
Ann. I. H. Poincaré – PR38, 4 (2002) 507–556

 2002 Éditions scientifiques et médicales Elsevier SAS. All rights reserved

S0246-0203(01)01095-0/FLA

CONVERGENCE OF LOCAL TYPE DIRICHLET FORMS
TO A NON-LOCAL TYPE ONE

Y. OGURA a,1, M. TOMISAKI b,2, M. TSUCHIYA c,3

aDepartment of Mathematics, Saga University, Saga, Japan
bDepartment of Mathematics, Nara Women’s University, Nara, Japan

cDepartment of Mechanical Engineering,Kanazawa University, Kanazawa, Japan

Received 4 December 2000, revised 16 May 2001

ABSTRACT. – Convergence of Dirichlet forms of diffusion processes is investigated without
assuming that the underlying measures are fixed or compatible with a fixed one. Here we treat
the case where the basic processes are skew product of finite dimensional diffusions and one-
dimensional ones. We note the corresponding diffusions to the Dirichlet forms can be represented
as time changed processes of the basic processes, where the time change is given by the
additive functional associated with the underlying measure. Then the convergence of the Markov
semigroups of the obtained processes and the Feller property of the limit process are proved
by providing some convergence properties on additive functionals. The concrete expression on
a core for the limit Dirichlet form is also obtained, which may be of non-local type due to the
degeneracy of the underlying measure. Finally, under some regularity assumption, the partial
differential equation associated with the limit process is given, which is elliptic on infinitely
many disjoint strips with the non-local boundary condition including the boundary values on the
neighboring strips. 2002 Éditions scientifiques et médicales Elsevier SAS

RÉSUMÉ. – On étudie la convergence de la forme de Dirichlet des processus de diffusion sans
l’hypothèse que les mesures de base sont fixées ou compatibles avec une mesure fixée. Nous
traitons ici le cas où chaque processus fondamental est le produit semi-direct d’un processus
de diffusion de dimension finie et d’un processus de diffusion unidimensionnel. Nous notons
que les processus correspondants à la forme de Dirichlet peuvent être représentés comme des
processus changés de temps des processus fondamentaux. Le changement de temps est donné
par les fonctionnelles additives associées aux mesures de base. Nous démontrons la convergence
des semi-groupes des processus markoviens ainsi obtenus et la propriété Fellerienne du processus
limite en vérifiant la convergence des fonctionnelles additives. L’expression concrète de la forme
de Dirichlet sur un domaine dense est aussi obtenue. Elle peut être de type non local du fait de la
dégénérescence de la mesure de base du processus limite. Enfin, sous une certaine hypothèse sur
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régularité, nous présentons l’équation aux derivées partielles associée au processus limite. Il est
elliptique sur une infinité de bandes deux à deux disjointes et satisfait à une condition au bord
sur la frontière de chaque bande, en fonction des valeurs sur les bandes voisines. 2002 Éditions
scientifiques et médicales Elsevier SAS

1. Introduction

In the study of convergence of a sequence of Markov processes, the theory of Dirich-
let forms is one of the most useful tools. In fact, the notion of�-convergence and Mosco
convergence as well as a monotone convergence theorem derive a lot of interesting re-
sults (see [2,15,17,12,10,14,20], etc.). However, they are basically for a sequence of
Markov processes associated with Dirichlet forms on a fixed underlying Hilbert space,
which means that the underlying measures are fixed or at least compatible with a fixed
one.

In this article, we will be concerned with a sequence of diffusion processes whose
underlying measures of Dirichlet forms converge to a degenerate one. Especially, we
are interested in the case where a sequence of diffusion processes converges to a non-
local Markov process, which never happens unless the underlying measures degenerate.
As a prototype of such sequences, we adopt that of diffusion processes which are
skew products of finite dimensional diffusion processes and one-dimensional ones. This
enables us to express the semigroups as time changed processes of product diffusions
and obtain some properties such as convergence of semigroups and Feller property of the
limit process. The feature of the Dirichlet forms with degenerate underlying measures
and Dirichlet energy are already given in [7] using harmonic operators. We would notice
that those are actually expressed as a sum of local Dirichlet forms on the support of the
underlying measure and non-local Dirichlet forms on its boundaries. We will give the
explicit form of the Lévy measure for the Dirichlet form obtained as a limit of diffusion
processes in our setting (see Theorem 5.1 below). As is noted in [18] and [19], the
Dirichlet form of the type thus obtained corresponds to the second order differential
equation with non-local type boundary condition. Our simpler proof of Feller property
here offers another approach to this problem, which is actually an extension of the results
in [8]. However we must confess that this is fully based on the skew product structure,
and the rather tedious real analysis might be on stage if one deal with more general
processes. Finally, we would say that the results even in our case give a new type of
phenomena of the convergence of Dirichlet forms and well provide the rough shape of
formulas in forthcoming general settings.

This article is organized as follows. In the next Section 2, we set up our problem in
terms of Dirichlet forms and give an intuitive scope of our limit theorem. We establish
our limit theorem in Section 3, where we express the processes in terms of time change
by additive functionals and prove their convergence. In Section 4, we show the Feller
property of the semigroup of the limit process, using the expression of one-dimensional
diffusion processes by a Brownian motion and its local time. In Section 5, we give
the explicit form of the Dirichlet form associated with the limit process as a sum of
local and non-local Dirichlet forms under a little stronger conditions. We also give
several examples, in which we can compute the explicit formulas of Lévy measures and
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determine the domain of the Dirichlet forms except for the last one. In the final Section 6,
we study the partial differential equations for the resolvent of the limit process. The
obtained one is elliptic on infinitely many disjoint strips with the non-local boundary
condition including the boundary values on the neighboring strips.

2. Preliminaries

For E = R
d or E = R

d−1, we denote byC(E) the space of all bounded continuous
functions onE, and by Ĉ(E) the space of those functions inC(E) which vanish
at infinity. The set of all infinitely differentiable functions onE with compact
support is denoted byC∞

0 (E), while the Sobolev space of order one byH 1(E).
We also write asx = (x1, . . . , xd−1, xd) = (x′, xd) ∈ R

d−1 × R, and denote by dx,
dx′, dξ the d-dimensional,(d − 1)-dimensional, one-dimensional Lebesgue measure
respectively.

Let aij = aij (x′), i, j = 1,2, . . . , d −1, be a system of bounded measurable functions
onR

d−1 which compose a symmetric and uniformly elliptic matrix(aij )i,j=1,2,...,d−1. Let
alsoadd = add(ξ) be a bounded measurable function which is bounded from below by a
positive constant.

For eachn ∈N, letρ(n)
0 = ρ

(n)
0 (ξ) be a nonnegative bounded measurable function onR

andµ(n)
0 = µ

(n)
0 (x) a bounded measurable function onR

d which are bounded from below
by a positive constant. We now letµ(n)(dx)= µ

(n)
0 (x)dx and consider the Dirichlet form

(E (n),F (n)) onL2(Rd,µ(n)) given by

E (n)(u, v)= 1

2

∫
Rd

{(
1+ ρ

(n)
0

(
xd
)) d−1∑

i,j=1

aij (x′)∂xiu(x)∂xj v(x)

+ add
(
xd
)
∂xdu(x)∂xd v(x)

}
dx, (2.1)

F (n) =H 1(
R

d
)
, (2.2)

where the derivatives∂xiu := ∂u/∂xi , 1 � i � d, are taken in the distribution sense. It
then follows that the Dirichlet form(E (n),F (n)) onL2(Rd,µ(n)) is regular, so that there
exists an associated Hunt processX(n) onR

d (see [7]). It is also known that the associated
semigroup{p(n)

t : t > 0} onL2(Rd,µ(n)) is Markovian in the sense that 0� p
(n)
t f � 1,

a.e. whenever 0� f � 1, a.e. ([7]).

PROPOSITION 2.1. – For eachn ∈ N, {p(n)
t : t > 0} is a Feller semigroup on̂C(Rd).

Namely,

p(n)
t

(
Ĉ
(
R

d
))⊂ Ĉ

(
R

d
)
, t > 0,

lim sup
t↓0 x∈Rd

∣∣p(n)
t f (x)− f (x)

∣∣= 0, f ∈ Ĉ
(
R

d
)
.

There exists a conservative diffusion processX(n) = (X
(n)
t , P (n)

x ) on R
d which has

{p(n)
t , t > 0} as the transition operator, that is,
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p(n)
t f (x)=E(n)

x

[
f
(
X(n)

t

)]
, t > 0, x ∈R

d, f ∈ Ĉ
(
R

d
)
,

whereE(n)
x stands for the expectation with respect toP (n)

x .

Proof. –Under the assumptions,L2(Rd,µ(n)) = L2(Rd,dx) and the space{u ∈
L2(Rd,µ(n)): ∂xiu ∈ L2(Rd,dx), 1 � i � d} coincides with the Sobolev spaceH 1(Rd).
Further, the normE (n)

1 ( , )1/2 is equivalent to the norm‖‖H1(Rd), whereE (n)
λ (u, v) =

E (n)(u, v) + λ(u, v)L2(Rd,µ(n)), λ > 0. Therefore we get the proposition by means of
results due to Nash [16], Stampacchia [21] and Kunita [11].✷

In what follows, we consider the convergence of the diffusion processesX(n) when
ρ
(n)
0 (ξ)dξ converge to a measureρ(dξ) andµ

(n)
0 (x)dx to µ(dx) in some sense. The

Dirichlet form (E,F) of the limit process could be supposed to be

E(u, v)= 1

2

∫
Rd

d−1∑
i,j=1

aij (x′)∂xiu(x)∂xj v(x)dx′
(
dxd + ρ

(
dxd
))

+ 1

2

∫
Rd

add
(
xd
)
∂xdu(x)∂xd v(x)dx. (2.3)

However this is not right as it stands, since we must consider it on the spaceL2(Rd,µ)

and the support of the measureµ is not necessarily equal to the whole spaceR
d . Actually

this is the very case we are interested in, and we will give the right answer in Section 5
below. To do this we study the rigorous form of the limit theorem and analyze the limit
processX. We also show the Feller property ofX under additional assumptions.

3. Limit theorem

In this section, we will give the limit theorem for the diffusion processes in the
previous section. Our assumptions are the following:

(A.1) The measuresρ(n)
0 (ξ)dξ converge vaguely to a Radon measureρ(dξ) on R.

(A.2) The functionsµ(n)
0 are decomposed asµ(n)

0 (x)= µ
(n)
1 (x′)µ(n)

2 (xd), andµ(n)
1 (x′)

converge uniformly to 1 and the measuresµ
(n)
2 (ξ)dξ converge vaguely to a

non-zero Radon measurem on R.
In order to get our limit theorem, we will express the approximating processX(n) by

means of time change. LetX′ = (X′
t , P

′
x ′) be the diffusion process onRd−1 associated

with the following Dirichlet form(E ′,F ′) onL2(Rd−1,dx′):

E ′(u, v)= 1

2

∫
Rd−1

d−1∑
i,j=1

aij (x′)∂xiu(x′)∂xj v(x′)dx′, (3.1)

F ′ =H 1(
R

d−1). (3.2)

We note that the transition operator{p′t , t > 0} of X′ has the Feller property as
in Proposition 2.1. Also let� = (ξt , P

�
ξ ) be the one-dimensional diffusion process

associated with the following Dirichlet form(E�,F�) onL2(R,dξ):
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E�(u, v)= 1

2

∫
R

u′(ξ)v′(ξ)add(ξ)dξ, F� =H 1(R).

In the following the sample pathsX′
t , ξt , etc. are sometimes denoted byX′(t), ξ(t), etc.

It is known that the diffusion process� has the local time �(t, ξ) which is continuous
with respect to(t, ξ ) ∈ [0,∞) × R and satisfies 2

∫
E  �(t, ξ)dξ = ∫ t0 IE(ξs)ds, t > 0,

for every measurable setE ⊂R ([9]), whereIE is the indicator for a setE. We set

f(n)(t)=
t∫

0

{
1+ ρ

(n)
0 (ξs)

}
ds = t + 2

∫
R

 �(t, ξ)ρ
(n)
0 (ξ)dξ, t � 0, (3.3)

f(t)= t + 2
∫
R

 �(t, ξ) ρ(dξ), t � 0, (3.4)

A(n)(t)=
t∫

0

µ
(n)
1

(
X′(f(n)(s)))µ(n)

2 (ξs)ds, t � 0, (3.5)

A(t)= 2
∫
R

 �(t, ξ)m(dξ), t � 0. (3.6)

Denote the right continuous inverses ofA(n)(t) andA(t) by τ
(n)
t andτt respectively.

Let us consider the time changed processX̃(n) defined by

X̃(n) = [(X′(f(n)(τ (n)
t

))
, ξ
(
τ (n)
t

))
, Px = P ′

x ′ ⊗ P�
xd , x = (x′, xd

) ∈R
d
]
. (3.7)

LEMMA 3.1. – X̃(n) is equivalent to the diffusion processX(n) defined in Section2.

Proof. –SinceP�
ξ (lim t→∞ f(n)(t) = ∞) = 1, ξ ∈ R, by virtue of [6], the Dirichlet

form of the skew productY(n) := [(X′(f(n)(t)), ξ(t)), Px = P ′
x ′ ⊗P�

xd
, x = (x′, xd) ∈R

d]
is given by (E (n),F (n)), where the underlying measure is dx. A(n)(t) is a positive
continuous additive functional ofY(n) in the strict sense with Revuz measureµ(n), which
has full quasi support. Therefore, in view of Theorem 6.2.1 in [7], the time changed
process̃X(n) is a Hunt process onRd and the Dirichlet form coincides with(E (n),F (n))

defined by (2.1), (2.2) with the underlying measureµ(n). Thus we get the conclusion.✷
Let X be the time changed process defined by

X= [(X′(f(τt )), ξ(τt )), Px = P ′
x ′ ⊗ P�

xd , x = (x′, xd
) ∈R

d
]
. (3.8)

Now our limit theorem is

THEOREM 3.2. – The diffusion processes̃X(n) converge toX in the sense that for the
transition operatorsp(n)

t ,

lim
n→∞p(n)

t f (x)=Ex

[
f
(
X′(f(τt )), ξ(τt ))], t > 0, x ∈ R

d, f ∈C
(
R

d
)
, (3.9)

whereEx stands for the expectation with respect toPx .
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Proof. –First we note that the setEt := [min0�s�t ξs,max0�s�t ξs] is compact and
 �(t, ξ)= 0 for ξ /∈Et , P�

ξ -a.s.,ξ ∈R. Hence by means of (A.1) and (A.2),

lim
n→∞ f(n)(t)= f(t), t � 0, P�

ξ -a.s., ξ ∈R, (3.10)

lim
n→∞A(n)(t)=A(t), t � 0, Px-a.s., x ∈R

d. (3.11)

By virtue of (3.11), it holds that

lim
n→∞ τ (n)

t = τt for t > 0 with τt− = τt , Px-a.s.x ∈R
d .

We should notice that

Px

(
lim
n→∞ τ (n)

t = τt
)= 1, t > 0, x ∈R

d . (3.12)

To this end, it is enough to show

P�
ξ (τt− < τt)= 0, t > 0, ξ ∈R. (3.13)

In the case where supp[m] = R, τt is continuous and hence (3.13) is obvious. Let us
consider the case whereSm := supp[m] �= R. Then R \ Sm is denoted by a finite or
a countable disjoint union of open intervalsIk = (ak, bk), k ∈ K with the end points
belonging toSm ∪ {−∞, ∞}. Since at least one ofak, bk belongs toSm andτt− is a
Markov time of�, we find that forε > 0 andξ ∈R,

P�
ξ (τt − τt− > ε)�

∑
k∈K

P�
ξ

(
ξ(τt−) ∈ {ak, bk} ∩ Sm, ξu ∈ Ik for τt− < ∀u < τt− + ε

)
=∑

k∈K
E�

ξ

[
P�
ξ(τt−)(ξu ∈ Ik for 0< ∀u < ε); ξ(τt−) ∈ {ak, bk} ∩ Sm

]
.

The probability in the last term is zero because ofP�
ξ (ξu < ξ for 0< ∀u < ε)= P�

ξ (ξu >

ξ for 0< ∀u < ε)= 0, ξ ∈ R, ε > 0. Thus we obtain (3.13).
We next note that

Px

(
lim
n→∞ f(n)

(
τ (n)
t

)= f(τt )
)= 1, x ∈R

d, t > 0. (3.14)

Indeed,

∣∣f(n)(τ (n)
t

)− f(τt )
∣∣� ∣∣τ (n)

t − τt
∣∣+ 2

∫
R

∣∣ �(τ (n)
t , ξ

)−  �(τt , ξ )
∣∣ρ(n)

0 (ξ)dξ

+ 2
∣∣∣∣∫
R

 �(τt , ξ )ρ
(n)
0 (ξ)dξ −

∫
R

 �(τt , ξ ) ρ(dξ)
∣∣∣∣

≡ I + II + III .
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By virtue of (3.12), there is anno ∈ N such thatτ (n)
t � τt + 1, n � no, andI → 0 as

n→∞. Since �(t, ξ) is continuous in(t, ξ ) ∈ [0,∞)×R, (3.12) and (A.1) imply that

II � 2 sup
ξ∈Eτt+1

∣∣ �(τ (n)
t , ξ )−  �(τt , ξ )

∣∣ ∫
Eτt+1

ρ
(n)
0 (ξ)dξ → 0 asn→∞.

Since the setEτt is compact and �(τt , ξ ) = 0 for ξ /∈ Eτt , III → 0 as n → ∞.
Accordingly (3.14) follows.

By virtue of Lemma 3.1,

p(n)
t f (x)=Ex

[
f
(
X′(f(n)(τ (n)

t

))
, ξ
(
τ (n)
t

))]
. (3.15)

Combining this with (3.12) and (3.14),

lim
n→∞p(n)

t f (x)=Ex

[
f
(
X′(f(τt )), ξ(τt )

)]
, (3.16)

becausef ∈ C(Rd), andX′(t) andξ(t) are continuous int . ✷
Remark3.3. – By means of (3.12), (3.14) and (3.15), we also see that

lim
n→∞Ex

[
k∏

i=1

fi

(
X′(f(n)(τ (n)

ti

))
, ξ
(
τ (n)
ti

))]=Ex

[
k∏

i=1

fi

(
X′(f(τti )), ξ(τti )

)]
,

for x ∈ R
d, 0 < t1 < t2 < · · · < tk, fi ∈ C(Rd) (i = 1,2, . . . , k), k ∈ N, which shows

the convergence of finite dimensional distributions ofX̃(n) to those ofX.

4. Semigroup of the limit process

In this section we will show some properties of semigroup of the limit process
obtained in the previous section. Letµ(dx) be the product measure defined byµ(dx)=
dx′ × m(dxd), whose support,µ is given byR

d−1 × Sm. SinceP�
ξ (ξ(τt ) ∈ Sm, t �

0)= 1, ξ ∈R, it is enough to consider the restrictions off to ,µ for the right hand side
of (3.9). We denote them byptf (x), that is,

ptf (x)=Ex

[
f
(
X′(f(τt )), ξ(τt ))], t > 0, x ∈R

d , f ∈C(,µ). (4.1)

Furthermore we note thatptf (x) is essentially a function ofx ∈,µ. Letp′(t, x′, y′) be
the transition probability density of the diffusion processX′ andσ�

E the first hitting time
of the one-dimensional diffusion process� for a setE: σ�

E = inf{t > 0: ξt ∈E}.
PROPOSITION 4.1. – Letf ∈C(,µ), t > 0 andx = (x′, xd ) ∈R

d \,µ �= ∅. Then

ptf (x)=
∫

(y ′, yd , s)∈Rd−1×∂Sm×(0,∞)

ptf
(
y′, yd

)
p′(s, x′, y′)dy′

× P�
xd

(
f
(
σ�
Sm

) ∈ ds, ξ
(
σ�
Sm

) ∈ dyd
)
, (4.2)

where∂Sm stands for the boundary ofSm.
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Proof. –Let Y= (Yt ,Px) be the skew product ofX′ and� with respect tof(t) defined
by (3.4), that is,

Y= [Yt = (X′(f(t)), ξ(t)
)
, Px = P ′

x ′ ⊗ P�
xd , x = (x′, xd

) ∈R
d
]
. (4.3)

We note thatY is a diffusion process onRd . Sinceτt is a Markov time ofY and
τs+t (ω)= τs(ω)+ τt(ω

+
τs (ω)

) for 0� s � t , whereω+· stands for the shifted path ofω, by
means of the strong Markov property ofY,

Ex

[
f
(
Y (τs+t )

)]=Ex

[
EY(τs )

[
f
(
Y (τt)

)]]
, 0� s � t, x ∈R

d. (4.4)

We also note that, forx ∈R
d \,µ,

Px

(
τ0= σ�

Sm
> 0
)= 1,

Px

(
Y (τ0)= (X′(f(σ�

Sm

))
, ξ
(
σ�
Sm

)) ∈R
d−1× ∂Sm

)= 1.

Hence puttings = 0 in (4.4), we get forx ∈R
d \,µ,

Ex

[
f
(
X′(f(τt )), ξ(τt ))]=Ex

[
EY(τ0)

[
f
(
Y (τt)

)]]
=

∫
Rd−1×∂Sm

ptf (y)Px

(
Y (τ0) ∈ dy

)
=

∫
(y ′, yd)∈Rd−1×∂Sm

ptf (y)Px

(
X′(f(σ�

Sm

)) ∈ dy′, ξ
(
σ�
Sm

) ∈ dyd
)

=
∫

(y ′, yd, s)∈Rd−1×∂Sm×(0,∞)

ptf
(
y′, yd

)
P ′
x ′(X

′
s ∈ dy′)

× P�
xd

(
f
(
σ�
Sm

) ∈ ds, ξ
(
σ�
Sm

) ∈ dyd
)

=
∫

(y ′, yd, s)∈Rd−1×∂Sm×(0,∞)

ptf
(
y′, yd

)
p′(s, x′, y′)dy′

× P�
xd

(
f
(
σ�
Sm

) ∈ ds, ξ
(
σ�
Sm

) ∈ dyd
)
.

This shows (4.2). ✷
Remark4.2. – If R \ Sm �= ∅, thenR \ Sm is expressed by a finite or a countable

disjoint union of open intervalsIk with the end points belonging toSm ∪ {−∞, ∞}.
Suppose thatxd ∈ Ik ≡ (a, b). Then

σ�
Sm
=


σ�
b , −∞= a < b <∞,

min{σ�
a , σ�

b }, −∞< a < b <∞,

σ�
a , −∞< a < b=∞,

P�
xd -a.s.,

whereσ�
p is the first hitting time to a pointp. Hence

P�
xd

(
f
(
σ�
Sm

) ∈ ds, ξ
(
σ�
Sm

) ∈ dyd
)
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=



P�
xd

(
f
(
σ�
b

) ∈ ds
)
δb(dyd), −∞= a < b <∞,

P�
xd

(
f
(
σ�
a

) ∈ ds, σ�
a < σ�

b

)
δa
(
dyd
)

+ P�
xd

(
f
(
σ�
b

) ∈ ds, σ�
b < σ�

a

)
δb
(
dyd
)
,

−∞< a < b <∞,

P�
xd

(
f
(
σ�
a

) ∈ ds
)
δa
(
dyd
)
, −∞< a < b =∞,

whereδp(dξ) is the unit measure concentrated at a pointp.

We next show that{pt, t > 0} is a Feller semigroup. Putl1= inf Sm, l2= supSm.

THEOREM 4.3. – Let us assume that
0∫

−∞
|ξ |m(dξ)=∞ if l1=−∞, (4.5)

∞∫
0

ξm(dξ)=∞ if l2=∞. (4.6)

Then it holds that

ptf ∈ C
(
R

d
)∩ Ĉ(,µ) for t > 0, f ∈ Ĉ(,µ), (4.7)

lim sup
t↓0 x∈,µ

∣∣ptf (x)− f (x)
∣∣= 0 for f ∈ Ĉ(,µ). (4.8)

For the proof of Theorem 4.3, we prepare some lemmas.
First of all we give an expression ofptf (x) in terms of the one-dimensional Brownian

motionB= (Bt ,P
B
ξ ). We set

s(ξ)=
ξ∫

0

{
1/add(η)

}
dη, ξ ∈R.

Obviously s(ξ) is a strictly increasing continuous function onR and s(−∞) =
−∞, s(∞)=∞. Since5−1 � add(ξ) � 5, ξ ∈ R, for some positive constant5> 1,
we see that

5−1|ξ |� |s(ξ)|� 5|ξ |, ξ ∈R. (4.9)

Denote byγ (ξ) the inverse ofs(ξ). Note thatγ ′(ξ)= add(γ (ξ)), a.e.ξ ∈R, and

5−1|ξ |� |γ (ξ)|� 5|ξ |, ξ ∈R.

For eacha ∈R, we set

7(t;a)= 2
∫
R

 B
(
t, s(ξ)− s(a)

)
dξ, t � 0,

where  B(t, ξ) is the local time of the Brownian motionB, that is,
∫ t

0 IE(Bs)ds =
2
∫
E  B(t, ξ)dξ , for measurable setsE ⊂ R. We denote byφ(t;a) the inverse of
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t �−→7(t;a). φ(t;a) is a strictly increasing continuous function int . We note that

7(t;a)= 2
∫
R

 B(t, η)γ ′
(
η+ s(a)

)
dη, t � 0. (4.10)

Therefore

t/5 � 7(t;a) � 5t, t � 0, a ∈R,

from which

t/5 � φ(t;a) � 5t, t � 0, a ∈R. (4.11)

Further we put

f(t;a)= t + 2
∫
R

 B
(
φ(t;a), s(ξ)− s(a)

)
ρ(dξ),

A(t;a)= 2
∫
R

 B
(
φ(t;a), s(ξ)− s(a)

)
m(dξ),

τ (t;a)= the right continuous inverse oft �−→A(t;a).
LEMMA 4.4. – It holds that for everyt > 0, x ∈R

d , f ∈C(,µ),

ptf (x)=EB
0

[
E′

x ′
[
f
(
X′

f(τ (t;xd);xd), γ
(
Bφ(τ(t;xd);xd) + s

(
xd
)))]]

, (4.12)

whereE′
x ′, EB

xd
stand for the expectations with respect toP ′

x ′, P B
xd

respectively, and the
right hand side of(4.12)should be read as

EB
0

[
E′

x ′ [f (X′
u, ξ)]|u=f(τ (t;xd);xd), ξ=γ (B

φ(τ (t;xd);xd )+s(xd))

]
.

Proof. –Following the terminology in [9],� is a diffusion process onR with the
scale functions(ξ) and thespeed measure2dξ . By virtue of argument in [9, Ch. 5],
�= (ξt , P

�
ξ ) is equivalent to the time changed process(γ (Bφt ),P

B
s(ξ)), where

7(t)= 2
∫
R

 B(t, ξ)γ ′(ξ)dξ = 2
∫
R

 B
(
t, s(ξ)

)
dξ,

φt = the inverse oft �−→7(t).

Since (Bt ,P
B
s(ξ)) is also equivalent to(Bt + s(ξ),P B

0 ), the process( �(t, ·),P�
ξ ) is

equivalent to( B(φ(t; ξ), s(·) − s(ξ)),P B
0 ) and (ξt , P

�
ξ ) is equivalent to(γ (Bφ(t;ξ) +

s(ξ)),P B
0 ). Combining these facts with (4.1) and using of Fubini’s theorem, we get the

assertion of the lemma.✷
Remark4.5. – It should be noted thatD := (γ (Bφ(τ(t;ξ);ξ) + s(ξ)),P B

0 ) is a one-
dimensionalgeneralizeddiffusion process having the scale functions and the speed
measure 2m (cf. [9]). D is conservative becausem is a Radon measure onR. When
l1 >−∞ [l2 <∞], the boundaryl1 [l2] is regular reflectingin the sense of Feller [5].
When l1 = −∞ [l2 = ∞], the boundaryl1 [l2] is entranceor natural in the sense
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of Feller [5] according as the integral
∫ 0
−∞ |s(ξ)|m(dξ)[∫∞0 s(ξ)m(dξ)] converges or

diverges. The transition operator{pD
t } possesses the following properties:

pD
t

(
B(Sm)

)⊂ C(Sm), (4.13)

lim
ξ→li , ξ∈Sm

pD
t f (ξ)= 0 if li is natural and lim

ξ→li , ξ∈Sm
f (ξ)= 0, for eachi = 1, 2,

(4.14)

lim sup
t↓0 ξ∈Sm

∣∣pD
t f (ξ)− f (ξ)

∣∣= 0, f ∈ Ĉ(Sm), (4.15)

where B(Sm) stands for the space of all bounded measurable functions onSm. In
the case wherel1 [l2] is entrance, it happens that limξ→l1 [l2], ξ∈Sm pD

t f (ξ) �= 0 even if
limξ→l1 [l2], ξ∈Sm f (ξ)= 0.

LEMMA 4.6. – Let {an} be a sequence converging toa ∈R. Then

PB
0

(
lim
n→∞7(t;an)=7(t;a), t � 0

)= 1, (4.16)

PB
0

(
lim
n→∞φ(t;an)= φ(t;a), t � 0

)= 1, (4.17)

PB
0

(
lim
n→∞ f(t;an)= f(t;a), t � 0

)= 1, (4.18)

PB
0

(
lim
n→∞A(t;an)=A(t;a), t � 0

)= 1, (4.19)

PB
0

(
lim
n→∞ τ(t;an)= τ(t;a))= 1, t > 0, (4.20)

PB
0

(
lim
n→∞φ

(
τ(t;an);an)= φ

(
τ(t;a);a))= 1, t > 0, (4.21)

PB
0

(
lim
n→∞ f

(
τ(t;an);an)= f

(
τ(t;a);a))= 1, t > 0. (4.22)

Proof. –We setγa(dη) = γ ′(η + s(a))dη. The Radon measuresγan converge to the
Radon measureγa vaguely asan → a. Therefore (4.16) follows from (4.10) by the
same reason as for (3.10). (4.17) is a direct consequence of (4.16). We setρ̃(ξ ) =
ρ([0, ξ ]), ξ � 0, = −ρ((ξ,0)), ξ < 0, and furtherρ̃a(ξ) = ρ̃(γ (ξ + s(a))). Then it
holds that

f(t;a)= t + 2
∫
R

 B
(
φ(t;a), ξ) ρ̃a(dξ).

Since the measures̃ρan converge to the measurẽρa vaguely asan → a, we get (4.18) by
the same argument as for (3.14). In a similar way we obtain (4.19). We can derive (4.20)
from (4.19) by the same argument as for (3.12). It is easy to see that

lim
n→∞A

(
7(t;an);an)= lim

n→∞2
∫
R

 B
(
t, s(ξ)− s(an)

)
m(dξ)

= 2
∫
R

 B
(
t, s(ξ)− s(a)

)
m(dξ)

=A(7(t;a);a), t � 0, P B
0 -a.s.
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Sinceφ(τ(t;a);a) is the right continuous inverse oft �−→A(7(t;a);a), we get (4.21)
by the same reason as for (3.12). We obtain (4.22) from (4.18) and (4.20) by the same
method as for (3.14). ✷

PROPOSITION 4.7. – It holds that

pt

(
Ĉ(,µ)

)⊂C
(
R

d
)
, t > 0.

Proof. –Let us fix t > 0 andf ∈ Ĉ(,µ) arbitrarily and let{xn}∞n=1 be a sequence
converging tox0 ∈R

d . We set

un = f
(
τ
(
t;xd

n

);xd
n

)
, ξn = γ

(
Bφ(τ(t;xdn);xdn ) + s

(
xd
n

))
, n ∈N ∪ {0}.

By means of Lemma 4.4,

|ptf (xn)− ptf (x0)|�EB
0

[∣∣E′
x ′n
[
f
(
X′(un), ξn

)]−E′
x ′0

[
f
(
X′(u0), ξ0

)]∣∣]
�EB

0

[
E′

x ′n
[∣∣f (X′(un), ξn

)− f
(
X′(un), ξ0

)∣∣]]
+EB

0

[∣∣E′
x ′n
[
f
(
X′(un), ξ0

)]−E′
x ′0

[
f
(
X′(u0), ξ0

)]∣∣]
�EB

0

[
sup

y ′∈Rd−1

∣∣f (y′, ξn)− f (y′, ξ0)
∣∣]

+EB
0

[∣∣p′unf (·, ξ0)(x
′
n)− p′u0

f (·, ξ0)(x
′
0)
∣∣]

≡ In + II n.

SincePB
0 (limn→∞ ξn = ξ0)= 1 by virtue of Lemma 4.6,

lim sup
n→∞

In � EB
0

[
lim sup
n→∞

sup
y ′∈Rd−1

∣∣f (y′, ξn)− f (y′, ξ0)
∣∣]= 0.

Noting that {p′t , t > 0} is a Feller semigroup, andPB
0 (limn→∞ un = u0) = 1 by

Lemma 4.6, we have

lim sup
n→∞

II n � EB
0

[
lim sup
n→∞

∣∣p′unf (·, ξ0)(x
′
n)− p′u0

f (·, ξ0)(x
′
0)
∣∣]= 0.

We thus get the conclusion of the proposition.✷
LEMMA 4.8. – For eachK > 0, let

fK(t)= sup
|a|�K

f(t;a), AK(t)= inf|a|�K, a∈Sm
A(t;a).

Then it holds that

PB
0 (fK(0+)= 0)= 1, (4.23)

PB
0

(
fK(t) <∞, t � 0

)= 1, (4.24)

PB
0

(
AK(t) > 0, t > 0

)= 1 if Sm ∩ [−K,K] �= ∅, (4.25)

PB
0

(
lim
t→∞AK(t)=∞)= 1. (4.26)
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Proof. –Let a ∈ R, −∞< α � 0 � β <∞ andI = [γ (s(a)+ α), γ (s(a)+ β)]. We
then note that

s(ξ)− s(a) ∈ [α,β] if and only if ξ ∈ I, (4.27)[
a +5−1α,a +5−1β

]⊂ I ⊂ [a +5α,a +5β]. (4.28)

Indeed,

γ
(
s(a)+ β

)− a = γ
(
s(a)+ β

)− γ
(
s(a)
)= s(a)+β∫

s(a)

γ ′(η)dη,

and hencea+5−1β � γ (s(a)+β) � a+5β. In the same way,a+5α � γ (s(a)+α) �
a +5−1α. Therefore we get (4.28).

We setαt =min0�s�t Bs, βt =max0�s�t Bs , andEt = [αt , βt ]. By means of (4.11),
(4.27) and (4.28),∫

R

 B
(
φ(t;a), s(ξ)− s(a)

)
ρ(dξ)�

∫
R

 B
(
5t, s(ξ)− s(a)

)
ρ(dξ)

� max
η∈E5t

 B(5t, η)ρ
({ξ : s(ξ)− s(a) ∈E5t })

� max
η∈E5t

 B(5t, η)ρ
([a +5α5t , a +5β5t ])

� max
η∈E5t

 B(5t, η)ρ
([−K +5α5t ,K +5β5t ]),

from which (4.23) follows.
By means of (4.18),f(t, a) is continuous ina ∈R, which implies (4.24).
By using (4.11), (4.27) and (4.28) again, and noting that5−1 < 1,

A(t;a)� 2
∫

ξ : s(ξ)−s(a)∈Et/5

 B
(
t/5, s(ξ)− s(a)

)
m(dξ)

� 2
∫

ξ : s(ξ)−s(a)∈[5−1αt/5,5−1βt/5]
 B
(
t/5, s(ξ)− s(a)

)
m(dξ)

� 2 min
η∈[5−1αt/5,5−1βt/5]

 B(t/5,η)

×m
({

ξ : s(ξ)− s(a) ∈ [5−1αt/5,5
−1βt/5

]})
� 2 min

η∈[5−1αt/5,5−1βt/5]
 B(t/5,η)m

([
a +5−2αt/5, a +5−2βt/5

])
.

Hence

AK(t) � 2 min
η∈[5−1αt/5,5−1βt/5]

 B(t/5,η) inf|a|�K, a∈Sm
m
([
a +5−2αt/5, a +5−2βt/5

])
.

We notice that

min
η∈[5−1αt/5,5−1βt/5]

 B(t/5,η) > 0, t > 0,
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because of5−1 < 1. We next note that

inf|a|�K, a∈Sm
m
([
a +5−2αt/5, a +5−2βt/5

])
> 0, t > 0.

For, if not, there exists ana such that|a|� K, a ∈ Sm and

m
((
a +5−2αt/5, a +5−2βt/5

))= 0,

which contradicts thata ∈ Sm. Thus we get (4.25).
We take anR > 0 such thatm([−R,R]) > 0. Then

A(t;a)� 2
∫

|ξ |�R

 B
(
t/5, s(ξ)− s(a)

)
m(dξ)

� 2 min
η=s(ξ)−s(a), |ξ |�R

 B(t/5,η)m([−R,R])
� 2 min|η|�5(R+K)

 B(t/5,η)m([−R,R]).
In order to get (4.26), it is enough to show that

PB
0

(
lim
t→∞ min|ξ |�L

 B(t, ξ)=∞)= 1, L > 0.

Since (B(t), P B
0 ) is equivalent to(c−1B(c2t), P B

0 ) and hence( B(t, ξ), P B
0 ) is

equivalent to(c−1 B(c2t, cξ), P B
0 ) for c > 0, we see that, for everyr > 0,

PB
0

(
lim
k→∞ min|ξ |�L

 B(k, ξ) > r
)=PB

0

( ⋃
k∈N

{
min|ξ |�L

 B(k, ξ) > r
})

= lim
k→∞PB

0

(√
k min|ξ |�L

 B(1, ξ/
√
k) > r

)
=PB

0

( ⋃
k∈N

{
min

|ξ |�L/
√
k

 B(1, ξ ) > r/
√
k
})

=PB
0

(
 B(1,0) > 0

)= 1. ✷
We denote byτK(t) the right continuous inverse oft �−→ AK(t). By virtue of

Lemma 4.8,

sup
|a|�K,a∈Sm

f
(
τ(t;a);a)� fK

(
τK(t)

)
<∞, t > 0, P B

0 -a.s., (4.29)

fK
(
τK(0+)

)= 0, P B
0 -a.s., (4.30)

for everyK > 0.

PROPOSITION 4.9. – It holds that

lim|x ′|→∞ sup
|xd |�K,xd∈Sm

|ptf (x)| = 0, f ∈ Ĉ(,µ), K > 0.
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Proof. –We seth(y′)= supyd∈R
|f (y′, yd)| (∈ Ĉ(Rd−1)) andu= f(τ (t;xd);xd). By

virtue of Lemma 4.4,

|ptf (x)|� EB
0

[
E′

x ′ [h(X′
u)]
]=EB

0

[ ∫
Rd−1

p′(u, x′, y′)h(y′)dy′
]
.

It is well known that

C1t
−(d−1)/2e−C2|x ′−y ′|2/t � p′(t, x′, y′) � C3t

−(d−1)/2e−C4|x ′−y ′|2/t ,
t > 0, x′, y′ ∈R

d−1, (4.31)

with some positive constantsCi (i = 1,2,3,4) ([3,4]), from which

lim sup
|x ′|→∞

sup
|xd |�K,xd∈Sm

|ptf (x)|

� EB
0

[
lim sup
|x ′|→∞

sup
|xd |�K,xd∈Sm

∫
Rd−1

p′(u, x′, y′)h(y′)dy′
]

� C3E
B
0

[
lim sup
|x ′|→∞

sup
|xd |�K,xd∈Sm

∫
Rd−1

e−C4|y ′|2h
(
x′ +√uy′

)
dy′
]

� C3E
B
0

[ ∫
Rd−1

e−C4|y ′|2 lim sup
|x ′|→∞

sup
|xd |�K,xd∈Sm

h
(
x′ +√uy′

)
dy′
]
.

Noting (4.29), we see that

sup
|x ′|→∞

sup
|xd |�K,xd∈Sm

h
(
x′ +√uy′

)= 0, y′ ∈R
d−1.

We thus obtain the conclusion of the proposition.✷
PROPOSITION 4.10. – If (4.5) is satisfied, then

lim
xd→−∞, xd∈Sm

sup
x ′∈Rd−1

|ptf (x)| = 0, f ∈ Ĉ(,µ). (4.32)

If (4.6) is satisfied, then

lim
xd→∞, xd∈Sm

sup
x ′∈Rd−1

|ptf (x)| = 0, f ∈ Ĉ(,µ). (4.33)

Proof. –We seth(yd)= supy ′∈Rd−1 |f (y′, yd)|, which belongs tôC(Sm). By virtue of
Lemma 4.4 and Remark 4.5,

sup
x ′∈Rd−1

|ptf (x)|� EB
0

[
h
(
γ
(
Bφ(τ(t;xd);xd) + s

(
xd
)))]= pD

t h
(
xd
)
. (4.34)

By means of (4.9) and Remark 4.5, the assumption (4.5) [(4.6)] implies that ifl1 =
−∞ [l2 = ∞], it is a natural boundary. Accordingly, (4.32) and (4.33) immediately
follow from (4.14). ✷
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PROPOSITION 4.11. – Suppose that(4.5)and(4.6)are satisfied. Then it holds that

lim sup
t↓0 x∈,µ

∣∣ptf (x)− f (x)
∣∣= 0, f ∈ Ĉ(,µ). (4.35)

Proof. –Let f ∈ Ĉ(,µ) and puth(yd) = supy ′∈Rd−1 |f (y′, yd)|. Let us fix anε > 0
arbitrarily and take aK > 0 satisfying sup|yd |�K,yd∈Sm h(yd) < ε and[−K,K]∩Sm �= ∅.
Then

sup
x∈,µ

∣∣ptf (x)− f (x)
∣∣

� sup
x ′∈Rd−1, |xd |�K,xd∈Sm

∣∣ptf (x)− f (x)
∣∣+ sup

x ′∈Rd−1, |xd |�K,xd∈Sm

∣∣ptf (x)− f (x)
∣∣

≡ It + II t .

By means of (4.15), we have ato > 0 such that∣∣pD
t h
(
xd
)− h

(
xd
)∣∣< ε, xd ∈ Sm, 0< t � to,

from which

pD
t h
(
xd
)
� h
(
xd
)+ ε < 2ε,

∣∣xd
∣∣� K, xd ∈ Sm, 0< t � to.

Combining this with (4.34),

It < 3ε, 0< t � to. (4.36)

Since the diffusion processesX′ andD are conservative, we find by Lemma 4.4 that∣∣ptf (x)− f (x)
∣∣�EB

0

[
E′

x ′
[∣∣f (X′

u, ξ)− f (x′, ξ )
∣∣]]+EB

0

[∣∣f (x′, ξ )− f
(
x′, xd

)∣∣]
≡ III (t, x)+ IV(t, x),

whereu= f(τ (t;xd );xd), ξ = γ (Bφ(τ(t;xd);xd) + s(xd)). Noting (4.31), we find that

III (t, x)=EB
0

[ ∫
Rd−1

p′(u, x′, y′)
∣∣f (y′, ξ )− f (x′, ξ )

∣∣dy′]

�C3E
B
0

[ ∫
Rd−1

e−C4|y ′|2∣∣f (x′ +√uy′, ξ
)− f (x′, ξ )

∣∣dy′].
We note thatu→ 0 ast ↓ 0 uniformly in xd ∈ [−K,K] ∩ Sm by virtue of (4.29) and
(4.30). Hence

lim sup
t↓0

sup
x ′∈Rd−1, |x ′|�K,xd∈Sm,η∈Sm

∣∣f (x′ +√uy′, η
)− f (x′, η)

∣∣= 0, y′ ∈ R
d−1,

from which

lim sup
t↓0

sup
x ′∈Rd−1, |x ′|�K,xd∈Sm

III (t, x)
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� C3E
B
0

[ ∫
Rd−1

e−C4|y ′|2

× lim sup
t↓0

sup
x ′∈Rd−1, |x ′|�K,xd∈Sm,η∈Sm

∣∣f (x′ +√uy′, η
)− f (x′, η)

∣∣dy′]
= 0. (4.37)

By means of (4.11) and Lemma 4.8,

sup
|xd |�K,xd∈Sm

∣∣ξ − xd
∣∣= sup

|xd |�K,xd∈Sm

∣∣γ (Bφ(τ(t;xd);xd) + s
(
xd
))− γ

(
s
(
xd
))∣∣

�5 sup
|xd |�K,xd∈Sm

|Bφ(τ(t;xd);xd)|� 5 max
0�s�5τK(t)

|Bs |→ 0 ast ↓ 0,

from which

lim sup
t↓0

sup
x ′∈Rd−1, |xd |�K,xd∈Sm

IV(t, x)

� EB
0

[
lim sup

t↓0
sup

x ′∈Rd−1, |xd |�K,xd∈Sm

∣∣f (x′, ξ )− f
(
x′, xd

)∣∣]= 0. (4.38)

(4.37) and (4.38) yield limt↓0 II t = 0. Combining this with (4.36), we obtain (4.35).✷
Proof of Theorem 4.3. –Let us fix anε > 0 arbitrarily. By virtue of Proposition 4.10,

there is aK1 > 0 such that

sup
x ′∈Rd−1, |xd |�K1, x

d∈Sm
|ptf (x)|< ε.

Further, by means of Proposition 4.9, there is aK2 >K1 such that

sup
|x ′|�K2, |xd |�K1, x

d∈Sm
|ptf (x)|< ε.

Consequently

sup
|x|�2K2, x∈,µ

|ptf (x)|< ε.

Proposition 4.7 coupled with this implies (4.7). (4.8) is already shown in Proposi-
tion 4.11. ✷

5. Dirichlet form of the limit process

In this section, we derive the Dirichlet form(E,F) of the limit processX defined
by (3.8).X is a time changed process of the conservative diffusion processY defined
by (4.3), which is the skew product ofX′ and� with respect tof defined by (3.4). Since
dξ + ρ(dξ) charges no set of zeroE�-capacity, by virtue of [6], the Dirichlet space
(EY ,FY ) associated withY is regular onL2(Rd,dx) and hasC∞

0 (Rd) as a core. Further
(EY ,FY ) is given by
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EY (u,u)= 1

2

∫
Rd

d−1∑
i,j=1

aij (x′)∂xiu(x)∂xj u(x) dx′
(
dxd + ρ

(
dxd
))

+ 1

2

∫
Rd

add
(
xd
)
∂xdu(x)∂xd u(x)dx,

FY =
{
u ∈ L2(Rd,dx):

∂xiu ∈L2(Rd,dx′(dxd + ρ(dxd))), 1� i � d − 1

∂xdu ∈ L2(Rd,dx)

}
.

We next note thatµ(dx)= dx′m(dxd) charges no set of zeroEY -capacity. For this, it is
enough to show that, for every compact setB ⊂ R

d , there is a positive constantC such
that ∫

B

|u(x)|µ(dx) � C

√
EY

1 (u,u), u ∈C∞
0

(
R

d
)
, (5.1)

that is,IB(x)µ(dx) is of finite energy integral, whereEY
1 (u,u)= EY (u,u)+(u,u)L2(Rd).

Let 7 be an element ofC∞
0 (R) such that7(ξ) = 1 for ξ ∈ I ≡ {xd : (x′, xd) ∈ B for

somex′ ∈R
d−1}. Then it is easy to see that∫

B

|u|dµ �
{‖∂xdu‖L2(Rd)‖7‖L2(R) +‖u‖L2(Rd)‖7′‖L2(R)

}
µ(B)1/2m(I)1/2,

from which (5.1) follows. Further we note thatA(t) defined by (3.6) is a positive
continuous additive functional of the diffusion processY and Px(A(t) > 0, t >

0) = 1, x ∈ ,µ, because ofP�
xd
(A(t) > 0, t > 0) = 1, xd ∈ Sm. Employing

Theorem 6.2.1 in [7], we then see that the Dirichlet space(E,F) is regular onL2(,µ,µ)

and hasC∞
0 (Rd)|,µ

as a core.
If Sm = R, then the Dirichlet form(E,F) is given by (2.3) with the domainF =

{u ∈ L2(Rd,µ): ∂xiu ∈ L2(Rd,dx′(dxd +ρ(dxd))), 1 � i � d−1, ∂xdu ∈L2(Rd,dx)},
which is immediately derived from [7, Theorem 6.2.1].

We are thus restricted to the case whereR \ Sm �= ∅. In this case,ptf (x) is regarded
as a function ofx ∈ ,µ in the sense of Proposition 4.1. Following [7, Theorem 6.2.1],
we see that the restricted transition operator{pt, t > 0} to ,µ determines a strongly
continuous semigroup{Tt, t > 0} on L2(,µ,µ), which is associated with the Dirichlet
form (E,F) on L2(,µ,µ) being regarded as the Dirichlet form of the time changed
processX.

We now assume that

add(ξ)= 1, ξ ∈R \ Sm, (5.2)

supp[ρ] ⊂ Sm. (5.3)

R \ Sm is expressed asR \ Sm = ⋃k∈K Ik , a finite or a countable disjoint union of
open intervalsIk = (ak, bk) with the end points belonging toSm ∪ {−∞, ∞}. We put
� = R

d−1 and,k = � × Ik . Let Gk(x, y) be the Green function on,k of the Dirichlet
boundary value problem corresponding to the operator1

2{
∑d−1

i,j=1 ∂xi (a
ij ∂xj ) + ∂xd ∂xd }
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in the weak sense. Note thatadd(xd) = 1 on ,k because of (5.2). We introduce two
functionsUk andVk on � × � accompanied with the intervalIk , where we denote the
right and left partial derivatives inxd by ∂+

xd
and∂−

xd
respectively.

Uk(x
′, y′)=

{
∂+
xd
∂+
yd
Gk((x

′, ak), (y′, ak)), if ak >−∞,

∂−
xd
∂−
yd
Gk((x

′, bk), (y′, bk)), if bk <∞,
(5.4)

Vk(x
′, y′)=−∂+

xd
∂−
yd
Gk((x

′, ak), (y′, bk))

=−∂−
xd
∂+
yd
Gk((x

′, bk), (y′, ak)), if −∞< ak < bk <∞. (5.5)

We notice that the right hand sides of (5.4) are the same whenever−∞< ak < bk <∞
(see (5.13) with (5.16) below).

THEOREM 5.1. – Assume thatSm �=R and(5.2), (5.3)hold. Then the Dirichlet space
(E,F) of X is regular onL2(,µ,µ) and hasC∞

0 (Rd)|,µ
as a core. Foru ∈C∞

0 (Rd)|,µ
,

the Dirichlet formE(u,u) is given by

E(u,u)= 1

2

∫
,µ

{
d−1∑
i,j=1

aij (x′)∂xiu(x)∂xj u(x)+ add
(
xd
)
∂∗xdu(x)∂

∗
xdu(x)

}
dx

+ 1

2

∫
,µ

d−1∑
i,j=1

aij (x′)∂xiu(x)∂xj u(x)dx′ρ
(
dxd
)

+ 1

8

∑
k∈K : −∞<ak<bk�∞

∫ ∫
�×�

{
u(x′, ak)− u(y′, ak)

}2
Uk(x

′, y′)dx′ dy′

+ 1

8

∑
k∈K : −∞�ak<bk<∞

∫ ∫
�×�

{
u(x′, bk)− u(y′, bk)

}2
Uk(x

′, y′)dx′ dy′

+ 1

4

∑
k∈K : −∞<ak<bk<∞

∫ ∫
�×�

{
u(x′, ak)− u(y′, bk)

}2
Vk(x

′, y′)dx′ dy′, (5.6)

where the first term of the right hand side vanishes in case where|Sm| = 0. 4 In case
where|Sm|> 0, ∂∗

xd
u is defined by

∂∗xdu
(
x′, xd

)= lim
ξ→xd , ξ∈Sm

{
u(x′, ξ )− u

(
x′, xd

)}
/
(
ξ − xd

)
, (5.7)

which exists for everyx′ ∈ � anddxd -a.e.xd ∈ Sm.

In order to prove Theorem 5.1, we prepare some lemmas. We first note thatGk(x, y)

is expressed as

Gk(x, y)=
∞∫

0

p′(t, x′, y′)qk
(
t, xd, yd

)
dt, x, y ∈,k, (5.8)

4 |E| stands for the Lebesgue measure of a setE.
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wherep′(t, x′, y′) is the transition probability density ofX′ andqk(t, ξ, η) is that of the
absorbing Brownian motion onIk, which is given as follows. If−∞= ak < bk <∞,

qk(t, ξ, η)= 1√
2πt

{
e−|ξ−η|2/2t − e−|ξ+η−2bk |2/2t}. (5.9)

If −∞< ak < bk =∞,

qk(t, ξ, η)= 1√
2πt

{
e−|ξ−η|2/2t − e−|ξ+η−2ak |2/2t}. (5.10)

In the case where−∞< ak < bk <∞, we have the following two expressions:

qk(t, ξ, η)= 2

bk − ak

∞∑
n=1

e−(nπ/(bk−ak))
2t/2 sin

(
ξ − ak

bk − ak
nπ

)
sin
(

η− ak

bk − ak
nπ

)
(5.11)

= 1√
2πt

∞∑
n=−∞

{
e−|η−ξ+2n(bk−ak)|2/2t − e−|η+ξ−2ak+2n(bk−ak)|2/2t}. (5.12)

Accordingly,

Uk(x
′, y′)=

∞∫
0

p′(t, x′, y′)αk(t)dt, (5.13)

where

αk(t)= ∂−ξ ∂−η qk(t, bk, bk)=
√

2

πt3
, if −∞ = ak < bk <∞, (5.14)

αk(t)= ∂+ξ ∂+η qk(t, ak, ak)=
√

2

πt3
, if −∞ < ak < bk =∞, (5.15)

αk(t)= ∂+ξ ∂+η qk(t, ak, ak)= ∂−ξ ∂
−
η qk(t, bk, bk)

= 2

bk − ak

∞∑
n=1

(
nπ

bk − ak

)2

e−(nπ/(bk−ak))
2t/2,

if −∞ < ak < bk <∞. (5.16)

Further, if−∞< ak < bk <∞,

Vk(x
′, y′)=

∞∫
0

p′(t, x′, y′)βk(t)dt, (5.17)

where

βk(t)=−∂+ξ ∂
−
η qk(t, ak, bk)=−∂−ξ ∂

+
η qk(t, bk, ak)

= 2

bk − ak

∞∑
n=1

(−1)n−1
(

nπ

bk − ak

)2

e−(nπ/(bk−ak))
2t/2 (5.18)
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=
√

2

πt3

∞∑
n=−∞

{
(2n+ 1)2(bk − ak)

2

t
− 1
}

e−(2n+1)2(bk−ak)
2/2t . (5.19)

We note the following estimates.

LEMMA 5.2. – (i)Let−∞= ak < bk <∞ or −∞< ak < bk =∞. Then there exist
positive constantsC5 andC6 independent ofIk such that for everyx′, y′ ∈ �,

C5|x′ − y′|−d � Uk(x
′, y′) � C6|x′ − y′|−d . (5.20)

(ii) Let −∞ < ak < bk < ∞. Then there exist positive constantsTo and Ci (i =
7,8, . . . ,12) independent ofIk such that, if|x′ − y′|� To(bk − ak), then

C7|x′ − y′|−d �Uk(x
′, y′) � C8|x′ − y′|−d , (5.21)

C9(bk − ak)
−d �Vk(x

′, y′) � C10(bk − ak)
−d , (5.22)

and if |x′ − y′|� To(bk − ak), then forW =Uk, Vk,

C11(bk − ak)
−d/2−1|x′ − y′|−d/2+1e−

√
2C2π |x ′−y ′|/(bk−ak)

� W(x′, y′) � C12(bk − ak)
−d/2−1|x′ − y′|−d/2+1e−

√
2C4π |x ′−y ′|/(bk−ak), (5.23)

whereC2 andC4 are positive constants which appeared in(4.31).

Proof. –(i) Let −∞= ak < bk <∞ or −∞< ak < bk =∞. Then we immediately
obtain (5.20) from (4.31) and (5.13)–(5.15).

(ii) Let −∞< ak < bk <∞. We divide the proof into four steps. For simplicity we set
θ = bk − ak . In the following,ci (i = 1,2, . . .) stand for positive constants independent
of t, x′, y′, θ andk.

(Step 1) First we remark that

c1t
−3/2 � αk(t) � c2t

−3/2 if 0 < t � θ2/2, (5.24)

c3θ
−3e−π2t/2θ2 � αk(t) � c4θ

−3e−π2t/2θ2
if t � θ2/2. (5.25)

It follows from (5.16) that

2π2θ−3e−π2t/2θ2 � αk(t) � 2π2θ−3e−π2t/2θ2

{
1+

∞∑
n=2

n2e−n2π2t/4θ2

}
, t > 0. (5.26)

If t � θ2/2, then

∞∑
n=2

n2e−n2π2t/4θ2 �
∞∑
n=2

n2e−n2 �
∞∫

0

ξ2e−ξ2
dξ =

√
π

4
.

Combining this with (5.26), we get (5.25).
Since

(1/4)(n+ 1)2e−(n+1)2π2t/2θ2 � ξ2e−ξ2π2t/2θ2 � 4n2e−n2π2t/2θ2
,

n � ξ � n+ 1, n ∈N,
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we see that

∞∑
n=1

n2e−n2π2t/2θ2 � e−π2t/2θ2 + 4

∞∫
1

ξ2e−ξ2π2t/2θ2
dξ

� 1+ 8
√

2θ3

π3t3/2

∞∫
π
√
t/
√

2θ

ξ2e−ξ2
dξ

� θ3t−3/2{θ−3t3/2+ 2
√

2π−5/2},
∞∑
n=1

n2e−n2π2t/2θ2 � 1

4

∞∫
1

ξ2e−ξ2π2t/2θ2
dξ

= θ3

√
2π3t3/2

∞∫
π
√
t/
√

2θ

ξ2e−ξ2
dξ.

Therefore, ift � θ2/2,

θ3

√
2π3t3/2

∞∫
π/2

ξ2e−ξ2
dξ �

∞∑
n=1

n2e−n2π2t/2θ2 �
(
2−3/2+ 2

√
2π−5/2)θ3t−3/2,

from which we get (5.24).
(Step 2) We next note that

c5θ
2t−5/2e−θ2/2t � βk(t) � c6θ

2t−5/2e−θ2/2t if 0 < t � θ2/2, (5.27)

c7θ
−3e−π2t/2θ2 � βk(t) � c8θ

−3e−π2t/2θ2
if t � θ2/2. (5.28)

By means of (5.18),

βk(t)= 2π2θ−3

[
e−π2t/2θ2{

1− 4e−(3/2)π2t/θ2}
+

∞∑
n=1

{
(2n+ 1)2e−(2n+1)2π2t/2θ2 − (2n+ 2)2e−(2n+2)2π2t/2θ2}]

� 2π2θ−3e−π2t/2θ2

[
1+

∞∑
n=1

(2n+ 1)2e−{(2n+1)2−1}π2t/2θ2

]

� 2π2θ−3e−π2t/2θ2

[
1+ 4

∞∑
n=2

n2e−n2π2t/2θ2

]
.

If t � θ2/2, then

∞∑
n=2

n2e−n2π2t/2θ2 �
∞∑
n=2

n2e−n2
<
√
π/4,
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from which

βk(t) < 2π2(1+√π)θ−3e−π2t/2θ2
. (5.29)

We also see that, ift � θ2/2, thenf (ξ) := ξe−ξπ2t/2θ2
is decreasing inξ ∈ [1,∞), and

hence
∑∞

n=1{f (2n+ 1)− f (2n+ 2)}> 0, from which

βk(t) � 2π2θ−3e−π2t/2θ2{
1− 4e−3π2/4}.

This coupled with (5.29) implies (5.28).
Let 0< t � θ2/2. Then

(2n+ 1)2θ2

t
− 1� θ2

t
− 1� θ2

2t
, n= 0,±1,±2, . . . .

Therefore, by means of (5.19),

βk(t) � 1√
2π

θ2t−5/2e−θ2/2t . (5.30)

On the other hand,

βk(t) � 2
√

2/π θ2t−5/2e−θ2/2t

{
1+

∞∑
n=1

(2n+ 1)2e−{(2n+1)2−1}θ2/2t

}
.

Since
∞∑
n=1

(2n+ 1)2e−{(2n+1)2−1}θ2/2t � 4
∞∑
n=2

n2e−n2
<
√
π,

we have

βk(t) � 2
√

2/π
(
1+√π

)
θ2t−5/2e−θ2/2t .

Combining this with (5.30), we get (5.27).
(Step 3) LetC be a positive number and put

J1=
θ2/2∫
0

t−d/2−1e−C|x ′−y ′|2/t dt,

J2= θ2

θ2/2∫
0

t−d/2−2e−C|x ′−y ′|2/te−θ2/2t dt,

J3= θ−3

∞∫
θ2/2

t−(d−1)/2e−C|x ′−y ′|2/te−π2t/2θ2
dt.

Then there is a positive constantTo independent ofθ such that, if|x′ − y′|� Toθ , then
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c9|x′ − y′|−d � J1 � c10|x′ − y′|−d , (5.31)

c11θ
−d � J2 � c12θ

−d, (5.32)

0< J3 � c13θ
−d, (5.33)

and if |x′ − y′|� Toθ , then

0< J1 � c14θ
−d/2−1|x′ − y′|−d/2+1e−

√
2C π |x ′−y ′|/θ , (5.34)

0< J2 � c15θ
−d/2−1|x′ − y′|−d/2+1e−

√
2C π |x ′−y ′|/θ , (5.35)

c16θ
−d/2−1|x′ − y′|−d/2+1e−

√
2C π |x ′−y ′|/θ

� J3 � c17θ
−d/2−1|x′ − y′|−d/2+1e−

√
2C π |x ′−y ′|/θ . (5.36)

Here is a proof. It is known that

∞∫
0

t−ν−1e−a2/4te−pt dt = 2ν+1pν/2a−νKν

(
a
√
p
)
,

wherea > 0, p > 0, andKν(ξ) is the modified Bessel function. Therefore

J4≡
∞∫

0

t−(d−1)/2e−C|x ′−y ′|2/te−π2t/2θ2
dt

= c18θ
−(d−3)/2|x′ − y′|−(d−3)/2K(d−3)/2

(√
2C π |x′ − y′|/θ).

Since limξ→∞ Kν(ξ)

e−ξ
√
π/2ξ = 1, there is aT1 > 0 such that

1

2

√
π

2ξ
e−ξ � Kν(ξ) � 2

√
π

2ξ
e−ξ , ξ � T1.

Accordingly, if |x′ − y′|/θ � T1/
√

2C π , then

c19θ
−d/2+2|x′ − y′|−d/2+1e−

√
2C π |x ′−y ′|/θ

� J4 � c20θ
−d/2+2|x′ − y′|−d/2+1e−

√
2C π |x ′−y ′|/θ . (5.37)

Put

J5=
θ2/2∫
0

t−(d−1)/2e−C|x ′−y ′|2/te−π2t/2θ2
dt.

Then

J5 � e−C|x ′−y ′|2/θ2

θ2/2∫
0

t−(d−1)/2e−C|x ′−y ′|2/2t dt

= 2(d−3)/2|x′ − y′|−d+3e−C|x ′−y ′|2/θ2

θ2/|x ′−y ′|2∫
0

t−(d−1)/2e−C/t dt. (5.38)
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We take aT2 � min{T1/
√

2C π, 2} such that for everyξ � T2,

ξ2e−Cξ2

1/ξ2∫
0

t−d/2−2e−C/t dt � c19e
−√2C πξ . (5.39)

Hence, if|x′ − y′|/θ � T2 (� 2), then by means of (5.38),

J5 � 2(d−3)/2c19θ
2|x′ − y′|−d+1e−

√
2C π |x ′−y ′|/θ

= 2(d−3)/2c19(θ/|x′ − y′|)d/2θ−d/2+2|x′ − y′|−d/2+1e−
√

2C π |x ′−y ′|/θ

< 2−3/2c19θ
−d/2+2|x′ − y′|−d/2+1e−

√
2C π |x ′−y ′|/θ .

Combining this with (5.37), we find that if|x′ − y′|/θ � T2, then

J3= θ−3(J4− J5) � 2−1c19θ
−d/2−1|x′ − y′|−d/2+1e−

√
2C π |x ′−y ′|/θ .

Noting thatJ3 � θ−3J4 and puttingTo = T2, we get (5.36).
We also notice that

J3 � θ−3

∞∫
θ2/2

t−(d−1)/2e−π2t/2θ2
dt = θ−d

∞∫
1/2

t−(d−1)/2e−π2t/2 dt,

which shows (5.33).
We next notice that

J1= 2d/2|x′ − y′|−d

θ2/|x ′−y ′|2∫
0

t−d/2−1e−2C/t dt,

and hence, if|x′ − y′|/θ � To, then

2d/2|x′ − y′|−d

1/T 2
o∫

0

t−d/2−1e−2C/t dt � J1 � 2d/2|x′ − y′|−d

∞∫
0

t−d/2−1e−2C/t dt.

We thus obtain (5.31).
If |x′ − y′|/θ � To, by means of (5.39),

J1 � 2d/2|x′ − y′|−de−C|x ′−y ′|/θ2

θ2/|x ′−y ′|2∫
0

t−d/2−1e−C/t dt

� 2d/2c19(|x′ − y′|/θ)−2|x′ − y′|−de−
√

2C π |x ′−y ′|/θ

= 2d/2c19(|x′ − y′|/θ)−d/2−3θ−d/2−1|x′ − y′|−d/2+1e−
√

2Cπ |x ′−y ′|/θ

� 2d/2c19T
−d/2−3
o θ−d/2−1|x′ − y′|−d/2+1e−

√
2C π |x ′−y ′|/θ ,

which shows (5.34).
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Since

J2= θ−d

1/2∫
0

t−d/2−2e−C|x ′−y ′|2/θ2te−1/2t dt,

we have always

J2 � θ−d

1/2∫
0

t−d/2−2e−1/2t dt. (5.40)

On the other hand, if|x′ − y′|/θ � To, then

J2 � θ−d

1/2∫
0

t−d/2−2e−CT 2
o /te−1/2t dt.

This coupled with (5.40) implies (5.32).
If |x′ − y′|/θ � To, then by means of (5.39),

J2 � θ2e−C|x ′−y ′|2/θ2

θ2/2∫
0

t−d/2−2e−C|x ′−y ′|2/2t dt

= 2d/2+1θ2|x′ − y′|−d−2e−C|x ′−y ′|2/θ2

θ2/|x ′−y ′|2∫
0

t−d/2−2e−C/t dt

� 2d/2+1c19θ
−d/2−1|x′ − y′|−d/2+1(|x′ − y′|/θ)−d/2−5e−

√
2C π |x ′−y ′|/θ

� 2d/2+1c19T
−d/2−5
o θ−d/2−1|x′ − y′|−d/2+1e−

√
2C π |x ′−y ′|/θ .

This shows (5.35).
(Step 4) We give a proof of (5.21), (5.22) and (5.23). By virtue of (4.31), (5.13), (5.24)

and (5.25),

c20

{ θ2/2∫
0

t−d/2−1e−C2|x ′−y ′|2/t dt + θ−3

∞∫
θ2/2

t−(d−1)/2e−C2|x ′−y ′|2/te−π2t/2θ2
dt

}

� Uk(x
′, y′)

� c21

{ θ2/2∫
0

t−d/2−1e−C4|x ′−y ′|2/t dt + θ−3

∞∫
θ2/2

t−(d−1)/2e−C4|x ′−y ′|2/te−π2t/2θ2
dt

}
.

If |x′ − y′|� Toθ , then by means of (5.31) and (5.33),

c22|x′ − y′|−d � Uk(x
′, y′) � c23|x′ − y′|−d,

which shows (5.21). If|x′ − y′|� Toθ , then by means of (5.34) and (5.36),



Y. OGURA ET AL. / Ann. I. H. Poincaré – PR 38 (2002) 507–556 533

c24θ
−d/2−1|x′ − y′|−d/2+1e−

√
2C2π |x ′−y ′|/θ

� Uk(x
′, y′) � c25θ

−d/2−1|x′ − y′|−d/2+1e−
√

2C4π |x ′−y ′|/θ .

This shows (5.23) withW =Uk.
By virtue of (4.31), (5.17), (5.27) and (5.28),

c26

{
θ2

θ2/2∫
0

t−d/2−2e−C2|x ′−y ′|2/te−θ2/2t dt

+ θ−3

∞∫
θ2/2

t−(d−1)/2e−C2|x ′−y ′|2/te−π2t/2θ2
dt

}

� Vk(x
′, y′)

� c27

{
θ2

θ2/2∫
0

t−d/2−2e−C4|x ′−y ′|2/te−θ2/2t dt

+ θ−3

∞∫
θ2/2

t−(d−1)/2e−C4|x ′−y ′|2/te−π2t/2θ2
dt

}
.

If |x′ − y′|� Toθ , then by means of (5.32) and (5.33),

c28θ
−d � Vk(x

′, y′) � c29θ
−d ,

which is (5.22). If|x′ − y′|� Toθ , then by means of (5.35) and (5.36),

c30θ
−d/2−1|x′ − y′|−d/2+1e−

√
2C2π |x ′−y ′|/θ

� Vk(x
′, y′)� c31θ

−d/2−1|x′ − y′|−d/2+1e−
√

2C2π |x ′−y ′|/θ .

We thus get (5.23) withW = Vk . ✷
SinceC∞

0 (Rd)|,µ
is a core of(E,F), we fix au ∈ C∞

0 (Rd) and setϕ = u|,µ
. Then

ϕ ∈F and

E(ϕ,ϕ)= EY (H,µ
u,H,µ

u), (5.41)

whereHEu(x) = Ex[u(YσY
E
): σY

E <∞], x ∈ R
d , σY

E is the first hitting time ofY for a

setE: σY
E = inf{t > 0: Yt ∈E}. Note thatH,µ

u ∈FY . We put

E,µ
(v, v)= 1

2

∫
,µ

d−1∑
i,j=1

aij (x′)∂xiv(x)∂xj v(x) dx′
(
dxd + ρ

(
dxd
))

+ 1

2

∫
,µ

add
(
xd
)
∂xdv(x)∂xdv(x)dx,

E,k
(v, v)= 1

2

∫
,k

d−1∑
i,j=1

aij (x′)∂xi v(x)∂xj v(x)dx + 1

2

∫
,k

∂xdv(x)∂xd v(x)dx.
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Noting (5.2) and (5.3), we see that

E(ϕ,ϕ)= E,µ
(H,µ

u,H,µ
u)+∑

k∈K
E,k

(H,µ
u,H,µ

u). (5.42)

LEMMA 5.3. – It holds that

E,µ
(H,µ

u,H,µ
u)

= 1

2

∫
,µ

{
d−1∑
i,j=1

aij (x′)∂xiϕ(x)∂xj ϕ(x)+ add
(
xd
)
∂∗xdϕ(x)∂

∗
xdϕ(x)

}
dx

+ 1

2

∫
,µ

d−1∑
i,j=1

aij (x′)∂xiϕ(x)∂xj ϕ(x)dx′ρ
(
dxd
)
,

where∂∗
xd

is defined by(5.7), and the first term of the right hand side vanishes in case
where|Sm| = 0.

Proof. –It is obvious thatH,µ
u(x) = u(x) = ϕ(x), x ∈ ,µ, because ofPx(σ

Y
,µ
=

0)= 1 for x ∈,µ. SinceH,µ
u ∈FY ,

∂xiH,µ
u(x)= ∂

∂xi
u(x)= ∂

∂xi
ϕ(x), dx′

(
dxd + ρ

(
dxd
))

-a.e.x ∈,µ,

1� i � d − 1,

∂xdH,µ
u(x)= ∂

∂xd
u(x), dx′ dxd -a.e.x ∈,µ.

Assume that|Sm|> 0. Then

lim
ε↓0

∣∣(xd, xd + ε
]∩ Sm

∣∣/ε= lim
ε↓0

∣∣(xd − ε, xd
]∩ Sm

∣∣/ε = 1, dxd -a.e.xd ∈ Sm,

from which
∂

∂xd
u
(
x′, xd

)= lim
ξ→xd , ξ∈Sm

{
u(x′, ξ )− u

(
x′, xd

)}
/
(
ξ − xd

)
= lim

ξ→xd , ξ∈Sm
{
ϕ(x′, ξ )− ϕ

(
x′, xd

)}
/
(
ξ − xd

)= ∂∗xdϕ
(
x′, xd

)
,

for everyx′ ∈ � and dxd -a.e.xd ∈ Sm. We thus get the conclusion of the lemma.✷
We are going to derive an explicit form ofE,k

(H,µ
u,H,µ

u).

LEMMA 5.4. – (i)Let−∞= ak < bk <∞. Then

E,k
(H,µ

u,H,µ
u)= 1

8

∫ ∫
�×�

{
ϕ(x′, bk)− ϕ(y′, bk)

}2
Uk(x

′, y′)dx′ dy′.

(ii) Let−∞< ak < bk =∞. Then

E,k
(H,µ

u,H,µ
u)= 1

8

∫ ∫
�×�

{
ϕ(x′, ak)− ϕ(y′, ak)

}2
Uk(x

′, y′)dx′ dy′.
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Proof. –We assumebk <∞ and writeb in place ofbk . The assumption (5.3) implies
thatPB

ξ (f(t)= t, 0 � t < σB
Sm
)= 1 for ξ ∈ Ik . We also note thatPx(σ

Y
,µ
= σB

Sm
= σB

b <

∞)= 1 for x ∈,k. Therefore

H,µ
u(x)=Ex

[
ϕ
(
X′(σB

b

)
, b
)]=−1

2

∫
�

ϕ(y′, b)∂−
yd
Gk

(
x, (y′, b)

)
dy′, (5.43)

Px

(
X′(σB

b

) ∈ dy′
)=−1

2
∂−
yd
Gk

(
x, (y′, b)

)
dy′, (5.44)

for x ∈,k, y′ ∈ �. By means of Green’s formula and (5.43),

E,k
(H,µ

u,H,µ
u)= 1

2

∫
�

H,µ
u(x′, b)∂−

xd
H,µ

u(x′, b)dx′

= 1

2

∫
�

ϕ(x′, b)∂−
xd
Ex

[
ϕ
(
X′(σB

b

)
, b
)]∣∣

xd=b
dx′

=−1

4

∫
�

∂−
xd
Ex

[{
ϕ(x′, b)− ϕ

(
X′(σB

b

)
, b
)}2]∣∣

xd=b
dx′

+ 1

4

∫
�

∂−
xd
Ex

[
ϕ(x′, b)2+ ϕ

(
X′(σB

b

)
, b
)2]∣∣

xd=b
dx′

≡ J1+ J2.

By virtue of (5.44), (5.4) and (5.20),

J1= 1

8

∫ ∫
�×�

{
ϕ(x′, b)− ϕ(y′, b)

}2
∂−
xd
∂−
yd
Gk

(
(x′, b), (y′, b)

)
dx′ dy′

= 1

8

∫ ∫
�×�

{
ϕ(x′, b)− ϕ(y′, b)

}2
Uk(x

′, y′)dx′ dy′ <∞.

SinceH,µ
1(x) = PB

xd
(σB

b < ∞) = 1 and hence∂xdH,µ
1(x) = 0, by using Green’s

formula again,

J2= 1

4

∫
�

∂−
xd
Ex

[
ϕ
(
X′(σB

b

)
, b
)2]∣∣

xd=b
dx′ = 1

2
E,k

(
H,µ

1,H,µ

(
u2))= 0.

Thus we arrive at the first assertion. The second assertion is obtained in the same way as
above. ✷

LEMMA 5.5. – Let−∞< ak < bk <∞. Then

E,k
(H,µ

u,H,µ
u)= 1

8

∫ ∫
�×�

{
ϕ(x′, ak)− ϕ(y′, ak)

}2
Uk(x

′, y′)dx′ dy′

+ 1

8

∫ ∫
�×�

{
ϕ(x′, bk)− ϕ(y′, bk)

}2
Uk(x

′, y′)dx′ dy′
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+ 1

4

∫ ∫
�×�

{
ϕ(x′, ak)− ϕ(y′, bk)

}2
Vk(x

′, y′)dx′ dy′.

Proof. –We seta = ak, b = bk . SincePx(σ
Y
,µ
= σB

Sm
= σB

a ∧ σB
b < ∞) = 1 for

x ∈,k, wherer ∧ s =min{r, s}, we have

H,µ
u(x)=Ex

[
ϕ
(
X′(σB

a ∧ σB
b

)
,B
(
σB
a ∧ σB

b

))]
= 1

2

∫
�

{
ϕ(y′, a)∂+

yd
Gk

(
x, (y′, a)

)− ϕ(y′, b)∂−
yd
Gk

(
x, (y′, b)

)}
dy′, (5.45)

Px

(
X′(σB

a

) ∈ dy′, σ B
a < σB

b

)= 1

2
∂+
yd
Gk

(
x, (y′, a)

)
dy′, (5.46)

Px

(
X′(σB

b

) ∈ dy′, σ B
b < σB

a

)=−1

2
∂−
yd
Gk

(
x, (y′, b)

)
dy′, (5.47)

for x ∈,k andy ∈ �. By means of Green’s formula and (5.45), we get

E,k
(H,µ

u,H,µ
u)

= 1

2

∫
�

{
H,µ

u(x′, b)∂−
xd
H,µ

u(x′, b)−H,µ
u(x′, a)∂+

xd
H,µ

u(x′, a)
}

dx′

= 1

2

∫
�

{
ϕ(x′, b)∂−

xd
Ex

[
ϕ
(
X′(σB

a ∧ σB
b

)
,B
(
σB
a ∧ σB

b

))]∣∣
xd=b

− ϕ(x′, a)∂+
xd
Ex

[
ϕ
(
X′(σB

a ∧ σB
b

)
,B
(
σB
a ∧ σB

b

))]∣∣
xd=a

}
dx′

= 1

2

∫
�

{
ϕ(x′, b)∂−

xd
Ex

[
ϕ
(
X′(σB

a

)
, a
);σB

a < σB
b

]∣∣
xd=b

+ ϕ(x′, b)∂−
xd
Ex

[
ϕ
(
X′(σB

b

)
, b
);σB

b < σB
a

]∣∣
xd=b

− ϕ(x′, a)∂+
xd
Ex

[
ϕ
(
X′(σB

a

)
, a
);σB

a < σB
b

]∣∣
xd=a

− ϕ(x′, a)∂+
xd
Ex

[
ϕ
(
X′(σB

b

)
, b
);σB

b < σB
a

]∣∣
xd=a

}
dx′

= −1

4

∫
�

∂−
xd
Ex

[{
ϕ(x′, b)− ϕ

(
X′(σB

a

)
, a
)}2;σB

a < σB
b

]∣∣
xd=b

dx′

+ 1

4

∫
�

∂−
xd
Ex

[
ϕ(x′, b)2+ ϕ

(
X′(σB

a

)
, a
)2;σB

a < σB
b

]∣∣
xd=b

dx′

− 1

4

∫
�

∂−
xd
Ex

[{
ϕ(x′, b)− ϕ

(
X′(σB

b

)
, b
)}2;σB

b < σB
a

]∣∣
xd=b

dx′

+ 1

4

∫
�

∂−
xd
Ex

[
ϕ(x′, b)2+ ϕ

(
X′(σB

b

)
, b
)2;σB

b < σB
a

]∣∣
xd=b

dx′

+ 1

4

∫
�

∂+
xd
Ex

[{
ϕ(x′, a)− ϕ

(
X′(σB

a

)
, a
)}2;σB

a < σB
b

]∣∣
xd=a

dx′
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− 1

4

∫
�

∂+
xd
Ex

[
ϕ(x′, a)2+ ϕ

(
X′(σB

a

)
, a
)2;σB

a < σB
b

]∣∣
xd=a

dx′

+ 1

4

∫
�

∂+
xd
Ex

[{
ϕ(x′, a)− ϕ

(
X′(σB

b

)
, b
)}2;σB

b < σB
a

]∣∣
xd=a

dx′

− 1

4

∫
�

∂+
xd
Ex

[
ϕ(x′, a)2+ ϕ

(
X′(σB

b

)
, b
)2;σB

b < σB
a

]∣∣
xd=a

dx′

≡ J1+ J2+ J3+ J4+ J5+ J6+ J7+ J8.

By virtue of (5.46), (5.47), (5.4), (5.5), (5.21), (5.22) and (5.23),

J1=−1

8

∫ ∫
�×�

{
ϕ(x′, b)− ϕ(y′, a)

}2
∂−
xd
∂+
yd
Gk

(
(x′, b), (y′, a)

)
dx′ dy′

= 1

8

∫ ∫
�×�

{
ϕ(x′, b)− ϕ(y′, a)

}2
Vk(x

′, y′)dx′ dy′ <∞,

J3= 1

8

∫ ∫
�×�

{
ϕ(x′, b)− ϕ(y′, b)

}2
∂−
xd
∂−
yd
Gk

(
(x′, b), (y′, b)

)
dx′ dy′

= 1

8

∫ ∫
�×�

{
ϕ(x′, b)− ϕ(y′, b)

}2
Uk(x

′, y′)dx′ dy′ <∞,

J5= 1

8

∫ ∫
�×�

{
ϕ(x′, a)− ϕ(y′, a)

}2
Uk(x

′, y′)dx′ dy′ <∞,

J7= 1

8

∫ ∫
�×�

{
ϕ(x′, a)− ϕ(y′, b)

}2
Vk(x

′, y′)dx′ dy′ = J1 <∞.

On the other hand, by means of (5.45) and Green’s formula,

J2+ J4+ J6+ J8

= 1

4

∫
�

{
∂−
xd
Ex

[
ϕ(x′, b)2+ ϕ

(
X′(σB

a ∧ σB
b

)
,B
(
σB
a ∧ σB

b

))2]∣∣
xd=b

− ∂+
xd
Ex

[
ϕ(x′, a)2+ ϕ

(
X′(σB

a ∧ σB
b

)
,B
(
σB
a ∧ σB

b

))2]∣∣
xd=a

}
dx′

= 1

4

∫
�

{
∂−
xd
Ex

[
ϕ
(
X′(σB

a ∧ σB
b

)
,B
(
σB
a ∧ σB

b

))2]∣∣
xd=b

− ∂+
xd
Ex

[
ϕ
(
X′(σB

a ∧ σB
b

)
,B
(
σB
a ∧ σB

b

))2]∣∣
xd=a

}
dx′

= 1

2
E,k

(
H,µ

1,H,µ

(
u2))= 0.

We thus get the conclusion of the lemma.✷
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Proof of Theorem 5.1. –In view of [7, Theorem 6.2.1],(E,F) is regular onL2(,µ,µ)

andC∞
0 (Rd)|,µ

is a core of(E,F). We then see that, foru ∈ C∞
0 (Rd)|,µ

, E(u,u) is
given by (5.6) because of (5.42) and Lemmas 5.3, 5.4, 5.5.✷

Example5.6. – LetX′ be the(d − 1)-dimensional Brownian motion and� the one-
dimensional one, that is,aij (x′)= δij (x′), 1� i, j � d − 1, andadd(ξ)= 1. We exhibit
Dirichlet spaces corresponding to somem andρ.

(i) Let m(dξ) = I(a,∞)(ξ )dξ andρ(dξ)= κaδa(dξ), wherea ∈ R, κa is a nonneg-
ative constant. Then the corresponding Dirichlet space(E,F) in Theorem 5.1 is given
by

E(u,u)= 1

2

∫
Ea

d∑
i=1

(∂xiu)
2 dx + κa

2

∫
�

d−1∑
i=1

(∂xiγ
+
a u)2 dx′

+ 1

8

∫ ∫
�×�

{
γ +a u(x′)− γ +a u(y′)

}2
U0(x

′, y′)dx′ dy′,

F = {u ∈ L2(Ea,dx): E(u,u) <∞}
=
{ {u ∈H 1(Ea): γ +a u ∈H 1(�)}, if κa > 0,

{u ∈H 1(Ea): γ +a u ∈H 1/2(�)}, if κa = 0,
(5.48)

whereEa = � × (a,∞), �a = � × {a}, γ +a is the trace operator on�a from the domain
Ea, and

U0(x
′, y′)= 2√

2π

∞∫
0

(2πt)−(d−1)/2e−|x
′−y ′|2/2t t−3/2 dt

= 2π−d/2�(d/2)|x′ − y′|−d. (5.49)

H 1/2(�) is the fractional order space defined byH 1/2(�) = {u ∈ L2(�): ‖u‖H1/2(�)

<∞} with the norm

‖u‖H1/2(�) = ‖u‖L2(�)+
{∫ ∫

�×�

(
u(x′)− u(y′)

)2|x′ − y′|−d dx′ dy′
}1/2

.

We always identify�a with �. In order to see (5.48), it is enough to note that

‖γ +a u‖L2(�) � c1‖u‖H1(Ea), u ∈H 1(Ea),

‖v‖H1/2(�) � c2‖v‖H1(�), v ∈H 1(�),

for some positive constantsc1 andc2 (cf. [1, Ch. VII]).
(ii) Let m(dξ)= I(a,b)(ξ )dξ andρ(dξ)= κaδa(dξ)+κbδb(dξ), where−∞< a < b <

∞ andκa, κb are nonnegative constants. Then the corresponding Dirichlet space(E,F)

in Theorem 5.1 is given by
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E(u,u)= 1

2

∫
Eab

d∑
i=1

(∂xiu)
2 dx

+ κa

2

∫
�

d−1∑
i=1

(∂xiγ
+
a u)2 dx′ + κb

2

∫
�

d−1∑
i=1

(∂xi γ
−
b u)2 dx′

+ 1

8

∫ ∫
�×�

{
γ +a u(x′)− γ +a u(y′)

}2
U0(x

′, y′)dx′ dy′

+ 1

8

∫ ∫
�×�

{
γ −b u(x′)− γ −b u(y′)

}2
U0(x

′, y′)dx′ dy′,

F =


u ∈H 1(Eab):

γ +a u ∈H 1(�) if κa > 0,

γ +a u ∈H 1/2(�) if κa = 0,

γ −b u ∈H 1(�) if κb > 0,

γ −b u ∈H 1/2(�) if κb = 0


,

whereEab = � × (a, b), �a = � × {a}, �b = � × {b}, γ +a [γ −b ] stands for the trace
operator on�a [�b] from the domainEab, andU0 is given by (5.49).

(iii) Let m(dξ) = I(−∞,a)(ξ )dξ + I(b,∞)(ξ )dξ and ρ(dξ) = κaδa(dξ) + κbδb(dξ),
where−∞< a < b <∞ andκa, κb are nonnegative constants. Then the corresponding
Dirichlet form in Theorem 5.1 is given by

E(u,u)= 1

2

∫
Ea∪Eb

d∑
i=1

(∂xiu)
2 dx

+ κa

2

∫
�

d−1∑
i=1

(∂xiγ
−
a u)2 dx′ + κb

2

∫
�

d−1∑
i=1

(∂xi γ
+
b u)2 dx′

+ 1

8

∫ ∫
�×�

{
γ −a u(x′)− γ −a u(y′)

}2
Uab(x

′, y′)dx′ dy′

+ 1

8

∫ ∫
�×�

{
γ +b u(x′)− γ +b u(y′)

}2
Uab(x

′, y′)dx′ dy′

+ 1

4

∫ ∫
�×�

{
γ −a u(x′)− γ +b u(y′)

}2
Vab(x

′, y′)dx′ dy′,

whereEa = � × (−∞, a), Eb = � × (b,∞), �a = � × {a}, �b = � × {b}, γ −a [γ +b ]
stands for the trace operator on�a [�b] from the domainEa [Eb], andUab(x

′, y′) and
Vab(x

′, y′) are given by

Uab(x
′, y′)=

∞∫
0

(2πt)−(d−1)/2e−|x
′−y ′|2/2t 2

b− a

∞∑
n=1

(
nπ

b− a

)2

e−(nπ/(b−a))2t/2 dt
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= 2−(d−5)/2π(b− a)−(d+3)/2|x′ − y′|−(d−3)/2

×
∞∑
n=1

n(d+1)/2K(d−3)/2
(
nπ |x′ − y′|/(b− a)

)
, (5.50)

Vab(x
′, y′)=

∞∫
0

(2πt)−(d−1)/2e−|x
′−y ′|2/2t 2

b− a

×
∞∑
n=1

(−1)n−1
(

nπ

b− a

)2

e−(nπ/(b−a))2t/2 dt

= 2−(d−5)/2π(b− a)−(d+3)/2|x′ − y′|−(d−3)/2

×
∞∑
n=1

(−1)n−1n(d+1)/2K(d−3)/2
(
nπ |x′ − y′|/(b− a)

)
. (5.51)

Note thatUab, Vab satisfy (5.23) withC2=C4= 1/2. Especially, ifd = 2,Uab, Vab are
reduced to

Uab(x
′, y′)= 2π

(b− a)2
e−|x

′−y ′|π/(b−a)
{
1− e−|x

′−y ′|π/(b−a)
}−2

,

Vab(x
′, y′)= 2π

(b− a)2
e−|x

′−y ′|π/(b−a)
{
1+ e−|x

′−y ′|π/(b−a)
}−2

,

because ofK−1/2(ξ)=√π/2ξ e−ξ . By virtue of Lemma 5.2, it holds that forφ = γ −a u

or γ +b u with u ∈H 1(Ea ∪Eb),∫ ∫
�×�

∣∣φ(x′)− φ(y′)
∣∣2Uab(x

′, y′)dx′ dy′ � c1‖φ‖2
H1/2(�)

� c2

{∫ ∫
�×�

∣∣φ(x′)− φ(y′)
∣∣2Uab(x

′, y′)dx′ dy′ + ‖φ‖2
L2(�)

}
,

and further,∫ ∫
�×�

∣∣γ −a u(x′)− γ +b u(y′)
∣∣2Vab(x

′, y′)dx′ dy′ � c3
{‖γ −a u‖2

L2(�)+‖γ +b u‖2
L2(�)

}
,

whereci (i = 1,2,3) are positive constants. Therefore the domainF is given by

F =


u ∈H 1(Ea ∪Eb):

γ −a u ∈H 1(�) if κa > 0,

γ −a u ∈H 1/2(�) if κa = 0,

γ +b u ∈H 1(�) if κb > 0,

γ +b u ∈H 1/2(�) if κb = 0


.

(iv) Let m(dξ) = δa(dξ) and ρ(dξ) = κaδa(dξ), where−∞ < a <∞ and κa is a
nonnegative constant. Then the corresponding Dirichlet space is given by
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E(u,u)= κa

2

∫
�

d−1∑
i=1

(
∂xiu(x

′, a)
)2

dx′

+ 1

4

∫ ∫
�×�

{
u(x′, a)− u(y′, a)

}2
U0(x

′, y′)dx′ dy′, (5.52)

F =
{
H 1(�a), if κa > 0,
H 1/2(�a), if κa = 0,

(5.53)

where�a = �×{a} andU0 is given by (5.49). The Dirichlet space corresponding to the
caseκa = 0 is obtained in [7, Example 6.2.2]. The coefficient 1/4 in the right hand side
of (5.52) is twice of 1/8 in (6.2.33) of [7], because (5.52) is derived from the Brownian
motion on the whole spaceRd and (6.2.33) in [7] is derived from the reflecting Brownian
motion on the half space.

(v) Let {an}∞n=1 and{bn}∞n=0 be increasing sequences such that−∞< b0 < a1 < b1 <

· · ·< an < bn < an+1 < bn+1 < · · ·, and limn→∞ an = limn→∞ bn = a∗ <∞. Let

m(dξ)=
∞∑
n=1

mnI(bn−1,an)(ξ )dξ +m∗δa∗(dξ),

wheremn > 0, m∗ � 0 and
∑∞

n=1mn(an−bn−1)+m∗ <∞. Hencem is a finite measure
onR. In this caseSm =⋃∞n=1[bn−1, an]∪{a∗} andR\Sm = (−∞, b0)∪ (

⋃∞
n=1(an, bn))∪

(a∗,∞). Let

ρ(dξ)=
∞∑
n=1

κanδan(dξ)+
∞∑
n=0

κbnδbn(dξ)+ κ∗δa∗(dξ),

whereκan � 0, κbn � 0, κ∗ � 0, and
∑∞

n=1 κan +
∑∞

n=0 κbn + κ∗ <∞. Henceρ is a finite
measure onR and supp[ρ] ⊂ Sm. Then (5.6) is reduced to

E(u,u)=
∞∑
n=1

1

2

∫
En

d∑
i=1

(
∂xiu(x)

)2
dx +

∞∑
n=1

κan

2

∫
�

d−1∑
i=1

(
∂xiu(x

′, an)
)2

dx′

+
∞∑
n=0

κbn

2

∫
�

d−1∑
i=1

(
∂xiu(x

′, bn)
)2

dx′ + κ∗
2

∫
�

d−1∑
i=1

(
∂xiu(x

′, a∗)
)2

dx′

+ 1

8

∞∑
n=1

∫ ∫
�×�

{
u(x′, an)− u(y′, an)

}2
Un(x

′, y′)dx′ dy′

+ 1

8

∞∑
n=0

∫ ∫
�×�

{
u(x′, bn)− u(y′, bn)

}2
Un(x

′, y′)dx′ dy′

+ 1

8

∫ ∫
�×�

{
u(x′, a∗)− u(y′, a∗)

}2
U0(x

′, y′)dx′ dy′
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+ 1

4

∞∑
n=1

∫ ∫
�×�

{
u(x′, an)− u(y′, bn)

}2
Vn(x

′, y′)dx′ dy′,

for u ∈ C∞
0 (Rd)|,µ

, whereEn = � × (bn−1, an), n= 1,2, . . . , U0 is defined by (5.49),
Un ≡Uanbn is defined by (5.50) witha = an, b= bn, andVn ≡ Vanbn is defined by (5.51)
with a = an, b= bn for eachn= 1,2, . . . .

The domainF is the completion ofC∞
0 (Rd)|,µ

with respect to the normE1(·, ·)1/2,
whereE1(u,u)= E(u,u)+ (u,u)L2(,µ,µ). Therefore everyu ∈ F possesses at least the
following properties.

(v.1) If m∗ > 0, thenu(·, a∗) ∈ H 1(�) or u(·, a∗) ∈ H 1/2(�) according toκ∗ > 0 or
κ∗ = 0.

(v.2) u ∈H 1(En) for n= 1,2, . . . and

‖u‖2
(C) :=

∞∑
n=1

{∫
En

d∑
i=1

(∂xiu)
2 dx +mn

∫
En

u2 dx

}
<∞.

(v.3) Both ofγ −anu andγ +bn−1
u belong toH 1/2(�) for n= 1,2, . . . , and

‖u‖2
(J ) :=

∞∑
n=1

∫ ∫
�×�

{
γ −anu(x

′)− γ −anu(y
′)
}2
Un(x

′, y′)dx′ dy′

+
∞∑
n=0

∫ ∫
�×�

{
γ +bnu(x

′)− γ +bnu(y
′)
}2
Un(x

′, y′)dx′ dy′

+
∞∑
n=1

∫ ∫
�×�

{
γ −anu(x

′)− γ +bnu(y
′)
}2
Vn(x

′, y′)dx′ dy′ <∞.

(v.4) For eachn = 1,2, . . . , γ −anu ∈ H 1(�) if κan > 0. For eachn = 0,1,2, . . . ,
γ +bnu ∈H 1(�) if κbn > 0. Further

∞∑
n=1

κan

∫
�

d−1∑
i=1

(∂xiγ
−
an
u)2 dx′ +

∞∑
n=0

κbn

∫
�

d−1∑
i=1

(∂xi γ
+
bn
u)2 dx′ <∞. 5

Hereγ −an andγ +bn−1
are the trace operators on�an := � × {an} and�bn−1 := � × {bn−1}

from the domainEn, respectively.
By means of above properties, it is easy to see that everyu ∈F satisfies the following

identity and finiteness condition.

γ −anu(x
′)− γ +bn−1

u(x′)=
an∫

bn−1

∂xdu(x
′, xd )dxd, a.e.x′ ∈ �. (5.54)

5 We use the convention 0· ∞= 0 throughout this paper.
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∞∑
n=1

an∫
bn−1

d∑
i=1

(
∂xiu
(
x′, xd

))2
dxd

+
∞∑
n=1

∫
�

{
γ −anu(x

′)− γ −anu(y
′)
}2
Un(x

′, y′) dy′

+
∞∑
n=0

∫
�

{
γ +bnu(x

′)− γ +bnu(y
′)
}2
Un(x

′, y′)dy′

+
∞∑
n=1

∫
�

{
γ −anu(x

′)− γ +bnu(y
′)
}2
Vn(x

′, y′)dy′ <∞, a.e.x′ ∈ �. (5.55)

Let us remark that, for everyu ∈F , there exists the limit

γ∗u(x′) := lim
n→∞γεnu(x

′), a.e.x′ ∈ �, (5.56)

whereεn = an or bn, γεn = γ −an if εn = an,= γ +bn if εn = bn, for eachn ∈N, and further it
holds that

γ∗u(x′)= u(x′, a∗), a.e.x′ ∈ �, if m∗ > 0, (5.57)

‖γ∗u‖L2(�) � c1
{‖u‖(C) + ‖u‖(J ) + ‖γ +b0

u‖L2(�)

}
, (5.58)

wherec1 is a positive constant independent ofu ∈F . In order to prove above properties
(5.56)–(5.58), it is enough to show that there is a positive constantc2 such that, for
u ∈F, m, n= 0,1,2, . . . (m< n), and for a.e.x′ ∈ �,

∣∣γεnu(x′)− γεmu(x
′)
∣∣2 � c2

{
n−1∑
k=m

ak+1∫
bk

(
∂xdu
(
x′, xd

))2
dxd

+
n∑

k=m

∫
�

∣∣γ −ak u(x′)− γ −ak u(y
′)
∣∣2Uk(x

′, y′)dy′

+
n∑

k=m

∫
�

∣∣γ +bk u(x′)− γ −ak u(y
′)
∣∣2Vk(x

′, y′)dy′
}
. (5.59)

We give a proof of (5.59) in the case whereεn = an, εm = bm. Since

γ −anu(x
′)− γ +bmu(x

′)=
n−1∑
k=m

{
γ −ak+1

u(x′)− γ +bk u(x
′)
}+ n−1∑

k=m+1

{
γ +bk u(x

′)− γ −ak u(y
′
k)
}

+
n−1∑

k=m+1

{
γ −ak u(y

′
k)− γ −ak u(x

′)
}
,

for y′k ∈ � (k =m+ 1, . . . , n− 1), by virtue of (5.54), we find that

∣∣γ −anu(x′)− γ +bmu(x
′)
∣∣2 � 3

{
n−1∑
k=m

ak+1∫
bk

(
∂xdu
(
x′, xd

))2
dxd ·

n−1∑
k=m

(ak+1− bk)
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+
(

n−1∑
k=m+1

∣∣γ +bk u(x′)− γ −ak u(y
′
k)
∣∣)2

+
(

n−1∑
k=m+1

∣∣γ −ak u(y′k)− γ −ak u(x
′)
∣∣)2}

. (5.60)

PutAk = ∫� Vk(x
′, y′)dy′, which is independent ofx′ becauseVk(x

′, y′) is a function of
|x′ − y′| by means of (5.51). By virtue of Lemma 5.2,c3 := infk∈N, x ′∈�(bk − ak)Ak > 0.
Let νk(x′,dy′) = A−1

k Vk(x
′, y′)dy′. Integrating the second term of the right hand side

of (5.60) by the product measure
∏n−1

j=m+1 νj (x
′,dy′j ) over the set�n−m−1, we find that

∫
�n−m−1

(
n−1∑

k=m+1

∣∣γ +bk u(x′)− γ −ak u(y
′
k)
∣∣)2

n−1∏
j=m+1

νj (x
′,dy′j )

=
n−1∑

k=m+1

∫
�

∣∣γ +bk u(x′)− γ −ak u(y
′)
∣∣2νk(x′,dy′)

+∑
k �=l

∫
�

∣∣γ +bk u(x′)− γ −ak u(y
′)
∣∣νk(x′,dy′)

×
∫
�

∣∣γ +bl u(x′)− γ −al u(z
′)
∣∣νl(x′,dz′)

�
{ n−1∑

k=m+1

(∫
�

∣∣γ +bk u(x′)− γ −ak u(y
′)
∣∣2νk(x′,dy′)

)1/2}2

�
n−1∑

k=m+1

∫
�

∣∣γ +bk u(x′)− γ −ak u(y
′)
∣∣2Vk(x

′, y′)dy′ ×
n−1∑

k=m+1

1

Ak

� a∗ − b0

c3

n−1∑
k=m+1

∫
�

∣∣γ +bk u(x′)− γ −ak u(y
′)
∣∣2Vk(x

′, y′)dy′.

Noting thatVk(x
′, y′) � Uk(x

′, y′), and integrating both sides of (5.60) by the product
measure

∏n−1
j=m+1 νj (x

′,dy′j ) over the set�n−m−1, we obtain (5.59).
From above observation, it follows that the Dirichlet space(E,F) is given as follows:

E(u,u)=
∞∑
n=1

1

2

∫
En

d∑
i=1

(
∂xiu(x)

)2
dx +

∞∑
n=1

κan

2

∫
�

d−1∑
i=1

(
∂xiγ

−
an
u(x′)

)2
dx′

+
∞∑
n=0

κbn

2

∫
�

d−1∑
i=1

(
∂xiγ

+
bn
u(x′)

)2
dx′ + κ∗

2

∫
�

d−1∑
i=1

(
∂xiγ∗u(x′)

)2
dx′

+ 1

8

∞∑
n=1

∫ ∫
�×�

{
γ −anu(x

′)− γ −anu(y
′)
}2
Un(x

′, y′)dx′ dy′
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+ 1

8

∞∑
n=0

∫ ∫
�×�

{
γ +bnu(x

′)− γ +bnu(y
′)
}2
Un(x

′, y′)dx′ dy′

+ 1

8

∫ ∫
�×�

{
γ∗u(x′)− γ∗u(y′)

}2
U0(x

′, y′)dx′ dy′

+ 1

4

∞∑
n=1

∫ ∫
�×�

{
γ −anu(x

′)− γ +bnu(y
′)
}2
Vn(x

′, y′)dx′ dy′,

F =
{
u:

u satisfies (v.2), (v.3), (v.4), and furtherγ∗u ∈H 1(�)

or γ∗u ∈H 1/2(�) according toκ∗ > 0 orκ∗ = 0

}
.

(vi) Let us consider the case whereEn = ∅ for everyn ∈ N in (v). Namely, let{an}∞n=1
be an increasing sequence with limn→∞ an = a∗ ∈R. Let

m(dξ)=
∞∑
n=1

mnδan(dξ)+m∗δa∗(dξ),

wheremn > 0, m∗ � 0,
∑∞

n=1mn +m∗ <∞. Hencem is a finite measure onR. In this
caseSm =⋃∞n=1{an} ∪ {a∗} andR \ Sm = (−∞, a1)∪ (

⋃∞
n=1(an, an+1))∪ (a∗,∞). Let

ρ(dξ)=
∞∑
n=1

κnδan(dξ)+ κ∗δa∗(dξ),

whereκn � 0, κ∗ � 0,
∑∞

n=1 κn + κ∗ < ∞. Henceρ is a finite measure onR and
supp[ρ] ⊂ Sm. Then (5.6) is reduced to

E(u,u)=
∞∑
n=1

κn

2

∫
�

d−1∑
i=1

(
∂xiu(x

′, an)
)2

dx′ + κ∗
2

∫
�

d−1∑
i=1

(
∂xiu(x

′, a∗)
)2

dx′

+ 1

8

∞∑
n=1

∫ ∫
�×�

{
u(x′, an)− u(y′, an)

}2(
Un−1(x

′, y′)+Un(x
′, y′)

)
dx′ dy′

+ 1

8

∫ ∫
�×�

{
u(x′, a∗)− u(y′, a∗)

}2
U0(x

′, y′)dx′ dy′

+ 1

4

∞∑
n=1

∫ ∫
�×�

{
u(x′, an)− u(y′, an+1)

}2
Vn(x

′, y′)dx′ dy′,

for u ∈ C∞
0 (Rd)|,µ

, whereU0 is defined by (5.49),Un ≡ Uanan+1 is defined by (5.50)
with a = an, b = an+1, andVn ≡ Vanan+1 is defined by (5.51) witha = an, b = an+1 for
eachn= 1,2, . . . .

Since the domainF is the completion ofC∞
0 (Rd)|,µ

with respect to the norm
E1(·, ·)1/2, everyu ∈F has the following properties.
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(vi.1) If m∗ > 0, thenu(·, a∗) ∈H 1(�) or u(·, a∗) ∈ H 1/2(�) according toκ∗ > 0 or
κ∗ = 0.

(vi.2) u(·, an) ∈H 1/2(�) for n= 1,2, . . . , and

‖u‖2
(J ) :=

∞∑
n=1

∫ ∫
�×�

{
u(x′, an)− u(y′, an)

}2(
Un−1(x

′, y′)+Un(x
′, y′)

)
dx′ dy′

+
∞∑
n=1

∫ ∫
�×�

{
u(x′, an)− u(y′, an+1)

}2
Vn(x

′, y′)dx′ dy′ <∞.

Further, by the same argument as in (v), we find that, for everyu ∈ F , there exists the
limit

γ∗u(x′) := lim
n→∞u(x′, an), a.e.x′ ∈ �,

and

γ∗u(x′)= u(x′, a∗), a.e.x′ ∈ �, if m∗ > 0,

‖γ∗u‖L2(�) � c1
{‖u‖(J ) +‖u(·, a1)‖L2(�)

}
,

wherec1 is a positive constant independent ofu ∈F . Thus the Dirichlet space(E,F) is
given as follows.

E(u,u)=
∞∑
n=1

κn

2

∫
�

d−1∑
i=1

(
∂xiu(x

′, an)
)2

dx′ + κ∗
2

∫
�

d−1∑
i=1

(
∂xiγ∗u(x′)

)2
dx′

+ 1

8

∞∑
n=1

∫ ∫
�×�

{
u(x′, an)− u(y′, an)

}2(
Un−1(x

′, y′)+Un(x
′, y′)

)
dx′ dy′

+ 1

8

∫ ∫
�×�

{
γ∗u(x′)− γ∗u(y′)

}2
U0(x

′, y′)dx′ dy′

+ 1

4

∞∑
n=1

∫ ∫
�×�

{
u(x′, an)− u(y′, an+1)

}2
Vn(x

′, y′)dx′ dy′,

F =
{
u:

u satisfies (vi.2), and furtherγ∗u ∈H 1(�) or

γ∗u ∈H 1/2(�) according toκ∗ > 0 or κ∗ = 0

}
.

(vii) Let E be the triadic Cantor set, that is,E = [0,1]\⋃∞n=1

⋃
e∈{0,2}n−1(ae, be), where

ae =∑n−1
i=1 εi3−i + 3−n andbe = ae + 3−n, for e = (ε1, . . . , εn−1) ∈ {0,2}n−1. Let m be

the Cantor measure, that is, a finite measure corresponding to the Cantor function. Then
Sm =E. Let

ρ(dξ)=
∞∑
n=1

∑
e∈{0,2}n−1

{
κaeδae(dξ)+ κbeδbe(dξ)

}
,

whereκae andκbe are nonnegative constants and
∑∞

n=1

∑
e∈{0,2}n−1{κae + κbe}<∞. Then

ρ is a finite measure and supp[ρ] ⊂ Sm. Therefore (5.6) is reduced to
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E(u,u)= 1

2

∞∑
n=1

∑
e∈{0,2}n−1

κae

∫
�

d−1∑
i=1

(
∂xiu(x

′, ae)
)2

dx′

+ 1

2

∞∑
n=1

∑
e∈{0,2}n−1

κbe

∫
�

d−1∑
i=1

(
∂xiu(x

′, be)
)2

dx′

+ 1

8

∫ ∫
�×�

{
u(x′,0)− u(y′,0)

}2
U0(x

′, y′)dx′ dy′

+ 1

8

∫ ∫
�×�

{
u(x′,1)− u(y′,1)

}2
U0(x

′, y′)dx′ dy′

+ 1

8

∞∑
n=1

∑
e∈{0,2}n−1

∫ ∫
�×�

{
u(x′, ae)− u(y′, ae)

}2
Ue(x

′, y′)dx′ dy′

+ 1

8

∞∑
n=1

∑
e∈{0,2}n−1

∫ ∫
�×�

{
u(x′, be)− u(y′, be)

}2
Ue(x

′, y′)dx′ dy′

+ 1

4

∞∑
n=1

∑
e∈{0,2}n−1

∫ ∫
�×�

{
u(x′, ae)− u(y′, be)

}2
Ve(x

′, y′)dx′ dy′,

for u ∈ C∞
0 (Rd)|,µ

, where U0 is defined by (5.49),Ue is defined by (5.50) with
a = ae, b = be, andVe is defined by (5.51) witha = ae, b = be. The domainF is
the completion ofC∞

0 (Rd)|,µ
with respect to the norm{E( · , · ) + ( · , · )L2(,µ,µ)}1/2.

Although we cannot determine the domainF , we may say that

F ⊂
{
u ∈ L2(,µ,µ): sup

N∈N

∫
�×E×�×E

∣∣u(x′, xd
)−u

(
y′, yd

)∣∣2νN(dx′ dxd dy′ dyd
)
<∞

}
,

whereνN ’s are Radon measures on� ×E × �×E defined by

νN
(
dx′dxddy′dyd

)
=U0(x

′, y′)
{
dx′δ0

(
dxd
)
dy′δ0

(
dyd
)+ dx′δ1

(
dxd
)

dy′δ1
(
dyd
)}

+
N∑

n=1

∑
e∈{0,2}n−1

{
Ue(x

′, y′)
{
dx′δae

(
dxd
)

dy′δae
(
dyd
)

+ dx′δbe
(
dxd
)

dy′δbe
(
dyd
)}+ Ve(x

′, y′)dx′δae
(
dxd
)
dy′δbe

(
dyd
)}

.

6. The partial differential equation for the limit process

Let {ak}∞k=−∞ and {bk}∞k=−∞ be sequences such thatak < bk < ak+1 < bk+1, k =
0, ±1, ±2, . . . , and limk→−∞ ak = limk→−∞ bk =−∞, limk→∞ ak = limk→∞ bk =∞.
Let m(dξ) =∑∞

k=−∞mkI(bk,ak+1)(ξ )dξ andρ(dξ) =∑∞
k=−∞{κakδak (dξ) +κbkδbk (dξ)},

where mk ’s are positive constants, andκak ’s and κbk ’s are nonnegative constants.
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m andρ are Radon measures onR, supp[ρ] ⊂ Sm = ⋃∞k=−∞[bk, ak+1], andR \ Sm =⋃∞
k=−∞(ak, bk). In view of Theorem 5.1, the corresponding Dirichlet form is given by

E(u,u)=
∞∑

k=−∞

1

2

∫
Ek

{
d−1∑
i,j=1

aij (x′)∂xiu(x)∂xj u(x)+ add
(
xd
)
∂xdu(x)∂xd u(x)

}
dx

+
∞∑

k=−∞

κak

2

∫
�

d−1∑
i,j=1

aij (x′)∂xiγ −ak u(x
′)∂xj γ −ak u(x

′)dx′

+
∞∑

k=−∞

κbk

2

∫
�

d−1∑
i,j=1

aij (x′)∂xiγ +bk u(x
′)∂xj γ +bk u(x

′)dx′

+ 1

8

∞∑
k=−∞

∫ ∫
�×�

{
γ −ak u(x

′)− γ −ak u(y
′)
}2
Uk(x

′, y′)dx′ dy′

+ 1

8

∞∑
k=−∞

∫ ∫
�×�

{
γ +bk u(x

′)− γ +bk u(y
′)
}2
Uk(x

′, y′)dx′ dy′

+ 1

4

∞∑
k=−∞

∫ ∫
�×�

{
γ −ak u(x

′)− γ +bk u(y
′)
}2
Vk(x

′, y′)dx′ dy′,

whereEk = � × (bk, ak+1), �ak = � × {ak}, �bk = � × {bk}, γa−
k
[γ +bk ] is the trace

operator on�ak [�bk ] from Ek−1 [Ek], and Uk, Vk are given by (5.13) and (5.17).
The domainF is the space of all measurable functionsu defined onE := ⋃∞k=−∞Ek

satisfying the following properties.
(F .1) u ∈H 1(Ek) for k = 0,±1,±2, . . . , and

∞∑
k=−∞

{∫
Ek

d∑
i=1

(∂xiu)
2 dx +mk

∫
Ek

u2 dx

}
<∞.

(F .2) For eachk = 0,±1,±2, . . . , γ −ak u ∈H 1(�) or H 1/2(�) according toκak > 0 or
κak = 0, andγ +bk u ∈H 1(�) or H 1/2(�) according toκbk > 0 or κbk = 0. Further

∞∑
k=−∞

κak

∫
�

d−1∑
i=1

(∂xiγ
−
ak
u)2 dx′ +

∞∑
k=−∞

κbk

∫
�

d−1∑
i=1

(∂xi γ
+
bk
u)2 dx′

+
∞∑

k=−∞

∫ ∫
�×�

{
γ −ak u(x

′)− γ −ak u(y
′)
}2
Uk(x

′, y′)dx′ dy′

+
∞∑

k=−∞

∫ ∫
�×�

{
γ +bk u(x

′)− γ +bk u(y
′)
}2
Uk(x

′, y′)dx′ dy′

+
∞∑

k=−∞

∫ ∫
�×�

{
γ −ak u(x

′)− γ +bk u(y
′)
}2
Vk(x

′, y′)dx′ dy′ <∞.
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Put Eλ(u, v) = E(u, v) + λ(u, v)L2(E,µ) for λ > 0. By virtue of the general theory, for
eachf ∈ L2(E,µ) andλ > 0, there exists a unique elementu of F denoted byGλf

such that

Eλ(u, v)= (f, v)L2(E,µ), v ∈F . (6.1)

It is known that{Gλ,λ > 0} is Markovian in the sense that 0� λGλf � 1 whenever
0 � f � 1 ([7]). Hence it is defined as a bounded linear operator onC(E), where
E =⋃∞k=−∞Ek with Ek = Ek ∪ �ak+1 ∪ �bk . We pose the following assumption on the
sequences{ak}∞k=−∞ and{bk}∞k=−∞.∑

0�k<∞
mk(ak+1− bk)

2=∞, (6.2)

∑
−∞<k<0

mk(ak+1− bk)
2=∞, (6.3)

which imply that (4.5) and (4.6) are satisfied. Therefore we can derive the following
assertion from Theorem 4.3.

THEOREM 6.1. – Under the conditions(6.2)and(6.3) it holds that

Gλ

(
Ĉ(E)

)⊂ Ĉ(E), λ > 0.

We are going to observe the assertion of Theorem 6.1 from a point of view of partial
differential equation theory. In order to proceed our argument, we need the following
assumption.

aij ∈ C1,α(�), i, j = 1, . . . , d − 1, (6.4)

for anα ∈ (0,1]. HereC1,α(�) is the space of all continuously differentiable functions
on� with bounded derivatives and with the finite norm

‖f ‖1,α =
∑
|r |=0,1

∥∥∂rf
∥∥+∑

|r |=1

[
∂rf
]
α
,

where

‖f ‖= sup
x∈�

|f (x)|, [f ]α = sup
x,y∈�

|f (x)− f (y)|
|x − y|α ,

∂r = (∂x1)r1(∂x2)r2 · · · (∂xd )rd , r = (r1, r2, . . . , rd),

|r| = r1+ r2+ · · · + rd .

In the following, we fix a nonnegative elementχ ∈ C∞
0 (�) such thatχ(y′) = 1 for

|y′|� 1/2, χ(y′)= 0 for |y′|� 1, andχ(−y′)= χ(y′).

PROPOSITION 6.2. – Under the assumption(6.4), there exists the limit

bik(x
′)= lim

ε↓0

∫
�\Px′

ε

(
yi − xi

)
χ(y′ − x′)Uk(x

′, y′)dy′, x′ ∈ �, (6.5)

for eachi = 1,2, . . . , d−1, andk = 0,±1,±2, . . . , wherePx ′
ε = {y′ ∈ �: |x′ −y′|< ε}.
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In order to prove Proposition 6.2, we need some estimates ofp′(t, x′, y′). We
summarize them first of all. Following the parametric method, we find thatp′(t, x′, y′)
is represented as

p′(t, x′, y′)= qy ′(t, x′, y′)+ q̃(t, x′, y′), (6.6)

where

qz′(t, x′, y′)= (deta(z′)
)1/2

(2πt)−(d−1)/2 exp
{
− 1

2t
(x′ − y′)a(z′) t(x′ − y′)

}
, (6.7)

a(z′)= (aij (z
′))= (aij (z′))−1, andq̃(t, x′, y′) is the remainder term.

LEMMA 6.3. – There are positive constantsC13 andC14 such that

|q̃(t, x′, y′)|� C13t
−(d−1−α)/2e−C14|x ′−y ′|2/t , 0< t <∞, x′, y′ ∈ �. (6.8)

Proof. –In the following, c1, c2, etc. stand for positive constants independent of
variables. Letx′, y′, z′ ∈ �. By means of (6.7),∣∣qz′(t, x′, y′)

∣∣� c1t
−(d−1)/2e−c2|x ′−y ′|2/t , 0< t <∞. (6.9)

Combining this with (4.31), we get

|q̃(t, x′, y′)|� c3t
−(d−1)/2e−c4|x ′−y ′|2/t , 0< t <∞. (6.10)

In [13, p. 378, (13.5)], the following estimate is already obtained.

|q̃(t, x′, y′)|� c5t
−(d−1−α)/2e−c6|x ′−y ′|2/t , 0< t � T ,

whereT > 0 is fixed arbitrarily. This estimate coupled with (6.10) implies (6.8).✷
Proof of Proposition 6.2. –We put

Wk(y
′; z′)= (deta(z′)

)1/2
∞∫

0

(2πt)−(d−1)/2 exp
{
− 1

2t
y′a(z′) ty′

}
αk(t)dt, (6.11)

for y′, z′ ∈ �. We note that there is a positive constantC15 such that∣∣Wk(y
′;x′)−Wk(y

′; z′)∣∣� C15|x′ − z′||y′|−d , (6.12)

for everyx′, y′, z′ ∈ �, k = 0,±1,±2, . . . . Indeed, noting (6.4), we see that

∣∣Wk(y
′;x′)−Wk(y

′; z′)∣∣= ∣∣∣∣
1∫

0

∂sWk

(
y′;x′ + s(z′ − x′)

)
ds
∣∣∣∣

� |x′ − z′|
1∫

0

|∇η′Wk(y
′;η′)||η′=x ′+s(z′−x ′) ds
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� c1|x′ − z′|
{ ∞∫

0

t−(d−1)/2e−c2|y ′|2/tαk(t)dt

+ |y′|2
∞∫

0

t−(d+1)/2e−c2|y ′|2/tαk(t)dt

}
,

for some positive constantsc1 and c2. Combining this with (5.24) and (5.25), we get
(6.12).

By virtue of (6.6),

Uk(x
′, y′)=

∞∫
0

qy ′(t, x′, y′)αk(t)dt +
∞∫

0

q̃(t, x′, y′)αk(t)dt

≡Uk,1(x
′, y′)+Uk,2(x

′, y′).

From (6.11),

Uk,1(x
′, y′)=Wk(y

′ − x′;y′).
Noting that

∫
�\Px′

ε
(yi − xi)χ(y′ − x′)Wk(y

′ − x′;x′)dy′ = 0, we have∫
�\Px′

ε

(
yi − xi

)
χ(y′ − x′)Uk,1(x

′, y′)dy′

=
∫

�\Px′
ε

(
yi − xi

)
χ(y′ − x′)

{
Wk(y

′ − x′;y′)−Wk(y
′ − x′;x′)}dy′.

By virtue of (6.12),∣∣Wk(y
′ − x′;y′)−Wk(y

′ − x′;x′)∣∣� C15|x′ − y′|−d+1.

Therefore there exists the following limit:

bik,1(x
′) := lim

ε↓0

∫
�\Px′

ε

(
yi − xi

)
χ(y′ − x′)Uk,1(x

′, y′)dy′

=
∫
�

(
yi − xi

)
χ(y′ − x′)

{
Wk(y

′ − x′;y′)−Wk(y
′ − x′;x′)}dy′

=
∫
�

yiχ(y′)
{
Wk(y

′;x′ + y′)−Wk(y
′;x′)}dy′.

By means of (6.8), (5.24) and (5.25),

|Uk,2(x
′, y′)|� c1

∞∫
0

t−(d+2−α)/2e−c2|x ′−y ′|2/t dt � c3|x′ − y′|−(d−α),

for some positive constantsci (i = 1,2,3). Therefore there exists the following limit:
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bik,2(x
′) := lim

ε↓0

∫
�\Px′

ε

(
yi − xi

)
χ(y′ − x′)Uk,2(x

′, y′)dy′

=
∫
�

(
yi − xi

)
χ(y′ − x′)Uk,2(x

′, y′)dy′.

Thus there exists the limitbik defined by (6.5). ✷
We define the following operators.

Au(x)= 1

2

{
d−1∑
i,j=1

∂xi
(
aij (x′)∂xj u(x)

)+ ∂xd
(
add
(
xd
)
∂xdu(x)

)}
,

∂n−a u(x
′)= 1

2
add(a)∂xdu(x

′, a), ∂n+
b
u(x′)=−1

2
add(b)∂xdu(x

′, b),

Ã±
ξ u(x

′)= κξ

2

d−1∑
i,j=1

∂xi
(
aij (x′)∂xj γ ±ξ u(x′)

)
,

B̃±ξ u(x′)=
1

4

∫
�

{
γ ±ξ u(x′ + y′)− γ ±ξ u(x′)−∇x ′γ

±
ξ u(x′) · y′χ(y′)}

×Uk(x
′, x′ + y′)dy′ + 1

4

d−1∑
i=1

bik(x
′)∂xi γ ±ξ u(x′),

C̃+−ak
u(x′)= 1

4

∫
�

{
γ +bk u(x

′ + y′)− γ −ak u(x
′)
}
Vk(x

′, x′ + y′)dy′,

C̃−+bk
u(x′)= 1

4

∫
�

{
γ −ak u(x

′ + y′)− γ +bk u(x
′)
}
Vk(x

′, x′ + y′)dy′,

whereξ = ak or bk .

THEOREM 6.4. – Assume(6.2), (6.3), and (6.4). Let f ∈ Ĉ(E) and λ > 0. Then
u=Gλf is the unique element in̂C(E)∩F satisfying the following equations in weak
sense: for everyk = 0,±1,±2, . . . ,

(λmk −A)u=mkf in Ek, (6.13)

∂n+
bk

u= Ã+
bk
u+ B̃+bku+ C̃−+bk

u in �bk , (6.14)

∂n−ak+1
u= Ã−

ak+1
u+ B̃−ak+1

u+ C̃+−ak+1
u in �ak+1. (6.15)

Remark6.5. – We say that an elementu ∈F satisfies Eqs. (6.13)–(6.15) in the weak
sense if the equations∫

Ek

(λmk −A)u(x)v(x)dx =
∫
Ek

mkf (x)v(x)dx for v ∈H 1
0 (Ek), (6.16)
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�

∂n+
bk

u(x′)φ(x′)dx′ =
∫
�

(
Ã+

bk
u+ B̃+bku+ C̃−+bk

u
)
(x′)φ(x′)dx′ (6.17)

for φ ∈H 1(�) or H 1/2(�) according asκbk > 0 orκbk = 0

hold for (6.13) and (6.14) and a similar equation for (6.15). More precisely, the integrals
in the above are understood as follows. Firstly,∫

Ek

Au(x)v(x)dx

=−1

2

∫
Ek

{
d−1∑
i,j=1

aij (x′)∂xiu(x)∂xj v(x)+ add
(
xd
)
∂xdu(x)∂xd v(x)

}
dx

for v ∈ H 1
0 (Ek). Secondly, letv = H�×{bk}φ and take a sequence{ρn} ⊂ C∞

0 (R) such
thatρn(ξ)= 1 for |ξ − bk|< 1/n,= 0 for |ξ − bk|> 2/n, and 0� ρn � 1. Then∫

�

∂n+
bk

u(x′)φ(x′)dx′ = lim
n→∞

1

2

∫
Ek

add
(
xd
)
∂xdu(x)∂xd

(
v(x)ρn

(
xd
))

dx, (6.18)

for eachφ ∈ H 1(�) or H 1/2(�). Note that the convergence is secured in the following
proof of Theorem 6.4. Further,v = H�×{bk}φ(x) can be replaced by any otherv ∈
H 3/2(Ek) or H 1(Ek) with γ +bk v = φ. Thirdly,

∫
�

Ã+
bk
u(x′)φ(x′)dx′ = −κbk

2

∫
�

d−1∑
i,j=1

aij (x′)∂xi γ +bk u(x
′)∂xj φ(x′)dx′,

for φ ∈H 1(�) if κbk > 0, and
∫
� Ã+

bk
u(x′)φ(x′)dx′ = 0 for all φ ∈H 1/2(�) otherwise.

Finally,∫
�

B̃bku(x
′)φ(x′)dx′ (6.19)

=−1

8

∫ ∫
�×�

{
γbku(x

′)− γbku(y
′)
}{

φ(x′)− φ(y′)
}
Uk(x

′, y′)dx′ dy′,

∫
�

C̃−+bk
u(x′) φ(x′)dx′ = −1

4

∫
�

∫
�

{
γ −ak u(y

′)− γ +bk u(x
′)
}
Vk(x

′, y′)dy′φ(x′)dx′,

for all φ ∈H 1(�) or H 1/2(�).

Proof of Theorem 6.4. –We will only prove (6.16) and (6.17). Takingv ∈H 1
0 (Ek) in

(6.1), we obtain (6.16). Take nextv(x)ρn(x
d) for v in (6.1), wherev =H�×{bk}φ andρn

given in Remark 6.5. We then have, for sufficiently largen,

λmk

∫
Ek

u(x)v(x)ρn

(
xd
)

dx + 1

2

∫
Ek

d−1∑
i,j=1

aij (x′)∂xiu(x)∂xj v(x)ρn

(
xd
)

dx
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+ 1

2

∫
Ek

add
(
xd
)
∂xdu(x)∂xd

(
v(x)ρn

(
xd
))

dx

+ κbk

2

∫
�

d−1∑
i,j=1

aij (x′)∂xi γ +bk u(x
′)∂xj φ(x′)dx′

+ 1

8

∫ ∫
�×�

{
γξu(x

′)− γξu(y
′)
}{

φ(x′)− φ(y′)
}
Uk(x

′, y′)dx′ dy′,

+ 1

4

∫
�

∫
�

{
γ −ak u(y

′)− γ +bk u(x
′)
}
Vk(x

′, y′)dy′φ(x′)dx′

=
∫
Ek

f (x)v(x)ρn

(
xd
)

dx.

The first two terms and the last term go to 0 asn→∞. Hence the limit in (6.18) exists
and (6.17) follows in the sense of Remark 6.5.✷

Finally we give intuitive validity ofB̃±bk . The expression for̃B±ak is similar.

PROPOSITION 6.6. – For eachu ∈ C∞
0 (Rd)|Ek

andφ ∈ C∞
0 (�), (6.19)holds in the

strict sense.

Proof. –Let φ, ϕ ∈ C∞
0 (�). Then∫ ∫

�×�

{
φ(x′)− φ(y′)

}{
ϕ(x′)− ϕ(y′)

}
Uk(x

′, y′)dx′ dy′

= lim
ε↓0

∫ ∫
�×�\Pε

{
φ(x′)− φ(y′)

}{
ϕ(x′)− ϕ(y′)

}
Uk(x

′, y′)dx′ dy′

≡ lim
ε↓0

7ε,

wherePε = {(x′, y′) ∈ � × �: |x′ − y′| < ε}. Noting thatUk(x
′, y′) = Uk(y

′, x′), we
have

7ε =−
∫ ∫

�×�\Pε

φ(x′)
{
ϕ(y′)− ϕ(x′)−∇x ′ϕ(x

′) · (y′ − x′)χ(y′ − x′)
}

×Uk(x
′, y′)dx′ dy′

−
∫ ∫

�×�\Pε

φ(y′)
{
ϕ(x′)− ϕ(y′)−∇y ′ϕ(y

′) · (x′ − y′)χ(x′ − y′)
}

×Uk(x
′, y′)dx′ dy′

−
∫ ∫

�×�\Pε

φ(x′)∇x ′ϕ(x
′) · (y′ − x′)χ(y′ − x′)Uk(x

′, y′)dx′ dy′

−
∫ ∫

�×�\Pε

φ(y′)∇y ′ϕ(y
′) · (x′ − y′)χ(x′ − y′)Uk(x

′, y′)dx′ dy′
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=−2
∫ ∫

�×�\Pε

φ(x′)
{
ϕ(y′)− ϕ(x′)−∇x ′ϕ(x

′) · (y′ − x′)χ(y′ − x′)
}

×Uk(x
′, y′)dx′ dy′

− 2
∫ ∫

�×�\Pε

φ(x′)∇x ′ϕ(x
′) · (y′ − x′)χ(y′ − x′)Uk(x

′, y′)dx′ dy′

≡−271,ε − 272,ε.

By means of Lemma 5.2 and Proposition 6.2, there exist the limits of7i,ε, i = 1,2, as
ε ↓ 0 and

lim
ε↓0

71,ε =
∫
�

φ(x′)dx′
∫
�

{
ϕ(x′ + y′)− ϕ(x′)−∇x ′ϕ(x

′) · y′χ(y′)}
×Uk(x

′, x′ + y′)dy′,

72,ε =
∫
�

φ(x′)dx′
∫

�\Px′
ε

∇x ′ϕ(x
′) · (y′ − x′)χ(y′ − x′)Uk(x

′, y′)dy′

=
∫
�

φ(x′)
d−1∑
i=1

∂xiϕ(x
′)dx′

∫
�\Px′

ε

(
yi − xi

)
χ(y′ − x′)Uk(x

′, y′)dy′

−→
∫
�

φ(x′)
d−1∑
i=1

∂xiϕ(x
′)bik(x

′)dx′ asε ↓ 0.

Therefore we obtain (6.19).✷
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