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Abstract. In this paper, we study additive coalescents. Using their representation as fragmentation processes, we prove that the law
of a large class of eternal additive coalescents is absolutely continuous with respect to the law of the standard additive coalescent
on any bounded time interval.

Résumé. Nous étudions dans ce papier les coalescents additifs. En utilisant leur représentation en tant que processus de fragmen-
tation, nous prouvons que certains coalescents additifs éternels ont une loi absolument continue par rapport a la loi du coalescent
additif standard sur n’importe quel intervalle de temps borné inférieurement.
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1. Introduction

This paper deals with additive coalescent processes, a class of Markov processes first introduced by Evans and
Pitman [12]. In the simple situation of a system initially composed of a finite number k of clusters with masses
miy,my, ..., my, the dynamic is such that each pair of clusters (m;,m;) merges into a unique cluster with mass
m; +m; atrate m; + m;, independently of the other pairs. In the sequel, we always assume that the initial total mass
isequal to 1 (i.e. my + --- + my = 1). This assumption induces no loss of generality since we can then deduce the
law of any additive coalescent process through a linear time-change. Hence, an additive coalescent takes values on the
compact set

Siz{x:(xi)izl,xl szzsz,in 51},

i>1

endowed with the topology of uniform convergence.

Evans and Pitman [12] proved that one can define an additive coalescent on the whole real line for a system starting
at time t = —oo with an infinite number of infinitesimally small clusters. Such a process is called an eternal additive
coalescent process. More precisely, if we denote by (C"(¢), ¢ > 0) the additive coalescent starting from the config-
uration (1/n,1/n,...,1/n), they proved that the sequence of processes (C" (¢t + %lnn),t > —% Inn) converges in
distribution on the space of cadlag paths with values in the set SV toward some process (C*°(1),t € R), called the
standard additive coalescent. It should be noted that this process is defined for all time € R. Remarkably, the stan-
dard additive coalescent becomes, through time-reversal, a fragmentation process. Namely, the process (F(¢),t > 0)
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defined by F(t) = C°*°(—1Int) is a self-similar fragmentation process with index of self similarity « = 1/2, without
erosion and with dislocation measure v given by

_ 1
v(x; edy) = (211y3(1 — y)3) 172 dy forye (5 1>, v(xz > 0)=0.

We refer to [8,9] for the definition of erosion, dislocation measure, and index of self similarity of a fragmentation
process and a proof of the property mentioned above. Let us just recall that, in a fragmentation process, distinct
fragments evolve independently of each other.
Aldous and Pitman [1] constructed such a fragmentation process F by cutting the skeleton of the Brownian contin-
uum random tree according to a Poisson point process. In another paper [2], they gave a generaligation of this result:
n

consider for each n € N a decreasing sequence r, .1 > - -+ > r, , > 0 with sum 1, set crnz =) i1, ; and suppose that

lim 6, =0 and lim ' =g, forallieN.
n—o0 n—oo Un

Assume further that either ), 91.2 <1 or ), 6; = oo. Then, according to [2], if M" = (M"(¢),t > 0) denotes the
additive coalescent process starting with n clusters with masses r, 1 > --- > r, 5, then (M ®(t —1noy,), t >Ino,) has
a limit distribution as n — oo, which can be obtained by cutting a specific inhomogeneous random tree with a point
Poisson process. Furthermore, any extreme eternal additive coalescent may be obtained this way up to a deterministic
time translation (i.e. any eternal additive coalescent can be obtained as a mixture of such additive coalescents).

Bertoin [5] gave another construction of the limit of the process (M M (t —1Ino,),t > Ino,) in the following way:
let by be the bridge with exchangeable increments defined, for s € [0, 1], by

o
by(s) =0bs + Y 0i(Ijs=v,) — ),

i=1

where (bs, s € [0, 1]) is a standard Brownian bridge, (V;);>1 is an i.i.d. sequence of uniform random variables on
[0, 1]independentof bando =1—; 01.2. Let gg = (e9(s), s € [0, 1]) be the excursion obtained from bg by Vervaat’s
transform, i.e. g9 (s) = bg(s + mmod 1) — bg(m), where m is the point of [0, 1] where bg reaches its minimum. For
all ¢+ > 0, consider

e ) =ts—eg(s). S (5)= sup e ),

O0<u<s

and define F?(¢) as the sequence of the lengths of constancy intervals of the process (Sét)(s), 0 <s <1). Then, the
limit of the process (M™(t —1noy,), t > Ino,) has the same law as (F?(e™"), 1 € R).

Miermont [15] studied the same process in the special case where g is the normalized excursion below the supre-
mum of a spectrally negative Lévy process. More precisely, let (X;, 7 > 0) be a Lévy process with no positive jump,
with unbounded variation and with positive, finite mean. Let X)) = SUpg<s<; X; and let ex = (ex(s), s € [0, 1]) de-

note the normalized excursion with duration 1 of the reflected process X — X. We now define the processes sg) (s),

Sg)(s) and FX(¢) in the same way as for by. Then, the process (FX(e™"),t € R) is a mixture of some eternal ad-
ditive coalescents (see [15] for more details). Furthermore, (FX(r),7 > 0) is a fragmentation process in the sense
that distinct fragments evolve independently of each other (but is not necessarily homogeneous in time). It is quite
remarkable that the Lévy property of X ensures the branching property of FX. We emphasize that there exist other
eternal additive coalescents for which this property fails. Notice that when the Lévy process X is the standard Brown-
ian motion B, the process (F5(e™),t € R) is the standard additive coalescent and (F5(t), r > 0) is a self-similar and
time-homogeneous fragmentation process.

In this paper, we study the relationship between the laws of F¥X and F2. From now on, we denote by F the
canonical process on the space of functions R — S Vand (F, t > 0) the natural filtration, i.e. F; = 0 (F(s),0 < s < 1).
We also define PO (resp. P(®)) on the space of functions R — SV such that F under PX) (resp. P(®)) has the law of
FX (resp. F5).

We prove that, for certain Lévy processes (X;,t > 0), the law IP’S? is absolutely continuous with respect to IP"(%)
and we explicitly compute its density.
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Theorem 1.1. Let (I'(t), t > 0) be a subordinator without drift. Assume that E(I')) < oo and choose any ¢ > E(I).

We define X; = B; — I'; + ct, where B denotes a Brownian motion independent of I'. Let (p;(u), u € R) and (g:(u),
u € R) stand for the respective densities of By and X;. In particular p;(u) = ﬁ exp(—%). Let S| be the space of

positive sequences with sum 1. We consider the function g: R x S| — R defined by

g0, 1) =29 with1 (1,0,0,...),

- qx; (—tx;) .
gt,x) =€ [[2) o withx=(x))i=1.

(D

Then, for all t > 0, the function g(t, -) is bounded on S| and has the following properties:

1. Under P®) g(t, F(1)) is an F;-martingale.
2. Foreveryt >0, the law ofHDI(;(_-t) is absolutely continuous with respect to IP’I(%) with density g(t, F(t))/g(0,1).

Let us notice that the first part of the theorem is a direct consequence of the second part. In terms of coalescent
processes, this theorem yields the following corollary.

Corollary 1.2. Let CX be a mixture of additive coalescents associated with the Lévy process X. Since we have
(CX@),t eR) law (FX(@e™),t € R), the law of (CX(s), s > 1) is absolutely continuous with respect to the law of the
standard additive coalescent started at time t € R, with density given by g(e™", C(t))/g(0, 1), C being the canonical
process on the space of cadlag functions R — S¥.

Remark 1.3. It is known that, if I' is a subordinator, the density (q;(u), u € R) of the Lévy process X; = B; — I'; + ct
is well defined for t > 0. Moreover, the function (t, u) — q;(u) is C> on R% x R (see Chapter 5 of [18]).

Let us notice that g(¢, -) is a multiplicative function, i.e. it can be written as a product of functions, each of them
depending only on the size of a single fragment. In the sequel we use the notation

tex q}((_t-x)

forx € (0, 1] and ¢t > 0,
Px(—1x)

gt,x)=e

so that g(7, x) = []; g(¢, x;). As a consequence of the branching property of F B and the multiplicative form of g, the
process F¥X also has the branching property. Indeed, for every multiplicative bounded continuous function f: S¥
Ry, forallt’ >t>0andx € SV, since g(t, F(t)) is an F;-martingale under P®) we have

EOI(F()IF0) =) =SB (a0’ FONE@)IF0) =),

Using the branching property of F under P(®) and the multiplicative form of g(z, -), we get

EX(F(F())I1F(t) =x) = [TE® (g(c. F()E(F ()| F(t) = (xi.0....)).

g, x) &,
And we deduce that

1
g(t,x)

= [TEY ((F()IFO = x.0....)).

EX(f(F (1)) IF(t) =x) =

[Tstt. x0E® (£(F ()| F (1) = (x:.0....))
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Let My (resp. M) be the random measure on (0, 1) defined by My = ) _; 8, where the (random) sequence (s;);>1
has the law of F(¢') conditioned on F(r) = x (resp. F(t) = (x;, 0, ...)). Then, for every bounded continuous function
k:R — R, we have

E® (exp(—(k, Mx))) = HE(X) (exp(—(k, Mxl,))),
i=1

which shows that My has the same law as Zi M, where the random measures (My,);>1 are independent. Hence the
process F has the branching property under PX). Let us note that other multiplicative martingales have already been
studied in the case of branching random walks [10,11,14,16].

This paper is divided in two sections. The first section is devoted to the proof of Theorem 1.1. In the second section,
we give an integro-differential equation solved by g using the fact that g(z, F (1)) is an F;-martingale under P8)

2. Proof of Theorem 1.1
The assumptions and notations of Theorem 1.1 are implicitly enforced throughout this section.
2.1. Absolute continuity

In order to prove Theorem 1.1, we first prove the absolute continuity of the law of F () under PX) with respect to the
law of F(¢) under P® for any fixed time ¢ > 0 and for any finite number of fragments. We start with:

Definition 2.1. Let x = (x1,x2,...) be a sequence of positive numbers with sum 1. We call the random variable
X=(xj,X},,...) asize-biased rearrangement of X if we have:

VieN, P(j=i)=ux;,
and, by induction,
Xi

1- Zl:l Xip

Of course, when the sequence X is itself random, the same construction can be done for each realization of x and
thus we obtain another random variable X called a size-biased rearrangement of x. In particular, for any r > 0, we
have Z?il Fi (1) = 1IP®)_as. (this follows from the construction from an excursion of X since the Lévy process has
unbounded variation, cf. [15], Section 3.2). Thus, in what follows, considering a possibly enlarged probability space,
we shall denote by F(t) = (Fi (1), F>(t), ...) a size-biased rearrangement of F (1) (well defined PX ) almost surely).

The following lemma gives the distribution of the n first fragments of F () under P**), chosen with a size-biased
pick.

VieN\{it,....ix}, PUkr1=ilj1=1i1,....jk=1ir)

Lemma 2.2. Foralln e N, forall x1, ..., x, € Ry such that S = Z?:l x; < 1, we have

X)( 2 " L g (—txp)
PXO(Fi(1) edxy, ..., Fy(t) € dx,) = O)ql_sm)]"[idxl---dxn.
i

q1( 1 1— Zi:l Xk

Proof. On the one hand, Miermont [15] gave a description of the law of F(¢) under PX): et T® be a subordinator
with Lévy measure z*]qz(—tz)llpo dz. Then, F(¢) has the law of the sequence of the jumps of T® before time ¢
conditioned on T,(t) =1.

On the other hand, consider a subordinator 7' on the time interval [0, «] conditioned by 7,, = y and pick a jump of
T by size-biased sampling. Its distribution has density

zuh(z) fu(y — 2)

dz,
vfu () ¢
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where # is the density of the Lévy measure of T and f, is the density of 7, (see Theorem 2.1 of [17]). In the present
case, we have

u=t, y=1, h(z) = Zilqz(—tz), fulm) = %qz(u —zt) (cf. Lemma 9 of [15]).

Hence, we get

tq;(—tz2)q1—(21)

PR(ROed)==0"73"5

This proves the lemma for n = 1. We prove the general case by induction. Assume that the result holds for n — 1. We
have

PX(Fi(t) edxi, ..., Fy(t) € dxy,)
=PX(Fi (1) edxy,..., Fyoy (1) € dxyey )PX(Fy (1) € dxy| Fi (1) €dxy, ..., Fyuy (1) € dxyey).
Furthermore, Perman, Pitman and Yor [17] proved that the nth size-biased picked jump A, of a subordinator before
time u, conditioned by 7, =y and A} = xy1,..., A,—1 = x,—1, has the law of a size-biased picked jump of the

subordinator T before time u conditioned by 7, =y — x; — - -- — x,—1. Hence we get

PX(Fi(t) edxy, ..., Fy(t) € dx,)

dxy--- dx,,

_ —1
(r” ‘ . qxi(—zxi)> 1, (—1X2)q1—s, (Sut)

g1, (Sa1)
@ 1S LT S S s, (S

where S; = Zi:] Xi. This completes the proof of the lemma. O
Of course, the lemma also holds for P(5) (take I" = ¢ =0), thus we obtain:
Corollary 2.3. Foralln e N, forall x1, ..., x, € Ry such that S = 2?21 x; < 1, we have

POF () edxy, ..., F(t) €dxy)  gnlt,x1, ..., xn)
PB) (Fi (1) €dxy, ..., Fy(r) € dx,) g0,1)

with

gn(trxlv"'vxﬂ):

q1-s(St) l_qul( tx;)
P1-s(81) ;5 Px; (=1%i)

In order to establish that the law of F(z) under P*X) is absolutely continuous with respect to the law of F(¢) under
PB) with density g(t, -)/g(0, 1), it remains to check that the function g, converges, as n tends to infinity, to g PB) g,
and in L' (P®)). To this aim, we first prove two lemmas:

Lemma 2.4. We have 220 1 forall y > 0 sufficiently small. As a consequence, if (x;);>1 is a sequence of positive

py(=ty)
numbers with lim;_, oc x; = 0, then the product [ [}_, ZX’E tt?;

converges as n tends to infinity.

Proof. Recall that X has the form X, = B; — I} + tc, thus we have

Vs >0, VueR, ¢gsu) =E(ps(u + Iy — cs)).
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Replacing p;(u) by its expression «/21? exp(—%), we get

gsw) s r? u
12 ol 2o )

i.e., forall y >0, forall > 0,

S(=1y) 2 ry
T )

In view of the inequality (y —a)(y — B) > —(ﬁ%a)Z, we have

F2

) t+c)?
__>+Fy(t+c)§u
2y

2
so we deduce that

Qy(_t}’) < eﬂy/z'
py(—=ty) —

Fix ¢/ € (0,¢) and let f(y) =P(Iy, <c’y). Since I} is a subordinator without drift, we have limy,_,o f(y) =1
(indeed, I'y = o(y) a.s., cf. [4]). On the event {1y, < c’'y}, we have

2 Jal
exp(—y(ct + %)) exp(—j + Iyt + c)) < exp(—y(%(c _ C/)2 +1(c— c/)))
< exp(—¢y),

with ¢ = %(c — ¢/)%. This gives us the upper bound

,(—ty) _ 2

D < f )+ (1= f )
Py(_t)’)

Since f(y) — 1 as y — 0, we obtain

eV FO) + (1= ()2 =1—ey + o).

Thus, we have Z)}E:Z; ; < 1 for y small enough, and so the product converges for every sequence (x;);>o which tends

to 0. O

Lemma 2.5. We have

_s(st .
lim M —ef€.
s—>1= p1—s(st)

Proof. In view of equation (2), we have:

q1-s(st) _ ? F]Z_S ts
P1_s(51) _e"p<”c —7¢ _S)>E[6Xp<_2<1 s Fl““(l . C>>]

For s close enough to 1, we have % — ¢ >0, hence

e M (s <1
X — — — —C .
Pl 2a=y U0z =
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Since I is a subordinator without drift, we have lim,_.¢ % =0 a.s., and so

Flz—s s
lim exp — — | ———c))=1 as.
s—1 2(1 —5) 1—s

Using the dominated convergence theorem, we get

_s(s1 .
lim =¥ s ( )—e".

s—>1= p1—s(st) B 0

We can now prove the absolute continuity of the law of F () under P*X) with respect to that of F(f) under P(®).
Since S, = Z?:l F;(t) converges P®.as. to 1, Lemmas 2.4 and 2.5 imply that G, = g, (¢, P:l ®,..., I*:,, (t)) con-
verges to G = g(t, F (1)) PP -as.

It suffices to check that G,, is uniformly bounded, which implies the L' convergence. Recall that there exists & > 0
such that:

qx(—1x) <1

A4 0,¢), <
xe@0 Px(—=tx)

Besides, the density function (,u) — g,(u) is continuous on R} x R, so that the function x — 419 s also

p (—1x)
continuous on [¢, 1], therefore, bounded on this interval by some constant A. Since there are at most E fragments of
F(¢) larger than ¢, we deduce the upper bound:

1—[ qr; () (— lF(l))

| PR (—1F; (t))
Likewise, the function § — Z‘I:i g’t)) is continuous on [0, 1) and has a finite limit at 17, so it is bounded by some
constant D > 0 on [0, 1]. Therefore, we get

G,<A"D, PP _as

In consequence, G, converges to G P®)-a.s. and in L' (P®)). Furthermore, by construction, G, is a martingale under
P®) for the filtration G, défa(i] (1), ..., F,()). Hence, for all n € N,

EB®(GIFi(1),..., Fa(t)) = Gy

This implies, for every bounded continuous function f:S; — R, that

EO[f(F0)] = —=EP[f(F0)alt. FO)].

g(0,1)

We have proved that, for any fixed time ¢ > 0, the law of F(¢) under P& s absolutely continuous with respect
to that of F(r) under P(®) with density g(z, F(¢))/g(0, 1). On the other hand, Miermont [15] proved that the process
(F(e™"),t € R) is an eternal additive coalescent under PX) as well as under P®) (but with different entrance laws).
Therefore, the semi-groups are the same, which implies the absolute continuity of IP’%) with respect to IP"(%) with
density g(¢, F(t))/g(0,1).

2.2. Sufficient condition for equivalence

In this section, we give a sufficient condition for the equivalence of the measures IP’<B) and IP"(;(_-), i.e. a sufficient
condition for the strict positivity of g(¢, F(¢)), PB_as.
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Proposition 2.6. Let ¢ be the Laplace exponent of the subordinator I', i.e.
Vs 20, Vg >0, E(exp(—qT%)) =exp(=s$(q)).
Assume that there exists § > 0 such that

lim ¢ (x)x*~ 1 =0, (3)
X—>00
then the function g(t, F (1)) defined in Theorem 1.1 is strictly positive P -q.s.

Let us note that condition (3) is quite weak. Indeed, if IT is the Lévy measure of the subordinator and [ (x) =
fox [1(r) dtr where I1(¢) denotes I1((#, 00)), it is well known that ¢ (x) behaves like x7(1/x) as x tends to infinity
(see [4], Section III). Thus, condition (3) is equivalent to I (x) = o(x?) as x tends to 0 (recall that we always have

1(x) =o(1)).

oo 4x; (—1xi)

Proof of Proposition 2.6. Let? > 0 and let IP’gB) denote the law of F(¢) under P®). We must check that [12, D i)

is strictly positive ]P’;B) (dx)-almost surely. Using (2), we have:

qy(=ty) 8 Iy
7}71(_0}) = exp(—y (ct + %))E[exp(—ﬁ + I+ c)>:|.

Since we have Y 72 x; =1, IP’fB)-a.s., we get
o0

(—1x1) A\ & rs
Hq"7’>exp<—ct+7 HIE exp —Z—;i—i—c[}i .

i=1 px,-(_txi) ie1

2
Let us now obtain a lower bound for E[exp(—% +crly)]. Since ¢ > E(J7), we have

Fyz Fy Fy
ool o)l - )

Set A=IE([7) and let K > 0. Notice that the inequality E(/) — % > —Ky may be rewritten Iy, < 2(A + K)y.
Markov’s inequality yields

P(Iy >2(A+K)y) < ATE

Therefore, we get

r; r, ry
Efexp _Z +cly )| = E|exp 7 E(Iy) — > Ly <2(4+K)y)

> E(exp(—K Iy 1iry<acatk)y))
> B(exp(—K 1)) — E(exp(—K ) (r,>2(a+K)y)

> CXP(“P(K))/) - m

—1/2—¢

This inequality holds for all K > 0. Hence, choosing K =y with ¢ > 0, we get

1-'2
E[exp(—j + c]",)] > exp(_d,(yfl/%a)y) _ Ayl/2+s.
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2
Xi

T,
Furthermore, the product [—[;’il Elexp(— o + cIy,)] is strictly positive whenever

2(1-e[os(55 +er)])

converges. Hence, we obtain the following sufficient condition:
o
de >0 such that Z(l — exp(—¢(x;1/27€)xi) + Axi1/2+€) < 00, P;B)-a.s.
i=1
Recall that the distribution of the Brownian fragmentation at time ¢ is equal to the distribution of the jumps of a

stable subordinator 7' with index 1/2 before time ¢ conditioned on 7; = 1 (see [1]). In particular, for all ¢ > 0

o0
inl/2+8 < 00, ]P’gB)—a.s. (see Formula (9) of [1]).
i=1

Thus, the measures PI(%) and ]P’l(;f-l) are equivalent whenever there exist two strictly positive numbers &, ¢’ such that, for
x small enough,

d)(x_l/z_g)x < xl/2+e
One can easily check that this condition is equivalent to (3). g

In Theorem 1.1, we assumed that X, is of the form B, + I'; — ct, with ¢ > [E(I]) and where I is subordinator. It is
natural to ask whether the theorem holds for a wider class of Lévy processes. Let us first notice that the process X must
fulfill the conditions of Miermont’s paper [15] recalled in the Introduction, i.e. X has no positive jumps, unbounded
variation and finite positive mean. A simple example would be to choose X; = azB, + I —ct,witho >0, 0 # 1.
However, it is clear that Theorem 1.1 fails in this case. Indeed, if we choose X; = 2B;, using Proposition 3 of [15],
we get

law

(F¥@20),t>0) = (FE@1),1>0).

But, it is well known that we have

/2
lim n?F,(t) =1,/ =, PP.as (see[7]).
n—oo T

Hence, the laws IP’I(B) and IP’gf) are mutually singular.

3. An integro-differential equation

Let £ be the infinitesimal generator of the Brownian fragmentation. Assuming that g belongs to its domain and
using the fact that g(¢, F(z)) is a P(®)-martingale, we would have 8,g + £g = 0. In this section, we first compute the
infinitesimal generator of a fragmentation process, which enables us to deduce an integro-differential equation solved
by the function g.

3.1. The infinitesimal generator of a fragmentation process

We start by recalling an unpublished result obtained by Bertoin and Rouault [9].
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Let D denote the space of functions f : [0, 1]+ (0, 1] of class ¢! with f(0)=1.Given feDandx € SY, we set

f00 =[] /o).

i=1

For @ € R, and v measure on S + such that f s (1 —x)v(dx) < 0o, we define the operator

Lof(x) =f(x)2xf‘/v(dy)(1;)(€—;y)) — 1) for feDandx e SY.
i=1 i

Proposition 3.1. Let (Y (t),t > 0) be a self-similar fragmentation with index of self-similarity « > 0, with dislocation
measure v and without erosion. Then, for every function f € D, the process

f(Y @) — /Ot Lo (Y (s))ds

is a martingale.
We shall use the following lemma.

Lemma 3.2. For f e D,y € St r e[0,1], we have

‘f(ry)
fr)

— 1| <2CreSr(1 —yy),

with C = || 4 loo.
Notice that, since f is C' on [0, 1] and strictly positive, C 7 is always finite.

Proof of Lemma 3.2. We first write

/

|In f(ry1) —In f(r)| <

(I—=ypr<Cy(1—ypr,
x

from which we deduce

f(rY) 1< f(ryl) —1 <ecf(17}’1)r
fr) A, B

Besides, we have

—1=< Cfecf(l — ypr.

1
=

i) T )

In

o
—1=<Cyrx;, whichimplies f(x) > f(xl)exp<—Cf in).

Hence, we get
fry) _ fGryD
fr)y = f@r)
and we deduce

_fey)
fr)

exp(—Cys(1 — y1)r) = exp(—2C(1 — yDr),

1

<2Cs (1 —ypr.
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Proof of Proposition 3.1. Assume first that f = 1 in a neighbourhood of 0. In consequence, f(x) depends only on a
finite number of terms of the sequence x. Thus, we can write

f(x) =b(x1,x1+x2, ..., x1+ -+ x,),

where b is a function from [0, 1] to [0, 1] of class C!. Furthermore, Berestycki [3] proved that, if Y is a fragmentation
process, then, for any k € N, (Y1(¢) 4+ --- 4+ Yx(¢),¢ > 0) is a pure jump process. Considering only the jumps of ¥
larger than ¢ and letting ¢ tend to O with the help of a dominated convergence theorem, it is easily checked that
(f(Y (¢)),t > 0) is also a pure jump process with finite variation. Therefore, if 7" denotes the set of times where some
dislocation occurs (it is a countable set), we have

f(Ym)—f(yo)= > (f(¥@)-fY-)).

s€l0,.1NT

Let, for s € 7, ky denote the index of the fragment which has been broken at time s, and let A be the element of S +
according to which Yy, (s—) has been broken. With these notations, we can write

) B (s0)A)
o) —f(rs-)= Y. f(res— )<Zﬂs = =) 1)'

s€[0,:1NT s€[0,¢1NT

Recall that a dislocation of a fragment of mass r occurs with rate v, (dy) = r*v(dy), thus the predictable compensator
of this quantity is (see Section 1.3 of [13] or [7])

! v [ fXiGo)y)
/Odsf(Y(s—))/Sl v(dy)EYi(s )(f(y(s 5 ) fc (Y(5))d

This completes the proof when f is constant on some neighbourhood of 0. We now turn our attention to the general
case. Given a function f € D, we consider a sequence (f;),en of functions of D such that:

fn converges uniformly to f.

fa=1lon[0,1/n].

sup,, || f;lloo < 0.

For all n € N and for all x € [0, 1], f,(x) > f(x).

Such a sequence clearly exists since f is C' and f(0) = 1. Moreover, with these hypotheses, we have, for all x € [0, 1],
In f,,(x) = In f(x) and | In f,(x)| <|In f(x)|. Hence, using the dominated convergence theorem, we get f,, (x) — f(x)
for all x € SV. This implies, foralli e Nandy € St

(fn(xi)') B 1) N (f(xiy) B 1)
Jn(xi) n—>00\ f(x;) '

Thanks to the previous lemma, these quantities are uniformly bounded by Cx; (1 — y1), thus L,f,(x) converges to
Lof(x) and we have | Loy (x)| < Cf&(l — ypv(dy). We conclude that f(X (z)) — fot Lof(X (s))ds is also a martin-
gale. g

The next lemma is a generalization of Proposition 3.1.

Lemma 3.3. Let f: R, x [0, 1] — (0, 1] be a C! function equal to 1 on R x {0} such that

e ) . 10: f(t,x;)| < o0, for every X, uniformly for t on any compact interval,

2
o ? a{g;f) exists and is bounded on any compact interval.
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Forx € SV, define f(t,x) = [1; f@. xi). Let (Y(2),t > 0) be a self-similar fragmentation with index of self-similarity
o > 0, with dislocation measure v and without erosion. Then, the process

t
f(r, Y (1)) —/ Lof(s, Y (s)) + 0,£(s, Y (5)) ds
0
is a martingale.
Proof. Let us first notice that 9,f(z, x) exists since ) ; |3; f (¢, x;)| < oo uniformly for 7 on any compact interval.

Indeed, given T > 0, the function f (¢, x) is strictly positive and continuous on [0, T] x [0, 1] so we can find a
constant 7 such that

V(t,x)e[0, T] x[0,1], f(t,x)>n.

Thus Y72, |3’f]z[(t)’(’l_€;) | converges uniformly on [0, T']. Using the dominated convergence theorem, we get

o f(2, xl

af(t, x) =1, )Z O

Furthermore, for any x,y € S + we have

Ox f(t,x)

|Inf(z,x) — Inf(z,y)| < sup{x €[0,1], 70X

}IIX—YIll

and

i) 0 f (2, yi o f (2,
S i ()

f(,x)

P fx) .
drox 18

also bounded, we deduce that the function x — 9,f(#, x) is continuous on SV (for either the £! norm or the £°° norm
which are equivalent on S 1. Let us now fix t; > #; > 0. We have
a

—
E[f(r2, Y (1)) — (11, Y (1)) |7 | = E / (s, Y (1)) ds‘]-}l:|.
LJ 1

where X —y|l =, |x; — y;| denotes the ¢! norm. Using the fact that f has bounded derivatives and that

n
E[f(r1. ¥ (1)) — £{t1. Y (1)1 ] = IE[ f Laf(12, Y () ds
n

and

Therefore, for any partition 1] =59 <51 < --- <5, = t, wWe get

E[f(t2, Y (1)) — £(t1, Y (1)) |5, | =E / LoA(s", Y (5)) + 3,£(s, ¥ (s ds’}",l:|, 4)
n

where s’ = s; and s” = s;_1 if s € ]sx—_1, sx]. Using Lemma 3.2, we can get an upper bound for | L,f(s”, Y (s5))|. More-
over, the process (Y (s),s > 0) is continuous almost everywhere. Therefore, in view of the dominated convergence
theorem and letting max |s;y — sx—1| tend to 0, we deduce from (4) that

f}] ] 9

which concludes the proof of the lemma. U

n
E[f(. Y (1)) — £(11. Y (1)) |y ] = IE[ / Laf(s. Y(5) + hf(s. Y (s)) ds
1
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3.2. Application to g(t, F(t))

Recall that g, (x) stands for the density of the Lévy process X (fulfilling the hypotheses of Theorem 1.1) and p;(x) =
1
V2t

exp(—7%;) is the density of a Brownian motion. We proved in the first section that the function

nl_[ qrF: () (—1Fi(1))

G, = F
(=gt F) = L Fr(0)

is a P®)_martingale. Recall also the notation

tex qx(_t.x)
Px(—tx)

So that g may be written in the form

gt,x)=e forx € (0,1],t >0 and g(¢,0)=1.

o
g(t,x) =l_[g(t,x,-) forxeSY,t>0.
i=1

It certainly seems interesting to have a better understanding of the density function g. To this end, we establish, in
the last section of this paper, an integro-differential equation satisfied by g when the Lévy measure of the subordinator
I' appearing in the decomposition of the Lévy process X is finite.

Proposition 3.4. Assume that the Lévy T1 measure of the subordinator I is finite (i.e. fooo IT(dx) < 00), then the
function g solves the equation:

drg(t,x) + J/x [, \/ﬁ((g(r, xy)g(t,x(1—y)) — g(t,x)) =0

_ 9<©
80, x) = =5

In order to prove Proposition 3.4, we shall apply Lemma 3.3 to the function g. Since, g(¢, F(¢)) is already a
martingale, this will give

L1g(s, F(5)) + dg(s, F(s)) =0, PPas.

To this end, we must first establish some regularity results concerning g. Let us first note that the function (¢, u) +—
q:(u), density of a Lévy process X;, is C*° on R x R, thus (¢, x) = g(¢,x) is C* on R x (0, 1]. In particular, for
all x € [0, 1], the function t — g(¢,x) is C ! and so 0;g(t, x) is well defined. The following lemma gives additional
information about g when the Lévy measure of the subordinator I” is finite.

Lemma 3.5. Assume that the Lévy measure of the subordinator I' is finite, then:

1. Forallt >0, d0,g(t,0) exists and the function (s, x) — 8xg(s x) is continuous at (t, 0).
2

2. Forallt >0, 33‘(’;(;;{0) exists and the function (s, x) — i g(s Y s continuous at (t, 0).

3. Forallxe SY, > i 10:8(t, x;)| < 0o uniformly fort in a compact interval.

Proof. Recall that we have

2 sz
g(t,x) =exp(—x7>E[exp<—2— —i—Fx(t—i-c))}. (@)
X

Therefore, setting

Fz
uy (%) :E[exp(—i + (2 +c)>j|,
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a sufficient condition for g to satisfy 1 of Lemma 3.5 is that (s, x) — u/(x) exists and is continuous at (¢, 0) for
t € Ry. We write u;(x) = a;(x, x) with

r?
ar(y,z) = E[GXP<_§ + Iy(t +c)):|.

Since the function (y, z) — 212 exp(—— + y(t + ¢)) is bounded on R X [g, 1] for any ¢ > 0, we deduce that

r; r;
0;a;(y,z2) =K [Zzexp<—2—+1“(t~|—c)):| for z € (0, 1].

Recall that the infinitesimal generator of a subordinator without drift and Lévy measure IT is given, for every bounded
function f of class C ! with bounded derivative, by

VyeR,, Lf(y):/ (f(y+s)— f()I(ds) (cf. Section 31 of [18]).
0

Hence, we get for all zg > 0,

00 (Iy +5) ry
dya (y,20) = IE|:/ (exp(—’i +Uy+s)+ c)) - exp(——' + Iy + c)))l'[(ds)],
0 220 2z0

and we deduce, fort >0and x > 0

r2 r2
uy(x) = E[zx—xg ew(—i + It + c))}

> (Ix +y)° r?
—HE[/ <exp(—7+(1"x+y)(t+c)) —exp(——+1“x(t+c))>l'[(dy)}. (6)
0 2x 2x

For any T > 0, it is easily seen that there exists a constant Cy such that
y? 2 C <

VZE[O, T]9 V)’ER+7 VZG(O,I], 2 zexp<__+y(t+c)>
Z

1/4

def . L .
Furthermore, for z smaller than zg = this function is decreasing in y for y > z'/* and we have

_ 1
2+T+c)?’

y y C
Vi e[0.T], Vze .2l Yyz 2 o exp<—2_ +y( + c)) e eV,
23

For x > 0, let A, denote the event

Ay dof {F has a jump of size smaller than x !/ before time x}.

On the one hand, we have

r? r? C
E 2.7 &P — Tt +0) |14, | < —P(Ay).
X 2x X

Since we assumed the Lévy measure IT of I" to be finite, the quantity % ~ T1(0, x'/4] tends to 0 as x tends to 0.
On the other hand, we have

r? r? C
El =5 exp ——+F(t+c) Tac 2 eV,
2x2 x3/2
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which also tends to 0 as x tends to 0. This proves that the first term on the r.h.s. of (6) has limit O as (¢/, x) tends to
(¢, 0). We now deal with the second term of (6). We notice that, for all x € (0, 1],

2
< 2exp<w>.

Notice also that, for all y > 0, exp(—% + Ty +y)(t+c) — exp(—g—f + I’y (t + ¢)) converges almost surely to
—1as (', x) tends to (r, 0). We therefore conclude that, when the Lévy measure IT is finite, lim,, )= (1,0) u}(x) exists
(and is equal to —IT(R)).

The proof of 2 of Lemma 3.5 is very similar to the proof of 1. We feel free to omit the details. Simply note that

( (I + y)?
exp| ——————

1'*2
+ Uy +y)( +C)) —eXp(——x + Fx(t+0))
2x 2x

9%g(t, x) , r? r?
“aron = 0u,; (x) = E|:2x2 exp(—g + I (t+ c))]
00 2
+1EU ((rx ) exp(—% (M4 )+ c)>
0

F2
— I exp(—j + Ie(t+ c)>>1‘[(dy)i|,
so, using similar arguments as above, we may check that this quantity tends to 0 as x tends to 0.

We now prove 3 of Lemma 3.5. Let us fix X € S¥. An easy application of the dominated convergence theorem
2
shows that the function ¢t — E[exp(— g—; + Iy (t + ¢))] is differentiable with derivative

r? r?
8tE|:exp<—§ + (¢ +c)>:| = E|:Fx exp(—i 4+ Ie(t 4+ c)>:|.

Hence, using (5), we get

2 F2
c X

org(t,x)= exp(—x;)E[[} exp(—z— + I (t +c)>:|.
X

Thus, the function r — 9,g(¢, x) is positive and increasing. Therefore, it remains to prove that, for any ¢ > 0, for any
x € S;, we have

Za,g(t,x,-) < 00. @)

i=1

To this end, we simply notice that

2 2 s
IE|:F)c exp<_§_x + I (t +C)>:| §E|:Fx exp(@)} SXE[Fl]CXp<(t ';C) >
X

Thus (7) follows readily from ), x; < 1. O

We can now give the proof of Proposition 3.4.

Proof of Proposition 3.4. Thanks to Lemma 3.5, the function 9 g(s, x) is continuous at (¢, 0), which implies that the
integral

1 dy
Y el ) — e
/0 Ty G sl =) —g.)
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is well defined and is continuous in x and in ¢. Indeed, using a symmetry argument, this integral is equal to
1/2 d

y
2 . 7 (- o),
L Teia oy G s (x (=)~ g(.0)

Moreover, for all y € (0, 1/2),x € (0, 1], € Ry, there exist ¢, ¢’ € [0, x] such that

glt,xy)g(t, x(1 —y)) —g(t, X)
y

x(g(t, x) 0x8(t, c) — g(1,xy) dxg(t, ¢')).

Therefore, since the function (¢#,x) — 0yg(#,x) is continuous on Ry, x [0, 1], the function (t,x,y) —
|x(g(t,x)0,g(t,c) — g(t, xy) dxg(t,c’))| is uniformly bounded on [0, T] x [0, 1] x [0, %] for any T > 0 so, by
application of the dominated convergence theorem, the above mentioned integral is finite, continuous in # on Ry and
continuous in x on [0, 1].

In order to prove Proposition 3.4, we shall use Lemma 3.3, so we must check that g(z, x) is in the domain of the
Brownian fragmentation generator. We already proved that g(¢, 0) = 1. Moreover, Lemma 3.5 states that x — g(¢, x)
is of class C!. Note that the hypotheses of Lemma 3.3 also state that g(z, x) should be smaller than 1 for all x in [0, 1].
However, this assumption can be dropped in the case of conservative fragmentation (i.e. for a fragmentation process Y
such that ). ¥;(r) = 1 almost surely). Indeed, given a function f:[0, 1] — (0, oo) of class C I with fO) =1, we

may pick a > 0 large enough such that the function F(x) def o —ax f(x) satisfies all the hypotheses of Proposition 3.1.
Applying the result for f instead of f and using that ) ; ¥;(r) = 1 a.s., we again deduce that

t
£(r () - /0 LaA(Y () ds

is a martingale.
We now deduce, using the expression of the dislocation measure of the Brownian fragmentation given in [6], that
the infinitesimal generator is equal to

£
£1/2f(X)_f(X)Z\/_/ (d)((”) )

S (xi)
with
v(y; €du) = (211143(1 - u)3)_1/2du foru e <% l), viy1+y2#1)=0.
Thus, applying Lemma 3.3 to g(¢, x), we deduce that
M =(e. ) ~ (0. 70) - | Laagls. F) + (s, F()ds
is a P(®)_martingale. Since g(t, F (¢)) is already a P®)-martingale, this implies

L1/28(s, F(s)) + 9,&(s. F(s)) =0, P®)_as. for almost every s > 0,

i.e. for almost every s > 0

g(s, Fi(s)y) 0,8 (s, Fi(s)) _ (B)_
8 F) [ (S)/ ”(g(sF(s)) 1>+g(s,Fi<s>>}_0’ B

Let us fix s > 0. We use the notation F(s) = (x1, x2, ...). Thus, since g(s, F(s)) > 0,

Z[xim/ U(dy)<g(s,xz')’) B 1) 4 azg(s,xz')] —0, P®.as, ®)
St g (s, x;)

P g(s, x;)
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According to Lemma 3.2, we have

x}/Z/ v(dy)(M — 1)
boJst g(s, xi)

where C, s is a positive constant (which depends on g and s) and besides

< Couxi / (1= y)v(dy),
St

3 8(s, x;
Vi € (0.1), Vs > 0, 8Ex)
g(s, x;)

Therefore, the series (8) is absolutely convergent. Let us define

1
K(t,x) = gt x) + /% /0 (g(t. 29 (t.x(1 — y)) — g(1. ). ©)

dy
V831 —y)3

Hence, we have
o0
Zk(s, x;) =0, IP’gB)-a.s. for almost every s > 0
i=1

and

o0
Z \k(s, x,~)| < 00, ]P’§B)—a.s. for almost every s > 0.
i=1

Furthermore, x — k(z, x) is continuous on [0, 1] hence, thanks to the following lemma, for almost every s > 0,
k(s,x) =0 for x € [0, 1]. Since s — k(s, x) is continuous on R, we deduce k =0 on Ry x [0, 1], which, in view
of (9), completes the proof of Proposition 3.4. g

Lemma 3.6. Fix ¢t > 0. Let IP’;B) denote the law of the Brownian fragmentation at time t. Let k : [0, 1] +— R be a
continuous function, such that

o o
Zk(x,-) =0 ]P’t(B)—a.s. and Z ‘k(xl-)| < 00, ]P’;B)—a.s.
i=1 i=1

Then k=0 on [0,1].

Proof. We first notice that, since Zﬁl lk(x;)] < o0 P;B)

variable with law P;B) ordered by a size-biased pick. Let also S denote the set of positive sequences with sum less
than 1. Since x has the law of the size-biased reordering of the jumps of a stable subordinator 7 (with index 1/2)
before time ¢, conditioned by 7; = 1 (see [1]), it is obvious that

-a.s., we have k(0) = 0. Let x = (x1, x2, ...) be a random

Vue0,1-35), PP (xedul(x)iz3)/du >0,
where § & > _i=3%i. Let Q; stand for the measure on S defined by
VACS, QA) =P ((x)is3 € A)

and let A denote the Lebesgue measure on [0, 1]. We have, for Q;-almost every y € S

Vue(@0,1-S5), k(u)+k(1—S—u)+ Zk(yi) =0, X(du)-a.s.,
i=1
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where S =), y;. Choosing y € S such that this equality holds for almost every u € (0, 1 — ), we deduce that there
exists a constant C = C(y) such that

k(u)+ k(1 —S—u)=C, foralmosteveryu e (0,1—S5).

Since k is continuous, this equality holds, in fact, for all u € [0, 1 — S]. Furthermore, we have

Vs e (0,1), Q(Seds)=>0.

Hence, there exists, for almost every s € (0, 1), a constant Cy such that

k(u)+ k(1 —s—u)=Cy forallue (0,1—ys).

In view of the continuity of k, this equality holds, in fact, for all s € [0, 1]. In particular, we get that

Vx,y € [0, 11?, such that x + y<1, k(x+y) =kkx)+k(y).

Therefore, k is a linear function. Finally, since Z;’il x;i =1, IE”,(B) -a.s., we conclude that k =0 on [0, 1]. O

Remark 3.7. We would certainly like to drop the assumption that the Lévy measure of I is finite in Proposition

3.4.

Let us note that this hypothesis is needed to prove that the function (s, x) — 0xg(s, x) is continuous at (t,0).

However, in the proof of Lemma 3.5, we showed that 3, g(s,0) = —% — I1(0, 00). This result indicates that, when the
Lévy measure of I is infinite, 0, g(s, 0) is equal to —oo (assuming that we can justify the inversion of the limits), so g
is not in D anymore.
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