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Abstract

For xg € R4\ {0}, d < 3, we study the local behaviour near O of the local times (Lf) of a super-Brownian motion X initially

in 8y,. More precisely, if ¥/ (c) is a suitable normalization, our main result implies that the process (¥ (c)(Lf/ € L?), xeR4,
t > 0) converges in distribution to a non-degenerate limit as ¢ — oco. This allows us to study the local behaviour of the occupation
measure of X, then to recover and to generalise a result of Lee concerning the occupation measure of three-dimensional super-
Brownian motion conditioned to hit a distant ball.

© 2005 Elsevier SAS. All rights reserved.

Résumé

Pour xq € R4 \ {0}, d < 3, on étudie le comportement local au voisinage de O des temps locaux (L,y ) du super-mouvement
brownien X de valeur initiale dy,. Plus précisément, si on note ¥(c) la normalisation adéquate, notre résultat principal implique
que le processus (w(c)(Lf/C — L?), X € Rd, t > 0) converge en loi lorsque ¢ — oo vers une limite non dégénérée. Ce résultat nous
permettra d’étudier le comportement local de la mesure d’occupation de X, puis de redémontrer et généraliser un résultat de Lee
concernant la mesure d’occupation d’un super-mouvement brownien tri-dimensionel conditionné a toucher une boule lointaine.
© 2005 Elsevier SAS. All rights reserved.
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1. Introduction and statement of results
1.1. Introduction

The main goal of this work is to study the local behaviour of the occupation measure of super-Brownian motion in
dimension d < 3.
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Super-Brownian motion is a model for spatial populations undergoing a continuous branching phenomenon, which
arises in a variety of different contexts. It was introduced independently by Watanabe (69) and Dawson (75) as the
weak limit of branching particle systems. Connections between the wider class of superprocesses and partial differ-
ential equations have helped derive some of the basic properties of super-Brownian motion and have also allowed to
prove analytic results using probabilistic arguments. More recently, it has been shown that super-Brownian motion
appears in scaling limit of a wide range of lattice systems such as the voter model, the contact process, lattice trees or
oriented percolation. Therefore, in a way similar to standard Brownian motion, super-Brownian motion can be thought
of as a universal object providing information on the asymptotics of many interacting particle systems or statistical
mechanics models.

Local times of superprocesses have been studied by many authors (cf. Sugitani [9], Adler and Lewin [1], Krone [4]).
Our main result Theorem 1 gives precise information about the local behaviour of local times of super-Brownian
motion, in dimension d = 2 or 3. Let us be more precise. Let xo € R? \ {0}, X a super-Brownian motion initially in
8y, and L7 the local time of X at time ¢ and point x. As a direct consequence of Theorem 1, if x € R4 and if we
set ¥(c) = /c when d = 3, ¥(c) = c(In(c))~1/2 when d = 2, we will obtain that (i (c)(L}/* — L9%));>0 converges
in distribution as ¢ — oo to (8, ) L?) >0 where B is a one-dimensional Brownian motion which is independent of X
and a(x) is a constant depending only on x. Theorem 1 in fact gives a more general statement involving finitely many
different values of x. This allows us to study the local behaviour of the occupation measure of X (Proposition 2).

Our results are related to a recent paper of Lee [5]. Lee considers a super-Brownian motion started at .y, with ¢
large and conditioned on hitting the unit ball. Using analytic methods, he obtains limit theorems for the occupation
measure of this ball by super-Brownian motion (see Proposition 1 below). We will show how to recover and to
generalise Lee’s results from our main theorem. To do this, we will need to study the local behaviour of the occupation
measure of X under its canonical measure Ny, (Proposition 5).

Our results on the local behaviour of local times of super-Brownian motion are analogous to the ones obtained by
Yor for local times of standard Brownian motion. Let B be a linear Brownian motion started at the origin and let £
denote the local time of B at level x and time ¢. Then Yor [11], proved that (ﬁ(éf/ ‘_ E?))@Q x>0 converges in
distribution to a Brownian sheet as ¢ — oo. This should be compared with Theorem 1 below.

After introducing the basic notation, Section 1 first summarises known results which motivate our study, mainly
found in [5,9], and [7], then states our results. It also provides an outline of the proof of our main result (Theorem 1)
about the local behaviour of local times. Section 2 is devoted to the proof of Theorem 1. In Section 3, we apply
Theorem 1 to prove a non-conditional equivalent form of Lee’s result (Proposition 2), then we recover and extend
Lee’s result (Proposition 1). Section 4 is devoted to the one-dimensional case.

1.2. Notation

Let Mr(R%) be the space of finite measures on R¢. For u € Mp(RY), f:R? — R, (u, f) is shorthand for
Jra F () p(dx).

We dznote by B (Rd ) the Borel o -algebra in R?. The notation B(x, r) stands for the open ball of radius r centered
atx € R?.

We denote by Cp(RY) the space of bounded continuous functions from R4 into R, and by Cp (Rd)Jr the space of
non-negative functions in Cp(R%). If K is a compact subset of R?, Cg (R?) is the subset of C;(R?) consisting of
functions supported on K. If n € N, we let C;, (R?) be the set of all n times continuously differentiable functions on
R? with bounded derivatives of order less than n, and Cyr (RY) := ﬂn>0 C, (RY).

We denote by p; the transition density of d-dimensional Brownian motion, that is fort > 0, z € R4,

2
|z|

pi(2) = Qmr) =42 exp(—;)

Set g;(x) = fé ps(x)ds, and if u € Mp(RY),

nqr () Zth (z = y)u(dy).

R4
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We consider a super-Brownian motion (X;, ¢t > 0) in the space M (RY). We will write Py, for the probability
measure under which X = . When there is no confusion we will write P for P,, E for E,,. We denote by (]-"tX )i >0
the right-continuous filtration generated by X.

1.3. Basic properties of super-Brownian motion and its local times
In this section we consider a super-Brownian motion X under P, for u € Mp (RY).

It is well known (see for example [7], Theorem I1.5.9) that for any function ¢ € Cb(Rd)+ we can express
E,[exp(— fot (X5, ¢)ds)] in terms of the solution of a partial differential equation:

t
Eu(exp{—/(XS,qb)ds}) =exp<—/v(r,x,¢),u(dx)>, €))]
0

where (7, x) — v(t, x, ¢) is continuous on R4 x R? and solves the partial differential equation

3')(;;” - %Av(s,x) — (v(s,0))* + 6. 2)

on 10, co[ x R, with initial value v(0, x) = 0.

(1) is a particular case of the Laplace equation for the super-Brownian motion X. Note that formula (1) remains
valid if ¢ € Cg (R?) is not necessarily non-negative, but only then if 7 is less than a certain explosion time * > 0.
More precisely, for a fixed T > 0, (1) will remain valid for t < T for any compactly supported function that is bounded
from below by a constant depending on 7.

As shown in Chapter IV of [6] by the Brownian snake approach (see also Section II.7 of [7]), for any x € RY,
there exists a o -finite measure Ny on C(Ry, Mp (Rd )) called the excursion measure of super-Brownian motion such
that the law of (X;);~0 under P, is the same as the law of (3 Xf),>0, where Y 8y is a Poisson point process with
intensity f N, du(x). This fact is called the canonical decomposition of super-Brownian motion.

Intuitively, if one thinks of super-Brownian motion as the scaling limit of critical branching random walks as it is
introduced in [7], the measure X; under N, for ¢ > O represents the contribution to the population of the descendants
at time ¢ of one single individual alive at time O at the point x. The canonical decomposition expresses that the
super-Brownian motion at time ¢ is obtained by superimposing a Poisson number of such contributions.

It is also well known that the process X solves a martingale problem (see [7], Theorem IL.5.1). For any ¢ € Cg (RY),

t
1
(X1, ) = (X0, ¢) + M () + 3 /(st Ag)ds, (3
0
where M, (¢) is an ftX -martingale such that My (¢) = 0 and the quadratic variation of M (¢) is
t
(M(9)), = f (Xs5, %) ds.

0

Sugitani [9] proved that for d < 3, there exists a random continuous function (¢, x) — L} from (0, c0) x R4 into
R such that for any ¥ € Cp(RY),

t
/(Xs,df)ds=/W(x)L;‘dx. 4)
0 Rd
L} is called the local time of X at point x € R? and time ¢ > 0.
Take Ly = 0 for every x € R?. The function (L? ):>0, xerd Needs not being continuous at points of the form (0, x),

x € RY. However Sugitani established for d > 2 that L7 is continuous in the pair (x, #) on the set of continuity points
for g, (x). For example, note that this set contains Ry x B(0, r) whenever w(B(0,r)) =0.
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Sugitani also proved that for d = 1, Ly is always continuous in the pair (x, ¢) and even differentiable with respect
to the space variable at points x € R? where u({x} =0.

Under the assumption that (¢, x) — ug;(x) is continuous in Ry X R4, Sugitani [9] obtained the existence of
exponential moments for local times: for any T > 0, there exists a constant (u, T') > 0 such that

E,[exp(rLy)] < oo (5)
holds for any t < T, x € R? and r < KC(u, T). We shall denote by GL’" {ze€C, |z] < K(u, 1)} — C the function
such that for any z € C, |z]| < K(u, 1),

Ey[exp(zLy)] = exp(G};* (2)). (6)
For convenience we will write Gg;; =Gy

If K is a compact set in R?, and if we only know that (¢, x) — ug,(x) is continuous in Ry x K (for example if
w(K) =0), itis easy to adapt the proof of (5) in [9] to obtain for any T > 0 the existence of constants C(u, T, K) > 0,
C(u, T, K) > 0 such that

E,[exp(rLy)] <C(u,T.K) (7

holds forany t < T, x € K and r < K(u, T, K). In this case, this clearly allows us to define the functions G;f for
t 20, x € K in a way such that (6) remains valid for z € C, |z| < K(u, t, K).

Let us now discuss the scaling properties of super-Brownian motion. Let ¢ > 0, and if f € Cp(R%) let f. be the
function f.(x) = f(cx). From (2) we get

v(t, x, fo) = czv(czt, cx, cf4f).

The scaling properties of super-Brownian motion easily follow from (1) and that observation. Let 1 € M(R¢). For
any A € BRY), 1t >0, let

XA =X 2, (cA), ) =u(c" A).
Then, the law of the process (X ,(C), t > 0) under PM@) is equal to the law of the process (X;, ¢ > 0) under P,,.
Consequently, for any ¢ € Cx (RY), the law of the process
2t

(f“/(Xu, &) du, 1> 0)

0
under PM@ is the same as the law of the process
t

(f(Xu,@:)du, t>0>

0
under P,,.

We are now in position to state our main result concerning the local behaviour of local times of super-Brownian

motion.

1.4. The main result

Theorem 1. Assume d =2 or 3. Let

(Ve o ifd=3,
W(C)—{ﬁ ifd =2.

Let v e Mp(R?) such that v(B(0, p)) = 0 for some p > 0, and let X be a super-Brownian motion in R¢ with initial
value v. If x1, ..., x are fixed points in R¢ \ {0}, the process

(Xe, ¥ @(L = L), . v (@ (L3 = 1Y) 5
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converges as ¢ — 00 in the sense of weak convergence in the space C(RT, M(R%) x R¥) to a limiting process which
can be written in the form

X Xk
(X1, ﬂLE), - /3L9)t>o.
Here, (B[ );>0, xerd is a centered Gaussian process independent of X such that
cov(B. A7) =alx. y)(t As),
and a(x,y) is given by

1 1 1 1 1 Iy
a(x’ y) = ‘i?f]]@ dz(m - H) X (\z—yl - H) lfd - 3’

For convenience we will write a(x, x) =: a(x).
Part of the motivation for Theorem 1 came from a recent paper of Lee [5] dealing with asymptotics for the occu-
pation measure of super-Brownian motion.

1.5. Lee’s result and extensions

Lee [5] only considers the three-dimensional case, but we will extend his result to the case of dimension 2.

Letd =2 or 3, X a super-Brownian motion in R4, with initial value M = dcx,, where xg € R4, xo#0and ¢ > 0.

Let K be a compact set in R?, and let ¢, & be integrable functions on R? supported on K satisfying /, xk§()dy =0,
Jx @ (y)dy # 0. We also define ¢, & the functions such that for any x € R4,

$e(x) =P (cx), Ec(x) =& (cx).
Note that ¢, & are supported on K (© := 71K = {y: cy € K}.
One may think of the particular example where K = B(0, 1), and where we consider the functions
0 0
" =1501> & =150.000: =00 ~ 100N xg<0)-
For T > 0, let us introduce the quantities

T T

Dy.1 :/<th¢>df, De 1 =/<X,,§)dt, T >0.
0 0
We also set
ag = //é(y)é(z)a(y,z)dydz.
K K

The following result, is proved by Lee in [5] (for the case d = 3), by analysing the behaviour of v(z, xg, ac3¢>c +
bc/2g,) as ¢ — oo (cf. (2)).

Proposition 1. Let d =2 or 3, t > 0, xo € R% \ {0} and let K be a compact subset of R. Let ¢ and & be integrable
functions on R? supported on K satisfying fK ¢(y)dy #0, fK E(y)dy = 0. Under Ps.., (:|X hits K) the random
vector

(¢ Dy 2. ¢ () Dy 2

converges in distribution as ¢ — oo to a non-degenerate limit (D1, D7). Furthermore, if |a| and |b| are small enough
the Fourier transform of the limit is

| . 2 xn 2 . b*a
E[eXp(laDl +1bD2)] = 1 + 4|_O|d G)TC;;O (1a/¢()’) dy - _2 E)a
K

where the function G){(;O is determined by (6).
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The case d = 3 stands as Corollary 1.2 in [5]. The form of the Fourier transform of (Dj, D») implies that the
conditional law of D, knowing D is Gaussian with mean 0 and variance ag D1 ( f o (y) dy)’l.

In the example ¢ = ¢°, £ = £°, Proposition 1 has the following interpretation: conditionally on the event that a
super-Brownian motion X started at dy, hits the unit ball, the occupation time of the unit ball up to time %t (that
is Dyo 2,) 1s of order ¢*=¢, while the difference between the occupation time of the top half of the unit ball and the
occupation time of the bottom half (that is Do .2,) is of order »/c when d =3, and c(In(c))V/? when d = 2.

In Section 3.2, we will derive Proposition 1 from the following proposition, which is itself a consequence of
Theorem 1, as we will see in Section 3.1.

Proposition 2. Let d =2 or 3. Let t, K, ¢, & be as in Proposition 1, and let v be as in Theorem 1. Under P,, the
random vector

(Cqu)L.,I’ Cdlﬁ(C)Dgc,[)

converges in distribution as ¢ — 00 to

(L? / d () dy, U,),
K

where conditionally on L?, U, is Gaussian with variance ag L?.

As we will explain below, the first component 4 Dy, ., indeed converges almost surely. Also note that, from (6),
the Fourier transform of ( f d(y) dyL?, Uy) is simply

2
E,,[exp(iaL? / () dy+ibUt)} =exp<GZ’°<ia f POy = b%))
X K

Let us explain how Proposition 2 follows from Theorem 1. The following approach is also valid in the one-
dimensional case, and so we consider the general case d < 3. Let us first give a simple argument showing that c¢ Dy, .
converges P, -almost surely as ¢ — co. By (4), and our assumption on the support of ¢,

' Dy, =cdf¢(CX)L§‘ dX=f¢(y)Lzy/cdy~
R K

Since (¢, x) — L7 is continuous on R x B(0, p),
!Dges . 1 [ oy
c—>00
K

almost surely under P, by dominated convergence. See Theorem 5 in [9] for a related statement ([9] only states the
convergence in distribution of Vot Dy, 1).

If ¢ is replaced by &, the preceding argument is not sufficient. Indeed, since [&(x)dx = 0, the last step yields
cdDgC,t — 0 as ¢ — oo. Still, we can write

/ s dy = / (L) = LY)dy,
Rd Rd

which suggests to focus on the convergence of ¥ (c) (Lty fe_ L?), where ¥ (c) is a suitable normalization. This approach
is similar to the work of Stroock—Varadhan—Papanicolaou [10] and Yor [11] concerning limit theorems for additive
functionals of standard Brownian motion.

The one-dimensional case follows almost immediately from [9] and will be treated briefly in Section 4. Until then
we setd =2 or 3.
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1.6. Outline of the proof of Theorem I

We will first consider the case k = 1. We fix x € R? \ {0} and a measure v satisfying the assumption of Theorem 1.

Fora >0 (a > 0if d =2) we set go(z) = [ exp(—at)p;(z)dt, and for y € RY, g3(z) = go(z — y). If d = 3,
note that we have go(z) = 1/Q2x|z]).

The key idea is to use the Tanaka formula for local times of super-Brownian motion in dimension less than 3
(see [2], Theorem 6.1). Let y € RY, d <3, € Mp(R?), and let @ > 0 if d =3 or o > 0 if d = 2. Under the
assumption (i, go) < 00, we have Py, -almost surely,

t
(X,,gz>=(u,g3;>+M,(g3;)+a/(xs,g;§)ds -1, ®)
0

where M;(gy) is an FX-martingale which is defined in terms of the martingale measure associated with super-
Brownian motion. In particular, Mo(gy) =0 and M, (gJ) has quadratic variation
t
, 2
(62, = [ (X 2)") .
0
If ¢ is large enough so that x/c € B(0, p), the conditions (v, gg) < 00, (v, gé/c) < 00, will clearly be satisfied.
Thus we can use (8) for y = x/c and y = 0 to obtain, P,-almost surely,
13
L?/C - L? = (XO - X, gé/c - 82) + M; (gé/c) - M, (gg) o _/<Xsw gé/c - g2>ds. ©)
0

In what follows we will take o« = 0 when d = 3. Note that the last term in the right-hand side of the previous formula
then vanishes.
In Section 2.1 we will prove the following lemmas:

Lemma 1. Let d =3, T > 0. Then P, -almost surely
V(Ko - X, 88 —.0.
1<T

CcC—>0

Lemma 2. Let d =2, T > 0. Then P, -almost surely

C
a)  sup|({Xo—X;, ——(g¥/¢ — ¢9)}| — 0,
@ supl (0¥ () =2
t
C
b su Xy, ——— x/e _ O>d — 0.
® f< " T 8| =
0

From (9), Lemmas 1 and 2 we see that the convergence of (w(c)(Lf/ ¢ — L?)),>0 follows from that of
W (M (g’ = gD)iz0-
All that remains to do is thus to study the convergence of the martingales
JeMi (g =) ifd =3,

Mg — g ifd=2.

X,C . __
M7 =

Lemma 3. P,-almost surely,

(M), L:;oa(x)L?.
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This lemma will be proven in Section 2.2.
We then have to discuss the convergence in distribution of the martingale M; . Using the Dubins—Schwarz theorem
(see [8], Theorem V.1.6), we can write

M = Bliey,» (10)

where ;"¢ is a standard Brownian motion. We may and will assume that for s > u > (M), B — B’ =
vy — v, where y* is a one-dimensional Brownian motion independent of X. The collection of the laws of the
family (X, 8%)¢~0 is clearly tight.

In Section 2.3 we will prove

Lemma 4. Suppose that along a subsequence c,, /' 00 we have

(x.p5) % (x,8Y).

n—oo

Then B* is independent of X.

From the tightness of the laws of (X, 8*¢) and Lemma 4, it follows that

(x.8) 2 (x. ) (11)

n—oo

with a Brownian motion 8* independent of X. We know from Lemma 3 that (M*:“); converges P,-almost surely to
a(x)L?, and the convergence is uniform on every compact time interval by Dini’s theorem. It then follows from (10)
and (11) that (X;, M; " “),;>0 converges in distribution to (X, ﬁ;‘(x)LO),>().

t

The case k = 1 of Theorem 1 now follows from this fact and Lemmas 1 and 2. We will then extend this argument
to the general case in Section 2.4.

2. Proof of Theorem 1
2.1. Preliminary reduction

In this section we will prove Lemmas 1 and 2. Recall that the point x # 0 is fixed, and that we have also fixed a
measure v satisfying the assumption of Theorem 1: there exists o > 0 such that v(B(0, p)) =0.

We start with a preliminary result providing a uniform bound for the measure of small balls. From [2], Corollary 4.8,
we know the following

Proposition 3. Let § > 0 be fixed. If d =2 or 3 then, for any . € Mp(RY), Py -almost surely,

lim sup sup sup X; (B(y,r))<15(7’)_1 < Ky,
r\() t>6 yeRd

where @ (r) = rz(ln(l/r))4’d and K, is a constant depending on L.
An easy consequence is the following

Corollary 1. P, -almost surely,

1\ 44
limsupsup  sup Xt(B(y,r))r2(1n<—)> <Ky
™0 120yeB(0,p/2) r

Proof of Corollary 1. Since v(B(0, p)) =0, it is well known that P,-almost surely there exists no(w) € N such that
supp(X;) does not intersect B(0, 3—p) for any ¢ € [0, 27"0]. Provided r < p/4, we then have

1\ \ 44
sup sup X,(B(y,r))r_2<ln<;)) =0,

1270 yeB(0,p/2)
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and thanks to Proposition 3, for P,-almost all w,

limsup sup sup X,(B(y,r))r_2<1n(—>> < ky.

N0 1227”0(&)) yGRd r

Corollary 1 follows. O
In the following we write ko = ko(x), k1 = k1(x), ... for constants that depend on the point x which is fixed.

2.1.1. Thecased =3
For convenience we will use the notation

> X/C 1 1
R () =y (e) (g (2) — gJ(2)) = ﬁ(

—) forz #£0,x/c.

lz—x/c| Izl
We will use the following easy estimates on 2*¢:

(A Iz < 5 then |5 ()] <

(Ap) Letr > Then, the maximum of |2*:¢| outside the ball B(0, r) is attained at the point © Rl ~ and its value is
(2nﬁr(m — -

(A3) If [2| A Jz = x /el > 5 and 2] < 22 then [h™¢ (o)) < 254

7T|x]

Proof of Lemma 1. If ¢ is sufficiently large and z ¢ B(0, p), using (A»),
1
2nJer(pllx — 1]0) i
Thus (X, h*€) = (v, ) clearly goes to 0 as ¢ — oo.
Hence, to get Lemma 1, it is enough to prove that P,-almost surely,

()| <

sup (X, n¢)| = sup

—-0. (12)
(<T (<T c—>00

/hx’c(z)Xz(dz)
R3

If t > 0 is fixed we know that 0 does not belong to supp X;, P, -almost surely. Thus the same argument as when t =0
gives (X, h*“) — 0 as ¢ — oo. The point is that we need this convergence uniformly in r < T, and we know that
there may exist exceptional times ¢ < T such that 0 € supp X;.

It will be convenient to cut the domain R? of the integral in (12) into different areas where we will be able to
estimate the integrand. First of all, if » > 0 is fixed, if z ¢ B(0, r) and c is large enough, using again (A;) we have
|h*¢(2)] < Kko/+/c so that

/ h*(2) X, (d2)| <

R3\B(0,r)

Ko
%u(,,]).

Since sup;>o(X;, 1) is P,-almost surely bounded, we get

sup / h*¢(2) X, (dz) = 0.

t<T

R3\B(0,r)

Thus, to get (12) it only remains to prove that for some r; > 0,

sup / n*¢(2) X, (dz)
t<T

— 0. (13)
c—>00

B(0,r1)
From Corollary 1 it follows that P, -almost surely, there exists 7| > 0 such that, for any r < ry,

1
sup  sup X, (B(y,r)) < 2«12 1n<—>. (14)
1>0 yeB(0,p/2) r
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Clearly we can assume r; < p/4. Let ¢ be large enough so that B(0, 4|x|/c) C B(0, r1). To get rid of the singularities
of h*-¢, we will first deal with the integrals in neighbourhoods of 0 and x /c. First, we have

<

p=>1

‘ / 154 (2) X, (dz)

lxl
B(0, 5]

/ 142X, (dz)

B(0.350)\B(0. 5,3)

Using (A1) and (14) we see that P,-almost surely

or+1 2 sop
< QKUJ<M> m(_c)'

()X,
(2)X;(dz) ] e N

B(O. 35\ BO. 35)

sup
1<T

It is now clear that P,-almost surely

dicy | x|

<
Y

(pIn(2) +1In(c) — In(|x))277 < kikpe™/?In(e).
p=1

/ h* ()X, (d2)

Jx]
B, %)

sup
t<T

Clearly we can obtain an analogous bound for the quantity

sup
1<T

/ h*“(2) X (dz)

B(:.5D

¢’ 2

Now using (A3) and (14) we get

sup
t<T

2 41x\?
<o, 2V (AN (e )
|x| c 4|x|

/ h* ()X, (d2)

BO.SEO\BO. 5HUBCE. 5)

c’ 2

so we finally obtain that

1
< Kook “j? (15)

/ ()X, (dz)

4lx|
B(0,=)

sup
t<T
Let us now consider the integral on B(0, r1) \ B(0, @). Let N be such that

1 <4|)€|< r
N ST S oN-T”

Note that, for 1 < p < N, r1 /2P > oN=p+l |x]/c while rl/ZP_1 < 2N_p+3|x|/c. Once again, using (A3) and (14), we
obtainfor | < p <N

sup
1<T

/ h*%(2) X (d2)

B(O. S5L0)\B(O. 55)

. k32 2N=PH3|x| 21 c < 26|)c|1 c
B |x|(2N*p+1_1)2 c n —ZN*IH’:;I_xl X 4Ky Cl/_2 n m .

Therefore,
. 27k, |x c In(c))?
sup / h ()X, (dz)| < N x 1];|2 Iln<—> < Kuk3%-
(<T ¢ |x] c

BO.r)\B(O, )

The limit (13) now follows from the above and (15), which completes the proof of Lemma 1. O
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2.1.2. The case d=2
Now we consider « > 0 and the function

W (2) = — (8¢ — g%)(z), forz#0,x/c.
Vin(e) % T ’

We will need the following estimates on 2*¢ which shall be proven in Appendix A. When c is large enough,

(B1) Ifze B(O, ),

|h¢(2)| < ks < ln+<i).
+/In(c) |z
If z € B(X, Ly,

c’ 2c

|h¢(2)| < ks ¢ 1n+< ! )
VIn(c) |z —x/c|

(By) Ifz € BO, ¥\ (BO, &y U B(%, 4y,

|hx’c(z)| < ks5¢+/In(c).
(B3) Letr > c~"/8 Thenif z ¢ B(0, r),
1
r/In(c)
Proof of Lemma 2. We will use a similar method as for proving Lemma 1.

Fix T > 0. To obtain Lemma 2(a), it is enough to establish that P,-almost surely,

sup (X, ") — . (16)

<T c—>00

|n¢(2)| < ke

If r > O is fixed and c is sufficiently large we can use (B3) to get

sup
t<T

K6
_— X, 1).
/i) cep X D

/ ()X (d2)| <

R3\B(0,r)

Since sup, > [(X;, )] is finite P, -almost surely, we have

sup
t<T

/ ()X, (d2)

R2\ B(0,r)

— 0. a7
c—>0

Now, from Corollary 1 we know that P,-almost surely, there exists r» > 0 such that for any » < ro,
1\)2
2
sup  sup  X,(B(y,r)) <2k,r (m(-)) ) (18)
120y€B(0,0/2) r

We can choose r; < p/4 and ¢ large enough so that B(O0, ¢33/ < B(0, ry). We will first deal with the neighbourhood
of singularities 0 and x /c. Using (18) and the estimate (B;) we get for every p > 1,

o] o) ()
su (2 )|k n — 1,
s ! * /) x| e

B(0.550)\B(0. 338)
and thus
‘ 2 2P+l a\\ 3 2 1 5/2

sup [ )X, (do)| < 3 Tl ( ( )) (ﬂ) <o WO,
1<T st JIn(c) 2Pc c =00

lx|
B, %)
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x|
¢’ 2c

We can bound the integral on B(< ) by the same quantity. Furthermore using (B») and (18) we have

‘ / h*(2)X(d2)| < 2kyk5(In(c))*2e ™2 — 0.
C

—00
B(0.c=3/)\(B(0. 5HUB(£. 51))

C

Let us now consider the integral on D := B(0, ) \ B(0, ¢33/, Let N € N such that

n —3/4 n
v S¢S o

We rnay assume that c is large enough so that ¢=7/8 < 2=Nr,. The domain D is contained in the union of the sets
B(0, )\ B(O, 2,,) for 1 < p < N. Since ¢=7/® <rr/2V we can use (B3). Together with (18) this leads to:

n
— rzx/ln(c 2r-1 r

217 1

R X(d2)| <

B(0,r)\B(0,c—3/%)

By considering the preceding estimates, we get

sup
1<T

/ h () X, (dz) = 0

B(0,rp)

Together with (17) this proves (16) and thus Lemma 2(a).
Lemma 2(b) is also a consequence of (16). Simply notice thatif r < T

‘/ h’“ds

which goes to 0 as ¢ — co by (16). O

<t x sup|( s, h* ‘)
s<T

2.2. Convergence of the quadratic variation of M; ¢

From the martingale problem for X (see (3)) we know that M;“ is a local martingale whose quadratic variation is

V() f3(Xs, (g2 = g0)?)ds

Let us now prove that this quantity converges to a non-degenerate limit as ¢ — co.

2.2.1. Proof of Lemma 3, the case d =3
Recall we set o« = 0 for d = 3. We simply have

t

<Mx c) / <X ( x/c 0)2)d c fd LZ( ! 1 )2 ! d LZ/C< 1 1 )2
<\ = | olXs, - §=— z T T T 2 )
' & 8 4n? Niz=x/c| |z21) ~ 4n? " \le—xl Izl

0 R?

R3

Note that the function z — (1/|z — x| — 1/|z])? is integrable over R3. From Sugitani [9] we know that the function
x — L7 is continuous with compact support. Hence, by dominated convergence, the above quantity goes P,-almost
surely to a(x)L? where

N
- — .
472 lz—x| |z

R3

alx)=
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2.2.2. Proof of Lemma 3, the case d =2
We now have

t

(M), = / (X, (")) ds = / L (h*(2))° dz. (19)

0 R2
Changing into polar coordinates (r, 6) and then setting r = ¢® leads to

o0 21

(Mx,c>l: //625 ln(c)Lt(Cﬁ’(’)(hx"‘(c‘s,9))2d9d5,

—0 0

where L;r’g) refers to the local time at time ¢ and at the point with polar coordinates (r, 6).

We will then need some sharper estimates on 4*“(z). These will also be proven in Appendix A.

For two positive functions f and g we will write f(c) = o(g(c)), if for any € > 0 there is ¢, such that f(c) < eg(c)
forany c > c.

In the following estimates, z and & are linked by the relation |z| = ¢?, and ¢ is supposed to be large enough.

In(In(c))
8In(c) °

(Cy) Ifz € B(O, r7g) Or equivalently if 6 < —1 —

.
c(In(c))
|n¢(2)| < k51 + 8]cy/In(c).

1 1/8
(Cy) If <zl < WMD" and 7 ¢ B(X

1 1
c(n(c)/8 > c(In(c) /87

x,c ¢
|h*¢(2)] < K87(1n(c))1/4-

1/8 _ . . .
(C3) If % < z| < (In(c))~Y/* or equivalently if —1 + 1%(11252))) <8< —12(113((8) ,

. lz-x|  _ss —s —-1/2
(2| = ———=c " +o(c°(In(c ,
@] = 2B o (o))
where z - x denotes the usual scalar product.

(C4) If (In(c))~'/* < |z| or equivalently if — 11(112((8) <8,

154 (2)| < Ko (Ine)) .

Now, in order to use these estimates, we will split R2 into the following five sets:

p© =0, ——_
0 “e(In(e) /8 )

1
b p(E L)
¢’ c(In(c)/8

1/8
Déc) _ B(O, (In(c)) >\(D(()c) U D%c))’

Cc

1

(©) © ) p© y pl
Dy = B(O, (1n(c))1/4>\(D° U D" UD,”),
Dy =R*\ (Dy” UD U DY U D).

We suppose c is large enough so that the sets D(()C) and Dgc) do not intersect, so that we can write

4

pree), =3 [ 1iec @) e
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Fix T > 0 and consider ¢ € [0, T']. First notice that P, -almost surely,

LY < sup Ly := L% < o0, (20)
yeRd

Using (C4) on the domain Df‘c) we obtain

2 2 7 2
[ i@y a< J(T% LZdzzJ(%/m,l)dsg (TEEQTOE“ET(X“”’
0 \S\

(c) (c)
Dy Dy

which goes P,-almost surely to 0 as ¢ — oo.
The integrals over DY, Dic) are treated in a symmetric way. We have

11— In(In(c))

8In(c) 27
3
/Lf(hx’c(z))zdzz / /1n(c)c25L§‘ D (e (c®,6))” do ds
e —00 0
-t
gan;(K5)2(1n(c))2 / (1+ 8222 45,
—00
where we used (20) and the estimate (C;). Then,
1= lré(lln((rg)
n(c 2
2 2 2428 (In(In(c)))
1 1+6 dé < kjp———
(In(e)) f (1+68)°c 10 ey
—00

so that fD(()d L¥(h*¢(z))* dz goes almost surely to 0 as ¢ — 00, and so does fDEC) L3 (h%¢(z))* dz.

Consider now the integral over Déc). Using (20) and the estimate (C;) we get

14 In(ine))

81In(c)
4
/ dz LE(h°(2))” < 27 Lk ——— / P ln(c)ds < wLixd(In(e))
«/1
(c) ( In(In(c))
D2 1= “BIn(c)

which goes almost surely to 0 as ¢ — oo.
It remains to compute the integral over Dgc) which is the preponderant part. We use (C3), and the fact that P,-
almost surely, sup{|L} — L9|: zZ€ Dgc)} tends to 0 as ¢ — oo to obtain

__In(In(¢))

41In(c) 2
/dsz(hx"')2(z): / /z’sln(c)L(C D (h5)? (e, 0) do ds
o 1+ 0
~RS 2
L5 2.2 (.0) IXI2 0
= —2(x1 cos“(0) + x5 sin (9))L[ “7dfdé +o(l) — —L;.
c—> 00
1+]n(ln(c)) 0

8In(c)

This completes the proof of Lemma 3. 0O
As we explained in Section 1.6, to get the convergence of (X, M*:¢), and thus the case k = 1 in Theorem 1, it only
remains to prove Lemma 4.
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2.3. Independence of B* and X

Proof of Lemma 4. In what follows, when there is no ambiguity we will omit the x exponent in the notation M*,

ﬁX,C ﬁx yx.
By assumption, along a subsequence ¢, ' 00,
(d)
(X, ﬂc") > (X, B). (2D

Recall from (3) the definition of the martingales M,(¢). The formula for the quadratic variation of M;(¢) shows
that the collection (Mt(¢))z>o, $eC2RY) generates FX . Hence it is enough to check that B is independent of

(M ()1 >0,¢cF» Where F is dense in C,f(E ) for the topology 7 induced by the norm
170 =max( e, max [0 f |, max [ 7],

.....

for f € C,%(Rd ). For instance, we let F be the space of all functions ¢ € C;° (R?) such that there exists A > 0 such
that forall n e N, for all « = («q, ..., ) € {1,...,d}",

sup [0%¢ (x)| < AL

xeR4

We will use the following notation: Let 0 <11 < -+ <15, 0=50 <51 <+ <84, @1, ..., Pp €F, A1, ..., Ap R
and [t1, ..., ng € R. We set

P
Ny = "AjMin (),
j=1

and

q
= Z’ujl(s.i—l’sj]'
=1

We let A :=max;g;<p|Ail, and K :=max < <p |9illo- If W is a standard Brownian motion we also set

W, (/) = / AW =3 sy Wions)  Winey ).

j=1

We finally set B = exp(iBoo(f)) = exp(i fo f(s)dBs).
In order to prove Lemma 4, it is enough to establish the following statement

Lemma 5. For any choice of (¢1,...,¢p) € FP, forany 0 <t < -+ <1,
E[BM; (¢1)--- My, (¢p)] = E[BIE[My (¢1) - M;, ()] (22)
The proof of Lemma 5 is based on

Lemma 6. If A = maxg;<p |Ail| is small enough,

[Bexp( Do kiMy @) + 5 Z 3jaa(M(@), M@D), ., >)] = E[B]. 23)

j=1 /kl

Proof of Lemma 6. From the definition of the Brownian motion 8¢ (see (10)) we have

B = 6 — B / F({me),) g + / @) d. 24)

Jj=1 (M€) o
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Since y is independent of X we also have

E|:exp<i / f(s)dys—f—% [ fz(s)ds)‘X:|:1. (25)

(Moo (M) oo

We use the notation £(M); = exp(M; — 1/2 < M),) for the exponential martingale of the martingale M.

Lemma 7. If A is small enough, the exponential martingale

5(1(0/ f((m€),)dms + N,))

is uniformly integrable.

Proof of Lemma 7. It suffices to check that

E[exp(ffz((M”>s)d(Mc)s + (N)oo>} < o0.

Since
/fz((Mc)s)(KMc)S < / f2(s)ds < oo,
0 0

we only have to prove that

E[exp({N)oo)] < 0. (26)
Note that
P P fn
(N = (N, = 3D [ (X0 0
i=1 j=1 0

Recall the notation K =maxi<;i<p [|9illco. We have

Ip tp
E[exp((N);,)] < E|:exp(p2A2K2/(Xs, l)ds>:| < %/E[exp(p2A2K2t,,(Xs, 1))] ds,

p
0

0
where in the previous line we used Jensen’s inequality. We know (see for example [7], p. 32) that

1-— K

E[exp(A (X, 1))] = exp((v’ 1){?) for A < l 27)

It follows that f(;" E[exp(p2A2K2tp (X5, 1))]ds is finite as soon as we have p2A2K2tp < (2!1,,)’1 , which is equivalent
to A < (V2K ptp)_l. Under this condition, (26) holds and the exponential martingale & (i fot FUMC))dMS 4+ Ny) is
uniformly integrable. O

Let us now get back to the proof of Lemma 6. Using Lemma 7, we now have for every ¢ € [0, oo],

E[exp[i(jf((Mc)s)de-l-Nt)

([ s, onez f e, )| <1 &

0
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Define Hf = [, f((M€)s)d(M¢, N),.
Lemma 8. sup, (o oo1 | Hf | = 0 almost surely as ¢ — oo.

Proof of Lemma 8. From the definition of the martingales M¢ and N we have

tAL]

Z/x F((Me) )X, B¥C¢;)ds.

Jl()

Thus, if u = maxj¢j<p |ujl, for any ¢ € [0, o0],

|H7| < ptpAu sup (X, b0

s<tp

Since the functions ¢; are bounded, the same arguments as in the proofs of Lemmas 1 and 2 show that P,-almost
surely the right-hand side of the above display goes to 0 as ¢ — oo, which completes the proof of Lemma 8. O

Let us now complete the proof of Lemma 6. We use (28) with = oo and (25), together with (24) and the fact that

f({m F(s)ds
[rtornyaun, |
<[ nC 1 i 2 c
Ey| expyi(Bs(f) + Noo) + 5 / FA5)ds + (Noo + HS ) | = 1. (29)
0

By the Kunita—Watanabe inequality (see for example [8], Corollary IV.1.16), for any ¢ > 0, P,-almost surely

HE[ < (Zofz((Mc>s)d(MC>S)1/2(7d<N)S>I/2 < (O]sz(s)ds>l/2(<N)oo)1/z

0

to get

<3 / F25)ds + 5 {N)oo
0
so that
%[/fz(s)ds+<N>oo+2|H;|} </f2(s)ds+<1v>oo. (30)
0 0

From (21), and the fact that both M, (¢;) and (M (), M (¢)); are continuous functions of X (cf. (3)), we see that
(Bl (M @), s (M@ M@BD), 1) i)

s (Boo ), (M 01) << o (M@, M@BD), )1 <1,)- 31)

Since Noo = Y0 My, (§)). (N)oo = 34y 2jhi (M (). M(¢i))1;ny,» We can use (31) and Lemma 8 to pass to

the limit ¢ — o0 in the left-hand side of (29). Note that (30) and (26) provide the domination required to justify the
passage to the limit. In this way we get

E|:€XPI (ﬂoo(f)+Z/\ My (¢)) ) (ff (s)ds + Z Ajd(M(¢)), M (), Mk)” =1,

j=1 Jj.k=1
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where Boo(f) = 3:1 uj(ﬂsj — 'BSH)' Since E[B] = exp(—— fo f2(s) ds), we get Lemma 6. O

Proof of Lemma 5. For any (yi,...,yp) €R?, (zj 1) 1<jk<p € R”Z, let us write
exp( St Y s ") =Y A O (09 @),
Jk 1 ni,...npeN
ny+etn, =1
where the series converges absolutely and for every choice of ny,...,np, Qn,,..n,((¥;), (zj,k)) is a polynomial of

the p + p? variables (y i), (k). Furthermore, the highest degree term in Q. i is clearly i’ y; - - - y,. Thus (23) can
be rewritten as

o X o (om0 (e m60),,) | <o o
,,’.'::::i“:fi’l

We now observe that for A small enough,

= > M AV E[BOuy i, (M 8). (M), M@0), )] (33)
e,

To justify the interchange of summation and expectation it is enough to verify that

E[|B| Dol A" Q. ((Mt,(¢j)),((M<¢j),M(¢k)>,jA,k))|}

is finite. Let us define new polynomials in n, by

.....

exp(ZA yil+ 5 Zmuzm)—l— > M Oy, (195D (25ikl)).
ni

]k T/ npe., npeN
nyt-tnp 21

and observe that we always have

E[ S gD <<|Mz,<¢.,~>|>,<<M<¢j>,M<¢k>>,jA,k|>>}

18 finite, which from the definition of @ holds if

14 1 P
E[p{ DM@+ 5 D M @), M), ] ” < 0.

j=1 J.k=1

By the Cauchy—Schwarz inequality, it is enough to check the finiteness of

P
Ap(hi, .. hp) = E|:exp(2Z|Athj(¢j)|)i|

j=1
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and

p
By(hi,..., hp) = E[exp( > rindM@)). M(¢k))w,<|)},

jk=1

provided A is small enough. The fact that both A,(A1,...,1p,) and B,(A1, ..., A,) are finite when A is sufficiently
small follows from (27) by arguments similar to the proof of Lemma 7. Thus, the interchange of summation and
expectation in (33) is justified.

From (32) we now get

Yo MW E[BOuyn, (M 9). (M), M@0), )] =0.
ny,....npeN '
nl+~--+n:>l

Since this is true for any (A1, ..., Ap) such that A is sufficiently small we obtain that for any ny, ..., n, € N such that
ny+---+np 21,

E[BOus...n, (M1, 01). (M9)). M), .,))] =0.

Specialising to the case f =0 we have also, for any n1,...,n, € Nsuchthatn; +---+n, > 1,

E[Qnyvcn, (My97). (M $). M(@0), )] = 0.

We have finally proven that

= EIBIE[Quy....n, (Myy (@), (M $7), Mg0), )] (34)
We are now in a position to finish the proof of Lemma 5. We prove (22) by induction on p. For p = 1, we simply
use (34) with p = 1, n; = 1 and observe that Q(y) =iy to get
E[BM; (¢1)] = E[BIE[M; (¢1)].

Now let p > 2 and let us assume that (22) holds up to the order p — 1. Observe first that we can write

01,..1(0), @) =iy yp+ Z aJJf(Hyi)( 1_[ ZJ'”‘)
iel

Jc{l,...,p} (J,k ek
Kc{l,...p)?

where the constants o7 g may be non-zero only if Card J + Card K < p.
Using (34) with n; = --- =n, =1, we see that (22) will follow if we can prove that for any choice of (J, K') such
that Card J + Card K < p,

() L )

ieJ (j.kek
= E[B]E[(]‘[ M, (¢I-)> ( [T (M@p. M(@)),/.A,k)]. (35)
ieJ (j,kek
To get rid of the quadratic variation terms we write
t
(M), M), = / (X, @) ds,
0

and from the martingale problem for X, using an easy induction on 7,
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N

1
(X, 0j0) = (Xo. 9j60) + My @560 + 5 / (X, A 0)

0

= (X0, ¢ r) + (Xo,A(¢/¢k))+M (Pjbr)

1 S
zfduM (A@;60) + /duf ar(X,, A2 0)

0
=X (pjdx) + R (djdr),
where
n—1
X1@160 = (Xo. ;60 + 5(Xo. A@00) + h(xo, A" (i)
1 N
+ My (900 + 5 / M (A1)
0
1 N up Up—2
toot oo 1/du1/du2~~ / dutn—1 My, (A" (@;00)).
0 0 0

and

Up—1

1 N ui
R @560 = o / duy / duz - / X A1),
0 0

By assumption both ¢; and ¢ belong to J, and it easily follows that ¢ ;¢ is also in F. Let A be the constant
associated with ¢ ;¢ in the definition of . From the formula for R (¢;¢x) one easily gets

dpnAp(2n+l)Spn p
AT s )]
(n!)? ' uel0,s] “

E,[(R!¢jd0)"] <

Recall that (X, 1) is an .7-"tX -martingale (cf. (3) with ¢ = 1). Furthermore we know from (27) that this quantity has
finite moments of any order. If g > 0 is such that % + 5 = 1, using Doob’s inequality, we see that for any s < ¢,

dpnAp(Zn-H)tpn

(nh)P
so that R{ (¢;¢x) — 0 as n — oo, in L? for every p < oo, uniformly on [0, £].

From the expression of X7 (¢;¢r), we see that we can use the induction hypothesis (recall Card J + Card K < p)
to get

E,[(RY(¢jp0))"] < a"E[(1X,, 1))7],

1j NI

E[B(]‘[M,,wi))( I1 / dsxgl<¢,-¢k>>}
ieJ (U.k)ekK

i Nty

=E[31E[(1"[M,,—(¢,~>)( [1 / dsX;’(qsm)ﬂ.

ieJ (kek 7§

and letting n — oo leads to (35), which completes the proof of Lemma 5, and thus the one of Lemma 4. O

We have proven that for every x # 0,

@
(X, ﬁff(x)L?)’

n—oo

(X M) =
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with * a standard Brownian motion independent of X. As it was explained in Section 1.6, this gives the case k = 1
of Theorem 1.
We now address the problem of the convergence in distribution of

(X, M6 MY, M)

as ¢ — 0o, where X = (x1, ..., x¢) is a k-tuple of non-zero points in R,

2.4. Space dependence for the limit

We denote by MX ¢ the k-tuple of martingales (M;"°, M), and by (MX¢, M*-c), the matrix
(M€, M) 1<i, j<k- Recall that for a fixed x # 0, (M* ‘), — a(x)L? as ¢ — oco. By adapting the argument

used in Section 2.2 to prove this convergence, it is easy to see that P,-almost surely,
s X, c 35X, c . A7 0
(M .M )tn_>_>oo(a(x”x1)l‘t)1<i,j<k' (36)

By the Dini theorem, the convergence of the diagonal terms in (36) is uniform in # > 0. Then, using the Kunita—
Watanabe inequality, it is not hard to see that the convergence of the non-diagonal terms is also uniform in ¢ > 0.

Let A be the matrix (a(x;, x;))1<;,j<k- Since A is symmetric, there exists an orthogonal matrix O such that
D := OA'0 is a diagonal matrix.

Now let

N¢=(Nb<,... NF¢) .= oM

and (N¢, N¢), be the matrix ((N*¢, N9¢),)1<; j<k-
We clearly have (N, N¢); = O(M*-¢, M¥-¢),'0, so that P,-almost surely,

(N, N°), — LD (37
n— o0
uniformly in # > 0. _
If for s >0 we let 7" :=inf{t > 0: (N/€); > s}, we thus have that for any j # k, for any s > 0, both
(NJ><, N"C) e and (NJ<, Nkc) ke g0 10 0 as ¢ — oo.
Using the Dubins—Schwarz theorem forevery i € {0, ..., k}, we have
l C l c
Ny = B<N’C> ,
where Bi:¢ _is a lingar Bro_wnian r_notion. For every i € {1, ..., k}, we may and will assume that for s > u > (Ni’c)oo,
we have By — Bl = y;¢ — y°, where (1€, ..., y5€) .0 is a family of independent k-dimensional Brownian

motions, independent of X. ‘
By an evident adaptation of Theorem 2.3 of [8], Chapter XIII, the convergence to 0 of (N/:¢, Nk’c)T jc, and

(NJ<, Nk"')rgc,f implies that
lc key @ ni k
(B".....B™) — (B'..... BY),

where (B!, ..., B¥) is a k-dimensional Brownian motion. By adapting the arguments of Section 2.3, we can also
verify that

(x.B", ..., B*) % (x,B', ..., BY),

n—o00

where the k-dimensional Brownian motion B = (Bl, ..., Bk ) is independent of X.
It follows that

1,c k,c 1 k
(Xt Nt NE), g =2 (X By joseeos By, o) 500

Now recall that M€ = O~ N¢ so that
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(X MX,C) (d) (X IBX,I ,BX’k) (38)
] t t>0n—>009 ts L? g esey L? )

where

X _ (a1 Xky._ H—1(pl k
B =" ....8 ") =07 (Bp,, ... Bp,,)
is a centered k-dimensional Gaussian process satisfying

cov(B¥,BX) =t A$)0T'D'O7 = (t As)A.

It is immediate that 8% @ (B*1, ..., B**), where the collection (8%), g« is as in Theorem 1. The same arguments as
in the case k = 1, using Lemmas 1 and 2, show that the general case of Theorem 1 follows from (38). O

3. Applications of Theorem 1
3.1. A non-conditioned result
We now turn to the convergence of the vector =&, = (c? Dy, .1, 4 (c) Dg, ;) under Py, v being as in Theorem 1.

Proof of Proposition 2. Let ¢ > 0. Recall from Section 1.6 that

Ee = ( / L6 () dy, ¥ () f E0(L) - LY) dy). (39)
R4 R4
We already noticed that P,-almost surely,
Jim f L ¢y dy = ( / ¢() dy) L{. (40)
R4 R4

Furthermore it is easy to check that
lim Ev[
c—>00

Indeed the Tanaka formula (8) shows that for every y € K and c sufficiently large,

w(c>/s<y)(L;”“—L9) dy—/é(y)M,y’“dyH =0. (41)
Rd Rd

t
VLY = L) = M7 = (Yo X ) [ (X 00)s.
0

Hence (41) follows from the convergence
h¥e |)]) =0,

which is itself an easy consequence of the first moment formula for X (see Proposition 2.10 in [6]). By (39), (40)
and (41), Proposition 2 reduces to verifying that

lim (sup sup E,,[(XX,

€N yeK sel0,1]

¢ @
<L?,/E(y)sz’ dy) —2 (L. Uy), (42)
Rd

where, conditionally given L?, U, is centered Gaussian with variance ag L?.

Lemma 9. We can find cy > 0 such that for every integer p > 1,
sup sup EU[|Mty‘C|p] < 0Q. (43)

veK c>cq
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Let us postpone the proof of Lemma 9 and complete that of Proposition 2. From (7), the limiting law in (42) is
determined by its moments. Hence to get the convergence (42) it is enough to prove that, for every integers k and
p=1,

P
k ), k

Jim E[ (L) (/s(y)M} Cdy) }:E[(L?) U)?P]. (44)

Note that
d

(29.0) < ( [swe; )

with the notation of Theorem 1. By the Fubini theorem, (44) follows from the fact that for every y1, ..., y, € K,
0 y1,¢ Yp-€ 0 Yp
lim E[(L; Yem)e )] = E[(L9) ﬂ ,3L9]. (45)

However we proved (Theorem 1) that the (p + 1)-tuple (L?, M"“, ..., M**°) converges in distribution to
(L ﬂLO, /3 %), and the bound of Lemma 9 allows us to derive (45) from this convergence in distribution. This

completes the proof of Proposition 2.

Proof of Lemma 9. We will only give the proof in the three-dimensional case. In the two-dimensional case, there are
a few technical differences as can be guessed by looking at Sections 2.1 and 2.2, but the ideas remain very similar,
and we leave this case to the reader.

Letd =3,a:=sup{|y|, ye K}, co:=4ap~',t>0,p>1,and c > cg. For y € K, we first use the Burkholder—
Davis—Gundy inequality to obtain

E[(|Mi(h*<))"] < cp E[(M ()], (46)

where c), is a constant. Let n”¢ := E[(M(hy'c)),p/z].
From (3), we have

N =E [(O/t(xs, (hy’c)2>ds) m}.

From the fact that ¢ > 4ap’] , we can split R4 into the domains B(0, 2ac™! ), B(0, p/2)\ B(O, 2ac™! ), R4 \ B(0, p/2)
and introduce

t p/2
- - - 2
S =h" g b0y M=E (/(X"(hi{c) >ds) ]

0

t p/2
pyec— hy’C1R3\B(O,§)’ 70¢ = E|:(-/(XS’ (]f_l%’c)2>ds> i|
0

We have to verify that the quantities

sup 77, sup npyS, sup ompc
czco, yeK czco, yeK czco, yeK
are finite.
From (Aj), we get that 4> is bounded from above by a constant ¥ neither depending on y nor on c. Thus

using (27), we have
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! r/2
sup sup ﬁ;‘)”” <KE /‘(XS, 1)ds < 00.
c=co yeK

0

Let us turn to n/y)’c. From (7), introducing for convenience the notation

C, :=C<v,t,§<0, g)), K, :=K<v,t,§<0, g)),

we have for any integer n > 0

n!

sup E[(Lf/c)"] <

< C,. A7)
2€B(0,%) Koy

Using the trivial inequality aP’? <1+ aP fora > 0, we see that

f >\ 1 1 1\ e}
),C ),C . z/c
m <1+E[(/(Xs,(h; ))ds) }<1+E[<4n2 f dz<|z_y| |Z|> L; ) ] (48)
0
Set

B(0,%)\B(0,2a)
word | efeg)
K(y,c)=— |l— ).
472 lz—yl Izl

B(0,%)\B(0,2a)

We clearly have sup.> ., sup,cx K (y, ¢) < 0o. Using the Jensen inequality in (48) we obtain

1 1 1\% ..
L1+ R(y, ¢ p_lE[— / dz( ——) Ly pi|-
n (v, 0) o P (L")

B(0, 2)\B(0,2a)

Thus, using (47), we get

2p
) p'C, / ( 1 1 )
y’C g 1 +K b C . - 9
o RRRNTORY: il 2 -yl
B(0, )\ B(0,2a)

so that sup.>., yek ny ¢ is also finite.
It remains to bound 7, . Using the trivial inequality (a + b)P/2 <14 2P(aP + bP) for a, b > 0, we obtain

1 2P dz p dz p
L —=4+—|E Bty 70 / L/e .
Ya 2n2+2n2< [( / e ) P
B(0,2 0,2

\2a) B(0,2a)

From the Holder inequality with conjugate exponents % and 5, we then get

dz e P dz 4p/5 Jers p/5
E[( / et ) SF / FEE [ e
B(0,2a) B(0,2a) B(0

,2a)

and also,

dz Z/Cﬂ [( / dz )41’/5( / " 5)"/5]
E L <FE —_— dz(L .
[( / I |z|3/2 (L")
B(0,2a) B(0,2a) B(0,2a)

,2d ,2a ,2a

Using the inequality a?/> < 1 4 a” for a > 0, and then the Jensen inequality, we then obtain

1 2° dz \*/3 327a3\PP!
y,c z/c\Sp
wesmr ([ o) ((5) g [ @)

B(0,2a) B(0,2a)
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Using (47) we now get that sup,>., yex ny'¢ < 0o. We thus have proven that SUP, >, yek 17°¢ 1s finite, and (43) now
follows from (46).

We thus have finished the proof of Lemma 9 and of the non-conditioned result Proposition 2. We now get back to
Lee’s result.

3.2. Back to Lee’s result
In this section we prove Proposition 1 with the help of Proposition 2.

Proof of Proposition 1. We know from the scaling properties of super-Brownian motion that the law of ¢?—* Dy 2
under P, is the same as that of c? Dy, .; under P,. Proposition 1 is thus equivalent to the following statement

Proposition 4. Consider t, xg, K, ¢, & as in Proposition 1.
Under sz% (:|X hits K ©), the random vector (cdDd,C,t, cdl/f(c)DgC,,) converges in distribution as ¢ — 00 to

(D1, Dy).

Rather than proving Proposition 4 immediately, we will first establish an analogous statement under the excursion
measure Ny, of super-Brownian motion. Let us give an informal explanation for this intermediate step.
Let gc := P25, (X hits K©). From [3] or [5],!
4—-d
qe c—>00 2C2|X()|2 ’

Whenever a super-Brownian motion started at c‘zéxo hits K (), the probability that this is done by a single excursion
goes to one as ¢ — o0o. At least informally it follows that, when c is large enough, P.—> 5y (-|X hits K©) is in some

sense close to Ny, (-|X hits {0}). This idea will be used below to reduce the proof of Proposition 4 to the following
statement.

Proposition 5. Let t, xo, K, ¢, & be as in Proposition 1. Let l? denotes the local time of X under Ny, (:|X hits {0}) at
level 0 and time t.
Under Ny, (:|X hits {0}), the vector 5. := (c? Dy, .1, 4y (c) D¢, 1) converges in distribution as ¢ — 00 to

(l? / $ () dy, ﬁz),
K

where conditionally on 1°, U, is centered Gaussian with variance agl?.
We now prove Proposition 5 as a consequence of Proposition 2.

Proof of Proposition 5. Fix r > 0 and let pg := 2-1 |xo|. Using the notation of (7), we also set ro := K(8x,, ¢, B(0, 00))-
Note from the discussion following (6) and (7) that the function G;’OO is well defined on {z € C, |z| < ro}. Let us intro-
duce the function gi’oo such that for any z € C, |z| < ro,

849(2) = Ny, (exp(z!?) | X hits {0}).

The canonical decomposition of super-Brownian motion ensures that gfcg)o is also well defined for |z| < rg. It is proven
in Chapter VI of [6] that Ny, (X hits {0}) = (2 — %)|xo|_2, so using the canonical decomposition under P(;XO we can
write Ps, -almost surely:

N
T
i=1

lin [5] as in [2], g is twice bigger. In [5] this comes from the non-standard underlying Brownian motion, whereas in [2] it comes from the
branching rate being 2 instead of 1.
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where the random variables l?’< D are 1ndependent and distributed as lO under Ny, (-|X hits {0}), and N is an indepen-

dent Poisson variable with parameter (2 — )|x0| -2,
We thus have for z € C, |z| < ro,

> 4—d
exp(GLY(2)) = E;s, [exp(zL))] = Es, [Es,, [exp( (zLY)|N]] Z<2|x |2) ik xp<—2|x0|2>g;’00(z)k
k=0

4—d
:ep{2| |2(gx0()_l)}

From the fact that GQ’OO(O) 0 and gxo (0) = 1 and the continuity of the functions gxo , G 9 Wwe then deduce that for
any z € C, |z| < rp,

2|xo|?
4—d
Let a and b two real numbers and ZZ, b= ac? Dy, + bcdw(c) Dg. ;. Let He(a, b), respectively h.(a, b) be the Fourier
transform of Z,. with respect to the measure P‘;XO, respectively Ny, (-|X hits {0}), that is

He(a,b) = Es, [exp(iZZ’b)],

he(a, b) =Ny, [exp(iZ§ ,)| X hits {0}].

g;})o @=1+ G;’(? (2). (49)

Recall that Ny, (X hits {0}) = (2 — %)|x0|’2. Using the canonical decomposition of super-Brownian motion we
obtain that ZZ, » 18 distributed under ngo as Z;:gl) + Z; 572) +---+ ZC (N + RZ’ , Where ZZ él), Z; 22), ... are inde-
pendent and distributed as ZZ p under Ny, (-|X hits {0}), and N is P01sson with parameter (2 — —)|x0| —2. Also, RZ b
represents the contribution to Z¢ a.p under Ps, of excursions that hit K () but do not hit 0. Since the compact sets K ()

converge to {0}, it is easy to verify that Ps, (Ra »=0) =2 1. It follows that, uniformly in (a, b) € R,

|E3xO [exp(iZ{ ;)] — E[exp(i)»( z& (1) + - Z (N)))]| — 0,

c—>00
that is
4 d . . 2
H.(a,b) —exp [h (a,b) — ] — 0, uniformly in (a, b) € R”. (50)
2|x |2 c—>00
On the other hand we know from Proposition 2
H.(a,b) :;H(a, b) = E[exp{ia</¢(x) dx)L? —|—ibUt” (&2))]
c

uniformly when (a, b) varies over a compact subset of R2. We also have

H(a,b) :E[E[exp{ia(/qb(x)dx)L,O+ibU,} L?H
0 2
:E[exp(ia(/q&(x)dx)L?) exp(—LtC;Eb )]
2
-cofe(o f o) 25

assuming that (a, b) belongs to a sufficiently small neighbourhood V of (0, 0) (see the discussion following (7)). We
then get by (49)

4—d agb?
H(a,b) _exp{ N (gxo (m(f(p(x)dx) — T) — 1>}

If we let

2
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we thus have from (50) and (51)

4—d 4—d
[2| E 5 [hela, b) — ]}L:;exp{w(h(a,b)—l)} (52)

uniformly in V. From the fact that for any (a, b), the function ¢ — h.(a, b) is continuous, it follows from (52) that for
any (a, b) € V, there exists an integer k(a, b) such that

4—d 4 —

——h.(a,b) — h(a b) + 2ik(a, b)rw.

2|xo[? =00 2|xp?
Now from the continuity of both functions (a, b) — h.(a, b) and (a, b) — h(a, b) and the uniformity of the conver-
gence in (52), it follows that k(a, b) does not depend on a nor b. Since 4.(0, 0) — h(0,0) as ¢ — oo, k(a, b) =0 for
every (a, b) € V. We have thus proved that for (a, b) € V,

he(a, b) =Ny, (exp(iZZ,b) |X hits {0}) L::Oh(a, b),

and h(a, b) can be interpreted as the Fourier transform at 1 of al? f ¢(x)dx + bﬁt. The statement of Proposition 5
follows. O

Proof of Proposition 4. From the canonical decomposition of super-Brownian motion, the law under Pc_z(SX0 of

¢ coincides with the law of Zl L (UF, VE) where the variables (U, V) are independent and distributed as &°¢
under Ny, (-|X hits K (©), and N, is an independent Poisson variable with parameter c_2NxO (X hits K9). Clearly

{N, > 1} = {X hits K©}, and moreover
P Ne=1 A-d
c‘25x0( c— )Cﬁoo 2¢2|x02

It is also clear that P(N. > 2) < k(xg)c* where k(xq) is a constant depending on xg. Since the laws of = under
ECJBXO (-|Ne =1) and Ny, (-| X hits K ) coincide, we have

|Ec25,, (exp(Z ). Ne > 2)
P.-25, (X hits K ()

|E2s,, (exp(iZ{ ;)| X hits K©) — Ny (exp(iZ ) | X hits K@) <

< 2lxol?k (xo)e ™2
From the fact that Ny, (X hits K ©)) — N, (X hits {0}) as ¢ — 0o we now have
‘chz% (exp(iZ ,)| X hits K©) = he(a, b)]c:;oo.

From the proof of Proposition 5 we know that h.(a, b) — h(a, b) as ¢ — 00, and from (49)

2
h(a,b) = 2|x°| Gt0<1a/¢(y)dy—7b>+1

is the Fourier transform of (D1, D3). This finishes the proof of Proposition 4, and thus of its rescaled equivalent form
Proposition 1. O

4. The cased =1

Sugitani showed in [9] (Theorems 1 and 4) that under the condition that v does not charge points in R, P,-almost
surely, Ly is continuously differentiable with respect to both time and space variables on (0, co) x R. We will denote
Dthy its continuous derivative with respect to the space variable taken at point (¢, y). It is not hard to deduce from [9]
the following extension of Theorem 1 to the one-dimensional case

Proposition 6. Suppose v € M (R) is atomless in a certain neighbourhood of 0. Let T > 0, K > 0 be fixed. Then P,,-
almost surely, uniformly in y € [-K, K], t € [0, T], the random variable C(L,y/c — L?) converges to nyL?, where
DXL? denotes the derivative of L} with respect to the x-variable taken at point (¢, 0).
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Also, it is evident that uniformly in y € [-K, K], t €[0,T], L, fe converges P,-almost surely to LY. As a direct
consequence of these results we obtain a statement analogous to Proposition 2 in the one-dimensional case.

Proposition 7. Fix t > 0 and let v be as in Proposition 6, and let ¢, & be integrable function with compact support on
R such that [ ¢(y)dy #0, [£(y)dy =0. Then, for every t > 0, we have P,-almost surely

(¢Dg..1. ¢*Dg, 1) <</¢>(y)dy> (/yé(y)dy>DxL?>.
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Appendix A. Proof of the estimates on A*¢

Recall

x,c :L -1 ,—at —|z—x/c|2/2t_ —|z\2/2t
h(2) ) /(2nt) e (e e )dt. (53)

We will still use the notation ¢® = |z|, and introduce 8 so that ¢® = |z —x/c|. By a symmetry argument, without loss
of generality we may and will always assume § < §’. Note that we then have for every ¢ > 0

|emlem /P2 _ o l2P/2) I, (54)

_ 112
1gleP/2t

Proof of (B1), (B3). Notice that the maximum of the function r — ¢ is attained at r = |z|?/2. Its value at

this point is 2e~!/|z|?, so that

oo o0
/(2m)—1 e eTRIY/CD| el 4 Qe ™| <k (1+1Int(1/z])).
0 |zI%/2

The above and (54) imply (By), (B2). O
Let us now prove the remaining estimates. The change of variable # = ¢# in the integral (53) leads to

@ = —— [ e 3 — e ey dp.

Zn«/ln(c _/

For convenience let us define

u
F(u)= / eec’ (e_%‘z(S - e_%”%_ﬁ) In(c) dg,
—0o0

and

oo

Fu) = / e’ (3 _ e3P ) In(e) dp,

u

so that for any real x, 1" “(z) = cr/In(@) "N Fu) + ﬁ(u)). Note that F (1) and I?(u) still depend on ¢, x and z,
even though this is not apparent in our notation.
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Proof of (C3). On the domain of (C2), —1 — (M) < 5 < —1 4 B Using (54) we first obtain

81n(c)
25 25
—ach _Lk2 25 B 28 —1.20-8928
|[F28)| < [ e e 2P In(c)dB < e 2 Min(eydp < 2[e 2P <2
—00 —00

Using a Taylor expansion and the fact eac” < 1, we also have

/ (Z e =) nte dﬂ) <

25 =l

- (=" (cz(é’—é)n _ 1) .

‘F(28)| S 1 2"nn!

(=D)"u"

nn!

Since the Taylor expansion of fé‘ 67;—_1 dy is Zn> 1 , this last quantity is equal to

sla—x/efPe™?

L
[ e
1 y

2

2
- X X
< <M625 + —2026> sup
c 2c vell/2,00)

ey—l'

y

Using the fact that 6 > —1 — % we thus obtain that |f 26)| < k12 (In(c)) V4, Combining the above inequalities

for | F(28)], |f(28)|, we obtain (Cp). O

Proof of (Cq). Here § < —1— %. As in the proof of (Cy) we first have | F(25)| < 2. Furthermore, using (54) we
get
—2+(—2-26)
~ ~ —ach L —4—
|F(—4—26) — F(28)| < / e~ e 2 P Ine)ydp < 2 ln(c) [1+48]In(c).
28
Using the same Taylor expansion technique as in the proof of (C;) we also obtain

A48

—@ 2+28
2

)63+28+| |2 c

o
[ =
y

A+4s
2

1/4

|F(—4-28)| < <x13(In(e))”

Combining the above inequalities leads to (C;). O

Proof of (C3), (C4), (B3). Here 8 > —1 + (") n particular 35 — 1 < 28. Using (54) we first obtain

8In(c)
3001 b
‘F(_‘S - _>‘ < / e 2 P In(eyap| < e (55)
2 2
—00
which is o(c=%~!) since § > —1 + 1%(11;1&))) Furthermore, when 8 > % — %, we have
2 — |z = x/cl? ‘(z x| ) 8
—_ = c — 0,
26/3 C 26‘2 c—00
so that
_%626’—/3 _ _%626—/3 - X _%626—;3
c—o00 cB+1
By dominated convergence, we thus have
3 1 v
(3. Ly —acP TX 1258
F<26 2>C_)oo / e _Cﬁ+le 2 In(c) dB. (56)
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Let us first prove (C3), for which § < —8D) i particular § < 0. Let us split the integral in the right-hand side

3 In(c)
of (56) into two parts:
8 8
—aqcB XX 1,258 - Z-X _1.25-8 N ) —25—1
/ e e e 2 In(c)dp i [ D e 2 In(c)dB C_mOZ(Z x)c , (57)
-4 194
and
o o0
/e—acﬁ 22/'311 e_%cza—ﬁ In(e)dg < (z _x)c—l—za/czs—ﬂ e_%czs—ﬁ In(c)dB,
c
s )

which, since § < 0 is o(c %) as ¢ — oo. This fact, (55) and (57) give us the estimate (C3).

Let us now prove (C4), for which § > 12(11;‘((5)) ) Using (56), we obtain
3 1 T
F(E‘S - E)‘ <| | et medp| e (58)
1
2

3
28—3

The above and (55) give us (Cy).
Finally (B3) is obtained as a combination of (55), (58) and (C3). O
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