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Abstract. We prove an almost isometric reverse Holder inequality for the Euclidean norm on an isotropic generalized Orlicz ball
which interpolates Paouris concentration inequality and variance conjecture. We study in this direction the case of isotropic convex
bodies with an unconditional basis and the case of general convex bodies.

Résumé. Nous prouvons une inégalité inverse Holder presque isométrique pour la norme euclidienne sur une boule d’Orlicz
généralisée isotrope qui interpole 1’inégalité de concentration de Paouris et la conjecture de la variance. Nous étudions dans ce sens
le cas des corps convexes isotropes a base inconditionnelle et celui des corps convexes généraux.
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1. Introduction

Let K be a convex body in R” and let X = (X1, ..., X,) be a random vector uniformly distributed in K. We suppose
that K is in an isotropic position that means:

1. vol,(K) =1 (where vol, stands for the Lebesgue measure on R");
2. the barycenter of K (EX) is 0;
3. the expectations E(X, 0)? = L% do not depend on 6 € "1,

It is known that every convex body has an affine image which is isotropic. We denote by |x| the Euclidean norm of
x e R,

Under the isotropic condition, Paouris [14] showed that for some absolute constants c; > 0 and ¢ > 0 and for any
real p € [2, c1+/n],

1 1/2
(EIX17)? < er(BIX2) 2. )
Besides, Bobkov and Koldobsky [4] emphasized (considering a particular case of a conjecture of Kannan, Lovasz
2
and Simonovits [11]) that the ratio 012( = % should be bounded from above by a universal constant which can be
K

written

(EIx1H)" < (1 + %)(IWF)”2 @
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for some numerical constant C > 0. Anttila, Ball and Perissinaki proved this conjecture in [1] for the /,-balls by
showing in this case that

cov(X7, X7) <0 3)

foranyi and jin {1, ...,n} with i # j. Wojtaszczyk [17] extended this property (3) [and thus (2)] for the generalized
Orlicz balls, that is to say when

n
K={x=(@....x) eR.Y " fi(lnl) <1
i=1

where, for any i € {1,...,n}, fi :RT — R U {oo} is convex and satisfies: f;(0) =0, 3r € R}, f;(t) #0 and Is €
Rj, fi(s) # oo. Recently, Klartag [10] proved (2) for the unconditional convex bodies (the convex bodies which are

symmetric with respect to the coordinate hyperplanes). But the general case remains open.
EX|P)/P
EIXH)1/2
to the estimate of the spectral-gap for convex bodies. For any random vector Y in R” with the law py, we denote
A1(Y) = A1(uy) the spectral-gap of py that is to say the best constant A > 0 such that for any sufficiently smooth

function f:R" — R

In this direction, it is natural to try to estimate the ratio for p € [4, c1+/n]. This question is connected

AVar[f ()] <E|[VF ()|

Kannan, Lovdsz and Simonovits conjectured in [11] that, under the isotropy assumption, we have

1
MX) > —- “)
cL%(

for some absolute constant ¢ > 0. Up to now, this conjecture was proved only for the l;’,—balls with p € [1, oo] [8,16].
It is well known that an estimate of spectral gap implies moment bounds for Lipschitz functions. We observe that this
conjecture implies

(EIx|7)"P < (1 + )(E|X| )!/? (5)

for any p € [2, ax/n] where a; > 0 and as > 0 are numerical constants. The following statement is the main result of
this paper.

Theorem 1. There exist universal constants C1 > 0, ..., Cq > 0 such that:

1. for any random vector X uniformly distributed on an isotropic generalized Orlicz ball and for any p € [2, C1+/n],

(EIX17)"7 < (1 +r )(Em )"

2. for any random vector X uniformly distributed on an isotropic unconditional convex body and for any p €

2, C3 L],

og(n)

(E1x17)"" < (1 — )(Em )"

3. for any random vector X uniformly distributed on an isotropic convex body and for any p € [2, Csn'/10-02],

Cep
(B1x)7) """ < (1 s, 01)(E|X| )2,
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These reverse Holder inequalities obviously give concentration inequalities for the Euclidean norm. The Paouris
inequality (1) for the convex bodies [14] is equivalent to the concentration inequality within a Euclidean ball

vi=1 P(X]>Ci(EIX]?)"?) <e VM ()

for some numerical constants ¢ > 0 and C > 0. The inequality (2) implies the concentration inequality within a thin
Euclidean shell

vi>0 P(|IX| - (EIXP)] = 1(BIXP)'"?) < Cem W™ ™

for other absolute constants ¢ and C. This is a consequence of the 1 2-behaviour of the polynomial | - > —E|X|?
on K . More precisely, Bobkov [2] showed that, for any polynomials P of degree d and any p > 1, (E|P(X)|P/)l/P <
copE|P(X)|"/ for some numerical constant cg. (7) does not give the optimal dependence on n for ¢ > 1 as in (6). But
Theorem 1 implies:

Corollary 2. There exist universal constants ¢ > 0 and C > 0 such that, for any random vector X uniformly distrib-
uted on an isotropic generalized Orlicz ball

vi>0 P(|X|— (EIxP)"? > 1(EBIxP)"?) < cemV™,

In the general case, the best deviation inequalities for the Euclidean norm on K were proved by Klartag in [9]:

/43.33,,0.33

vie 11 P(|IX]— (BIX]?)"?| = t(B1x?)"?) < e (8)
and by Paouris (6) for r > C [14]. Emphasize that assertion 2 of Theorem 1 for p € [2, cn!/#] is a consequence of (7)
and that one can deduce assertion 3 from (8). Moreover, the inequality (8) implies an almost isometric moment bound
for p e [cnl/lom, c/n0‘33], as will be shown later in Lemma 6.

The paper is organized as follows. In Section 2, we will give some preliminary observations and we will explain
how to deduce Corollary 2 from Theorem 1. We will prove Theorem 1 in Section 3 for the generalized Orlicz balls
by applying the negative association property got by Pilipczuk and Wojtaszczyk [15], which generalizes (3). The
unconditional case will be studied in Section 4. The proof uses the main results got by Klartag in [10]. In Section 5,
we will give a proof of Theorem 1 for the general convex bodies which does not use (8) and is interesting in its own
right. We will use the almost radial behavior of marginals of isotropic log-concave measures studied by Klartag to
get (8) [9] and we will estimate the spectral gap of measure projections.

The letters ¢, ¢/, C, C’, ¢y, ... stand for various positive universal constants, whose value may change from one line
to the next.

2. Preliminaries

Definition 3. Let X be a random vector on R" such that for all p > 0, E|X|P < co. X will be said to satisfy the
inequality (V) with a constant A > 0 if for any real p > 2,

p?
Var | X|? < AZE|X|?".
n

Kannan, Lovdsz and Simonovits’ conjecture for the functions | - |” implies that the random vectors uniformly
distributed on an isotropic convex body K satisfy the inequality () with a universal constant. Indeed, (4), the Holder
inequality and the isotropic position of K lead to

2
Var |X|P < cL% p*EIX 12772 < c L2 p*(EIX12P) 7P < Loy x e,
n
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Lemma 4. Let X be a random vector on R" such that for all p > 0, E|X|? < 0o and let r and pgy be positive reals
with po < «/n. Define Dy, D, and D3 in the following way

Dy =infld>0,Vp e _2, %} (E1x|7)"7 < <1+d )(E|X| )1/2}

- i
Dy =infld = 0.p€ 2. &},Var|X|P§LE|X|2P},
Vd n

2 po

rr\/_

Then, there exist positive reals a, b depending only on r such that

d 2
D3 =infid > 0,Vp € ﬂ
n

]mN Var | X|'? < IE|X|2”’}.

D3 <Dy <aDi <bDs.

In particular, if X satisfies (V) with a constant A, we have for some universal constants ¢y > 0 and ¢y > 0,

Vpe[Z,cl%] (EIX|?)"? < (1+ 2Ap>(E|X|2)1/2. ©)

Proof. The existence of an absolute constant a such that D, < a Dy is a consequence of the growth of ¢t — (E|X|") 1/,

D3 < D, is clear. To get the third inequality, we introduce the function ¢ : ¢ — log(E|X|")!/* and we observe by the
Jensen inequality

=2 B EX2 = 2@

1 Ent|X|" 1 [ (|X|f > || ] 1 E|X|* 1 Var|X|
< < —

(= -2 _ gl
PO=GFxr = 28 mixy ) EixT

Moreover, the convexity of s — ¢(1/s) means that r — Ent|X|'/E|X|" is nondecreasing. Hence, for any ¢ > 2 and
for any integer p such that £ < p <% 4 1, we have

1 Ent|X|"P <L 1 Var|X|'P 2D3(rp)2 2(r+1)2D3

/
<
PO X SEEXE S ¢ S a
. E(X|9)1/a
if 2D3r?p? < p?. Integrating this inequality, we get for any ¢ € [2, Jﬁ(r+1)]’ ((El\xl\Z;I/Z < 2r+DD3g/n < | 4
2
% since py < /1. The lemma follows. O

Corollary 2 is a consequence of the following lemmas.

Lemma S. Let X be a random vector uniformly distributed on an isotropic convex body. If X satisfies the inequal-
ity (V) with a constant A > 1 then, for any t > 0, we have

P(IX| > (1 4 0)(EIX[?) /%) < cemeWn/VAx o
for some absolute constants ¢ > 0 and C > 0.

Proof. By the concentration inequality (6), it is sufficient to prove (10) for + < ¢ where ¢ is a numerical constant.
Moreover, we can suppose ¢ > “/—\/é. Taking p = Ci/? in (9), we get (IE|X|C"/Z/‘/Z)‘/Z/(C“/E) <1+ %Z)(E|X|2)l/2.

Then, Markov’s inequality gives for any ¢ € [%, cl

P{IX1> (1 + cat) (BIX12) 2] < P[1X] > (1 4 1) (BIX | VAVAWVACVD] < (1 1 py=ervi/VA

The lemma is thus proved. U
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The following lemma was proved by Klartag in the first version of [10] by exploiting the log-concavity of 7 —
P(|X| < &) for the unconditonal convex bodies got by Cordero—Erausquin, Fradelizi and Maurey in [5]. We reproduce
below its proof for the convenience of the reader.

Lemma (Klartag [10]). There exist absolute constants ¢ > 0 and C > 0 such that, for any random vector X uniformly
distributed on an isotropic unconditional convex body, we have

vVt € (0, 1] ]P(|X| <({1- t)(E|X|2)1/2) < Ce eV,

Proof. According to Klartag [10], X satisfies (2), that is to say, Var |X 12 < %(E|X 1%)2. By Markov’s inequality, we
get thus

P(le < (1 + %)(ED{F)”) > Z and IP’<|X| < <1 - %)(Emz)lﬂ) < %

for some numerical constant ¢ > 0. Since ¢ — P(]X| < &) is log-concave [5], for any positive reals a and b and for
any reals u > 1 and s > 1 such that % + % =1, we have

P(|X| §ab(E|X|2)l/2) > [P(|X| 5a"(E|X|2)1/2)]1/u[P(|X| < bs(E|X|2)l/2)]l/S_

Taking a = (1 — ﬁ)(l + %)—l/s, b=+ ﬁ)l/s and thusab =1— ﬁ and " = (}_:;g)"(l + ﬁ) > e U/ >
— ‘J\/—’% we obtain for any u > 1:
/ l u 1 u
Plixi<(1-%)@®xP?)'"?) <(5) <3(5) -
Jn 3 3
Since this inequality is obvious for u < 1, the lemma is proved. (]

The following lemma shows that (7) implies assertion 2 of Theorem 1 for p € [2, cn'/*] by taking @ = 1/2 and
B=1/2.Fora =0.33/3.33 2~ 1/10 and 8 = 3.33, it gives assertion 3 of Theorem 1 by (8).

Lemma 6. Let a, b, a and B be positive reals such that « < % and aff < % Let X be a random vector in R" which
satisfies the concentration inequality

vi=0 P(|1x|— EIXP)"?] = 1(®IX1)"?) <ae? 0 1,2y 4 ae VM,

Then, we have:

L. forall p € [2,c;n®™nED] (E[X|7)/P < 1+ S2)(E|IX P2,
2. if B> 1, for p € [cin®, can®P], (EIX|P)/P < (1 + C2(Ep) VD) (EIX )12,

where c1, c2, C1, Cy are positive constants depending only on a, b and .

2
Proof. We will denote by ¢, Cq, ... positive constants depending only on a, b, « and 8. Let ¥ = Iél)i(‘lz — 1. The
concentration assumption means for Y that

Vi>0 P(Y|>1)<Cre 1 1oy 4 ClemeViViY,
This inequality yields, via the integration by parts E|Y|* =k fooo =IP(|Y| = 1) dt,

1/p K2 K1/B

k
17k < Czn—a +C2; <C;

Vk e [1,con®] (E|Y[F) —.
n
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Therefore, since EY = 0, we get for any integer g € [1, czn"‘ﬁ 1,

]E|X|2q q q ' q C4qkl/ﬁfl k qukl/ﬂfl k
—— =E(1+Y) =1 EY* <1 — ) <142 —_ .
s BN =t ()R st ) (TR ) stz ma (SR

Consider the g : k > (%)k and set ko :e—l(%)l/(l—l/ﬂ)'

o If B < 1, g is decreasing on (0, ko] and increasing on [ko, 00). Thus, maxs<x <, g(k) = max(g(2), g(¢)) =g(2) <

Can% for ¢ < c3n® and the result is proved.
e If B> 1, g is increasing on (0, ko] and decreasing on [kp, o0). When ko < 2, that is to say, g < c4n®,

maxa<k<q (k) = g(2) < C7,fTi. When kg € [2,¢], that is to say, g € [can®, csn®F], maxp<p<q g(k) = g(ko) =
exp((1 — 1/B)e~"(532)P/B=D) and hence

(]E|X|2q)l/2q 124 q 1/(B=1) p 1/(B=1)
WE3 exp C8 nTﬂ §1+C2 nT,B . 0

3. Case of generalized Orlicz balls

Recall that K is a generalized Orlicz ball if there exist convex increasing functions f; : [0, c0) — [0, o0],i € {1, ..., n}
which satisfy f;(0) =0, 3 € R}, f;(t) #0 and 3s € R, fi(s) # 0o, such that

K = {x:(xl,...,xn)eR",Zﬁ(|xi|)5 1}.

i=1

According to Lemma 4, Theorem 1 for the generalized Orlicz balls is a consequence of the following result:

Theorem 7. If X is a random vector uniformly distributed on an isotropic generalized Orlicz ball, then X satisfies
the inequality (V) with a universal constant C, that is to say,

C 2
Vp>2 Var|X|? < =L_E|x)?.
n
The proof uses mainly the following theorem:

Theorem (Pilipczuk—Wojtaszczyk [15]). Let X be a random vector uniformly distributed on a generalized Orlicz

ball. For any coordinate-wise increasing bounded functions f, g and any disjoint subsets {i1, ..., ix} and {j1, ..., ji}
of {1,...,n}, we have

cov(f(IXiyls - 1Xi 1), (IX 51, -, 1X 1)) <O (11
Notation 8. For any n-tuples x = (x1,...,x,) € R" and o = (a1, ..., a,) € N" with |a| = Z?:l o = q, we denote

; ; . . v ,
by x¥ the real number []}_, x;x’ and by (g) the multinomial coefficient ﬁ in such a way that Newton’s formula
i=1%i:

() -2 )

loe|=g

A

Otherwise for any y = (y1, ..., yn) € R" and for any i € {1, ..., n} we denote the orthogonal projection of y on el.L

by Vi =1y -5 Yi-1,0, Yig1, ..., yn) the orthogonal projection of y on e;-

i
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Proof of Theorem 7. The Pilipczuk—Wojtaszczyk theorem shows that, for any « € N* and g € N* with disjoint
supports, we have

COV(X2°‘,X2’6) <0. (12)

In the case where the supports of o and S are not disjoint, we use the obvious upper bound cov(X>*, X%#) <
EX?@+P) Since the variables X; are 1, that is to say, for any r > 2 (E|X;|")'/" < r(E|X;|*)'/? ([13], Appendix III),
we have besides

2(ai+Bi i 1/2 4Bi\1/2 ; ; i n2Bi i+Bi
EXi (ei+Bi) < (EX401) / (]Exlﬂ) / < (4aiLK)2al (4,81'141()2/3’ =O{i2a ﬂlﬂ (16L%()(‘1 +/5)‘

i

When i belongs to the supports of « and B, («; + Bi)e; and o; + B have disjoint supports and (12) gives
cov(Xl.z(ai+ﬁ’), X2@i+Fi)y < (. Hence

EXZ(DH—,B) < }Exiz(ai"l‘ﬂi)EXZ(d,'-i-ﬂv;) < aizai ﬂlzﬁz (]6L%()(ai+ﬁi)EX2(d[+ﬂvi) . (1 3)
Consequently, we get by Newton’s formula for any integer g > 0,

wievl S, (1) )= X (4)()etea

la|=q,|Bl=q
supp(a)Nsupp(B)#<

< > (Z) (Z)cov(xz",xzﬁ)

i1 {(@.B).le1=q.1B|=q,0; #0, p; #0}

n q q
20 p2pi i+Bi — — B -
=22 () () aorny et (75 (457 s
i=le=1f=1 i |=q e

\Bil=q—Bi

n
=2 3 3 (1) (5 e tori " om e

i=11<k<g 1<h=<q

The Holder inequality gives for any i, h > 1 and k > 1,

1= (k+h)/(2q) _ E|X|%

> 14g—20k+h) 4q—2(k+h) 4
E[X;|™ <E|X[™ < (E|X|*) = L2k
K

Hence, we obtain

kN 2
Varlez"S"(Zzzl (Z) (M) ) E|X|*.

To conclude, it is sufficient to use Lemma 4 and to observe that if g < 21—0 n, we have

d 162\ L /50kg \* 50 122 /504 \*
() () <2 (e
k=0

k=1 k=1

q—1 k q—1 2\ k
< &Z(ZOqu> < &Z<200q ) < 100q.
n =0 n n =0 n n |:|




306 B. Fleury
4. Case of convex bodies with an unconditional basis

Recall that a convex body K in R” is unconditional if K is symmetric with respect to the coordinate hyperplanes, that
is to say

Y(er,...,&n) €{—1, 1", Vx=(x1,....,x,) €K (e1x1,...,&nxn) €K.

We repeat the arguments used by Klartag [10] to prove the variance conjecture for the unconditional convex bodies.
The main tool of the proof is the following result based on analysis of the Neumann Laplacian on convex domains.

Theorem (Klartag [10]). Let X be a random vector uniformly distributed on an unconditional convex body K of R".
Foranyi € {l,...,n} and for any x € R" denote Bi+ (x) and B/ (x) the points such that [ B; (x), Bl.+ )]=KnNnx+
Re;) (with (Bf(x), ej) >0 and (B (x),e;) <0). Let f:R" — R be an unconditional function of class C! (that is
to say, such that, for any (x1, ..., x,) € R" and for any (g1, ...,&,) € {—1, 1}, f(e1x1,...,&nxn) = f(X1, ..., X))
Then,

Var[ f(X)] < E[Z(f(X) - f(B,*(X)))ﬂ- (14)
i=1

If 1 : R — Ris an even function of class C! and r € R*, by integration by parts and by Cauchy—Schwarz inequality,
we have

/r (h(t) — h(r)*di < 4/r (1 (1)) dr

—r —r

For the functions &; : t — f(x1,...,Xi—1,¢, Xi+1, ..., Xn) (Where f satisfies the assumptions of the previous theorem)
andr = (Bl.+ (x), e;) fori € {1, n}, this inequality gives after an integration on K N ef-:

/K [f) = f(BF ()] dx

(B (»).e1)
/]m f f(y+tei)—f(y+(B,*(y)vei)ei)]2dt

(B} (3).ei)

B (3).ei)
< / / 20 f (v +te) dr =4 / 37 (3 £ (1) d
KNei (B ().ei) K

Hence (14) implies
‘ 2
Var[ f(X)] <4 Y E[X7 (3 £(X))7]- (15)
i=1
Remark. If X is uniformly distributed on an isotropic generalized Orlicz ball, the inequalities

cov(ﬂ X1 T |X,»|ﬁf) <0 if supp(a) N supp(B) = 2, (16)

i=1 i=1
n n n
cov(]"[ X T |X,»|ﬂf> <E[T1X:1** if supp(e) N supp(p) # & (17)
i=1 i=1 i=1

for any o € RM)" and B € (RT)", imply (15) for any function f such that f(x) =Y, aq [}, |xi|% with ag >0
for any o (expanding the variance is sufficient). Hence, (15) applied to the function | - |P gives the same estimate of
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Var | X |? as one given by (16) and (17). On the other hand, (13) is false in the unconditional case. More precisely, there
does not exist some universal constant C > 0 such that, foranyi € {1, ..., n}, any y € N" with y; =2 and any random
vector X uniformly distributed on an unconditional convex body, E]T;_, |X¢|" < CE|X; I2E ]_[k;éi | X|Y%. Let us
repeat the counterexample to the square negative correlation property given by Wojtaszczyk in [17] for unconditional
bodies. Let X = (Y, Z) be a random vector on R"~2 x R* = R" uniformly distributed on the unconditional convex
body L = {x = (y,z) e R" 2 x R2,|y|{ + |z]oo < 1}. Then, for any (81, 82) € N2,

— S1+62+2
81,8 = 81 8 4. fyeR’j:ZJyllgldy (1= [yl)>r™
SR dde = dy 21 2, dz =
LNR" yeR’j:2;|y\1§l [0’],|y|1]2 (81 + 1)(82+ 1)

+

1
T =3)G1+ DG+ 1)
_ 61+ 8+2)!

TGS +EDIGI+F DG+ D

1
f tn—3(1 _ t)51+52+2 dr
0

Hence

3

E|Z 22> [][tseth
EIZi[MEIZof2 L 1+6/(n+k) |
Fori=n—1andy = (0, (2, y,)) € N*"2 x N2, that gives
n
E Xl = cmin(r, y)EIX; PE ] T1Xel™.
k=1 ki
According to Lemma 4, Theorem 1 for the unconditional convex bodies is a consequence of following result:

Theorem 9. There exist universal constants ¢1 > 0 and c» > 0 such that for any integer n, any real p € [2, c| logi("n)]
and any random vector X uniformly distributed on an isotropic unconditional convex body K of R, we have

p2
Var [X|? < ey —E|X|?P.
n

Proof. Applying (15) to the function | - | and using the Cauchy—Schwarz inequality, we get
Var |X|P < 4p EIX[{IX P~ < 4p(BIX )2 (B X 8)2, (18)

where | X[4 = (37, X;‘)l/“. By Borell’s lemma ([13], Appendix III), we have (E|X|§)1/2 < cmL‘}(. Besides, since
the spectral gap of X is bounded from below by c/(log(n))> [10], the Poincaré inequality for X applied to the
function | - |9 shows that, for g € [1, c3+/n/log(n)], E|X |9 < c4(E|X|9)2. Therefore, for p € [2, cs+/n/log(n)],

— C
(E1XIP7)" < cqBIX PP~ < o (BIXIPP) ™ < — D BIX PP
K

The inequality (18) gives the result. (]
5. General case

In this section, X belongs to the class of random vectors in R” which have a log-concave law, that is to say, for all
nonempty compact subsets A and B of R" and ¢ € [0, 1]

P(Xe(tA+(1-nB))>P(X e A)P(X e B)' ™,
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X will be said isotropic if for any 8 € "', we have
E(X,0)=0 and E[(X,6)]=1.

By the Brunn—Minkowski inequality (see, for instance, [7]), if X is uniformly distributed in an isotropic convex body,
iX is log-concave and is isotropic in the previous meaning.

The proof of assertion 3 of Theorem 1 uses the approach of Klartag [9] to get (8) and the one built independently
in [6]. We can summarize the arguments in the following way:

1. We reduce the estimate of the ratio (E|X|?)!/?/(E|X|?)!/? to the estimate of this ratio for projections of X on
subspaces.

2. We show that, if G, is a standard Gaussian vector in R”, the inequality (V) is satisfied by most of the projections
of X + G, on subspaces with an adapted dimension. We use the main tool of Klartag which gives almost radial
projections of X + G,,.

3. We explain how to deduce the result for X from the estimate for X + G,,.

Recall that G, ; stands for the Grassmannian of all k-dimensional subspaces in R" and for any subspace F € G, ,
Pr stands for the orthogonal projection from R” on F. Denote by w, x the unique rotationally-invariant probability
measure on G, ; and by v, the unique Haar probability measure on the special orthogonal group SO(n) which is
invariant under both left and right translations. u,  and v, are linked by the following equality: for any measurable
subset §2 of G, x and for a fixed subspace Fyy € G x, we have

Vn (u € SO(n),u(kFy) € .Q) = Un i ($2).

Furthermore recall that the geodesic distance d on the connected Riemannian manifold SO(n) is equivalent to the
distance defined by the Hilbert—Schmidt norm || - ||gs. More precisely for any u1 and u; in SO(n),

T
lur — uzllus Sd(ul,uz)SEIIM — uz|lus. (19)

Emphasize that v, satisfies the following log-Sobolev inequality. For any Lipschitz function f:SO(n) — R, we have

Ent,, [ /7] := f f*log(f?) dv, — ( / r? dvn) log( f 12 dvn) < 9 [ IV f 1 dva, (20)

Lf ) —f )]

FICH) and C > 0 is an absolute constant. Applying (20) to the function | f |1’/ 2,

where |V f(u)| = limsup,, ;)0
we observe that, for any p > 1,

d 1/p 1 Ent, [fP] Cf|f|p_2dv C ”f”i C
4 ) _ 1 bnt, 2 ip
dp |:10g</ 71 dv”) ] p* [1f1Pdv, =7 S1£17 dvy, IF1iLip = n ([ 117 dv,)?/p = d(f)’

where d(f) = n(fllljfl‘liﬁn )2, Consequently, for any p € [1,d(f)], we have

rd v 14 E7 d 21
n E + n
(/som)m g ) ( d(f)).[SO(n)|f| g @1)

for a new numerical constant C’ > 0.

In [6], the study of moments bounds for the Euclidean norm on a convex body begins by reducing the problem to
the study of the mean width of its L ,-centroid bodies. When k = 1, the following lemma is similar to this reduction.
In this case, p* is the parameter introduced by Paouris in [14].

Lemma 10. Let X be an isotropic random vector in R" distributed according to a log-concave law. Then, for any
integer k € [1, n] and for any p € [2, c1 max((kn)1/3, nl/Z)], we have:

(E[X|P)!/P apt (P (E|PpX|P)!/P
Wi 1+ " min ;,1 /GkTMn,k(dF), (22)
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where ¢1 > 0 and ¢y > 0 are absolute constants.

Proof. Fix an integer k € [1, n], areal p > 2 and a subspace Fy of G . There exists a real number ay, x , such that
for all point x € R",

|x|p Zan,k,p/ |PFx|pMn,k(dF) Zan,k,pf |PF0u(x)|an(du)~
Gk SO(n)

Hence, denoting by G; a standard Gaussian vector on R!, we have for q €12, p},

EIX|?  Jo,, EIPFX|?tnk(dF)
E|Gn|q B E|Gk|q

(23)

Remark that E|G;|?/(E|G;|%)?/? = T (B2)I'(5)P/21/T(E2)P/2 and that (log oT)' is concave (the Euler’s for-
mula shows that log oI" is the sum of functions which have a negative third derivative). This implies that i +—
E|G;|?/(E|G;|*)P/? is decreasing. We get

EIX|P)'P _ ©IGa|N) P BIGKD)? Ug,, BIPEX I pn i (F)) VP
EXPDZ " @GO EIGHN 7 (5, EIPFX Py x@F) 2

g,  EIPFXIP 1tk (dF))V/P
< ,
- Vk
since PrX is isotropic. Consider the function /) : M, (R) — R such that h,(u) = (IE|PFOu(X)|1’)1/1’. As a con-

sequence of Borell’s lemma ([13], Appendix III), &, satisfies the Khintchine-type inequality &, < Cph; for some
absolute constant C > 0. Thus, for any u#; and u; in SO(n), one has

(24)

|hp(u1) = hp )| < hp(uy —uz) < Cphy(uy —uz) = Cp|| pr(uy — uz) |y < Cpllur — ualns.
Hence, the inequality (19) gives for any u € SO(n),
pliLip < Cp. (25)

Since, by Stirling’s formula, we have a; max(v/1, VD) = (E|Gi|1’)1/17 < aymax (i, »/P) for some numerical con-
stants a1 and ap and since (E|X|?)!/7 > (E|X|*)!/? = \/n, (23) gives for p <n,

1/p 1/p pyl/p
P _ (EIG|?) /P (EIX]P)
</50(n) hp(u)vn(du)> B (E|G,|P)1/P > aymax (Vk. /p). (26)

Set p* =max{po € [2,n]: Yq € (2, pol, g <d(hy)}. By the inequality (21), we have for any p € [2, p*],

</ hgdv,,>l/p5(1+ C'p )f Iy dv. 27
S0(n) d(hp) ) Jsow)

In particular, (fSO(n) hh dv)V/P < C” fso(n) hp, dvy,. Thus, by using (25) and (26), we get

k)
d(hp) > CIH%ZP)-
4
Thanks to the inequalities (24) and (27), we get the assertion of Lemma 10 for any p € [2, p*]. To conclude, it is
sufficient to observe that, if pg € [p*, p* + 1] is such that d(h ) < po, then by the inequalities (25)—(27) and the fact
that p = h, is non-decreasing, we get

( W« dy )2 %2 k. p* k, p*
P 1= po=dihyy) = con Jsom hp dva > en? max(k, p*) ZC_3nma><( P
*2 2 p*2

P} -
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Hence p* > cymax(n'/?, (kn)'/3). Lemma 10 is proved. O
Lemma 11. Let U and V be two isotropic independent random vectors in R¥. Suppose V is symmetric. If U + V
satisfies the inequality (V) with a constant A > 0 then U satisfies (V) with a constant coA where cq is a universal

constant.

Proof. Let p > 2 be an integer. Since V is symmetric, for any nonnegative integers a, b ¢ we have: E|U|*|V |?*(U
V)¢ > 0. Hence, by using the inequality (|7|> 4+ |s|?)? > 2P|¢t|?|s|? for any reals ¢ and s, we get

p!
EIU+ VPP =E(UP+IVE+20. V) = 3 — =BV (U, V)
at+btc=p

> ; W]E|U|2“|V|2b E(|UI* +|V|*)" = 2PE|U|PE|V|? = (2Vk)"E|U 7.
a+b=p

Besides, since U and V are isotropic, from the inequality () and from Lemma 4, we get if p <c; \/—*/%,

A A
(EIU + V)2 < <1+ ka>(E|U+V| )12 = (1+ Czkp)\/zk.

Hence

(ElU?)"? < <1+62£p)2\/E <1+%>(E|U|2)1/2.

Consequently, the proof is complete thanks to Lemma 4. |

We will use the three results which follow. The first is a key argument in the proof of (8) (see Lemma 3.3 in [9]
witha=0,n=0,u = ﬁ and a little alteration in the constants).

Theorem A (Klartag [9]). Let X be a random vector in R" distributed according to an isotropic log-concave density.
Denote g :R" — R™ the density of Y = X + G, where G, is a standard Gaussian vector on R" independent of X .
Fork = Lclnl/S'mJ, there exists a subset € in G, i with probability p, () > 1— c2e 3K such that for any subspace
F €&, any x1 and x> in F with |x1| = |x2| < 10v/k, we have

Trg(x1)
Trg(x2)

1
< _

=y

where g is the density of PFY and c1, ¢y and c3 are absolute constants.

Recall that, if ) and u, are two Borel probability measures on R”, drv(u1, (2) stands for the total variation
distance between 11 and py which is defined by

d d
drv(u1, p2) =2 sup [ur(4) - pa(4)| = ’ﬂ( )= 20| dx

Recently, E. Milman proved the following result (see Theorem 5.5 in [12]). The proof is based on the concavity of the
isoperimetric profile for the log-concave measures.

Theorem B (Milman [12]). Let 11 and y be two log-concave probability measures on R". If

dry(ui, u2) <c<1
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then

1
—Ar(p1) <A (u2) <achi(nr),

ac

where a; > 0 depends only on c.

When Z is a radial random vector on R", so as to estimate the spectral-gap of Z, one must essentially estimate
the spectral gaps of $”~! and of the random variable |Z|. These estimates are well known when the law of |Z] is
log-concave. In this way, Bobkov showed the following result.

Theorem C (Bobkov [3]). Let Z be a random vector on R" with a radial density p(| - |). Suppose p:RT — RT is
log-concave. Then

\(Z) > —

1 EZ?
Proof of assertion 3 of Theorem 1. Let £ be the subset of G, given by Theorem A with k = [c1n!/391 . Fix
a subspace F in £. Denote Zr a random vector on F with the density wrg(| - |6p) where 6y € SF = "IN Fis

chosen in such a way that [, 7rg(|x|6p)dx = 1. 6y exists since fSp [rrg(x10)dxop(dd) = [rmrg(x)dx =1
(where o stands for the unique rotationally-invariant Haar probability measure on S¢). Then

1
drv(PFY, Zp) < 2 +/ (mrg(x) + mrg(lx|60)) dx
[x|=10vk

1 27
< —+2/ rrg(x)dx < — (28)
2 \x|>10\/— 50

by Markov’s inequality. Remark that this inequality implies E|Zr|*> < C1E|PrY|? = 2Ck for some absolute constant
C1 > 0. Consequently, according to (28) and Theorems B and C, the spectral gap of PrY is bounded from below by

a universal constant. In particular, PrY satisfies the inequality () with a universal constant and, by Lemma 11, it is
the same for Pr X. Therefore, thanks to Lemma 4, we have, for any p € [2, czﬁ],

@rrxr) < (14 22 )@eexe)® = (14 S22 )

Besides, when F ¢ &, Borell’s lemma ([13], Appendix IIT) shows that (E|Pr X |?)!/? < C3 p~/k for any p > 2. Thus,
we get for any p € [2, cov/k],

fG (EIPFX|P) "7 1y s @F) < (1+—)f + Cyp R (€°)
n.k

<1+—>f+c4pfe csk 5( +%>ﬁ.

By Lemma 10, we obtain for p € [1, C4n1/10‘02],

1/ Cep? Csp 12 _ Cip 12
(EIX|7) P5<1+ P ><1+ p )(E|X|) (HW (E|X[*) "~ 0

n
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