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Abstract. We consider excited random walks (ERWs) on Z with a bounded number of i.i.d. cookies per site without the non-
negativity assumption on the drifts induced by the cookies. Kosygina and Zerner [15] have shown that when the total expected
drift per site, §, is larger than 1 then ERW is transient to the right and, moreover, for § > 4 under the averaged measure it obeys
the Central Limit Theorem. We show that when 6 € (2, 4] the limiting behavior of an appropriately centered and scaled excited
random walk under the averaged measure is described by a strictly stable law with parameter §/2. Our method also extends the
results obtained by Basdevant and Singh [2] for § € (1, 2] under the non-negativity assumption to the setting which allows both
positive and negative cookies.

Résumé. On considere des marches aléatoires excitées sur Z avec un nombre borné de cookies i.i.d. a chaque site, ceci sans
I’hypothese de positivité. Auparavent, Kosygina et Zerner [15] ont établi que si la dérive totale moyenne par site, §, est strictement
superieur a 1, alors la marche est transiente (vers la droite) et, de plus, pour § > 4 il y a un théoréme central limite pour la position
de la marche. Ici, on démontre que pour § € (2, 4] cette position, convenablement centrée et réduite, converge vers une loi stable
de parametre §/2. L’approche permet également d’étendre les résultats de Basdevant et Singh [2] pour § € (1, 2] & notre cadre plus
général.

MSC: Primary: 60K37; 60F05; 60J80; secondary: 60J60
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1. Introduction and main results

Excited random walk (ERW) on Z? was introduced by Benjamini and Wilson in [3]. They proposed to modify the
nearest neighbor simple symmetric random walk by giving it a positive drift (“excitation”) in the first coordinate
direction upon reaching a previously unvisited site. If the site had been visited before, then the walk made unbiased
jumps to one of its nearest neighbor sites. See [4,13,17] and references therein for further results about this particular
model.

Zerner [19,20] generalized excited random walks by allowing to modify the transition probabilities at each site
not just once but any number of times and, moreover, choosing them according to some probability distribution. He
obtained the criteria for recurrence and transience and the law of large numbers for i.i.d. environments on Z¢ and strips
and also for general stationary ergodic environments on Z. It turned out that this generalized model had interesting
behavior even for d = 1, and this case was further studied in [1,2,18].
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Results obtained in all these works rely on the assumption that projections of all possible drifts on some fixed
direction are non-negative. In fact, the branching processes framework introduced in [14] for random walks in random
environment (d = 1) and employed in [1,2] for excited random walks, does not depend on the positivity assumption,
and it seems natural to use this approach for extending the analysis to environments which allow both positive and
negative drifts. This was done in [15], where the authors discussed recurrence and transience, laws of large numbers,
positive speed, and the averaged central limit theorem for multi-excited random walks on Z in i.i.d. environments with
bounded number of “excitations” per site. We postpone further discussion of known results for d = 1 and turn to a
precise description of the model considered in this paper.

Given an arbitrary positive integer M let

Qi = {((0:(),ey) .oz | @2(0) €10, 1], fori € {1,2,.... M} and (i) = 1/2, fori > M.z € Z}.

An element of 2 is called a cookie environment. For each z € Z, the sequence {w,(i)};en can be thought of as a
pile of cookies at site z, and w, (i) is referred to as “the ith cookie at z”. The number w, (i) is equal to the transition
probability from z to z 4+ 1 of a nearest-neighbor random walk upon the ith visit to z. If w, (i) > 1/2 (resp., w,(i) <
1/2) the corresponding cookie will be called positive (resp. negative), w;(i) = 1/2 will correspond to a “placebo”
cookie or, equivalently, the absence of an effective ith cookie at site z.

Let P be a probability measure on 2,7, which satisfies the following two conditions:

(A1) Independence: the sequence (w;(-));ez is i.i.d. under P.
(A2) Non-degeneracy:

E[ﬁa)o(i):| >0 and E[ﬁ(l —wo(i)):| > 0.

i=1 i=1

Notice that we do not make any independence assumptions on the cookies at the same site.

It will be convenient to define our ERW model using a coin-toss construction. Let (X, F) be some measurable
space equipped with a family of probability measures Py, x € Z, ® € 2y, such that for each choice of x € Z and
w € 2y we have £1-valued random variables Bl.(Z), Z € Z,i > 1, which are independent under Py ,, with distribution
given by

Piw(BY =1)=w,(i) and Py u(BY =—1)=1-w.(). (1.1)

Let X¢ be a random variable on (X, F, Py ) such that Py ,(Xo = x) = 1. Then an ERW starting at x € Z in the
environment w, X := {X,}»>0, can be defined on the probability space (X, F, Py ) by the relation

Xn)

_ (
Xt := Xn & By Sy, =x,,)»

n>0. (1.2)
Informally speaking, upon each visit to a site the walker eats a cookie and makes one step to the right or to the left
with probabilities prescribed by this cookie. Since w, (i) = 1/2 for all i > M, the walker will make unbiased steps
from z starting from the (M + 1)th visit to z.
Events {B,.(Z) =1},i €N, z € Z, will be referred to as “successes” and events {Bl.(Z) = —1} will be called “failures”.
The consumption of a cookie w, (i) induces a drift of size 2w, (i) — 1 with respect to Py ,,. Summing up over all
cookies at one site and taking the expectation with respect to IP gives the parameter

8 :=E[Z(2wo(i) - 1)] =]E|:§:(2a)o(i) —~ 1)], (1.3)

which we call the average total drift per site. It plays a key role in the classification of the asymptotic behavior of the
walk.
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We notice that there is an obvious symmetry between positive and negative cookies: if the environment (w;)c7 is
replaced by (),cz where (i) =1 —w,(i), foralli € N, z € Z, then X" := {X},},,>0, the ERW corresponding to the
new environment, satisfies

x2_

X, (1.4)
where D denotes the equality in distribution. Thus, it is sufficient to consider, say, only non-negative § (this, of course,
allows both negative and positive cookies), and we shall always assume this to be the case.

Define the averaged measure P, by setting Py(-) = E(Px ,(-)). Below we summarize known results about this
model.

Theorem 1.1 ([15]). Assume (A1) and (A2).

(1) If 6 €10, 1] then X is recurrent, i.e. for P-a.a. w it returns Py ,-a.s. infinitely many times to its starting point. If
8 > 1 then X is transient to the right, i.e. for P-a.a. v, X,, — 0o as n — 00 Py -a.s.
(i1) There is a deterministic v € [0, 1] such that X satisfies for P-a.a. w the strong law of large numbers,

lim =2 =v, Po.w-a.s. (1.5)
n—oo n

Moreover, v =0 for § € [0,2] and v > 0 for § > 2.
(iii) If 8 > 4 then the sequence

. X[m] — [tn]v
N

converges weakly under Py to a non-degenerate Brownian motion with respect to the Skorohod topology on the
space of cddldg functions.

By : >0,

This theorem does not discuss the rate of growth of the ERW when it is transient but has zero linear speed (1 < § <
2). It also leaves open the question about fluctuations when § < 4.

The rate of growth of the transient cookie walk with zero linear speed was studied in [2] for the case of determin-
istic spatially homogeneous non-negative cookie environments. For further discussion we need some notation for the
limiting stable distributions that appear below. Given « € (0, 2] and b > 0, denote by Z, ; a random variable (on some
probability space) whose characteristic function is determined by the relation
—blu* (1 —igrtan(%)), ifa#1,

—blu|(1+ 3 Lloglul), ifa=1.

w Ju]

log Ee"Zeb = { (1.6)

Observe that Z j, is a centered normal random variable with variance 2b. The weak convergence with respect to Py
will be denoted by =.

Theorem 1.2 ([2]). Let w,(i) = p; € [1/2,1),i € N for all z € Z, where p; =1/2 fori > M, and § be as in (1.3),
. M
thatis$ =Y ,_,2p; — 1).

(i) If § € (1, 2) then there is a positive constant b such that as n — 0o
X _
n5—72 = (Zs2.6) 2.

(ii) If 8 =2 then (X, logn)/n converges in probability to some constant ¢ > 0.
The above results also hold if X,, is replaced by sup; <, X; or infi>, X;.
The proof of Theorem 1.2 used the non-negativity of cookies, though this assumption does not seem to be essential

for most parts of the proof. It is certainly possible that the approach presented in [2] could yield the same results
without the non-negativity assumption.
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The functional central limit theorem for ERWs with é € [0, 1) in stationary ergodic non-negative cookie envi-
ronments was obtained in [7]. The limiting process is shown to be Brownian motion perturbed at extrema (see, for
example, [5,6]).

The main results of this paper deal with the case when § € (2, 4], though they apply also to § € (1, 2]. Moreover, our
approach provides an alternative proof of Theorem 1.2 for general cookie environments that satisfy conditions (A1)
and (A2) (see Remark 9.2).

We establish the following theorem.

Theorem 1.3. Let T, =inf{j > 0|X; = n} and v be the speed of the ERW (see (1.5)). The following statements hold
under the averaged measure Py.

(1) If § € (2,4) then there is a constant b > 0 such that as n — 0o

T, — v ln
T = Z(S/Z,b and (L.7)
Xn—v
n - n_ _v1+2/525/2’b. 1.8)
n

(i1) If § =4 then there is a constant b > 0 such that as n — oo

= Zrp and (1.9)

= —122y,. (1.10)
Moreover, (1.8) and (1.10) hold if X, is replaced by sup; ., X; or infi>, X;.

The paper is organized as follows. In Section 2 we recall the branching processes framework and formulate two
statements (Theorems 2.1 and 2.2), from which we later infer Theorem 1.3. Section 3 explains the idea of the proof
of Theorem 2.2 and studies properties of the approximating diffusion process. In Section 4 we determine sufficient
conditions for the validity of Theorem 2.2. Section 5 contains the main technical lemma (Lemma 5.3). It is followed
by three sections, where we use the results of Section 5 to verify the sufficient conditions of Section 4 and prove
Theorem 2.1. The proof of Theorem 1.3 is given in Section 9. The Appendix contains proofs of several technical
results.

2. Reduction to branching processes

Suppose that the random walk {X,},>0 starts at 0. Since § > 0, Lemma 5 of [15] implies that Py(7;, < 0o) =1 for all
n € N. At first, we recall the framework used in [1,2,15]. The main ideas go back at least to [16] and [14].
For n € N and k < n define

7,1
Dy = Z L(X =k, X j1=k—1}5
j=0

the number of jumps from & to k — 1 before time 7;,. Then

Ty=n+2) Dyx=n+2 Y Dui+2) Dy 2.1)
k<n 0<k<n k<0

The last sum is bounded above by the total time spent by X,, below 0. When § > 1, i.e. X, is transient to the right, the
time spent below 0 is Pp-a.s. finite, and, therefore, for any o > 0

lim
n—oo

D
LicoDuk _o - pa (2.2)
nO(
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This will allow us to conclude that for transient ERWs fluctuations of 7,, are determined by those of D _; ., Dy «,
once we have shown that the latter are of order n%/°.

We now consider the “reversed” process (Dy n, Dy n—1, - - ., Dn.0). Obviously, D, , = 0 for every n € N. Moreover,
given D, , Dy n—1, ..., Dy k+1, We can write
Dy g41+1
D, = Z (# of jumps from k to k — 1 between the (j — 1)th
j=1

and jth jump from k to k + 1 before time T,,), k=0,1,...,n—1.

Here we used the observation that the number of jumps from & to k 4 1 before time 7}, is equal to Dy, x+1 + 1 for all
k <n — 1. The expression “between the Oth and the 1st jump” above should be understood as “prior to the 1st jump”.

Fix an w € ), and denote by Fn(f) the number of “failures” in the sequence B® (see (1.1) with z replaced by k)
before the mth “success”. Then, given D, x41,

_ g
Dn’k - FD;l,k+I+l :

Since the sequences B(k), k € Z, are i.i.d. under Py, we have that F,i,k) 2 F,,({’_k_l) and can conclude that the
distribution of (Dy », Dpn—1, ..., Dy,o) coincides with that of (Vp, Vi,...,V,), where V = {Vi}k>0 is a Markov
chain defined by

Vo =0, Vir1 = F(k) k=>0.

Vi+1°
For x > 0 we shall denote by [x] the integer part of x and by PXV the measure associated to the process V, which
starts with [x] individuals in the Oth generation. Observe that V' is a branching process with the following properties:

(1) V hasexactly 1 immigrant in each generation (the immigration occurs before the reproduction) and, therefore,
does not get absorbed at 0.

(i) The number of offspring of the mth individual in generation k is given by the number of failures between
the (m — 1)th and mth success in the sequence B, In particular, if V; > M then the offspring distribution of each
individual after the Mth one is Geom(1/2) (i.e., geometric on {0} U N with parameter 1/2).

Therefore (here and throughout taking any sum from & to ¢ for k > £ to be zero) we can write

MA(Vi+1) Vi—M+1
Vier= > 04+ Y g0 k=0, (2.3)
m=1 m=1
(k). - : (k) (k) (k) -
where {£,,"; k > 0, m > 1} are i.i.d. Geom(1/2) random variables, vectors ({;"", &, ", ..., ¢y ), k > 0, are i.i.d. under

va and independent of {5,5,’”; k > 0,m > 1}. For each k > 0 the random variables {;,E,k)}%zl are neither independent
nor identically distributed, but, given that for some j < M

XJ:;“,,({‘) > M,

m=1

that is all cookies at site k have been eaten before the jth jump from k to (k + 1), we are left with {;,Elk) }f‘r{: i+l that
are independent Geom(1/2) random variables. Define

\4
Lo -1
oy =inf{j >0 V; =0}, sV=>"v, (2.4)
j=0
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Detailed information about the tails of O'OV and SV will enable us to use the renewal structure and characterize the
behavior of Zo <k<n Dn.k> and, therefore, of 7, as n — oo for transient ERWs. We shall show in Section 9 that the
following two statements imply Theorem 1.3.

Theorem 2.1. Let § > 0. Then

lim n®Py (o) >n)=Cj € (0, 00). 2.5)

n—00

Theorem 2.2. Let § > 0. Then

lim n*2P) (SY > n) =Cs € (0, 00). (2.6)

n— 00
Remark 2.3. In fact, a weaker result than (2.5) is sufficient for our purpose: there is a constant B such that
n® POV (GOV > n) < B for all n € N (see condition (A) in Lemma 4.1). We also would like to point out that the lim-
its in (2.5) and (2.6) exist for every starting point x € N U {0} with C1 and C, depending on x. The proofs simply
repeat those for x = 0.
For the model described in Theorem 1.2, the convergence (2.5) starting from x € N is shown in [2], Proposition 3.1,
(for § € (1,2)), and (2.6) for § € (1, 2] is the content of [2], Proposition 4.1. Theorem 2.1 can also be derived from the

construction in [15] (see Lemma 17) and [12]. We use a different approach and obtain both results directly without
using the Laplace transform and Tauberian theorems.

We close this section by introducing some additional notation. For x > 0 we set
t) =inf{j > 0| V; > x}, (2.7
o) =inf{j >0 V; <x}. (2.8)

We shall drop the superscript whenever there is no possibility of confusion.

When the random walk X is transient to the right, P (5]’ < 00) = 1 for every y > 0. This implies that P (o <
oo) =1 for every x € [0, y).

Let us remark that when we later deal with a continuous process on [0, c0) we shall simply use the first hitting time
of x to record the entrance time in [x, co) (or [0, x]), given that the process starts outside of the mentioned interval.
We hope that denoting the hitting time of x for such processes also by t, will not result in ambiguity.

3. The approximating diffusion process and its properties

The bottom-line of our approach is that the main features of branching process V killed upon reaching 0 are reasonably
well described by a simple diffusion process.

The parameters of such diffusion processes can be easily computed at the heuristic level. For V, > M, (2.3) implies
that

M Vi—M+1
Virr—Vi=Y g0 —M+1+ > (50 -1). (3.1)
m=1 m=1

By conditioning on the number of successes in the first M tosses it is easy to compute (see Lemma 3.3 in [1] or
Lemma 17 in [15] for details) that for all x >0

M
Ef(Z ;,},">—M+1> =1-34. (3.2)
m=1

The term Zm 1 ;n(lk )M +1is independent of ka M Em & — 1). When Vj is large, the latter is approximately
normal with mean O and variance essentially equal to 2Vk
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Therefore, the relevant diffusion should be given by the following stochastic differential equation:
dY; = (1 — 8)dr + /2Y, dB, Yo=y>0, tel0,7]] (3.3)
where for x > 0 we set
tf =inf{r >0 Y, = x}. (3.4)

Throughout the rest of the paper, unless stated otherwise, we shall assume that § > 0. Observe that 7:3/ < 00 a.s.,
since 2Y; is a squared Bessel process of dimension 2(1 — §) < 2 (for a proof, set a = 0 and let b — oo in part (ii) of
Lemma 3.2).

The above heuristics are justified by the next lemma.

Lemma 3.1. Let Y = {Y;};>0 be the solution of (3.3). Fix an arbitrary ¢ > 0. For y € (g, 00) let Vo = [ny], and define

Vi v
ypn= e 10, 00),
n

where O’XV is given by (2.8). Then the sequence of processes Y& = {Y """ };>( converges in distribution as n — 0o with
respect to the Skorohod topology on the space of cadlag functions to the stopped diffusion Y® = {Y, Aty }i=0, Yo=1y.

Proof. We simply apply the (much more general) results of [10]. We first note that our convergence result considers
the processes up to the first entry into (—oo, €] for € > 0 fixed. So we can choose to modify the rules of evolution for
V when V; < en: we consider the process (Vk"’s)kzo where, with the existing notation,

M an"c’\/(sn)fM+l
Vit=Inyl,  VIS=DeP 4+ YD gD, k=0 (3.5)
m=1 m=1

Then (given the regularity of points for the limit process) it will suffice to show the convergence of processes

n,e

ver = e 0, 00),
n
to the solution of the stochastic integral equation

dY; = (1 —-68)dt +/2(Y; v e)dBy, Yo=y>0, te€]0,00). (3.6)

We can now apply Theorem 4.1 of Chapter 7 of [10] with X, (¢) = 17;8’”. The needed uniqueness of the martingale
problem corresponding to operator

Gf=@ve f' +1-8)f (3.7)

follows from [10], Chapter 5, Section 3 (Theorems 3.6 and 3.7 imply the distributional uniqueness for solutions of
the corresponding stochastic integral equation, and Proposition 3.1 shows that this implies the uniqueness for the
martingale problem). O

We shall see in a moment that this diffusion has the desired behavior of the extinction time and of the total area
under the path before the extinction (see Lemmas 3.3 and 3.5). Unfortunately, these properties in conjunction with
Lemma 3.1 do not automatically imply Theorems 2.1 and 2.2, and work needs to be done to “transfer” these results
to the corresponding quantities of the process V. Nevertheless, Lemma 3.1 is very helpful when V stays large as we
shall see later.

In the rest of this section we state and prove several facts about Y. When we need to specify that the process Y
starts at y at time 0 we shall write Y. Again, whenever there is no ambiguity about which process is being considered
we shall drop the superscript in r}/ defined in (3.4).
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Lemma 3.2. Fix y > 0.

~ ~ ~ Y ~
(1) (Scaling) Let Y = {Y;};>0, where Y, = % Then'Y 2 vl
(i1) (Hitting probabilities) Let 0 <a <y < b. Then
bé _ y(S
bd —ad :

P;/(‘L'a <Tp) =

Proof. Part (i) can be easily checked by It&’s formula applied to Y, or seen from scaling properties of the generator.
The proof of part (ii) is standard once we notice that the process (¥;)? stopped upon reaching the boundary of [, b]
is a martingale. We omit the details. O

Lemma 3.3. Let Y be the diffusion process defined by (3.3). Then
XlingoxaPly(ro > x) = C3 € (0, 0).
Proof. For every ¢ > 0 and for all x > 1/& we have by Lemma 3.2
xSPIY(ro >x) > x‘SPIY(to > X|Tex < TO)PIY(rgx < 109)
> xOPY (19> x)(ex) P =70 P} (t0 > 8_]) > 0.
This implies that for each ¢ > 0

liminfx® PY (9 > x) > ¢ P} (1o > ') > 0.
X—>00

Taking the limsup,_,  in the right-hand side we get

liminfx’SPlY(ro > x) > lim sups_aPly(ro > 5_1) = limsupx‘;PIY(r() > X).
X—00 e—=0 X—00

This would immediately imply the existence of a finite non-zero limit if we could show that

lim supx‘sPlY(to > X) < 0.
X—> 00

This is the content of the next lemma.

Lemma 3.4. Let Y be the diffusion process defined by (3.3). Then

lim supx5 Ply(to > X) < 00.
X—>0Q

The proof is very similar to the proof of the discrete version (see (A) in Lemma 4.1 and its proof in Section 6) and,
thus, is omitted. O

The final result of this section can be viewed as the “continuous counterpart” of Theorem 2.2. It concerns the area
under the path of Y.

Lemma 3.5. Let Y be the diffusion process defined by (3.3). Then

70
lim y°P) (/ Y, dt > y2) = C4 € (0, 00).
0

y—0o0
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Proof. The proof uses scaling and follows the same steps as the proof of Lemma 3.3. For every ¢ > 0 and y > 1/¢
we have

70 70
¥ Ply (/ Y;dt > y2> >y P]Y </ Y;dt > y2|rgy < ‘co> Ply(rgy < 10)
0 0

s pY 0 2 -5 -8 pY w0/ (ey) Y
>y P€y<[) Yidt >y )(ey) =¢ ng(/o Ysysds>;>
w0/(€y) y, 0
—e%pY s> )= pPY sts>e*2 > 0.
\Jo ey "\

This calculation, in fact, just shows that

70
y8P1Y</ Y, dt > y2>
0

is a non-decreasing positive function of y. Therefore, we only need to prove that it is bounded as y — oo. But for
y>1

70
y‘SPlY([ Ytdt>y2>
0
70 5 7 5
:P1Y</ Y,dt>y|ry<ro>+y8P1Y(/ Y,dt>y,‘£'y>1'0>
0 0

<1+ Pl (t0>y, 1y >10) <1+ Pl (10> y).

An application of Lemma 3.4 finishes the proof. (]

4. Conditions which imply Theorem 2.2

We have shown that the diffusion process Y has the desired asymptotic behavior of the area under the path up to the
exit time tg . In this section we give sufficient conditions under which we can “transfer” this result to the process V
and obtain Theorem 2.2.

Lemma 4.1. Suppose that:

(A) There is a constant B such that n® PY (oo > n) < B forall n € N.
0
(B) Forevery e >0

(7071 70
: 1% 2 Y -2
nl;n;oPe,1<E V,'>n>=P1 </0 Y,dt > ¢ )
i=0

(C) limy_ o0 n® POV (th < 00) =Cs.
Then
oo—1
fi ol (3 v-) e
i=0

where Cy is the constant from Lemma 3.5.

Proof. Fixan ¢ € (0, 1) and split the path-space of V into two parts, the event H,, . := {7, < aOV} and its complement,
HY ..
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First, consider the behavior of the total progeny on the event H, .. On H,/ , the process V stays below en until the
time og. Estimating each V; from above by en and using (A) we get foralln e N

op—1
n‘SPOV(Z Vi > n?, H,f’s> < naPOV(ao >n/e) < (2¢)°B.
i=0

Therefore, for all n € N

op—1 op—1
0< n3P0V<Z Vi > n2> - n‘SPOV(Z V; > n?, HM> < (2¢)’B.

i=0 i=0

Hence, we only need to deal with the total progeny on the event H, .. The rough idea is that, on Hj, ., itis not unnatural
for the total progeny to be of order n2. This means that the decay of the probability that the total progeny is over n>
comes from the decay of the probability of H, ., which is essentially given by condition (C). This would suffice if
we could let ¢ = 1 but we need ¢ to be small, thus, some scaling is necessary to proceed with the argument, and this

brings into play condition (B) and the result of Lemma 3.5.
To get a lower bound on F;, := n® POV (Z?igl Vi > n?, H, ) we use monotonicity of V with respect to the initial

number of particles, conditions (B) and (C), and Lemma 3.5:

g—>0 n—>o0

0’()—1
. .. . . S pV Vv 2
lim liminf F;, > ;E)r(l)nll)rgon Py (HH’S)PM<.XO: Vi>n )

70
=Cslime Py (/ Y, dr > 8_2) = C4Cs.
e—0 0

For an upper bound on F;, we shall need two more parameters, K € (1, 1/¢) and R > 1. At the end, after taking
the limits as n — oo and then ¢ — 0 we shall let K — oo and R — 1.

Ten—1 op—1
n_‘an = POV< Z Vi + Z Vi> nza Hn,s)
i=0

i=Tep

(T()—] 'L’S,,—l
< PJ(Z Vi>n*(1-Ke), ) Vi< Ken, H)

I=Tgn i=0

Ten—1
- POV( > Vi> Ken?, Hn,g).

i=0

We bound the first term on the right-hand side by the following sum:

op—1 op—1
P0V<Z Vi >n*(1 — Ke), Vy,, < Ren, Hn,g) + PJ(Z Vi >n*(1 — Ke), Vy,, > Ren, HM).

i=Tgp i=Tgp

Estimating these terms in an obvious way and putting everything back together we get

op—1

nF, < P,‘{gn(z Vi >n?(1 — Ke)) PY (Hy.e)
i=0

Ten—1
+ P (Vy,, > Ren, Hy ) + P0V< Z V; > Ken?, Hn,é;)
i=0

= () + D + ().
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It only remains to multiply everything by n® and consider the upper limits.

Term 1’ (I') gives the upper bound C4Cs in the same way as we got a lower bound by sending n — 0o, ¢ — 0, and
then R — 1 and using easily verified continuity properties of the relevant distributions. Parameter K disappears when
we let e — 0.

Term (I]) is exponentially small in n for fixed ¢ and R (see Lemma 5.1), thus nd (Il goes to zero as n — 00.

Finally, since V; < en forall i < 7., we get

Ten—1
n5P0V( > Vi>Ken?, Hn,s) <Py (ten > Kn, Hy )
i=0

<n®Py Kn, Hye) <n°P) K 2B
<n°Py (o0 > Kn, H, ) <n° Py (0o > n)_K3~ O

5. Main tools

The main result of this section is Lemma 5.3, which is a discrete analog of Lemma 3.2(ii).
We start with two technical lemmas. The first one will be used many times throughout the paper.

Lemma 5.1. There are constants cy,c» > 0 and N € N such that for every x > N and y > 0,

sup P/ (Ve, > x+y |7 <0p) <ci (e—czyz/x +e7), 5.1)
0<z<x

sup  PY (Vounry, <X — ) <cre” /%, (5.2)
x<z<4x

This statement is a consequence of the fact that the offspring distribution of V is essentially geometric. The proof
is given in the Appendix.

Lemma 5.2. Fixa € (1, 2]. Consider the process V with |Vo — a"| < a®/3 and let y = inf{k > 0|V ¢ ("', a1}
Then for all sufficiently large n

(i) PV(dist(Vy, (an_l, a"+1)) > az("_l)/3) < exp(—a”/4);
)

a
L PV V < n—1 _ < 7}1/4'
(i1) ( y <a ) P <a

Part (i) is an immediate consequence of Lemma 5.1. The proof of part (ii) is basic but technical and is given in the
Appendix.

Lemma 5.3 (Main lemma). For each a € (1, 2] there is an £o € N such that if £,m, u, x € N satisfy bo <l <m <u
and |x —a™| < a*/3 then
ht(m)—1

h,(m)—1 v
<P (o} > T, u <7’
C o) S

hg(w)—1
where

i
hr@y= [] @Fa™). it
r=~0+1

and A is some small positive number not depending on £.
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Remark 5.4. It is to be noted that for fixed € there are K1(£) and K,(£) such that
(i)

KI(Z)——Z)S—

K>(£) foralli>¢
and Kj(€) > last— oo, j=1,2.

Proof of Lemma 5.3. We will show the upper bound by comparing the process V with another process V, whose
exit probabilities can be estimated by further reduction to an exit problem for a birth-and-death-like Markov chain.
For i € N set x; = [a’ + a*/3]. By monotonicity, it is enough to prove the upper bound when the starting point x
is equal to x,,. Thus, we set Vy = x,,,. The comparison will be done in two steps.
Step 1. We shall construct a sequence of stopping times y;, i > 0, and a comparison process V= (Vk)k>0 with x
as an absorbing point so that Vi > Vi for all k before the absorption. Let yp =0,

=inf{k > 0| Vi ¢ ("' a™ ™)}, Vi=Vifork=0,1,...,9m -1,
and at time y; add to V), the necessary number of particles to get

o [t iV, e,
"V xugis ifxpyic1<Vy <Xmyi,jeN
m+js m+j—1 vi =Xm+j,J .

Clearly, Vyl > V,,. By construction, V,,l =x, forsomen>m—1,n#m.If \7y1 = x¢, then we stop the process.

Assume that we have already defined stopping times y,, r =0, 1,...,1, and the process Vi for all k¥ <y; so that
Vy = xp for some n > £. We define Vk for k > y; by applying to it the same branching mechanism as for V, namely,
(2.3) with V replaced by V. k> yi. Denote by y;4+1 the first time after y; when Vv exits the interval (a"~ Lamth.
At time y;1, if the process exited through the lower end of the interval then we set V,,l 41 = Xp—1, if the process
exited the through the upper end we add to V the minimal number of particles needed to get VV 41 = Xy for some
s >n.If Vy +1 = X¢, then we stop the process. Thus, we obtain a sequence of stopping times y;, i > 0, and the desired
dominating process V absorbed at x; such that V,, € {x¢, x¢41,...},i > 0.

Step 2. Define a Markov chain R = (R;) j>0 on {{, £ + 1, ...} by setting
Rj=n if Vyj =Xx,,J >0.
The state ¢ is absorbing. Let O'ZR =inf{j > O|R; = £} and rf =inf{j > O|R; > u}. By construction,
PVI( >rV)<PV(UV>r ) PR(U£R>‘[R)

We shall show that (hj(R 7)) j>0 is a supermartingale with respect to the natural filtration. (We set h;; (&) =1.) The
optional stopping theorem and monotonicity of function ;" will immediately imply the upper bound in the statement
of the lemma.

Fori > ¢ we have

o0
EF(hF(R))=h}G( —DPRRi=i— D+l +DPRR =i+ 1)+ Z ht () PR(Ry = n).
n=i+2

By the definition of A this is less or equal than

oo
hj(i)|:(a5—a_”)_lPiR(R1 =i— D+ (@’ —a?T) PRI =i+ 1)+ Y "VPRR, =n)i|. (5.3)
n=i+2

By Lemma 5.2 and Lemma 5.1 we have that for all i > ¢, where £ is chosen sufficiently large,

8

al +1

PRRi=i—1)= +0(a™"),

(a—i/4)’

PR(Ri=i+1) !
. =1 =
i A ad+1
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and
PR(Ry =n) < PR (R = n)=O(exp(—a™*)) foralln>i+2.

Substituting this into (5.3) and performing elementary computations we obtain

—Ai

. a
Ef(hf(RD) §h+(z)[l b

(a_}‘ — a_‘s) + O(a_2)‘i)i| < h;‘(i),
provided that A < min{1/8, §} and £ (therefore i) is sufficiently large.

For the lower bound we argue in a similar manner, except that now we choose X = [a™ — a2/ 3] + 1, assume
that Vo = x,,, and construct a comparison process V= (Vk)k>o absorbed at x; so that Vo = Vp and Vk < Vi forall k
before the absorption.

More precisely, we let yp = 0 and assume that we have already defined stopping times y,, r =0, 1,...,1, and the
process Vk for all k < y; so that Vy, = x,, for some n 75 £. We define Vk for k > y; by (2.3) with V replaced by V
k > y;. Denote by ;4 the first time after y; when V exits the interval (a"~!, a"t!). At time Yi+1, if the process
exited through the upper end of the interval we set V,, 41 = Xn+1, if the process exited through the lower end we
reduce the number of particles by removing the minimal number of particles to ensure that Vy, +1 = Xg for some s < n.
If VV +1 < x¢, then we stop the process and redefine Vy[ 41 to be x¢. This procedure allows us to obtain a sequence of
stopping times y;, i > 0, and the desired comparison process V absorbed at x¢ such that V), € {x¢, x¢41,...},7 >0.

Next, just as in the proof of the upper bound, we construct a Markov chain R = (R;) ;>0 and show that (h; (R;)) j>0
is a submartingale (with i (£) defined to be 1). The optional stopping theorem and monotonicity of function 4, imply
the lower bound. (]

Corollary 5.5. For each non-negative integer x there exists a constant C¢ = Cg(x) such that for every n € N

n’ P (t, < op) < Ce. (5.4)
Moreover, for each € > 0 there is a constant c3 = c3(¢) such that for alln € N

an(oo > Tean) < €. 5.5
Remark 5.6. In fact, (5.4) will be substantially improved by Lemma 8.1.

Proof of Corollary 5.5. We choose arbitrarily a € (1,2] and an € > £y as in Lemma 5.3 but also such that al > x.
We note that it is sufficient to prove the statement for n of the form [a"]. We define stopping times B;, i € N, by

B1= inf{k > 0|V > att! },
Biw1 =inflk > Bi: Vi =a" and 3s € (B, )|V <a'}.

Lemma 5.1 and the monotonicity of V with respect to its starting point imply that

PY(3r e [Bi. Biy1)|Vi = a"|Bi < 00)

h+(£+1)—1 > /3 htk+1)—1
+ V >ak +a® BB < op)—tr—L—
T —1 k;I & i < 00) h) —1
_hfe+n -1 2% hf(k+1)—1
1+ V >dk+a /3|/3 Za " T C
Chfw -1 k;ﬂ ’ )i

_2hfe+ -1
htu) —1
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supposing, as we may, that £ was fixed sufficiently large. Thus,

5 gt (hFe+1)—1)

(JMBPVO' > Tqu) <

> PV (Bi <00).
i=1

The bound (5.4) now follows from noting that P (8; < 0¢) decays geometrically fast to zero (with a rate which may
depend on £ but does not depend on u) and that a”‘s(h:{ () — 1)’] is bounded in u (see Remark 5.4).
To prove (5.5) we notice that by Lemma 5.3 and (5.4) for all n > at

PnV(UO > tC3}’l) =< an (o0 > Tezns Ogt > TC3n) + PnV(GO > Ten, Ogt < Tcgn)

Cs(a®) -5
< PnV(O'az > Tc3n) + W = O(C3 )
The constant c3 can be chosen large enough to get (5.5) for all n € N. ]

6. Proof of (A)

Proposition 6.1. There is a constant ¢4 > 0 such that for all k,x e Nand y >0

a0
py (Z 1y, elx.20)) > 2xk> < P} (po < 00)(1 — ca), (6.1)

r=1
where pg =inf{j > 0|V; € [x, 2x)}.
Proof. First, observe that there is a constant ¢ > 0 such that for all x e N
@) Pz‘;(ax/z <Xx)>c; (ii) va/z(ao < Ty) >cC.

The inequality (i) is an immediate consequence of Lemma 3.1. To prove the second inequality, we fix xo € N and let
x > 2x0 + 1. Then by Corollary 5.5

P)CV/Z(O—O <T)= Px‘//Z(GO < Tyloy, < Tx)Px‘?z(O'xo <Tx)> (1 - C6(X0)X78)PXV/2(O'XO < Ty).

Choosing x( large enough and applying Lemma 5.3 to the last term in the right-hand side we obtain (ii) for all
sufficiently large x. Adjusting the constant c if necessary we can extend (ii) to all x € N.

Next, we show that (i) and (ii) imply (6.1) with ¢4 = 2. Denote by po > 0 the first entrance time of V in [x, 2x)
and set

pj=inf{r = pj_1+2x |V, €[x,20)}, j=1L

Notice that for each j > 1, the time spent by V in [x, 2x) during the time interval [p;_1, p;) is at most 2x. If V spends
more than 2xk units of time in [x, 2x) before time og then o < aOV. Thus,

0]
P/ <Z Ly, elx,20)} > 2xk> < P (px < 00) = P} (p < 00lpk—1 < 00) P, (px—1 < 00).

r=1

Using the strong Markov property, monotonicity with respect to the starting point, and inequalities (i) and (ii) we get
Pyv(pk < oolpk—1 <0p) < max P (p1 <o)
x<z<2x

< max (PZV(Pl <00,0%2 <x)+ PY (p1 <00,0x/2 > x))
x<z<2x
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< max (PZV (p1 < oployxa < x)PZV(Ux/z <x)+1-— sz(ax/z < x))
x<z<2x

A

max (1 — sz(ax/z < x)(l — sz(pl <oploxy2 < x)))
x<z<2x

IA

1= Py (ox/2 < 0)(1 = P))5(po < 00))

<1— Py (ox2 < X)PY)y(tx > 00) < 1— .
Substituting this in (6.2) and iterating in k gives (6.1). O

Proposition 6.2. For every h > 0

a0
lim lim supn‘s POV (Z Liv, <eny > nh) =0.

=0 pooo i

Proof. Fix e € (0, 1) and let k = k(n, ¢) be the smallest integer such that 2k > en. Define intervals I = [Zk_i, ki +1),
i € N, and events

90 hzi—]
A; = 1 . — ]| t.
i ; (Veel;} > ei(i+1)| il

Intervals I; and events A; depend on n but this is not reflected in our notation. Since 2%=1 < en and Zf‘: GG+
D)~! < 1, we have

o) k
!Zﬂ{v,-«zn} > nh} - UAi,

i=1 i=1

and, therefore,

00 k
py (Z Ly <en) > nh> <> P(A).
i=1 i=1

Using (5.4) and (6.1) we get

) k
[y
n® Py (Z (v <en) > nh) <nd 2(1 — )2 EHI Y (2 i < a9)

i=1 i=l1

< o006~ 31 — g,

i>1
and this quantity vanishes as ¢ — 0. ]
Proof of (A). To obtain (A) we apply (5.4) and Proposition 6.2 to the right-hand side of the following inequality:

n‘SPOV(ao >n) < n‘SPOV(T,gn < o0p) + n‘SPOV(oo >N, Tep > 00)

00
< 8_8(81’1)5130‘/(‘[8" < 0p) + n’SPOV (Z v <en) > n)

i=1
7. Proof of (B)

We shall need the following fact.
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Proposition 7.1. For each ¢ > 0, there is a constant C7 = C7(¢e) > 0 such that
an(ao > Cn) <e forallneN.

Proof. We have
P (09 > C7n) < PY (00 > Tesn) + P (00 > C1n, 00 < Tezn)-

Using (5.5) we can choose ¢3 > 1 so that PnV (00 > T¢3n) < €/2 for all n € N. Thus, we only need to estimate the
last term. Notice that it is bounded above by the probability that the occupation time of the interval (0, c3n) up to the
moment o( exceeds C7n. The latter can be estimated by Markov inequality:

[<00) )
an <Z ]l{V,-<03n} > C7n> = (C7n)_lErY (Z 1{Vr<03n}>-

r=1 r=1

We claim that the last expectation does not exceed 4nc3/c4 and so we can take C7 > 8c3/(ec4). Indeed, let m be the
smallest positive integer such that 2" > c3n. Then writing the expectation of our non-negative integer-valued random
variable as the sum of the probabilities of its tails and using (6.1) to estimate the tails we get

v
m
EV(Z IL{Vr<c3”}> = ZE (Z Ly, e2i-1,2iy) ) = Z

r=1

2] 2””rl 4nC3

C4. O

Proof of (B). For every « € (0, ¢) and 8 € (0, 1) we have

Tan—1 op—1 Oan—1 op—1
EZ( Vi >n2> SPQZ(Z Vi >n2> ng‘Z( > vi=a —ﬂ)nz) +P5V( 3 V> pn ) (7.1)
j=0 Jj=0 j=0

=0Oan

By Lemma 3.1 for every R > 0

Oan—1 O
lim Py, <Z Vi >Rn> PY(/ sts>R>, (72)
n—oo 0

since, as is easily verified, under law PEY the law of foa" Y ds has no atoms. Next, we notice that for all x, 8 >0

a0 a0 Oq o)
PEY(/ sts>(1+,3)x>—ng</ sts>/3x>§ng</ sts>x>§Psy</ sts>x). (7.3)
0 Oq 0 0

By the strong Markov property and scaling,

o0 o0 o0
ng (/ Yods > ﬁx) = Pay (/ Yods > ﬂx) = Ply (/ Yods > ,onz_2> -0 asa—0. (7.4)
Oy 0 0

Letting n — 00, then @ — 0, and finally 8 — 0 we obtain from (7.1)—(7.4) that

op—1 o0
11m1an (Z Vi>n ) ZP1Y</ sts>s_2).
0

To get the matching upper bound it is enough to show that for every v > 0 and g € (0, 1) there is an « € (0, ) such
that for all sufficiently large n

op—1
PJ,( Y v ﬂn2> <2v. (7.5)

J=0an
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The left-hand side of (7.5) does not exceed

op—1
1% 1% 2
P, (Tezna < 00) + Pan(z Vi > Bn, Teyna > a()).

j=0

Given v, define c3(v) and C7(v) as in (5.5) and Proposition 7.1 respectively. Let « < +/8/(c3C7). By (5.5) the first
term above is less than v for all n > 1/a. On the set {¢,,4 > 00} the process V is below c3na and, thus, the second
term is bounded above by Poxl (09 > (Bn)/(c3)). By Proposition 7.1 and our choice of « the latter probability does
not exceed v. Using relations (7.1)—(7.4) and, again, the absence of atoms for the distribution of f(f * Y, ds under PlY
for each x > 0, we get the desired upper bound. (]

8. Proofs of (C) and Theorem 2.1

First we prove (C) of Lemma 4.1. Then using the approach of Lemma 4.1 we show the convergence claimed in
Theorem 2.1.
The next lemma includes (C) as a special case (k =0, C5 = f(0)).

Lemma 8.1. There is a function f:NU {0} — (0, 00), such that

lim n® ka (00 > 1) = f(k) foreach integer k > 0.
n—oo

We shall need the following proposition.

Proposition 8.2. Foreacha e (1,2l andk >0

o0
Z|a‘stV(00 > 1,jl00 > T,5-1) — 1| < 0. 8.1)
j=1

Proof. By the monotonicity in the initial number of particles we get a lower bound: for all sufficiently large j
PY (o0 > 17|00 > T,5-1) > P"'_ (00 > 7,))
x 00 al 100 ai—1) Z £ ,;j-1100 al ).
For an upper bound we need to take into account the possibility of a large “overshoot”. Let x = a/~! +4?U=1/3 then

v v
P/ (00 > 1,jl00 > T,5-1) < P, (00 > 1,))

> x)PkV (Ve

\%4
+ P/ (00 > 1 5l00 > T,45-1, Vr Wil

= > x|og > T,-1)

< va(oo >1,)+ P,(V(Vraj_1 > x|og > T,-1).
The last probability decays faster than any power of @~/ as j — oo by Lemma 5.1. Therefore, it is enough to show

the convergence of the series

[o/0]

SpV
Z|a PY (00> 7,) — 1
j=1

3

where x; = al +¢ jand0<¢; < a?I/3. We have for all sufficiently large j (with £ chosen appropriately for a as in
Lemma 5.3),

|PX‘;71(00 > T,j) —a78|

14 -6 Vv
S|ij,1(0'ai>'L'aj)_a |+ij71(0‘0>faj>0'a[)
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v ) v

§|ij,l(%‘ >T1,)—a |+ij71(0'0>faj|7:aj > 0,¢)
14 -5 4

5|ij71(%[ > 1,) —a”’|+ Pli(00 > 7).

By Lemma 5.3
o
Z|Px‘;_] (o4t > 7,5) —a_‘s| < 00,
j=1

and to complete the proof of (8.1) we invoke the bound provided by (5.4) for x = [a*]. ]

Proof of Lemma 8.1. Fix an arbitrary non-negative integer k and a € (1, 2]. For each n > a there is an m € N such
that ™ <n < a™*!. We have

(m+])8 ka (O.O > 'Ca”l).

a™® ka (00 > Tym+1) < nSPkV(Go >1,)<a
If we can show that
lim a™ PY (00 > tam) = g(a, k) > 0 (8.2)
m—0o0

for some g(a, k), then

0 <a’g(a, k) <liminfn’ PY (09 > 1,) < limsupn’ P} (00 > 7,) < a’g(a, k).
n—>00 n— 00

This implies

: v
- hmsupn_)oon‘st (00 > 1) -2

k]

T liminfy 00 nd P (00 > 1)

and we obtain the claimed result by letting a go to 1.
To show (8.2) we set £ = min{j € N|a’/ > k} and notice that for m > ¢

amSPkV (00 > Tgm) = a‘stV(oo > Tgm|og > Tym-1) X a(’"_l)‘stV(ao > Tym-1)

m
6 pV spV
=---=a" P/ (op>7t,) l_[ a’ P/ (00 > 1|00 > 14-1).
j=t+1

Since all terms in the last product are strictly positive and a*® PkV (o9 > 1,¢) does not depend on m, the convergence
(8.2) follows from (8.1). ([l

Proof of Theorem 2.1. We will show that lim,_, o nBPOV (09 > n) = C3Cs, where C3 and Cs are the same as in
Lemma 3.3 and condition (C).
We begin with a lower bound. Fix positive ¢ and 8 < . We have

Py (00 > n) = Py (tne < 00) Pyy (00 > 1) = Py (ten < 00) Py, (0pn > 1).

n
By (C), Lemma 3.1, and scaling (Lemma 3.2 (i))

. SpV —§pY (. Y —1

1}111_1>1c>r<1)fn Py (0g >n) > Cse ° P, (Tﬂ/s > ¢ )
Letting  — 0 and then ¢ — 0 we obtain via Lemma 3.3 that

liminfn® Py (09 > n) = C3C:s.
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The upper bound is slightly more complicated. First, notice that
o0
n‘SPOV(oo >N, Ty > 00) < n‘sPOV (Z v <en) > n>
i=1

By Proposition 6.2 the right-hand side becomes negligible as n — oo and then ¢ — 0. Thus, it is enough to estimate
nd Py (o0 > n, Ten < 00). Let R € (1,3/2). Then

n‘SPOV(Uo >N, Tey < 00) < n‘sPOV(ao > Tep > (R — l)n)

+n® Py (V;

en

> Ren, Tg < 0p)

+n° Py (00 — Ten > 2 — R)n, Vy,, < Ren).

By Proposition 6.2 the first term on the right-hand side vanishes for every fixed R > 1 when we let n — oo and then
& — 0. By Lemma 5.1 the limsup,,_, , of the second term is zero. Thus it will be sufficient to bound the last term. For
B < e let us define o, to be the first time after 7, that V falls below Bn. Then the last term is bounded above by

n‘S(POV (Uo - O’EZ > (R — l)n) + POV (‘75: —Ten>B—=2R)n, V., < Rsn))
< (Pﬁvn (oo > (R — l)n) + P}{M (aﬁn >3- 2R)n))n5POV (Ten < 00).

Taking limsup,,_, ., and then letting 8 — 0 we obtain (by Proposition 7.1, Lemma 3.1 and (C)) the following upper
bound for limsup,,_, ., n® POv (00 — Ten > 2 — R)n, Vi, < Ren),

Cse P}, (10> (3—2R)) =Cse° P! (10> e '(3-2R)/R).

As ¢ — 0 and then R — 1, the latter expression converges by Lemma 3.3 to C5C3. This completes the proof. (]

9. Proof of Theorem 1.3

Let 6 > 2. By (2.1) and (2.2), it is enough to show that as n — oo

23 ko Dni— ' = n p 230 Vi~ W' =1n
n?/4 22/

©.1)

converges in distribution to Zs/2 , for some b > 0. Define the consecutive times when V; =0,

00,0 =0, oo, =inf{j > 00,;11V; =0}, ieN,
e i—1 . .
the total progeny of V over each lifetime, S; = Z(;iao . V;,i € N, and the number of renewals up to time n, N, =
. T D D
max{i > 0lop; < n}. Then (00,; — 00,;—1, Si)i>1 are i.i.d. under POV. Moreover, 0¢; — 00,i—1 = O'OV and S; = SV,

i € N. By Theorem 2.2 the distribution of S V is in the domain of attraction of the law of Z §/2.5 for some b > 0 (see,
for example, [8], Chapter 2, Theorem 7.7). Since by Theorem 2.1 (in fact, the upper bound (A) is sufficient) the second
moment of aOV is finite, it follows from standard renewal theory (see, for example, [9], Theorems II.5.1 and I1.5.2)
that

& a.s.

— A= (Eé/oo)_l,
n

and for each ¢ > 0 there is c5 > 0 such that POV (IN, — An| > c54/n) < ¢ for all sufficiently large n. Using the fact that
T,/n — vl a.s. as n — oo and relations (2.1) and (9.1) we get that Eé/Si =@ 1= 1)/(2x).
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Proof of part (i). Let § € (2,4). We have

Nn — )\.n Zl}:o'oan V]
n2/8 n2/5

YioVi— @ =Dn/2 _ SN (S — EY i)

14
12/ 12/3 +tEg S

By Theorem 1.3.2 [9], the first term converges in distribution to Z; 2.5 The second term converges to zero in probabil-

ity by the above mentioned facts from renewal theory. The last term is bounded above by Sy, , / n?/% which converges
to zero in probability. This finishes the proof of (1.7), which immediately gives (1.8) with X, replaced by sup; ., X;,
since {sup, ., X; <m} ={T,, > n}. -

Next we show (1.8) with X, replaced by inf;>, X;. The proof is the same as in, for example, [2], p. 849. We observe
that for all m,n, p e N

{supX,~<m}C{iani<m}C{supX[<m+p}U{ inf X; <mj.

i<n izn i<n i>Tmtp
The following lemma completes the proof of part (i).

Lemma 9.1.

lim supP()(inf Xi<n —k) =0.

k— 00 n>1 i>T,
We postpone the proof of this lemma until the end of the section.

Proof of part (ii). Let § = 4. Theorem 2.2 implies that the distribution of SV is in the domain of attraction of the
normal distribution ([11], Chapter XVIL.5). Norming constants are easily computed to be (see [11], Chapter XVILS5,
formula (5.23) with C = 1) /Canlogn. The constant b, which appears in the statement is equal to C»/2. Relations
(1.9) and (1.10) follow in the same way as for part (i). U

Proof of Lemma 9.1. Let P, ; := Py(inf;>7, X; <n — k).

Step 1. The supremum over n > 1 can be reduced to the maximum over n € {1,2,...,k}: sup,~| Pux =
maxi<p<k Pnk.

Indeed, consider Py and Py, yk  for m > 1. The corresponding events {inf;>7, X; < 0} and {inf;>7,,,, X; < m}
depend on the behavior of the process only at times when X; is in [0, 0c0) and [m, 00), respectively. But at times Ty
and 7;, the walk is at 0 and m, respectively, and the distributions of the environments starting from the current point
to the right of it are the same under Py. We conclude that Py x = P,k k. This is essentially the content of Lemma 10
from [19]. The proof does not use the positivity of cookies so it can be applied here.

Step 2. We list four elementary properties of { P, x}, n, k > 1:

(@) Pyk > Pyjqmforalll <n <kandm > 0;

(b) Py k+m converges to 0 as m — oo foreach k > n > 1;
(©) Puik > Poymk+m foralln <k and m > 0;

(d) Putm. k+m converges to 0 as m — oo foreachk >n > 1.

Inequality (a) is obvious. Part (b) follows from the transience of X. Namely, inf;>7, X; > —oo a.s. butn — (k+m) —
—o0 as m — 00. Inequality (c) is also obvious: since T, < T;,,4+, we have

{_inf X; <n—k} D { inf X; <n—k} = { inf X; < (n+m)—(k+m)}.
i>Ty i>Thtm i>Thtm
The convergence in (d) again follows from the transience: X; — oo as i — oo a.s. implies that inf;>7, , X; — oo as
m — oo a.s. but (k +m) — (n + m) stays constant.

Step 3. Take any ¢ > 0 and using (d) choose an m so that P, ,, < ¢. Properties (a) and (c) imply that P, ,4; < € for
alli >0and n > m. Using (b), forn =1,2,...,m — 1 choose k, so that P, x, < ¢.Let K = maxj<,<;, k, (naturally,
we set k,, =m). Then P,y < ¢ forall n <k and k > K that is max;<,<¢ Pyx <& forallk > K. O
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Remark 9.2. Theorems 2.1 and 2.2 imply Theorem 1.2 for general cookie environments satisfying conditions (A1)
and (A2). The proof is the same as in Section 6 of [2] and uses Lemma 9.1.

Appendix: Proofs of technical results
We shall need the following simple lemma.

Lemma A.1. Let (§;)ien be i.i.d. Geom(1/2) random variables. There exists a constant c¢ > 0 such that for all
x,yeN

X
P (Z(sf L y) < e /Ty e,

i=1

Proof. Let ¢(t) =log Ee'G1=D =y _ log(2 — e'),t € [0,10og2). Then ¢’ (0) = 0 and there is a constant C > 0 such
that () < Ct? for all ¢ € [0, (log2)/2]. By Chebyshev’s inequality, for each ¢ € [0, (log?2)/2]

log P (Z(Si -1> y) <xg(t) —yt <Cxt> —yt,

i=1
and, therefore,

2

X
1 y
log P >y <-— t —Cxt?) < ——min{ =, ylog2}.
og (El(& )_y>_ te[O,I(Ill(?gXZ)/Z](y xt7) < 4mln{Cx yog}
=

This gives the desired inequality with cg = % min{C~!, log2}. ]

Proof of Lemma 5.1. We shall prove part (i). The proof of part (ii) is very similar and is omitted.
To prove part (i) it is enough to show the existence of ¢, co > 0 such that (5.1) holds for all x > 2M + 1 and
y > 6M. The extension to all y > 0 is done simply by replacing the constant ¢ with

max{cl, (e—cz(6M)2/(2M+l) N e—6Mc2)—1 }

since the left-hand side of (5.1) is at most 1 and the right-hand side of (5.1) is increasing in x and decreasing in y. We
have

o0
P (Vey >x+y,7x <00p) = ZPZ(V;\. >X+Yy, Ty =n, T, <0p)

n=1

M

PZ(Vn>x+y,Vn2x,rx=n,rX<(70)

3
I
—_

=
|
-

M

PZ(V,,>x+y,Vn>x,Vn_1=r,0<Vj <x,j€{1,...,n—2})

3
I
.
3
Il
—_

=
|
—_

M

P.(Va>x+yVuzx,Vy1=r)

3
I
<
3
Il
_

xP(Vu=x, Vo1 =r,0<Vj<x,je{l,....n—2})
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0 x—
P (V, Vi1 =

:ZZ (Vi > x + y|[Vi—1 r)PZ(‘Cx<G(),‘cx=n’Vn_l:r)
P.(Vy = x|Vy—1 =1)

n=1r=1 -

zi P.(Vi>x+y)

P. ,Ty=n,V,_1 =
P(Vy > x) (Ty <00, Tx =n, V1 =71)

oo x—1

Pr(Vi>x+Yy)
E S P, Te=nV, =
Ofri(x P.(Vi = x) 11 (Tx <00, T =, -1=0)

IA

P.(Vi>x+Yy)
= max ————— P, (1 < 0p).
o<r<x Pr(Vi>x)

Thus,

P, (Vi >x+
max P;(Vy > x4+ y|ty <op) < max M
0<z<x 0<z<x Pz(Vl >Xx)

To estimate the last ratio we recall that V; is the sum of the number of offspring produced by each of z particles and by
the immigrant particle. The offspring distribution of at most M particles can be affected by the cookies. For notational
convenience we shall use &, j =1,2,...,z + 1, to denote the number of offspring of the jth particle. All that was

said in Section 2 about ( 2 applies now to &,,, m = 1,2,..., M, and &,,, m > M, are just i.i.d. Geom(1/2) random
variables. Abbreviate £; — 1 by é’ J € N. With this notation, V1 =z+1+ ZZHI &, Let Go={@,Q},G,,neN, be
the o -algebra generated by (£,)m<n, and

n
NX:inf{nzl‘z+l+Z§,/n zx}.

m=1
Then {V] >x+y} C{VIi>x} C{Ny <z+1}and

P.(Vi>x+y) P(Vi>x+y)
P (Vi = x) E:(L(n,<z+1) P (Vi = x|GN,))

The proof of part (i) will be complete as soon as we show that:
(a) the is a constant ¢7 > 0 such that P,(V| > x|Gn ) > c7 forall 0 <z <x and x > 2M + 1;
(b) there is a constant cg > 0 such that for all x >2M + 1 and y > 6 M
P(Vi>x+yIN; 2+ 1) < (7 ve /), (A1)

Proof of (a). Consider two cases: (i) z > M and (ii) x —z > M + 1. In case (i) at least one of &,,,, | <m <z +1,
has a Geom(1/2) distribution. The distribution of each &,, is supported on the non-negative integers, and, trivially,
Znnle & > —M. Therefore, on the event {Ny <z + 1}

z+1 n
P.(Vi = x|Gn,) = Pz< D £,20 ‘ QNX> > min P( > &= M) >c7>0, (A.2)
m=Ny+1 n=MAL N, S

since for all n > M + 1 the probabilities under the minimum sign are strictly positive and by the Central Limit Theorem
n
. / _ 1
(3 gmn)-
m=M+1

We recall that when N, = z + 1 the first sum in (A.2) is empty and the probability above is equal to 1, so the lower
bond holds for this case as well.
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Case (ii) is even simpler. We have x — z > M + 1. This implies that all cookies at site 0 have already been used
for offspring of the first N, particles. Therefore, the sum ZZ'HN +1&n (when it is not zero) is equal to the non-trivial
sum of centered Geom(1/2) random variables. Therefore, in case (ii) we again get (A.2) where the rightmost M is

replaced by 0.
Proof of (b). Observe that

z+1 Ny
Vi>x+ylc { > &, zy/z} v {z+1+Zsm —x>y/2}
m=N,+1 m=1
Using the assumption y > 6 M and Lemma A.1 we get

z+1 z+1

m=Ny+1 m=Ny+1

IA

M+n
max P( Z s;,;EY/Z_M>Pz(Nx§Z+1)

1<n<x
m=M+1

M+n
max P( Z S,/nzy/?ﬁ)Pz(NxSZ—l-l)

1<n<x
m=M+1

IA

A

(e702"/O0 v e=3) (N, <z +1).

Finally, we estimate the probability of the second set:

Ne
Pz(z+1+ZE,;1—ny/2,NX§Z+1>

m=1

z+1 Ny
ZZPZ(Zg;;,Z}’/2+X—Z—1,NX=}1>

n=1 m=1

z+1x—z-2 n—1
=Y Y P <Zg,;13y/2+x—z—1,Nx=n,Zg,;1 z)

n=1{¢=1—-n m=1 m=1
7+1x—z-2 n—1
_Z Z P(g >y/2+x—Z—1—€‘Nx—n Z =£)P1(Nx=n,25,;=5)
n=1{4=1—n m=1
z+1x—z-2 n—1 n—l
ZZ Z Pz(énZ)’/z‘f‘X—Z—E —Z,Nx=n,Z“g‘,@:ﬁ)PZ<Nx:n,Z§’;:Z>
n=14¢=1-n m=1 m=1
z+1x—z-2 n—1
<PEunzy2-mY) Pz<Nx=n, s,;=€>
n=1{¢=1-n m=1

<27BP(Ny <z+1).

This finishes the proof. U
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8

Proof of part (ii) of Lemma 5.2. Let s € C3°([0,00)) be a non-negative function such that s(x) = x° on

(2/(3a), 3a/2). Fix an n such that @' > M and define the process U" := (U )k=0 by

V
Uy :s( 2?).

We shall show that when #n is large U” is close to being a martingale (with respect to its natural filtration (Fy)x>0)-
U" is just a discrete version of the martingale used in the proof of Lemma 3.2.
On the event {y > k} we have

s o)) o+ )

Vi \ V, Vi \ (Viw1 — Vi)?
E(Uf+1|fk)_U1?=E[s/<a_n> ket ‘j__] [N<a_:>( ket — 3) ‘fk:|+”1?

a

§—1 (Ve 1.[, (Vi1 — Vi)?
() o Lo (B) e ]

where 7}/ is the error, which we shall estimate later. By (3.1), the second term on the right-hand side of the above
equality is equal to

and

-M+1

(Lo g )

where ¢, r _ {,Slk) 1 and &, ey _ (k) — 1. Since Zm 1 §,§1k) is independent from all &, (R ,m>1, and Vg, the last
formula reduces to

2;2ns <Z"> <2(Vk —M+1)+ E[(l + Z ;“”’) D

Using the fact that xs”(x) 4+ (1 — 8§)s’(x) = 0 for x € (2/(3a), 3a/2) we get that on the event {y > k}
n n 1 " Vi (k) n
E(Uk+l|‘7:k)_Uk=aﬂs pr 1—M+ = E 1+Z§ 1.
m=1

The first term on the right-hand side is bounded in absolute value by K/a" for some constant K. Thus it remains
to estimate r;’. By Taylor’s expansion r;’ is bounded by

é”SWHOOE[('VH;in') )]—‘ :| ||s’”HOO<E|:<W>4‘fki|>3/4.

Writing again the difference Vi1 — Vi in terms of geometric random variables, using independence of Zm 1 g“(k)/
from all £ m > 1, and the fact that V; < a"*! on {y > k} we find that

K
() =
a”
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and, therefore, |r}!| < K3/a3”/2. Let R’(} =0 and for k > 1 set
1 (v 1 ud ’
_ mf Vi 4 n
R} _Z[aTns (a—) (1 M+ EE[(l + > ) D +rj:|.
j=1 m=1

Then U,? — RZ is a martingale with the initial value U(’)’. Our bounds on the increments of the process (RZ)kZo and
Proposition A.2 below imply that

4 Ks
2372 Ey = a2

E|RY| <
This allows us to pass to the limit as k — oo and conclude that U} = EU)'/' — ER? Thus,

Uy — % <EU} < P(Vy e[a" a4+ DB))s(a+a” D))
+P(V, € (a”—l —az(”‘”/3,a"‘1])s(a‘1) i E(U],}:H‘{d(vy,(a"*l,a”*l))zaz(ﬂfl)/fi})-
By part (i), we obtain that
P(V, > a"“)a‘S +P(V, < a"_l)a_‘3 > Ul - Ke/a"3.
Similarly we get
P(Vy =a"™)a + P(V, <a"")a™ < Ul + K7/a"3.
This completes the proof. O

Proposition A.2. There exists Cg € (0, 00) so that for all x > 0,

UXV/Z
|4
sup Ey Z]lVre[x,Zx] < Cgx.
x<y<2x =0

Proof. By the usual compactness considerations and Lemma 3.1, there exists ¢ > 0 such that P)}/ (crxv/2 < x) > c for
all x > 0 and y € [x, 2x]. From this and the Markov property applied to successive re-entries to the interval [x, 2x]
(see the proof of Proposition 6.1 for details), we obtain

UXV/Z
Pyv (Z Ly, e[x,2x] > nx) < {1-9o",

r=0
and the result follows. O
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