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Abstract. We prove an extension of a result by Peres and Solomyak on almost sure absolute continuity in a class of symmetric
Bernoulli convolutions.

Résumé. La continuité absolue, presque stirement, est démontrée dans une classe de convolutions de Bernoulli symétrique, éten-
dant un résultat de Peres et Solomyak.
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1. Introduction

For A € (0, 1), define the random series

Y, = Z +A",

n>1

where the signs are chosen independently with probability 1/2. It is easy to see that the distribution v, of Y} is singular
for A < 1/2, see Kershner and Wintner [2]. Wintner [7] noted that v; 7 is uniform on [—1, 1]. For Lebesgue almost
every 1/2 < A < 1, Erdos conjectured that v, is absolutely continuous with respect to the Lebesgue measure on R.
This conjecture has attracted a lot of attention during the years, and was finally settled by Solomyak [4] in 1995, who
also proved that the densities are in L?(R). A simpler proof was later given by Peres and Solomyak in [3].

In this paper we discuss one of the many possible applications of the techniques developed in the paper of Peres
and Solomyak. We will show absolute continuity statements for the distribution of the random series

Y, = Z 4290

n>1

where, as above, the signs + are chosen independently and with probability 1/2, and where the function ¢ : N — R is
assumed to satisfy

0< tim 2% - . (1)

n—oo n
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and some minor technical conditions. In particular, we treat the cases when ¢(n) = n +r(n), where r is the logarithm
of a slowly varying function, and ¢ (n) = n® for 0 < o < 1 (see Example 1 and Example 3). If the limit in (1) is infinite
it follows that the measure v;, is singular, see e.g. [2], Criteria (10).

2. Bernoulli convolutions and examples

For a function ¢ : N — R and 0 < A < 1 we consider the infinite convolution product of (6_; ¢ =+ 850 )/2 forn > 1.
This convolution product converges to a measure v, if and only if

Z A2 < o, )
n>1

and the finiteness of (2) implies furthermore that this infinite convolution converges absolutely, i.e. the order of the
terms in the convolution is interchangeable (see e.g. Jessen and Wintner [1], Theorem 5 and Theorem 6). Let 2 =
{—1, 1} be the sequence space equipped with the product topology and s the Bernoulli measure on §2 with the
weights (1/2, 1/2). The measure v, can be written as the push-forward of i by the random series

V(@)=Y on", 3)

n>1

where w,, denotes the nth coordinate of an element w in £2. We are interested in the set of A in the interval (0, 1) for
which the measure v, is absolutely continuous with respect to the Lebesgue measure m on R. Our first result deals
with the class of random series where

lim p(n+1) —p(n)=0. @)
n—o00
Observe that for functions ¢ with the property (4), it follows that

lim M:

n—oo n

0.
We begin by stating the following theorem.

Theorem 2.1. If ¢ : N — R satisfies property (4) and if there is a A € (0, 1] such that, for all » € (0, A1), condition (2)
is fulfilled then, for a.e. A € (0, A1), the measure v, induced by the random series (3) is absolutely continuous and has
an L?-density.

Example 1. If p(n) =n®*, 0 < a < 1, it follows immediately that the distribution of

Y, = Z 2

n>1
is absolutely continuous for a.e. 1 € (0, 1), and that the density is in L.

Example 2. Observe that the function ¢(n) = n/logn fulfills (4) and hence the distribution of

Y)L — Z :tkn/logn

n>1
is absolutely continuous for a.e. ) € (0, 1), and the density is in L*.

The method used by Wintner in [5,6] and [7] gives a better result in Example 1 in the case when 0 < o < 1/2. In
fact, if 0 < o < 1/2, then the distribution of Y is absolutely continuous for all A € (0, 1) and, furthermore, the density
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is smooth. Wintner considered the Fourier transform of the measure v, which can be represented as a convergent
infinite product: D (t) = [[2; cos(A?™1). Since cos(A?™r) < 2/3 if 1 < A¥™¢ <2, it follows that

1D(0)] < (2/3)KD,

where K (1) =#{n; 1 < Aoy < 2}. In Example 1 a minor calculation yields that, for 0 < o < 1/2, (2/3)K(t) decreases
faster than polynomially and thus, v, is absolutely continuous and the density is smooth. To guarantee a sufficiently
fast growing of K (¢), the function ¢(n) cannot grow too fast. The method seems to break down at « = 1/2. However,
by taking the slowly growing function ¢ (n) = logn, Wintner’s method applies and we see that the distribution of

1
YA:Zin—a

n>1

is absolutely continuous for all « > 1/2 and the density is smooth.

3. Absolute continuity of Bernoulli convolutions
Theorem 2.1 will be derived from the following result.

Theorem 3.1. Suppose t:N — R is of the form t(n) = Bn + r(n), where the function r(n) satisfies (4). Then the
measure 1, induced by the random series Z) = an 1 +A7™ is absolutely continuous and has an L*-density, for a.e.
re (2718 272138,

Example 3. If t(n) =n+n%, 0 <a < 1, it follows from Theorem 3.1 that, for a.e. A € (2’1 , 2*2/3), the distribution

of

7, = Z ikn+n°‘

n>1
is absolutely continuous and the density is in L?.

Proof of Theorem 2.1. Let {n;; j > 1}, be a subset of N such that ¢(n ;1) < @(n;), j > 1, and such that for every
n > 1 there is an j > 1 with ¢(n) = ¢(n;), i.e. the sequence n; should be thought of as the times when ¢ makes a
jump. Observe that we still have

jli)fgoﬂp(njﬂ)_@(nj):& ®)

Let ¢:[1,00) — R be the continuous function which satisfies ¢(j) = ¢(n;) and which is linear on [j, j + 1],
j>1.Fix0 < p < oo and set ¥ (x) = ¢! (Bx). Since ¢(x + 1) — @¢(x) — 0 as x — 0o, we can choose Ny such that
Y(x+1)—¢¥(x) > 1, for x > Np. Let [x] denote the integer part of the real number x. We split the random series Y},
into two parts:

L@ = 3 om0+ 00

Jj=No n>1
né¢{npy(j:Jj=No}

=:Z)(w) + Ry (w).

Note that this is possible since the infinite convolution Y is absolutely convergent. We want to apply Theorem 3.1
to the function t(n) = ¢([¥ (n)]). Let r(n) = ¢([¢ (n)]) — Bn. By the definition of ¥, r(n) = ¢([¥(n)]) — ¢ (¥ (n))
which, by (5) tends to 0 as n — oo. Hence, r(n) satisfies trivially condition (4). Let 1, be the measure induced by the
random series Z, . It follows from Theorem 3.1, that, for a.e. A € (2’1/ B, 2-2/3p ), ny. is absolutely continuous and has
an L2-density. The random variables Z;, and R, are independent. Hence, for a.e. A € Q2~VE 27238y N (0, A1), we
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can write the measure v, as a convolution of two measures where one of them is an absolutely continuous measure
having an L?-density. Thus, the measure v, itself is absolutely continuous and the density of v;, is in L2(R). Since
0 < B < oo was arbitrary we can fill out the whole interval (0, A1), which concludes the proof of Theorem 2.1. O

Remark 1. We have already noted that a function r : N — R satisfying (4) also fulfills lim,,_, o r (n) /n = 0. Observe
furthermore that property (4) implies:

Jim r(k+ ) ~r()=0 forall j =1
—00

and

sup o [r(k + j) — (k)|
m =0.
k— o0 k

4. Proof of Theorem 3.1
In [3], Peres and Solomyak studied power series of the form,

jz1

for 1 € (0, 1), and proved the following lemma:

Lemma 4.1. Suppose g is of the above form. There is a § > 0, such that, if g(A) < &, for some A in the interval
[0,272/3], then g' (L) < —8.

We will study slight modifications of these series. Let 7 j, k, j > 1 be any sequence of real numbers, such that, for
every j > 1,

re,j—~>0 ask— oo 6)
and
10g+(5upj>1 7%, ;1)

= =0. 7

k— 00 k @)
Define
g =14 biA/ Tl =g+ Y b (W — 1), ®)
Jj=1 j=1

where g(A) =1+ ijl bjkj. Using Lemma 4.1, we can prove:

Lemma 4.2. There is a positive constant §' and a positive integer K, such that, if k > K and gy () < 8' for some A
in [0,272/3], then g (W) <=4

Proof. We have

g =Y (j +ribjad Tk
Jj=1

=g )+ ) G +r b T = 1)+ Y b
jzl izl
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Let § be the constant in Lemma 4.1. Set §' = §/2 and pick 0 < & < §/8. Since A < 272/3 <1 and because of ),
we can choose j. > 1 such that

<& and <eg

9

DG b T W 1)
iz je

Z rk,jbj)nj_l

EI
and

=g,

D b — 1)

JzJe

for all k£ > 1. Furthermore, by condition (6), we can choose K, > 1 such that

Je

Zrk’jbjkj_l

j=1

Je
DU A bl T — 1)
j=1

<& and <e,

and

587

Je
D b (W 1)

j=1

for all k > K,. Note that gx (1) < & and k > K, implies, by (8),

g0) <8 +|Y bl 0k — 1) <8 +2e <.

j=1

Hence, if gx (1) <& and k > K, by Lemma 4.1,

gh(W) < =8+ | > (j +re)biad T (A —1)'+ Z"k,jbj}‘kl‘
j=1 j=1
< —86+4e <=5 U

We can now finish the proof of Theorem 3.1. Let t : N — R be as in Theorem 3.1. We can without loss of generality
assume that 8 = 1. The case for general § follows immediately from a simple scaling argument. The proof closely
follows the ideas outlined in [3]. Suppose 7;, is the push—forward of the Bernoulli measure on §2 under the map

Zi(@)=Y_ o 7",

n>1

Setting r (n) = t(n) — n, we note that, by Remark 1, the sequence ry, ; =r(k + j) — r (k) satisfies condition (6) and
(7). Let I denote the interval [Lg, 2=%/3], where 271 < 1g < 27%/3, and let K and &’ be the constants in Lemma 4.2. Tt
is enough to show that the distribution of the random series

Zn(w) = Z AL

n>K
is absolutely continuous, for a.e. A € I, and has an Lz—density. Let

Rk = {(wg, wk+1,...); w € 2},
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and denote by g the Bernoulli measure on §2g . Following [3], we need to prove that

1
S =liminf — m({rel; Wy — @ AT
r—0t r /-;2K /-QK ({ Z( " n)

n>K
For k > K, let f.?k denote the subset of elements (w, ') in 2x x 2k such that wj = w;. forall j <k —1,and
wy # wy.. Note that

< r}) dug (w)dug (@) < +oo.

(g X ug)(2) =27 FDTE and  t(k+ j) — (k) = j + e ;.

‘We obtain

1 _
s < lim(i)rlf; 2~k D+K / m({r e ;g (h; 0, 0) <r27'2 T(k)})d,uK(w) dug (@),
r— K o

where

g0 ) =14 bjtkw oW, bjko, o) e{-1,01},
izl

for (w, ') € £2x. By Lemma 4.2, the functions g; satisfy a transversality condition on the interval I, and thus,

m({ne g w0 <r27 2™} <51y ™.

It follows that

—1yK—1 N y—k; —t(0)
S <§mkt Yy "o T,
k>K

Note now that the right-hand side is finite since A9 > 1/2 and 7(k)/k — 1 as k — oco. Hence we have proved
Theorem 3.1.
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