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Abstract

In this paper a new estimator for the transition density 7 of an homogeneous Markov chain is considered. We introduce an
original contrast derived from regression framework and we use a model selection method to estimate 77 under mild conditions.

The resulting estimate is adaptive with an optimal rate of convergence over a large range of anisotropic Besov spaces Béa;;m.
Some simulations are also presented.
© 2006 Elsevier Masson SAS. All rights reserved.

Résumé

Dans cet article, on considere un nouvel estimateur de la densité de transition 7w d’une chaine de Markov homogéne. Pour cela,
on introduit un contraste original issu de la théorie de la régression et on utilise une méthode de sélection de modeles pour estimer 7
sous des conditions peu restrictives. L’ estimateur obtenu est adaptatif et la vitesse de convergence est optimale pour une importante

classe d’espaces de Besov anisotropes Béaéc’)aZ) . On présente également des simulations.
© 2006 Elsevier Masson SAS. All rights reserved.
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1. Introduction

We consider (X;) a homogeneous Markov chain. The purpose of this paper is to estimate the transition density
of such a chain. This quantity allows to comprehend the form of dependence between variables and is defined by
w(x,y)dy = P(X;+1 € dy | X; = x). It enables also to compute other quantities, like E[F(X;4+1) | X; = x] for
example. As many authors, we choose for this a nonparametric approach. Roussas [25] first studies an estimator of the
transition density of a Markov chain. He proves the consistency and the asymptotic normality of a kernel estimator for
chains satisfying a strong condition known as Doeblin’s hypothesis. In Bosq [9], an estimator by projection is studied
in a mixing framework and the consistence is also proved. Basu and Sahoo [5] establish a Berry—Essen inequality
for a kernel estimator under an assumption introduced by Rosenblatt, weaker than the Doeblin’s hypothesis. Athreya
and Atuncar [2] improve the result of Roussas since they only need the Harris recurrence of the Markov chain. Other
authors are interested in the estimation of the transition density in the non-stationary case: Doukhan and Ghindes [16]
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bound the integrated risk for any initial distribution. In [18], recursive estimators for a non-stationary Markov chain
are described. More recently, Clemengon [11] computes the lower bound of the minimax L7 risk and describes a
quotient estimator using wavelets. Lacour [20] finds an estimator by projection with model selection that reaches the
optimal rate of convergence.

All these authors have estimated & by observing that 7 = g/f where g is the density of (X;, X;+1) and f the
stationary density. If ¢ and f are estimators of g and f, then an estimator of 7 can be obtained by writing 7 = g/ f.
But this method has the drawback that the resulting rate of convergence depends on the regularity of f. And the
stationary density f can be less regular than the transition density.

The aim here is to find an estimator 77 of 7 from the observations X1, ..., X, such that the order of the L? risk
depends only on the regularity of 7 and is optimal.

Clémencon [11] introduces an estimation procedure based on an analogy with the regression framework using the
thresholding of wavelets coefficients for regular Markov chains. We propose in this paper an other method based on
regression, which improves the rate and has the advantage to be really computable. Indeed, this method allows to
reach the optimal rate of convergence, without the logarithmic loss obtained by Clémengon [11] and can be applied
to B-mixing Markov chains (the notion of “regular” Markov chains in [11] is equivalent to ®-mixing and is then a
stronger assumption). We use model selection via penalization as described in [4] with a new contrast inspired by the
classical regression contrast. To deal with the dependence we use auxiliary variables X as in [27]. But contrary to
most cases in such estimation procedure, our penalty does not contain any mixing term and is entirely computable.

In addition, we consider transition densities belonging to anisotropic Besov spaces, i.e. with different regulari-
ties with respect to the two directions. Our projection spaces (piecewise polynomials, trigonometric polynomials or
wavelets) have different dimensions in the two directions and the procedure selects automatically both well fitted
dimensions. A lower bound for the rate of convergence on anisotropic Besov balls is proved, which shows that our
estimation procedure is optimal in a minimax sense.

The paper is organized as follows. First, we present the assumptions on the Markov chain and on the collections
of models. We also give examples of chains and models. Section 3 is devoted to estimation procedure and the link
with classical regression. The bound on the empirical risk is established in Section 4 and the L? control is studied in
Section 5. We compute both upper bound and lower bound for the mean integrated squared error. In Section 6, some
simulation results are given. The proofs are gathered in the last section.

2. Assumptions
2.1. Assumptions on the Markov chain

We consider an irreducible Markov chain (X,,) taking its values in the real line R. We suppose that (X,,) is positive
recurrent, i.e. it admits a stationary probability measure p (for more details, we refer to [21]). We assume that the
distribution p has a density f with respect to the Lebesgue measure and that the transition kernel P(x, A) = P(X;41 €
A|X; = x) has also a density, denoted by 7. Since the number of observations is finite, 7 is estimated on a compact
set A= A1 x A only. More precisely, the Markov process is supposed to satisfy the following assumptions:

Al. (Xp) is irreducible and positive recurrent.

A2. The distribution of X is equal to p , thus the chain is (strictly) stationary.

A3. The transition density 7 is bounded on A, i.e. |77 |loo :=sUP(y yyea 17 (x, y)| < 00.

A4. The stationary density f verifies || flloo := sup,c4, | f(x)| < 00 and there exists a positive real fj such that, for
all x in Ay, f(x) > fo.

AS5. The chain is geometrically 8-mixing (8, < e~"?), or arithmetically f-mixing (8, <g 7).

Since (X;) is a stationary Markov chain, the 8-mixing is very explicit, the mixing coefficients can be written:

By =/||P‘1(x, ) = ] gy f () dx €]

where || - ||Tv is the total variation norm (see [15]).
Notice that we distinguish the sets A; and A in this work because the two directions x and y in 7 (x, y) do not
play the same role, but in practice A; and A, will be equal and identical or close to the value domain of the chain.
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2.2. Examples of chains

A lot of processes verify the previous assumptions, as (classical or more general) autoregressive processes, or
diffusions. Here we give a nonexhaustive list of such chains.

2.2.1. Diffusion processes
We consider the process (X;a)1<i<n Where A > 0 is the observation step and (X,);>¢ is defined by

where W is the standard Brownian motion, b is a locally bounded Borel function and ¢ an uniformly continuous
function. We suppose that the drift function b and the diffusion coefficient o satisfy the following conditions, given
in [24] (Proposition 1):

(1) there exists A_, A such that Vx £ 0,0 < A_ < 02(x) < Ay,
(2) there exists My > 0, > —1 and r > 0 such that
Vix| > Mo, xb(x) < —r|x|*t!,
Then, if X follows the stationary distribution, the discretized process (X;a)1<i<n satisfies Assumptions A1-AS.

Note that the mixing is geometrical as soon as « > 0. The continuity of the transition density ensures that Assump-
tion A3 holds. Moreover, we can write

o [ bw)
f(x) = m exp|:2/ 02(1,[) dM:|

0

with M such that [ f = 1. Consequently Assumption A4 is verified with
X X
2 fb()d d fo> ! 2'f/b()d
exp| — su u)du| an > exp| — in u)du |.
p )\,_ xéfl 0 M}\,+ p )\.+ x€A1
0 0

2.2.2. Nonlinear AR(1) processes
Let us consider the following process

Xp=0Xy—1)+ EX,_1.n

where ¢, , has a positive density /, with respect to the Lebesgue measure, which does not depend on n. We suppose
that the following conditions are verified:

[ flloo <

Ma_

(1) There exist M > 0 and p < 1 such that, for all |x| > M, |¢(x)| < p|x]| and SUP|y <M lo(x)| < oo.
(2) There exist Iy > 0,11 > 0 such that Vx, y o < I (y) <[;.

Then Mokkadem [22] proves that the chain is Harris recurrent and geometrically ergodic. It implies that Assumptions
Al and AS are satisfied. Moreover 7 (x, y) = I+ (y — ¢(x)) and f(y) = f f(x)m(x,y)dx and then Assumptions A3,
A4 hold with fo = lop and || flloo < 17 floo <11

2.2.3. ARX(1,1) models
The nonlinear process ARX(1,1) is defined by
Xn = F(anh Zn) +§n

where F is bounded and (£,), (Z,) are independent sequences of i.i.d. random variables with E|, | < co. We suppose
that the distribution of Z,, has a positive density / with respect to the Lebesgue measure. Assume that there exist p < 1,
a locally bounded and measurable function / : R — R such that EA(Z,,) < oo and positive constants M, ¢ such that

V|(u,v)|>M |F(u,v)|<p|u|+h(v)—c and  sup |F(x)|<oo.
lxI<M
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Then Doukhan [15] proves (p. 102) that (X,,) is a geometrically S-mixing process. We can write

w(x,y) =/l(z)fg (y — F(x, z)) dz

where f; is the density of &,. So, if we assume furthermore that there exist ag, a; > 0 such that ap < fz < ay, then
Assumptions A3, A4 are verified with fy > ag and || flleo < 7 [loo < ai.

2.2.4. ARCH processes
The model is
Xn+1 = F(Xn) + G(Xn)gn—i-l

where F and G are continuous functions and for all x, G(x) # 0. We suppose that the distribution of ¢, has a positive
density / with respect to the Lebesgue measure and that there exists s > 1 such that E|e,|* < co. The chain (X})
satisfies Assumptions Al and AS if (see [1]):

. |F )| + |G )| (Elea|)/*
imsup

|x]—00 x|

< 1. 2)

In addition, we assume that Vx o <I(x) <!;. Then Assumption A3 is verified with ||77 ||ooc < 11/ infxca, G(x). And
Assumption A4 holds with fo =1y [ G~ and || flleo <11 [ fG™.

2.3. Assumptions on the models

In order to estimate 7, we need to introduce a collection {S,,, m € M} of spaces, that we call models. For each
m = (m1,my), S, is a space of functions with support in A defined from two spaces: F,,;, and Hy,,. F,, is a subspace
of (L?> N L*®)(R) spanned by an orthonormal basis (gz);”) jed,, With |J,,| = Dy, such that, for all j, the support of (p}"

is included in Aj. In the same way H,,, is a subspace of (L* N L) (R) spanned by an orthonormal basis (1//,’{")1(e Ko
with [Ky, | = Dy, such that, for all k, the support of v is included in A>. Here j and k are not necessarily integers,
it can be couples of integers as in the case of a piecewise polynomial space. Then, we define

Sm =Fm1 ®Hm2 = {tv t(xv )’)Z Z Z a;rkaD;n(x)‘/f]’(n(}’)}

je€Jm kek,,

The assumptions on the models are the following:

M1. For all ma, Dy, <n'/3 and D, := maxepm, D, <n'/3.
M2. There exist positive reals ¢, ¢, such that, for all u in F,, llull% < ¢1Dm, [u?, and for all v in Hy,,

SUPyea, lv(x)]? < ¢ Dy, [ v2. By letting ¢o = /162, that leads to
Vie Sy lltlloo < o Dm1 sz [zl 3)

where ||¢]|> = [g2 12 (x, y) dx dy.
M3. Dy, < Dm/l = Fy, C Fm/l and D,,, < Dm/2 = Hy, C H’"/z'

The first assumption guarantees that dim S,, = Dy, Dy, < n2/3 < n where n is the number of observations. The
condition M2 implies a useful link between the L? norm and the infinite norm. The third assumption ensures that,
for m and m’ in M,,, S,; + S, is included in a model (since S, + S,y C S,,» with Dmrl/ = max(Dy,,, Dm/l) and
Dm’z’ = max(Dy,, Dm/z)). We denote by S the space with maximal dimension among the (S,,)ue 1, . Thus for all m
in M, S, CS.

2.4. Examples of models

We show here that Assumptions M1-M3 are not too restrictive. Indeed, they are verified for the spaces Fy,,
(and H,,,) spanned by the following bases (see [4]):
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o Trigonometric basis: for A = [0, 1], (¢o,...,@n,—1) With @9 = Ljo,1], ¢2;(x) = \/fcos(anx) Lio,17(x),
p2j-1(x) = \/Esin(2njx)]l[o,1](x) for j > 1. For this model D,,, =m; and ¢y =2 hold.

e Histogram basis: for A = [0, 1], (@1, ..., @) with ¢; = 2m1/2]l[(j,1)/2m1,j/2m1[ for j =1,...,2". Here
Dy, =2"1, ¢1 =1.

e Regular piecewise polynomial basis: for A = [0, 1], polynomials of degree O, ..., r (where r is fixed) on each
interval [(1 — 1)/2P,1/2P[,1=1,...,2P In this case, m; = (D, r), Ju={j =(,d), 1 <I1<2P,0<d <r},
Dy, =+ 2P, We can put ¢1 =+/r + 1.

e Regular wavelet basis: (¥, =—1,...,m1, k € A(l)) where ¥_; ; points out the translates of the father wavelet
and Wi (x) = 2120 (2!x — k) where ¥ is the mother wavelet. We assume that the support of the wavelets is
included in Ay and that ¥_; belongs to the Sobolev space Wj.

3. Estimation procedure
3.1. Definition of the contrast

To estimate the function v, we define the contrast

n

1
()=~ Z[/rz(xi,y) dy —21(X;, xm)]. )
R

i=1
We choose this contrast because

Eya() =t — 7|7 — Iz}

where
1% :/tz(x,y)f(x)dx dy.
R2
Therefore y,,(7) is the empirical counterpart of the || - || s-distance between ¢ and f and the minimization of this

contrast comes down to minimize |# — || . This contrast is new but is actually connected with the one used in
regression problems, as we will see in the next subsection.

We want to estimate 7 by minimizing this contrast on S,,. Let #(x, y) = e D ke K, 4, k(p;” )y () a func-
tion in §y,. Then, if A,, denotes the matrix (a; k) jeJ,, keK, -

Ay (t
VioVke 0 0o Gy =7,
ajo,ko
where
1 n
G = (; Zwy’(xow;’%x,-)) :
i=1 Jjledn
1 n
Zn = (; _Zgojf’(x,-W(Xm)) |
i=1 j€Im, keKp
Indeed,
Ay (1) 1 « 1<
ra . =0 2 ik DO KOG (XD = 3 0 (Xv (X, )
J0,K0 s . P
Jj€Im i=1 i=1

We cannot define a unique minimizer of the contrast y,(¢), since G,, is not necessarily invertible. For example,
G, is not invertible if there exists jo in J;; such that there is no observation in the support of ¢, (G, has a null
column). This phenomenon happens when localized bases (as histogram bases or piecewise polynomial bases) are
used. However, the following proposition will enable us to define an estimator:
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Proposition 1.

oy (1)
Qjo.ko

k lgign

where Py denotes the orthogonal projection on W = {(t(X;, y))i1<i<n, t € Sm}.

Thus the minimization of y,(¢) leads to a unique vector (,,(X;,y))igign defined as the projection of
(Zk Yk (Xir ) Ve(¥))1<i<n on W. The associated function 7,,(-, -) is not defined uniquely but we can choose a
function 7, in S,, whose values at (X;, y) are fixed according to Proposition 1. For the sake of simplicity, we denote

Ty = arg min y;, (£).
te m

This underlying function is more a theoretical tool and the estimator is actually the vector (77, (X;, ¥))1<ign- This
remark leads to consider the risk defined with the empirical norm

1/2
|t||n=< Z/r(xz,y)dy) . ©)

le

This norm is the natural distance in this problem and we can notice that if ¢ is deterministic with support included in
A1 x R

Solle 12 < Ellely = 1215 < I f o2l

and then the mean of this empirical norm is equivalent to the L? norm -1l
3.2. Link with classical regression

Let us fix k in K,,, and let
Yir= 1//}("(X,'+]) fori e {l1,...,n},
e (x) =/t(x,y)1ﬁ,’("(y)dy for all ¢ in LZ(RZ).

Actually, Y; x and #; depend on m but we do not mention this for the sake of simplicity. For the same reason, we
denote in this subsection y;" by ¥ and ¢ i by ¢;. Then, if ¢ belongs to S,

=y > ( / z(x/,y’)go,-(x’wfk(y’)dx’dy’)wj(xwk(y)

je€Jm keky,
=y > ( / m(x’)so;(x’)dx’)wj(xw/k(y)= > )Y ()
keKy jein keKy

and then, by replacing this expression of ¢ in y, (¢), we obtain

n

1
()= Z[ f D (Xt (XY ()Y (v) dy — 2Zrk<x )W(le}

i=1 k,k’
—ZZ (X)) = 20(X) Y k] = ZZ w(X;) = Yi]’ ~
i=1kekK,, i=1keKp

Consequently

n

1
min (1) = Z min - Z[tk(X,-) —Yii]P - Y2

ek, my n -1
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We recognize, for all k, the least squares contrast, which is used in regression problems. Here the regression
function is m; = fyT(- , V)Y (v) dy which verifies

Yik =m(Xi) +€ik (N
where

gik = Yr(Xit1) — E[ya(Xip 1) Xi]. (®)

The estimator 7, can be written as Zke K, 7k (x) Y (v) where 7 is the classical least squares estimator for the
regression model (7) (as previously, only the vector (7% (X;))1<i<» is uniquely defined).

This regression model is used in Clémencon [11] to estimate the transition density. In the same manner, we could
use here the contrast yn(k) 1) = % YW (Xip) — (X )12 to take advantage of analogy with regression. This method
allows to have a good estimation of the projection of w on some S, by estimating first each my, but does not provide

an adaptive method. Model selection requires a more global contrast, as described in (4).
3.3. Definition of the estimator

We have then an estimator of 7 for all §,,,. Let now

M = arg mrg& {¥a(Rm) + pen(m)}
where pen is a penalty function to be specified later. Then we can define 7 = 7,; and compute the empirical mean
integrated squared error E||7x — 7 ||£ where || - ||, is the empirical norm defined in (6).

4. Calculation of the risk

For a function / and a subspace S, let

1/2
. . 2
dh,S)=inf |h —g| = 1nf<//’h(x,y) —g(x, y)| dxdy) .
ges ges
With an inequality of Talagrand [26], we can prove the following result.

Theorem 2. We consider a Markov chain satisfying Assumptions A1-AS (with y > 14 in the case of an arithmeti-
cal mixing). We consider 7 the estimator of the transition density w described in Section 3 with models verifying
Assumptions M1-M3 and the following penalty:

D,,, D
pen(m) = Ko||7 || oo ——=

®

where K is a numerical constant. Then

/

~ . C
Ellrla 7l <C inf {d*(rila, Sp)+pen(m)} + —

meM,

where C = max(5|| f oo, 6) and C’ is a constant depending on ¢1, ¢, |7 lso> f0r I| flloos V-

The constant K¢ in the penalty is purely numerical (we can choose Ko = 45). We observe that the term |77 ||
appears in the penalty although it is unknown. Nevertheless it can be replaced by any bound of ||77||». Moreover, it
is possible to use ||77||oo Where 7 is some estimator of 7. This method of random penalty (specifically with infinite
norm) is successfully used in [7] and [12] for example, and can be applied here even if it means considering & regular
enough. This is proved in Appendix A.

It is relevant to notice that the penalty term does not contain any mixing term and is then entirely computable. It
is in fact related to martingale properties of the underlying empirical processes. The constant Ky is a fixed universal
numerical constant; for practical purposes, it is adjusted by simulations.

We are now interested in the rate of convergence of the risk. We consider that 7 restricted to A belongs to the
anisotropic Besov space on A with regularity & = (1, a2). Note that if 7 belongs to Bg’ OO(IRZ), then 7 restricted to
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A belongs to Bg’ oo (A). Let us recall the definition of B; oo (A). Let ey and e be the canonical basis vectors in R2 and
fori=1,2, A}, ={x € R* x,x +he;,...,x +rhe; € A}. Next, for x in A} ,, let

hig)=> (=1)* (;;)g(x + khe;)
k=0

the rth difference operator with step 4. For ¢ > 0, the directional moduli of smoothness are given by

12
. 2
wr;,i(g,1) = SUP(/M;L,-&’(X)‘ dx) .
|h<t

A

h,i

We say that g is in the Besov space Bzm(A) if

2
supz T w,, (g, 1) <00

t>0 i=1
for r; integers larger than ¢;. The transition density m can thus have different smoothness properties with respect to
different directions. The procedure described here allows an adaptation of the approximation space to each directional

regularity. More precisely, if oy > o for example, the estimator chooses a space of dimension D,,, = D,‘flll/ 2 < Dy,
for the second direction, where m is more regular. We can thus write the following corollary.

Corollary 3. We suppose that  restricted to A belongs to the anisotropic Besov space By | (A) with regularity
o = (a1, op) such that o — 200 + 2c100 > 0 and oy — 201 + 20100 > 0. We consider the spaces described in
Section 2.4 (with the regularity r of the polynomials and the wavelets larger than o; — 1). Then, under the assumptions
of Theorem 2,
2a
Elnls — 7|2 = O(n~2%+2).

where & is the harmonic mean of a1 and o).

The harmonic mean of «; and «; is the real @ such that 2/@ = 1 /a1 + 1/a2. Note that the condition oy — 202 +
2a1ap > 0 is ensured as soon as «; 2> 1 and the condition o — 201 + 2y > 0 as soon as ap > 1.

20
Thus we obtain the rate of convergence n~ 22+2, which is optimal in the minimax sense (see Section 5.3 for the
lower bound).

5. L? control
5.1. Estimation procedure

Although the empirical norm is the more natural in this problem, we are interested in a L control of the risk. For
this, the estimation procedure must be modified. We truncate the previous estimator in the following way:

ﬁ*:{ﬁ if |77 ]| < kg, (10)
0 else
with k, = n?/3.

5.2. Calculation of the L? risk
We obtain in this framework a result similar to Theorem 2.

Theorem 4. We consider a Markov chain satisfying Assumptions A1-AS (with y > 20 in the case of an arithmetical
mixing). We consider T* the estimator of the transition density 7w described in Section 5.1. Then
!

3 C
E|7* — 714> <C {d2(n1A,Sm)+pen(m)}+7

inf
meM,
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where C = max(36f071 I flloo + 2, 36f071) and C' is a constant depending on ¢1, ¢, |7 |l cos 17 II5 S0, | f lcos ¥-
If 7 is regular, we can state the following corollary:

Corollary 5. We suppose that the restriction of  to A belongs to the anisotropic Besov space Bg oo (A) with regularity
o = (a1, op) such that o — 200 + 20100 > 0 and oy — 201 + 20100 > 0. We consider the spaces described in
Section 2.4 (with the regularity r of the polynomials and the wavelets larger than o; — 1). Then, under the assumptions
of Theorem 4,

E|rly — %> =0(n %),

where o is the harmonic mean of a1 and .

The same rate of convergence is then achieved with the L? norm instead of the empirical norm. And the procedure
allows to adapt automatically the two dimensions of the projection spaces to the regularities o and o of the transition

density 7. If o) = 1 we recognize the rate n_ﬁ established by Birgé [6] with metrical arguments. The optimality
is proved in the following subsection.

If o1 = ap = « (“classical” Besov space), then @ = « and our result is thus an improvement of the one of CIé-
mencon [11], whose procedure achieves only the rate (log(n)/n) nh and allows to use only wavelets. We can observe
that in this case, the condition o] — 203 + 212 > 0 is equivalent to o > 1/2 and so is verified if the function 7 is
regular enough.

Actually, in the case o; = «p, an estimation with isotropic spaces (D,,; = Dy,) is preferable. Indeed, in this
framework, the models are nested and so we can consider spaces with larger dimension (Drzn < n instead of D,%l <
n?/3). Then Corollary 3 is valid whatever & > 0. Moreover, for the arithmetic mixing, assumption y > 6 is sufficient.

5.3. Lower bound

We denote by | - || 4 the norm in L2(A), i.e. l|glla = (f, Ig|*)"/*. We set
B = {mrtransition density on R of a positive recurrent Markov chain such that || || B (A) S L}
and E, the expectation corresponding to the distribution of X1, ..., X, if the true transition density of the Markov

chain is 7 and the initial distribution is the stationary distribution.

Theorem 6. There exists a positive constant C such that, if n is large enough,
. A 2 _ 2
inf sup Ey |77, — ||y = Cn™ =+2
T weB

where the infimum is taken over all estimators 7, of & based on the observations X1, ..., Xp+1.

So the lower bound in [11] is generalized for the case o # a. It shows that our procedure reaches the optimal
minimax rate, whatever the regularity of 7, without needing to know «.

6. Simulations

To evaluate the performance of our method, we simulate a Markov chain with a known transition density and then
we estimate this density and compare the two functions for different values of n. The estimation procedure is easy, we
can decompose it in some steps:

find the coefficients matrix A,, for each m = (m, my),
compute y, () = Tr('Ay GuAm —2'Zn An),

find m such that y, (7T,,) + pen(m) is minimum,
compute 7.



580 C. Lacour / Ann. I. H. Poincaré — PR 43 (2007) 571-597

For the first step, we use two different kinds of bases: the histogram bases and the trigonometric bases, as described
in Section 2.4. We renormalize these bases so that they are defined on the estimation domain A instead of [0, 112. For
the third step, we choose pen(m) = 0.5D,, Dy, /1.

We consider three Markov chains:

e An autoregressive process defined by X, 1 =aX, + b + €,+1, where the ¢, are i.i.d. centered Gaussian random
variables with variance 2. The stationary distribution of this process is a Gaussian with mean b/(1 — a) and with
variance o2/(1 — a?). The transition density is w(x,y) = ¢(y — ax — b) where ¢(z) = 1/(ov/2m) exp(—zz/Zaz)
is the density of a standard Gaussian. Here we choose a = 0.5, b = 3, 0 = 1 and we note this process AR(1). It is
estimated on [4, 8]2.

e A discrete radial Ornstein—Uhlenbeck process, i.e. the Euclidean norm of a vector (¢ 1 €2 £3) whose components
are i.i.d. processes satisfying, for j =1,2,3, &/ = a&; + Be; where &}, are i.i.d. standard Gaussian. This process is
studied in detail in [10]. Its transition density is

yz—{—a2x2 axy\ y y
w(x,y) =1ys0exp _27/32 L F E wx

where 17 is the Bessel function with index 1/2. The stationary density of this chain is
fx) =150 eXp{—x2/2p2}2x2/(p3v 271)

with p? = B2/(1 — a?). We choose a = 0.5, B = 3 and we denote this process by +/CIR since it is the square root of
a Cox—Ingersoll-Ross process. The estimation domain is [2, 10]2.

e An ARCH process defined by X, = sin(X,,) + (cos(X,) + 3)e,+1 where the &, are i.i.d. standard Gaussian.
We verity that the condition (2) is satisfied. Here the transition density is

y — sin(x) ) 1
cos(x)+3/cos(x)+3

ﬂ(x,y)=<p(

and we estimate this chain on [—6, 6]2.

We can illustrate the results by some figures. Fig. 1 shows the surface z = 7 (x, y) and the estimated surface
z=1m(x,y). We use a histogram basis and we see that the procedure chooses different dimensions on the abscissa
and on the ordinate since the estimator is constant on rectangles instead of squares. Fig. 2 presents sections of this
kind of surfaces for the AR(1) process estimated with trigonometric bases. We can see the curves z = 7 (4.6, y) versus
7 =7(4.6,y) and the curves z = w(x, 5) versus z = 77 (x, 5). The second section shows that it may exist some edge
effects due to the mixed control of the two directions.

Fig. 1. Estimator (light surface) and true function (dark surface) for a +/CIR process estimated with a histogram basis, n = 1000.
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Fig. 2. Sections for AR(1) process estimated with a trigonometric basis, n = 1000, dark line: true function, light line: estimator.

Table 1
Empirical risk E||7 — 7 H% for simulated data with pen(m) = 0.5Dy; Din, /n, averaged over N = 200 samples
Law n
50 100 250 500 1000 basis
AR(1) 0.067 0.055 0.043 0.038 0.033 H
0.096 0.081 0.063 0.054 0.045 T
+/CIR 0.026 0.023 0.019 0.016 0.014 H
0.019 0.015 0.009 0.007 0.006 T
ARCH 0.031 0.027 0.016 0.015 0.014 H
0.020 0.012 0.008 0.007 0.007 T
H: histogram basis, T: trigonometric basis.
Table 2
L2 risk E|r —7* ||2 for simulated data with pen(m) = 0.5Dy; Din, /n, averaged over N = 200 samples
Law n
50 100 250 500 1000 basis
AR(1) 0.242 0.189 0.132 0.109 0.085 H
0.438 0.357 0.253 0.213 0.180 T
+/CIR 0.152 0.130 0.094 0.066 0.054 H
0.152 0.123 0.072 0.052 0.046 T
ARCH 0.367 0.303 0.168 0.156 0.144 H
0.249 0.137 0.096 0.092 0.090 T

H: histogram basis, T: trigonometric basis.

Table 3
Lz(f(x) dxdy) risk E||r — 7* ||3p for simulated data with pen(m) = 0.5Dy,; Din, /n, averaged over N = 200 samples
Law n
50 100 250 500 1000 basis
AR(1) 0.052 0.038 0.026 0.020 0.015 H
0.081 0.069 0.046 0.037 0.031 T
+/CIR 0.016 0.014 0.010 0.006 0.004 H
0.018 0.012 0.008 0.006 0.004 T

H: histogram basis, T: trigonometric basis.

581
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For more precise results, empirical risk and L? risk are given respectively in Tables 1 and 2.

We observe that the results are better when we consider the empirical norm. It was expectable, given that this norm
is adapted to the studied problem. Actually the better norm to evaluate the distance between m and its estimator is the
norm || - || r. Table 3 shows that the errors in this case are very satisfactory.

So the results are roughly good but we cannot pretend that a basis among the others gives better results. We can
then imagine a mixed strategy, i.e. a procedure which uses several kinds of bases and which can choose the best basis.
These techniques are successfully used in a regression framework by Comte and Rozenholc [13,14].

7. Proofs
7.1. Proof of Proposition 1

Equality (5) yields, by multiplying by 1//,’2(1) ),

D ik YT XDV XD =D @ XY (X DV ().
i=1

j€m i=1

Then, we sum over kg in K,;,:

DX NERXD =Y D YR XDV (D@ (X))

i=1 i=1 koeKp
If we multiply this equality by a}oy Vi (v) and if we sum over k € K, and jo € J;,, we obtain

n r- -

DXLy = D0 VR )vE M | D D di e (X () =0
i=1"- ko€Ky “ k€K, jo€Im

i.e.
-

Yol Xe = D YR KDY () [u(Xi, y) =0

i=1- koK

for all u in S,,. So the vector (¢1(X;, y) — ZkeKm Y (Xi+ DY () 1<i<n 1s orthogonal to each vector in W. Since
t(X;, y) belongs to W, the proposition is proved.

7.2. Proof of Theorem 2

For p areal larger than 1, let
2, ={vteS|tlF <pltlr}
In the case of an arithmetical mixing, since y > 14, there exists a real ¢ such that
1

0 )
<C<6

7
yc > 3
We set in this case g, = %anj. In the case of a geometrical mixing, we set g, = %Lc In(n)] where c is a real larger
than 7/3y.
For the sake of simplicity, we suppose that n = 4p,q,, with p, an integer. Let for i = 1,...,n/2, U; =
(X2i—1, X2i).
Let

A= Wag,+1,---» Ui+ yg,)> =0
B = Uait1g,+1s -+ Uir2)g,)s 1=0,...,pp— L.
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We use now the mixing assumption A5. As in Viennet [27] we can build a sequence (A}) such that

A; and A,* have the same distribution,
A} and A}, are independent if [ # 1,
P(A; # A]) < Bag,-

In the same way, we build (Bl*) and we define for any / € {0, ..., p, — 1},

Al = (U015 Ubiryg, ) B = (Ulysygtts -+ Ubita)g,)

so that the sequence (U, ..., U:/z) and then the sequence (X7, ..., X)) are well defined.
Let now V; = (X2;, X2i41) fori =1,...,n/2 and

Cr = Vagy+1s - Vi+1)g,)- 1=0,....,pn—1,
D= Vasg+ts - Vorsng,), [=0,...,pp — 1.

We can build (V;**, ..., Vn*/*z) and then (X3*, ..., X:il) such that
C; and C;™ have the same distribution,

C/* and C}* are independent if [ #1’,

P(Ci# C[™) < Bag,-

We put X:;H = X471 and X7* = X;. Now let

Q ={Vi X; =X/ =X} and 2;=02,Nn02"
We denote by 1, the orthogonal projection of = on S,,. Now,
E|7 —nlaly =E(I7 —7nlallzles) +E(IF — n1al;Lose) (an
To bound the first term, we observe that for all s, ¢
Yu(0) = vu () = llt =7l = lls = 7 l[3 = 2Zy (¢ — )

where

1 n
Zy(t) = Z{r(x,-, Xit1) — /t(x,-,y)n(xi, y)dy}.
n i=l1 R
Since ||t — 71||% =t — nILAII% + ||7T1Ac||%, we can write
Yu(t) = yu(s) = It = TLAllZ — s — wLAll2 — 2Z, (2 — 5).
The definition of m gives, for some fixed m € M,,,
vu () + pen(im) < v, (7w,) + pen(m).
And then
17 = wLall2 < ll7tm — 7 Lall2 +2Z, (R — 70) + pen(m) — pen(it)

< Ntm — wLAl2 42017 — 7wl ;. sup  Zn(2) 4 pen(m) — pen(it)
teB (i)

where, for all m’, By(m') = {t € S, + S, lltllf = 1}. Let 6 a real larger than 2p and p(-, -) a function such that
Op(m,m’) < pen(m) + pen(m’). Then

_ 1
17 = 71 allnLo; < Im = 7Lally + Z1I7 — Tl Le; + 2 pen(m)

0y [ sup z,%(t)—p(m,m’)] TLos. (12)
e, - 1€Bom) + 7

But |7 — m |5 1oy < pI7 — 7w lle; <2017 —7laliles +2pl7la — ;.
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Then, inequality (12) becomes

. 2p 2p
17 —nﬂAniﬂfz;;(l -~ 7) < (1 + 7)”% — 714l +2pen(m)
+6 Z [ sup Z,zl(t)—p(m,m’)] Lo+
e, - 1€Bom) + 7

SO
~ 0+2p 2 2
E(|7 — 7la]?1los) < El|lnls —
(17 — w101 10;) < G5 Bllw Ly — mul + 5= pentm)
62 )
+ ) IE([ sup Zn(t)—p(m,m/)] 193). (13)
0 — 210 m'eM, TEBf(m/) +

We now use the following proposition:

Proposition 7. Let

, D(m,m’)
pim,m") =10[|7 || oo———

where D(m, m") denotes the dimension of Sy, + S,,v. Then, under the assumptions of Theorem 2, there exists a constant
Cy such that

c
Y E [ sup z,%(t)—p(m,m/)] 19*) <=L (14)
mem, — 1<Brom) i 8
Then, with 8 = 3p, inequalities (13) and (14) yield
. 90Cy
E(I7 — 71allzle;) < SIS lloolltm — 7 Lall* + 6 pen(m) + == (15)

The penalty term pen(m) has to verify pen(m) + pen(m’) = 30|17 ||co D (m, m') /n i.e. 300 || 7 || codim(Sy, + S;r) <
pen(m) + pen(m’). We choose p =3/2 and so pen(m) = 45|77 ||oo D) D, /1.
To bound the second term in (11), we recall (see Section 3) that (7, (X;, ¥))1<i<n is the orthogonal projection of

Qo Uk (Xix DYk (¥))1<i<n 00
W= {(r(X;, y))lgign’ t €S}

where 1 = 1/f,f’. Thus, since Py denotes the orthogonal projection on W, using (7), (8)

(ﬁﬁ(xz,y))lglgn=PW((Z¢k(Xz+1)¢k()’)) )
k 1<i<l’l

= PW<<an(X,»>wk(y>) ) + Pw((Zei,kmm) )
% 1<i<n X 1<i<n

=PW(7T]lA(Xi,y))1<,~<n+PW<<ZSi,k¢k(y)> )
k 1<ign

We denote by || - [|g» the Euclidean norm in R", by X the vector (X;)1<i<n and by & the vector (&; x)1<i<n- Thus

N
Imla — 7all, = —
n

1
= ;/HMA(K ) = P (w1a(X, )]

2
dy
R}‘l

1
2 dy+;/HPw(;ekwk<y))

7La(X,y) = Pw(r1a(X, ) — Pw(Zekwk(y))
k

2
dy

Rn
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2 1
- dy+;/‘ > ey (y)
k
1 n 1 n 2
< —Z||n||oo/rr<x,~,y)dy+—Z/[Zsi,kwm] dy
ni=1 ni:l k
<l +li282
b - ni—l k "

But Assumption M2 implies || >y k. ¥ lloo < $2Djs,- So, using (8),

m

2
dy
Rn

1
< —/||mlA(X, Y|
n

2
620 <22 (Xit1) + 2E[Yn (Xi11)1Xi]

and
D e <2 Vi (Xivn) +2E[Zw£<x,~+1)|x,-] <442 D;3,.
k k k

Thus we obtain
704 — 73112 < 17 oo + 462Dy < 177 lloo + 4pon '/ (16)

and, by taking the expectation, E(||r14 — 73 ||3ljlg;c) < (I lloo + 4¢2n1/3)P(.Q;C).
We now remark that P(Q;") = P(2%) + P(.Q; N £2*). In the geometric case Bog, < e=veln®m) < p=7¢ and in the
other case B4, < (29,)77 <n~ V. Then

P(2%) <4pufag, <n'~7.

But we have choose ¢ such that ¢y > 7/3 and so P(£2*¢) < n~*3. Now we will use the following proposition:

Proposition 8. Let p > 1. Then, under the assumptions of Theorems 2 or 4, there exists Cy > 0 such that

P(25N2%) < Cy/n'".

This proposition implies that E(||7 14 — 7,3 ||%]l_(2;§6) < C3/n.
Now we use (15) and we observe that this inequality holds for all m in M,,, so

~ M C
Bl =il <C inf (Iwia =l + pen(m) + -

me/My

with C = max(5| 00, 6)-
7.3. Proof of Corollary 3
To control the bias term, we use the following lemma

Lemma 9. Let 74 belong to BS . (A). We consider that S,, is one of the following spaces on A:

e a space of piecewise polynomials of degrees bounded by s; > a; — 1 (i = 1, 2) based on a partition with rectangles
of vertices 1/ Dy, and 1/D,y,,

e a linear span of {¢ppry, A € Ug” A(j), n e Ug’z M (k)} where {¢,} and {yr,,} are orthonormal wavelet bases of
respective regularities s1 > oy — 1 and s, > ap — 1 (here Dp,; =2"1,i =1, 2),

e the space of trigonometric polynomials with degree smaller than D, in the first direction and smaller than D,,,
in the second direction.
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Let 1), be the orthogonal projection of wa on S,,. Then, there exists a positive constant Co such that
172
/2 —a —o
(/ 24 = T > < CO[Dmn L+ szz]'
A

Proof. It is proved in [19] for S, a space of wavelets or polynomials and in [23] (pp. 191 and 200) for a space of
trigonometric polynomials that

12
( [ —n,’n|2> < Clony s (7. D51) + ossp1.2(m. D]
A

The definition of BY __(A) implies (/, [ma — 7,,|)"/? < Col Dy, + Dpy1. O
If we choose for S, the set of the restrictions to A of the functions of S,, and 74 the restriction of 7 to A, we can
apply Lemma 9. But 7, is also the restriction to A of 7, so that
171 — 7l < Co[ Dy + D,%2].

According to Theorem 2

El7 —714)2<C” in {Dn;f“l+D,;§“2+

Dy, Dy,
meM, ’

n

9
In particular, if m™* is such that Dm»f = |[nutet2ae | and Dm»zﬂ = L(Dm»f)"‘l/"‘ﬂ then

D1+051/012
- —2a m} 5 L T
Ell7 — 142 <C” D, + =O(n @ra ),
n

- _2a_
But the harmonic mean of 1 and o is @ = 2010 /(1 + «@2). Then E||7 — w4 ||,% =0(n" 22+2),
The condition D, g n'/3 allows this choice of m only if m < % ie. if a1 — 20p + 201 > 0. In the
same manner, the condition oy — 2a¢1 + 212 > 0 must be verified.

7.4. Proof of Theorem 4

We use the same notations as for the proof of Theorem 2. Let us write
E||7* — 714l = B + B2 + B3
with
B =E(|7* — 71, ||2119;11\|fr||<kn)’
By =E(|7* — 71al* L1754, ),
By =E(|#* — n14 ] 1es).

To bound the first term, we observe that for all m € M,,, on .Q:;, 17 — 7 |1? < f0_1p||ﬁ — Ty ||,21. Then

17 — w1l Loy <20% — wnl* 1o + 2llmm — 71al?
<2/5 plIF = mmliplas + 2llmm — w14l
<2f5 ' p{217 — 7laliles + 20mn — w4l } 4 20mm — 7 Lal?,
Thus
Bi <E(I7 —7lal*ley) <4f; ' pE(I7 — wlalilos) + (475 o1 flloo +2)lmm — wlal?.
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But, using (15), we obtain

_ _ -1 2C1
By < (24157 0l flloo +2) 170w — wLalI> + 24 £5 o pen(m) + 36 £ 1p27

Since p = 3/2, by setting C =max(36 f; || flloc + 1,36 £ ),

81fy'Cy

By < C{llmm — w1all* + pen(m)} + "

for all m € M,,.
Next, the definition of 7* and the Markov inequality provide
E(I7 1*105)

- (17)

By <E(I7LalPlosLyzy-k,) < 7l
But [|7[*1 05 < ofy 72 <2pfy (17 — wLall2 + I Lall?). Now we use (16) to state

17 1”10s <20fy ' (I lloo +4¢2n' > + 1 4117)

_ 1 o
<2pf; 1<||n||oo +agon' P+~ ||n||oo/n(x,-, y) dy)

i=1

<20f5 " 2l lloo +4¢2n' ).

Then, since k,, = n2/3, (17) becomes
20fy " @l lloo + 4on ') I7lloo | 2¢2
< 24PJo < -1 2 s
By < ||| 02 <dpfy il Py + - )
Lastly

By SEQIF* I + I 14 1%) o) < 2(k; + I 11?) P(£2;°).

e now remark that = + N . In the geometric case By, < e~ < n77¢ and in the
W k th P(.Q;") P(£2%°) P($2§ £2*%). Inthe g i B2g, < velnm) < =< and in th
other case B4, < (29,)77 <n~ 7. Then

P(2%) <4ppPag, <n'~.

But, if ¥ > 20 in the arithmetic case, we can choose ¢ such that ¢y > 10/3 and so P(£2*¢) < n~'/3. Then, using
Proposition §,

1+C _ 2AC+ 1+ 7))

By <2(n*? 2 <
3 <20 ) s -

7.5. Proof of Theorem 6

Let ¥ be a very regular wavelet with compact support. For J = (ji1, j») € Z? to be chosen below and K = (k{, k») €
72, we set

Yk (x, y) =202y (20 x — &)y (22y — ko).
Let mo(x, ¥) = colp(y) with B a compact set such that A C B x B and |B| > 2|A|Y2/L, and ¢y = |B|~'. So g is a
transition density with || || BE_(A) < L/2. Now we set R the maximal subset of Z? such that

Supp(yyx) CA VK €Ry,  Supp(yyx) NSupp(yryx) =90 if K #K'.
The cardinal of Ry is |R;| = ¢2/1772, with ¢ a positive constant which depends only on A and the support of V. Let,
forall e = (e ) € {—1, 1}/,

1
Te=mo+—= Y ekVIk-
ﬁKGRJ
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Let us denote by G the set of all such 7. Since f Y =0 and 7y is a transition density, for all x in R,

/ng(x,y)dyz 1.

Additionally m,(x,y) = mo(x,y) =2 0 if (x,y) ¢ A, and if (x,y) € A: 7wz = co — 2<f1+1'2)/2||¢||§0/ﬁ and then
me(x,y) 2 co/2 > 0 as soon as

21+ \ 1/2
( ) <ot (18)
n 2%

Thus, if (18) holds, m¢(x,y) = (co/2)1p(y) for all x,y. It implies that the underlying Markov chain is Doeblin
recurrent and then positive recurrent. We verify that f = colp is the stationary density. To prove that 7, € B, we
still have to compute ||7r8||BgOO(A). Hochmuth [19] proves that for ¢ smooth enough || ZKERJ K 1/fJK||BgOO(A) <

(21'1051 +2j2a2)” ZKERJ exViklla. Since

2
> exvuk

) -y
= E lex |” = 2172,
KeRy A KeRy

then
L 222 s,
2 N

From now on, we suppose that Condition C is verified where

||ﬂe||ng(A) <

(7@ 4 20202y (1+12)/2 L
N S 22

It entails in particular that (18) holds if j; and j, are great enough. Then for all ¢, 7, € B. We now use Lemma 10.2
p.- 160 in Hérdle et al. [17]. The likelihood ratio can be written

Condition C:

e (Xi, Xit1)

¥
A (e, o) = .
ek T 111 e (X, Xiy1)

Note that 7. (X;, X;11) > 0 Py, - and Pﬂg*K -almost surely (actually the chain “lives” on B). Then

2 exyk(Xi, Xiv1)
log(An (e q, 76)) Zlog(l RV G ;(z+1l) .

We set Uy (X, Xip1) = —ex ¥k (Xi, Xit1)/me (Xi, Xi41) so that

10g(An(7Ta*K,7Ts) Zlog<l +— UJK(XHXH-I))

2 2
= Z{ (_UJK(XH Xz+1)> + EUJK(Xi, Xiv1) — ;UfK(Xi, Xi+1)}

=Up+ vy — Wy

with 6 the function defined by 6 (u) = log(1 + u) — u + u?/2. Now we prove the three following assertions

n—00 0,

19 Er, (jual) = Ex, (| 27y 05Uk (Xi, Xie D)D),
2° En, (wp) =Eq, G0 U2 (X, Xit1)) <4,
3° B, ) =B, (31 Y7 Usk (Xi. Xig DI <8
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1°: First we observe that

2 2 20U1+j2)/2 2 20j1+j2)/2
2, <2 ||w||oozo< )
Jn o A/n co/2 Jn

and 20172 /n — 0 since Condition C holds. So there exists some integer ng such that Vn > ng, Vx, y,

62Uk (x, y)//0)| < |2Usk (x, y)/4/m]

But
20k (x.0) [ 8 Wk (e )P
—_— ,y)dxdy = dxd
//’ \/ﬁ f(x)ﬂs(x Y) X y n\/ﬁ na(x’y)2 f(x) X y
8 20121y 12 o
Sadn @R / Vi) dsdy
<32||¢||§0 2Gi1+i2) 1/2'
= con n
Then
n 2 Gr+j2)\ 1/2
R2lYlig (21
E < 0.
n"“"' Z con n njgo

i=1
2°: We bound the expectation of U g (X;, Xi41)*:

Ip;[((xv y)

EHE(UJK(Xiin+1)2)=/ oY)

2
f(x)dxdygc()//wdxdygz. (19)
co/2
A
And then Er, (wy) =Er, (2/n) Y0, Usk (Xi, Xi+1)?) < 4.

3°: We observe that E,, (U g (X;, X;+1)1X1, ..., X;) =0 and thus Z?:l Ujk (Xi, Xi41) is amartingale. A classic
property of square integrable martingales involves

n 2 n
Ex, ([ZUJK(X,',X[H)] ) = ZEng[UJK(Xi, Xis?.
i=1 i=1
Thus, using (19), Ex, (v7) = (4/n) Yi_; Ex, [Usk (Xi, Xi41)*] <8.
We deduce easily from the three previous assertions 1°, 2° and 3° that there exists A > 0 and pg such that
Pr, (Ap (g, e) > e ) > po- Thus, according to Lemma 10.2 in [17],
IRy

A 2 2 —A
max By (|7, — w3 = ——8%¢ " po
7.€G 2

where § = inf,er [|e — 7 la/2 = llex Yy //nlla=1/y/n.
Now for all n we choose J = J(n) = (j1(n), j2(n)) such that
L * . o)
c1/2 <2 n" aFatme Lop oand  ¢p/2 < 2720 mFee oy
with ¢; and ¢; such that (c(i” + cgz)m < L/(2¢'/?) so that Condition C is satisfied. Moreover, we have

ccicy 2t cciep —Jay o)
—n

|RJ|82 > arteytloa > na Tt

Thus

—A —2aqa
. ce " pocicy 2%
maé]E%Hrrn — ng||% = Tn“lwzﬂawz.
S

g
And then for all estimator

N _ 20
sup E ||, — 71||% >Cn™ 212
neB

with C = ce_)‘poclcz/&
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7.6. Proof of Proposition 7
Let
Fi(t):t(XhXi-H)_/I(Xivy)ﬂ(xi»)’)dy,
@ =107, Xi0) = [ (K73 )
re @ =105 x0) - [ 1 () 8
We now define Z'():

Z5(t) = — Z ry 0+ Z ().

i odd i even

Let us remark that Z (1)1 o+ = Z, (1)1 +. Next we split each of these terms:

Pn*l 2(21+1)gn—1 pn—1 2(21+2)gn—1

1
Zr ()= Z Y. o Zho=-3 > rF @,
1=0 i=4lg,+1, i odd 1=0 i=22l4+1)gy+1, i odd
prl 2(214+1)gn pn—1 2(21+2)gn
ZROEED SN SRR ORI IR D D SR a0
1=0 i=4lq,+2, i even 1=0 i=2(214+1)g,+2, i even

We use the following lemma:

Lemma 10. (Talagrand [26]) Let Uy, . ..,Un—1 i.id. variables and ({;):ep a set of functions.
Let G(t) = Z {, (Uy). We suppose that

(D) supl&illoo <M1, (2) E(sup!G(r>|) <H, (3) supVar[§Up)] <v

teB teB teB

Then, there exists K > 0, K1 > 0, K> > 0 such that

2 M? _gnn
E[squz(t) - IOHZ] <K ie_K‘% + —;e Ky |,
teB + N N
Here N = p,, B=By(m’) andforl € {0,..., p, — 1}, Uy = (X4lq 1 "’X>2k(21+l)qn)’
1 2g,—1
GO X)) =— ) (X Xig1) —/r(xi,y)mi,y)dy.
"i=1,i odd
Then
pn—1 2Q2141)gn—1
G(t) = Z — Y I =4Z5,0.
4n i=4lg,+1, i odd

We now compute My, H and v.
(1) We recall that S, 4 S, is included in the model S,,» with dimension max(Dy,, , Dm/l )max(D,,,, Dm’2)~

2g,—1

1
supll¢illoo <supftfloo— Y <1+fn<xi,y>dy>

1B teB qn {7 odd

2¢0
< 290, /max(D,. Dyy) max(Duy. Dyy) 1 < =2 I n'/3.
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Then we set M| = (2¢0/f0)n1/3.
(2) Since Ap and A have the same distribution, ¢ (Up) = an Zizi”l_} oda I77(t) has the same distribution than

j s2n=1  Ti(t). We observe that E(I ()| X;) = 0 and then for all set

i=1, i odd
2
E([Zw)} ) =E< > Fi(rm-(r)) =2E(ZE[n(r)Fj<r)|Xi]) + Y E[I7(0)]
iel ijel j<i iel
= E(Z r (t)E[r,»(mx,-]) +Y R[] =) E[I}®)]
j<i iel iel

In particular

1 2gn—1 2 1 2g,—1
Vaf[@’f(“w]:E([— 2. Fm]):—z > E[7o]

" i=1,i odd 9n i1 7 odd
! 1
2 2
<= Y E[PXLXin] < —lmlloolitll
q”i 1, i odd 4n

Then v = |7 lloo/qn-
(3) Let (9j ® ¥ic) (j,k)e A(m,m’) an orthonormal basis of (S, + Sy, || - 11 £)-

E(sugycﬂ(t)]) <Y E(GP 35 ® )
te j,k

pn—1 2QI+1)g,—1 2
Z — ([Z > F,~*(¢,-®wk>})

7k Pndn 1=0 i=4lgy+1, i odd

]6pn 2Q2+1)g,—1 . 2
Z Y @ ew

=0 i=4lg,+1, i odd

where we used the independence of the A}. Now we can replace I* by I'; in the sum because A; and A} have the
same distribution and we use as previously the martingale property of the I7.

16 ™. 220+1)gp—1 2
(sup|G2(t)|) Z <|: Z E(@,-@W)] )

=0 i=4lg,+1, i odd
pn—1 2Q2I+1)gy—1

Z 62 Yo E(FA@ @)

=0 i=4lg,+1, i odd

_ D(m,m")
<Z;nnuwu¢j®wk||§<4un||oo—.
j.k
Then
D(m,m’ D(m.m'
Ez(sup|G(t)|)<4||n||ooM and  H? = 4o 20
teB n

According to Lemma 10, there exists K’ > 0, K1 > 0, K/, > 0 such that

E[ sup (4Z;;

)’ = 10H2] < K’[le_K]D(m’m/)+n_4/3qge_K§”1/°~/D(m»m’)_/qni|
n N
teB(m’) + n

But g, <n¢ with ¢ < z. So
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m, m’ K’ , J 1/6—c A
2 E[ sup ZZ%(z)—p(T)] <—[ S e KD g 213 g K ]<—1. (20)
m'eM, 1€By(m’) + m'eM, n

In the same way, >,/ g, E[sup;e g, (my Z;,“?, (t) — p(m,m’)/41+ < A;/n for r =2,3,4. And then

Cy
n

Z ]E([ sup Z,%(t)—p(m,m/)]Jrjlg*): Z E([ sup Z::Z(t)—p(m,m/)]Jrjlm)g

m'e M, teBy(m’) meM, 1€Br(m')
7.7. Proof of Proposition 8

First we observe that

P(.Qf) N .Q*) < P<15161£‘vn(t2)| >1- %)

where
I ¢ * * _ _
v,,(t):;Zi_lf[t(Xi,y)—E(I(Xi,y))]dy and B=lres, ;=1

But, if (x, y) =}, 1 aj k9 )Yk (y), then
va(?) =D ajkay kinleie)
jJok

where
n

B0 = = 3 [u(X7) ~ E(u(x))] e

i=1

Leth; = (3, aik)lﬂ, then v, (1) <X ;v bjbji|va(pj@;)] and, if t € B, Y b§ =X a]%k =t < 5
Thus

sup|va ()| < 5" sup D bbb
teB Zb?zl j,l

Lemma 11. Let B ; = ||@j¢illoo and Vj; = |l@;@; 2. Let, for any symmetric matrix (Aj ;)
p(AY= sup Y lajalA;
Za}z:l il
and L(p) = max{p>(V), p(B)}. Then, if M2 is satisfied, L(p) < ¢1D2.
This lemma is proved in Baraud et al. [3].
Let
L_Jed=1/p)
40 flloo L ()
On A:
suplva (%) <4fy" sup Y bibi[Bjux + Vjiy/2]l flloox]
teB S h2=1
J Js

<4f 7 AB)x + p(V)V2] flloox ]
<(1_1)[fo(1—1/p) ﬁ(B>+i<52<V>>”2]
h o)L 10Iflle L@@ 5\ L(p)

(<6

and A= {VjVI |,(pjp0)| <A[Bjix + Viiv/2l flloox ]}
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Then P (sup;.p |v,,(t2)| >1—1/p) < P(A°). But v, () =2v,,1(u) + 20, 2(u) with

-1

B 1 Pn

) =— 3 V). r=12,
Pn 15

with
202l +1)gn
Y1 (u) = > [u(X)) —Eu(x)))].
n i=4lq,+1
2(2142)gn
Yio(u) = Yo [u(x)) —E(u(x}))]
" i=2Q1+1)gu+1

To bound P (v, 1(@j@1) 2 Bjix + V42l flleoX), we will use the Bernstein inequality given in Birgé and Mas-
sart [8]. That is why we bound E|Y; | (1) |™:

22+ 1)gn 2

> [u(X)) —E(u(x})]
i=4lg,+1
2(214+1)gn

> [ux) —E(u(xp)]
i=4lg,+1
2Q2I+1)gn

m—2 1
< @ulloe)" 5B D7 u ) = E(u(xn)[?

4n i=4lg,+1

1 _
E|Y; 1 w)]" < @(mwnw)’" E
n

2

< @lulloe)" ™ o E

n

since X = X; on £2* and using an elementary convex inequality. Thus

E|Y;1 )" < 2llulloo)” Elu(X1) — E(u(X))]* < (2||u||oo)m*2/u2<x>f<x>dx

<22 (Jlulloo)™ > (VT oo llull). (22)
With u = @;0;, E|Y1(0j0)1" < 2" 2(B; )" 2(J/TfloV;.;)?. And then
P(|Pnr(@jo0)| = Bjux + Viiy/21 fllocx) < 267
Given that P(£25 N £2%) < P(A°) = Zj’l P(Ivn(@jen)| > 4(Bj1x + Vi /2l fllooX)),

N 2 1—1 2
P(.Q;ﬁ.Q*) <4Dzexp{——p fo( /P) }

401 flloo L ()
f=1/p)* n }
160] flloo  gnL(9) )

But L(p) < ¢1D% < ¢p1n?3 and g, <n'/% so

160]| fllo 1 '

< 4n?3 exp{—

. 2/3
P(.Q; ﬁ.Q*) <4n? exp{— S
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Appendix A. Random penalty
Here we prove that Theorem 2 is valid with a penalty which does not depend on ||77 || s-

Theorem 12. We consider the following penalty:
_ — . DpD
pen(m) = Ko7 lloo———

where K is a numerical constant and it = s With Sps a space of trigonometric polynomials such that

Inn < Dyyys = Dppys <n'/8,

o] 3

@122 (A with ay > 3/2 and ay > max(y, =3, 25,-1)> then, under assump-

2,00

If the restriction of w to A belongs to B
tions of Theorem 2, for n large enough,

Ellz1s — 7|2 <C inf {d2(n]1A,Sm)+

meMy

Dy, Dy, c’
n + n’

Remark 13. The condition on the regularity of r is verified for example if ¢ > 2 and ap > 2. [f ) =g = @, it is
equivalent to o > 2.
Proof. We recall that || 77| denotes actually ||[714||co and we introduce the following set:

T 1
A:{ 17 1loo _1‘ <_}.

I7Lalloe 2
As previously, we decompose the space:

Ell% — 7x1al; =E(I7 — 7 lali10s0a) + E(I7 — 714l 1einac) + E(IF — 74l T0s0).

We have already dealt with the third term. For the first term, we can proceed as in the proof of Theorem 2 as soon as
Op(m, m') < pen(m) + pen(m’)

with @ =3p =9/2 and p(m, m’) = 10||7 || D(m, m’)/n. Buton A, |7 ||oo < 2|7 ||oc and so

/ D(ma m/) A D(ma m/)
Op(m,m’) = 109”77”00T <2007 floo ———

D /Dm/z

D,,. D,
< 20017 oo 22 1 206)]|7 [|og —2
n n
It is sufficient to set Ko = 206.
Now, inequality (16) gives
E(ll7la — #alaLesnac) < (I lloo +4gon' /) P (25 0 A°).
It remains to prove that P(.Q;)‘ N A¢) < Cn=*/3 for some constant C.
P(2; N A°) = P([IIFlloo = I alloc [Tz = 17 lloo/2) < P(IIF = 7l allools > 17 ll00/2)
S P(I7 = mmsllooLey > 17 lloo/4) + P(I7tms — 7 Lalloc = 17 lloo/4)

17 Il oo
4¢0\/ Dml*sz*

since ”TA[ - nm*”oo < ¢0 Dm*| Dm*2||7% — > ”
Furthermore the inequality ¥, (77) < yu (Tms) leads to

<P<”ﬁ'_77m*”]l.(2;> >+P(||7Tm*_7T]lA||oo> ||7T||oo/4)

F—mla)? < P+ Ly — 24 z2
17 — 7 Lally < Nms —7Lall, + 2 17 — Tmsll7 + sup  Z; (1)
0 1B (mx)
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and then, on £2,,,

R 2
||n—nm*||§»( ) < ) Ap|ms — wlall; +206" sup  Zy(1)
0 t€B s (m%)
SO
. 408" fy ! P07 15"
||n—nm*||2<—||nm*—nﬂ 2 22N gy Z3(t)
0’ 9 =20 teBy(mx)
<12pf5 Ao lll7tms — wLallZ, + 1807 f5 1 sup  Z2(r)
tE€Bf(mx)

with 8’ = 3p and by remarking that for ¢ with support A, ||t||,21 < |As| ||t||§o. Thus

: IllZ 1
P(2*N A°) < P( sup Zz(t)]l
(2, ) 1B (mx) 32¢>2 1/3 18,02f

7112
32¢0 ml*sz* 12,0fo |A2|

+P<||7Tm*_7T]lA” )+P(||7Tm*_7T]lA”oo>||7T||oo/4)

<p( sup Z2(0)1gr > 1/3)+P(Dm1*Dm2*llnm* 714l2, > b)

t€B(mx)
I |
+P<||nm*—n1A||oo> IR (24)
with
A N A E
322 18p2f; ! 3265 12pfy ' Az

We will first study the two last terms in (24). Since the restriction w4 of 7 belongs to B(O‘l ’“”(A) the embedding

theorem proved in Nikol’skii [23] p. 236 implies that 74 belongs to B(ﬁl ’32)(A) with 81 = a1(1 — 1/a) and B =
a2(1 — 1/a). Then the approximation Lemma 9 (which is still valid for the trigonometric polynomial spaces with the
infinite norm instead of the L? norm) yields to

17 — 7L alloo < C(Dpft + D7),
And then, since Dy« = Dy,

/( n211$ﬁ1+Dn21:$ﬁ2)

"((Inn)?=2P1 + (Inn)*~272) — 0.

Dy s Doy |70 — w1l 4 “ <C
<C

Indeed

2—-2B1 <0< 20100 — 300 — a1 >0,
2—2,82<0¢>2051a2—3a1—a2>0

and this double condition is ensured when 1 > 3/2 and o > max(zl:f—‘_3, Zlel). Consequently, for n large enough,

ll |l
P(Dm1*Dm2*||7Tm* _7'[]1A”c2>o > b) + P<||7Tm* — 7o 2 400 =0.

We will now prove that

C
P sup ZZ([)]]__Q* > ) < —
<ze3f(m*) n'/3 n4/3
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and then using (24), we will have P(22} N A) < Cn=*3. We remark that, if (¢; ® ¥&) .« is a base of (Spx. || - Il ).

sup Zy () <Y Za(pj @ i)
ter(m*) ik

and we recall that, on 2%, Z,,(¢) = Zf,l Z,*l’, () (see the proof of Proposition 7). So we are interested in

a
P(Z*2 (¢; 1gr > — ).
( n1(@; ®Yle /4Dm1*Dm2*n1/3>

Let x = Bn=2/3 with B such that 2 f; *B? + 4|7 || s B < a/4 (for example B = inf(1, a/8(fy > + 2|7 |lx0))- Then

(v2I 0% + v/ Dy Duys fy ')

a
{—.
h 4Dm1*Dm2*n1/3

So we will now bound P(Z;1 (0 @Yl > V27 | oox + \/Dml*sz*foflx) by using the Bernstein inequality

given in [8]. That is why we bound E| ﬁ Zizi”l_} odd I77(@®)|™ for all integer m > 2,

R L Clltleg™ | ’
oxoYn
E > e S T o > [’(XEK’ ?+1)‘/’(X?vy)”(x?k’y)dy]
I 17 odd n i=1, i odd
S N ’
o
<<T) B 2 [r(xi,xi+1>—fr(xi,y)n<xi,y>dy}
T i=1, i odd
o (Ml )" L f 2(x, y) f ()7 (x, y) dx dy
S\ 2 16 e ’
1 2
< gz (Melloe)™ oo 13-
Then
e "
_ -2
B\ Y @ 90| < s (VDmx Do f57)" I oo
" i=1,i odd

Thus the Bernstein inequality gives

P(|Z:,1(‘Pj ® Wk)| 2/ Dinysx Dy« f()_lx + 2||7T||oox) < 2e” Pt

Hence

*2 a -2/3
P sup Znyl(t)]lm > yYPYE < 2Dy Doy exp{—p,,Bn }
1B (mx) 4n

1/3
<2n2/3exp{—£n }
4 gy

But

1/3
2n2/3exp{—§n }<C11_4/3
4 qn

since ¢, <n'/® and so

By a 4C
P sup Z;(t)1lox > —5 < —. O
t€Bf (mx*) n
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