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Abstract. We study yi (x2, ..., xg; t), the k-fold renormalized self-intersection local time for Brownian motion in R!. Our main
result says that y; (x7, ..., xg; t) is continuously differentiable in the spatial variables, with probability 1.

Résumé. Nous étudions yy(x3, ..., x;t), le temps local renormalisé d’auto-intersection d’ordre k& du mouvement brownien
dans R!. Notre résultat principal montre que yi (x2, ..., Xg; t) est presque slirement continiment différentiable dans les variables
spatiales.

MSC: 60J55; 60J65

Keywords: Continuous differentiability; Intersection local time; Brownian motion

1. Introduction

The object of this paper is to establish the almost sure continuous differentiability of renormalized intersection local
time for the multiple intersections of Brownian motion in R!.

Intersection local times were originally envisioned as a means of “measuring” the amount of self-intersections of
Brownian motion W; € R™. Formally, the k-fold intersection local time is

k
o (X2, X3, ..., X3 1) =// H5(Wr, =Wy, —xj)dey - diy,
0=t ===t} 55 '

where & (x) denotes the §-function. Intuitively, ax (0, 0, ..., 0; ) measures the “amount” of k-fold intersections.
More precisely, we can set

Olkﬁs(xz, X3, ..., Xk 1)
k
:// [[fW, =W, —xjdn - d. (1.1)
O=ni=-=n=t} ;5
where f; is an approximate §-function, and try to take the & — 0 limit.
In two dimensions, limg_,q ok ¢ (X2, x3, ..., xk; ¢) will not exist unless all x; # 0! This gave rise to the prob-
lem of renormalization: to subtract from oy ¢ (x2, X3, ..., Xk; t) terms involving lower order intersection local times,
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aje(x2,x3,...,x; 1) for j <k, in such a way that a finite and continuous, & — 0 limit results. This was originally
done for double intersections of Brownian motion by Varadhan [14], and gave rise to a large literature, see Bass and
Khoshnevisan [1], Dynkin [2], Le Gall [3-5] and Rosen [7,8,10-12].

In this paper we are concerned with one dimensional Brownian motion. In this case, as we show below, the limit

ap(x2, X3, ..., Xk 1) = lim o ¢ (X2, X3, ..., X5 1) (1.2)
e—0
exists a.s. Although, as we will see, ax (x2, X3, ..., Xk; t) is almost surely continuous, it is not C!linthe spatial variable.
It is here that renormalization enters in the one dimensional case.
Let
o0
g0 = [ e P pinar =, (1.3)
0

where p;(x) is the Brownian density function. We define the renormalized k-fold intersection local time for x =
(x2,...,x%) € RF"1 by

wosn= Y (—1>'A'(1_[g(x,->>ak|A|<xAc;t), (1.4)
AC{2,....k} jeA
where forany B ={ij <--- <ijg} S{2,...,k}
XB:(-xilﬂxizv"'vxi‘B|)' (15)

Here, we use the convention o (#) = ¢. Simple combinatorics then show that

ar(;n= Y (H g(x;))ykmxm; ). (1.6)

AC(2....k} NjeA

The renormalization (1.4) used here is similar to that used in [11] and [1] for two dimensional Brownian motion, but
in that case g(x) = fooo e!/2 p:(x)dt is infinite when x = 0, compare (1.3). One key result of those papers is that
vk (x; 1) has a continuous extension from (R? — {0})*~! x Ry to (R®>)*~! x R,.

Here is our main result.

Theorem 1. For Brownian motion in R

o (x; 1) = lim o ¢ (x: 1) (1.7)

exists and is jointly continuous a.s. Furthermore, yi(x;t) is differentiable in x and Vyyy(x;t) is jointly continuous
with probability 1.

For k =2, this was established in [9] by very different techniques. It seems impossible to use those techniques for
k> 3.

In [13] we use Theorem 1 to give a simple proof of the CLT for the L? modulus of continuity of local time.

Note that g(x) is continuously differentiable for x # 0. Equation (1.6) then exhibits precisely the non-
differentiability of oy (x;t). This justifies our choice of renormalization (1.4). Simple combinatorics show that we
obtain a similar result if we add any C! function to g(x). We have chosen g(x) as a potential density to simplify our
proofs.

Our paper is organized along the lines of [11]. That paper was concerned with the continuity of yi (x2, x3, ..., Xk; 1)
in two dimensions, for Brownian motion and stable processes. Our challenge here is to study differentiability, and for
ease of exposition we consider only Brownian motion. After laying the groundwork in Section 2, we establish the exis-
tence and almost sure continuity of o (x2, x3, ..., Xg; ¢) in Section 3, where ¢ is an independent mean-2 exponential
random variable. In Section 4 we show that the renormalized k-fold intersection local time i (x2, x3, ..., Xk; ¢) iS
almost surely differentiable with a continuous derivative, again at an independent exponential time. In Section 5 we
use martingale techniques to obtain a.s. joint continuty.
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2. Intersection local times: moments

Let W, denote Brownian motion in R! with transition densites p:(x). In this section we introduce approximate inter-
section local times for W; and present formulas for the expectations of their moments.
Let f denote a smooth positive function supported on [—1, 1], such that [ f (x)dx = 1, and for any & > 0 let

fe(y) = lf(z)
£ £

and fe x(y) = fe(y — x). We define the approximate intersection local time of order k as

Qe (X2, X3, ..o, Xf3 1)
k
=// [T foux, (We, = Wiy dty -+ dig. @.1)
0=ty <-=ne=t} ;5
We often abbreviate this as ok ¢ (x; ) where x = (x2, x3,...,x¢) € R¥=1 Let gx) = fooo e”/zp, (x)dr = e 1l denote

the Green’s function for W;, and let ¢ denote a mean-2 exponential random variable independent of W;. The following
follows appear in [11], Section 2, and are reproduced here for the convenience of the reader. The first formula follows
easily from the Markov property for W;.

Lemma 1.

n
E(H“k[,é‘,‘ (xi; g))
i=1
n ki ' ' k
=y / [TTT 70 G5 =Yio) T ] e — wop—1y) dwy -+ du, 2.2)
veV i=1j=2 ! p=1

where x' = (xé, x% .. .,x,’;[), k= Z?:l ki, (wy, ..., wr) = (yl, Ly e (Rl)k and YV is the set of permutations v of
{1,2, ..., k} such that whenever wy(py = yj., Wy(p) = y} we have p > p < j > j.

A change of variables leads to the following more useful formula.

Lemma 2.
n .
i=1
n ki L c(p)
= Z / H l_[ f(y}) 1_[ g(zs(p) + Z(gs(p)y;@) +x;(p))

seSY i=1j=2 p=1 j=2

c(p—1)
-1 —1 i
— (Zs(p])+ Z (ss(pfl)y;(p )+x;(p ))))dy} dzy --- dzp, 2.3)
j=2

where x' = (xé,xé,...,x,ii), k= Z?:l ki, S is the set of mappings s : {1,2,...,k}— {1, ..., n} such that |s*1(i)| =
ki, V1 <i <n,and c(p) =|{u < p|su) =s(p)}l.
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3. Intersection local times: existence and continuity at exponential times

We first consider the intersection local time «j at an independent mean-2 exponential time ¢ .
A function Z(x) indexed by ¢ € (0, 1] and x in a topological space S will be said to converge locally uniformly
in x as ¢ — 0 if for any compact K € S, Z.(x) converges uniformly in x € K as ¢ — 0.

Theorem 2. Almost surely, oy ¢(x; ¢) converges locally uniformly in x as ¢ — 0. Hence
ap(x; ¢) :=€li_%ak,s(x;§) (3.1

is continuous.
Furthermore, the occupation density formula holds:

/dj(xL~~-,xk)ak(x27--«»xk; ¢)dxy -+ dxg
:// DWWy, — Wy oo, Wy, — Wy ) dty -+ dig (3.2)
(0=t <=1 <t}

for all bounded Borel measurable functions ® on R¥~1.

Remark 1. The occupation density formula (3.2) shows that ay(x; ¢) is independent of the particular f used to define
ap,e(x; ¢).
Proof of Theorem 2. We will show that for n even and y > 0 we can find § > 0 such that

sn/2

E({oke(x:0) — o (x5 2)}") < cny (6. %) — (6, X)) (3.3)

forall0 <e,¢’ <y/2andall x,x" € R*=!. The multidimensional version of Kolmogorov’s lemma, [6], Chapter 1,
Theorem 2.1, then gives us that for any 8’ < § and any M < oo we have

|tk (63 ) — oo (x5 )| < Cny (@)] (80 ) — (/2 x) P (3.4)

for all rational 0 < &, ¢’ < y/2 and all rational x, x" € Rk-1 |x], |x'| < M. Since o ¢(x; ¢) is clearly continuous as
long as ¢ > 0, this will establish the statements concerning (3.1).
To establish (3.3) we first handle the variation in ¢. If 4 is a function of ¢, let

Ageh=h(e) —h(g).
From Lemma 2 we have

E(ﬁ{ak,e,- (x5 8) — oo (x5 f)}n>

i=1

n n
o)
i=l i=1
nok c(p)
Z/H 1_[ f(y;) 1_[ g(zs(p) + Z(ss(p)y‘;(p) _i_x;(p))

seSY i=1j=2 p=1 j=2

n
= l_[ D]
i=1

c(p=1)
-1 -1 i
—(zs(p_1)+ 3 (espeny} PV 23 ))))dy}dm -+ daa, (3.5)
j=2
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where we eventually set all (¢;, &/) = (¢, &’). We expand this as a sum of many terms using
Ager(uv) = (Ag eu)v(e) +u(e') (Mg erv) (3.6)

so that each term contains for each 1 <i < n a single difference of the form A, ,/g. Since each g factor in (3.5)
involves at most two i’s, whenever our procedure gives two differences involving the same g factor we write one
of the differences as two terms. The upshot is that after setting all (¢;, €}) = (¢, ¢'), the expectation E ({ork,¢ (x; ) —
ag.¢(x; £)}") can be written as a sum of many terms of the form appearing in (2.3) except that at least n/2 of the g
factors have been replaced by factors of the form

c(p) c(p—=1)
- 3 ¢ - (p—1 s(p—1
Aae%jé’(@(p)+Z(8s<p)y3(”+x;(”))—(Zs(p—1>+ Y Eponyi P+ ))>>’ 3.7
= j=2

where & can be variously ¢, ¢’ and the notation A, v ; denotes a difference between two g factors of the above form

s(p)

in which one of the ¢’s, multiplying y f

Our result then follows using

or y;(p =D has been replaced by &'

lg) —g| = e —e ™| < 1x — yl(g(x) + () 3.8)

for the variation in €, and the variation in x is handled similarly. This completes the proof of (3.1).
To prove the occupation density formula (3.2) we note that

/‘D(Xz,.--,Xk)Otk,g(xz, e X 8)dxg - - dxg
Z// Q*FE(WQ_WIV7Wl]\_W[k,1)dt1dtka (39)
(0=t <=t <t}

where Fy(x2,...,xx) = ]_[1;=2 fe(x). Hence, by what we have established above, we can take the £ — 0 limitin (3.9)
to yield (3.2) whenever @ is a bounded continuous function. The monotone convergence theorem then allows us to
obtain (3.2) for all bounded Borel measurable @. This completes the proof of Theorem 2. ]

4. Renormalized intersection local times: continuous differentiability at exponential times

We have defined the renormalized k-fold intersection local time for x = (xp, ..., x;) € Rk-1 by
=Y (=h (1"[ g(xj)>ak_|A<xAc; 0, (4.1)
AC(2,....k} jeA
where forany B ={i; <--- <ijg} S{2,...,k}
XB = (Xiy, Xig,s - Xijp))- 4.2

Here, we use the convention «(¢) = t. Define the approximate renormalized k-fold intersection local time for x =
(x2,...,Xp) € Rk-1 by

Ve =Y (=DM (H gg(xn)au,g(xm; 0, (4.3)

AC{2,...k} jeA
where g (x) = fe % g(x). Clearly yx (x;¢) € C! for fixed ¢ > 0 so that for any yj, 2

Vie(X25 oy X1—1, 20, X410 -+, Xk5 )
2

0
_)/k,g(xz,~"’x17],y1,xl+1,~~,xk§§)=/ — Ve (x5 8) dxy. 4.4)
W 0x;
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By Theorem 2 and the continuity of g it follows that almost surely yi ¢ (x; &) — yi(x; ) as € — 0, locally uni-
formly in x. It follows from the next theorem that a%lyk,s(x; ¢) = Yr(x;¢) as ¢ — 0, locally uniformly in x, for
some continuous ¥ (x). Hence it follows from (4.4) that for any y;, z;

V(X2 o X1 1, 20 XTI 1y ey Xk C)
_Vk(xz»u-»xl—lvylaxl-i-l»~~~»xk§f):/yZ] Vi (x5 £) dx;. (4.5)
1
This implies that yx (x; ¢) is differentiable with respect to x;, and %yk (x; &) = Y (x; ¢), hence is continuous in x.
Theorem 3. Almost surely, for each2 <1 <k
a
— Vke(X3 ) (4.6)

0x;

converges locally uniformly as € — 0. Hence the limit is continuous in x.

Proof. As in the proof of Theorem 2 it suffices to show that for n even and y > 0 we can find § > 0 such that

9 9 " n/2
E({a—myk,a(x; ) — a—x[Vk,s/(x/; ;“)} ) < cny (e x) = (¢, %) 4.7
forall0 < e, & <y/2andall x,x" € RF-1.
Note that
0
— 0 (X2, X3, ..., Xk 1)
0x]
-1
:_// nfS(Wtj_lefl_xj)
0=ty <<=t} ;_5
J
k
X (f) Wy = Wiy —x) ] feWy, = Wi, —xj)dty - di. 4.8)
j=i+1

Note also that since g(x) is differentiable for all x # 0, with g’(x) = —g(x) for x > 0 and g’(x) = g(x) for x <0, it
follows that for any compactly supported f € C!(R")

/f/(x)g(x)dx

=81i_r)r%)< i f1)g(x)dx + f/(X)g(X)dX-i-/ f’(X)g(x)dX>

—00 —&

—&

_ ;ig})(f(—mg(—s)— f(x)g(x)dx)ﬂi% / F/)g(r) dr

+81i£%)<—f(s)g(8) +/ f(x)g(X)dX)
0 o0
__ / F)g0o dx + fo F)g(0) dx

=—f f0)g (x)dx, (4.9)
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where for definiteness we set g’(0) = 0. Hence as in (2.3), and using the product rule for differentiation

E(H aalak (2 c))

(— 1)"Z/H< H Jai y,))(fs,)/(yf)

seS"Y i=1 \j=2,j#l

c(p) c(p—1)
1 1 i
X Hg<ZS(p)+Z s(p)+xs(p) (Zs(p b+ Z s(p )4 S(p ))>>dy;~ dzy --- dz,

> (=n® / H]"[fa,<y,

s€S,acA i=1j=2
c(p)
% Hg(al(p)+az(p)) (Z . )+Z s(p) j(p))
p=1 j=2
c(p=1) ' | '
(m(p n+ Z (i x5 ))>>dy}dz1 .. dz, (4.10)

where g© =g, gV =g/, @ = g” and A is the set of maps a = (ay,a2):[1, ..., kn]+ {0, 1} x {0, 1} such that:

o Y08 ai(p) +ax(p) =n,
e foreach1 <i <n

nk
Z ar(p)lspy=iy + a2(p)ls(p—1=iy = 1,
p=l1

e ifa;(p)=1,thenc(p) >1,
e ifay(p)=1,thenc(p—1)>1.

In other words, if s(p) =i then a;(p) = 1 if and only if, after using the product rule for differentiation, the pth g
factor is the only g factor to which i. has been applied. Similarly, if s(p — 1) =i then a; ( p) = 1 if and only if, after

using the product rule for dlfferentlatlon the pth g factor is the only g factor to Wthh has been applied. In (4.10),

ay =Y ", ax(p).
Then by scaling

nog i
E (]_[ oo e (x' i))

i=1 !

- ¥ o [T

sES ae i=1j=2
u X (p) (02))
x [Jglrmrtaen <Zs(ﬂ) +2_(espy " +x7")
p=1 j=2

c(p—1)
1 1 ]
(zs(,, b+ Z Esp-ny; T x0T ))>>dY}dZ1~~dZn, 4.11)
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where we eventually set all ¢; = ¢.
We note in particular that if p is a “bad integer,” i.e. s(p) = s(p — 1), the g™ factor in the above product has the
form

(p) (p)
g(’")(es@)yi(ﬁ) + o) (4.12)
and in this case m =0 or 1. 4
Let us now analyze the changes which occur in (4.11) when we replace the factor %akhg, (x";¢) by
1

%{(]_[jeB 8, (x;))akr,w,er (xge; ¢)}. Keeping in mind (4.12) we see that now s runs over those s € S such that

s(p)=r,c(p) € B=s(p —1)=r,ie.such p’s are bad, and in the integrand on the right hand side of (4.11), aside
from the factor ]_[jeB g® (ary; + x;), all other occurences of ¢, y] + x/,i € B are deleted.
If i (x) is any function of the variable x we use the notation

Dyh =h(x) —h(0)

for the difference between the value of % at x and it’s value at x = 0. If s € S we set By = {p|s(p) =s(p — 1)}. The
upshot is that we have

E(ﬁ i.yk,.,g(x"; ;))

1
Pl 0x,

n ki
= % 0 [TITTOD( T e il 450 )

s€S,acA i=1j=2 pEB;
& (p) (p)
x (1_[ Ds,( )ys.(”)+xf(")> l_[ g@(Ptaxp) (Zs(p) + Z(Es(p)y; p —}—x‘; p )
peB, P c(p) peBe =
e (p—1) (p—1) i
- (Zx(p—l) + Z (Ss(p—l)y; b —i—x‘; P ))) dydzy -+ dzp, (4.13)
j=2

where we eventually set all (e;, Sl/-) =(g,¢)).
To establish (4.7) we first handle the variation in ¢. By (4.13)

Sy : P .
E(H{—inw(’Cl; £) = —Vie (x5 C)})
0x;

1
i=1 0x;

n n ki
S (—1)“2f1_[l_[f(y})
i=1 ‘

seS,ac A i=1j=2
(a1 (p)+ax(p)) s(p) s(p)
X (H 8 (ES(P)yc(p) +xc(P)) l_[ D&s(p))’;(m""";é,’:))
PEB;s PEB;
K (02) (P)
x H g(al(p)+az(p)) (Zs(p) + Z(Es(p)y‘;- p +x; p )
peBy j=2
e (p—1) (p—1) i
- (Zx(p—l) + > (esp—ny; 777 + 237 ))) dydzy -+ dzp, (4.14)
j=2

where we eventually set all (g;, /) = (¢, ¢’). We will show that this is bounded in absolute value by c,|e — g'|on/2
for all |¢|, |¢'| < y. (At this stage, and for ease in generalizing to the variation in x, we allow &, ¢’ to be zero or
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negative.) Compared to our proof of Theorem 2, the main difficulty here comes from the fact that g’(x), g”(x),

although uniformly bounded, are not continuous at x = 0. It is here that the operators || S5 P) will play

D
PEBs Ty ey

a critical role.

In the following we let g* = g, g’ or g”. Fix s € S, a € A. As in the proof of Theorem 2, the corresponding term
on the left-hand side of (4.14) can be written as a sum of many terms of the form appearing in (2.3) except that at least
n/2 of the g% factors have been replaced by factors of the form

A, o8 (i + 6 — 2 + bi) (4.15)
or
A, e (&5 (61 + bi)Dsiy;'_eri) = (g (ery} +bi) — g (e1y} + bi))Dgiy_ijeri
+ 8% (6] +51) i 11, = Dy ) (4.16)

Furthermore, we can assume that any i which appears in (4.16) differs from from any i, i’ that appears in (4.15).
Otherwise, we simply write one of them as a difference of two terms and consider each separately.
Consider first

Aai,slfgﬁ(zi +5iy; —Zi' + bi)
= D87 (@i €Y = 2 bi) Ly ey 2y b 24t~ 1)
+ Asi,é,{g (Zz + & y} -z + bl)1{|Zi+€iy_li*2;/+b,'|§4|€i75;\\y.’/|}' “4.17)

For the first term since we are away from the discontinuity of g%, we use (3.8) to obtain a factor of C|g; — 8; l,
since | y;l < 1, while for the second term we use the fact that gji is bounded and hence the dz; integral contributes

a factor of Cle; — 8;|. In more detail, on the set {|z; + £,~y5. —zir + bi| <4|g; — 8;||y§.|}, up to a bounded error, we

can replace every occurrence of z; in a g factor by z;/, and in particular we simply bound Ag el gz + & y; —

zi» + b;) by 2. This eliminates any occurrence of z; except in 1{|Z_+8_y,- by | <Al —e |y ) which we can write as
i iVji—< (ARSI} iy

1{B(z,-/—s,-y"f—b,-),4\ei—8§||y§ \)}(Zi)' We then do the the dz; integral, to obtain a bound of C|e; — 8;»|.

& y’/ +b; - Dé‘: )’.i/ +b; = As,-y; +b; ,elfy’) +b;>

“used” the dz; integral. Finally, for the term (g*(s; yj. +b;)— gﬁ(efyi. +bi))D8,yi 1, 0 (4.16), if |8iyi. +bi| > |ei — €|
N 1 ] 1 p

A similar analysis holds for the last term in (4.16) since D and we have not yet

’
i

then 8,~y§. + b; and & yj. + b; have the same sign, so we can use (3.8) to obtain a factor of Cle; — 8“’ while if

& yj. +bi| < |g; — €]| we can use D,, i 1, and the dz; integral to obtain a factor of Cle; y;'. +bi| <Clg; — €. O
1 ] 1

5. Renormalized intersection local times: joint continuity of the spatial derivative

Recall the approximate kth order renormalized intersection local time.

Ve =Y (=DM (1"[ &(x,-))am,g(xm; 0. (5.1)
AC{2,....k} jeA
Theorem 4. Almost surely, y, i (x; t) and a%{yk,g(x; 1) converge locally uniformly on R*~' x R, as ¢ — 0. Hence

d .
v ) tim ye g (v 1) (5.2)
g—0

is differentiable in x and Ve i (x; t) is continuous in (x,t) € Rk-1 % Ry.
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Proof. Let Y; denote Brownian motion killed at an independent mean-2 exponential time ¢. From now on, y; x(x; t)
will be defined for the process Y in place of W;. Using Fubini’s theorem, it suffices as before to show that y; ; (x; ¢) and
ainyg,k(x; t) converge locally uniformly on RK1 x [0, ¢) as ¢ — 0 with probability 1. We will focus on %y& r(x; 1),
and leave the easier case of y; r(x; t) to the reader.

If S is a subset of Euclidean space we will say that {Z.(x); (¢, x) € (0, 1] x S} converges rationally locally
uniformly on S as ¢ — 0 if for any compact K € S, Z.(x) converges uniformly in x € K as ¢ — 0 when re-
stricted to dyadic rational x,e. We note that since %yg,k(x; t) for ¢ > 0 is continuous in ¢, x, ¢, saying that

%ya’k(x; 1) converges locally uniformly or converges rationally locally uniformly on R~! x [0,¢) as ¢ — 0 are

equivalent.
We know from Theorem 3 that ai)qyg,k(x; o0) converges locally uniformly on R*~! as ¢ — 0 with probability 1.
Using martingale techniques we will see that the right continuous martingale

def |
meﬂédywﬁwmh}
X1

converges rationally locally uniformly on R*~! x R, as & — 0 with probability 1. I ¢;(x;1) is not the same as
ainyg, k(x; 1), but we will see that they differ by terms of “lower order,” and we will be able to complete our proof by
induction. Given the tools we have developed so far in this paper, the proof is conceptually fairly straightforward, but
in order to treat the “lower order” terms systematically we need to introduce some notation. This we now proceed to
do.

We first define the approximate kth order generalized intersection local time

Qe (X2, X3, ..., Xs @5 1)
k
=/ [ for; Y, = Yo, D@ Yy ) dty - di (5.3)
(0= ===t} ;5
J_
and set
Ohe,e (X2, X35+ ooy Xk3 @) = e e (X2, X3, ..., Xk P 00).
Qe (X2, X3, ..., Xk; @) is the approximate kth order generalized total intersection local time. For ease of notation in

later formulas, we also set
a1,8(¢;t)=/ ¢ (Yy,)dy 54
{0<t; <t}
and
ao,a(¢;t)=/¢(z) dz (5.5)

although o1 ¢ (¢; t) is independent of € and «g ¢ (¢; ¢) is independent of ¢, .
Observe that

E{oke(x2, x3, ..., x15 9)| 1}

=0 e(X2, X3, ..., Xk; @3 1)

k—1 k
+ZE(f Hfs,xj(ytj =Y Do (Yy)dry - dtk‘]:;> (5.6)
i=0

O=ti=e-stist<tipy-=i} ;_»
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and fori > 1

k
E(/{AO l_[fs,Xj(Y[j _Ylj71)¢(ytk)dt1 "'dtk‘]:t)
<f=-=f

i <t<tit1-<t} j=2

i
:/ er,x,'(yl,'_yljfl)
(0=<ty-=ti<t=tiy1- S

<t} j=2

k
S E(fé‘,x,'+| ((YZ‘H_] - Yt)+(Yl‘ - Yt;)) l—[ fE,Xj(Ytj - Ytj_1)

Jj=i+2

X ¢((Ytk - Ytkfl) +---+ (Ytl‘+1 - Yl) + Yt)

.7:1) dty --- de

i

=/ l_[ fé‘,x]' (Ytj - Ytjfl)fa,xlur] (Zi+1 + (Yl - Yt,‘))
(0=tp-=ti=t} ;5

k k
X l_[ Jexj @)@ Zig1 +- -+ 2+ Y1) H g(zj)dzjde ---dy
j=i+2 j=itl

=aje(x2, X3, o Xt hkmiel Xig s - X YD), (5.7

where

Me—ields xig1, .o, xi; ul(v)

k
:/fs,xi+|(zi+l+u_v) 1_[ fa,x]-(zj)

j=i+2
k
X Pzig1+ -+ 2z +u) l_[ 8(z;j)dziyy -+~ dzk
j=i+l
k
=/8(Zi+1 +v—u) 1_[ g(z)
j=it2
k
X @¢Zig1 + -+ 2 +v) l_[ fex;(zj)dzitr -+ - dzk. (5.8)
j=i+l
Similarly, for i = 0 we have
k
E ( f [ fex; (Vi = Yo, DoY) dty - diy ﬁ)
{Oftfll'“ftk}jzz

k
:/ E l—IfE,Xj(Ytj_Ytj_l)
O=t=ti-=te} -\

X ¢((Ytk Y, )+ + Xy - Yt)+Yt)

.7'}) dty --- deg
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k

k
=/l_[fe,xj(z,-)¢(11 +"'+Zk+Yt)l_[g(Zj)de
j=2

j=1
k
= / </g(v)¢(v ta+o+at]] fs,x,(z,-)g(z,-)dz,') dv
j=2
ZaO,s()“k,s[‘P;xZ»n-»xk;Yt];t), (5'9)
where, recall our convention (5.5),
Aeelds x2, ..., xi; ul(v)

k

=/g(v—u)¢>(zz+---+Zk+v>]"[fg,xj(Zj>g(z,;>dz,~. (5.10)

j=2
By abuse of notation we can introduce a fictitious x1, and letting f; v, (z1) denote §(z1), the §-function, we can write

Akel@; x2, .00, Xk ul(v)
k k

= f gz +v—u) Hg(Zj)¢(21 +z22+--+zx+v) H Jexj(zj)dzj. (5.11)
j=2 j=1
Finally setting
Aelds xt, oo x Yl = A elds X2, .00 Xk Y] (5.12)

this now takes the same form as (5.8) with i = 0. Then we can write

E{ak,s(-x27-x3v cees Xk ¢)|ft}

=p,e (X2, X3, ..., Xk; @3 1)
k—1
+ Zai,s(XZs X3s oo Xis Mie[ X1 o X0 Vel ). (5.13)
=0

Setting

Me—ilds zig1, - 2k ul(v)
k

=gGin+v—w) [| e@)¢Gir1 4+ +u+v) (5.14)
j=i+2

we have

Ae—iel@; Xigt1, .o, X ul(v)

k
= [recitgizinn. @) T] fony @z - dan (5.15)
j=i+l
We next define the approximate kth order generalized renormalized intersection local time

Vie(X; 05 1) = Z (-4l (H gs(xj))ak—lAl,s(xA"; o;t) (5.16)

AC(2,....k} jeA
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and set

Vi,e(X2, X3, ..o, Xk @) = Vi (X2, X3, ..., X5 @5 00).

Vk.e(X2, X3, ..., Xk; @) is the approximate kth order generalized total renormalized intersection local time. As before,
for ease of notation in later formulas, we also set

V1o (D) = [ b(Y,)dn
(0=t <t}
and
VO,£(¢;t):/¢(Z)dZ.

Using (5.13) we find that

E{Vk,s(x%x% ey Xk ¢)|fl}

= V(o x5, o xs gD+ Y (=DM (]"[ g£<xj>>

AC(2,....k} jeA
k—|A|—-1

X Z e (XAc(1)s XAC@)s - s XAc(i=1); M| Al @5 X Ac(i)s - - - Xack—|Ap; Yil5 1), (5.17)
i=0

where

AC={A(1) < A°(2) <--- < A°(k — |A])}.
We reorganize this by writing A as the disjoint union of

Ai={jeAlj<A°()} and Bi={jeA|j>A>)}
so that

(—1)'A'(]_[ &(x,-))

jeA
X Oti,s(XAC(l), XACQ)s s XAC(i—1)5 M= |A|—i,e[@3 XAc(i), s Xack—1Ap; Yi ] t)

=<—1>Af'<1"[ gg(xj))

JEA;

X O ¢ (xAc(l), XAC(2)y -+« s XAC(i—1)5 (_l)lBil < 1_[ gs(xj)>)tkAi,s[¢§ XAC(i)s -+ o » XAC(k—|A])> Y215 t)'
JEB;

It is now easy to see that if we fix 0 </ <k — 1 and sum in (5.17) over all A C {2, ..., k} with A°(i) =1+ 1 we will
obtain

Ve (X2, %3, oo x5 A el xip1s o ks Yl 1), (5.18)
where

Ap_pel®s X141, -0, Xk ul(v)

k
=/Ak—1[¢;11+1,...,1k;u](v) [ fex; @) dzigr - dzx (5.19)

j=1+1
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with
Ar—1l@; 2141, -+ -5 2 ul(v)

= Z (1)l (l—[ g(Zj))/\k—|B—1,a[¢; X{i+1,...k)—B; U](v)

BC{I42,...k} jeB

=g +tv—u) Y. (—1>'B<]_[g<z]~>) [T G
BC{l+2,....k} jeB je(l+2,...k}—B

P ¢<Zl+1 + Z Zi + v)
ie{l+2,....k}—B

k

=g +v—w [] s Y. (—1)B|¢>(Zz+1+ > z,-+v)
j=I+2 BC{I+2,...,k} ie{l42,....k}—B
k

=g@+tv—u) [] e@)D;p@s+- +z+v). (5.20)
j=l+2

The reader can check that this is consistent with our conventions when / = 0. Combining the above we obtain

E{Vk,s(x2,x3, cees Xk ¢)|Ft}

= Yk,e (X2, X3, ..., Xk; @5 1)
k—1
+ ) Vie(x2. X3, xis Arields xig, . Yls o). (5.21)
i=0
We will say that Ax_;[@; Zi+1, - - ., Zk; u] is obtained from ¢ by adjunction of z; 41, ..., 2k; u.
In order to make the sequel easier to follow, we make some explanatory comments. We will use (5.21) inductively
to show that almost surely %yk,g(xz, X3, ..., Xk; t) converges locally uniformly in x, ¢ as ¢ — 0. The convergence of

the conditional expectation will follow easily from martingale inequalities and the techniques we have used to obtain
convergence at exponential times. When looking at the last line in (5.21) we encounter something new, the presence
of Y;. Rather than try to deal with this directly we prove that almost surely

d
—Vie (X2, %3, o X3 Ap—ie[ds Xiger . X uli 1)
1

ax
converges locally uniformly in x, u, ¢ as ¢ — 0. Using the fact that Y is almost surely locally bounded, this will show
that almost surely

9
—Vie (X2, %3, o X3 Ap—ields Xigets .. xxs Yl )
1

ax
converges locally uniformly in x,# as ¢ — 0 which will allow us to complete the induction step. This explains the
presence of u in (5.19) and (5.20). We will refer to such u as a “new” parameter, while the {x3, ..., x;} will be referred
to as “old” parameters.
We will say that a function ¢y,
be written in the form

yeeey

y, () is an admissable function of v with auxiliary parameters y1, ..., y, if it can

p

Oyen @) = [ | 851Dy, Hg(v +> iyv>, (5.22)

Jj€By i=1 veB;
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where B; C {1,...,n},Vi =0,1,...,p, and {1,...,n} = f’zl B;. Here p is an arbitrary positive integer. If
®yy,...,y, (V) is of the above form we will say that ¢y, .y, (v) is of weight | Bg| + p. Note that the weight of ¢y, . (v)
is the number of g factors in (5.22). We will also consider the function ¢(v) = 1 to be an admissable function of v (of
weight 0 and with no auxiliary parameters).

If ¢y,,..y,(v) is an admissable function of v with auxiliary parameters y1,...,y, we will use the notation
®yy,...,yn;e (V) to denote the function in which some of the auxiliary variables have been smoothed. More precisely,
we will say that @y, . y,..(v) is a fotally e-smoothed version of @y, ..y, (v) if

Gypymie (V) = f Oyiteztnren ) [ | £ @) dzi [T iz (5.23)

icA i€AC

for some subset A C {1, ..., n} such that (with the notation of (5.22)) B C Aand BiNA# @ foralli=1,...,p.In
other words, we require that each g factor in (5.22) contain at least one element of the set y;, j € A. Here ug is the
Dirac measure which puts unit mass at the origin. It would be more precise to refer to the function defined in (5.23) as
©y1,...,yu;e,A(V), but in order to avoid further cluttering of the notation, and because the actual nature of the set A will
be irrelevant for us, we shall simply drop it from the notation. The reader will note in the sequel that it is precisely the
“old” parameters which are integrated against an f. ]

The next lemma assembles some facts about adjunction which follow easily from the definitions.

Lemma 3. Let ¢y, .y, (v) be an admissable function of v of weight q and auxiliary parameters yi,..., Yn,

and let Ag_i[@y, ... y,; Xit1, ..., Xk; u] denote the function in (5.20) obtained from @y, .y, (v) by adjunction of

Xit1ls ..y Xk; U. Then:

L Ap—il@y,,....yn3 Xit1, - -, Xk ul(2) is an admissable function of z of weight g + k — i and auxiliary parameters
Visewos Vs Xidkls ooy Xiy Ue

2. If @yy,....yu;e (V) is a totally e-smoothed version of ¢y, ..y, (), then the function Ag_i ¢[@y;e; Xit1, ..., Xk; u] de-
fined in (5.19) is a totally e-smoothed version of Ax_i[@y; Xix1, ..., Xk ul.

In the following, the notation Vy; ¢ (x; ¢y.) will denote the gradient with respect to x and y. In fact, we are not
interested in differentiating with respect to “new” parameters, but to avoid excessive notation we consider them also.
The next lemma generalizes Theorem 3.

Lemma 4. Let ¢y (z) be an admissable function of z of weight k — i and auxiliary parameters y = (y1,...,y;) and
let @y.¢(z) be a totally e-smoothed version of ¢y (z). Then there exists 5 > 0 such that for each n and M < 0o we can
find ¢, < 00 such that

V . X; . — V . o )(,‘/; ool n
E(sup [VVie(X; @y:e) Vie' (X7 @yrier)] <cn . (5.24)
FM |(87xvy)_(8/’x/’y/)|8 ’

where supp, is taken over all dyadic rational pairs (e, x, y) # (&', x',y") such that 0 < ¢,¢’ <1 and |x|, |x'|, |yl,
Iy<M.

Proof. According to [6], Chapter 1, Theorem 2.1, it suffices to show that there exists § > 0 such that for each n and
M < oo we can find ¢, pr < 0o such that

én

E(|Vyie (s 0y:0) — Vyie (x5 0ye)|") < cnm|(esx, ) — (/. x, )] (5.25)

for all (g, x, y), (¢/,x’,y’) such that 0 < ¢,¢’ < 1 and |x/|, |x'[, |y, |y’| < M. Equation (5.25) follows as in the proof
of Theorem 3. O

Proof of Theorem 4 (continued.).. We will show by induction on i =0, 1, ...,k that Vy; . (x; ¢y.¢; 1) converges
locally uniformly in (x, y, 1) € R/ =1 x [0, ¢) as € — 0 for all admissable functions ¢y (z) of z of weight k — i and
auxiliary parameters y = (y1,..., y;).
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The case i =k and ¢, (z) = 1 will prove our theorem.

Consider first the case of i = 0. We have to show that if ¢, (z) is an admissable function of z of weight k and
auxiliary parameters y = (y1, ..., y;) and ¢,..(z) is a totally e-smoothed version of ¢y (z), then both

Y0,¢ (X Py;es N = / §0y;s(z) dz
and

d 0
—_ PPy ) = — Oy d
v V0,6 (X5 @yie; 1) / ay ®y:e(2)dz

converge locally uniformly in y € R/ as ¢ — 0. This follows as in the proof of Theorem 3.
Assume now that for all p < i, and for all admissable functions @, (z) of z of weight k — p and auxiliary parameters

y=1,...,yj) we have that Vy,, . (x; ®y.; t) converges locally uniformly in (x, y, t) € RI'TP=1 [0,¢)ase —0
for any totally e-smoothed version @y..(z) of ®y(z). Let us show that if ¢y (z) is an admissable functions of z of
weight k£ — i and auxiliary parameters y = (y1,...,¥;), and ¢,..(z) is a totally e-smoothed version of ¢, (z), then

V¥ie(X; @y:e; 1) converges locally uniformly in (x, y,7) € R/~ x [0,¢) as e — 0.
With Fys as in Lemma 4, let Fy;; m =1,2, ... be an exhaustion of Fys by a sequence of finite symmetric subsets.
(A set F of pairs (a, b) is symmetric if (a, b) € F = (b, a) € F). Let us define the right continuous martingale

I (x5 @yies 1) :E(Vyi,a(X;ﬁoy;s)LFt)- (5.26)
By [6], Chapter II, Theorem 1.7, applied to the right continuous submartingale

Fie(x;0p.638) — g (X5 0003
A;":sup| e Py;e ) l/é‘(/ /‘p);,s ) (5.27)
Fn (&, x, y) = (¢, %",y

we have that

E({Supsup |I—},E(x; (py;é‘; t) - E,E/(x/; (py/;é‘,; t)| n>

t Fﬂrg |(81x’y)_(8/7x/1y/)|5
< E({Sup [VVie(x; 9y:e) = Vyi e (X5 (gy/;s’” ")
Fl’g |(8:X,Y)_(8/,x/sy/)|

sup
Fy |(5,x,)’)_(5/,x/,y/)|8

=cn M, (5.28)

({ IVVie(X; @yie) — Vie (X ©yrie)] n>

where the last line used Lemma 4. Hence

E supsup|Fi‘g(x;‘py;£§f)—F,"s/(x’;gpy/;e/;m n . .
" Fu (e, x,y) = (¢, y)I° = ot .

In particular this shows that

s (5.30)

Sup sup | I e (x; @ye3 1) — I}p (X3 9yrers )| < Clo) |6 — &
r Fim

where F1 p denotes the set of dyadic rational (x,y) € R/*1=1 with |x|, |y| < M. Thus, I e(x; @y;e5t) converges
rationally locally uniformly on R/ =1 x R, as ¢ — 0 with probability 1.
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It is easy to see that Vy; ((x; @y,¢; t) is continuous in &, x, y,t for € > 0. Thus, as with Vy;, ¢ (x; t), saying that
V¥i,e(X; @y;e; 1) converges locally uniformly or converges rationally locally uniformly as & — O are equivalent.
By (5.21)

T e (X5 @yies 1)
=Vyie(X2,X3, ..., Xi; Qyies 1)
i—1

Y V¥pe(x2. X3, xpt Aipel@yies Xpp1s L Xit Vil t). (5.31)
p=0

Hence to show that Vy; . (x; ¢y.¢; t) converges locally uniformly on RIFTI=1 %[0, ¢) as € — 0 with probability 1 it
suffices to show that for each p < i

Vpe(%2, X3, . Xps Aip sl @yies Xpt1, oo xis Yels )

converges locally uniformly on R/T~! x [0, ¢) as € — 0 with probability 1. However, by Lemma 3, A;_p ¢[@y.¢;

Xp+1,-.-,Xi; u]is a totally e-smoothed version of A;—p[@y; xp+1, ..., x;; u], and the latter is an admissable function
of weight k — p with auxiliary variables y, x, 11, ..., x;, u. Therefore, by our induction assumption,
Vyp,e(XZ, X35 oo Xps Aipel@yies Xpt1s - -0, Xis ul; t)

converges locally uniformly in (x, y,u,t) € R/* x [0, ¢) as € — 0 with probability 1. Since ¥; is locally bounded
on [0, ¢), this completes proof of Theorem 4. ([
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