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Abstract. We study the continuous time version of the random walk pinning model, where conditioned on a continuous time
random walk (¥Ys)s>0 on 74 with jump rate p > 0, which plays the role of disorder, the law up to time ¢ of a second independent
random walk (Xs)o<s<; with jump rate 1 is Gibbs transformed with weight eBLiX.Y) "where L;(X,Y) is the collision local time
between X and Y up to time ¢. As the inverse temperature 8 varies, the model undergoes a localization—delocalization transition
at some critical B¢ > 0. A natural question is whether or not there is disorder relevance, namely whether or not S differs from the
critical point BZ"" for the annealed model. In [3], it was shown that there is disorder irrelevance in dimensions d = 1 and 2, and
disorder relevance in d > 4. For d > 5, disorder relevance was first proved in [2]. In this paper, we prove that if X and Y have the
same jump probability kernel, which is irreducible and symmetric with finite second moments, then there is also disorder relevance
in the critical dimension d = 3, and fic — 2™ is at least of the order e~ (¢)/ r e (¢) > 0, for any ¢ > 2. Our proof employs
coarse graining and fractional moment techniques, which have recently been applied by Lacoin [13] to the directed polymer model
in random environment, and by Giacomin, Lacoin and Toninelli [10] to establish disorder relevance for the random pinning model
in the critical dimension. Along the way, we also prove a continuous time version of Doney’s local limit theorem [5] for renewal
processes with infinite mean.

Résumé. Nous étudions la version a temps continu du modeéle de marche aléatoire avec accrochage, ou conditionné sur une marche
aléatoire a temps continu (Yy)g>( sur 74 avec taux de saut p > 0, qui joue le role de désordre, la loi jusqu’au temps ¢ d’une seconde
marche aléatoire indépendante (X)p<s<; avec taux de saut 1 est la transformée de Gibbs avec poids ePL(XY) o Li(X,Y) est
le temps local de collision entre X et Y jusqu’au temps 7. Lorsque la température inverse f varie, le modele subit une transition de
localisation-délocalisation a un B¢ > O critique. Une question naturelle est de savoir s’il y a pertinence du désordre ou pas, i.e., si
Bc differe ou pas du point critique S2™ pour le modéle moyenné. Dans [3], il a été montré qu’il y avait non pertinence du désordre
en dimensions d = 1 et 2, et pertinence du désordre lorsque d > 4. Pour d > 5, la pertinence du désordre fiit d’abord prouvée dans
[2]. Dans ce papier, nous prouvons que si X et Y ont le méme noyau de probabilité de saut, qui est irréductible et symétrique avec

des moments du second ordre finis, alors il y a également pertinence du désordre en dimension critique d = 3, et fc — B&™™ est

au moins de I’ordre e =€)/ p;’ C(¢) > 0, pour tout ¢ > 2. Notre preuve utilise des techniques de coarse graining et de moment
fractionnaire, qui ont été récemment appliquées par Lacoin [13] au modele de polymere dirigé en milieu aléatoire, et par Giacomin,
Lacoin et Toninelli [10] pour établir la pertinence du désordre pour le modele d’accrochages aléatoires en dimension critique. En
chemin, nous prouvons également une version en temps continu du théoreme limite local de Doney [5] pour des processus de
renouvellement avec moyenne infinie.
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1. Model and result

Let us recall the continuous time random walk pinned to random walk model studied in [3], which we will abbreviate
from now on as the random walk pinning model (RWPM). Let X and Y be two continuous time random walks on
73 starting from the origin, such that X and Y have respectively jump rates 1 and p > 0, and identical irreducible
symmetric jump probability kernels on Z> with finite second moments. Let j; denote the law of (Xs)o<s<t- Then

given B € R and conditioned on (¥;)s>0, which we interpret as a random environment or disorder, we define a Gibbs

transform ,uf y of the path measure u; via Radon-Nikodym derivative

B
du eBLI(X.Y)

1Y X) = ’ (1.1)
d B

MUt LY

where L,(X,Y) = f; 1{x,=v,) ds, and

70, =E [P XD] (12)
is the quenched partition function with Eff [-] denoting expectation w.r.t. X starting from x € Z3. We can interpret X
as a polymer which is attracted to a random defect line Y. A more commonly studied model is to consider a constant
defect line Y = 0, but with random strength of interaction between X and Y at different time points. This is known
as the random pinning model (RPM), the discrete time analogue of which was the subject of many recent papers (see,
e.g., [4,9,10]), as well as a book [8].

A common variant of the Gibbs measure uf y is to introduce pinning of path at the end point ¢, i.e., we define the
B.pin

Gibbs measure My with
B.pin
dM, ;s eBLIXY)
du (X)= 1{Xt:Y,}W (1.3)
with Zf’;’i“ =E§ [ePL1X D1 (x,_y,]. It was shown in [3] that, almost surely w.r.t. ¥, the limit
1 B 1 B.pin
FB,p)= hm —loth y =, l1m —logZ (1.4)

exists and is independent of the disorder Y, which we call the quenched free energy of the model. There exists a
critical inverse temperature 8. = B.(p), such that F(8, p) > 0 if 8 > B. and F(B) =0 if 8 < B.. The supercritical
region 8 € (B¢, 00) is the localized phase where given Y, and with respect to either uf y or ,uf ﬁm, the contact fraction
L;(X,Y)/t between X and Y up to time ¢ typically remains positive as t — 00, so that the walk X is pinned to Y. In

fact, by the convexity of log Zf y in B and (1.4), it is not hard to see that almost surely,

0a"logZ}'y) _ 9F (B, p)

.. B —1 R TI
lltrgélgfut,y(t L(X.,Y))= lltﬂlogf

’

ap - 0B
3" og ZP ) _OF
limSUPMfy(f_lLr(X, Y)) = limsup £%1y (B, p)’
1—00 ’ t—00 ap 0.8

where ﬁ and ﬁ denote respectively the left and right derivative w.r.t. 8. The convexity of F (8, p) in B implies

that 2L (ﬁﬁp ) < 0 for all B > Bc. In contrast, the subcritical region 8 € (—oo, B;) is the de-localized phase, where
dF (B, p)/9B =0 and the contact fraction L,(X, Y)/t is typically of order o(1) as r — o0, so that X becomes delo-
calized from Y.
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An important tool in the study of models with disorder is to compare the quenched free energy with the annealed
free energy, which is defined by

Fann(B, p) := lim llogZﬁ — lim l1ogz'3’l’i“ (1.5)
annifMs . (=00 f t,ann (=00t t,ann .
where
X, Y1, BL(X.Y B.pin _ X, Y1 BL(X.Y
Zﬁann =Eg, [eﬂ i )] and  Z, o0 =Eyp [eﬁ i )l{xrzy[}]

are the free (resp., constrained) versions of the annealed partition function for the RWPM. Since X — Y is also a
random walk, we see that Zf ann and fo Pl are the partition functions of a RWPM where the random walk X — Y is
attracted to the constant defect line 0. This defines the annealed model. In particular, there also exists a critical point

20 = BAM(p) such that Fynn(B, p) > 0 when B > 2™ and Fyn (B, p) =0 when g < B3"". It is easy to show that

2" = (1 4 p)/G, where G is the Green function of X, see end of Section 2, while no explicit expression for ¢
is known. By Jensen’s inequality, it is easily seen that F(8, p) < Fann(B, p), and hence . > B2". A fundamental
question is then to determine whether the disorder is sufficient to shift the critical point of the model so that 8. > SZ"",
which is called disorder relevance. If . = 2", then we say there is disorder irrelevance, and it is generally believed
that the quenched model’s behavior in this case is similar to that of the annealed model. It turns out that disorder
relevance/irrelevance has an interesting dependence on the spatial dimension d.

In [3], it was shown that if X and Y are continuous time simple random walks, then the RWPM is disorder irrelevant
in d = 1 and 2, and disorder relevant in d > 4. Furthermore, it was shown that in d > 5, there exists a > 0 such that
Be — B > ap forall p € [0, 1]; while in d = 4, for any § > 0, there exists as > 0 such that . — 2" > asp'*? for all
o € [0, 1]. Tt is easy to check that the proof of these results in [3] apply equally well to continuous time random walks
X and Y with the same irreducible symmetric jump probability kernel with finite second moments. In this paper, we
resolve the marginal case d = 3 and show that there is disorder relevance.

Theorem 1.1 (Annealed vs quenched critical points). Let X and Y be two continuous time random walks with
respective jump rates 1 and p > 0 and identical irreducible symmetric jump probability kernel q(-) on Z3 with finite
second moments. Assume Xo = Yo = 0. Then for the associated RWPM, B.(p) > B (p) for all p > 0, and for any
¢ > 2, there exists C(¢) > 0 such that for all p € (0, 1],

Be(p) — B (p) = e COP" (1.6)

Remark. It is intriguing that our lower bound for the critical point shift is of the same form as for the RPM in the

marginal case, where a lower bound ofe_c(f)ﬁ_( was obtained in [10] for any ¢ > 2, and ¢ =2 is known to provide
an upper bound. For the RWPM, there has been no heuristics or results so far on the upper bound.
Let

ﬂj(p)zsup{ﬂeR: sup 2P, < 0o as wart. Y}. (1.7)
t>0 ’

Note that B (p) < Bc(p). We will in fact prove the following stronger version of Theorem 1.1.

Theorem 1.2 (Non-coincidence of critical points strengthened). Assuming the same conditions as in Theorem 1.1,
then the conclusions therein also hold with B.(p) replaced by B3 (p).

Remark. The question whether B} = B. or B; < B¢ remains open, and so is the analogous question for the RPM.
Note that when Zlﬁy is uniformly bounded in t > 0, the distribution of L;(X,Y) under the measure p,fsy remains tight

ast — 0o, while ZfY — oo ifand only if L;(X,Y) under /“‘{},Y tends to oo in probability. If BY < B¢, then there exists

a phase in the delocalized regime where L;(X,Y) under u,fs’y tends to oo at a rate that is o(t), which would be very

SUrprising.
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Theorem 1.2 confirms a conjecture of Greven and den Hollander [11], Conjecture 1.8, that in d = 3, the Parabolic
Anderson Model (PAM) with Brownian noise could admit an equilibrium measure with an infinite second moment.
We refer to [3], Section 1.4, for a more detailed discussion on the connection between the RWPM and the PAM, as well
as the connection of the discrete time RPMs and RWPMs with the directed polymer model in random environment.

Our proof of Theorem 1.2 will follow the general approach developed by Giacomin, Lacoin and Toninelli in [9,10]
for proving the marginal relevance of disorder for the random pinning model (RPM), as well as by Lacoin in [13]
for the study of the directed polymer model in random environment. The basic ingredients are change of measure

arguments for bounding fractional moments of the partition function Z[ﬂ y» coupled with a coarse grain splitting of

Z f y- These techniques have proven to be remarkably powerful, and they apply to a wide range of models: in particular,
to weighted renewal processes in random environments, including the random pinning, the random walk pinning, and
the copolymer models (see [3], Section 1.4, for a more detailed discussion), as well as to weighted random walks in
random environments, including the directed polymer model [13] and random walk in random environments [16]. We
will recall in detail the fractional moment techniques and the coarse graining procedure and formulate them for the
RWPM, which will constitute the model independent part of our analysis. A key element of the fractional moment
technique involves a change of measure, and more generally, the choice of a suitable test function. This is the model
dependent part of the analysis, which in general is far from trivial since disorder relevance in the critical dimension is
a rather subtle effect. The bulk of this paper is thus dedicated to the choice of a suitable test function for the RWPM
and its analysis. Compared to the RPM and the directed polymer model, new complications arise due to the different
nature of the disorder of the RWPM.

We also include here a result on the monotonicity of Bc(p) — B2™(p), resp. B3 (p) — BI™(p), in p, which was
pointed out to us by the referee along with an elegant proof.

Theorem 1.3 (Monotonicity of critical point shift). Assuming the same conditions as in Theorem 1.1 for a RWPM
in Z4 with d > 3, we have

Pe(0) _ Be(p)
I+p ~14p’

forall p' > p>0. (1.8)
B _ B(p)
I+p ~ 1+p
In particular,

Be(p') — BE™(0) > Be(p) — BE™(p),

forall p' > p>0. (1.9
BE(p') = BE™(p') > BE(p) — BE™ ()
We defer its proof to Appendix C. We remark that proving the strict inequalities in (1.9) requires Theorem 1.2 and
its analogue in dimensions d > 4.
Outline. The rest of the paper is organized as follows. In Section 2, we recall from [2] and [3] a representation
of Z? y as the partition function of a weighted renewal process in random environment. In Section 3, we recall the

coarse graining procedure and fractional moment techniques developed in [9,10,13]. To prove Theorem 1.2, we apply

the coarse graining procedure to Zf y instead of the constrained partition function Zf ’}?m as done in [9,10]. The

proof of disorder relevance is then reduced in Section 3 to two key propositions: Proposition 3.1, which is model
dependent and needs to be proved for any new weighted renewal process in random environment one is interested in,
and Proposition 3.2, which is model independent. Compared to analogues of Proposition 3.1 formulated previously
for the RPM (see [10], Lemma 3.1), our weaker formulation here (more precisely its reduction to Proposition 5.1 in
Section 5) allows a more direct comparison with renewal processes without boundary constraints, which conceptually
simplifies subsequent analysis. In Section 4, we identify a crucial test function Hy (Y) for the disorder Y and state
some essential properties. Assuming these properties, we then prove in Section 5 the key Proposition 3.1, which is
further reduced to a model dependent Proposition 5.1 by extracting some model independent renewal calculations.
In Section 6, we deduce Proposition 3.2 from Proposition 3.1, which is again model independent. The properties of
the test function Hj, are then established in Sections 7 and 8. In Appendices A and B, we prove some renewal and
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random walk estimates which we need for our proof. In particular, we prove in Lemma A.1 a continuous time version
of Doney’s local limit theorem [5], Theorem 3, for renewal processes with infinite mean. Finally, in Appendix C, we
include a proof of Theorem 1.3 shown to us by the referee.

Note. During the preparation of this manuscript, we became aware of a preprint by Berger and Toninelli [1], in
which they proved disorder relevance for the discrete time RWPM in dimension 3 under the assumption that the
random walk increment is symmetric with sub-Gaussian tails. An inspection shows that the main difference between
our two approaches lies in the choice of the test function Hy () in (4.2), which results in completely different model
dependent analysis as well as different assumptions on the model. In principle, both approaches should be applicable
to both discrete and continuous time models. Most results in this paper carry over directly to the discrete time case.
The only exception is Lemma B.5, for which we do not have a proof for its discrete time analogue. Lemma B.5 is
used to prove Lemma 4.2, (4.8)—(4.9). In light of [1], we will not pursue this further in this paper.

Notation. Throughout the rest of this paper, unless stated otherwise, we will use C, C1 and C, to denote generic
constants whose precise values may change from line to line. However, their values all depend only on the jump rate
p and the jump probability kernel q (-), and are uniform in p € (0, 1].

2. Representation as a weighted renewal process in random environment

First we recall from [2] and [3] a representation of Zﬁ y as the partition function of a weighted renewal process in
random environment. Let p,(-) = pf (+) denote the transition probability kernel of X at time s. Then ¥ and X — Y
have respective transition kernels pY (-) := p,s(-) and pX=Y (-) := p(14p)s(-). Let

°° > G YO (1 + 0)paa4py(0)
_ X-Y _ _ _ P _ (1+p)t
G_[) ps(o)dsv G _A p(1+p)s(0)ds—mv K(I)_ GX_Y - G )

where K (¢) d¢ is to be interpreted as the renewal time distribution of a recurrent renewal process 0 = {op =0 < 01 <
-} C[0,00). Let z = BGX~Y = BG/(1 + p) and 27, := Z . Then

et " t m
ZIZ,Y = Eé([eﬁLt(X,Y)] :E())( 14 Z W(/o 1{XS_YS}dS)

m=1

o0
=Ef| 1+ Z B" // L{X o, =Yo, 1 Xy =Yy} 41 - - Oy
m=1 O<o|<-<opm<t

oo
=l+Zﬁm// pO'|(YO'|)pO'2—O'1(YO'2_YU)"'
m=1 O<op<--<opy <t

X Poy—om_1 Yo, — Y5, ) doy--- doy,
m

o
=1+sz/~~~f [1K @i =0 )W(oi =011, Yoy — Yoy )doy - doy, 2.1
O

m=1 0=0<01<--<oy, <t i=1

where

po)'{,-—o'i_l (YO’i - YO’,'_|)

W(Ui —0i—-1, YU,‘ - YU,;]) = _
()

2.2)

We can thus interpret Z;, as the partition function of a weighted renewal process o in the random environment Y,
where the renewal time distribution is given by K (-), and the ith renewal return incurs a weight factor of zW (o; —
Oi—1, Y(T,' - Y(Ti,l )
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Similarly, for any 0 < U < V, we can define ZZUpl‘I,l] y := 1 when U =V, and otherwise

[} m
Z[ZUm; ' Z/ / mHK(Gi —0i-1)
m=1 op=U<o1<---<0o= i=1
X W(UZ —0i—-1, YO’,' - Yo’i,l)dol e dGm—la (23)

where the term for m =1 is defined to be zK(V — U)W (V — U, Yy — Yy). Note that Z[Zéf’tify = ,BZf’lfin, which we

will simply denote by Z; ’Ein.

Since K is the renewal time distribution of a recurrent renewal process o on [0, c0), and note that ]Eg (W —
u,Y, —Y,)] =1 for any u < v, the critical point z2"" of the annealed model with partition function Eg [ZtZ,Y] is
exactly 1. By the mapping z = BGX~Y, we deduce that 82" = 1/GX~Y = (1 + p)/G. The mapping to a weighted
renewal process in random environment casts the RWPM in the same framework as the RPM, which paves the way
for the application of general approaches developed in [9,10].

3. Fractional moment techniques and coarse graining

We now recall the fractional moment techniques and the coarse graining procedure, which were developed in a series
of papers for the RPM that culminated in [9,10], where marginal relevance of disorder was established, as well as in
[13] where the same techniques were applied to the directed polymer model in random environment.

By (1.2), Zﬁ y = Z/ y is monotonically increasing in ¢ for every realization of Y. Therefore, to prove Theorem 1.2,
it suffices to show that for some y € (0, 1), and some z > 1 depending suitably on p, we have

suplE0 [(ZZ ) ] < Q. (3.1)

We will choose below a coarse graining scale L and show that for each p > 0, (3.1) holds forall z € (1,14 1/L]if L
is sufficiently large, which implies z. > 1+ 1/L and ¥ — 3" > (14 p)/GL. For p € (0, 1], we will let L = eBi/et
for any fixed ¢ > 2, and prove that (3.1) holds for all z € (1,1 4 1/L] uniformly in p € (0, 1] if B; is large enough.
This would then imply the lower bound on ¥ — 2™ in Theorem 1.2.

Note that by using more refined large deviation estimates for the renewal process with waiting time density K (-),
it seems possible to extend (3.1) to z € (1, 1 + 1/L"] with a suitable n € (1/2, 1). By the relation between L and p in
our coarse-graining scheme, this would only affect the (unspecified) constant C(¢) in (1.6), not the exponent ¢ itself.

To bound the fractional moment Eg [(Z{y)7], we apply the inequality

n Y n
(Zai) <> al fora;=0.1<i<nandy € (0,1). (3.2)
i=1 i=1

This seemingly trivial inequality turns out to be exceptionally powerful in bounding fractional moments. However,
the success of such a bound depends crucially on how Z; 'y is split into a sum of terms. This is where coarse graining
comes in, which was used in [9,10,13]. We remark that in the earlier paper [4] on the RPM, and later in the analysis [3]
of the RWPM ind > 4, Z} y is partitioned according to the values of the pair of consecutive renewal times 0 < 0j+1
which straddle a fixed tlme L > 0. The coarse graining procedure we recall below uses a more refined partition of
ZE.

[’Fix a large constant L > 0, which will be the coarse graining scale. Assume that # = m L for some m € N. Then
we partition (0, 7] into m blocks Ay, ..., A, with A; := ((i — 1)L, i L]. The coarse graining procedure simply groups
terms in (2.1) according to which blocks A; does the renewal configuration o := {og =0 < 01 < - - -} intersect. More
precisely, the set of blocks in {A;}1<;<», Which o intersects can be represented by a set I C {1, ..., m}. Then we can
decompose ZiY in (2.1) as
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wherer;’f :=1,andforeach ] = {1 <ij <ir <. - <ipy <m}#0,

k k
zil = / / [T K@ —bj-eWa; —bj1.Ya, = Yo, 25 [ daj b, (3.3)
ay<by ay <by

i1 i—1
(ll,ble/\,’l ak,bkEAik J J

where by := 0. By (3.2), for any y € (0, 1), we have

ElZ) = X ElEY)] (34)

We will prove (3.1) by comparing E(’)' [(Zi’;)y] with the probability that a subcritical renewal process on N U {0}
intersects {1, ..., m} exactly at /.

To bound E(’; [(Zf; ; )71, one introduces a change of measure. Let f;(Y) be a non-negative function of the disorder Y.
By Holder’s inequality,

By [(279) 1=Rs[f10) f10)77 (277)]
<EY[ i)y /)R ronziy (3.5)

To decouple different blocks A;, we will let f;(Y) = l_[iel Yy = Yi—1)L)sea;) With

EY[f((Yooss<) 77 ] <2, (3.6)

To make ]Eg [(Zi’;)y] small, f should be chosen to make Eg [ fI(Y)ZtZ”){ ] small. There have been two approaches in
bounding Ef [ f; (Y)Zf”é] in the literature.

The first approach is to choose f7(Y) to be a probability density so that Eg [fr (Y)Zf”é] becomes the annealed parti-
tion function of a RWPM with a new law for the disorder Y. This approach was used in [4] to prove disorder relevance
for the RPM, where the laws of the disorder at different time points are independently tilted to favor delocalization.
It was later adapted to the RWPM in dimensions d > 4 in [3], where the change of measure for Y increases its jump
rate, which turns out to favor delocalization. To prove disorder relevance for the RPM at the critical dimension, the
so-called marginal disorder relevance, which borderlines the known disorder relevance/irrelevance regimes, a more
sophisticated change of measure was introduced in [9] for the RPM with Gaussian disorder, which induces negative
correlation between the disorder at different time points, and Gaussian calculations are used to estimate the annealed
partition function under the new disorder. For the RWPM in the critical dimension d = 3, the analogue would be to
introduce correlation between the increments of Y at different time steps. However the presence of correlation makes
it unfeasible to estimate the annealed partition function under the new disorder.

A variant approach to estimate Eg [fi(Y )Zi’; ] was then introduced in [13] for the directed polymer model in
random environment, and later in [10] for the RPM at the critical dimension with general disorder. The function f7
will be taken to be a test function on the disorder Y instead of as a probability density that changes the law of Y. For
simplicity, f in (3.6) is taken to be of the form

F((Ypozs=r) = Yu,=my + em L, (v)=mys 3.7

where Hy (Y) is a functional of the disorder Y, positively correlated with Zf){ and we choose

e =Py (HL(Y) > M) (3.8)
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to guarantee that (3.6) holds. We will make ¢ small by choosing M large. To bound E(’; [f1(Y )Zf”é ], we use the
representation (3.3) to write

k
fI(Y)Z,Z;’;Z / / HK(dj—bj—l)ZW(aj—bj—hYa,-—ij,l)
ay<b ay <by

i1
al,bléAil ak,bkEA,'k J

k
Zz plz 0 Yf( Y(i_,-—l)L)seA,—J,) l_[ da;db;,
j=1

where by := 0. By Lemma B.1, the local central limit theorem for X and X — Y, there exists C > 0 such that uniformly
int > 0and Y, we have

P Yy =Yo) _ pi(Yi =Yo) _

W, Y, — Yy) = = < (3.9)
' XY (0) P14y (0)
Therefore
By [f1(1)277]

k
< / f (Cz)"l_[K(a/ — b DE[Z570 )y £ (6 = Yamvnsen, ) [ [ dajdby, (3.10)
aj<bg ay <by 1 ! =

al,b]EA,'I ak,thAik '/
where we used the independence of (Yy — Y(;_1)1.)se4;, i € N. The proof of (3.1), and hence Theorem 1.2, then hinges
on the following key proposition.
Proposition 3.1. Let p > 0, and let L = eBiot for any fixed { > 2. Then for every ¢ > 0 and § > 0, we can find
suitable choices of Hy (-) and M = M (L) in (3.7), such that for By = B1(p) sufficiently large, which can be chosen
uniformly for p € (0, 1], and forall z € (1,1 + L1, ae€[0,(1 —=3¢)L] and ¢ > L, we have

(1—-e)L L
/ EY (2550 £((Ys )SeoL)]dbsa'/ P(b—a)db, (3.11)
a+eL a
(1—¢)L .pin L
/ Eo (205 v £ ((Ys )SEOL)]K(c—b)dbSS/ P(b—a)K(c—b)db, (3.12)
a+eL a
where

P(t)_Z/ /UO oot tl_[K(Gl—a, 1)1_[do,, (3.13)
m—i=1

with term for m = 1 defined to be K (), is the renewal density associated with K ().
We will show that Proposition 3.1 implies the following:
Proposition 3.2. Let p, B1,¢, L, H, and M(L) be as in Proposition 3.1. Then for every n > 0, we can choose

B1(p) sufficiently large, which can be chosen uniformly for p € (0, 11, such that for all z € (1,1 4+ L™, m e N, and
I1={ii<iy<---<ip}C{l,...,m}, we have

for some Cy, > 1 depending only on L.
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By (3.4) and (3.5), Proposition 3.2 implies that uniformly in t =mL, m € N, we have

yo(l=y) yol-y k
=L EElEy ¥ dllghm i (X )
k=0 ICN k=0 I={i; <--<iy} k=0 \n=1

|1|=k

which is finite if we choose y € (2/3, 1), and n > 0 sufficiently small such that ) ;- | % < 1. By the monotonicity
of Z} y in t, this implies (3.1), and hence Theorem 1.2 by the discussion following (3.1).

The key is therefore Proposition 3.1, which is the model dependent part and whose proof will be the focus of the
rest of this paper. The new idea developed in [13] and [10] to bound quantities like ]EY Z[Z ap;? v F ((¥5)sero,L7)] is to
use the renewal representation (2.3) to write

EY (2000 F(Yo)sero.21)]

00 k
k
> [ K@i =i
k—1 op=a<--<ox=b i=1

k

XE())/|:f((Y)s€OL HW(UI_GI 1, a,_ O', 1)]Hd0,

i=1
k—1

— k
:Z// bZkHK(Ui ~0i-DEy [ (% )sepo.)] [ Tdoi. (3.15)
k=1 op=a<--<o}=

i=1 i=1

where ]_[f:1 W(o; — 0i—1,Ys; — Y5,_,) has been interpreted as the density for a change of measure for Y, and IE(})’ ’ [-]
denotes expectation with respect to a random path (Y )o<s<; whose law is absolutely continuous with respect to that
of (Ys)o<s<: with density ]_[f:1 W(o; — 0i_1, Ys; — Y5,_,). Recall the form of f in (3.7): the key point is to choose
the functional Hy such that for typical realizations of o and Y7, Hr (Y )seqo,21) is much larger than typical values
of Hy ((Ys)seqo,21)- Then in (3.7), we can choose M large such that £)y < 1 and E(’;J [f((Y7)sefo,11)] K 1. The factor
ZFin (3.15) can be bounded by a constant of order 1 if z € (1,1 + L=, since conditioned on the renewal process o
with @ < b € o, the number of renewal returns in [a, b] is typically of the order v/b — a < +/L.

Remark. The above procedure applies to general weighted renewal processes in random environments, whose par-
tition functions can be represented in the form of (2.3) and (2.1), where given a random environment (§25)s>0 with
stationary independent increments and a renewal configuration o := {op =0 < 01 < -- -}, each two consecutive re-
newal times o; < 0j41 give rise to a weight factor W (0i11 — 0i, (825 — $25;)6; <s<0:,1)- See, e.g., [3], Section 1.3,
for a more detailed exposition on how random pinning, random walk pinning, and copolymer models can all be
seen as renewal processes in random environments with different weight factors W. With proper normalization,
W(oit1 — 0i, (825 — £26,)5; <s<0;,1) can always be interpreted as a change of measure for the disorder £2.

4. Mean and variance of Hy (Y) and Hy (Y?)

We will now choose the functional Hy (-) in (3.7), state its essential properties, and briefly outline how these properties
may lead to Proposition 3.1. Given a renewal configuration o := {o¢p =a < --- < oy = b}, the new disorder random
walk Y7 introduced in (3.15) has heuristically smaller fluctuations than Y due to the density [[ W(o; — 0i—1, Yo, —

Yo, Yo,
Yo, V=11 W which favors values of Y,;, that are close to Y, ;. A natural choice for Hy, in (3.7) is then

the following. Fix A} :=e < Ay < 0o, where later in the proof of Proposition 3.1 we will set Ay = L!/8. The reason
for this choice of A, will be explained briefly at the end of this section. Given ¢ > 2 as in Theorem 1.1, let

gi=1-¢"! ! (4.1
= e >2. 1)
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Then we define

Hp(Y) = H ((Ys — Y0)oss<1) = // m=r) g g, (4.2)
T O<r<s<L (log(s - r))é
Aj<s—r<Ar
We have the following bound on the mean and variance of Hy (Y).
Lemma 4.1. Let Hy (Y) be defined as in (4.2). Then
Y[HL(1)] // o=@ 4 e <Ay — AL, 4.3)
O<r<s<L (IOg(S - ))E
Al<s—r<Ajp

and there exists some 0 < C < 0o such that uniformly for all Ay =e < A, < oo and p > 0,

Var(Hy (Y)) < Cp L. (4.4)

Remark. The condition & > % guarantees the validity of (4.4). The technical reason for the relation &€ =1 —1/¢,
hence ¢ > 2, will become evident in the proof Lemma 5.1, see especially (5.15), below.

To show that in (3.15), ]Eg ’ [f (Y )sero,21)] is small for typical realizations of o, it then suffices to show that for
typical realizations of o and (Y{ )sefo,21, HL(Y?) > Eg[HL(Y)] + Dp_3/2\/z, where D can be made arbitrarily large

by choosing Bj large in L =e? 107" with B uniform for p € (0, 1]. Thus we need to bound the mean and variance
of Hy (Y?) conditioned on o. Recall that given 0 = {ogp =a <01 <--- <o =b} C [0, L], the law of (Y7 )s>0 is
. . . . o1 Yo, —Yo; )
absolutely continuous with respect to the law of (¥)s>0 with density ]_[f-‘=1 p’l;X’,,—’(o)’l. Due to the dependency
0i=0i—1
structure of Y7, we will decompose Hy (Y?) in (4.2) according to whether or not the variables of integration r < s
satisfy (r,s) N{ogp =a < --- < o = b} = & in order to extract some independence. Namely,

k k
HL(Y7) = Hig'y (Y7) + Hip'1y (Y Z Hipt o (Y7) + Higloy (Y) Z HEY ,(Y7) = Coyo.  (45)
where for any s < f,
t l{Yn _Y(r}
H[{?t YU / / dsp dsq,
s<s]<sp<t (log(s2 — Sl))s
Al<sr—s1<Ar (4 6)
. liyg=vg) '
H[ixt Y‘7 / / dsp dsy
s<S|<$y<t (log(s> — Sl))g
A1<sr—s1<Ar
and
livg=vg)
e dsz dsy
0<s1<0y,52>L (log(s2 — 51))5
Al<sr—s1<Ar
arises because H[e(;t_l,a,-] may include pair correlation terms 1{Y§r1 =g} with s; < L < s, which is excluded in the
definition of H . Note that
Coye <A5 and HEY(Y?) < A3 forallo, Y%, s <tand p > 0. 4.7)

Conditional on o, for any two consecutive renewal times ;1 < o;, we then have the following bounds on the
mean of HeXt ‘oY) and H[‘g;il 0:1(Y?), and the variance of H[‘;l_ll o] X
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Lemmad4.2. Forany A :=e< Ay <ooando :={op=a <o) <--- <o =b} C (0, L], we have

Ey [HE , o(YO)]-ES[HE ,,(1] >0, 1<i<k, (4.8)

B [H5, o (V7)) ~EY[H5 o] =0, 1=i =k @9)
Furthermore,

B [, (7)) = B[40 (1)) oot @.10)
and

Var(H2 1(Y7)|o) < Co™> (o1 — 00). @.11)

where Var(-|o) denotes variance w.r.t. Y° conditioned on o, and the Cs in (4.10)—(4.11) are uniform in Ay and p > 0.

Let us sketch briefly how Lemma 4.2 can be used to deduce Proposition 3.1. Let o be a renewal process conditioned
on oy = a, and let Y? be defined accordingly by changing the measure of Y independently on each renewal interval
(0i—1, 0;). By the discussion following (3.15), the key to proving Proposition 3.1 is to show that for typical o and Y,
Hy (Y?) is much larger than typical values of Hy (Y). Using the decomposition (4.5), this is achieved by controlling
the mean and variance of Zi‘ | Hlnt oY) and Zl H | 5.(Y) conditional on o, which is facilitated by
Lemma 4.2. If we only want to estabhsh disorder relevance for a fixed p > 0, which amounts to proving Proposition 3.1
(more precisely, its reduction, Proposition 5.1) by choosing L sufficiently large for a fixed p, we can avoid quantitative
estimates by simply applying the law of large numbers to the i.i.d. sequence (IEY [H 1;“ oY 7)])ien and the ergodic
theorem to the ergodic sequence (H ext Lo ](Y ?))ieN to show that, if L is sufficiently large, then for typical o, the
conditional mean of

k
ln[
Z [oi—1,0i]

far exceeds its conditional standard deviation as well as the standard deviation of H (Y), which are of the order
Cp32J/L by (4.4) and (4.11); while for typical o and Y,

Hlm (Y)] (4.12)

[oi—1,0i]

I|M>-

k

ZH[?,‘.UL 7) = 2B (A 0a )] > 0.

i=1

To get quantitative bounds on the gap between the annealed and the quenched critical points, we need to get
bounds on L, and this is achieved by replacing the law of large numbers above with a quantitative estimate on

Zl 1 ]EY ’ H[l(‘,lt 0] (Y")], and replacing the ergodic theorem with a quantitative bound on the conditional variance
of Zi 1 H[e;“ oY ?) and then applying the Markov inequality. The details will be given in Section 5.

The reason for choosing A = L'/ in the definition of Hy (Y) is the following. When we lower bound the con-
ditional mean in (4.12) (conditional on o) using (4.10), we need to choose A, as large as possible. It turns out that
any power of L will suffice, as will be seen in the proof of Lemma 5.3. On the other hand, when we upper bound the
conditional variance of Zf‘ 1 Hig, ext Lo ](Y ), we need to choose A to be a sufficiently small power of L, which can

be seen from the bounds in (4.7) as well as in the proof of Lemma 5.2. The choice A» = L'/ turns out to be sufficient
for our purposes.

5. Proof of Proposition 3.1

We now prove Proposition 3.1 using the functional Hy defined in (4.2) and Lemmas 4.1 and 4.2. We remark that
Proposition 3.1 is the analogue of [10], Lemma 3.1, formulated for the discrete time random pinning model. The
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main difference is that [10], Lemma 3.1, involves a comparison of the integrands on both sides of (3.12) for each
b with b — a > eL. Our integral formulation of (3.12) allows us to reduce more easily estimates involving renewal
configurations pinned at two points @ < b to renewal configurations pinned only at a. More precisely, we reduce
Proposition 3.1 to the following proposition by extracting some model independent renewal calculations.

Proposition 5.1. Let Ay = e and A, = L'/8 in the definition of Hy, in (4.2), with L = eB1r™ asin Proposition 3.1.
Then for every € > 0 and § > 0, we can find D > 0 and set M = Eg[HL(Y)] + Dp’3/2«/z in (3.7), such that for
all By = B1(p) sufficiently large, which can be chosen uniformly for p € (0, 1], and for all z € (1,1 + L~ and
ae€[0,(1—3¢e)L], we have

L .
/ Eg (205 v F (Yo)seo.01) |K (L — b, 00)) db < 8, (5.1)

a

where K ([x,00)) = [ K(t)dt = [°(1+ p)G ™' p14p) (0) dr.

Proof of Proposition 3.1. The deductlon of Proposition 3.1 from Proposition 5. 1 1s model independent and depends

only on K (-). Since K (t) ~ W’ we have K ([t, o0)) = ft K(s)ds ~ W By Lemma A.1, we also have

P(t) ~ \/L—, where P(t) is defined in (3.13). Therefore, given ¢ > 0 and for B; (and hence L) large, there exist

(I+p)t
C1 and C; depending only on ¢ > 0, such that uniformly for all eL <a+¢eL <b1,b, < (1 —¢)L and ¢ > L, we have
P(b; — K(c—>b
Cl < M S C2’ Cl < M < C2~ (52)
P(by —a) K(c—by)

Under the assumptions of Proposition 3.1, by Proposition 5.1, we have

(=o)L BY[ZZP £((Yy),
8>/ [Z .y f( )eOL])]P(b_a)K([L—b,oo))db

~ JateL P(b—a)
_C e EYLZE00  F(Y)sero.np)] "
L Jayer P(b—a) 7

where C depends only on ¢ and p and is uniform for p € (0, 1]. Together with (5.2), this implies

(1—e)L
/ By [ 2150 v £ (Yo)sero.01) ]K (c — by db
a+el

(=L BY[ZE0N L F(Vo)sero.np)]
Z/WL e P(b—a)K(c —b)db
/u oL BY[Z, p‘“yf((Y )sef0,£1)] (/(I—M P(by —a)K(c — by) >‘1
- db, | db
atel P —a) a+ver, P —a)K(c—b)

(1—¢)L
x/ P(b—a)K(c—b)db
a+el

U 1 SL
T C?(—-¢g)L—(a+el) C

L 5 L
/aP(b_a)K(c_b)dbesCC]z/a P(b —a)K(c—b)db,

where we used the assumption that a < (1 — 3¢)L. Since given ¢ > 0, we can choose § > 0 arbitrarily small by
Proposition 5.1, (3.12) then follows. The proof of (3. 11) is similar. Note that we need (3.11) because we are studying

Z,Z y» instead of the constrained partition function ZZ Y " as in [10]. J

The proof of Proposition 5.1 is based on two lemmas, for which we first introduce some notation. Let ¢ := {o¢ =
a < o] < ---} be a renewal process on [a, c0) with renewal time distribution K (¢)dr = (1 + ,O)G_lp(Hp),(O) dr,
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and let k(o, L) :==|o N (a, L]|. Let P] and EJ denote respectively probability and expectation for o. Let (Y. 7)s>0 be

defined analogously to Y, where conditional on o, for each n € N, the law of (f’s" )o<s<a, 1s absolutely continuous
w.r.t. the law of (¥;)o<s<o, With Radon—-Nikodym derivative

ﬁ Poi—oi1 Yo; = Yoi_y)
o1 PU+p)@i—0i(0)

Then we have

Lemma 5.1. Let L = eB“Oft, Ar=eand Ay =LY Leta €0, (1 — e)L] for some 0 < ¢ < 1. For any D1 > 0 and
8 > 0, if By = B1(p) is sufficiently large, which can be chosen uniformly for p € (0, 1], then for all a € [0, (1 —¢)L],
we have

. k(o,L) k(o,L)
worl (32 #07) - 20 By 0] < 1oV <5 53

i=1

Lemma 5.2. Let L, Ay, Az, ¢ and a be as in Lemma 5.1. For any § > 0, if B1 = B1(p) is sufficiently large, which can
be chosen uniformly for p € (0, 1], then for all a € [0, (1 — €)L], we have

k(o,L) k(o,L)
P"P{( STHE (7)) = D ES[HE (D] < —JZ) <s. (5.4)

i=1
We defer the proofs of Lemmas 5.1 and 5.2 and first deduce Proposition 5.1.
Proof of Proposition 5.1. Leto, k :=k(o, L) and Y? be as introduced before Lemma 5.1. Then we define Yy = 17;’

for s € [0, ox], and Y7 — ng =Yy — Y5, for s > ox. By (3.15), uniformly in z € (1,1 + 1/L], we may rewrite the
left-hand side of (5.1) as

L
/ Eg (205 o Ly S ((Y9)ser0.1) | K (IL = b, 00)) db

=E7 [1p=02" By [£((Y7)se0.20)]]

<EZ[(1+ L7 Lpory ] + B [EY [ () seqo0,0)]]

< Cre CF +5ePI Py (HL(Y7) < M) +eep, (5.5)

where the bound for EJ [(1 + L_l)kl{k> 1] follows from standard large deviation estimates for the i.i.d. random
variables (0; — 0;j_1)ieN. In (5.5), the first and the last terms can both be made arbitrarily small by choosing B; large
enough, and D large enough in M = IEg[HL )]+ Dp_3/2ﬁ, which follows from (3.8) and (4.4).

Recall the decomposition of Hy, (Y?) in (4.5). Fix any § > 0. Since I?S" = Y7 on [0, ox], by Lemma 5.1, we can
choose Bj large enough (uniformly for p € (0, 1]) such that for all a € [0, (1 — 3¢)L], we have

k(o,L) k(o,L)
IP"’]P’OU< Z H L (Y) - Z Eg[HE | ()] <4Dp—3/2ﬁ> <. (5.6)

i=1

By the same reasoning as in (4.7), we note that Zk(" D He"t Lo ](Y") and Zk(” L) prext (Y”) differ by at most

[oi—1,0i]
A% = L'/4 Therefore by Lemma 5.2, we can choose B; large enough such that

k(o,L) k(o,L)
P”PO“< dHS (7)) = DD EG[HS (D] < —2@) <. (5.7)

i=1
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In the decomposition of Hy (Y?) in (4.5), again by (4.7), we have
Hy (%) ~ BY THE )] = oo + B [Cor) 2 243 = 211/ 5.8

where Cy, y is defined exactly as Cy,yo with Y7 replaced by Y. The same calculation as in the proof of Lemma 4.1,
(4.4), to appear in Section 7, shows that Var(Hmt 1) = Cp3L and Var(Hlnt ) = Cp~3L. Since by construc-
tion, Y? have the same increments as Y on [0, a] and [ox, L], we can choose D large enough such that

PIPY° (H (r7) —ES[Hp, (] < —Dp~ VL) <3,
PoPy (H (7)) - B [H™ ()] < —-Dp~/*VL) <. (5.9)

[ok,L

If we first choose D large and then By large, and let M = EX[H (Y)] + Dp~*/2/L, then by the decomposition of
Hy (Y?) in (4.5) and (5.6)—(5.9), we find that in (5.5), we have

PPy (HL(Y7) < M) <45,
Since § > 0 can be made arbitrarily small, Proposition 5.1 then follows. (]
(OB i (7)) and
(Y") is based on

We now prove Lemmas 5.1 and 5.2 by controlling the mean and variance of }
Zk(ff ,L) Fext

k(aL) ¢
i=1 Hig_ o) Hm

(Y?), conditional on . Our bound on the conditional mean of dois [o:_1.01]

the following lemma, which also leads to our choice of L = eBir"

Lemma 5.3. Let (Aj)ien be i.i.d. with common distribution K(t)dt on [0,00), where we have K(t) = (1 +
PIP+pn ()G Let ZE = ¥R 1 0 _qusy with L =eB17™" where (1 — §)¢ = 1 and ¢ > 2. Then there ex-
ists By > 0 such that for any h > 0 and § > 0, if By = B1(p) is sufficiently large, which can be chosen uniformly for
p € (0, 1], then we have

L
IP(Z zk <Bzh\/Z(logL)l_5) <s. (5.10)
i=1
Proof. If B is sufficiently large, which can be chosen uniformly for p € (0, 1], we have
. [F VA 0+ 0)paipna®) L da -
L :=]E[z,.]=/ dAzC/ ———— >4By(logL)' ¢
2e (log A)S G 2e A(]O A)E

for some B; > 0 independent of By, & € (%, 1) and p € (0, 1]. We then prove (5.10) by a large deviation estimate.
Namely, if we let M (1) = log E[eAZlL], then for any A < 0, we have

hL
IP’(Z ZF < Boh/L(log L)l—f) <exp{hv/L(M (1) — ABy(log L)' ) }. (5.11)

i=1

Let A = —L1/% Then for B sufficiently large, uniformly in p € (0, 1], we have

-
M) = 1og</ooewmim‘<ze<A<L”"> 1+ 2)Pa+pa®) dA)
0

G

o VA I+ p)pa+pa0)
< 10g<A <1 — 72L1/8(]0g A)é 1{26<A<L1/8}) G dA)

_ ML nr 1=
_]0g<1 2L1/8>< 2141/8_2)»B2(10gL)
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Therefore the right-hand side of (5.11) is bounded by exp{— MBZL(% }, which tends to 0 uniformly in p € (0, 1]

as By 1 oo, thus implying (5.10). (]
Proof of Lemma 5.1. For i € N, let A; = 0; — g;_1, which are i.i.d. with common distribution K (#)dt = (1 +

P)P(1+p):(0)dt/G. By Lemma A.2, for any § > 0, we can find C; > 0 small enough such that for all L sufficiently
large and uniformly in a € [0, (1 — ¢)L], we have

PS (k(o, L) < C1veL) < %. (5.12)

By Lemma 4.2, (4.10), almost surely with respect to o,

k(o,L) k(o,L)
. CVA;
Ey [HE | oY —E§[HE ———— e p, <118} 5.13
; ( 0 [ (71,011 )] 0[ [o7—1,011( )]) = ; /p(log A {2e<A;<L1/8} ( )

while by Lemma 5.3, given 7 = C14/¢ and § > 0, we can find B, > 0 such that for all B; sufficiently large, we have

C1v/eL
CJVA; ChB; _ 8

4 ———— 1, ———=C1VeL(logL)' ™5 | < —. 5.14

a < Z ﬁ(log Al)é {26<A,<L1/8} < \/5 1 3 (Og ) —_ 4 ( )

Therefore for a set of o with probability at least 1 — 5, conditional on o, we have
k(o,L) N3
. ~ eL _ -
2 (B [Higy_, o (F)] = E5 [Hig._, o1 (D]) = CC1B—=(log L)' ™% = Dap™¥2VeL, (5.15)

i=1

Bio /09

where D) = CC1BzBll_s and we used L =eB1P™" = . For any o, by Lemma 4.2, (4.11),

k(o,L)
(Z HE )\o—) 0L -y = oL

D5/ can be made arbitrarily large by choosing B large. Therefore for any D; > 0 and for all o satisfying (5.15),
by making Bj sufficiently large, we have by Markov inequality

N >

kD) ko.L)
Fo (Z HE | o Z Eg [Hig , on()] < D1p™? 8L> =
i=1

Since the set of ¢ that violates (5.15) has probability at most %, this implies (5.3). ([

Proof of Lemma 5.2. By Lemma 4.2, (4.8), for all o, we have

ko.L) k(o.L)

Z EO“[HFO)'?_I,G,'](?U)] - Z ]Eo [H[i;t 1,011 (Y)] > 0.

i=1

Therefore to establish (5.4), by Markov inequality, it suffices to show that: For any § > 0, if B; in L = LT
sufficiently large (uniform for p € (0, 1]), then for all a € [0, (1 — &)L], we have

k(o,L)
Pg <Var( > HG (%) o) > 8L> <. (5.16)
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We will decompose the sum Zk(a L) Hﬁ;‘ Lo ](f’“) to extract some independence.

Given o :={0g=a <o <---},let 79 =0, and for j € N, define inductively
T :=min{i >Tj_1:0; —0j_1 > Ay = L1/8}.

Let J =J(o,L) :=max{j € N: or; < L}. Then we have the decomposition

k(o,L) J Tj—1 k(o,L) J
Z H[eo);t 1 (71 = Z Z H[e(;(tt 1s ‘Tl YU) + Z H[‘Z:t 1, ‘71 Z e(;(rt -1 (71 )
j:li:‘rj_]-i—l i=t5+1 j=1
Now note that conditional on o, Zl = 1+1 H[?;Et,l,a ](Y”) 1<j<J,and Zf{(arJL-i)—l H[eét o] ()70) are all inde-
pendent. Similarly, for even (resp., odd) 1 < j < J, H[f;“ - ](Y”) are all independent. Therefore using inde-
T ) ‘[j
pendence and the fact that Var(X + Y + Z) < 3(Var(X) + Var(Y) + Var(Z)) (with Y := Z]even HeXt Lo ](Y ),
k(o,L =

Z:=Y"1 HE o) \(F9), X =Y 1P et (Y7) —Y — Z), we have

k(o,L)
V(o,L):= Var( Z HE L (Y7) a>

i=1

J Tj—1
532Var< > HS () )
j=1

i=tj_1+1
k(o,L) J

+3Var< HY o )o) +3ZVar(Hf;:j_mi](17")\a). (5.17)
i=t5+1 j=1 ’

By (4.7), H‘”‘t (Y°) < A% for each j € N. Similarly, using the definition of H*** in (4.6),

~1,07;]

Ti—1
Z Hg! | o YU) <(o7j—1 —o7;_)Ay forjeN.
i=tj_1+1

Therefore we obtain from (5.17)

J+1
EJ[V (o, L)] < 3E] [Z(o,j_l — o1, )ZAg} +3E] [ 43]. (5.18)
j=1

Note that o, 1 > 0k(s,L), in particular, the second term on the right-hand side of (5.17) is accounted for in (5.18).
Let A; = 0; —0;_1, which are i.i.d. Then k(o, L) + 1 is a stopping time w.r.t. the sequence (A;);eN, and by Wald’s
equation [6], Section 3.1,

k(o,L)+1
EZ[J] < Eg[ 3 1{A,->Az;] =ES[1+k(o. L)]PS (A1 > Ap)

i=1

1 0)dr L
< (l—l—Cl\/Z)/ (14 p)P1+p):(0) <c =,
Ay G A2
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where we used Lemma A.2 and the discussion following it to deduce EJ[k(o, L)] =C 1v/L, and we bounded p;(0)
by Ct73/2, Note that (0;,-—1 — 07, 07, — U,j_l), j €N, is an i.i.d. sequence of R2-valued random variables, and
J 4 11is a stopping time with respect to this sequence. So again by Wald’s equation,

J+1
Eg [Z(Uf.i—l - ij—l)2:| =E7[J + 1]E7 [(Url—l - Ufo)z] ( +Cy L/A2 EU |:<ZA Lia; <A2}) :|

j=1

where if we denote Z; 1= A;1{a;<4,) and p :=EJ[Z;] = OAZ(I + p)G_ltp(Hp),(O) dr < C/Aj, then

71 2 7] 2 7 2
EZ[(Z Ailm,-«m) }=EZ[<ZZ) }szEZKZ(Z,- —u)) }+2uzﬁg[13]
i=1 i=1 i=1

= 2E7 [1E] [(Z1 — W] + 2u°E] [¢7]
< 2E] [n]E] [Z7] + 2 E] [+7]

2 /20 + p)G' 2 p(14py (0) dt 4C24A,
P7(A1 = Ar) P (A1 > Ar)?

< CAj,
where we have used Wald’s second equation [6], Section 3.1, and the fact that 77 is a stopping time for (A;);cn, Which

is geometrically distributed with EZ[11]= p~! and EJ[t{] = (2 — p)/p? <2/p? for p =P (A > Ay) > C//A,
Collecting the above estimates and substituting them in (5.18) then yields

EZ[V(o,L)] < CVLA)? =cL'e,

which by Markov inequality implies (5.16) if By, and hence L = e? 107 s sufficiently large. ]

6. Proof of Proposition 3.2

The deduction of Proposition 3.2 from Proposition 3.1 is model independent. Part of the proof is similar to its discrete
time analogue (see, e.g., the proofs of Proposition 2.3 and Lemma 2.4 in [10]), with the main difference being that
in the integrals in (3.11) and (3.12), we have excluded not only contributions from b € [a, a + L], but also from
b e[L —e¢L, L]. The latter requires new bounds.

First note that by (2.3), foranyO <a<b < Landz€[1,1+ L1, we have

m
Ey Z[Zap;;r]ly Z/ / ZmHK(Ui —0i-1)doy---doy 1
op=a<0]<--<0py=b i=1

— X—-Y\—1 b
— Z(GX—Y) 1E())(,by [ez(G 7 l{XS:y“dsl{Xb=Yb}|Xa _ Ya]
— —1 X-Yy—1 b
< Z(GX Y) E())(!,()Y[e(G ) A+, I(XXZY“dS)l{Xb:YbHXa — Ya]
= ze(GX—Y)—' P(b—a)<CP(b—a), 6.1

where P(t) is defined in (3.13), and C > 0 is uniform in L > 1 and Y’s jump rate p € [0, 1]. For the inequality in the
third line, we used z < 1 4+ L~! and b — a < L, while the equality in the last line follows by Taylor expanding as in
(2.1)and setting z = 1,i.e. 8 = 1/GX~Y,in (2.3) and then averagingover Y. Let [ = {i] <i» <--- <ix} C {l,...,m}
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for some m € N. Then by (3.10), Proposition 3.1 and (6.1),

Bz [ - o T] K@ —by)
a< (S

j=1
1<j<k

k
X (Cl{bjfaj<gL} + Cl{bjz(ij—s)L} + S)P(bj — aj) 1_[ daj dbj. (6.2)
j=1

We will show that for any > 0, if ¢ > 0 and § > 0 are chosen sufficiently small, then we have

By [f1()27] f / (Czpt ]_[ K(aj—bj_1)P(b; —a;) ]_[daj db;. (6.3)
aj<bj eA j=1 j=1
1<j<k
Proposition 3.2 then follows from the bound

11

C
PL(I) _/ / ben HK(aj—b] DPb, —a])l—[da]db <cLHm, (6.4)

i j=l1 Jj=1 Jj=1
1<j<k

where C;, depends only on L.

First we give a proof of (6.4), which is similar to its discrete time counterpart, [10], Lemma 2.4. We partition [
into blocks of consecutive integers {uy,uy +1,...,v1}, {ug,uo +1,...,v2}, ..., {ug,u; +1,..., v}, where u; —
vj—1 >2forall 2 < j <I. When substituting the definition of P(b; — a;) in (3.13) into (6.4), the resulting multifold

expansion is the probability of a set of renewal configurations, where the variables of integration constitute the renewal
configuration o. By only retaining the constraint that o intersects A,; and A,, for 1 <i </, we obtain

! I
PL(l) < /b /b [[&(@j—bj-)Pb;—a;)[]da;db;, (6.5)
a)<og aj<o|

i=1 i=1
aj€dy, ,bleAUl aleAu[,bleAU, J J

where by := 0. We integrate out one pair of variables a;, b; at a time. For j =1,

/ / K (a; — bj—1) P(b; — a;) db; day
aj<b;

a[EAul,hleAvl
< ¢ / / P(b )db; d (6.6)
= | —ay)dbyday, .
(ug —vi—1)32L3/2 ar<by
aleAl,],bleAvl
. C C
since aqj —b;_1 > (u; —vj—1 — 1)L > L, and hence K (a; —b;_1) < (u,—vl,1—11)3/2L3/2 < T T Regardless of

whether u; = v; or v; > u;, by Lemma A.1, we have
32
P(b; — a;)db;da; < db[ da; <CL
aj<b; aj<b; l —a
a;EAu[ b[EAUI a/EAuI b]EAU[

Integrating out a;, b; in (6.5) thus gives a factor C(u; — v;_1) /2. Iterating this procedure then gives the bound in
(6.4), where a prefactor Cp = L3/2 arises when we integrate out a; and b in the case u1 = 1. This proves (6.4).
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To deduce (6.3) from (6.2), we first bound the contributions from C1;, j—aj<eL}- We claim that there exists some
C > 0 depending only on K (-) and uniform in p € [0, 1], such that for all L sufficiently large, ¢ € (0,1/4), and
a <0< L <b, wehave

/ K(s—a)P(t—s)K(b—1t)dtds < C/e K(s—a)P(t —s)K(b—t)dtds, 6.7)
0<s<t<L 0<s<t<L
t—s<eL
/ K(s—a)P(t —s)dtds <C+/e K(s —a)P(t —s)dtds. (6.8)
O<s<t<L O<s<t<L
t—s<eL

To prove (6.7), note that either s < L/2 or s > L/2 in the integral. Using the fact that K (¢) ~ ﬁ% by the local central
limit theorem and the fact that fot P(s)ds ~ C+/t by Lemma A.1, we have

Cvel

K(s—a)P(t—s)K(b—t)dtdsS7/ K(s—a)ds
/(;53<th (b - 3L/4)3/2 0<s<L/2

s<L/2,t—s<eL

- C+/eL

< — K(s —a)ds,
b2 Jo<s<r2

where we used b —t > b — 3L /4 and b > L. On the other hand,

/ K(i—a)P(t —s)K(b —t)dtds > / K(s—a)P(t —s)K(b—t)dtds
O<s<t<L 0<s<L/2
O<t—s<L/4
Cv/L
> VL K(s —a)ds.

= b2 Jos<i2

Together with a similar bound for the left-hand side of (6.7) integrated over s > L /2, this implies (6.7). The proof of
(6.8) is similar and will be omitted. Substituting (6.7) and (6.8) into (6.2) then gives

Eg[f1(V) 2y ]

k k
st [ f [T K@) = b;-(Clipzi, ey + P, —a) [ [ day db;, 6.9)
aj<bj€A,' ]_1

j=1
1<j<k

where 77 = C\/¢ + 8, which can be made arbitrarily small by choosing ¢ and § small. By expanding the product
]_[l;zl(Cl{ij(i i—o)L) + 1), we note that (6.3) follows once we show that there exists some C such that for any
J c{l,...,k}, we have

k k

/m/ [1K@ —bj-)P®; —ap []dajdb; < (cve) P, (6.10)

lfjfklaj<bj€Aij j=1 j=1
jeJ:bj=(ij—e)L

where Py (I) was defined in (6.4).
If J = @, then (6.10) is trivial; otherwise, let [ be the largest element in J. It suffices to show that we can replace
the indicator 1> (;,—¢)z) by the factor C/e. We can then apply the argument inductively to deduce (6.10). There
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are three cases: either (1) [ = k; or (2) ij+1 —i; > 2; or (3) i;+1 — i; = 1. For the case [ = k, it suffices to show that
uniformly in by € A;,_,, we have

// K(ak_bk—l)P(bk_ak)dakdbkSC«/Eff K (ay — by—1) P(bx — ar) day dbg.  (6.11)
ak<bk€A,‘k ak<bk€A1k
br>(ix—¢)L

u+elL

Note that by Lemma A.1, uniformly in # > 0, we have f P(s)ds < C+/¢eL for L large. Uniformly in u > 0, we

u

also have fu"+L K(s)ds <2 f”+L/2 K (s) ds. It follows that

u

// K (ay — br—1)P(by — ay) day dby <2CvVelL K (ay — by—1) dag.
ap<breAj (ik—DL<ar<(ix—1/2)L
bi>(ix—¢)L

On the other hand, by Lemma A.1, fof P(s)ds ~ C+/t. Therefore for L sufficiently large,

/f K (ax — br—1) P(by — ay) day dby, Z/ K (ax — br—1) P(bx — ay) day dby,
ar<breAi, (ix—DL<ar=(ix—1/2)L
0<by—ax<L/2

> CVL K (ar — bx—1) dax.
(ir—DL=ax=(ix—1/2)L

The above two estimates together imply (6.11).

For case (2), ij+1 —i; > 2, it suffices to show that uniformly in b;_; € A;, , and a;41 € A we have

U410

/ / K (s —bi—1)P(by — an) K (ars1 — by) day dby
a1<b16A11

b= —¢e)L

< Cﬁ/f Kt — b)) P (b — a)K (ars1 — by) day dby.
a1<b[€/\,l

This follows from the same proof as for (6.11) once we note that, because a;11 — b; > L, uniformly in 51,52 € A;,

andt,1 € A;,,, we have C < % < C~! for some C ¢ (0, 00) depending only on K (-).

For case (3), ij+1 —i; = 1, there are two subcases: either / + 1 =k or/ + 1 < k. We only examine the case [ + 1 < k,
since the case [ + 1 = k is similar and simpler. To simplify notation, we will shift coordinates and assume / = 1 and
i; = 1. Since [ is the largest element in J, it suffices to show that uniformly in by <0 and a3z > 2L, we have

/ / K (a1 —bo) P(by —a1)K (az — b1) P(by — az)K (a3 — by) da; dby dap dby
by>(1—g)L
0<a1<b1I<L<az<b2<2L
SC«/E/-“[ K (ay — bo) P(b1 —a1)K (az — b1)
O<aj<bi<L<ay<by<2L
X P(by —ap)K (a3 — by)day dby da, db,. (6.12)

By restricting the region of integration to a; € [0, L/4], by € [3L/4, L], ap € [L,5L/4] and by € [7L/4,2L], and
using the fact that P(1) ~ G K (1) ~ 75, [ K (s)ds ~ -, we find

7’

/ / K (ay —bo) P(by — a1)K (az — by) P (b — az) K (a3 — b2) da; dby dap db;
O<ay<bi<L<ay<by<?2L

2L
K (az — by) dbs. (6.13)
4

C L/4

— K (a; — bg)d
zﬁo (a1 0)611/

7L/
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To upper bound the left-hand side of (6.12), we claim that uniformly in all b1 < L < 2L < a3, we have

2L p2L
/ / K (a2 — b)) P (b — @)K (a3 — by) dbz da
L ap

2L
K (ar —bﬂdaz/ K (a3 — by)db,, (6.14)
7L/4

c 5L/
S_
VL JL

and uniformly for all by <0 and (1 —¢)L < by < L, we have

by C L/4
/ K(ai —bo) P(b1 —ay)da; < —/ K (ai — bo)day, (6.15)
0 V'L Jo
which when substituted into the left-hand side of (6.12) imply that

/ / K (a1 — bo)P(by — a1)K (a2 — b1) P(bs — az) K (@3 — by) da; dby daz db
b1>(1—¢)L

O<aj<bi<L<ary<by<?2L
2L

c L 5L/4 L/
< —/ / K (a» — by)day db]/ K (a; — bp) da1/ K (a3 — by)db;
LJa-or/L 0 7L/4

c L/4 oL
G / K —boydar | K(as —ba)dba, 6.16)
L Jo TL/4

where we used the fact that ;"% K (ay — by) day < ﬁ Together with (6.13), this implies (6.12).

To prove (6.14), note that the bound therein certainly holds if we restrict integration to a; € [L, %] and b €
[%, 2L]. If either of the constraints on ap and b; fails, without loss of generality, say a, € [%, 2L], then because

K (1) < - and [j P(s)ds < C+/7, we have

2L p2L
/ / K(az — b1)P(by — az2)K (a3 — by) dby das
SL/4 Jay

C\/Z 2L
C\/Z /ZL
< K (az — by) db;
(5L/4—b1)*? J71)4
c (5L 2L
<—= K(az—bl)dazf K (a3 — by)dby,
«/Z/L TL/4

since [;"/* K (a2 —b1) day > SE (3L — by)~3/2. This proves (6.14). The proof of (6.15) is similar and will be omitted.
This completes the proof of (6.10) as well as of Proposition 3.2.

7. Proof of Lemma 4.1

Note that (4.3) is obvious. For s € [0, L], let us denote

liy,=v,)
hrp(s,Y):= B 5 et 13 B Y
2 ) /;<t<L (log(t — S))s

Al<t—s<Ap
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Then
Var(HL(Y))
= 2/ (ES[hr(s1, Vhp(s2, V)] = E{ [hr(s1, V) ]ES [AL(s2, ¥)]) dsi dso
O<sy<sp<L
E 2//// |]P)(})/(YY] = Yt1 5 YS2 = Ytz) - Pg(YH = YZ]S)]PJg(YSz = Yt2)| d[] d[2 ds1 dS2
O<sy<so<L,ty,tp<L (IOg(tl - Sl) IOg(lz - S2))
Aj<ti—s1,hh—s3<Ap
o0
52/ ¢ (52— s1) dsy dSzEZL/ ¢ (w) du,
O<sy<srp<L 0
where
sy [T BoTo=Yo. Yu=Vy) “By(o=Yo By =¥l ;o an
B
A Jwra, (log s1log(s2 — w))

To prove (4.4), it suffices to show that fooo ¢(w)dw <C/ ,03.

Note that in (7.1), s1, 52 fall into three regions: (0) 0 < s; < w; (1) w < 51 < 52; (2) w < 572 < 51. In case (0), the
integrand in (7.1) is O by the independent increment properties of Y. In case (1), let 7 =51 — w and r, = 55 — 57,
while in case (2) let r{ = s, — w and r, = 51 — 52, then

¢(w) =I1I(w) + (w) (7.2)
with

I(w) = / f 1 PG (Yo =Yurtrs Yo = Yutritr) = Ppcutr) O Poe4r2) O dre dr
Do HZAvnH=Al (og(w + r1) log(r1 + r2))% b

|P(})/(YO = Yw+r1+r27 Yy = w+r1) - pp(w+r1+r2)(0)l7pr1 0]
I(w) = L= a) ] £
[0,00)2 (log(w +ry +r2)logry)

dr1 dr2
Since & > 1/2, we establish (4.4) once we show that there exists C > 0 such that

C
I(w), M(w) < — for all w > 0,
P (1.3)

I(w), I(w) < forallw > A; =e.

o3w(logw)
In I(w), by Lemmas B.1 and B.2,

P())/(YO = YUJ-H‘l Yy = w+r1+r2)

. C
=2Zj Pow (@) Por, (—X) Pory (¥) < mm{ Pon O Pon 0. 5 s }

from which we easily deduce that I(w) < 2(/0Oo Por(0) dr)? =2G?*p—2. Similarly, I[I(w) < 2G%p~2. On the other
hand, by the local central limit theorem, Lemma B.1, we have

C
I(w) < E ,//[O,oo)z Lwsri> A1 r+r> A1)

o 1/ (wry 4+ wry +r172)3% 4+ 1/((w 4 r1)3%(r +12)%?)
(log(w + r1) log(ry 4+ r2))%

dry drp. (7.4)
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Let 1 = wt; and rp, = wty, and assume w > Ay, then (7.4) becomes

1/t + 0+ 01132+ 1/((1L+1)32 () + 1)3?)
I(w) < — 1{1+z >Aywl 4> Ajw)
10,00 A A (log(w(1 +11))log(w(ry + 12)))%

dty dry

1 1
< = + dr dr 7.5
,03111(105%“))2E //tl,t2>0<(tl +h+1n)?  (1+0)3%(1 +t2)3/2) 1 73
t+n>1

2
S I 1 _ dt
p3w(log w) f /zl,,zzo (=A™ G R (log(w(ty + 1))

H+n<l

1 d1z. (7.6)
The integral in (7.5) is finite. Letting y = #; + #», the integral in (7.6) equals

1 2 1 (v 2
— _dy=— — = d 7.7
-/:41/w VY (log(wy))s Y Jw Ja, /x(logx)é * 7.7)

O 4x 2 4t 1 c
C Jw(ogx)E 4w Ja, f(logx)”f (logw)f’

which proves that I(w) <
In II(w),

- Cc
T log)E for w > Aj.

IED(I)K(YO = Yw+r|+r2a Yy = w+r1) = Z Ppw(x)Pprl (0)ppr2(_x) = Pory (0)pp(w+r2)(0)-

xeZ?

Therefore

0 0) — 0
II(U)) :// 1{r1>A1}ppr1( )|Pp(w+r2)( ) P,o(w+r1;r2)( )| dr1 drz. (78)
[0,00)2 (log(w +r1 +1r2)logry)

We separate the integral in (7.8) according to whether r| > w or r; < w. When r| > w, we have

/00/00 1 Por (O)|pp(w+r2) 0) — Po(w+ri+rp) 0)]
tri>4 (log(w + 7 +r)logr)é

* Pow(1+6)(0) + Ppw(1+1+1)(0)
3/2 E 32 drp drg
(log w) 1, (log(wt)))E

o0 3/2
/ / 1/(w(1+ 1)) drydiy
3(10gw)§ /(logw)g

,o- w(log w)%’

drp drg

where we used the local central limit theorem to bound p;(0) < Cs~3/? and made the change of variables r; = wt;
and rp = wr. When 0 < r; < w in (7.8), by Lemma B.3, we have

/w/oo 1 Por (0)|pp(w+r2) 0) — Pp(w4+ri+r) 0)]
AT Glog(w + 1 + r2) log r)E

drp dry

w poo 3/2 5/2
Por (0)(r1/ 7= (w +12)°7%)
< 1 dr d
=< (logw)g,/ / (r1>A1) (logrl)f rp dry
1
<— 1 drod
= p3(logw)€fo fo A e w + )32 (logrE 2
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C I poo 1
= 1 _
p3w(logw)s fo ./o =A™ (1 + )52 (log (wi))E

drp drg

C ! 1 o)
=5 G Fdn=—3 %"
p3w(logw)s Ja, j /T (log(wty)) p3w(logw)

where the last inequality follows from the same calculation as in (7.7). This proves that II(w) < for

c
p3w(log w)2
w > A1 and concludes the proof of Lemma 4.1.

8. Proof of Lemma 4.2

Proof of Lemma 4.2, (4.8)—(4.9). By definition, conditioned on o,

Yo =Y — P(Y,, =Yy,) .

52 dSl.
log(s2 — s1)

. P(
B 5 )] = B [ 0] = [ [
po s 0; <851 <0;4+1<852
Al<sr—s1<Ar
To prove (4.8), it suffices to show that

P(Y] =Y7) > P(Y, =Y,,).

This follows from Lemma B.5. Indeed, we can decompose Y7 — Y7 as the sum of independent random variables

1 —_ o o L — o o .
Z1,2Z3, ..., Zn+1, where n is such that 0,4, <52 < Gitnt1, Z1 = Y0i+1 — Ys.’ Zj= YJ[H — Ym+_,~_1 for2 <i<n,

and Z, 4| = Ys‘; — ng’. From the definition of Y,

Zx pSYl —0; (x)pgi+l—51 (y)pg'(iJrl—Ui (x+y) _ Pp(oir1—s1) (V) Poiy1—0i+p(si—0) (V)

P(Zy=y)= -
J 2 (1) P(+p)(@i1—01) (0)

’

where we used the fact that X and Y have the same symmetric jump probability kernel with respective rates 1 and p.
Therefore Z; is distributed as X (g, ,,—s,) conditioned on X (14 p)(s;,—0;) = 0. Similarly, Z; for 2 < j < n is distrib-
uted as Xp(giﬂ. —0iyj1) conditioned on X(Hp)(giﬂ. —0iyj1) = 0, and Z,,1 is distributed as X (5,0, conditioned on
X (149) (01 4n41—0in) = 0. Therefore Lemma B.5 applies. The proof of (4.9) is analogous and simpler. |

Proof of Lemma 4.2, (4.10). Without loss of generality, assume that o9 =a =0, and leto; = A.For 0 <s; <53 <A,
we have

> xyezd Posi ) Pp(sa—5) (0 Pp(a—sy) (V) Pa(x + y)
P+p)a(0)

P(Yg =Y)) =

_ DP1+p)A=p(s3—s51)(0) Po(s3—s1) (0)
Pa+p)a0)

Therefore, conditioned on op =0 and o1 = A,

B [Hign.o01(Y7)] — Eg [Hig 0 (1))

_ // P(Yg = Y;;) — P, =Ys,) dsy ds,
0<sy<sy<A (log(sz — 51))¢

Al<sr—s1<Ar

_ Ppsa—s) (O (P+p)A—p(s,—51)(0) — p(14p)a(0))
= dsy dsy
0<s1<sp<A P+p)a(0)(log(sz — 51))¢

Al<sr—s1<Ar
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>C (1 + ) A2 (p(s2 — s1) /(1 + p)A)/?) o
- 3/2(sy — s1)3/2(1 ToE s2dsy
O<si<sy<A 0°1%(s3 — 51)°/*(log(s2 — s1))
Al<sy—s1 <Az
// dsp dsg CJA . )
= A[ O<s|<s1<A m(log(sz _sl))g - SI(IOgA)E {2A1<A<A2}, .

Al<sr—s1<Ap

where we have applied Lemma B.3 and used the local central limit theorem to bound p,(0) < C1¢t=3/2 for all t > 0
and p, > Cot=3/2 for all t > 1. This proves (4.10). O

Proof of Lemma 4.2, (4.11). Without loss of generality, let 6o =a =0 and o1 = A. We have
t
Var(Hig, o1 (Y) o)

P(Y Yg, Yq—YU)_P(YG—YU)P(Yq—YU)
// : 2 dsy dsy ds) ds
O<sy<sy<A,A|<sp—s1<Ap (103(52 —51) 10g(S2 — Sl))

O<sj<sh<A,Aj<s)—s| <A

IP(Ys =Yg, Y‘f = YU) —P(yy )P(YG =Yl
52// 2 dsy dsy ds| ds. (8.2)
O<s1<s2<A,A;<s$3—85] (IOg(SZ - S])IOg(S2 - sl))s

sp<s|<sh<A,A1<s)—s]

In the integral above, s1, 52, 5] and s} fall into three regions: (1) s; < s2 <] <55 (2) 51 <s5] <52 <55 (3) 51 <s] <
sy < s2. Inregion (1), let ri =53 — 51, 72 = 5| — 52, r3 = 55 — 5|, and similarly in regions (2) and (3), let 71, r, and r3
be the successive increments of the ordered variables. Let (1), (2) and (3) also denote the respective contributions to
the integral in (8.2) from the three regions. Then for (1), we have

]P’(Y" =Y7 Y" —Y”)

A
Zx,y,zeZd Posy (X)Pprl (O)Pprz ()’)Ppr3 (0)pp(A—S1—r1—r2—r3)(Z)pA (x + y + Z)
P+p)a(0)

— Por; (0)17,or3 (O)P(l+p)Afp(r1+r3)(0)
P+p)a(0)

)

and
P(Yg =Y3)P(Yg =Y7)

_ Pon O)pa+pyA—pr ) Pprs (0) P4p)A—prs (0)
Pl+p)a(0)?

Therefore

(1) = // Pory (O)Ppr3 (O)p(1+p)Afp(r1+r3)(O)
0<sy,r1,r,i3<A,A1<ry,r3

P(1+p)A(0)
s1+ri+r+r3<A

_ Ppri ) pa4p)a—pr (0)Pprs (0) P(14p)A—pr3 (0)
Pa+pa(0)?

/ (log r1 log r3)€ dsy dry drs dr. (8.3)
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By similar considerations, we have

) = / / dsy dry drp drs
0<sy,r1,r2,r3<A, (IOg(rl + 1) lOg(rZ ""'3))g
Ay <ritry,rptr3,sitritrtr3<A

% ’ erz3 Por, (X)Pprz (x)Ppr3 (X)P(l+p)A—p(r|+r2+r3)(x)
P(1+p)A0)

_ Ppri4+2) O P4p) A= p(r14r2) (0) Po(ry+r3) (0) P19y A ,O(r2+r3)(0)
Pa+p)a(0)?

3) _/ / dsy dry drpdrs
0<s1,r1,r2,13<A, (10g(7‘1 +ry4r3) ]()grz)f
Ay <ry,si+ri+r4ri<A

8.4)

X ‘P,O(Vl+r3)(0)p,0r2 (0) p(1+p)A—p(ri+r24r3)(0)
P(1+p)A0)
Lo+ O PA40) A= p(r14r2+r3) () Pory (0) P140) A pr2(0)
Pi+p)a(0)?

(8.5)

We will show that (1), (2), (3) are all bounded by C ,0_3A for some C uniform in p € (0, 1] and A > 0.
For (1), we have

(1) < A? / / D01 0 Pprs O P19 (0 P11 —p 472 (O)
Ar<ri,r3<A
ri+r3<A

— Pa+p)r—pri O PA+p)A—pr3 (O)|/p(1+p)A(0)2(10g r1logrs)® dry drs

CA5 p2r1r3/A5 dr d
Ay <ri,r3<A r r3 (logry logrs3)s

— ’

0

where we used the local central limit theorem to bound p,(0) and we applied Lemma B.4 witht = (1 + p)A — p(r;1 +

V3).
We can bound (2) by passing the absolute value in (8.4) inside. By Lemma B.1, p;(0) < W for some C > 0

for all s > 0, and for A large, we have

Paes®) L2 forall0<s < pA and x € Z3. (8.6)
P+p)a(0)
Therefore
/ / (Por+r) O P(14p)A—p( +r2)(0)pp(r2+r3)(0)p(l+p)Afp(r2+r3)(0)/p(l+p)A(O)2)
0<sy,r1,r2,r3<A

Ay <ritry,r+r3,sitri+rtr3<A

/(log(r1 + r2)log(ra + r3))E ds{ dry drydrs

1
— dridr dr
PE / /osrl,rz,w L+ 71422 +r2+r3)2(log(e + r1 + ro) loge +r2 +r3)E L0203

= 5 (8.7)
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where the last integral is finite since integrating out 1 and 3 leads to a bound of the form fooo m drp <

oo. For the remaining term in (8.4), we have

/ / 2 xez? Pori () Ppr, () Pors (X) P+p) A—p(ri r24r3) (X) dsy dry dra drs
0<s1,r1,r2,r3 <A P+p)a(0)(dog(ry + r2) log(ra +1r3))¢
Ay <ritry,ratr3,sitritrtr<A

// dr1 dr2 drg
3 J Jo<rirars<oo (L rir2 +rir3 +r2r3)3/2(log(e + r1 + r2) log(e + ra +r3))%

CA // drydrp
- P 0<ri.r<co (log(e +r)¥ (r1 +r)/T+rir

drd
</ = 7 88)
0=t.r2<00 (log(e + 1)) % (1 4 1),/ 1 + 173

where we used (8.6), applied Lemma B.2, and made a change of variable r| = tr;. The integral in (8.8) is clearly finite
when integrated over r, > 1, since we can bound \/7 by rziﬁ' For 0 < rp < 1, note that
1+1r

<C —2Inry,

/‘OO dr _/‘X’ dw
0 dtn1+m2 Jo @HHVT+w

which is integrable over r, € [0, 1]. Therefore the integral in (8.8) is finite, and together with (8.7), this shows that
(2) < Cp3A.
For (3), we have

3) < A/ / dry dry drs Pors O P(14p)A—p(r1+ratr3) (0)
B O<ry.r3<A Pa+p)a(0)*(log(r2))*

Ay<ry,ri+r+r3<A

X | Ppr1413) 0 P14 A 0) = Pp(ry4ra4r3) ) P(14-p) A—prr (0)]

CA? 0 0) — Zpr (0
= // dry dry drs (pp(r1+r3)( )|p(1+p)3A2( ) P(Hz-p)A oy (0)]
P12 J Jo<rir<a (14 1r2)3/2(log(r2))%

=<

Al<m<A

+ P(1+p)A—pry (0)|pp(r1+r3) 0) - P,o(r1+r2+r3)(0)|>

(1 +1r2)3/2(log(r2))*

. P(1+p)A—p(ry+ry+r3) (0) .
where we applied (8.6) to Pana () . Using Lemma B.3, we have

CA? / / Pori4r) O PA+0)A0) = P14p)A—pr, (0)] dr1 drydrs
3/2 0<ry,r3<A (I+ r2)3/2(10g(r2))25

Al<r<A

< A2 pr2/A5/2 dri dro drs
- p3 (1 +r1 +73)32( +1r2)32(og(e + )%
1Y O<ry,r,r3<A 1 3 2 g 2

A 1
— dr2 // ———dr;dr;
‘/() 0<ri+r3<2A (r] + r3)3/2

IA
bN| a

IA

Q
"’_‘l>



286 M. Birkner and R. Sun

Similarly,

CAS? / / P40)A—prs O Pp(ri4+13) 0) = Pp(ry4ry+r) (0]
032 ) Jocrrien (1+r2)32(log(rp))%

dri drp drs

Al<m<A

// r2 /(P32 (1 +13)%2(r1 + 12+ 13))
3/2 0<ry,r3<00 (1+ r2)3/2 (log(VZ))zé

dridrpdrs
Al <rp<0o
1 1
_3//4. /0 J20g(r)% Jw(rs + w)

dwdr;

CA/ / ! drd
= —a r
5 a Jo mlogr)® i+

CA

_p3,

where we used the fact that ff[O,oo)z f@ri+r3)dridr; = fooo wf (w) dw, and made a change of variable w = r¢. Thus
we have proved (3) < Cp~3 A, which concludes the proof of (4.11). O

Appendix A: Renewal estimates

Consider a renewal process o := {09 =0 < 01 < ---} on [0, 00), where (0; — 0j_1)jeN are i.i.d. with distribution
K (¢) dt for a bounded density K on R satisfying

K(t) ~cgt™'7% t— oo, (A.1)

for some « € (0,1) and cx € (0,00). Let K*" denote the n-fold convolution of K with itself, and let P(z) =
Z:il K*(t), as defined in (3.13), be the corresponding renewal density.

We prove in Lemma A.1 a special case of the continuous time version of Doney’s local limit theorem for renewal
processes with infinite mean [5], Theorem 3. Note that [5] allows a general regularly varying function in the right-hand
side of (A.1). We stick to the narrower class, which suffices for our purposes, for the sake of a less cumbersome proof.
Lemma A.1. We have

lim cgrl—@ p(r) = 2SM@D. (A2)
t—00 T
Lemma A.2. There exists a positive stable random variable G with exponent o, such that

1
. ay
tl_l)rrolo]Pﬂa N o, t]| > at ) —P(G < a—l/a> foralla > 0. (A.3)

It is well known that

o _ozo)t oo d oo (A4)
nl/e nl/a

where G is a one-sided stable random variable of index «. Note that ftoo K(s)ds ~ (cg /a)t™%, thus the normali-
sation is chosen here in such a way that E[e %] = exp(—Wk"‘), A>0,1ie., Gis (cxI'(1 — oc)/oz)]/"‘ times
a “standard” one-sided stable random variable of index « (see, e.g., [7], Theorem XIII.6.2). Since the characteristic
function of G decays faster than any polynomial at infinity, G has a C* density g, see, e.g., [12], p. 48. As G is a limit
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of non-negative random variables, we must have g(x) = 0 for x < 0, implying g(0) = 0 by continuity. Furthermore,
g(x) ~ cgx~17 for x — oo with some c¢g € (0, 00), see, e.g., [12], Theorem 2.4.1. In particular, x — x%g(x) is
bounded and uniformly continuous with x 7% g(x) < c¢/(1 + x 1129 for some ¢ < 0o. We have

o 1 _ 1 __sin(am)
ckl(1—a) T(l+a) cxT(l—a)(@)  ckm

/ooxf"‘g(x) dx = (A.5)
0

For the first equality, note that G =% = I'(ar) ! ]OOO 12~1e=G di. The second identity uses well-known facts about the
I" function.

Proof of Lemma A.2. By (A.4),

. o 1 Olar] ! _ 1
tl_l)IngPﬂO’ﬂ[O,l” zat )_11—1>I§OP<|_ataJ1/°‘ = LataJI/a> _P<G = al/a)’

since the distribution of G contains no atoms. O

We will need the following uniform one-sided large deviation estimate.

Lemma A.3. We have for any sequence ¢, — 00

lim sup
n— o0

LSON 1‘ 0. (A.6)
nk(t)

t>c,nl/®

Proof. This follows from [17], Theorem 1, by specialising to the one-dimensional asymmetric case. Note that
Zaigraev [17] attributes the result in the present case (one-dimensional situation, K in the normal domain of attraction
of a stable law) to Tkacuk [15], which the authors unfortunately could not access. U

Proof of Lemma A.1. Our proof follows more or less the scheme of [5], Theorem 3, with [5], Theorem 2, replaced by
Lemma A.3. Even though we use Lemma A.1 in this paper only for o = 1/2, the proof is the same for all « € (0, 1).

By a local limit theorem for sums of random variables in the domain of attraction of a stable law, e.g., [12],
Theorem 4.3.1, we have

sup |n'/*K* (n'/*t) — g(t)] - 0 asn — oo, (A7)
teRy

where g is the density of the one-sided stable random variable appearing as the limit in (A.4). Thus, we can find a
continuous, strictly decreasing function p : [0, co) — (0, co) with lim;_, 5, p(¢) = 0 such that

sup |n'/*K*" (n'/*t) — g(t)] < p(n) forneN. (A.8)

teRy

Obviously, ,o’1 :(0, p(0)] — [0, 00) is continuous and strictly decreasing with limy_, o4 ,o’1 (y) = oo. Note that the
function ¥ : (0, p(0)1/@=*] — [0, 00) with ¥ (y) = (o~ (y2 )/ /y is strictly decreasing, and limy_.o4 ¥ (y) =
00. Define 6(t) := w_l (t) for t > 0. Observe that then ¢ — §(¢) is strictly decreasing and satisfies lim;—, o, 6 () = 0.
Furthermore,

p((301)%) = p((BOY(31))%) = p(p~ (1> ™)) = 8(1)*~, (A9)
proving that 1§ (¢) — oo as t — 0o, and

P (M1

()1~ =46()—>0 ast— oo. (A.10)
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Decompose
[E®1)*]
TN KT @O =17 Y KO+ Y KT () =851+ 5. (A.11)
n>1 n>(8()t) n=1
We have
g — 1@ Z 1 A N E Z U (jagen (e LY _ 4 .S 4R
1= a8\ 1« e e ) T8\ e ) ) T T AL
n>(8(t)t)“ n>(5(t)t)%
where

o 1
IR < p((8)r)%)e' = Z nlja

n>(§()t)*

Since Z,D((;(m)a ll/a ~ fgzt)[)a x~Vedx ~ =5 (8 (1)1)*~1, we obtain from (A.10) that Ry — 0 as 7 — o0.

O

Put x,’ :=1t/n'/*, then we have

t
N ) )y _ ) @ _ @)
nl/o Om(xn _xn+1)_a(t/xn ) ( Xn n+1)
since ann !/ (x{" — (l) LD/t =an(l — (nill/;/a) ~an(l = (1 - #)1/“) — 1, and hence

, (t/xm)“ ® ) O _ O N OV, ()
Sl ~o Z o (xn n+l)g(x )Na Z (xn n+l)(x ) g(xn )

n>(8(t)t) n:nl/e>§(t)t

The term on the right is an approximating Riemann sum and n!/¢

t — 00. Thus, recalling (A.5) and the discussion above it, we have

> §(t)t means x ) < 1/5(t), which tends to co as

. o sin(aT)
S| —>« x Yg(x)dx =— ast— oo.
0 CKT

To bound $7, note that n < (§(¢)¢)* implies ¢ > n'/®/8(t) > n'/* for ¢t sufficiently large. In particular, for such ¢
and n, 8(t) <8(mY/%), so t > (§(n'/*))~nl/e, Applying Lemma A.3 with ¢, := 1/8(n'/*) — oo, we see that there
exists ng € N, 19 < oo and C < oo such that

1/a
K*(1) < CnK (1) foralln>ng,t> ';(t) v fo. (A.12)
Note that
K*(t) <2ncx (t/n) """ <4n®t*K (1) fort sufficiently large, (A.13)

which follows from (A.1) and the observation that K*"(¢) is bounded from above by

m—1

n
Z// . ]{J]_JJ 1>[/n}1_[K(0'z —0i-1) HdO'z
= 20=0<01 < <0n =t

i=1

l—a n
<20K< ) / / ]_[ K(oi —0i_ 1)Hdal
op=0<0|<--<0oy=t .

i=1,i#j
t —1—«a 00 n—1
§2ncK(—> (/ K(a)dcr) .
n 0
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Therefore if the constant C appearing in (A.12) is suitably increased, (A.12) holds for all n € N. Thus for ¢ sufficiently
large, we have

()11 [(5()1)] )
Sy=1""" 3" K1) <2Cckt™™ Y n <2Cckt™*(8(1)r)™ =2Cck8(1)*,

n=1 n=1

which converges to 0 as r — 00. O

Appendix B: Random walk estimates

Lemma B.1 (Local central limit theorem). Let (X;);>0 with Xo = 0 be a continuous time random walk on 742 with
Jump rate 1 and jump probability kernel (q(x))cya, which is irreducible and symmetric with finite covariance matrix
Qij = vepaXixjq(x), 1 <i, j <d. Let p;(-) denote the transition probability kernel of X at time t. Then

pr(x) < p:(0) forallx e Z% andt >0 (B.1)
and

Jlim Q2nt)¥?/detQp, (0) = 1. (B.2)

—00

Proof. Since p(k) :=) ", ya elx) p(x) = e "1=2(0) | where ¢ (k) = Y ovezd e*) g (x) is real by the symmetry
of ¢, by inverse Fourier transform,

! —i(k —t(1—=¢ (k) 1 —t(1—¢ (k)
p (x)=—/ e kvt =00 g < —— e dk = p,(0).
' e Ji—g e Sy ’

For (B.2), see, e.g., [14], Proposition 7.9, Chapter II, where a discrete time version was proved. The proof for the
continuous time version is identical. ([l
Lemma B.2. Let X, q(-) and p;(-) be as in Lemma B.1 without the symmetry assumption on q. Then for any a, b, ¢ >

0, there exists some C > 0 depending only on q such that

c
< .
&) = T b+ bet ca)??

Z Pa(x) pp(X) pe (B.3)

xezd

Proof. Without loss of generality, assume that a > b > c. By the local central limit theorem, there exists C; > 0 such
that uniformly in # > 0 and x € 74, we have pr(x) < (HCW. Then

o P T o = e
(I +ab)?? =, Pt = 0 abyd2 = (1 + ab + be + ca)i?”
xXe

> Pa)pp(¥)pe(x) <

xez4

]

Lemma B.3. Ler X, g(-), Q and p,(-) be as in Lemma B.1 so that q is symmetric. Then there exist C1,Cy > 0
depending on q, such that

Cir Cor

m < p:(0) — pr4(0) < m, (B.4)

where the first inequality holds for all r > 0, t > 1, and the second inequality holds for all r,t > 0.
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Proof. By the symmetry of ¢, ¢ (k) :=) elXg(x) e [—1, 1], and E[e!%-X1)] = ¢=1(1=0(K) Therefore,

1
0) — pyor(0) = —— —t(1=¢®) _ o—(+n1=¢(K)) gk
pi(0) — pr4-(0) 2m /[n,n]d(e e )

By irreducibility of ¢(-), ¢ (k) =1 only at k =0, and hence ¢ := inﬂkes,ke[_n,n]d(l — ¢ (k)) > 0 for any ¢ > 0. By
Taylor expansion, if ¢ > 0 is sufficiently small, then

1
Z(k’ Qk) < (1—¢(k)) < (k, Qk) VIk| <e.
Therefore

@m0 (pi(0) = pi1r (0)) = f e 1m0 (1 — 77 (1=00)) gk

[—w, )

< / (1 - ¢ (ky)e 100 g

[~ e
<2r/ e—f(‘—¢’(">>dk+r/ (k. Qkye—"k.Q0/4 gp
- k|>e.ke[—m, 7] lk|<e

d —ct r —(k,Qk) /4
<2@2m)‘e “r+ Py /]Rd (k, Qk)e dk

Cr

=< td/T-H’ (B.5)

which implies that p;(0) — p;4+,-(0) < l‘l/zc(+:-r) for r < t. When r > t, the same bound follows from the local central

limit theorem.
Similarly,

@ (pr(0) = prar () = f e~ (+N(1=0() (r(1=6®) _ 1) gk

[—m, 7]
> r/ (1= p(k))e+I-96D g
|k|<e,ke[—m, )4

> r / (k OK) (k.00 g
k|<e.ke[-m,x)d 4
Cr
>
= Uty

which follows by a change of variable for k£ and the fact that # + r > 1. This implies p;(0) — p;+,(0) > for

r < t. When r > t, the same bound follows from the local central limit theorem.

Clr
t4/2(t4r)

Lemma B4. Let X, q(-) and p;(-) be as in Lemma B.1 so that q is symmetric. Then there exist C > 0 depending only
on q such that, for alla,b > 0 andt > 0,

Cab

td(t+a)t +b) B0

| P+ (0) Prtatb(©0) — prta(0) prp(0)] <

Proof. Note that
PO pria+50) — pr1a(0) pr4p(0)

= pi1atb©0)(p1(0) = pi1a(0) = Pr4a(0)(Pr45(0) = Pryats(0))
= (Pi+a+60) = pr+a(®)(p:(0) = pi1a(0) + pr1a(0)(p:(0) = pi1a(0) = pi15©0) + pryats(®).  (B.7)
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By Lemma B.3, the first term in (B.7) is bounded in absolute value by

Cb Ca
(t+a)2(t+a+b) t92(t+a)’

which is clearly bounded by the right-hand side of (B.6).
For the second term in (B.7), we claim that

Cab
142t +a)(t +b)’

0= pi(0) = pr+a(0) = pr450) + prya+s(0) = (B.8)

which together with the fact that p;4,(0) <C 1472 imply (B.6). Note that

@) (pi(0) = pr1a(0) = pr4p(©) + priars(0)) = / e 1m0 UN (1 — gma1=0WN) (] — e=P(1=0 (D) gf

[—m.7]¢

<ab / (1= (k) e 1=0® g
[—m,m]d
Clearly p;(0) — pr4+4(0) — ps4+5(0) + ps4+a+5(0) > 0. For the upper bound, exactly as in (B.5), we can Taylor expand
¢ (k) around k = 0 for |k| < ¢ and bound |¢ (k)| uniformly for |k| > &, which gives

Cab
Pt(0) — pr+a(0) — pr1p(0) + pria+5(0) < i

When a, b < ¢, this implies (B.8). If b > ¢, then (B.8) follows from the bound

Ca n Ca
t42(t+a)  (t+b)4/2(t +a+b)

P1(0) = pr4a(0) — pr4p(0) + pratp(0) =
by Lemma B.3. The same argument applies when a > ¢. ([

Lemma B.5 (Comparison of return probabilities). Ler X, q(-) and p;(-) be as in Lemma B.1 so that q is symmetric.
Forl <i<n,leta;, b; > 0,and let Z; be an independent random variable distributed as X ,; conditioned on X 4; p; =
0. Then

P(Zy 4+ Zy=0) > P(Xg,4-ta, =0). (B.9)

Proof. Let (k) =Y e**)g(x) and y; (k) = E[e!*-Z"]. Since E[e!*X1)] = e~/(1=¢®&) by Fourier transform, (B.9)
is equivalent to

/[ y Y1 (k) - - - Y (k) dk >/ e Liz1 @ (1=000) gt (B.10)

[—m.7]?

By symmetry of g, ¢ (k) € [—1, 1] and e~ (1=0(0) ¢ (0, 1]. Therefore to verify (B.10), it suffices to show that for
each1 <i <n,

Yik) z e =00 (B.11)

for all k € [—mt, )¢, with strict inequality for some k € [—, 74,

Note that ps(k) =", el%X) po(x) = e 0 -¢(®) By definition, P(Z; = x) = %, and hence

oy # Do) () fig g €A Gm) =i (1=00) gy

vi(k) = = T
[ Pa;+b; (0) f[—n,n]d e~ (@+b) (1= @) dy
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By symmetry, y; (k) = ¥;(—k), and hence

f[ y e~bi1=9 ) (e=ai(1=¢k—w) 4 e=ai(1=¢(=k=uw))) /2) 4y
—T, T
e—(ai+bi)(1—¢ W) dy

Vi (k) =
f[—mn]‘l

S g €119 (1= i+ (—kmi)/2) g
—T, T

>
= St € @FBOT=0 ) 4y ’

(B.12)

where we applied Jensen’s inequality. Note that since ¢ (x) is not identically equal to 1, for some choice of k and u,
we have ¢ (k — u) # ¢ (—k — u) so that there is strict inequality in (B.12) for some k. By symmetry,

Pk —u)+¢(—k —u) =Y _q(x)(e*) il hmem)
= q(x)(costk —u, x) + cos(—k — u, x))
=2 " q(x)cos(k, x) cos{u, x)
> ZZq(x)(cos(k,x) + cos(u, x) — 1)
=2(p (k) + P (u) — 1), (B.13)

where we used (1 — cosa)(1 — cos ) > 0. Plugging this bound into (B.12) then yields (B.11). U

Appendix C: Proof of Theorem 1.3

Let p > p > 0. Let X, 7, YWD, Y@ pe independent random walks on 74 with the same symmetric jump kernel

with finite second moments and with respective jump rates 1, p, 11+T‘;)/,0 and %. Then Y :=Y® 4+ ¥ and X' :=
X —Y® are random walks with the same jump kernel and jump rates p’ and ]1+Tl/))/’ where for X’ we used the symmetry

of the kernel. The key observation is that

(Eym [ny/]) law (Zﬁ(1+p)/(1+p/) (C.1)

>0 — t(l+p/)/(1+p),Y)t>0’

which is a simple consequence of the fact that

t 1
1 d 1 d
EY(2> [wa] _ EY(Z)’X[eﬂ o (Xs:Y.;(”H;z)) S] _ IEX/ [eﬂfo x,=rD) 5]

)

BA+)/(14+p) X[ p+p)/(1+p') frOF A0 s
Zitp) /(1) = E [e Jo i

and the fact that

law 1
(X140 /(tp5> Y40 /04ps)s=0 = (X5, Y{V) .

Note that

.1 Y@r. 8 .1 8
lim —logE [Zz,y/] > tlgglo?logzlyy, =F(B.0) as.

t—>00 t

On the other hand, by (C.1),

1
lim —logE"”'[Z”

o1 / 1+ p’ 1+p
— tim Liog ZBUHR/40)  _
Jim Lyl = Tim ; log Z F(pB a.s.

1A+00/4+0).Y = T, 1+0°°
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Therefore

F(p. o)) < 1+p’F(ﬂ1—l—p

*1i, 1+p/,,0> forall p’ > p >0, (C.2)

which implies the first inequality in (1.8).
Similarly, by (C.1),

B(+p)/(1+p")
t(14+p")/(1+p),Y

B

@
sup Z <oo as. <= swk' [z, ]<oco as. = sup Zf}y, <00 as.,
t>0 t>0 ’ t>0

which implies the second inequality in (1.8).

To prove the first inequality in (1.9), let ¢ (p) := %’2, recall that 82" (p) = (1 + p)/ G, and note that

Be(p) — B™(0') = (Be(p) — BE™(0)) = (1+ ') (#(0') —=G™') = (1 + p)(¢(0) =G ")
= (0" = p)(¢(¢") = G™") + 1+ p) (0 (p)) — P () > 0.

since ¢ (p) is non-decreasing in p, and (1 + p")(¢(p") — G™1) = Be(p’) — B&™(p") > 0 by Theorem 1.1 and its
analogue in dimensions d > 4 shown in [3]. The proof of the second inequality in (1.9) is identical.
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