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Abstract

We established the rate of convergence in the central limit theorem for stopped sums of a class of martingale difference
sequences.
0 2004 Elsevier SAS. All rights reserved.

Résumé

On établit la vitesse de convergence dans le théoréme limite central pour les sommes arrétées issues d’'une classe de suites
différences de martingale.
0 2004 Elsevier SAS. All rights reserved.
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1. Introduction

Let (X;)iey be a sequence of random variables defined on a probability ggacg, P). We shall say that
(Xx)ken is a martingale difference sequence if, for any 0

1. E{|Xk|} < +o0.
2. E{Xk+1| Fix} =0, whereF; is thec -algebra generated by;, i <k.

For each integet > 1 andx real number, we denote
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n
So=0,  Si=) Xi. )= 7= / exp(——) dt, o2 =E{XZ|Fu-1),
i=1

k +00
v(n) = inf{k e N*: Zcriz > n}, Sf(n) = Z Sk V() =k crvz(n) = Zakzlv(n):k,

i=0 k=1
Fu(x)= IP>(Sv(n) < x\/’;)s Sl/)(n) = Sv(n) + J/(n)xv(n)—i-lv H,(x) = P(Su(n) X x\/_)
andy (n) is a random variable such that

v(n)—1
Z al-z + y(n)avz(n) =n as (1)
i=0
If the random variableX; are independent and identically distributed wWitk; = 0 andIEX2 1, we have by the
central limit theorem (CLT)
lim_sup[P(S, <xv/n) —p(x)| =
n—)-‘,—ooxeR
By the theorem of Berry ([1], 1941) and Esseen ([5], 1942), if mored§/|9(,3| < 400, the rate of convergence
in the limit is of ordern=Y2. If (X;);en is an ergodic martingale difference sequence Eif¢ = 1, by the the-
orem of Billingsley ([2], 1968) and Ibragimov (([11], 1963), see also ([10], 1980)) we have the CLT. The rate of
convergence can, however, be arbitrarily slow eveK;ifare bounded and-mixing (cf. [4]). There are several
results showing that with certain assumption on the conditional variEnXé | Fi—1), the rate of convergence
becomes polynomial (Kato ([12], 1979), Grams ([7], 1972), Nakata ([9], 1976), Bolthausen ([3], 1982), Haeusler
([8], 1988),...).

In 1963, Ibragimov [11] has shown that faf; uniformly bounded, if instead of usual sumig, the stopped
sSumssS, () or Sv(n) are considered, one gets the rate of convergence of ardét; the only assumption beside
boundedness is that ;% o2 diverge to infinity a.s.

In the present paper we give a rate of convergence fargel class of martingale difference sequences, the
Ibragimov’s case will be a particular one.

2. Main result

We consider a sequenc¥;);n of square integrable martingale differences.

Theorem 1. If the serieszj;"(‘)J criz diverges a.s. and if there exists a nondecreasing sequéfizen adapted to
the filtration (F;, i € N) such that, for all € N*
E(Y{) <400, 1<Y; and E(IXi*|Fi1) <Yii107; as.

then for all n sufficiently large

F a1y, 3 2 ! 2
Sy — 9| < a1 g1 + g1 + g7 ) @)

H a’/® 11 9 2 ! 3
fgﬂg n(¥) = ¢ ()] < A\t T 1A T g2 T geA ) (3)
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12
wherea, = (EY (n)) /2,

If we putY; = M a.s. wheréV > 0 is a constant, one obtains the following corollaries:

Corollary 1. If the seriesy ;% o/ diverges a.s. and there exists > 0 such that, for ali € N*, E(|X; 3| Fi—1) <
ME(X?| F;_1) a.s. then there |s a consta@t< ¢y < +00

F, , 4
fgﬂg (x) —p )| < 1/4 (4)

H, 5
sgﬂg (x) —p )| < 1/4 (5)

Corollary 2. If there exist < a < M < 400 sat|sfy|ngo X andE(|X;|® | Fi_1) < M a.s. for alli € N*,
then there is a constaft< ¢, ») < 400 such that(4) and(5) hold.

Moreover, if we suppose thék;);y is uniformly bounded, we obtain the result of Ibragimov [11].
Corollary 3. If the seriesy "} o2 diverges a.s. angiX;| < M < +oo a.s. for alli > 0, then(4) and (5) hold.

Example. Let A = (Ax)xen be a sequence of real valued random variables such thatsBpA$H) Y4 = g <
oo and consider an arbitrary sequence of varialjles (¢ )ren+ With zero means, unit variances, bounded third
moments and which are also independentiofVe defineX = (Ax_18k)ken+ andFy theo-algebra generated by
Ao, A1, ..., Ag.

Clearly (X, Fi, k € N*) is a martingale difference sequence, and fokalIN*,

E(AZ 22| Fie1) = A2, as,

E(lAk-18® | Fre1) < |Ax—1l supE(lzi1})AZ_, a.s.
ieN*

If (|Arren IS Nnondecreasing, then using Theorem 1, one obtains

CE(16 314
suﬂan(x) — )| < cp RN nl/(z'fk' ) ’

wherec is a positive constant.

3. Proof of theorem

According to Esseen’s theorem (see, e.g., ([6], 1954) p. 210 and ([13], 1955) p. 285) yfor all

y
1 itSyn) 2\ | dr 24
SUpF,(x) —op(x)| < —/‘E{ex <— —expl —= )| —+ ———. 6
-y
Below we shall prove the following inequalities
(m—-1 2 3 4
iSum) 2" 20 1t 2 P ant
Eqex ez —+ — , 7
! p( N SO\ 3 Tt e T332t Q)
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v(n)—1 . 2 2 2
ltSU(n) t2 2 ltSU(n) t ant t
E -E S )< 5—expl 5 ). 8
{exp( NI ,,2:;; o x|~ 5 O 5 (8)
itSym) ltS,/)(n)) 3a,,t2
E{ex —Ejex < , 9
‘ { p( NG )} { p( vn 2n ©)

wherea, = (E V(n))l/z.

3.1. Proof of the inequality (7)

We have

For realx, put

(ix)? L x2
e 1+lx+T+u(x) e :1—x+,3(x)7. (%)
Itis easily seen that, for all e R
|3 X2
)| < - Juw| <5 and [B(xl) <L

IIS, 1

Observing that the random variabil€/_, = exp(
Fi—1 and using the identities}, we obtain

tSvn 2 v(n)—1
E{exp(l\/ﬁ() a Z

+oo  k . 2y 2 2.2

itX: t°X5 tX; o5 4 t
= E\W_E{ ( —Z2 Iy 2L )+ 1=
oo { =t {(f 2 P\ )t Y

Zp 002) is measurable with respect to thealgebra

2 t44

oZ .
n 8n 2 Iv(n):k

Fafl.

(10)
Since{v(n) = k} is measurable with respect to thealgebraFy, for all j > 2, we have
Jj-1 j—1
Y EB{X L=k | Fi-1} =Y B{(X5 =02 ) Lm=k | Fj-1} =0.
k=1 k=1

On the other hand, for ajl > 1 we have

+00
ZEX Iv(n) klj:j 1} = ZE (XZ_ = 1)Iv(n) k|-7:1 1}=
k=1 k=1
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It follows that, forallj > 1

S BIX L=k | Fj-1} =Y _B{(X5 =07 )=k | Fj-1} =

k=j

k=j

So, from (10) we derive

E:p<

+00

<2

k=1

ltSv(n)

+oo k

=Y Y'E

k=1 j=1

2

e

() o5
el e

For any; > 2 and any real functiogr such that€(y (Xx)) < oo for any positivek, we have

Zeles

j—1

2471

)

113X ;13

t44
82
44
tjl

6n3/2

Zo) (W (X ) Loy=k | Fj- }}

8n2

=§E{exp( Zo) v(X;) | Fi- }v(n):k}.

On the other hand, for aji > 1, we have
+00
> E{exp(
k=1

_E{exp(

2

j—1

2/1

ZU > V(X)) Lomy=k | Fj- 1}}

211

Zo )w(x )}

400
=Z]E:exp< Za) V(X)) | Fi—a o= k}
k=1

It follows from (12) and (13) that

S YE

j=1k>j

j=1

k=j

271
:exp<tz ZO§>E{{¢(Xj)Iu(n):k | .7:]‘1}}

ZE{GXP( Zo) W (X)) | Fie }v(mzk}.

Applying (11) and (14) fory (x) = |x|° we deduce that

E{p(

ltSU(n)

t2 v(n)—1

o Z

)

>Iv(n)=k
>Iv(n):k

ol
.

39

(11)

(12)

(13)

(14)
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j—1
1 2\ ([P -
Z %p 6n3/2 i1
p =0

k
k 2 it 1t13Y;_102 4ot

j-19; 1 -1
Z :exp< ZG )(T/lev(ﬁ) Kkt <55 812 Iu(n):k)}- (15)

By the Holder mequallty, for alj e N*

t44

7:1‘1} v(n)=k ‘HE{ Iv(n):k

82

umg M

2/3 2/3 4/3
0?1 =EX2| Fi_) <E(X;1P 1 Fii)?P <v3073  as,

whence
0’.2 < Yz. a.s ( 6)
j-1x -1 9. 1

From (15), (16) and using the fact thigt > Y;_; > 1 for all j < k, we deduce that

itSyn) 12 vl
v(n 2
E{eXp(T-FZ E Gp)} -1

|t|3 t4 +oo  k ) ) Jj—
S <6n3/2 T2 )Z D E Yjiqojaexpl o Z Ty (ny=k
k=1 j=1 ,,_
|t|3 t4 +00 5 k ) -1
< <6n3/2 + W) Z Yy 20,1—1 expl 5 ZU Lygy=k - a7)
k=1 j=1

To bound up the terms appearing in (17), we will use the following elementary lemma.

Lemma l. Letk > 1, then on the everjv (n) = k} we have

= 2 Y22
Zexp( Za ) 2, < exp<5> (1+ k—)

n
=1

Proof. On the evenfv(n) =k}, we have

onl3) o 52 - )

zp( z )( o ) -1).

Using the inequality, expx) — 1 > x for all x > 0, one obtains

1‘2 k=1 2 j—1
exp(E) > Zexp( Za )
j=1
Therefore

k—1 2 j—1
Zexp( Za) o?
j=1
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2 tz
<|1 —Y expl - ).
< iz ") Xp( 2)
- k-1
We conclude the proof of the lemma by noting thit, < YZand},“so7 <nas. O

Finally, according to Lemma 1 and the (17) we get

(-1 2 3 4
itSymy 12" ) It 2 anltP  ant

E{ ex —1| <a, ex — ),
: p( Jn o = p fin 3/n T T2zt a2

)1/2.

wherea, = (EY* )

3.2. Proof of the inequality (8)

Using (1) and the inequalityl — exp(—x)| < x, for all x > 0 we see that
v(n)—1 . 2
ltSU(n) 12 2 ltSU(n) t
E{ ex —E{ex —
{p<ﬁ+2n1;]ap N
ll‘Sv(n)
- [efoa( 2+ 5) (ol o) 1)
_ 12 ) 12
\E 1—ex —E)/(H)O'v(n) ex E
12 5 12
<E _|7/(n)‘av(n) ex 2
1/2 &
< EY,)Y —exp(z).

Therefore (8) holds true.
From (7) and (8) we conclude that

itSyn) 12 7l 32 1B *
EeXp \/ﬁ _eXp _E gan 3\/—+ +33/2 n+42

Using Esseen’s theorem, we derive

y
SUP Fo (x) — ¢ ()] < /( L +3"'+ 2ot 1, )dt—i— 24
X X)) < — .
xeR 3/n 30324 T g2 /27y
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Hence
supl F(x) — ¢ (x)] < <2y +3y A ol )+ 24
xX)—o(x)| < — .
veR 3/n 932" T gn2” /2Ty

Choosingy in such away that//n = 1/(ya,), i.e.y = (n/a?)*/4, we infer that
1

<11+ + 8n3/4)'

The proof of the inequality (2) in theorem is complete.

1/2 3

4nl/4

2

sup| F (x) — IE

xeR

p(x)| <

/4 +

3.3. Proof of the inequality (9)

Observing that the random evefifan) < x}N{v(n) = k} and consequently the random variab{&s(n) 1,, ()=«
are measurable with respecti#y, we find that

)=t}

ll‘Sl/)(n)

Jn

Jn

itSk) itSk y (n) >> }
= E — + Xy Lyny=
]g {( ﬁ \/— \/— (n)+1 (m)=k
+00 itS it )
oA )
+00 itS ( ) / ( )
S TN N
- D () 2 17X
zkgE xp(lff)]E{— \}/E X1+ 5 )/(n)Xk+1—u( ”;E k+1) ‘fk}lv(n)zk}
e 2) oo Gn o
—k=0 p \/ﬁ zny n)Ap,q— U \/E yn)Ar41 v(n)=k
+o00 2
< E{Iv(n) =k 5 Y(H)Xk-i-l}
k=0
3 2 +oo
2n ZE =k B{XZ 1 | Fi})
< SRy, 2

The proof of the inequality (9) is complete.
3.4. Proof of the inequality (3)

According to Esseen’s theorem where= (n/a2)'/# and the inequality (9), one obtains
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su H,(x) — ex Sum ex d, 24
w0~ 610 < —/H o)} o2 5+

N

y
12 3 2 1 (3
Gn = 2 gy 12
Tnl/s <11+ RV v 8n3/4) = / o EX o) dr
-y
a,*/? 3 2 1 3
anl/4 + 4pl/4 + onl/2 + 8n3/4 + 2w /n
2 9 2 1
an
S anl/4 <11+ 4nl/4 * 9nl/2 * 8n3/4)'
The proof of theorem is complete O
Proofs of Corollaries 1, 2 and 3 are easy so, it is left to the reader.

N
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