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Abstract

Markovian bridges driven by Lévy processes are constructed from the data of an initial and a final distribution, as p
cases of a family of time reversible diffusions with jumps. In this way we construct a large class of not necessarily con
Markovian Bernstein processes. These processes are also characterized using the theory of stochastic control for jump proces
Our construction is motivated by Euclidean quantum mechanics in momentum representation, but the resulting
processes is much bigger than the one needed for this purpose. A large collection of examples is included.
 2004 Elsevier SAS. All rights reserved.

Résumé

Des ponts markoviens dirigés par des processus de Lévy sont construits, étant donnéesleurs distributions initiale et finale
comme cas particuliers d’une classe de diffusions réversibles avec sauts. On obtient ainsi une famille de processus de
markoviens non nécessairement continus, qui peuvent être caractérisés à l’aide du contrôle stochastique pour les pr
sauts. Notre construction est motivée par la mécanique quantiqueeuclidienne en représentation d’impulsion, mais la famille de
processus ainsi obtenue est plus vaste que celle nécessitée parcette application. Différents exemples sont présentés.
 2004 Elsevier SAS. All rights reserved.
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1. Introduction

Euclidean quantum mechanics yields a probabilistic approach to Schrödinger equations, which re
the construction of time reversible stochastic processes. A probabilistic counterpart of a quantum system
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symmetric (more precisely, self-adjoint) HamiltonianH is provided by considering positive solutions of two h
equations which are adjoint with respect to the time parameter:

−h̄
∂η∗

t

∂t
(q) = Hη∗

t (q) and h̄
∂ηt

∂t
(q) = Hηt(q), t ∈ [r, v], q ∈ R

d , (1.1)

whereh̄ is Planck’s constant (afterwards set equal to 1 in this paper) and[r, v] is a fixed interval, and by postulatin
that the density of the law at timet of the system is given by the productηt (q)η∗

t (q), instead of the product o
the solution of Schrödinger’s equation with its complex conjugate. This approach allows moreover to co
time reversible diffusion processes which precisely have the lawηt (q)η∗

t (q) dq at time t , see [31,9,2] when th

Hamiltonian is a self-adjoint Schrödinger operator of the formH = − h̄2

2 � + V (q) andV is a scalar potential in
Kato’s class. We refer the reader to [8] for a detailed survey of the relations between this method, and Fe
path integral approach to quantum mechanics, when the processes have continuous trajectories.

In this paper we generalize this construction to the case where the above Schrödinger operator is replace
a pseudo-differential operator. Our motivations are twofold. First, the study of the probabilistic counterpart
quantum mechanics in the momentum representation and its relation with the one of the position repres
the link between these representations being given by the Fourier transform which maps position ope
momentum operators, and scalar potentials to pseudo-differential operators. This illustrates the more gen
aim of this program of construction of quantum-like reversible measures. They provide (through their
space analytical models) fresh structural relations betweenstochastic processes generally regarded as unrelat
probability theory. Our second motivation is to treat relativistic Hamiltonians along the line of [19], but in a
reversible framework.

Lévy bridges have been studied and constructed by several authors, see e.g. [14] and Section VIII.
However, an absolute continuity condition with respect to Lebesgue measure is generally imposed on th
the process, thus excluding simple Poisson bridges and many other more complex processes. Our const
reversible diffusions with jumps provides, in particular, a general construction of Markovian bridges with giv
initial and final distributionsπr andπv . For this we use a result of Beurling [5] which, under the assumptio
existence of densities with respect to a fixed reference measure, asserts the existence of initial and final conditi
ηr andη∗

v for (1.1) such thatπr = ηrη
∗
r andπv = ηvη

∗
v . In the case of Dirac measures as initial and final laws,

processes obtained in this way are bridges in the usual sense of conditioning a Lévy process(ξt )t∈[r,v] with the
valuesξr = a andξv = b. In particular we construct forward and backward Lévy processes with Dirac mea
as initial and final laws. In this case we extend existing results on the martingale representation of time-
processes, cf. e.g. [23]. We also show how time reversible processes can be constructed from non-symme
processes and generators.

We use the term “bridge” in the wide sense, i.e. a process which is determined from initial and final law
necessarily Dirac measures) will be called a bridge. Bridges and more generally diffusions with jumps, re
on [r, v], are constructed via the forward and backward Markov transition semi-groups

p(t, k, u, dl) = ηu(l)

ηt (k)
h(t, k, u, dl), and p∗(s, dj, t, k) = η∗

s (j)

η∗
t (k)

h†(s, dj, t, k),

for s � t � u in [r, v], j, k, l ∈ Rd , where h(t, k, u, dl) and h†(s, dj, t, k) are the kernels associated
exp(−(u − t)H) and exp(−(t − s)H †). In the time homogeneous case (i.e. whenη, η∗ depend trivially on time)
this construction of Markov semi-groups in relation to time reversal goes back to [18] (see also [11] whe
applied to conditioned processes), but does not seem to have been the object of systematic studies whenηt andη∗

t

are given as the solutions of “heat equations” for a general Lévy generatorH with potential. This also provides
construction of Bernstein processes [3] in the jump case, i.e. we constructRd -valued stochastic processes(zt )t∈[r,v]
that satisfy the relation

P(zt ∈ dk |Ps ∨Fu) = P(zt ∈ dk | zs, zu), r � s < t < u � v,
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where(Pt )t∈[r,v], respectively(Ft )t∈[r,v], denotes the increasing, respectively decreasing, filtration generated
(zt )t∈[r,v]. When their paths are continuous, as we said such processes have been constructed in the framewo
Euclidean quantum mechanics. We also show that for the class of potentials considered in this paper, the proc
constructed are essentially the only Markovian Bernstein processes.

We proceed as follows. After recalling some notation on Lévy processes and their generators in Sectio
main results of the paper are presented in Sections 3 and 4. The construction of Bernstein processes w
is given in Section 5. In Section 6, we compute the generators of Markovian bridges and derive the as
stochastic differential equations driven by Lévy processes. The uniqueness of Markovian Bernstein proce
with jumps is discussed in Section 7. A variational characterization is obtained in Section 8. In particu
construction provides time reversible jump diffusions whose law is given in terms of positive solutions o
equations” associated to the Schrödinger operator in the momentum representation.

2. Notation – Lévy processes and generators

We refer to the survey [21] and to the references therein for the notions recalled in this section. LetV :Rd → C

such thatV (0) � 0 and exp(−tV (q)) is continuous in q and positive definite. The functionV admits the Lévy–
Khintchine representation

V (q) = a + i〈c, q〉 + 1

2
〈q, q〉B −

∫
Rd

(
e−i〈q,y〉 − 1+ i〈q, y〉1{|y|�1}

)
ν(dy),

wherea, r ∈ Rd , B is a positive definited × d matrix, 〈q, q〉B = 〈Bq,q〉, andν is a Lévy measure onRd \ {0}
satisfying

∫
Rd (|y|2∧1)ν(dy) < ∞. In the following we assume without loss of generality thata = 0, i.e.V (0) = 0.

Then the Lévy process is conservative, i.e. it has an infinite life time. Letξt denote the Lévy process wit
characteristic exponentV (q), i.e. such that

E
[
e−i〈ξt ,q〉] = e−tV (q), q ∈ R

d , t ∈ R,

or

E
[
exp

(−i〈ξt , q〉)] = exp

(
−t

(
i〈c, q〉 + 1

2
〈q, q〉B −

∫
Rd

(
e−i〈q,y〉 − 1+ i〈q, y〉1{|y|�1}

)
ν(dy)

))
,

q ∈ Rd , t ∈ R. The process(ξt )t∈[r,v] admits the (forward) Lévy–Itô decomposition with respect to the filtratio
(Pt )t∈[r,v]:

ξt = Wt +
t∫

0

∫
{|y|�1}

y
(
µ(dy, ds) − ν(dy) ds

) +
t∫

0

∫
{|y|�1}

yµ(dy, ds) + ct,

whereWt is a Brownian motion with covariance matrixB, andµ(dy, ds) is the Poisson random measure

µ(dy, ds) =
∑

�ξs 	=0

δ(�ξs,s)(dy, ds)

with compensatorE[µ(dy, ds)] = ν(dy)ds. Let µt denote the law ofξt , and letµt(dk) = µ−t (−dk) whent < 0.
The (forward) generator of(ξt )t∈[r,v] is the pseudo-differential operator

−V (i∇)f (k) = 〈
c,∇f (k)

〉 + 1

2
�Bf (k) +

∫
d

(
f (k + y) − f (k) − 〈

y,∇f (k)
〉
1{|y|�1}

)
ν(dy), (2.1)
R
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where �B = divB∇. We shall also need the time reversed Lévy process(ξ∗
t )t∈[0,v] = (ξv−t )t∈[0,v] whose

(backward) generator is

−V̄ (∇)f (k) = −V (−i∇)f (k)

= −〈
c,∇f (k)

〉 + 1

2
�Bf (k) +

∫
Rd

(
f (k − y) − f (k) + 〈

y,∇f (k)
〉
1{|y|�1}

)
ν(dy). (2.2)

In view of applications to mathematical physics we consider a perturbation of the generator of(ξt )t∈[r,v] by a
potentialU :Rd → R, continuous and bounded below:

Definition 2.1.Let H = U + V (i∇), i.e. forf ∈ S(Rd):

Hf (k) = U(k)f (k) − 〈
c,∇f (k)

〉 − 1

2
�Bf (k)

−
∫
Rd

(
f (k + y) − f (k) − 〈

y,∇f (k)
〉
1{|y|�1}

)
ν(dy), k ∈ R

d .

The operatorV (i∇) is obtained from the potentialV by considering (Euclidean) momentum∇ as a variable
The potentialU is symmetrically deduced from a differential operator, e.g. the quadratic potentialU(k) = k2/2
in momentum representation correspond to the Laplacian� in position representation. The adjointH † of H with
respect to the Lebesgue measuredk is given byH † = U + V̄ (∇) with V̄ (q) = V (−q), i.e.

H †f (k) = U(k)f (k) + 〈
c,∇f (k)

〉 − 1

2
�Bf (k)

−
∫
Rd

(
f (k − y) − f (k) + 〈

y,∇f (k)
〉
1{|y|�1}

)
ν(dy), k ∈ R

d .

If c = 0, the operatorH is symmetric whenV is real-valued, that is whenν is symmetric with respect toy �→ −y,
which is the case in theoretical physics.

Let Tt,u, t < u, respectivelyT †
s,t , s < t , denote the positive operator defined through the Feynman–Kac for

Tt,uf (k) = E
[
f (ξu)e

− ∫ u
t U(ξτ ) dτ | ξt = k

] = E
[
f (k + ξu−t )e

− ∫ u−t
0 U(k+ξτ ) dτ

]
, t < u,

respectively

T
†
s,tf (k) = E

[
f (ξ∗

s )e− ∫ t
s U(ξ∗

τ ) dτ | ξ∗
t = k

] = E
[
f (k − ξt−s)e

− ∫ t−s
0 U(k−ξt−s−τ ) dτ

]
, s < t.

Since−V (i∇) is the (forward) generator of(ξt )t∈[0,u] and−V̄ (∇) = −V (−i∇) is the (backward) generator of th
time reversed Lévy process(ξ∗

s )s∈[0,t ] = (ξt−s)s∈[0,t ], we have

∂

∂u
Tt,u = −Tt,uH, and

∂

∂s
T

†
s,t = T

†
s,tH

†,

or Tt,u = exp(−(u − t)H) andT
†
s,t = exp(−(t − s)H †), i.e. these semi-groups are time homogeneous sinceV and

U are independent of time.
We denote byh†(s, dj, t, k) and h(t, k, u, dl), 0 < s < t < u, j, k, l ∈ R

d , the “integral kernels” of
exp(−(t − s)H †) and exp(−(u − t)H), defined by

exp
(−(t − s)H †)f (k) =

∫
d

f (j)h†(s, dj, t, k), and exp
(−(u − t)H

)
f (k) =

∫
d

f (l)h(t, k, u, dl).
R R
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Examples.

(1) Deterministic process.
Here,U does not necessarily vanish. ThenB = 0 andν = 0 butc 	= 0. SoV (q) = icq and

Hf (k) = −c∇f (k), H †f (k) = c∇f (k),

with integral kernels

h†(s, dj, t, k) = δk−c(t−s)(dj)e− ∫ t
s U(k+c(τ−t )) dτ ,

h(t, k, u, dl) = δk+c(u−t )(dl)e− ∫ u
t U(k+c(τ−t )) dτ .

(2) Lévy processes (U = 0).
Without hypothesis on the absolute continuity ofµt , e−(u−t )H and e−(t−s)H†

are respectively given b
convolution with the lawµt of the Lévy process:∫

Rd

η∗
s (dj)h†(s, j, t, dk) = η∗

s ∗ µt−s(dk), s < t,

and ∫
Rd

ηu(dl)h(t, dk,u, l) = ηu ∗ µt−u(dk), t < u.

If moreoverη∗
s (dj) = η∗

s (j)λ(dj), ηu(dl) = ηu(l)λ(dl) andµt(dk) = µt (k)λ(dk) are absolutely continuou
with respect toλ, then

h(s, j, t, dk) = µt−s(k − j)λ(dk),

and

h(t, dk,u, l) = µu−t (l − k)λ(dk).

(3) General case (U 	= 0).
We have, by definition∫

Rd

h(t, k, u, dl)f (l) = e−(u−t )Hf (k)

= E
[
f (ξu)e− ∫ u

t U(ξτ ) dτ | ξt = k
] = E

[
f (ξu−t + k)e− ∫ u−t

0 U(k+ξτ ) dτ
]

=
∫
Rd

E
[
f (ξu−t + k)e− ∫ u−t

0 U(k+ξτ ) dτ | ξu−t = l
]
µu−t (dl)

=
∫
Rd

f (k + l)E
[
e− ∫ u−t

0 U(k+ξτ ) dτ | ξu−t = l
]
µu−t (dl)

=
∫
Rd

f (l)E
[
e− ∫ u−t

0 U(k+ξτ ) dτ | ξu−t = l − k
]
µu−t (−k + dl),

whereµu−t (−k + dl) denotes the image measure ofµu−t underl �→ k + l (i.e. µu−t (−k + dl) = µu−t (l −
k)λ(dl) if µu−t (dl) has the densityµu−t (l) with respect toλ). Consequently we obtain

h(t, k, u, dl) = α(u − t, k, l)µu−t (−k + dl), (2.3)
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α(u − t, k, l) = E
[
e− ∫ u−t

0 U(k+ξτ ) dτ | ξu−t = l − k
]
.

Similarly we have

h†(s, dj, t, k) = α(t − s, j, k)µt−s(−k − dj). (2.4)

We end this section with a lemma that will be useful to determine the forward (respectively backward) drift of
backward (respectively forward) Lévy process in Section 3.2.

Lemma 2.2.Assume thatµt (dk) = µt(k)λ(dk) is absolutely continuous with respect to a reference measuλ

which is invariant by translations. We have∫
Rd

y
µt (k − y)

µt (k)
ν(dy) = k

t
− c + B∇ logµt (k) +

∫
Rd

y1{|y|�1}ν(dy), λ(dk)-a.e.,

and ∫
Rd

y
µt−v(k + y)

µt−v(k)
ν(dy) = − k

v − t
− c − B∇ logµt−v(k) +

∫
Rd

y1{|y|�1}ν(dy), λ(dk)-a.e.

Proof. We have for allq ∈ R
d :

−i

∫
Rd

ke−ikqµt (k) dk = ∇qe−tV (q) = −te−tV (q)∇V (q)

= −t

(
ic + Bq + i

∫
Rd

y
(
e−iqy − 1{|y|�1}

)
ν(dy)

)∫
Rd

e−ikqµt (k) dk

= −it

∫
Rd

∫
Rd

ye−ikqµt (k − y) dk ν(dy)

− t (ic + Bq)

∫
Rd

e−ikqµt (k) dk + it

∫
Rd

e−ikqµt (k)

∫
Rd

y1{|y|�1}ν(dy) dk

= −it

∫
Rd

e−ikq

(∫
Rd

yµt (k − y) dk ν(dy) + cµt(k)

− B∇µt (k) − µt(k)

∫
Rd

y1{|y|�1}ν(dy)

)
.

The second relation is proved fromµt−v(k) = µv−t (−k) and

[∇ logµv−t ](−k) = −∇ logµv−t (−k) = −B∇ logµt−v(k). �
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3. Construction of Markovian bridges – main results

One of the objectives of this paper is the proof of Proposition 3.1 below. Assume that

– h†(s, dj, t, k) = h†(s, j, t, k)λ(dj) andh(t, k, u, dl) = h(t, k, u, l)λ(dl) are absolutely continuous with respe
to λ,

– H andH † are mutually adjoint underλ, i.e.h†(s, j, t, k) = h(s, j, t, k),
– h†(s, j, t, k) = h(s, j, t, k) is continuous in(j, k) and strictly positive for all 0< s < t .

Let zt− denotes the left limit ofz at t ∈ [r, v]. The following proposition holds under the assumptions (A) and (B
of Section 3.2, before Proposition 3.5.

Proposition 3.1. Let πr(dk) and πv(dk) be two given probability measures onRd , which are assumed to b
absolutely continuous with a.e. strictly positive densities with respect to a fixed reference measureλ. There exists
a Rd -valued process(zt )t∈[r,v] with initial distribution πr(dk) and final distributionπv(dk), driven by(ξt )t∈[r,v],
i.e. such that(zt )t∈[r,v] solves in the weak sense the stochastic integro-differential equation

dzt = c dt + dWt +
∫
Rd

y

(
µ(dy, dt) − ηt (zt− + y)

ηt (zt−)
1{|y|�1}ν(dy) dt

)

+
∫
Rd

y

(
ηt (zt− + y) − ηt (zt−)

ηt (zt−)

)
1{|y|�1}ν(dy) dt + B∇ logηt (zt−) dt, (3.1)

and the law ofzt at timet is ηt (k)η∗
t (k)λ(dk), where

ηt = e−(v−t )Hηv, η∗
t = e−(t−r)H†

η∗
r , r � t � v,

W is a Brownian motion with covarianceB, the canonical point processµ(dy, dt) has compensato
ηt (zt−+y)

ηt (zt− )
ν(dy) dt , andη∗

r , ηv are two positive initial and final conditions determined fromπr andπv .

Moreover the process(zt )t∈[r,v] in question is a Bernstein process, i.e.

P(zt ∈ dk |Ps ∨Fu) = P(zt ∈ dk | zs, zu), s < t < u,

and the joint lawP(zr ∈ A, zv ∈ B), for A,B two Borelians ofRd , is of the form

P(zr ∈ A, zv ∈ B) =
∫

A×B

η∗
r (i)h(r, i, v,m)ηv(m)λ(di)λ(dm).

Note that we haveH †f (k) = Hf̃ (−k), wheref̃ (k) = f (−k), k ∈ Rd . As a consequence,η∗
t (k) = η̃v−(t−r)(−k),

where(η̃t )t∈[r,v] is solution of{
∂
∂t

η̃t = Hη̃t ,

η̃v(k) = η∗
r (−k),

andηt (k) = η̃∗
v−(t−r)(−k), where(η̃∗

t )t∈[r,v] is solution of{
∂
∂t

η̃∗
t = −H †η̃∗

t ,

η̃∗
r (k) = ηv(−k).

Hence(zt )t∈[r,v] has same law as the reversed process(−z̃v−(t−r))t∈[r,v], where(z̃t )t∈[r,v] is solution of the same
problem, with final lawπr(−dk) at timev and initial lawπv(−dk) at timer. If ν is symmetric thenH = H †, and
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if moreoverη∗
r , ηv are symmetric thenπr,πv are symmetric andη∗

t (k) = η̃v−(t−r)(k), ηt (k) = η̃∗
v−(t−r)

(k). In this
case,(zt )t∈[r,v] is reversible, i.e. it has same law as(z̃v−(t−r))t∈[r,v].

We will also prove a uniqueness result, i.e. if(zt )t∈[r,v] is a Markovian Bernstein process with Bernstein ker
h(s, j, t, dk,u, l) = P(zt ∈ dk | zs = j, zu = l) such that

h(s, j, t, dk,u, l)h(s, j, u, dl) = h(s, j, t, dk)h(t, k, u, dl),

or

h(s, j, t, dk,u, l)h†(s, dj,u, l) = h†(s, dj, t, k)h†(t, dk,u, l),

s � t � u, j, k, l ∈ R
d , then there exists positive density functionsη∗

r (i) andηv(m) such that

P(zr ∈ A, zv ∈ B) =
∫

A×B

η∗
r (i)h(r, i, v,m)ηv(m)λ(di)λ(dm),

cf. Theorem 7.1. These results will be precisely stated in different forms and under weaker assumption
following section. Proofs will be provided afterwards in several steps, which consist of more refined statem

3.1. Existence of Markovian bridges

In the following result,h(t, k, u, dl) andh†(s, dj, t, k) need not be absolutely continuous with respect to a fi
reference measureλ.

Theorem 3.2.Let λ be a fixed reference measure such thatH and H † are adjoint with respect toλ, and let
η∗

r , ηv :Rd → R+ be twoλ-a.e. strictly positive initial and final conditions such that for somet ∈ [r, v] (and
therefore for any sucht),∫

Rd

η∗
t (k)ηt (k)λ(dk) = 1,

where

η∗
t (k) = e−(t−r)H†

η∗
r (k) =

∫
Rd

η∗
r (i)h

†(r, di, t, k),

and

ηt (k) = e−(v−t )Hηv(k) =
∫
Rd

ηv(m)h(t, k, v, dm), r � t � v.

Then there exists aRd -valued process(zt )t∈[r,v] whose density at timet with respect toλ is ρt (k) = η∗
t (k)ηt (k),

which is forward and backward Markovian, with forward transition kernel

p(t, k, u, dl) = ηu(l)

ηt (k)
h(t, k, u, dl), (3.2)

and backward transition kernel

p∗(s, dj, t, k) = η∗
s (j)

η∗
t (k)

h†(s, dj, t, k). (3.3)

In particular, the initial and final laws of(zt )t∈[r,v] areπr(di) = ηr(i)η
∗
r (i)λ(di) andπv(dm) = ηv(m)η∗

v(m)λ(dm).
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4,2,31,9].
The above functionsη∗
t (k) andηt (k) satisfy the partial integro-differential equations

−∂η∗
t

∂t
(k) = H †η∗

t (k) and
∂ηt

∂t
(k) = Hηt(k), t ∈ [r, v]. (3.4)

The proof of Theorem 3.2 follows from Propositions 5.1 and 5.2 below. Once Theorem 3.2 is p
Proposition 3.1 follows from 3.5 and Theorem 3.3 belowwhich states that given two probability measu
πr(di) = πr(i)λ(di) and πv(dm) = πv(m)λ(dm), absolutely continuous with respect toλ, it is possible to
determine two positive initial and final functionsη∗

r , ηv :Rd → R+ from the data of the initial and final law
πr , πv of the process, such that

πr(i) = η∗
r (i)ηr(i), πv(m) = ηv(m)η∗

v(m),

where

ηr(i) =
∫
Rd

ηv(m)h(r, i, v, dm),

and

η∗
v(m) =

∫
Rd

η∗
r (i)h

†(r, di, v,m),

providedh(s, k, t, dj) andh†(s, dj, t, k) are absolutely continuous with respect toλ:

h(s, k, t, dj) = h(s, k, t, j)λ(dj), (3.5)

h†(s, dj, t, k) = h†(s, j, t, k)λ(dj), (3.6)

with h(s, k, t, j) = h†(s, k, t, j) sinceH is adjoint ofH † with respect toλ. More precisely we have the followin
result, cf. Theorem 1 of [5], Theorem 3.2 of [24], and Theorem 3.4 of [31]:

Theorem 3.3.Let πr andπv be two probability measures. Assume thath(s, j, k, t) is a continuous in(j, k) and
strictly positive function. Then there exist two measuresη∗

r (di) andηv(dm) such that

πr(di) = η∗
r (di)

∫
Rd

h(r, i, v,m)ηv(dm),

and

πv(dm) = ηv(dm)

∫
Rd

h(r, i, v,m)η∗
r (di).

We present several families of processes satisfying the above hypothesis, starting with the simplest example
Note that in the first example, the mutual adjointness ofH andH † with respect to the (Lebesgue) measureλ is
satisfied without requiring the absolute continuity ofh(t, k, u, dl) andh†(s, dj, t, k) with respect toλ. We will
also present some examples where the initial and finallaws can not be arbitrarily chosen, when the hypothes
Theorem 3.3 are not fulfilled. This list of examples includes the classical Brownian bridge, however the aim
paper is not to focus on the Brownian case which has already been the object of several studies, cf. [6,7,2

Examples.

(1) Deterministic process.
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nse,

sen
The adjoint relation betweenH andH † is satisfied in the deterministic case forλ the Lebesgue measure, i.e

h†(s, dj, t, k) = e− ∫ t
s U(k+c(τ−t )) dτδk−c(t−s)(dj), r � s < t � v,

h(t, k, u, dl) = e− ∫ u
t U(k+c(τ−t )) dτδk+c(u−t )(dl), r � t < u � v.

Therefore, for anyr < s < t < u < v,

η∗
t (k) = η∗

s

(
k − c(t − s)

)
e− ∫ t

s U(k+c(τ−t )) dτ, (3.7)

ηt (k) = ηu

(
k + c(u − t)

)
e− ∫ u

t U(k+c(τ−t )) dτ . (3.8)

Applying (3.7) and (3.8) successively int = s andt = u we obtain several expressions for the density ofzt at
time t with respect to the Lebesgue measureλ:

η∗
t (k)ηt (k) = η∗

s

(
k − c(t − s)

)
ηu

(
k − c(t − u)

)
e− ∫ u

s U(k−c(t−τ )) dτ

= η∗
s

(
k − c(t − s)

)
ηs

(
k − c(t − s)

)
= η∗

u

(
k − c(t − u)

)
ηu

(
k − c(t − u)

)
,

Note that hereh(s, k, t, dl) is not absolutely continuous with respect to the Lebesgue measureλ(dl) and that
it is clearly not possible to choose independently the initial and final laws.

(2) Lévy bridges froma ∈ R
d to b ∈ R

d .
TakeU = 0, and assume thatµt(dk), t > 0, has a density with respect to a fixed reference measureλ, i.e.
µt(dk) = µt(k)λ(dk). Then taking

η∗
t (k) = C(r, v, a, b)µt−r(k − a), ηt (k) = µt−v(k − b) = µv−t (b − k),

whereC(r, v, a, b) is a normalization constant, the resulting density at timet with respect toλ is

η∗
t (k)ηt (k) = µt−r (k − a)µv−t (b − k)

µv−r (b − a)
,

whereC(r, v, a, b) = 1/µv−r (b − a). In this way we recover the density of the Lévy bridge in the usual se
obtained by conditioning the Lévy process(ξt )t∈[r,v] by ξr = a andξv = b:

dP(ξt = k | ξr = a, ξv = b) = dP(ξt ∈ dk, ξr ∈ da, ξv ∈ db)

P (ξr ∈ da, ξv ∈ db)

= µt−r (k − a)µv−t (b − k)

µv−r (b − a)
λ(dk).

This example includes the Poisson and Brownian bridges below. Note that the absolute continuity ofηt (dk)

with respect toλ at the initial and final times is not always satisfied sinceηrη
∗
r (dk) = δa(dk), ηvη

∗
v(dk) =

δb(dk), for example it is satisfied for the Poisson bridge but not for the Brownian bridge.
(3) Poisson bridge starting froma ∈ N at timer and ending atb ∈ N at timev.

Here the kinetic termU vanishes, as well asB, andc = 1. Moreoverν = δ1, soV (q) = −(e−iq − 1) and we
have

−Hf (k) = f (k + 1) − f (k), −H †f (k) = f (k − 1) − f (k).

The standard Poisson bridge provides another example where the initial and final laws cannot be cho
arbitrarily, this time becauseh(t, k, u, l) is not everywhere strictly positive. TakeU = 0, c = 1, ν = δ1, and the
reference measure

λ =
+∞∑

δn.
n=−∞



N. Privault, J.-C. Zambrini / Ann. I. H. Poincaré – PR 40 (2004) 599–633 609

asure:

aking
The simple Poisson bridge withzr = a andzv = b is constructed from the boundary conditions

η∗
r = C(r, v, a, b)1{a}, ηv = 1{b},

whereC(r, v, a, b) is a normalization constant. Then

η∗
t (k) = C(r, v, a, b)µt−r(k − a) = C(r, v, a, b)e−(t−r) (t − r)k−a

(k − a)! 1{k�a},

ηt (k) = µv−t (b − k) = e−(v−t ) (v − t)b−k

(b − k)! 1[0,b](k),

with the convention 00 = 1. The resulting density at timet with respect toλ is, therefore,

η∗
t (k)ηt (k) = 1[a,b](k)

(
b − a

k − a

)(
t − r

v − r

)k−a(
v − t

v − r

)b−k

, r � t � v,

which is the expected binomial law on{a, . . . , b} with parameter(t −r)/(v−r), obtained by conditioning, with

C(r, v, a, b) = ev−r (b−a)!
(v−r)(b−a) . Note that here,h(t, k, u, l) = e−(u−t ) (u−t )l−k

(l−k)! 1[0,l](k) is not (λ ⊗ λ)(dl, dk)-
strictly positive, and the initial and final laws cannot be chosen arbitrarily, e.g. one cannot haveb < a. Also
this setting is not directly relevant to physics in the momentum representation sinceU = 0.

(4) Gamma bridge starting froma ∈ R+ at time r and ending atb ∈ R+, a < b, at timev. We haveV (q) =
log(1+ iq/β) whereβ is a strictly positive parameter, andν(dy) = y−1e−βy1[0,∞)(y) dy, with B = 0, a = 0,

c = ∫ 1
0 e−βyy−1 dy. Moreoverµt(k) = 1[0,∞)(k)

βt


(t)
kt−1e−βk, hence

η∗
t (k)ηt (k) = 1

b − a


(v − r)


(t − r)
(v − t)

(
k − a

b − a

)t−r−1(
b − k

b − a

)v−t−1

,

which is the density at timet of the Gamma bridge(a+(b−a)ξt−r/ξv−r )t∈[r,v], in other terms(zt −a)/(b−a)

has a beta distribution with parameters(t − r, v − t), t ∈ [r, v].
(5) Brownian bridge.

The Brownian bridge starting ata ∈ R and ending atb ∈ R is constructed by takingU = 0, µt (k) =
1√

2π(t−r)
e− 1

2k2/(t−r), and

η∗
t (k) = C(r, v, a, b)√

2π(t − r)
e− 1

2(k−a)2/(t−r), ηt (k) = 1√
2π(v − t)

e− 1
2 (b−k)2/(v−t ),

with

C(r, v, a, b) = √
2π(v − r)e

1
2 (b−a)2/(v−r).

The productηt (k)η∗
t (k) gives the usual density of the Brownian bridge with respect to the Lebesgue me

ηt (k)η∗
t (k) =

√
v − r√

2π(t − r)(v − t)
exp

(
− v − r

2(t − r)(v − t)

(
k − a(v − t) + b(t − r)

v − r

)2)
.

(6) Forward and backward Lévy processes (U = 0).
This example includes the forward and backward Wiener and Poisson processes as particular cases. T
η∗

r (di) = µr(di) andηv(m) = 1, we have

η∗
t (dk) = η∗

r ∗ µt−r (dk) = µt(dk), ηt (k) = 1, r < t < v,

hence(zt )t∈[r,v] is the (forward) Lévy process(ξt )t∈[r,v]: zt = ξt , r < t < v.
If ηv(dm) = µ0(dm) andη∗

r (i) = 1, we have

ηt (dk) = ηv ∗ µt−v(dk) = µt−v(dk), η∗
t (k) = 1, r < t < v,
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hence(zt )t∈[r,v] is a backward Lévy process. This is an example of process with initial lawµr−v(dk) and final
conditionzv = 0, respectively initial lawµr(dk) and final lawµv(dk).

(7) Processes with densities with respect to the Lebesgue measure.
Here,U does not necessarily vanish. From (2.3) and (2.4), the absolute continuity conditions (3.5) an
are satisfied if the law ofξt , t > 0, has a density with respect to the Lebesgue measure, e.g. in the c
stable processes (namely such thatV (q) = c|q|α for someα ∈ (0,2] andc > 0), and for Lévy processes wit
Brownian component (B 	= 0). MoreoverH is adjoint ofH † with respect toλ whenλ is the Lebesgue measur

(8) General case (U 	= 0).
The conditionU 	= 0 is necessary in the context of Euclidean quantum mechanics. Ifλ is a given measure (no
necessarily the Lebesgue measure), we may work under the absolute continuity hypothesis

h(t, k, u, dl) = h(t, k, u, l)λ(dl), λ(dk)-a.e., (3.9)

h†(s, dj, t, k) = h†(s, j, t, k)λ(dj), λ(dk)-a.e. (3.10)

which imply thatH andH † are also adjoint with respect toλ if h(s, j, t, k) = h†(t, k, s, j):

h(s, j, t, dk)λ(dj) = h(s, j, t, k)λ(dk)λ(dj) = h†(s, j, t, k)λ(dk)λ(dj) = h†(s, dj, t, k)λ(dk).

In view of (2.3) and (2.4), conditions (3.9) and (3.10) are satisfied in particular ifµt−s(−j + dk) has a density
with respect toλ(dk), λ(dj)-a.e. This condition will be satisfied e.g. ifλ is absolutely continuous under th
translationk �→ j + k, λ(dj)-a.e., andµt−s is absolutely continuous with respect toλ:

µt−s(dk) = µt−s(k)λ(dk).

This hypothesis is satisfied, in particular, for the Poisson bridge, cf. Example 3 above, withµt−s(k) =
e−(t−s) (t−s)k

k! 1{k�0} andλ = ∑k=∞
k=−∞ δk .

3.2. Stochastic differential equations and generators

In this section we present the description of Markovian bridges of Theorem 3.2 in terms of forward and backw
stochastic integro-differential equations driven by(ξt )t∈[r,v]. Let for f ∈ S(Rd ) andg :Rd �→ (0,∞):

Lgf (k) = 〈
c,∇f (k)

〉 + 1

2
�Bf (k) +

∫
Rd

(
f (k + y) − f (k) − 〈

y,∇f (k)
〉
1{|y|�1}

)g(k + y)

g(k)
ν(dy)

+
∫
Rd

g(k + y) − g(k)

g(k)

〈
y,∇f (k)

〉
1{|y|�1}ν(dy) + 〈∇ logg(k),∇f (k)

〉
B
,

and

L∗
gf (k) = 〈

c,∇f (k)
〉 − 1

2
�Bf (k) −

∫
Rd

(
f (k − y) − f (k) + 〈

y,∇f (k)
〉
1{|y|�1}

)g(k − y)

g(k)
ν(dy)

+
∫
Rd

g(k − y) − g(k)

g(k)

〈
y,∇f (k)

〉
1{|y|�1}ν(dy) − 〈∇ logg(k),∇f (k)

〉
B
.

The following result is a consequence of Proposition 6.2, which will be proved in Section 6.

Proposition 3.4.The process(zt )t∈[r,v] constructed in Theorem3.2admits the forward infinitesimal generator, fo
f ∈ S(Rd ):
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tors

e
f

of

the
Lηt f (k) = 〈
c,∇f (k)

〉 + 1

2
�Bf (k) +

∫
Rd

(
f (k + y) − f (k) − 〈

y,∇f (k)
〉
1{|y|�1}

)ηt (k + y)

ηt (k)
ν(dy)

+
∫
Rd

ηt (k + y) − ηt (k)

ηt (k)

〈
y,∇f (k)

〉
1{|y|�1}ν(dy) + 〈∇ logηt (k),∇f (k)

〉
B
,

and the backward infinitesimal generator

L∗
η∗
t
f (k) = 〈

c,∇f (k)
〉 − 1

2
�Bf (k) −

∫
Rd

(
f (k − y) − f (k) + 〈

y,∇f (k)
〉
1{|y|�1}

)η∗
t (k − y)

η∗
t (k)

ν(dy)

+
∫
Rd

η∗
t (k − y) − η∗

t (k)

η∗
t (k)

〈
y,∇f (k)

〉
1{|y|�1}ν(dy) − 〈∇ logη∗

t (k),∇f (k)
〉
B
.

With the notation of Section 3 we haveL∗
η∗
t
f̃ (k) = −Lη∗

t (−·)f (−k) = −Lη̃v−(t−t)
f (−k) and Lηt f̃ (k) =

−L∗
ηt (−·)f (−k) = −L∗

η̃∗
v−(t−t)

f (−k), hence−L∗
η∗
t

and−Lηt are respectively the forward and backward genera

of the reversed process(−z̃v−(t−r))t∈[r,v]. If ν is symmetric thenL∗
η∗
t

= −Lη̃v−(t−t)
Lηt = −L∗

η̃∗
v−(t−t)

, and the

process(zt )t∈[r,v] is reversible provided its initial and final lawsπr , πv are symmetric. The knowledge of th
generators of(zt )t∈[r,v] provides the forward and backward representations of(zt )t∈[r,v] as weak solutions o
stochastic integro-differential equations. We assume that (cf. p. 434 of [22]):

(A) the functions

(t, k) �→
∫
Rd

(
1∧ |y|2)ηt (k + y)

ηt (k)
ν(dy),

(t, k) �→
∫

{|y|�1}
y

ηt (k + y) − ηt (k)

ηt (k)
ν(dy),

(t, k) �→ ∇ logηt (k),

respectively

(t, k) �→
∫
Rd

(
1∧ |y|2)η∗

t (k − y)

η∗
t (k)

ν(dy),

(t, k) �→
∫

{|y|�1}
y

η∗
t (k − y) − η∗

t (k)

η∗
t (k)

ν(dy),

(t, k) �→ ∇ logη∗
t (k),

are bounded on compacts ofR+ × Rd .

The next proposition is a representation result that follows from Proposition 3.4 and Theorems 13.58, 14.80
[22], pp. 438 and 481, using the results on martingaleproblems for discontinuous processes of [25,26,30].

Proposition 3.5. The process(zt )t∈[r,v] of Theorem3.2 is solution, in the weak sense and with respect to
forward filtration (Pt )t∈[r,v], of
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nce
dzt = c dt + dWt +
∫
Rd

y

(
µ(dy, dt) − ηt (zt− + y)

ηt (zt−)
1{|y|�1}ν(dy) dt

)

+
∫
Rd

y
ηt (zt− + y) − ηt (zt−)

ηt (zt−)
1{|y|�1}ν(dy) dt + B∇ logηt (zt−) dt,

under a probability P for which Wt is a (forward) Brownian motion with covarianceB, and µ(dy, ds) is the

canonical point process with compensator
ηt (zt−+y)

ηt (zt− )
ν(dy)dt . In terms of backward differentials we have as w

with respect to the decreasing filtration(Ft )t∈[r,v],

d∗zt = c dt + d∗W∗
t +

∫
Rd

y

(
µ∗(dy, dt) − η∗

t (zt+ − y)

η∗
t (zt+)

1{|y|�1}ν(dy) dt

)

+
∫
Rd

y
η∗

t (zt+ − y) − η∗
t (zt+)

η∗
t (zt+)

1{|y|�1}ν(dy) dt − B∇ logη∗
t (zt+) dt,

whereW∗
t denotes a backward Brownian motion with covarianceB, and µ∗(dy, dt) is the backward Poisso

random measure with compensator
η∗
t (zt−−y)

η∗
t (zt− )

ν(dy) dt .

This also provides the(Pt )t∈[r,v]-decomposition

zt = zr + c(t − r) + Mt +
t∫

r

∫
Rd

y

(
ηs(zs− + y)

ηs(zs−)
− 1{|y|�1}

)
ν(dy) ds +

t∫
r

B∇ logηs(zs−) ds,

where(Mt)t∈[0,v] is a(Pt )t∈[r,v]-martingale, and the(Ft )t∈[r,v]-decomposition

zt = zv − c(v − t) + M∗
t +

v∫
t

∫
Rd

y

(
η∗

s (zs+ − y)

η∗
s (zs+)

− 1{|y|�1}
)

ν(dy) ds −
v∫

t

B∇ logη∗
s (zs+) ds,

where(M∗
t )t∈[0,v] is a (backward)(Ft )t∈[r,v]-martingale.

Examples (and particular cases of Proposition3.5).

(1) Deterministic process.
In this case(zt )t∈[r,v] satisfy the ordinary differential equation

dzt = dξt = c dt,

both in the forward and backward cases, hence

zt = zr + c(t − r) = zv + c(v − t), r < t < v,

with (random) initial and final conditionszr , zv . The influence ofU manifests itself in the initial and fina
laws, not in the dynamics.

(2) Lévy bridges froma ∈ Rd to b ∈ Rd .
TakeU = 0, and assume thatµt(dk) = µt (k)λ(dk), t > 0, has a density with respect to a fixed refere
measureλ for all t � 0. The forward stochastic integro-differential equation satisfied by(zt )t∈[r,v] is
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ry

hastic

y

dzt = c dt + dWt +
∫
Rd

y

(
µ(dy, dt) − µt−v(zt− + y − b)

µt−v(zt− − b)
1{|y|�1}ν(dy) dt

)

+
∫
Rd

y
µt−v(zt− + y − b) − µt−v(zt− − b)

µt−v(zt− − b)
1{|y|�1}ν(dy) dt − B∇ logµt−v(zt− − b) dt,

i.e. using Lemma 2.2:

dzt = dWt +
∫
Rd

y

(
µ(dy, dt) − µt−v(zt− + y − b)

µt−v(zt− − b)
ν(dy) dt

)
− zt− − b

v − t
dt. (3.11)

From this equation it follows that the expectation(E[zt ])t∈[r,v] of a Lévy bridge always satisfies the ordina
differential equation

d

dt
E[zt ] = b − E[zt ]

v − t
, r � t � v,

with initial conditionE[zr ] = a, i.e. the expectation ofzt follows the linear interpolation

E[zt ] = a + (b − a)
t − r

v − r
, r � t � v,

between(r, a) and(v, b), which is a particular case of the harness property [16,12]. The backward stoc
differential equation satisfied by the same process(zt )t∈[r,v] is:

d∗zt = c dt + d∗W∗
t +

∫
Rd

y

(
µ∗(dy, dt) − µt−r (zt+ + y − a)

µt−r (zt+ − a)
1{|y|�1}ν(dy) dt

)

+
∫
Rd

y
µt−r (zt+ + y − a) − µt−r (zt+ − a)

µt−r (zt+ − a)
1{|y|�1}ν(dy) dt − B∇ logµt−r (zt+ − a) dt,

i.e. by Lemma 2.2:

d∗zt = d∗W∗
t +

∫
Rd

y

(
µ∗(dy, dt) − µt−r (zt+ + y − a)

µt−r (zt+ − a)
ν(dy) dt

)
+ zt+ − a

t − r
dt.

(3) Poisson bridge starting ata ∈ N at timer and ending atb ∈ N at timev.
If U = 0, the forward (i.e.(Pt )t∈[r,v]-) stochastic equation (3.1) satisfied by the Poisson bridge is written

dzt = dN
η
t , zr = a,

where(N
η
t )t∈[r,v] is a point process starting from 0 at timer, with compensator

d〈Nη
t 〉 = ηt (zt− + 1)

ηt (zt−)
dt = µv−t (b − zt− − 1)

µv−t (b − zt−)
dt = b − a − N

η

t−
v − t

dt.

This means (see e.g. Theorem 7.4. p. 93of [20] and references therein) that(zt )t∈[r,v] can be constructed b
a time change on a standard Poisson process(N(t))t∈R+ , i.e. the sequence of jump times(T η

k )1�k�m−i of
(zt )t∈[r,v] = (a + N

η
t )t∈[r,v] can be obtained by induction from the jump times(Tk)k�1 of (N(t))t∈R+ , as

Tk =
k∑

i=1

T
η
i∫

T
η

b − a − (i − 1)

v − s
ds, 1 � k � b − a.
i−1
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ed by

rd
The backward equation satisfied by(zt )t∈[r,v] is

d∗zt = d∗Nη∗
t , zv = b,

where(N
η∗
t )t∈[r,v] = (−N

η
v−t )t∈[r,v] is a point process starting from 0 at timev, with backward compensator

d∗〈Nη∗
t 〉 = η∗

t (zt+ − 1)

η∗
t (zt+)

dt = −N
η∗
t+ + b − a

r − t
dt.

(4) Gamma bridge.
The compensator is given fork � b by:

∫
R

y
µt−v(k + y − b)

µt−v(k − b)
1{|y|�1}ν(dy) =

k−b∫
0

(
b − k − y

b − k

)v−t−1

dy = −k − b

v − t
,

which coincides with the general drift found in (3.11).
(5) Brownian bridge.

We haveµt (k) = 1√
2πt

e−k2/(2t ), hence the forward and backward stochastic differential equations satisfi

(zt )t∈[r,v] are

dzt = dWt − zt − b

v − t
dt, zr = a,

and

d∗zt = d∗W∗
t + zt − a

t − r
dt, zv = b.

(6) Forward Lévy processes (U = 0).
Assuming thatµt(dk) = µt (k)λ(dk) is absolutely continuous with respect toλ(dk) we have

dzt = c dt + dWt +
∫
Rd

y
(
µ(dy, dt) − 1{|y|�1}ν(dy) dt

)
, zr = ξr ,

i.e.zt = ξt , r < t < v. Besides the forward generator−V (i∇) of (ξt )t∈[r,v] (see (2.1)) we obtain the backwa
generator

L∗
η∗
t
f (k) = 〈

c,∇f (k)
〉 − 1

2
�Bf (k) −

∫
Rd

(
f (k − y) − f (k) + 〈

y,∇f (k)
〉
1{|y|�1}

)µt(k − y)

µt (k)
ν(dy)

+
∫
Rd

µt (k − y) − µt (k)

µt (k)

〈
y,∇f (k)

〉
1{|y|�1}ν(dy) − 〈∇ logµt (k),∇f (k)

〉
B
,

or by Lemma 2.2 above:

L∗
η∗
t
f (k) = −1

2
�Bf (k) −

∫
Rd

(
f (k − y) − f (k) + 〈

y,∇f (k)
〉)µt(k − y)

µt (k)
ν(dy) + 1

t

〈
k,∇f (k)

〉
.

The backward stochastic differential equation satisfied by(ξt )t∈[r,v] is:

d∗zt = c dt + d∗W∗
t +

∫
Rd

y

(
µ∗(dy, dt) − µt(zt+ − y)

µt (zt+)
1{|y|�1}ν(dy) dt

)

+
∫
d

y
µt (zt+ − y) − µt (zt+)

µt (zt+)
1{|y|�1}ν(dy) dt − B∇ logµt(zt+) dt,
R
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r

m

i.e. from Lemma 2.2:

d∗zt = d∗W∗
t +

∫
Rd

y

(
µ∗(dy, dt) − µt(zt+ − y)

µt (zt+)
ν(dy) dt

)
+ zt+

t
dt.

In other terms we have the backward martingale decomposition

zt = M∗
t +

v∫
t

zs

s
ds, r < t < v,

in whichM∗
t denotes the backward martingale part, recovering and extending some results in [23].

(7) Backward Lévy processes.
Taking ηv(dm) = µ0(m)λ(dm) = µ0(dm) and η∗

r (i) = 1, we haveηt (k) = ηv ∗ µt−v(k) = µt−v(k) =
µv−t (−k), andη∗

t (k) = 1, r < t < v, hence(zt )t∈[0,v] is the backward Lévy process given by

d∗zt = c dt + d∗W∗
t +

∫
Rd

y
(
µ∗(dy, dt) − 1{|y|�1}ν(dy) dt

)
,

which has same law as the time reversed Lévy process(−ξ∗
s )s∈[0,v] = (−ξv−s)s∈[0,v]. The forward generato

of (zt )t∈[0,v] is

Lηt f (k) = 〈
c,∇f (k)

〉 + 1

2
�Bf (k) +

∫
Rd

(
f (k + y) − f (k) − 〈

y,∇f (k)
〉
1{|y|�1}

)µt−v(k + y)

µt−v(k)
ν(dy)

+
∫
Rd

µt−v(k + y) − µt−v(k)

µt−v(k)

〈
y,∇f (k)

〉
1{|y|�1}ν(dy) + 〈∇ logµt−v(k),∇f (k)

〉
B
,

or from Lemma 2.2:

Lηt f (k) = 1

2
�Bf (k) +

∫
Rd

(
f (k + y) − f (k) − 〈

y,∇f (k)
〉)µt−v(k + y)

µt−v(k)
ν(dy) − 1

v − t

〈
k,∇f (k)

〉
.

The forward stochastic differential equation satisfied by(zt )t∈[0,v] is, therefore,

dzt = c dt + dWt +
∫
Rd

y

(
µ(dy, dt) − µt−v(zt− + y)

µt−v(zt−)
1{|y|�1}ν(dy) dt

)

−
∫
Rd

y
µt−v(zt−) − µt−v(zt− + y)

µt−v(zt−)
1{|y|�1}ν(dy) dt + B∇ logµt−v

(
zt−

)
dt,

whereWt is a forward Brownian motion with covarianceB, andµ(dy, dt) is the forward Poisson rando

measure with compensator
µt−v(zt−+y)

µt−v(zt− )
, i.e. by Lemma 2.2:

dzt = dWt +
∫
Rd

y

(
µ(dy, dt) − µt−v(zt− + y)

µt−v(zt−)
ν(dy) dt

)
− zt−

v − t
(3.12)

and we have the forward martingale decomposition

zt = Mt −
t∫

zs

v − s
ds, r < t < v,
r
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e
h

to be compared to [23] (note that here we tookzv = 0). The forward compensator of(zt )t∈[0,v] is again

d〈zt 〉 = − zt−

v − t
dt.

4. Girsanov theorem

The next proposition shows that under certain conditions, the law of the process(zt )t∈[r,v] of Proposition 3.1 is
absolutely continuous with respect to the law of the Lévy process(ξt )t∈[r,v].

Proposition 4.1.Assume thatc = 0, ν ({|y| � 1}) = 0 and eitherB = 0 or ν = 0, i.e. we are in the Brownian cas
or in the jump case. Under the hypothesis of Theorem3.2, the lawQ of (zt )t∈[r,v] is absolutely continuous wit
respect toP , with density given by

dQ

dP

∣∣∣∣
Pt

= ηt (zt )

ηr (zr )
e− ∫ t

r U(zτ ) dτ , r � t � v,

i.e. underQ, (zr + ξt )t∈[r,v] has the law of(zt )t∈[r,v] underP . Similarly we have

dQ

dP

∣∣∣∣
Ft

= η∗
t (zt )

η∗
v(zv)

e− ∫ v
t U(zτ ) dτ , r � t � v,

i.e. (zv − ξv−t )t∈[r,v] has the law of(zt )t∈[r,v] underP .

Proof. Let us define

Lt = ηt (zt )

ηr (zr)
e− ∫ t

r U(zτ ) dτ , t ∈ [r, v].

Assume that underP , µ(dy, dt) is the random measure with compensatorν(dy) dt in the Poisson case, with

dzt =
∫
Rd

y
(
µ(dy, dt) − 1{|y|�1}ν(dy) dt

)
,

or that(zt )t∈[r,v] is a standard Brownian motion in the Brownian case, withdWt = dzt − B∇ logηt (zt−) dt , i.e.

dzt = dWt + B∇ logηt (zt−) dt.

Let us compute

dηt (zt ) = ηt (zt−)

∫
|y|�1

ηt (zt− + y) − ηt (zt−)

ηt (zt−)

(
µ(dy, dt) − ηt (zt− + y)

ηt (zt−)
ν(dy) dt

)

+ ηt (zt−)
〈∇ logηt (zt−), dWt

〉
B

+Lηt ηt (zt ) dt + ∂ηt

∂t
(zt ) dt

= U(zt−)ηt (zt−) dt + ηt (zt−)

∫
|y|�1

ηt (zt− + y) − ηt (zt−)

ηt (zt−)

(
µ(dy, dt) − ν(dy) dt

)

+ ηt (zt−)
〈∇ logηt (zt−), dWt

〉
B

+ 〈∇ logηt (zt−),∇ηt (zt−)
〉
B
,

where we used (6.1) and the forward infinitesimal generator
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Lηt ηt (k) = −Hηt(k) + U(k)ηt (k) + 〈∇ logηt (k),∇ηt (k)
〉
B

+
∫
Rd

(
η2

t (k + y)

ηt (k)
− ηt (k)

)
ν(dy) dt + ∂ηt

∂t
(zt ).

Hence(Lt )t∈[r,v] satisfies the (forward) stochastic integro-differential equation

dLt = Lt− ·
∫

|y|�1

ηt (zt− + y) − ηt (zt−)

ηt (zt−)

(
µ(dy, dt) − ν(dy) dt

)

+ Lt− · 〈∇ logηt (zt−), dWt + ∇ logηt (zt−) dt
〉
B
, t ∈ [r, v].

UnderP we have

1

Ls−
d〈Ls, zs〉 =

∫
|y|�1

ηt (zt− + y) − ηt (zt−)

ηt (zt−)
ν(dy) dt + B∇ logηt (zt−),

and from the Girsanov theorem, fort ∈ [r, v],

zt −
t∫

r

1

Ls−
d〈Ls, zs〉 = Wt − Wr +

t∫
r

B∇ logηs(zs−) ds

+
t∫

r

∫
{|y|�1}

y
(
µ(dy, ds) − ν(dy) ds

) −
t∫

r

1

Ls−
d〈Ls, zs〉

= Wt +
t∫

r

∫
{|y|�1}

y

(
µ(dy, ds) − ηs(zs− + y)

ηs(zs−)
ν(dy) ds

)
,

is a(Pt )t∈[r,v]-martingale under the probabilityQ defined by

dQ

dP

∣∣∣∣
Pt

= Lt , r � t � v,

hence underQ, Wt is a Brownian motion (in the Brownian case) andµ(dy, ds) has the compensator
ηs(zs−+y)

ηs(zs− )
ν(dy)

(in the pure jump case), i.e.(zr + ξt−r )t∈[r,v] has the law of(zt )t∈[r,v] underP .
The proof in the backward case is similar.�

Examples (for Proposition4.1).

(1) Deterministic process. In this case we haveQ = P , ηt (zt ) = ηr(zr ), η∗
t (zt ) = η∗

v(zv), r � t � v, and, in fact,
(zt )t∈[r,v] = (ξt )t∈[r,v].

(2) Lévy bridges froma ∈ Rd to b ∈ Rd .
TakeU = 0, and assume thatµt(dk) = µt(k)λ(dk) has a density with respect toλ. We have

dQ

dP

∣∣∣∣
Pt

= µv−t (b − zt )

µv(b − zr )
, and

dQ

dP

∣∣∣∣
Ft

= µt−r (zt − a)

µv−r (zv − a)
, r � t � v.

(3) Poisson bridge froma ∈ N to b ∈ N, a � b.
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ss

cess
In this case the law of(zt )t∈[r,v] is absolutely continuous with respect toP , with

dQ

dP

∣∣∣∣
Pt

= ηt (zt )

ηr (zr )
= et−r (v − t)b−zt

(v − r)b−a

(b − a)!
(b − zt )!1[a,b](zt ), r � t � v,

hence

dQ

dP
= ev−r (b − a)!

(v − r)b−a
1{zv=b},

with zr = a, i.e. underQ, the standard Poisson process(a + ξt−r )t∈[r,v] has the law of the Poisson bridg
(zt )t∈[r,v]. We also have

dQ

dP

∣∣∣∣
Ft

= η∗
t (zt )

η∗
v(zv)

= e−(t−v) (t − r)zt (b − a)!
zt !(v − r)(b−a)

1[a,b](zt ), r � t � v,

hence

dQ

dP
= e−(r−v) (b − a)!

(v − r)(b−a)
1{zr=a},

with zv = b, i.e. underQ, (b − ξv−t )t∈[r,v] has the law of the Poisson bridge.
(4) Brownian and gamma bridges.

The law of the Brownian bridge starting froma ∈ R at timer and ending atb ∈ R is not absolutely continuou
with respect to the Wiener measure, sinceµr(di) = δa(di) andµv(dm) = δb(dm). The same holds for th
gamma bridge.

(5) Forward and backward Brownian motion (U = 0).
We have eitherQ = P or Q is not absolutely continuous with respect toP .

(6) Forward and backward Poisson processes (U = 0).
In the standard Poisson case, backward Lévy processes give examples of jump processes withzv = 0 and initial
Poisson distributionρr(k)λ(dk), k � 0, on−N. We haveµt−v(k) = e−(v−t )(v − t)−k/(−k)!, t � v, and

dQ

dP

∣∣∣∣
Pt

= µt−v(zt )

µr−v(zr )
= e−(r−t ) (v − t)−zt

(−zt )!
(−zr)!

(v − r)−zr
,

hence

dQ

dP
= ev−r (−zr )!

(v − r)−zr
1{zv=0}.

It follows from Proposition 4.1 that underQ the process(zr + ξt−r )t∈[r,v] has the law of(zt )t∈[r,v], where
(ξt )t∈[0,+∞[ is the canonical Lévy process. Similarly we have, if(zt )t∈[r,v] is a standard Poisson proce
underP :

dQ

dP

∣∣∣∣
Ft

= µt (zt )

µv(zv)
= e−(t−v) (t − r)zt

zt !
zv!

(v − r)zv
,

hence

dQ

dP
= ev−r zv !

(v − r)zv
1{zr=0}, r � 0,

i.e. underQ, (zv − ξ∗
t )t∈[r,v] = (zv − ξv−t )t∈[r,v] has same the law as the standard (forward) Poisson pro

(ξt )t∈[r,v].
(7) Forward and backward Lévy processes (U = 0 andµr , µv are absolutely continuous with respect toλ).
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cf.

ridges”

d and
Here the probabilityQ is naturally equal toP , and the process(zt )t∈[r,v] has same law as the forward Lé
process(ξt )t∈[r,v]. If (−ξ∗

t )t∈[r,v] = (−ξv−t )t∈[r,v] is a backward Lévy process underP , the densitydQ
dP

|Ft
is

given by

dQ

dP

∣∣∣∣
Ft

= µt (zt )

µv(zv)
,

and

dQ

dP
= µr(zr)

µv(zv)
,

i.e. (zv − ξ∗
t )t∈[r,v](zv − ξv−t )t∈[r,v] is a forward Lévy process underQ. Similarly, the process(zt )t∈[r,v] has

same law as the backward Lévy process(−ξ∗
t )t∈[r,v] = (−ξt−v)t∈[r,v]. The densitydQ

dP

∣∣
Pt

is given by

dQ

dP

∣∣∣∣
Pt

= µt−v(zt )

µr−v(zr )
,

and

dQ

dP
= µ0(zv)

µr−v(zr )
.

From Proposition 4.1, underQ the process(zr + ξt−r )t∈[r,v] has the law of the canonical Lévy proce
(ξt )t∈[r,v].

Many of the above examples can be symmetrized (withH = H †), and can then be interpreted physically,
[27].

5. Reversible diffusion processes with jumps

In this section we prove Theorem 3.2 and some extensions. This provides a construction of Markovian “b
with given initial and final laws since, from Theorem 3.3,η∗

r andηv can be chosen so that the productsη∗
r ηr and

η∗
vηv equal any strictly positive initial and final probability densities fixed in advance. Define the forwar

backward Markov transition semi-groups fors � r � t � u andj, k, l ∈ Rd by:

p(t, k, u, dl) = ηu(l)

ηt (k)
h(t, k, u, dl), (5.1)

and

p∗(s, dj, t, k) = η∗
s (j)

η∗
t (k)

h†(s, dj, t, k). (5.2)

The adjointness relation betweenH andH †:

h(s, j, t, dk)λ(dj) = h†(s, dj, t, k)λ(dk)

shows that the following reversibility condition holds:

η∗
s (dj)ηs(j)p(s, j, t, dk) = η∗

s (dj)h(s, j, t, dk)ηt(k)

= η∗
s (j)h†(s, dj, t, k)ηt(dk)

= p∗(s, dj, t, k)η∗
t (dk)ηt (k). (5.3)
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Let us stress that this property generalizes the one understood, since Kolmogorov, as defining the reversibility of a
probability measure (cf., for example, [10]). More generally we have

η∗
t1
(dk1)ηt1(k1)p(t1, k1, t2, dk2) · · ·p(tn−1, kn−1, tn, dkn)

= η∗
t1
(dk1)h(t1, k1, t2, dk2) · · ·h(tn−1, kn−1, tn, dkn)ηtn(kn)

= η∗
t1
(k1)h

†(t1, dk1, t2, k2) · · ·h†(tn−1, dkn−1, tn, kn)ηtn (dkn)

= p∗(t1, k1, t2, dk2) · · ·p∗(tn−1, dkn−1, tn, kn)η
∗
tn
(kn)ηtn(dkn),

hence the forward Markov process with transitionp(s, j, t, dk) and initial law η∗
s (dj)ηs(j) has the same law

η∗
t (dk)ηt (k) as the backward Markov process with transitionp∗(t, dk,u, l) and final lawη∗

u(dl)ηu(l), s � t � u.
This argument is made precise in the next two propositions, without assuming thatη∗

r (dk), respectivelyηv(dk),
has a density with respect toλ(dk).

Proposition 5.1.Letη∗
r (di) andηv :Rd → R+ be initial and final conditions such that for somet ∈ [r, v],∫

Rd

η∗
t (dk)ηt (k) = 1,

where

η∗
t (dk) =

∫
Rd

η∗
r (di)h(r, i, t, dk), ηt (k) =

∫
Rd

ηv(m)h(t, k, v, dm) = e−(v−t )Hηv(k), (5.4)

r < t < v, and let us define

p(t, k, u, dl) = ηu(l)

ηt (k)
h(t, k, u, dl). (5.5)

Then

(i) p(t, k, u, dl) is a forward Markov transition kernel,
(ii) the inhomogeneous Markov process(zt )t∈[r,v] with forward transition kernelp(t, k, u, dl) and initial

distributionηs(j)η∗
s (dj) satisfies

P(zt ∈ dk |Ps ∨Fu) = P(zt ∈ dk | zs, zu), r � s < t < u � v, (5.6)

i.e. it is a Bernstein(or reciprocal, or “local Markov” [8]) process,
(iii) the law at timet of zt is ρt (dk) = ηt (k)η∗

t (dk), t ∈ [r, v].

If moreoverH andH † are adjoint with respect to some fixed reference measureλ:

h(s, j, t, dk)λ(dj) = h†(s, dj, t, k)λ(dk), (5.7)

andη∗
s (dj) = η∗

s (j)λ(dj) is absolutely continuous with respect toλ, then

(iv) for all t < u, η∗
t (dk) is absolutely continuous with respect toλ, with density

η∗
t (k) =

∫
Rd

η∗
s (j)h†(s, dj, t, k) = e−(t−s)H†

η∗
s (k), r � s < t,

(v) (zt )t∈[r,v] is also a backward Markov process with transition kernel

p∗(s, dj, t, k) = η∗
s (j)

η∗
t (k)

h†(s, dj, t, k), r � s < t, (5.8)
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d
ous
(vi) the law ofzt at timet is ηt (k)η∗
t (k)λ(dk).

Proof. The fact(i) thatp(s, j, t, dk) is a Markov transition kernel follows from the definition ofηt (k) itself:∫
Rd

p(t, k, u, dl)p(u, l, v, dm) = ηv(m)

ηt (k)

∫
Rd

h(t, k, u, dl)h(u, l, v, dm)

= ηv(m)

ηt (k)
h(t, k, v, dm) = p(t, k, v, dm).

The existence of the inhomogeneous Markov process(zt )t∈[r,v] follows from e.g. Theorem 4.1.1 of [13] applie
on the (complete separable) spaceRd . More precisely, [13] yields the existence of the space-time homogene
Markov process(t, zt )t∈[r,v] with transition semigroup

p̃
(
(t, k), s, (du, dl)

) = p(t, k, u, dl)δt+s(du).

Let us show that (5.6) holds for this forward Markov process. We have, forr � t1 < t2 < · · · < tn � v,

P(zt1 ∈ dk1, . . . , ztn ∈ dkn)

= η∗
t1
(dk1)ηt1(k1)p(t1, k1, t2, dk2) · · ·p(tn−1, kn−1, tn, dkn)

= η∗
t1
(dk1)h(t1, k1, t2, dk2) · · ·h(tn−1, kn−1, tn, dkn)ηtn(kn).

In particular, using (5.5),

P(zs ∈ dj, zu ∈ dl) = η∗
s (dj)ηs(j)p(s, j, u, dl) = η∗

s (dj)h(s, j, u, dl)ηu(l),

and

P(zs ∈ dj, zt ∈ dk, zu ∈ dl) = η∗
s (dj)h(s, j, t, dk)h(t, k, u, dl)ηu(l).

HenceP(zt ∈ dk | zs = j, zu = l) satisfiesη∗
s (dj)-a.e.:

P(zt ∈ dk | zs = j, zu = l)h(s, j, u, dl) = h(s, j, t, dk)h(t, k, u, dl).

This gives, withs1 < s2 < · · · < sn < t < u1 < · · · < um, and introducing the Bernstein kernelh(sn, jn, t,A,u1, l1)

= P(zt ∈ A | zsn = jn, zu1 = l1) of Section 3,

P(zs1 ∈ dj1, . . . , zsn ∈ djn, zt ∈ A, zu1 ∈ dl1, . . . , zum ∈ dlm)

=
∫
A

η∗
s1

(dj1)h(s1, j1, s2, dj2) · · ·h(sn, jn, t, dk)

h(t, k, u1, dl1) · · ·h(um−1, lm−1, um, dlm)ηum(lm)

= h(sn, jn, t,A,u1, l1)η
∗
s1

(dj1)h(s1, j1, s2, dj2) · · ·h(sn−1, jn−1, sn, djn)h(sn, jn, u1, dl1)

h(u1, l1, u2, dl2) · · ·h(um−1, lm−1, um, dlm)ηum(lm)

= h(sn, jn, t,A,u1, l1)P (zs1 ∈ dj1, . . . , zsn ∈ djn, zu1 ∈ dl1, . . . , zum ∈ dlm),

hence

P(zt ∈ dk |Psn ∨Fu1) = h(sn, zsn, t, dk,u1, zu1) = P(zt ∈ dk | zsn, zu1).

Finally, under the condition (5.7) we have

η∗
t (dk) =

∫
d

η∗
s (dj)h(s, j, t, dk) =

∫
d

η∗
s (j)h(s, j, t, dk)λ(dj) =

∫
d

η∗
s (j)h†(s, dj, t, k)λ(dk).
R R R
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given

kov
ly to
The process(zt )t∈[r,v] being constructed from the forward kernel (3.2), we show that its backward kernel is
by (3.3) when (5.7) holds; we have

P(zs ∈ A, zt1 ∈ dk1, . . . , ztn ∈ dkn)

=
∫
A

η∗
s (k)h†(s, dj, t1, k1) · · ·h†(tn−1, dkn−1, tn, dkn)ηtn(dkn)

=
∫
A

p∗(s, dj, t1, k1) · · ·p∗(tn−1, dkn−1, tn, kn)η
∗
tn
(dkn)ηtn(kn)

= p∗(s,A, t1, k1)p
∗(t1, dk1, t2, k2) · · ·p∗(tn−1, dkn−1, tn, kn, )η

∗
tn
(dkn)ηtn(kn)

= p∗(s,A, t1, k1)P (zt1 ∈ dk1, . . . , ztn ∈ dkn),

hence(zt )t∈[r,v] is also backward Markovian with transition kernelp∗(s, dj, t1, k1). �
Relation (5.4) can be written as

−∂η∗
t (dk)

∂t
= H †η∗

t (dk) and
∂ηt

∂t
(k) = Hηt(k), t ∈ [r, v].

The following similar proposition shows that Markovian bridges can also be constructed from backward Mar
processes. Propositions 5.1 and 5.2 complete the proof of Theorem 3.2. Proposition 5.2 next is proved similar
Proposition 5.1.

Proposition 5.2.Letη∗
r :Rd → R+ andηv(dm) be initial and final conditions such that for somet ∈ [r, v],∫

Rd

η∗
t (k)ηt (dk) = 1,

where

ηt (dk) =
∫
Rd

ηv(dm)h†(t, dk, v,m), η∗
t (k) =

∫
Rd

η∗
r (i)h

†(r, di, t, k) = e−(t−r)H†
η∗

r (k), (5.9)

r < t < v, and

p∗(s, dj, t, k) = η∗
s (j)

η∗
t (k)

h†(s, dj, t, k). (5.10)

Then

(i) p∗(s, dj, t, k) is a backward Markov transition kernel,
(ii) the inhomogeneous backward Markov process(zt )t∈[s,u] with transition kernelp∗(s, dj, t, k) and final

distributionηu(dl)η∗
u(l) satisfies

P(zt ∈ dk |Ps ∨Fu) = P(zt ∈ dk | zs, zu), (5.11)

i.e. it is a Bernstein process.
(iii) the law at timet of zt is ρt (k) = ηt (k)η∗

t (dk).

If moreoverH andH † are adjoint with respect to a fixed reference measure, i.e.

h(t, k, u, dl)λ(dk) = h†(t, dk,u, l)λ(dl), (5.12)
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ckward

-

andηu(dl) = ηu(l)λ(dl) is absolutely continuous with respect toλ, then

(iv) ηt (dk) is absolutely continuous with respect toλ, with density

ηt (k) =
∫
Rd

ηu(l)h(t, k, u, dl) = e−(u−t )Hηu(k), t < u � v,

(v) (zt )t∈[r,v] is a forward Markov process with transition kernel

p(t, k, u, dl) = ηu(l)

ηt (k)
h(t, k, u, dl),

(vi) the law at timet of zt is ηt (k)η∗
t (k)λ(dk).

Relation (5.9) can be written as

−∂η∗
t

∂t
(k) = H †η∗

t (k) and
∂ηt

∂t
(dk) = Hηt(dk) t ∈ [r, v].

6. Generators

In this section we study the generators of Bernstein diffusions with jumps, solutions of forward and ba
stochastic integro-differential equations, under the assumptions of Theorem 3.2.

Definition 6.1.Forf ∈ S(Rd ) we define the forward generator (cf. Proposition 3.2) by

Lηt f (k) = 〈
c,∇f (k)

〉 + 1

2
�Bf (k) +

∫
Rd

(
f (k + y) − f (k) − 〈

y,∇f (k)
〉
1{|y|�1})

ηt (k + y)

ηt (k)
ν(dy)

+
∫
Rd

ηt (k + y) − ηt (k)

ηt (k)

〈
y,∇f (k)

〉
1{|y|�1}ν(dy) + 〈∇ logηt (k),∇f (k)

〉
B
,

and its backward counterpart by

L∗
η∗
t
f (k) = 〈

c,∇f (k)
〉 − 1

2
�Bf (k) −

∫
Rd

(
f (k − y) − f (k) + 〈

y,∇f (k)
〉
1{|y|�1}

)η∗
t (k − y)

η∗
t (k)

ν(dy)

+
∫
Rd

η∗
t (k − y) − η∗

t (k)

η∗
t (k)

〈
y,∇f (k)

〉
1{|y|�1}ν(dy) − 〈∇ logη∗

t (k),∇f (k)
〉
B
.

Note thatL∗
η∗
t

is not the adjoint ofLηt , which will be denoted, when needed, by(Lηt )
†. The proof of

Proposition 3.4 follows from the next proposition.

Proposition 6.2.The kernelsp(t, k, u, dl) andp∗(s, dj, t, k) of Propositions5.1and5.2, satisfy the partial integro
differential equations

∂p

∂u
(t, k, u, dl) = (Lηu)

†
l p(t, k, u, dl) (6.1)

(Kolmogorov forward or Fokker–Planck equation), and

∂p∗
(s, dj, t, k) = (L∗

η∗)†
jp(s, dj, t, k).
∂s s
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in
y.
f

The notation(Lηu)
†
l p(t, k, u, dl), respectively(L∗

η∗
s
)
†
jp(s, dj, t, k), means thatLηu , respectivelyL∗

η∗
s
, acts on

the variablel, respectivelyk, i.e. Proposition 6.2 states that

∂

∂u

∫
Rd

f (l)p(t, k, u, dl) =
∫
Rd

Lηuf (l)p(t, k, u, dl),

respectively

∂

∂s

∫
Rd

f (j)p∗(s, dj, t, k) =
∫
Rd

L∗
η∗
s
f (j)p(s, dj, t, k).

In order to prove Proposition 6.2 we will need the following.

Lemma 6.3. For f,g ∈ S(Rd), the carré du champ operators[17,28] associated to−H and −H † are given
respectively by


(f,g)(k) = U(k)f (k)g(k) + 〈∇f (k),∇g(k)
〉
B

+
∫
Rd

(
f (k + y) − f (k)

)(
g(k + y) − g(k)

)
ν(dy),

and


†(f, g)(k) = U(k)f (k)g(k) + 〈∇f (k),∇g(k)
〉
B

+
∫
Rd

(
f (k − y) − f (k)

)(
g(k − y) − g(k)

)
ν(dy).

Proof. An elementary computation shows that

−H(fg) = −f Hg − gHf + 
(f,g),

and

−H †(fg) = −fHg − gHf + 
†(f, g),

which is the definition of
(f,g) and
†(f, g). �
Let the operatorsDt andD∗

t be defined informally by

Dtf = 1

ηt

(
∂

∂t
− H

)
(ηtf )

and

D∗
t f = 1

η∗
t

(
∂

∂t
+ H †

)
(η∗

t f ).

By an adaptation of the method of [1] one shows thatDt and D∗
t are densely defined operators

L2(Rd , η∗
t (k)ηt (k)λ(dk)). They will be called afterwards, the forward and backward derivatives, respectivel

The following lemma provides a decomposition ofDt and D∗
t which will be useful in the proof o

Proposition 6.2.

Lemma 6.4.We have

Dt = ∂

∂t
+Lηt and D∗

t = ∂

∂t
+L∗

η∗
t
.

Proof. We have
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Dtft (k) =
(

∂

∂t
− H

)
ft (k) + ft (k)

ηt (k)

(
∂

∂t
− H

)
ηt (k) + 1

ηt (k)

(ηt , ft )(k)

= ∂ft

∂t
(k) − V (i∇)ft (k) + 〈∇ logηt (k),∇ft (k)

〉
B

+
∫
Rd

ηt (k + y) − ηt (k)

ηt (k)

(
ft (k + y) − ft (k)

)
ν(dy)

= ∂ft

∂t
(k) + 〈

c,∇ft (k)
〉 + 1

2
�Bft(k) +

∫
Rd

(
ft (k + y) − ft (k) − 〈

y,∇ft (k)
〉
1{|y|�1}

)
ν(dy)

+ 〈∇ logηt ,∇ft (k)
〉
B

+
∫
Rd

ηt (k + y) − ηt (k)

ηt (k)

(
ft (k + y) − ft (k)

)
ν(dy)

= ∂ft

∂t
(k) + 〈

c,∇ft (k)
〉 + 1

2
�Bft(k)

+
∫
Rd

(
ηt (k + y)

ηt (k)

(
ft (k + y) − ft (k)

) − 〈
y,∇ft (k)

〉
1{|y|�1}

)
ν(dy) + 〈∇ logηt ,∇ft (k)

〉
B

= ∂ft

∂t
(k) + 〈

c,∇ft (k)
〉 + 〈∇ logηt ,∇ft (k)

〉
B

+ 1

2
�Bft (k)

+
∫
Rd

(
ft (k + y) − ft (k) − 〈

y,∇ft (k)
〉
1{|y|�1}

)ηt (k + y)

ηt (k)
ν(dy)

+
∫
Rd

ηt (k + y) − ηt (k)

ηt (k)

〈
y,∇ft (k)

〉
1{|y|�1}ν(dy)

=
(

∂

∂t
+Lηt

)
ft (k).

The proof forD∗
t is similar. �

Now we can easily prove Proposition 6.2.

Proof. We have for anyf ∈ S(Rd ), using the decompositions of Lemma 6.4:

ηt (k)
∂

∂u

∫
Rd

f (l)p(t, k, u, dl) = ∂

∂u

∫
Rd

f (l)ηu(l)h(t, k, u, dl) = ∂

∂u

[
e−(u−t )H (f ηu)(k)

]

=
∫
Rd

f (l)
∂ηu

∂u
(l)h(t, k, u, dl) −

∫
Rd

Hf (l)ηu(l)h(t, k, u, dl)

=
∫
Rd

ηt (l)Duf (l)h(t, k, u, dl) =
∫
Rd

ηu(l)Lηuf (l)h(t, k, u, dl)

= ηt (k)

∫
Rd

Lηuf (l)p(t, k, u, dl) = ηt (k)

∫
Rd

f (l)(Lηu)
†
l p(t, k, u, dl).

The dual statement is proved similarly.�
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Proof of Proposition 3.4. Proposition 6.2 shows thatf (zv) − ∫ v

0 Lηuf (zu) du, v � 0, is a martingale for
f ∈ S(Rd ):

E
[
f (zv) − f (zv) |Ft

] =
v∫

t

∂

∂u
E

[
f (zu) |Ft

]
du =

v∫
t

E
[
Lηuf (zu) |Ft

]
du,

andf (zv)−
∫ v

0 Lηuf (zu) du, v � 0, is a local martingale forf ∈ C2(Rd ). A similar argument holds in the backwa
case. �

7. Uniqueness of reversible diffusions

In this section we show that for the class of potentials considered in this paper the processes constr
essentially the only Markovian reversible diffusionswith jumps. As defined in Proposition 5.1 let us recall th
more generally, a Bernstein process is a process(zt )t∈[r,v] such that

P(zt ∈ dk |Ps ∨Fu) = P(zt ∈ dk | zs, zu), r � s < t < u � v, (7.1)

where(Pt )t∈[r,v], respectively(Ft )t∈[r,v], denotes the increasing, respectively decreasing, filtration generated
(zt )t∈[r,v]. Jamison’s construction of Bernstein processes [24] is still valid in the jump case. It requires the
a probability measureν onRd × Rd and a Bernstein transition kernel, i.e. a kernelh(s, j, t, dk,u, l) satisfying the
counterpart of the Chapman–Kolmogorov equation:∫

A

h(s, j, t,B,u, l)h(s, j, u, dl, v,m) =
∫
B

h(s, j, t, dk, v,m)h(t, k, u,A,v,m), (7.2)

for A,B ∈ B(Rd). From [24] we know that there exists for these data a unique (in general not Markovian) Be
process(zt )t∈[r,v] such that

(a) P(zr ∈ B, zv ∈ C) = ν(B × C),
(b) P(zt ∈ B | zs, zu) = h(s, zs , t,B,u, zu), r � s < t < u � v.

The finite dimensional distribution of(zt )t∈[r,v] is given by

P(zr ∈ A, zt1 ∈ B1, . . . , ztn ∈ Bn, zv ∈ C)

=
∫

A×C

ν(dj, dl)

∫
B1

h(r, i, t1, dk1, v,m) · · ·
∫
Bn

h(tn−1, kn−1, tn, dkn, v,m), (7.3)

cf. [24].
Our construction of Markovian Bernstein processes did not follow, however, the above procedure. Inst

started from the data ofU andV , definingH = U + V (i∇) (Definition 2.1), i.e. from the Lévy process(ξt )t∈[r,v],
and from boundary conditionsη∗

r andηv , allowing to construct a Markov transition kernels with the solution
the adjoint heat equations (3.4). Then we showed that the corresponding Markov process is a Bernstein p

Conversely, under the additional hypothesis (7.4) and (7.5) on the kernelh(s, j, t, dk,u, l) of a Bernstein
process, it is possible to show that if a Bernstein process is Markovian then it is the process desc
Theorem 3.2. This extends Theorem 3.1 of [24] and Theorem 3.3 of [31] to the case whereh(t, dk,u, dl) and
h†(s, dj, t, k) are not absolutely continuous with respect to a reference measure.

Theorem 7.1.Assume thatH andH † are adjoint with respect to a measureλ. Then the conditions

h(s, j, t, dk,u, l)h(s, j, u, dl) = h(s, j, t, dk)h(t, k, u, dl), λ(dj)-a.e., (7.4)
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to

to

e

y

and

h(s, j, t, dk,u, l)h†(s, dj,u, l) = h†(s, dj, t, k)h†(t, dk,u, l), λ(dl)-a.e., (7.5)

are equivalent. Moreover,

(a) Let (zt )t∈[r,v] denote the Bernstein process with kernelh(s, j, t, dk,u, l) satisfying(7.4). Then the following
are equivalent:
(i) the process(zt )t∈[r,v] is forward Markovian andp(t, k, u, dl) is absolutely continuous with respect

h(t, k, u, dl),
(ii) there exists a measureη∗

r (di) and a positive density functionηv(m) such that

P(zr ∈ A, zv ∈ B) =
∫

A×B

η∗
r (di)h(r, i, v, dm)ηv(m).

(b) Assume thath(s, j, t, dk,u, l) satisfies(7.5). Then the following are equivalent:
(iii) there exists a positive density functionη∗

r (i) and a probabilitymeasureηv(dm) such that

P(zr ∈ A, zv ∈ B) =
∫

A×B

η∗
r (i)h

†(r, di, v,m)ηv(dm).

(iv) the process(zt )t∈[r,v] is backward Markovian andp∗(s, dj, t, k) is absolutely continuous with respect
h†(s, dj, t, k).

If η∗
r (di) = η∗

r (i)λ(di) andηv(dl) = ηv(l)λ(dl) are absolutely continuous with respect to a fixed measurλ,
then(i), (ii) , (iii) and (iv) are equivalent.

Proof. Under the adjointness hypothesis ofH andH † with respect toλ:

h†(s, dj, t, k)λ(dk) = h(u, j, t, dk)λ(dj),

conditions (7.4) and (7.5) are equivalent since, then,

h(s, j, t, dk,u, l)h(s, j, u, dl)λ(dj) = h(s, j, t, dk,u, l)h†(s, dj,u, l)λ(dl),

and

h(s, j, t, dk)h(t, k, u, dl)λ(dj) = h†(s, dj, t, k)λ(dl)h†(t, dk,u, l).

The implications (ii)⇒ (i), (iv) ⇒ (iii) follows from Propositions 7.4, 7.5, and (i)⇒ (ii), (iii) ⇒ (iv) will follow
from Propositions 7.2, 7.3. Under the self-adjointness assumption (5.7), the equivalence (i)⇔ (iii) follows from
Propositions 5.1 and 5.2, which show that the Bernstein process(zt )t∈[r,v] is forward Markovian if and only if it is
backward Markovian. �
Proposition 7.2.Assume that the Bernstein kernelh(s, j, t, dk,u, l) satisfies

h(s, j, t, dk,u, l)h(s, j, u, dl) = h(s, j, t, dk)h(t, k, u, dl), ρs(dj)-a.e., (7.6)

whereρs is the law ofzs , r � s � v. If the Bernstein process(zt )t∈[r,v] is forward Markovian andp(t, k, v, dm)

is absolutely continuous with respect toh(t, k, v, dm), then there exists a measureη∗
r (di) and a positive densit

functionηv(m) such that

P(zr ∈ di, zv ∈ dm) = η∗
r (di)h(r, i, v, dm)ηv(m), r < v. (7.7)

Moreover we have

p(r, i, t, dk) = ηt (k)
h(r, i, t, dk), (7.8)
ηr(i)
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ηt (k) =
∫
Rd

ηv(m)h(t, k, v, dm), η∗
t (dk) =

∫
Rd

η∗
r (di)h(r, i, t, dk), r � t � v. (7.9)

Proof. Let us assume that(zt )t∈[r,v] is Markovian, with transition kernelp(t, k, u, dl). Letρr(di) denote an initial
law of (zt )t∈[r,v]. We have

P(zr ∈ A, zt ∈ B, zv ∈ C) =
∫
A

ρr(di)

∫
B

p(r, i, t, dk)

∫
C

p(t, k, v, dm). (7.10)

On the other hand,

P(zr ∈ A, zt ∈ B, zv ∈ C) =
∫
A

ρr(di)

∫
C

p(r, i, v, dm)

∫
B

h(r, i, t, dk, v,m). (7.11)

Equating (7.10) and (7.11), we obtain

p(r, i, t, dk)p(t, k, v, dm) = p(r, i, v, dm)h(r, i, t, dk, v,m),

which, using (7.6), gives

p(r, i, v, dm) = h(r, i, v, dm)
p(r, i, t, dk)

h(r, i, t, dk)

p(t, k, v, dm)

h(t, k, v, dm)
, (7.12)

and

ν(A × C) =
∫
A

ρr(di)

∫
C

p(r, i, v, dm)

=
∫

A×C

ρr(di)
p(r, i, t, dk)

h(r, i, t, dk)
h(r, i, v, dm)

p(t, k, v, dm)

h(t, k, v, dm)
.

Let us fix(t0, k0) ∈ R+ × Rd , and define

ηv(m) = c(t0, k0)
p(t0, k0, v, dm)

h(t0, k0, v, dm)
, (7.13)

and

η∗
r (di) = 1

c(t0, k0)

p(r, i, t0, dk0)

h(r, i, t0, dk0)
ρr (di), (7.14)

wherec(t0, k0) is a normalization constant equal toηt0(k0) after integrating indm the relation

ηv(m)h(t0, k0, v, dm) = c(t0, k0)p(t0, k0, v, dm).

From (7.10), (7.12), (7.13) and (7.14) we have

P(zr ∈ di, zv ∈ dm) = ρr(di)p(r, i, v, dm) = η∗
r (di)h(r, i, v, dm)ηv(m),

i.e. (7.7) holds. Finally, from (7.3) and (7.6) we have

P(zr ∈ di, zt ∈ dk) =
∫
Rd

η∗
r (di)h(r, i, v, dm)ηv(m)h(r, i, t, dk, v,m)

=
∫
Rd

η∗
r (di)h(r, i, t, dk)h(t, k, v, dm)ηv(m)

= η∗
r (di)h(r, i, t, dk)ηt(k),
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andP(zr ∈ di) = η∗
r (di)ηr(i), which proves (7.8). �

In the backward Markovian case we have the followingresult, which is proved similarly to Proposition 7.2.

Proposition 7.3.Assume that the Bernstein kernelh(s, j, t, dk,u, l) satisfies

h(s, j, t, dk,u, l)h†(s, dj,u, l) = h†(s, dj, t, k)h†(t, dk,u, l), ρu(dl)-a.e., (7.15)

whereρu is the law ofzu, r � u � v. If the Bernstein process(zt )t∈[r,v] is backward Markovian andp∗(r, di, t, k)

is absolutely continuous with respect toh†(r, di, t, k), then there exists a positive density functionη∗
r (i) and a

measureηv(dm) such that

P(zr ∈ di, zv ∈ dm) = ηr(i)h
†(r, di, v,m)η∗

v(dm).

Moreover we have

p∗(t, dk, v,m) = η∗
t (k)

η∗
v(m)

h†(t, dk, v,m), (7.16)

with

ηt (dk) =
∫
Rd

ηv(dm)h†(t, dk, v,m), η∗
t (k) =

∫
Rd

η∗
r (i)h

†(r, di, t, k), r � t � v.

The following is a converse to Proposition 7.2.

Proposition 7.4.Assume that there exists a measureη∗
r (di) and a positive density functionηv(m) such that

ν(A × B) = P(zr ∈ A, zv ∈ B) =
∫

A×B

η∗
r (di)h(r, i, v, dm)ηv(m). (7.17)

Then the Bernstein process(zt )t∈[r,v] with kernelh(s, j, t, dk,u, l) satisfying the conditions(7.4) or (7.5) is
forward Markovian andp(t, k, u, dl) is absolutely continuous with respect toh(t, k, u, dl), and given by(7.8).

Proof. From (7.3), (7.4) and (7.17) we have

P(zt1 ∈ dk1, . . . , ztn ∈ dkn, zu ∈ dl)

=
∫
Rd

η∗
r (di)h(r, i, t1, dk1) · · ·h(tn, kn, u, dl)

∫
Rd

ηv(m)h(u, l, v, dm)

= P(zt1 ∈ dk1, . . . , ztn ∈ dkn)h(tn, kn, u, dl)

∫
Rd ηv(m)h(u, l, v, dm)∫

Rd ηv(m)h(tn, kn, v, dm)
,

hence

p(tn, kn,u, dl) =
∫

Rd ηv(m)h(u, l, v, dm)∫
Rd ηv(m)h(tn, kn, v, dm)

h(tn, kn, u, dl). �
Of course, from (7.3), (7.5) and (7.18), it is also true that

Proposition 7.5.Assume that there exists a positive density functionη∗
r (i) and a measureηv(dm) such that

P(zr ∈ A, zv ∈ B) =
∫

η∗
r (i)h

†(r, di, v,m)ηv(dm). (7.18)
A×B
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riational
fore. We
Then the Bernstein process(zt )t∈[r,v] with kernelh(s, j, t, dk,u, l) satisfying(7.4)or (7.5)is backward Markovian
andp∗(s, dj, t, k) is absolutely continuous with respect toh†(s, dj, t, k), and given by(7.16).

8. Variational characterization

In this section we use the approach to stochastic control for jump processes of [15,29], to obtain a va
characterization of the Markovian Bernstein processes (or reversible diffusions) with jumps considered be
consider the stochastic control problem inff J (t, k;f ) with action functional

J (t, k;f ) = E(t,k)

[ v∫
t

L
(
z(s), fs

)
ds − logηv

(
z(v)

)]
, (8.1)

whereE(t,k) denotes the conditional expectation given{zt = k}, and the LagrangianL(k,f ) is defined informally
as

L(k,f ) = Lf logf (k) + 1

f (k)
Hf (k), f ∈ S(Rd ), f > 0,

whereLf is defined at the beginning of Section 3.2. We have explicitly

L(k,f ) =
∫
Rd

(
f (k) − f (k + y)

f (k)
+ f (k + y)

f (k)
log

f (k + y)

f (k)

)
ν(dy) + 1

2

〈∇ logf (k),∇ logf (k)
〉
B

+ U(k)

=
∫
Rd

g

(
δf (k, y)

f (k)

)
ν(dy) + 1

2

〈∇ logf (k),∇ logf (k)
〉
B

+ U(k),

with g(x) = (1+ x) log(1+ x) − x andδf (k, y) = f (k + y) − f (k). In particular, whenf = ηt ,

L(k,ηt ) = Lηt logηt (k) + 1

ηt (k)
Hηt (k)

= Lηt logηt (k) + 1

ηt (k)

∂

∂t
ηt (k)

= Lηt logηt (k) + ∂

∂t
logηt (k)

= Dt logηt (k).

Proposition 8.1.The dynamic programming equation with final boundary condition

∂At

∂t
(k) + min

f

[
Lf At(k) + L(k,ft )

] = 0, Av = − logηv, (8.2)

associated to the action functional(8.1) has the solutionAt = − logηt , the minimum inf being attained on
ft (k) = ηt (k), i.e. whenAt is solution of the Hamilton–Jacobi–Bellman equation

∂At

∂t
(k) = −U(k) − 1

2

(
�BAt(k) − 〈∇At(k),∇At(k)

〉
B

)
+

∫
Rd

(
e−At (k+y)+At(k) − 1+ 1{|y|�1}

〈
y,∇At(k)

〉)
dν(y) − 〈

c,∇At(k)
〉
. (8.3)
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Proof. We first show that forgt (k) > 0:

min
f

[−Lft loggt (k) + L(k,ft )
] = 1

gt (k)
Hgt (k), (8.4)

and that the minimum is attained forft = gt . Let us define

F(k, y) = −ft (k + y)

ft (k)
log

gt (k + y)

gt (k)
+ ft (k + y)

ft (k)
log

ft (k + y)

ft (k)
− ft (k + y)

ft (k)
+ gt (k + y)

gt (k)
.

We have

L(k,ft ) −Lft loggt (k) − 1

ηt (k)
Hηt (k)

= −Lft log
gt (k)

ft (k)
+ 1

ft (k)
Hft (k) − 1

ηt (k)
Hηt (k)

=
∫
Rd

F (k, y)ν(dy) + 1

2

〈∇gt

gt

(k) − ∇ft

ft

(k),
∇gt

gt

(k) − ∇ft

ft

(k)

〉
B

�
∫
Rd

F (k, y)ν(dy).

Now, for all a > 0,

min
z∈R

(
za + a loga − a + e−z

) = 0,

hence takingz = − log(gt (k + y)/gt (k)) anda = ft (k + y)/ft (k), we haveF(k, y) � 0, and

L(k,ft ) −Lft loggt − 1

gt

Hgt = −Lft log
gt

ft

+ 1

ft

Hft − 1

gt

Hgt � 0.

The minimum (zero) being attained withf = gt , i.e.:

min
f

[
L(k,ft ) −Lft loggt

] = 1

gt

Hgt .

LettingAt = − loggt , the dynamic programming equation (8.2) becomes

∂At

∂t
+ eAt He−At = 0,

with solutionAt = − logηt . Finally, from the relation

�BAt = − 1

gt

�Bgt +
〈∇gt

gt

,
∇gt

gt

〉
B

,

we have

1

gt (k)
Hgt (k) = 1

gt (k)

(
U(k)gt (k) − 〈

c,∇gt (k)
〉 − 1

2
�Bgt(k)

−
∫
Rd

(
gt (k + y) − gt (k) − 〈

y,∇gt (k)
〉
1{|y|�1}

)
ν(dy)

)

= U(k) + 〈
c,∇At(k)

〉 + 1

2

(
�BAt − 〈∇At,∇At

〉
B

)
−

∫
d

(
e−At (k+y)+At(k) − 1+ 1{|y|�1}〈y,∇At 〉

)
dν,
R
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regarded

er
/2000,
for the

ics,
which yields (8.3). �
In the backward case we consider the action functional which is, informally, the time reversed of (8.1):

J ∗(t, k;f ∗) = E(t,k)

[ t∫
r

L∗(z(s), f ∗)ds − logη∗
r

(
z(r)

)]
(8.5)

with LagrangianL∗(k, f ∗) defined now as

L∗(k, f ∗) = −L∗
f ∗ logf ∗(k) + 1

f ∗(k)
H †f ∗(k), f ∗ ∈ S(Rd ).

We have

L∗(k, f ∗) =
∫
Rd

g

(
δ∗f ∗(k, y)

f ∗(k)

)
ν(dy) + 1

2

〈∇ logf ∗(k),∇ logf ∗(k)
〉
B

+ U(k),

with δ∗f ∗(k, y) = f ∗(k − y) − f ∗(k). In particular,

L∗(k, η∗
t ) = −D∗

t logη∗
t (k).

Similarly we have the following proposition.

Proposition 8.2.The backward dynamic programming equation with initial boundary condition

∂A∗
t

∂t
(k) + min

f ∗
[−L∗

f ∗A∗
t (k) + L

(
k,f ∗

t

)] = 0, A∗
r = − logη∗

r , (8.6)

associated to(8.5) has solutionA∗
t = − logη∗

t , the minimum inf ∗ being attained atf ∗
t (k) = η∗

t (k), andA∗
t is

solution of the backward Hamilton–Jacobi–Bellman equation

∂A∗
t

∂t
(k) = U(k) + 1

2

(
�BA∗

t (k) − 〈∇A∗
t (k),∇A∗

t (k)
〉
B

)
−

∫
Rd

(
e−A∗

t (k−y)+A∗
t (k) − 1− 1{|y|�1}

〈
y,∇A∗

t (k)
〉)

dν(y) − 〈
c,∇A∗

t (k)
〉
. (8.7)

In summary, we have shown here that the diffusion processes with jumps constructed before can also be
as minima of some stochastic action functionals associated with the startingH .
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