero. For the finite dimensional distributions this follows from the
theorems together with path properties of Lévy-processes. For linear fractional offspring distributions this was already
obtained in [2], Theorem 2. The proof of tightness is somewhat involved and given in a separate paper (see [14]).

The proofs rest largely on the fact that the event Z,, > 0 asymptotically entails that 7, takes a value close to n, as
stated in Theorem 1.3. Thus it is our strategy to replace the conditioning event Z,, > 0 by events 7, = n — m, which are



Conditional limit theorems for intermediately subcritical branching processes 607

easier to handle. Here we can build on some random walk theory. For the proof of the last theorem we also make use
of constructions of trees with stem going back to Lyons, Perez and Pemantle [26] and Geiger [20] for Galton—Watson
processes. They establish a connection between branching processes conditioned to survive and branching processes
with immigration.

The paper is organized as follows: In Section 2 we compile and prove several results on random walks. In Section 3
the proofs of the first three theorems are given. Section 4 deals with trees with stem and Section 5 contains the proof
of our last theorem.

2. Results on random walks

In this section we assemble several auxiliary results on the random walk S. We allow for an arbitrary initial value
So = x. Then we write P, (-) and E,[-] for the corresponding probabilities and expectations. Thus P = Py.

2.1. Some asymptotic results

Let us introduce for n > 1
L, =min(Sy, ..., S,), M, =max(Si,...,S,)

and as above forn > 0
T, =min{k <n: S =min(0, L,)}.

There is a connection between M,, and t,, set up by the dual random walk
Sk=Sy—Su—k, O0<k<n.

Namely {r, =n} = {M,, < 0} with M,, = max(S‘l, cee, S‘n) and consequently
P(t,=n)=P(M, <0).

In particular P(t, = n) is decreasing.

Next define the renewal functions #: R — R and v: R — R by

o0
ulx)y=1+ ZP(—Sk <x,Mp<0), x>0,
k=1

o
V@) =1+ P(=S >x,Li>0), x<0,
k=1

v(0) =E[v(X); X <0],
and O elsewhere. In particular #(0) = 1. It is well-known that 0 < v(0) < 1, for details we refer to [15], Appendix B,
and [32]. (Our function v(x) coincides with the function v(x) in [3] up to a constant.) Also u(x) and v(—x) are of
order O(x) for x — oo.
Lemma 2.1. Under Assumption A2, for every r > Q there exists a k > 0 such that

E[e_’s"; L,> 0] ~ Kn_lan_1

asn — Q.

For the proof we refer to Proposition 2.1 in [3].
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Lemma 2.2. Under Assumption A2 there are real numbers
l—a~ 1y
b,=n £, n>1
with a sequence (£,,) slowly varying at infinity such that for every x > 0
P(M, < x) ~ v(—x)b, "
as n — 00. Also there is a constant ¢ > 0 such that for all x > 0
P(M, < x) =P_,(M, <0) < cv(—x)b, .

Proof. The corresponding statements for P(M, < x) are well-known. Indeed the first one is contained in Theo-
rem 8.9.12 in [11], where p now is equal to 1 — !, since we are in the spectrally positive case (note that the proof
therein works for all x > 0 and not only, as stated, for the continuity points of v).

For x > 0 this proof completely translates to P(M,, < x). Therefrom the case x = 0 can be treated as follows:

PM, <0) = E[le(Mn,l <0); X < O]

Px, (M, <0)

=b,_1E i X 0].
n1|: byl 1<:|

Asforevery x > 0, Py, (M, <0) <Py, (M, < x), applying the bound for Px, (M,, < x) yields that b;_lllP’xl (M, <0)
is bounded by an integrable function. Thus from dominated convergence and from b, ~ b,_1 we get

P(M, <0) ~ b,E[v(X); X; <0].

Now from Eq. (2.1) below the conditional expectation in the right-hand side is equal to v(0), as defined above, which
gives the claim.
The second statement is obtained just as in Lemma 2.1 in [4]. O

2.2. The probability measures P and P~

The fundamental properties of u, v are the identities

E[u(x—l—X);X+x20]=u(x), x>0,
2.1
E[v(x +X); X +x <0]=v(x), x=0,

which hold for every oscillating random walk (see e.g. [32]). It follows that # and v give rise to further probability
measures P and P~. The construction procedure is standard and explained for P* in detail in [4,10]. We shortly
summarize it below.

Consider the filtration F = (F),>0, where F, =0 (Q1, ..., On, Zo, ..., Zy). Thus S is adapted to F and X,
(as well as Qp,+1) is independent ot F, for all n > 0. Then for every bounded, F;,-measurable random variable R,

Ef[R,]= LEx[Rnu(Sn)- L,>0], x>0
X u(x) ’ — ’ — ’
1
E[[R,] = mEx[an(Sn); M, <0], x=<0.

These are Doob’s transforms from the theory of Markov chains. Shortly speaking P} and P, correspond to condi-
tioning the random walk § not to enter (—oo, 0) and [0, co) respectively.
The following lemma is taken from [4,10].
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Lemma 2.3. Assume Assumption A2 and let Uy, U,, ... be a sequence of uniformly bounded random variables,
adapted to the filtration F. If U, — Uso PT-a.s. for some limiting random variable Ux,, then as n — 0o

E[U,|L, > 0] > ET[Ux].
Similarly, if U, — Uso P -a.s., then as n — o0

E[U,|M, <0] > E"[Uxl.

The first part coincides with Lemma 2.5 from [4]. The proof of the second part follows exactly the same lines using
Lemma 2.2.

2.3. Two functional limit results
Because of Assumption A2 there exists a Lévy-process L = (L;);>0 such that the processes S" = (% Snr)o<t<1 con-
verge in distribution to L in the Skorohod space D[0, 1]. Let L™ = (L; )o<;<1 denote the corresponding non-positive
Lévy-meander. This is the process (L;)o<<1, conditioned on the event sup,.; L, <0 (see [9] and [16]).
Lemma 2.4. Under Assumptions Al and A2 for every x > 0 and n — oo
L g
Aan

in the Skorohod space D|0, 1].

M, < —x) —d>L_

The proof follows exactly the same arguments as the proof of Lemma 2.3 in [4], i.e. using the suitably adapted
decomposition (2.10) therein and [19].
From L~ we obtain the process L* as follows. Let A: D[0, 1] — DI[O0, 1] be the mapping g — g given by

g)=g(1)—g(s—), 0<r<l1, withs=1—7¢
and g(0—) = 0. A is a continuous mapping and A~! = A. Note that A maps the subset D~ = {g € D[0, 1]:
SUp; > g(t) <0 for all ¢ > 0} onto the set D* ={g € D[0, 1]: infs<;_, g(s) > g(1) for all £ > 0}.
Now let

L*=A(L7).

Since L™ € D™ a.s. it follows that L* € D* a.s. This means that L* takes its infimum at the end a.s. L* may be viewed
as the process (L;)o<;<1, conditioned to attain its infimum at # = 1. This becomes clear from the following result.

Lemma 2.5. Under Assumptions Al and A2, for n — oo

Lo
dn

in D[0, 1].

d
1:,,=n>—>L*

Proof. In Lemma 2.4, we may replace S" by the process 7" given by 7" = S

"y fors < 1—+and 7/ = S} for
1-— % <t < 1. It follows that

(a0

dn

M, <0) LY
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Now A(T") is obtained from S”, if we just interchange the jumps in $” from Xy,..., X, to X,, ..., X1. This corre-
sponds to proceeding to the dual random walk, and it follows

Lo
dn

This is the claim. |

d
T =n> — L*,

We end this section by some remarks on the distribution of LT. First L has a stable distribution, thus it has
a density with respect to Lebesgue measure and is unbounded from below. Since we are in the spectrally positive
case, L has no negative jumps a.s. Therefore we may use fluctuation theory for the process LV, which is the Lévy-
process, conditioned to take values in (—o00, 0], see [9], Section VII.3. From Corollary 16 therein it follows that Lf

has a density and is unbounded from below, too. As stated in [16] (see also [15]) the distributions of Lf and LT are
mutually absolutely continuous, therefore also the distribution v of L7 has a density and is not concentrated on some
compact interval.

2.4. Further limit results
Let Q; = Q; for j <0.

Lemma 2.6. Under Assumptions Al and A2 form >0,k > 1, for n — oo the distribution of

(St s Sn—m) )

n

<(Q'L’”+1’ R Q'L’n-l—k)a (Q‘L’nv LR} QTn—k+1)s

converges weakly to a probability measure MZL ® Wy, ® u, where /,LZ_, Wy, are the distributions of (Q1, ..., Q) under

the probability measures P, P~ and p is a non-degenerate probability measure on R?, i.e. the measure is not a Dirac
measure.

Proof. Let forr >0

O (N =(Qrt1, -+, Or), Q (N=(Qr,--- Qr—i+1)-

Let ¢1,¢o: AF — R be bounded functions and @3, ¢4 :R — R be bounded continuous functions. A decomposition

with respect to 7, yields
(5]
Qn

- S, Suem — S
= ;E[‘P‘ (0™ (M)p2(QF (1) 3 <Z)¢4<T); T = r] (22)

S

Tn
Qn

E[(bl (Q_(Tn))¢2(Q+(Tn))¢3<

Letting L, , = min(S;+1, ..., Sp) — Sr and using duality we get for r > k

Sr Snfm B Sr
E[¢1(Q‘<r))¢z(Q+(r))¢3 <Q—>¢4<a7>; Ty = r}

Si‘ Sn—m - Sr
—E[ (0" 0)on( )n(@* )as( P )i =]

n

[ Sf Sn—m—r
—[01(0" ) (3 )i =r [ 20t @)s( P ) 1 0]

SV Sn—m—r
=E| (Q+(0))¢3<a—>; M, < O]E[¢2(Q+(0))¢4(T); Lyr=> 0]-

n n
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Moreover for r > k

E[¢1 (01 (0)$3(S, /an); M, < 0]
P(M, <0)

S, Py (M, <0
— [ o1 (0* )85 a2 ) |tk <0 TS0, <o)

1/a

Therefore by Lemmas 2.2, 2.4 and dominated convergence, if r, ~ tn for some 0 < ¢ < 1, then a,, /a, ~t'/* and

E[¢1(Q7(0)¢3(Sy, /an); M, < 0]
P(M,, <0)

— E[¢1(Q"(0)v(Sp); Mk < 0]E[¢3(1'/*LT)]
—E~[¢1(0* O)]E[p5(/L7)]
In much the same way, letting L™ be the positive Lévy meander and using Lemma 2.3 from [4], it follows that

E[$2(Q7" (0)¢4(Su=m—r, /an); Ln—r, = 0]
P(Ln—r,, > 0)

= E*[02(QF ) JE[¢a (1 = )/LT)].

Since P(M,, < 0)P(L,—, > 0) =P(tr, =r,), we obtain for r, ~tnand 0 <t < 1

) (Snm - Sr” ) }
Pl —— ||tn="1n
dn

—>E [$1(01,.... Q0 ET[$2(01. ... QO JE[¢3(t/*LT) [E[¢a((1 —)'/*LT)].

Now in view of Assumption A2, the generalized arcsine law (see [11]) is valid for t,, i.e. 7,/n is convergent in
distribution to a Beta-distribution with a density, which we denote by g(¢) d¢. Therefore it follows from (2.2) that

Sy Sn—m — Sg,
e e T e

= E7[$1(Q1, ..., O0]EF[$2(Q1, ..., O0)]

Sr,
dn

E[¢1 (Q_(Vn))¢>2(Q+(rn))¢3<

1
x/o E[¢s(t"“LT)|E[¢a((1 —)/*LT)]g() dr.
This gives the claim. (]

NextletO=ty<t; <---<t, <t =1landfor 1 <i <r
oip =min{k: nt; 1 <k <nt;, S <§; forall nt; | < j <nt;} 2.3)

be the first moment, when Sy takes its minimum between nt;_ and nt;.

Lemma 2.7. Let m > 0 and k,r > 1. Then under Assumptions Al, A2, given the event t,_,, =n — m, the random
elements in A%k

Q(l) = ((QUi,n+1’ ey Q0i1n+k)y (Qgi.)l’ L) QU[Y,,*/{‘I'I))? i = 17 R

are for n — oo asymptotically independent with asymptotic distribution ;L,:r ® uy, . Also, given Ty =n — m, they
are asymptotically independent from the random vector

1
_(SUIV,” Snt| R Sa,,,,» Sntr)-

n
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Proof. Recall from above that, given 7, = n, the distribution of aiS,, is weakly convergent to a probability measure

v on R, the distribution of L}, which possesses a density and is not concentrated on a compact interval.
Let

Or+1,n =min{k: nty <k <n—m, S < §; forallnt, < j <n—m}

and fori <r

1 1 1
Ui = (So,-,,, - Snti,l), Vt = (Snt,- - Snti,l)v Vr+1 = (Snfm - Sntr)
ay an dn

and W; = (U;, V;). Since (a,) is regularly varying, from the last lemma and from our assumptions on indepen-
dence it follows that the random variables Q“), R Q(’), Wi, ..., W, V.41 are asymptotically independent. The
event 0,41, =n —m is independent of Q(l), R Q(’), Wi, ..., W, and thus only affects V,4 . Thus from Lemma 2.6

d _
(Q(])a"'s Q(r), Wi, ..., W, Vigtloryin=n _m) - (M]_!—@/’Lk )®r/*Ll Q- Qur®v,

where the probability measures p; also depend on #; —f;_. If a Borel set A C RZ+1 satisfies U1R- - Qur QV(A) >0
and U1 ® --- @ ur  V(3A) =0, it follows

d _
(@M, QWi W Vi) € A orpan =n—m) S (uf @ )"
We apply this result to A of the form A = B N C, where the Borel set B satisfies the same conditions as A, and

r+1
C=1(W1,V1,...,Up, Vp, Vpp1): uj>2 v; for j <ry¢.
i=j

Since v is not concentrated on a compact set, 11 ® - - - ® w, ® v(C) > 0, and because v has a density, 41 Q - - Q Uy ®
v(0C) =0. As

{th-m =n—m}={Ss;, > Sp—m for j <r,or41, =n—m}
= {(W15 teey Wr, Vr+l) € C’O—r+l,n =n _m}
we obtain
r d _\Q®r
(@M, ..., QVIWr, .., W, Vi) € BTy =n —m) > (uf @ 1)

The choice B = R¥*! gives the asymptotic distribution of (Q(V, ..., Q). Since (Soy, Sntys - Soy» Snr, ) 18 Ob-
tained from (Wi, ..., Wy, V.41) by linear combinations, also the asymptotic independence follows. O

3. Proofs of Theorems 1.1 to 1.3

Define

o0 00 2
TEDRE 1>Qk<y>/(Zka(y>) . k=1
y=0 y=0

Lemma 3.1. Assume Assumptions Al to A3. Then for all x >0

o]

> et <oo Ploas.
k=0
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and forall x <0
o
Z neeSk < oo P, -a.s.
k=1

The proof of the first statement can be found in [4] (see Lemma 2.7 therein under conditions B1 and B2), the
second one is proven in just the same way.

Lemma 3.2. Under Assumptions Al to A3, there is a non-vanishing finite measure p' on No with p’(0) = 0 such that
the following holds: Let Y, be uniformly bounded random variables of the form Y, = ¢,(Q1, ..., OQn—,) with natural
numbers r, — 00 and let £ be a real number such that for every m € Ny

EY,|them=n—m]— ¢

as n — 00. Also let ¥ : Nog — R be a bounded function with v (0) = 0. Then

E[Yrﬂ/’(zn)e_s" |tn = I’l] —> ¢ / ydp’
asn — 0.
Proof. Let f,,(s) = Zkzo sK0,(k), 0 < s <1, be the (random) generating function of Q,, n > 1, and denote

fj+l°fj+20"‘ofk forO0<j <k,
fixk=11d for j =k,
f/ofj_lo~--ofk+1 forO <k < j.
For 0 <k <n set

Lin= min(Sk4+1,...,5,) — Sk and Ly,= 0.

First we look at the case ¥(z) = 1 — s% with 0 < s < 1 (with 0° = 1). We decompose the expectation according
to the value of 7,_,, for some fixed m € Ny. For convenience we assume 0 < Y,, < 1. Then for [ > m because of
E[Z,|IT] = eSras.and 1 —s? <z

E[Yn(l — sZ")efs"; Tyem <n—10,17, = n]
< E[Z,,e*S"; Toem <n— 1L, Ty =n]=P(ty_m <n—1,1,=n).

From duality

P(ty_m <n—1,7, =n) :P(Mn <0, max §; < max §; <0)

m<j<n °  l<j=<n
<P(S =S, forsomel <k <n, M, <0)
and in view of Lemma 2.3
P(S; > S, forsome ! <k <n, M, <0)

~P (S > S,, for some k > )P(M,, <0).

Since Sy — —oo P7-a.s. (see Lemma 2.6 in [4]), we obtain that for given ¢ > 0 and m € N the estimate P~ (S; >
Sy for some k > [) < ¢ is valid, if / is chosen large enough. Altogether this implies that for / sufficiently large

E[Y,(1 - sZ")e_S”; T =n]

=E[Y,(1 - sZ")e_S"; Twem =n—1, Ty =n]+ x1
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where |x1| < eP(M, < 0) =&eP(z, =n).
Next from the branching property

E[Y,(1—s")e 5 1y >n—1,1, =1
=E[Y,(1 = fon())e™" vy =n — 1,7, =n].
By means of duality
|E[Y, (1= fon())e ™" Ty =1 — 1,7, =n]
—E[Y(1 = fumma(®)e™ ™5y =0 — 1,5 =n]
<E[|(1 = fon()e™ = (1= fumma(®))e” 5| 7, =n]
K1 fuoo)e™ — (1~ mots))e~ : My <0].

Now U, (s) = (1 — fn,o(s))e’s" is decreasing in n (see Lemma 2.3 in [21]) with limit U (s), and for given & > 0 we
obtain from Lemma 2.3 for n large enough

|E[Yn(1 - fO,n (s))e_sn§ Ti—m=>n—1, 1, = n]
- E[Yn(l - fn—m,n(s))e_(sn_sn_m); Ty—m =n—1,7,= n]|
<2E7 [Un(s) — Uso(s) |P(ty =n) < eP(z, =n),

if only m is chosen large enough. Now {7,_,, > n — [, 1, = n} may be decomposed as Ulj:m({rn_j =n-—j}uU
{Ly—jn—m >0,7, =n}) and for large n by ¥;, = ¢, (01, ..., On—r,)

E[Y, (1= fammn(®)e™ S ™5mmiq,_j—n— j Ly_jp-m 20,70 =n]
=E[Yy; Ty =n— JIE[(1 = fjmm;j®)e” S5 Li 20,7, = j].
By assumption E[Yy; 1, j =n — j] ~ {P(z, = n). Putting pieces together we obtain
E[Y,(1 - sZ")e_S"; T =n]
=E[Y.(1 - sZ")e_S"; Tiem =n—1, Ty =n]+ x1
l
=tP(t,=n) Y E[(1= fjomj())e” S5 L; 0, >0,7; =]+ x2
j=m
where |x2| < 3eP(1, =n). In particular we may apply this formula for Y;, = 1, to obtain for large n
|E[Y,,(l — sz”)e_S"; T, = n] — EE[(l — sZ")e_S"; T, = n]| < 6eP(t, =n)
and our computations boil down to the formula
E[Yn(l — sZ”)e_S”; T, = n] ~ EE[(l — sz”)e_s"; T, = n]

The right-hand side may be written as ¢E[(1 — fnﬁo(s))e_S"; M,, < 0] and another application of Lemma 2.3 gives
altogether

E[Y,(1 —s%)e 5 1, =n]| ~ LE™ [Uso(s) |P(14 = n).
In view of s*1,-9 = (1 — 0%) — (1 — s%) this implies

E[Y,s%e % Z, > 0,1, =n] ~ th(s)P(t, =n) 3.1)
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with 2(s) = E7 [Uso(0) — Uso (5)].
Now we show that 2(1) = E7[Ux(0)] > 0. This follows from an estimate due to Agresti (see [6] and the proof of
Proposition 3.1 in [4]), which in our case reads

k -1
1
(1- fk,O(S))eisk > (: + Z’?iesi) .
i=1

Letting £k — co Lemma 3.1 implies Uy (s) > 0 E™-a.s. and thus k(s) > O for all s < 1. For s = 0 it follows that
h(l) =E"[Ux(0)] > 0.
Also from E[Z,e~5"; 7, =n] = E[E[Z,|T]e %"; 1, = n] = P(1, = n) and from 1 — s* < z(1 —s) we get

E[U,,(s); M, < O] = E[(l — sZ")efs"; T =n]
< (1 =9E[Zye >t =n] = (1 = )Pty =n)

which for n — oo implies h(1) — h(s) = E"[Ux(s)] <1 — s. Therefore 4 is continuous at s = 1. Our claim follows
now from (3.1) and the continuity theorem for generating functions. (]

Lemma 3.3. Let Y, fulfil the same conditions as in Lemma 3.2. Then under Assumptions Al to A3 there is a non-
vanishing finite measure p” on N x Ny such that for every bounded v : N x Ny — R

E[an(zmn —1y); Zn > 0] N K/de//
y"P(t, =n)

asn— Q.

Proof. We have for fixed j € Ny and every n € N withn > j
v E[Ya¥ (Znn = )i Zu > 0, T =n — j]
=E[Yayj(Zy-pe > ity j =n— ]

with ¥;(z) = E[¥(Z;, j)e™/; Z; > 0,L; > 0|Zg = z] for z > 0 and ;(0) = 0. Also there is a finite measure p;.
such that [¢;dp' = [ ¥ (-, j) dp’;. From the preceding lemma

ElY ¥y (Zy,n—14); Zy > 0,7, =n — J
V”P(Tn =n)

] :
> v,
In particular p( is non-vanishing. Thus it remains to show that for given & > 0 there is a natural number k such that
Y E[Ya ¥ (Znon = )i Zn > 0,1 <n — k] < eP(t, =n)

for large n. Without loss of generality 0 < Y,, <1 and 0 < ¢ < 1. Then, using the inequality P(Z; > 0|IT) < eSi, we
have

y_”]E[Y,,l//(Zn,n —1,);Z,>0,7, <n —k] < E[e_S"; Z,>0,1,<n —k]

3
|
~

E[le™™:Zi >0,5=i,Lin = 0]

Nng

3
|
~

E[eS;—Sn; T =1, Li,n = O]

Nng

3
|
=~

P(r; =i)E[e™5"; L,_; > 0].

Il
=}
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From Lemmas 2.1, 2.2 both P(z, = n) and E[e~5; L,, > 0] are regularly varying with negative indices. Therefore for
large n

)/_nE[Ynlﬂ(Zn,n —1);Zy>0,7, <n _k]

<E[e ™3 L,3>0] Y Pz =i)
i<n/2

+P@3=n/3) Y E[e¥;L;=0],
k=j<n/2

where we used th fact that P(t, = n) = P(M,, < 0) is non-increasing in n. Also Ele S; L, > 0] = 0(1) and
Zl<n P(r; =i) = O0mP(r, =n)) and Z i>1 E[e 5i; L; > 0] < oo. Therefore for every ¢ > 0 the right-hand side
of the inequality above is bounded by 8P(Tn =n),ifkis large enough. This gives the claim. (|

Choosing Y,, = 1 and v/ = IyxN,, we obtain Theorem 1.1.

Proof of Theorem 1.2. In view of Theorem 1.1, the first part is a special case of Lemma 3.3 with ¥, = 1 and
W (Zy,n —1,) = 1 — 5% For the second part we use Holder’s inequality (with 1/p =8, 1/g =1 — p) and (1.3)

y "E[Z2P] = E[E[ZP 1,50l ]e™5"]
E[E[Z,|T1PP(Z, > 0|IT)! Pe™5] < E[e! =P Ln=50],

Again we decompose with 7, and obtain

_nE Zﬁ ZE (1 BY(Ln—Sn). DT _l Lln _0]
i=0

n
=Y P =0)E[e"""F-ii L, ;> 0]
i=0
As above we show by means of Lemma 2.1 with r = 1 — g that this quantity is of order P(tr, = n), and the claim

follows. .

Proof of Theorem 1.3. Again the first part is a special case of Lemma 3.3. Next let ¢ : D[0, 1] — R be bounded and
continuous. We apply Lemma 3.3 to ¥;, = gp( S™), where S = Sutar, With natural numbers r, — co. If n —r, =
o(n), then it follows from Lemma 2.5 and standard arguments that E[Y,|t,—,, =n —m] — E[p(L*)]. Lemma 3.3
yields

ola”)

Thus (é S"Z, > 0) 4 L*. Also conditional asymptotic independence follows from Lemma 3.3. Finally for fixed

| Elow)

P(|Xn—r+l| + Xl > \/a_n; Zy > 0)
<P(Zy—r > O)P(|X1| +-+ X = \/a_n) ZO(P(Zn > O))

This holds true also, if r = r,, — oo sufficiently slow. It follows

)0

)/”IP’(i sup|S" — S’”| >¢
an
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for all ¢ > 0. Therefore (é(S” —SM|Z, > 0) —d> 0 in DI[O, 1] and consequently (é S*Z, > 0) —d> L*. This finishes
the proof. (]

4. Trees with stem

Foreveryn=0,1,..., 00 let 7, be the set of all ordered rooted trees of height exactly n. For a precise definition we
refer to the coding of ordered trees and their nodes given by Neveu [27]. Then 75>, =7, U 7,41 U - -- U7 is the set
of ordered rooted trees of at least height n. With [ 1, : 7>, — 7, we denote the operation of pruning a tree ¢ € 7>, to
atree [t], € 7, of height exactly n by eliminating all nodes of larger height.

Forn=0,1,...,00 atree with a stem of height n, shortly a trest of height n, is a pair

t=(t, kok1 ... k),

where ¢t € 7>, and ko, . .., k, are nodes in ¢ such that k¢ is the root (founding ancestor) and k; is an offspring of ;1.
Thus k; belongs to generation i. We call kg ...k, the stem within t, it is determined by k. 7, denotes the set of all
trests of height n. Such a construction is in the spirit of spinal decompositions as in [17,23] and others.

A trestt = (¢, koky . .. k) of height n can also be pruned at height m < n to obtain the trest of height m

[t]n = ([[]m» kO .. ~km)~
To every tree ¢ € 7, there belongs a unique trest

()n = ([t1n ko (1) . . . kn (1))

of height n, where ko(¢) ...k, (¢) is the leftmost stem, which can be fitted into [#],,. Notice that this stem is uniquely
determined, since ¢ is ordered and of at least height .
Now let w = (g1, g2, . . .) be a fixed environment. Define the distribution g; by its weights

1
Gi(y)=——=yqi(y), y=0,1,...
m(q;)

Then a corresponding LPP-trest (Lyons—Pemantle—Peres trest) is the random trest T= (T, 1201% 1 ...) with values in
7., satisfying the following properties:
Given IT = (q1, 92, ...) a.s.

o the offspring numbers of all individuals are independent random variables,

e the offspring number of K;_; has distribution §; and the offspring number of any other individual in generation
i — 1 has distribution g;, and

e the node K; is uniformly distributed among all children of K;_{, given the offspring number of K;_; and given all
other random quantities.

Shortly speaking: From the infinite stem individuals grow according to a size biased distribution, and from the other
individuals ordinary branching trees arise to the right and left of the stem. Such type of trests have been considered by
Lyons, Peres and Pemantle [26] in the Galton—Watson case.

Let Z, be the population size of the LPP-trest in generation n.

Lemma 4.1. Under Assumptions Al to A3, as n — oo
e S Zn > W't Pr-as.

with some random variable W™ fulfilling W+ > 0 P*-a.s.



618 V. I. Afanasyev et al.
Proof. We use the representation
n—1
Zy=14)Y 7}
i=0
where Z;l is the number of individuals in generation n other than K n», Which descent from K ; but not from K i+1- Thus
E[Z M=), yQit1(y) — 1 =e*itIn;y and as.
E[Z}|T] = e SHE[ZL, | |[T] = nipie5 5. @.1)

Now given the environment, e~ Zfz_kl Zjl is for n > k a non-negative submartingale. Therefore Doob’s inequality
implies that for every ¢ € (0, 1)

(max e S’”ZZ’ >¢

k<m<n

n—1
) Ze 'E[Z,|1] <—an+1e S

i>k
and
m—1 1
Pt (supe Sim ZZ’ >s>< E+|:1/\an+1e "i|.
m>k i=k i>k
From Lemma 3.1 it follows that

m—1
P supeS» 7l >¢| <e,
(m>k Z

i=k

if k is chosen large enough. Also e~ Z,z is for n > i + 1 and a fixed environment a non-negative martingale, such
that for n — oo

e™Zl > W Phas.
These facts together with S, — oo PT-a.s. (see [4], proof of Lemma 2.6) imply that
e 7, —> Wt PTas.

for some random variable W+. Also Wt > Y is0 Wi Pt-as.

Thus it remains to show that ) ;. W > 0 P*-as. Given IT, the random variables W' are independent, since they
arise from independent branching processes in the LPP-trest. In view of the second Borel-Cantelli Lemma it is thus
sufficient to prove

ZP*(Wi >0|[T)=0c Pt-as.
i>0
Now we use the formula

-1

PH(W' > 0lT) = (Zn+1e i~ S'> :

which is taken from the proof of Proposition 3.1 in [4] (a few lines after (3.7) therein). Because of Lemma 3.1 above
the right-hand side is strictly positive P -a.s. Moreover there are random times 0 = v(0) < v(1) < - - - such that

00 -1

Jj=v(k)
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is a stationary sequence of random variables, which is a consequence of Tanaka’s decomposition, see [29] and
Lemma 2.6 in [4]. From Birkhoff’s ergodic theorem it follows that

1 n o0 -1
_Z< Z ’7j+1e(5~f5”<k)))
n

=1 \j=v(k)
has a strictly positive limit PT-a.s. This implies our claim. d

We use the LPP-tree to approximate conditioned BPRE. Let us denote by 7' a branching tree in random environ-
ment I7. This is nothing else than the ordered rooted tree belonging to a BPRE in environment I7. Again let Z,, denote
its number of individuals in generation n.

Theorem 4.2. Assume Assumptions Al to A3. Let 0 < r, < n be a sequence of natural numbers with r, — 00. Let Y,
be uniformly bounded random variables of the form Y, = ¢(Q1, ..., Qn—r,) and let B, C ’Z{_,n, n > 1. If for some
>0

E[Yy: [Tlier, € Balta—m =n—m] —> ¢
for allm > 0, then
E[Yu: [{T)n],_,, € BnlZn>0]— .
B,, may be random, depending only on the environment I1.

For the proof we use the following theorem due to J. Geiger (see [20]). Let & = (g1, q2, . . .) be a fixed environment,
let P (-) be the corresponding probabilities and let

Tn,ﬂ - (Tn’ KO o Kn)
denote a random trest of height n and let fori =1,...,n

Ti’ = subtree within 7}, right to the stem with root K;_1,
T/” = subtree within 7}, left to the stem with root K;_,
R; = size of the first generation of 77,

L; = size of the first generation of 7}".

For T,  the following properties are required:

o Pr(Ri=r.Li=1)=q;(r +1+ )P 0L=0: Zu0izi=1)

° Tl./ , if decomposed at its first generation, consists of R; subtrees ri’j , j=1,..., R;, which are branching trees within
the fixed environment (g;+1, gi+2, - - -)-

e Similarly Tl.” consists of L; subtrees rl.’]/., which are branching trees within the fixed environment (g;+1, gij+2, - - -)
conditioned to be extinct before generation n — i.

e All pairs (R;, L;) and all subtrees rl.’j, ri’]/. are independent.

These properties determine the distribution of T, » up to possible offspring of K, and thus the distribution of (T, 7).

Theorem 4.3. For almost all it the conditional distribution of (T ), given Il = m, Z,, > 0 is equal to the distribution
of (Tn,z)n-
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Geiger proved this result for a fixed environment g = g = - - - i.e. in the Galton—Watson case, see Proposition 2.1
in [20]. His proof carries over straightforward to a varying environment.

Proof of Theorem 4.2. For the trest T we introduce the notations f‘i’, fi”, R, L;, fi’j, fi’]’.. They have the same meaning

as above T/, T/, R;, L;, rl.’j, ri’]/. for the trest T, . From the construction of T

P.(Ri=r,Li=0)=qi(r +1+ e %i.

fl./j and rl./j are equal in distribution, whereas fi’]/. is no longer conditioned to be extinct in generation n — i, as this is

the case for 7/’

In order to compare both trests we will couple them. We first consider the branching process in a fixed environment
m =(q1,q2, -..) and again write the corresponding probabilities as P (-). To begin with we estimate the total variation
distance between the distributions of (R;, L;) and (15,-, I:,-). Note that

Pr(Z,>0|Zi—1=1)= ZPH(Zn >0[Zi = )Px(Zi = jlZi-1=1)
Jj=1

<Y jPr(Zy>01Zi = )P (Zi = j|Zi-1 =1)
j=1

=eXiP,(Z,>0(Zi=1)
suchthatforr,/,m>0andi <n—m
P, (Ri=r,Li=0)—P;(Ri=r,Li=1])
<qir+1+De X (1 -Pr(Z,=0Z; = 1))
<qi(r+1+ De X1 =Py (Z,=0|Z; = 1))
<lgir +1+1)e Py (Zy_m >01Z; =1)
<lgi(r+1+ e XigS-m=5i,

Since the right-hand side is always non-negative, we may estimate the total variation distance as

1 - ~
3 Z‘Pn(Ri =r,Li=0)—Py(Ri=r,L;=1)|

r,l>0

=Y (Pr(Ri=r,Li=0)—Pr(Ri=r,Li=D))"
r,[>0

<e XigS-m=5i Z lgi(r +1+1)

rl>0

X Sem—si | o 1 _s,
=e Meh i oS vy = Dgi(y) = et

y=1

Similarly we estimate the total variation distance between the distributions of 7;; and 7/;. The second distribution

is equal to the first distribution conditioned to be extinct in generation n — i. This event can be expressed as {rl.’/’. € B;}
with the set B; of trees of height less than n — i, thus for some tree ¢

P, (ri’j/- =1)—Py (fi’j/- =1)=P, (ri/j/» 1) — Py (ri/j/» = t|ri’]/- € B))

<P, (rl.’j’- =t)13ir(t).
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Again, since the right-hand side is non-negative for i <n —m
1 -
5 > P (t]=1) =P (5 =1)]
t
" c\ __ R L — Sn—m—Si
< Pn(‘l,'l-j €B{)=P1(Z,>01Zi=1) <Py (Zy_m >01Zi=1) <e .

Now we consider the following construction: Take couplings of the pairs (R;, L;), (R;, L;) and of Ti/} and fi/}. Also

let 7/, = 7/.. Put these components together to obtain (7/, T,”) and (fi’, 7:1./ "). If the couplings are all independent of
each other, then the resulting trests have the required distributional properties. We denote the resulting probabilities
again by P,. Thus

P (7. 1) # (T}, 1))
I
<Pr((Ri. L) # (Ri. L) + ) Y P (Ri =r, Li =DPx (v} # 1y).
>0 j=1
For optimal couplings we may use the above estimates on the total variation distance and obtain fori <n —m
-, ~ 1
Pr((17.7) # (1. 7)) = g9 4 37 lgi(r 1 DeePon™s
r,l>0
— niesnfm_si—l .

Altogether using Theorem 4.3 and the assumption that B, depends only on 1, it follows for m < r,

n—ry
Px([(T)n],_, €BalZy>0) =Pr([Tlhy, € Bs)| < 1A 3 neSion S,
i=1

Now from duality and from Lemmas 2.3, 3.1
n—ry
E[l A Z nieSnm=Si-l\g, L =n — m}

i=1
M,y < 0j| — 0.

n—m
=E[1/\ Z niesi

i=r,—m
According to our assumptions E[Y), Pn([ﬂn—r,, € B,)|t—m = n — m] converges to £. Our estimates thus imply that

E[Y,Pr([(T)n] . €BulZy>0)|ty—m=n—m)]— L.

n—ry
Thus we may apply Lemma 3.3 with Y,Pr7 (([{T ) 1n—r, € BrlZ, > 0) instead of ¥, ¥ =1 to obtain

E[YnPH([(T>n]n—r,, € By|Z, > 0); Z, > 0]

2p” (N x Np).
VP (1, = 1) — £p" (N x Np)

Also from Lemma 3.3 with ¥,, =1 and ¢ =1
P(Z, > 0) ~ y"P(z, = n) p" (N x No),
thus

E[Y,P([(T)n],_, €Balll,Z,>0)|Z,>0)]— ¢.

n—ry
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[(T) ]n ., € Balll, Zy > 0); Z, > 0]

P([(T)n]n- r,,eBmZ >O|H)
P(Z, > 0|IT)

E[Y,P([(T).], nr, € Bn.Zn > 017)]

Zn>0]

E[E[Y,; [(T)a],_, € Bn.Zy>O0lT]]
=E[Y,: [(T)n],_, €Bn Zn>0].

This gives the claim of Theorem 4.2.

5. Proof of Theorem 1.4

Let again T denote the LPP-trest. Recall that Z ; is for i < j the number of the individuals in generation j other than

K j» which descent from K ; but not from K i+1. For convenience we put Z’l =0fori>j.

Lemma 5.1. Let 0 <t < 1. Then for every € > 0 there is a natural number a such that for any natural numbers m

and ¢ € [Ty, nt)
Zi

P( E ﬁzern_m=n—m>§e,
ers Tnt

i:i—=tp|za

if n is sufficiently large (depending on €, a and m). ¢ may be random, depending only on the random environment I1.

Proof. For 0 < ¢ <1 from Markov inequality and (4.1)

Zi

2: S
eP < & Ty—pm=n—m
< eSg—Szm Z & ln—m )

li—Tu|>a
SE[I A nip1e5m =5 0, =n —m]
i< limtu|za

Next we decompose with the value of 7,,; to obtain form < (1 —)n

i
SP( Z Sg%srzg;fn_m =n—m)
nt
li—tu|za ©
SYE[IA X e i =L 0]
Jj=nt i<g.|i—jl=za

X P(r(l_t)n_m = |_(1 — t)nJ — m)
We split the expectation:

Jj=nt i<g,li—jlza

j=<nt =0 j<nt

LA Z ’71+1€7 Si; Ljnt>0

j—a
_ZE|:1/\Z771+16J Si; Tj—]:|P(Lnl j>0)+ZP(Tj—])E
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Duality yields
ZE|:1/\ Z 77[+leSj_Si;'L’j :j, Lj'nt20i|
j=nt i<¢li—jlza
J
=y E|:1 A miedii M < Oi|P(L,,t_j > 0)
a<j<nt i=a

k
+ Z P(ty—k = nt] —k)E[l A Zni+leisi§ Ly > 0}.

a<k<nt i=a
From Lemmas 2.3, 3.1 we may choose a so large that

j
E[l AY mieSi M < o} <SP(M; < 0)

i=a

k
E[l A e Ly = o} <8P(Li > 0)

i=a

for all j, k > a and given § > 0. It follows from duality

SE[in ¥ et iy =L z0]

j=<nt i<gli—jlza
<8 Y P(rj=j)P(Ly_j>0)
a<j<nt
+8 Y P(tw—i=lnt] —k)P(L; = 0)
a<k<nt
<28

and

26
< ?P(T(lft)nfm =1 =0n]|—m).

Since P(7, = n) is regularly varying, the right-hand side is bounded by the term eP(t, = n), if § is chosen small
enough. This gives the claim. (]

We now come to the proof of the first part of Theorem 1.4. Let o, as in (2.3) and define u, (i) as the smallest
natural number j between 1 and i such that 7, =0 ,,

Mn(i):min{j <i: Tnt; :Uj,n}~ (5.1

Again let Z,' be the number of individuals in generation j of the LPP-trest T, thus



624 V. I. Afanasyev et al.

Therefore, given ¢ > 0 in view of the preceding lemma with ¢ = t,,; there is a natural number a such that given
T,—m = n — m the probability is at least 1 — ¢ that the event

Opun i).n
Z _ 7k __ Fk
Z‘L'm’. - 1 + Z ant,- - l + Z ZU}Ln(i).n
|k_fnt[ |<a k:Uun (i),n—a
holds for alli =1, ..., r. Now note that given the environment /7 the distribution of
Uj,n
Fk
1+ > 7,
k=0jn—a

only depends on (Q in—as s Os j_n). Lemma 2.7 says that given 1,,_,;, = n — m these random vectors are asymptot-

ically i.i.d. Also this lemma gives asymptotic independence of these random vectors from

1
(SO‘L,,’ Sntl 3 et Scfr’,,v Snl‘r)v
dn

which in turn determines . (1), ..., w, (r). Finally in view of Lemma 2.5 w, (1), ..., u,(r) converges in distribution

to (1), ..., u(r).
These observations hold for every ¢ > (. Therefore we may summarize our discussion as follows: For all m > 1

- - d
((Zrm yeees Zr,l,,.)hn—m =n-—- m) - (Vu(l)’ ceey V;L(r))’
1

where the right-hand term has just the properties as given in Theorem 1.4. Now Theorem 4.2 gives the claim.
The proof of the second part of Theorem 1.4 is prepared by the following lemma. Let for fixed a

Zyk = Z Z,’c
idli—tn|<a
and

Can = estm =St Zants ,Ba,n = eSr"’ ~Stui-+a Za,fnz+a-
Lemma5.2. Letm >1,e > 0and 0 <t < 1. Then, if a is sufficiently large

limsupP(|cta,n — Ban| > &|Tu—m =n —m) <e.
n—oo

Proof. Because of Markov inequality and (4.1)
P(,Ba,n >d|t—pm =n—m)

_ A 1
S P(eSrnr Srnt+aE[Za’1—m+a|n] > \/E"L’nfm =n — m) =+ ﬁ

1
r,,mzn—m>+—.

§P< Z '7i+1eS’m_S">\/c_i 7

ili—tn|<a

From Lemma 2.7 (with r = 1, thus o1 , = 1) it follows that the sum converges in distribution for n — oo and

limsupP(B, , > d|th—m =n —m)
n—oo

<P" (Z nie > ﬁ) +Pt <Z Mipre S > ﬂ) + %

i>1 i>0
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Therefore from Lemma 3.1 it results that there is a d < oo such that for all a > 0

limsupP(Bsn > d|th—m =n —m) < e/2.
n—oo

Moreover from Lemma 2.5 ¢ — %rm converges in distribution to a strictly positive random variable, thus P(t,; +a >

nt|t,—m =n —m) — 0 for n — oo. Therefore for n large enough,
P(IIBa,n — Uan| > g‘fn—m =n-—- m) 5.2)

&
= 5 +P(|aa,n - ﬂa,nl > &, ,Ba,n <d,ty+asnt|tu_m=n-— m) (5.3)

Now, given I1, Za,r,l,-m and t,; + a < nt, the process Za,k, k > 1,; + a is a branching process in varying environ-
ment. Therefore E[o, » |11, Z4. z,,4a] = Ba.n a.s. Also the branching property yields

-1
Var(Z,|Zo =2z, 1) _s X _s
= n ; i—1], 5.4
E[Z.1Zo— .17 z(e + ;Thﬂe 5.9

therefore on 7,,; + a < nt

e?P(1Ban — dtanl > |11, Zg 1 a) < E[(Bain — @an)* 1T, Za 5+

Lnt]
< Za T t+aez(sfm_srm+a) <e_(Snt_STnt+a) + Z ni+1e—(si_sfm+a)>
—_ stn

i=Ty+a
[nt]

:ﬂa)n<e—(sm—sf,,,)+ 3 mﬂe—(s,-—sf,,/))_
i=Ty+a

Inserting this estimate into (5.2), we obtain
P(llga,n - aa,n| >ETy—m =N — m)
£
< EP(Tn—m =n—m)

Lnt]
d _
+ 8_2E|:1 A (e—(Snt—Sfm) + Z ni+1e_(Sl Sr,,,)); Ty +a<nt,Tp_m=n— mj|

i=Ty+a

< %P(Tn—m =n—m)

[nt]—j
d ) )
+ 8_2 z Pz, = ])E|:1 A (e_s’”/ + § 77i+le_sl>; Lp—j= 0:|P(Tn(1—t)—m = L”(l - t)J - m)

j<nt—a i=a

From Lemmas 2.1, 2.3, 3.1 together with the fact that P(t, = n) is regularly varying our claim follows for a
sufficiently large. ]

We are now ready to finish the proof of Theorem 1.4. We first treat the case » = 1. From Zn, =1+ Zwt +

Zi:lifrm|>a Zrln
P(‘esrm_sm Znt - ,Ba,n| = 38’7117"1 =n-— m)

< P(eS’"f_S’” >eltm =n — m)
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+ P(|aa,n - ,Ba,n| = 5|Tn—m =n-—- m)

+ P<eSranm Z Z”n >eltym=n— m)

itli—ty|>a

From Lemma 2.5 it results that

. loge

Se,. — S,
P(eS’m_Sm >eltym =n — m) =p( m
an an

rnmzn—m>—>0.

Together with Lemmas 5.1, 5.2 it follows that for all ¢ > 0 there is a natural number a such that

P(‘eST"’_Sm Znt - ﬂan’ > 3e|ty—m =n — m) <3¢

for large n.

Moreover from Lemma 2.7 we see that B, ,, conditioned on t,_,, = n — m, converges in distribution for every
a. This implies that eStur =S Z,,, conditioned on t,_,, =n — m converges in distribution. Moreover from Lemma 4.1
there is a § > 0 such that

P <es" Z Zfl < 5) <&,

1<i<a

if a is sufficiently large. Then from Lemma 2.7

P(.Ba,n <0|ty—m =n—m) <eg,

if n is sufficiently large. Therefore the limiting distribution of St =St Zn, conditioned on t,,_,; = n — m has no atom
in zero. An application of Theorem 4.2 now gives the claim for r = 1.
Finally for r > 1 we let

So: —So. sa b )
ﬂa,n,i =ec L Za,o,-,,,+av i=1,...,r

From (5.1) and our considerations above we know that for every i <r

P(|eST"’i ~Sny Z,m — ,Ba,n,un(i)| >¢forsomei <r|t,_,=n— m) <

N | ™

and the rest of the theorem follows by means of Lemma 2.7 and Theorem 4.2.
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