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ABSTRACT. – We consider a ferromagnetic spin system with unbounded spin spaces on the
d-dimensional integer lattice (d � 1). We prove the equivalence of the log-Sobolev inequality,
Poincaré inequality, and the exponential decay of the spin–spin correlation, which was originally
obtained by D.W. Stroock and B. Zegarlinski [23,24] in the compact spin space setting. 2001
Éditions scientifiques et médicales Elsevier SAS

RÉSUMÉ. – Nous considérons un système de spins ferromagnétique avec un espace de spins
non-borné, sur le réseauZd (d � 1). Nous montrons l’équivalence entre l’inégalité Sobolev
logarithmique, l’inégalité de Poincaré et la décroissance exponentielle de la corrélation spin–
spin, qui fut montrée initialement par D.W. Stroock and B. Zegarlinski [23,24] dans le cas d’un
espace de spins compact. 2001 Éditions scientifiques et médicales Elsevier SAS

1. Introduction

For lattice spin systems with the compact spin space, remarkable progresses have been
made to understand the relation between the mixing properties of the Gibbs states and the
speed at which the associated Glauber dynamics relaxes to equilibrium. In particular, the
results obtained by D.W. Stroock and B. Zegarlinski [23,24] are very impressive. They
state that a mixing property (the Dobrushin–Shlosman mixing condition) and the rapid
relaxation property of the Glauber dynamics are, if properly defined, not only related
to each other but in fact equivalent (see also works of F. Martinelli and E. Olivieri [20,
21]). The Dobrushin–Shlosman mixing condition referred to above is known to be true
for example when the underlying lattice is one dimensional, or when the interaction
potential is weak enough.

In this article, we consider a ferromagnetic lattice spin system with unbounded spin
space. We prove in Theorem 2.1 below that the mixing conditions for the finite volume
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Gibbs states as follows are equivalent (each statement being understood to be uniform
in the volume and the boundary condition); (i): the uniform log-Sobolev inequality
holds, (ii): the uniform Poincaré inequality holds, (iii): the spin–spin correlation decays
exponentially. This equivalence can be seen as an extension of the results in [23,24].

We begin by introducing the standard setup of the model.
The lattice: We will work on thed-dimensional integer latticeZd = {x = (xi)di=1: xi ∈

Z} on which we consider thel∞-metric; d(x1, x2)=max1�i�d |xi1− xi2| (x1, x2 ∈ Zd).
For a set�⊂ Zd , diam� and|�| stand respectively for its diameter and the cardinality.
We write�� Zd when 1� |�|<∞. The distance between two subsets�1 and�2 of
Zd will be denoted byd(�1,�2). ForR � 1, theR-boundary of a set� is defined by

∂R�= {x /∈�;d(x,�)�R}. (1.1)

The value ofR will eventually be chosen as the rangeR(J) of the interaction we consider
(see (1.7) below).

The configuration spaces: The configuration spaces are defined as follows:

R�= {σ = (σx)x∈�;σx ∈R}, �⊂ Zd,

�=RZd .

The functions of the configuration: Function spacesC and C� (� ⊂ Zd ) on the
configuration space� are introduced as follows:

C = {f :�→R | f satisfies the properties (C1) and (C2) below}. (1.2)

(C1) There is�� Zd such thatf depends only on(σx)x∈� and is ofC1 with respect
to these variables.

(C2)

|||f ||| def.= ∑
x∈Zd

‖∇xf ‖<∞, (1.3)

where

‖f ‖ = sup
σ∈�
|f (σ )|, ∇xf (σ )= ∂

∂σx
f (σ ). (1.4)

Forf ∈ C, we denote bySf the minimal set among those�’s which satisfy the property
referred to in (C1) above. We define

C� = {f ∈ C;Sf ⊂�}, �⊂ Zd. (1.5)

The Hamiltonian: For�� Zd andω ∈�, we define a functionH�,ω :�→R, by

H�,ω(σ )= 1

2

∑
x,y∈�

Jx,y(σx − σy)2+
∑
x∈�

(
U(σx)−

∑
y /∈�

Jx,yσxωy

)
. (1.6)

Here, the coupling constantsJ= (Jx,y ∈R;x, y ∈ Zd) are such that
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R(J) def.= sup{d(x, y);Jx,y �= 0}<∞, (1.7)

‖J‖ def.= sup
x

∑
y

|Jx,y|<∞, (1.8)

Jx,y = Jy,x � 0 if x �= y. (1.9)

For the functionU : R→R in (1.6), we consider the following conditions.
(U0) There existV,W ∈ C∞(R→R),m ∈ (0,∞) andC1.12∈ (0,∞) such that

U(s)= V (s)+W(s) for all s ∈R, (1.10)

inf
s
V ′′(s)�m, (1.11)

‖W‖∞ + ‖W ′‖∞ �C1.12, (1.12)

where‖W‖∞ = sups |W(s)|.
(U1) For anym > 0, there existV,W ∈ C∞(R→ R) andC1.12 ∈ (0,∞) such that

(1.10)–(1.12) hold.
A typical example ofU which satisfies (U1) is given by the following polynomial

U(s)=
N∑
ν=1

a2νs
2ν + a1s, (1.13)

whereN � 2, a1, a2 ∈ R, a4 � 0, . . . , a2(N−1) � 0 anda2N > 0. Sincea2 can be large
negative value,U in (1.13) may have arbitrarily deep double wells.

The finite volume Gibbs state: For�� Zd and a boundary conditionω ∈�, we define
a Borel probability measureE�,ω on R� by

E�,ω(dσ�)= exp−H�,ω(σ )

Z�,ω

∏
x∈�

dσx, (1.14)

whereZ�,ω is the normalizing constant. The measureE�,ω is called thefinite volume
Gibbs state.

The Vassershtein distance: We letP(R�) denote the set of Borel probability measures
on R�. For a finite set� andν, ν̃ ∈P(R�), we define

R�(ν, ν̃)= inf
{∑
x∈�

∫
R�×R�

µ(dσ dσ̃ )|σx − σ̃x|;µ ∈K(ν, ν̃ )
}
, (1.15)

where

K(ν, ν̃)= {µ ∈P
(
R�×R�

);µ(dσ ×R�
)= ν,µ(R� × dσ̃ )= ν̃}. (1.16)

The function(ν, ν̃) �→R�(ν, ν̃) is called the Vassershtein distance.
Expectation and covariance. In what follows, the following common notations for

the expectation and the covariance with respect to a probability measurem is used; for
functionsf andg,

m(f )=
∫
m(dσ )f (σ ), m(f ;g)=m(fg)−m(f ) ·m(g). (1.17)
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2. The result

We are now ready to present main results of this paper. The first result suggests that
“all happy families are alike” [11].

THEOREM 2.1. – Consider the following conditions.
(LS) There isC2.1 ∈ (0,∞) such that for all�� Zd , f ∈ C� andω ∈�

E�,ω
(
f 2 log

f 2

E�,ω(f 2)

)
� C2.1E

�,ω

(∑
x∈�
|∇xf |2

)
. (2.1)

(SG) There isC2.2 ∈ (0,∞) such that for all�� Zd , f ∈ C� andω ∈�

E�,ω(f ;f )� C2.2E
�,ω

(∑
x∈�
|∇xf |2

)
. (2.2)

(DS1) There isC2.3 ∈ (0,∞) such that for all�� Zd , ω ∈� andf,g ∈ C�,∣∣E�,ω(f ;g)∣∣�B2.3(f, g)exp
(−d(Sf , Sg)/C2.3

)
, (2.3)

where the coefficientB2.3(f, g) depends only on|||f |||, |||g|||, |Sf | and |Sg|.
(DS2) There isC2.4 ∈ (0,∞) such that for all� � Zd , f ∈ C�, y /∈ � andω, ω̃ ∈ �

with ω̃≡ ω off y,

∣∣E�,ω̃(f )−E�,ω(f )∣∣� B2.4(f )|ω̃y −ωy|exp
(−d(Sf , y)/C2.4

)
, (2.4)

where the coefficientB2.4(f ) depends only on|||f ||| and |Sf |.
(DS3) There isC2.5 ∈ (0,∞) such that for all�� Zd , ω ∈� andx, y ∈�∣∣E�,ω(σx;σy)∣∣� C2.5 exp

(−d(x, y)/C2.5
)
. (2.5)

(DS4) There isC2.6 ∈ (0,∞) such that for all�� Zd , z ∈�, y /∈� andω, ω̃ ∈� with
ω̃ ≡ ω off y,

∣∣E�,ω̃(σz)−E�,ω(σz)∣∣�C2.6|ω̃y − ωy|exp
(−d(z, y)/C2.6

)
, (2.6)

(CC) There existV � Zd ,K2.7 ∈ (0,∞) andε2.7 ∈ (0,1) such that

K2.7|∂RV |� ε2.7|V |, (2.7)

R�∩(x+V )(E�∩(x+V ),ω,E�∩(x+V ),ω̃)�K2.7

∑
y∈∂R(�∩(x+V ))

|ωy − ω̃y| (2.8)

for all �� Zd , x ∈ Zd andω, ω̃ ∈�.
The following hold:

(a) Suppose that condition(U0) is satisfied. Then conditions listed above are related
as
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(LS)⇒ (SG)⇒ (DS1)⇒ (DS2) (2.9)

⇓ ⇓
(DS3)⇒ (DS4)⇔ (CC). (2.10)

(b) Suppose that condition(U1) is satisfied. Then,(DS4) implies(LS), and therefore,
conditions(LS), (SG), (DS1)–(DS4)and(CC) are equivalent.

Remark2.1. – Equivalence of this kind was first proved in the compact spin setting
by D. Stroock and B. Zegarlinski [23,24]. The discrete spin case in which the single
spin space is a finite set was further investigated in several other papers, e.g., [19–21].
For unbounded spin case, B. Zegarlinski claims in [29, Theorem 5.1] that (DS3) implies
(LS) for anyd � 1 and in a certain restricted sense. Unfortunately, the proof of this result
is not presented in [29]. After this paper was written, the author received an article [7]
by T. Bodineau and B. Helffer, which contains a version of “(SG)⇒ (DS1)” (where�
is restricted to a class of fat boxes) shown by a different technique.

Remark2.2. – In the compact spin setting, R.L. Dobrushin and S. Shlosman [10,11]
introduced a mixing condition called “complete analyticity”. Conditions (DS2)–(DS4)
in Theorem 2.1 can be understood as the transposition of the complete analyticity in the
unbounded spin setting: for example, condition (DS2) can be compared with condition
(IIIc) in [11]. Condition (CC) is similar to the “constructive criterion”CV in [9]. Note
however that, unlike inCV , (2.8) is imposed for� ∩ (x + V ) with arbitrary�� Zd . It
is easy to verify by the argument in [3, pp.. 202–203] or [27, pp. 38–39] that (CC) is
satisfied if supx

∑
y:y �=x Jx,y is sufficiently small.

Remark2.3. – Sufficient conditions for the mixing conditions listed in Theorem 2.1
are studied in some recent papers:
• A direct application of the Bakry–Emery criterion [4] for (LS) is discussed in [2].

This is possible whenU is a convex function.
• In d = 1, B. Zegarlinski proved (LS) without imposing any other assumptions

than (U0) [29, Theorem 4.1]. In this case, the Bakry–Emery criterion is no longer
available in general. Instead, one takes advantage of a stronger version of (DS3)
which comes from the dimensionality.

• High temperature (i.e., supx
∑
y:y �=x Jx,y is sufficiently small): Log-Sobolev in-

equality (LS) under this condition was studied first in [27] with the functionU
satisfying assumption (U1) plus another technical condition. Then, alternative ap-
proaches were proposed by T. Bodineau, B. Helffer and M. Ledoux [6,7,16], which
prove (LS) at high temperature under assumption (U0). An observation made at the
end of Remark 2.2 above proves (LS) at high temperature under condition (U1).
I. Gentil and C. Roberto [13] investigate spectral gap (SG) at high temperature with
functionsU which do not necessarily satisfy condition (U1).

Remark2.4. – Conditions in Theorem 2.1 are stated uniformly overall � � Zd .
However, as is pointed out by F. Martinelli and E. Olivieri [20,21] in the finite spin
space setting, it is sometime reasonable to restrict one’s attention only to regular enough
�’s such as fat enough boxes, in order to avoid some pathological phenomena caused
by �’s with irregular shapes. In our case, it is clear from the proofs that Theorem 2.1
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remains true if each “for all�� Zd ” is replaced by “for all� ∈ B(n0)”, whereB(n0) is
the set of generalized box with the minimal side-lengthn0 defined in [27].

3. Proof of Theorem 2.1

3.1. A lemma on integrability

We begin by preparing integrability properties which are needed later.

LEMMA 3.1. – The following hold:
(a) If condition (U0) is satisfied, then there areε ∈ (0,∞) andC3.1 ∈ (0,∞) such

that

E�,ω exp
(
ε
∣∣σz −E�,ω(σz)∣∣2)� C3.1 (3.1)

for all z ∈�� Zd andω ∈�.
(b) If condition (U1) is satisfied, then for anyn = 1,2, . . . , there existsC3.2(n) =

C3.2(U,J, n) ∈ (0,∞) such that

E�,ω
(
f 2 log

f 2

E�,ω(f 2)

)
�C3.2(|Sf |)E�,ω

(∑
x∈�
|∇xf |2

)
. (3.2)

for �� Zd , ω ∈� andf ∈ C�.

Proof. –The proof of part (a), due to M. Sugiura [25], is presented in [28]. Part (b)
follows from the proof of [27, Lemmas 3.1 and 3.2].✷

Remark3.1. – It is known that (3.2) implies (3.1). See [1].

3.2. Proof of (SG) ⇒ (DS1)

We prove that (SG) implies (DS1) by the “semi-group method” which is standard in
the compact spin space setting, e.g., [17, Chapter I, Theorem 4.20] and [23, Lemmas 1.8
and 2.5 ]. Here, we follow the argument in [17]. We will also borrow techniques from
[23], especially in the proof of Lemma 3.2 below.

We introduce now for the model we are considering, a random time evolution which
is sometimes called the Glauber dynamics. Set

)= {θ = (θt,x)t�0, x∈Zd | (θt,x)t�0 ∈C([0,∞)→R) and (3.3)

θ0,x = 0 for all x ∈ Zd
}
,

P= the Wiener measure on). (3.4)

The second of these amounts to saying that(θt,x)t�0 (x ∈ Zd ) are independent standard
Brownian motions under the probability measureP. For a set� � Zd and ω ∈ �,
consider the following stochastic differential equation (SDE) for the unknown process
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σ�,ωt = (σ�,ωt,x )x∈Zd :

σ�,ωt,x =

ωx + θt,x −
1

2

t∫
0

ds∇xH�,ω
(
σ�,ωs

)
if x ∈�,

ωx if x /∈�.

(3.5)

The existence and the uniqueness of the solution to (3.5) is well-known even for�= Zd

as well as for�� Zd (cf. [8]).
Our proof of (SG)⇒ (DS1) is based on the “finite speed propagation property” of the

dynamics in the following form.

LEMMA 3.2. – For anyε ∈ (0,∞), there existsC3.6 ∈ (0,∞) such that

P
(
f
(
σ�,ωt

);g(σ�,ωt

))
� C3.6

∑
y,z∈Zd

‖∇yf ‖‖∇zg‖exp
(
C3.6t − εd(y, z)) (3.6)

for all �� Zd , ω ∈� andf,g ∈ C�.

The proof of this lemma will be given in Section 3.3.

Remark3.2. – In the compact spin setting, (3.6) is well known, e.g., [17, Chapter I,
Proposition 4.18]. A different version of finite speed propagation property for the
unbounded spin setting can be found in [29, Section 1].

Proof of(SG)⇒ (DS1). – The proof is based on the idea as follows. If we have (SG),
then, the distribution of the random variableσ�,ωt is close toE�,ω for large, but finite
time t . Suppose on the other hand that the supportsSf andSg of functionsf,g ∈ C� are
disjoint. Then, (3.6) says that the correlation of random variablesf (σ�,ωt ) andg(σ�,ωt )

at any finite timet are exponentially decaying in the distance ofSf andSg.
We now transpose the idea above into estimates. Forf ∈ C�, set f̄ (σ ) = f (σ ) −

E�,ωf andPtf (σ )= Pf (σ�,σ�·ω�c ). We then have that forf,g ∈ C�,

E�,ω(f ;g)= J1+ J2+ J3, (3.7)

where

J1=E�,ω(f̄ ḡ)−E�,ωPt (f̄ ḡ),

J2=E�,ωPt (f̄ ḡ)−E�,ω(Pt f̄ · Pt ḡ),
J3=E�,ω(Pt f̄ · Pt ḡ).

We see from Lemma 3.2 that

|J2|�C3.6|||f ||| |||g|||exp
(
C3.6t − εd(Sf , Sg)). (3.8)

By part (a) of Lemm 3.1,E�,ω(f̄ 2)1/2 � E�,ω(f̄ 4)1/4 � |||f |||. We therefore have by
(SG) that
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|J1|�E�,ω
∣∣E�,ω(f̄ ḡ)− Pt (f̄ ḡ)

∣∣
� exp(−t/C2.2)E

�,ω
(∣∣E�,ω(f̄ ḡ)− f̄ ḡ∣∣2)1/2

� exp(−t/C2.2)
(
E�,ω

(
f̄ 2)1/2E�,ω(ḡ2)1/2+E�,ω(f̄ 4)1/4

E�,ω
(
ḡ4)1/4)

� 2exp(−t/C2.2)|||f ||| |||g|||, (3.9)

|J3|�E�,ω(|Pt ḡ|2)1/2E�,ω(|Pt ḡ|2)1/2
� exp(−2t/C2.2)E

�,ω
(|f̄ |2)1/2E�,ω(|ḡ|2)1/2

� exp(−2t/C2.2)|||f ||| |||g|||. (3.10)

Plugging (3.8), (3.9) and (3.10) into (3.7) and choosingt = εd(Sf , Sg)/(2C3.6), we
obtain (DS1). ✷
3.3. Proof of Lemma 3.2

LEMMA 3.3. – For ε ∈ (0,∞), define

l(ε)=
{
α = (αx � 0)x∈Zd | ‖α‖ε def.= ∑

x∈Zd

αx exp
(
εd(0, x)

)
<∞

}
, (3.11)

l(−ε)=
{
α = (αx � 0)x∈Zd | ‖α‖−ε def.= ∑

x∈Zd

αx exp−εd(0, x) <∞
}
, (3.12)

α ∗ β =
( ∑
y∈Zd

αx−yβy
)
x∈Zd

, for α ∈ l(ε) andβ ∈ l(−ε). (3.13)

Then the following hold: If α ∈ l(ε), β ∈ l(−ε) andft ∈ l(−ε), (t � 0) are such that

sup
0�s�t

∑
y∈Zd

fs,y exp−εd(x, y) <∞, (3.14)

ft,x � βx +
t∫

0

ds(α ∗ fs)x (3.15)

for all t � 0 andx ∈ Zd . Then,

ft,x � exp(t‖α‖ε)
∑
y∈Zd

|βy |exp−ε d(x, y) (3.16)

for all x ∈ Zd and t � 0.

Proof. –We begin by proving that forα ∈ l(ε), β ∈ l(−ε) andx ∈ Zd∣∣((α∗)nβ)
x

∣∣� ‖α‖nε ∑
y∈Zd

βy exp−εd(x, y), n= 1,2, . . . , (3.17)

where(α∗)nβ = α ∗ · · · ∗ α∗︸ ︷︷ ︸
n

β. It is easy to prove that

∥∥(α∗)nβ∥∥−ε � ‖α‖nε‖β‖−ε, n= 1,2, . . . . (3.18)
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We now introduce the shift transformation:

τy : (αx)x∈Zd �→ (αx+y)x∈Zd , y ∈ Zd. (3.19)

Then,α ∗ (τyβ)= τy(α ∗ β) and hence(α∗)n(τyβ)= τy((α∗)nβ). From this and (3.18),
we see that ∣∣((α∗)nβ)

x

∣∣= ∣∣(τx(α∗)nβ)0∣∣
�
∥∥τx(α∗)nβ∥∥−ε

= ∥∥(α∗)nτxβ∥∥−ε
� ‖α‖nε‖τxβ‖−ε,

which implies (3.17).
To prove (3.16), we iterate (3.15)(n− 1)-times to obtain that

ft,x �
n−1∑
m=0

tm

m!
(
(α∗)mβ)

x
+

t∫
0

dtn−1

tn−1∫
0

dtn−2 · · ·
t1∫

0

ds
(
(α∗)nfs)x

� exp(t‖α‖ε)
∑
y∈Zd

|βy |exp−εd(x, y)

+ (tn‖α‖nε/n!) sup
0�s�t

∑
y∈Zd

fs,y exp−εd(x, y), (3.20)

where we have used (3.17) to proceed to the second line. Since the second term on the
right-hand side of (3.20) vanishes asn↗∞, we obtain (3.16). ✷

Proof of Lemma 3.2. –We fix�� Zd andω ∈ R�c
throughout this proof. Let us use

the following notations; forf ∈ C2(R�),

∇x,yf =∇x∇yf, (3.21)

Axf =∇x,xf −∇xH�,ω∇xf, (3.22)

Af =∑
x∈�

Axf. (3.23)

Step 1.

1

2
Ax
(|∇yf |2)−∇yAxf · ∇yf �

{−C3.24|∇xf∇yf | if d(x, y)� R,
0 otherwise,

(3.24)

whereC3.24= supx,y Jx,y +max{0,− infs U ′′(s)}. In fact, it is easy to see that the LHS
of (3.24) is equal to

|∇x,yf |2+∇x,yH�,ω∇xf∇yf. (3.25)

Since∇x,yH�,ω = −Jx,y + δx,yU ′′(σx), (3.25) is bounded from below by the RHS of
(3.24).

Step 2. Takef ∈ C∞c (R�): the set of smooth functions onR� which vanish outside
a compact set and definePtf (σ ) = Pf (σ�,σ�·ω�c ). Note thatPtf (σ ) has an integral
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kernelPt (σ, τ ) which is smooth in(t, σ, τ) ∈ (0,∞)×R�×R� and solves∂
∂t

Pt (·, τ )=
1
2APt (·, τ ). Therefore,Ptf (σ ) is smooth in(t, σ ) ∈ (0,∞)× R� and solves∂

∂t
Ptf =

1
2APtf . Let us prove that∇xPtf (σ ) is bounded inσ for anyx ∈�. This can be seen as
follows. For a bounded smooth functionF = (Fx)x∈� : R�→R�, define

�AF =
(
AFx −

∑
y∈�
∇x,yH�,ωFy

)
x∈�
,

�PtF (σ )= P
(
MtF

(
σ
�,σ�·ω�c
t

))
,

whereMt = (Mt;x,y)x,y∈� is a matrix defined as the solution to the following integral
equation:

Mt;x,y = δx,y − 1

2

∑
y∈�

t∫
0

ds Ms;x,z∇z,yH�,ω
(
σ�,σ�·ω�c
s

)
. (3.26)

We then have by standard arguments (see the proof of [26, Proposition 2.3] for example)
that
• (�Pt )t�0 extends to a strongly continuous semigroup on the Hilbert space
L2(E�,ω)⊗R�,

• �A extends to the generator of the semigroup,
• |Mtξ |� |ξ |exp(tC3.24/2), for all ξ ∈ R� andt � 0, where| · | on each hand side

stands for the Euclidean norm onR�.
These imply that

∂

∂t
�PtF = 1

2
�A�PtF = 1

2
�Pt �AF, (3.27)

|�PtF (σ )|� Pt (|F |)(σ )exp(tC3.24/2). (3.28)

On the other hand, it is easy to see that

∇Af = �A∇f for f ∈C∞c
(
R�
)
, (3.29)

where∇f = (∇xf )x∈�. It follows from (3.27), (3.28) and (3.29) that

|∇Pt f (σ )| = |�Pt∇f (σ )|� Pt (|∇f |)(σ )exp(tC3.24/2),

which implies that∇xPtf (σ ) are bounded inσ for anyx ∈�.
Step 3. DefineFt = (Fx,t )x∈Zd by

Fx,t =
{‖∇xPtf ‖ if x ∈�,

0 if x /∈�.

Let us prove that for anyε ∈ (0,∞), there isC3.30∈ (0,∞) such that

Fx,t � C3.30

∑
y∈Zd

Fy,0 exp
(
C3.30t − 2εd(x, y)

)
. (3.30)
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To prove (3.30) by applying Lemma 3.3, we will check that

sup
0�s�t

∑
y∈Zd

Fy,s exp−2εd(x, y) <∞, (3.31)

Fx,t � Fx,0+
t∫

0

ds(α ∗ Fs)x (3.32)

for all t � 0 andx ∈ Zd , whereαx = 1
2C3.241{d(0,x)�R}. (3.31) is obvious. To prove (3.32),

defineϕ(s)= Pt−s(|∇xPsf |2), 0� s � t , for any fixedt . We then have by (3.24) that

ϕ′(s)=−1

2
Pt−sA

(|∇xPsf |2)+ 2Pt−s
(∇xPsf∇x A2 Psf

)
�C3.24

∑
y:d(x,y)�R

Pt−s
(|∇xPsf ||∇yPsf |)

�C3.24

∑
y:d(x,y)�R

Fx,sFy,s

= 2(α ∗ Fs)xFx,s,
from which we conclude

F 2
x,t = ϕ(t)� ϕ(0)+ 2

t∫
0

(α ∗ Fs)xFx,s ds

� F 2
x,0+ 2

t∫
0

(α ∗ Fs)xFx,s ds. (3.33)

By solving (3.33) as an integral inequality with respect toFx,t , we obtain (3.32).
Step 4. Takef,g ∈ C∞c (R�) and defineGx,t for t � 0 andx ∈ Zd similarly asFx,t :

Gx,t =
{‖∇xPtg‖ if x ∈�,

0 if x /∈�.

Let us prove that∑
x∈Zd

Fx,tGx,t � C3.34

∑
y,z∈Zd

‖∇yf ‖‖∇zf ‖exp
(
C3.34t − εd(y, z)), (3.34)

whereC3.34 ∈ (0,∞) is independent of� andω. Setγx = exp(−2εd(0, x)). It is easy
to see that for anyx ∈ Zd ,

exp
(
εd(0, x)

)
γx � ‖γ ∗ γ ‖ε � ‖γ ‖2

ε. (3.35)

Therefore, we have for anyy, z ∈ Zd that∑
x∈Zd

γx−yγx−z = γ ∗ γ (y − z)� ‖γ ‖2
ε exp

(−εd(y, z)). (3.36)
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We now conclude (3.34) from (3.30) and (3.36) as follows:∑
x∈Zd

Fx,tGx,t �C2
3.30exp(2C3.30t)

∑
x∈Zd

∑
y,z∈Zd

‖∇yf ‖‖∇zf ‖γx−yγx−z

�C2
3.30‖γ ‖2

ε exp(2C3.30t)
∑
y,z∈Zd

‖∇yf ‖‖∇zf ‖exp
(−εd(y, z)).

Step 5. Conclusion of the proof. Forf,g ∈ C∞c (R�), we define ψ(s) =
Ps(Pt−sfPt−sg), 0� s � t for any fixedt . We then have that

ψ ′(s)= Ps
(1
2
A(Pt−sfPt−sg)− 1

2
APt−sfPt−sg− 1

2
Pt−sfAPt−sg

)
= Ps

(∑
x∈�
∇xPt−sf∇xPt−sg

)
�
∑
x∈�

Fx,t−sGx,t−s,

and therefore that

P
(
f
(
σ�,ωt

);g(σ�,ωt

))= Pt (fg)− Pt (f )Pt (g)

=ψ(t)−ψ(0)

�
t∫

0

∑
x∈�

Fx,t−sGx,t−s ds

=
t∫

0

∑
x∈�

Fx,sGx,s ds. (3.37)

Plugging (3.34) into (3.37), we arrive at (3.6) forf,g ∈Cc(R�). (3.6) forf,g ∈ C� can
be obtained by considering a suitable approximation.✷
3.4. Proof of (DS4) ⇒ (CC)

We will prove that

R�
(
E�,ω,E�,ω̃

)
�K3.38

∑
y∈∂R�

|ωy − ω̃y| (3.38)

for all � � Zd and ω, ω̃ ∈ �, whereK3.38 = C2.6
∑
z∈Zd exp(−|z|/C2.6). Condition

(CC) follows from (3.38) by takingV as a large enough cube and applying (3.38) to
� ∩ (x + V ) instead of�. The proof of (3.38) reduces to the caseω ≡ ω̃ off a site
y ∈ ∂R�. The reduction is a simple argument which uses the triangle inequality for the
Vassershtein distance and an interpolating sequenceω0, . . . ,ωn (n= |∂R�|) of boundary
conditions such thatω0= ω, ωn = ω̃ andωj−1≡ ωj off a site in∂R� (j = 1, . . . , n).
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We now assume thatω ≡ ω̃ off a sitey ∈ ∂R� and thatωy � ω̃y without loss. We then
have by the FKG inequality that

E�,ω
(⋂
x∈�
{σ : σx � τx}

)
�E�,ω̃

(⋂
x∈�
{σ : σx � τx}

)

for all (τx)x∈� ∈ R�. From this and Strassen’s theorem on the existence of an order
preserving coupling [18, p. 129, (4.2)], there exists an measureE�,ω,ω̃ ∈K(E�,ω,E�,ω̃)
such that

E�,ω,ω̃
(⋂
x∈�
{(σ, σ̃ ): σx � σ̃x}

)
= 1. (3.39)

We have by (3.39) and (2.6) that

R�
(
E�,ω,E�,ω̃

)
�
∑
z∈�

E�,ω,ω̃|σz − σ̃z|

=∑
z∈�

(
E�,ω(σz)−E�,ω̃(σz))

�C2.6|ωy − ω̃y|
∑
z∈�

exp(−|z− y|/C2.6)

�K3.38|ωy − ω̃y|,
which proves (3.38). ✷
3.5. Proof of (CC) ⇒ (DS4)

We follow the the argument in [27, pp. 33–38] which originally is adapted from [10,
pp. 353–356]. We begin with lemmas.

LEMMA 3.4. – Suppose that�� Zd , y /∈� andω, ω̃ ∈� are such thatω≡ ω̃ off y.
Then, there exists a measureE�,ω,ω̃ ∈K(E�,ω,E�,ω̃) such that if we definef �,ω,ω̃z by

f �,ω,ω̃z =
∫
E�,ω,ω̃(dσ dσ̃ )|σz − σ̃z|, (3.40)

then ∑
z∈�

f �,ω,ω̃z =R�
(
E�,ω,E�,ω̃

)
, (3.41)

sup
z∈�

f �,ω,ω̃z �C3.42|ωy − ω̃y|, (3.42)∑
z∈�∩(x+V )

f �,ω,ω̃z �K2.7

∑
z∈�∩(x+∂RV )

f �,ω,ω̃z +K2.7|ωy − ω̃y|1{y∈x+V }, (3.43)

where the constantC3.42 depends only ond, J andU .

Proof. –We may assumeωy � ω̃y without loss for all(τx)x∈� ∈ R�. Therefore, there

exists an measureE�,ω,ω̃ ∈ K(E�,ω,E�,ω̃) such that (3.39) holds. Therefore, if we
definef �,ω,ω̃z by (3.40), we then have for anyz ∈� and anyµ ∈K(E�,ω,E�,ω̃) that
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f �,ω,ω̃z =
∫
E�,ω,ω̃(dσ dσ̃ )(σz− σ̃z)

=E�,ω(σz)−E�,ω̃(σz)
=
∫
µ(dσ dσ̃ )(σz − σ̃z)

�
∫
µ(dσ dσ̃ )|σz − σ̃z|,

and hence that ∑
z∈�

f �,ω,ω̃z �
∑
z∈�

∫
µ(dσ dσ̃ )|σz − σ̃z|,

which implies (3.41).
We prove (3.42) as follows. We repeat the argument in the proof of (DS1)⇒ (DS2)

to see that

f �,ω,ω̃z =E�,ω(σz)−E�,ω̃(σz)
� (ω̃y − ωy)sup

ζ∈�

∑
x∈�

Jx,yE
�,ζ (σz;σx). (3.44)

This estimate proves (3.42), since we have (3.1).
We now turn to the proof of (3.43). We begin by taking a measurable map(ξ, ξ̃ ) �→

Êx(· | ξ, ξ̃ ) from R�×R� to P(R�∩(x+V ) ×R�∩(x+V )) such that

R�∩(x+V )(E�∩(x+V ),ξ ,E�∩(x+V ),̃ξ)
=
∫
Êx(dσ dσ̃ | ξ, ξ̃) ∑

z∈�∩(x+V )
|σz − σ̃z|, (3.45)

for all (ξ, ξ̃ ). The possibility of this measurable selection can be shown as an application
of [22, Thorem 12.1.10]. (Use also Lemma 12.1.7 in that book to check that the set of
measures which attainR�∩(x+V )(E�∩(x+V ),ξ ,E�∩(x+V ),̃ξ ) is measurable as a set-valued
function of(ξ, ξ̃).)

We now define a measurēEx,ω,ω̃ ∈P(R� ×R�) by

Ēx,ω,ω̃(A×B)=
∫
A

E�,ω,ω̃(dξ dξ̃ )

∫
B

Êx(dσ dσ̃ | ξ, ξ̃ ),

whereA ⊂ R�\(x+V ) × R�\(x+V ) andB ⊂ R�∩(x+V ) × R�∩(x+V ). It follows from the
above definition that

Ēx,ω,ω̃ ∈ K
(
E�,ω,E�,ω̃

)
, (3.46)

Ēx,ω,ω̃ =E�,ω,ω̃ on R�\(x+V ) ×R�\(x+V ). (3.47)

To see (3.43), it is sufficient to prove that∑
z∈�∩(x+V )

f �,ω,ω̃z �
∑

z∈�∩(x+V )
f̄ x,ω,ω̃z , (3.48)
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z∈�∩(x+V )

f̄ x,ω,ω̃z �K2.7

∑
z∈�∩(x+∂RV )

f �,ω,ω̃z +K2.7|ωy − ω̃y|1{y∈x+V }, (3.49)

where

f̄ x,ω,ω̃z =
∫
Ēx,ω,ω̃(dσ dσ̃ )|σz − σ̃z|. (3.50)

The first inequality (3.48) can be seen as follows. Since (3.47) implies thatf �,ω,ω̃z =
f̄ x,ω,ω̃z for z /∈W ∩ (x + V ), we have from this, (3.41) and (3.46) that∑

z∈�∩(x+V )

(
f �,ω,ω̃z − f̄ x,ω,ω̃z

)
=∑
z∈�

(
f �,ω,ω̃z − f̄ x,ω,ω̃z

)
�
∑
z∈�

f �,ω,ω̃z −R�
(
E�,ω,E�,ω̃

)
= 0.

To prove the second inequality (3.49), we will use (3.45) and (2.8) as follows:∑
z∈�∩(x+V )

f̄ x,ω,ω̃z =
∫
E�,ω,ω̃(dξ dξ̃ )

∫
Êx(dσ dσ̃ | ξ, ξ̃ ) ∑

z∈�∩(x+V )
|σz − σ̃z|

�K2.7

∫
E�,ω,ω̃(dξ dξ̃ )

∑
z∈∂R(�∩(x+V ))

|ξz − ξ̃z|

=K2.7

∑
z�∩(x+∂RV )

f �,ω,ω̃z +K2.7|ωy − ω̃y|1{y∈x+V }.

This completes the proof of Lemma 3.4.✷
LEMMA 3.5. – For anyA⊂�, L� 1 andω, ω̃ ∈� with ω≡ ω̃ off y,∑

z∈�
f �,ω,ω̃z exp

(−d(z,A)/C3.51
)

� B3.51

∑
z∈�

d(z,y)�L+D3.51

f �,ω,ω̃z exp
(−d(z,A)/C3.51

)
+B3.51|ωy − ω̃y|

∑
z;d(z,y)>L
z+V"y

exp
(−d(z,A)/C3.51

)
, (3.51)

wheref �,ω,ω̃z is defined by(3.40),D3.51= diam(V ∪∂RV ),B3.51= B3.51(R,V, ε2.7) and
C3.51= C3.51(R,V, ε2.7).

Proof. –We chooseC3.51=C3.51(R,V, ε2.7) so large that

C3.52
def.= exp(−D3.51/C3.51)− ε2.7 exp(D3.51/C3.51) > 0. (3.52)

We set

ex = exp(−d(x,A)/C3.51), C3.53= exp(D3.51/C3.51). (3.53)
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We then definel0z =
∑
x:x+V"z ex , l1z = K2.7

∑
x:x+∂RV"z ex , lz = l0z − l1z and rz =∑

x:x+V"z
d(x,y)�L

ex . Let us first prove that

∑
z∈�

f �,ω,ω̃z lz �
∑
z∈�

f �,ω,ω̃z rz +K2.7|ωy − ω̃y|
∑

x:d(x,y)�L
x+V"y

ez. (3.54)

We have by (3.43) that∑
x:d(x,y)>L

ex
∑

z∈�∩(x+V )
f �,ω,ω̃z �K2.7

∑
x:d(x,y)>L

ex
∑

z∈�∩(x+∂RV )
f �,ω,ω̃z

+K2.7|ωy − ω̃y|
∑

x:d(x,y)�L
x+V"y

ez. (3.55)

Since ∑
x:d(x,y)>L

ex
∑

z∈�∩(x+V )
f �,ω,ω̃z =∑

z∈�
f �,ω,ω̃z

∑
x:d(x,y)>L

x+V"z

ex =
∑
z∈�

f �,ω,ω̃z

(
l0z − rz

)
,

K2.7

∑
x:d(x,y)>L

ex
∑

z∈�∩(x+∂RV )
f �,ω,ω̃z �

∑
z∈�

f �,ω,ω̃z l1z ,

it follows from (3.55) that∑
z∈�

f �,ω,ω̃z

(
l0z − rz

)
�
∑
z∈�

f �,ω,ω̃z l1z +K2.7|ωy − ω̃y|
∑

x:d(x,y)�L
x+V"y

ex,

which is equivalent to (3.54).
Let us next prove that

rz �C3.56ez, (3.56)

rz = 0 if d(z, y) > L+D3.51, (3.57)

lz �C3.58ez, (3.58)

whereC3.56,C3.58 ∈ (0,∞) depend only onR, V andε2.7. To verify (3.56) and (3.57),
note first that an easy to prove fact that

C−1
3.53 � ex/ez � C3.53 if d(x, z)�D3.51. (3.59)

We thus see that

rz �C3.53ez
∑

x:x+V"z
d(x,y)�L

1,

which proves (3.56) and (3.57).
On the other hand, it follows from (3.59) and (2.7) that
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lz � ez
{
C−1

3.53

∑
x:x+V"z

1−K2.7C3.53

∑
x:x+∂RV"z

1
}

� ez
{
C−1

3.53|V | −C3.53ε2.7|V |}
=C3.52|V |ez, (3.60)

which proves (3.58). By plugging (3.56), (3.57) and (3.58) into (3.54), we obtain
(3.51). ✷
3.6. Proof of (DS4) ⇒ (LS)

To prove that (DS4) implies (LS), we will use the method of S.-L. Lu and H.-T. Yau
[19], in which (SG) and (LS) in compact spin settings are obtained from a certain mixing
condition. The following lemma plays a key role in carrying out the strategy of the above
mentioned paper in the unbounded spin setting. The proof we present here is based
mainly on that of [27, Lemma 3.4]. An idea in a recent paper [6] by T. Bodineau and
B. Helffer is also used.

LEMMA 3.6. – Suppose that conditions(U0) and (DS4) are satisfied. Then, the
following hold:

(a) There existsC3.61∈ (0,∞) such that∣∣E�,ω(f ;σx)∣∣� C3.61|>|exp
(−d(x,>)/C2.6

)
E�,ω(f ;f )1/2, (3.61)

wheneverf ∈ C,�� Zd , x ∈� and>⊂� are such thatSf ∩�⊂>⊂�.
(b) There existsC3.62∈ (0,∞) such that∣∣E�,ω(f 2;σx)∣∣

� C3.62|>|exp
(−d(x,>)/C2.6

)
×E�,ω(f 2)1/2(E�,ω(f ;f )1/2+E�,ω(f 2 log

f 2

E�,ω(f 2)

)1/2)
, (3.62)

wheneverf ∈ C,�� Zd , x ∈� and>⊂� are such thatSf ∩�⊂>⊂�.

Proof. –SetE�,ξ,̃ξ =E�,ξ ⊗E�,̃ξ ∈P(R� ×R�). We have that

E�,ω(f ;σx)= 1

2

∫
E�,ω,ω(dσ dσ̃ )

(
f (σ )− f (σ̃ ))(σx − σ̃x)

= 1

2

∫
E�,ω,ω(dξ dξ̃ )

(
f (ξ)− f (ξ̃ ))∫ E�\>,ξ,̃ξ (dσ dσ̃ )(σx − σ̃x)

= 1

2

∫
E�,ω,ω(dξ dξ̃ )

(
f (ξ)− f (ξ̃ ))(E�\>,ξ (σx)−E�\>,̃ξ (σx)), (3.63)

where the second equality can be verified by applying Markov property toE�,ω(dσ )

andE�,ω(dσ̃ ) separatedly. Sinceξ ≡ ξ̃ ≡ ω outside� in (3.63), we see from (DS4) that

∣∣E�\>,ξ (σx)−E�\>,̃ξ (σx)∣∣� C2.6

∑
y∈>
|ξy − ξ̃y|exp

(−d(x,>)/C2.6
)
. (3.64)
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Plugging this into (3.63), we see that∣∣E�,ω(f ;σx)∣∣�C3.65exp
(−d(x,>)/C2.6

)∑
z∈>

I1(f, z), (3.65)

where

I1(f, z)=
∫
E�,ω,ω(dσ dσ̃ )|f (σ )− f (σ̃ )||σz − σ̃z|. (3.66)

We have by Schwarz inequality that

I1(f, z)�
(∫

E�,ω,ω(dσ dσ̃ )|f (σ )− f (σ̃ )|2
)1/2(∫

E�,ω,ω(dσ dσ̃ )|σz − σ̃z|2
)1/2

= 2E�,ω(f ;f )1/2E�,ω(σz;σz)1/2. (3.67)

Since it follows from (3.1) thatE�,ω(σz;σz) is bounded from above by a constantC
which is independent of�,ω andz, we obtain∑

z∈>
I1(f, z)� 2C1/2|>|E�,ω(f ;f )1/2. (3.68)

This, in conjunction with (3.65), implies (3.61).
The proof of (3.62) is similar. We see from (3.65) that∣∣E�,ω(f 2;σx)∣∣� C2.6 exp

(−d(x,>)/C2.6
)∑
z∈>

I1
(
f 2, z

)
. (3.69)

We have by Schwarz inequality that

I1
(
f 2, z

)
�
√

2E�,ω(f ;f )1/2I2(f, z)1/2, (3.70)

where

I2(f, z)=
∫
E�,ω,ω(dσ dσ̃ )|f (σ )+ f (σ̃ )|2|σz − σ̃z|2.

To estimateI2(z), we will use an inequality:ab � exp(a)+ b logb for a, b � 0 and the
following fact which follows from (3.1)

sup
�,ω,z

∫
E�,ω,ω(dσ dσ̃ )exp

(
ε|σz − σ̃z|2)<∞. (3.71)

We see that

I2(f, z)� 4
∫
E�,ω,ω(dσ dσ̃ )f (σ )2|σz − σ̃z|2

= 4E�,ω
(
f 2) ∫ E�,ω,ω(dσ dσ̃ )|σz − σ̃z|2 f (σ )2

E�,ω(f 2)

� 4E�,ω
(
f 2) ∫ E�,ω,ω(dσ dσ̃ )exp

(
ε|σz − σ̃z|2)
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+ (4/ε)E�,ω
(
f 2 log

f 2

εE�,ω(f 2)

)
�C3.72E

�,ω
(
f 2)+C3.72E

�,ω

(
f 2 log

f 2

E�,ω(f 2)

)
, (3.72)

whereC3.72∈ (0,∞) is independent of�,ω, z andf . Putting (3.70) and (3.72) together,
we obtain∑

z∈>
I1
(
f 2, z

)
�
√

2E�,ω(f ;f )1/2∑
z∈>

I2(f, z)
1/2

�
√

2C1/2
3.72|>|E�,ω(f ;f )1/2

(
E�,ω

(
f 2)1/2+E�,ω(f 2 log

f 2

E�,ω(f 2)

)1/2
)

�
√

2C1/2
3.72|>|E�,ω

(
f 2)1/2(E�,ω(f ;f )1/2+E�,ω(f 2 log

f 2

E�,ω(f 2)

)1/2
)

which, in conjunction with (3.69), implies (3.62).✷
Proof of(DS4)⇒ (LS). – The proof is divided into two steps:

(3.2) and (3.61)⇒ (SG), (3.73)

(3.2), (3.62) and (SG)⇒ (LS). (3.74)

Each of above steps can be carried out in the same way as in [27, Sections 4 and 5]. In
the second step, (SG) is used to handleE�,ω(f ;f ) on the RHS of (3.62). ✷
3.7. Completion of the proof of Theorem 2.1

(LS)⇒ (SG); This is well known (cf. [12, Corollary 6.1.17]).
(SG)⇒ (DS1); This has already been shown in Section 3.2.
(DS1)⇒ (DS2); Defineζ = ζ(θ) ∈� (0� θ � 1) by ζx = θω̃x+ (1−θ)ωx (x ∈ Zd),

which interpolates two boundary conditionsω andω̃. We then have that

E�,ω̃(f )−E�,ω(f )=
1∫

0

dθ
∂

∂θ
E�,ζ (f ). (3.75)

On the other hand, we have by direct computations that

∂

∂θ
E�,ζ (f )=−E�,ζ

(
f ; ∂H

�,ζ

∂θ

)
= (ω̃y − ωy)

∑
x∈�

Jx,yE
�,ζ (f ;σx). (3.76)

We see from (3.76) and (DS1) that∣∣∣∣ ∂∂θ E�,ζ (f )
∣∣∣∣� C3.77|ω̃y − ωy|exp

(−d(Sf , y)/C2.3
)
. (3.77)
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Putting (3.75) and (3.77) together, we get (DS2).
(DS1)⇒ (DS3); Trivial.
(DS2)⇒ (DS4); Trivial.
(DS3)⇒ (DS4); This can be done by puttingf (σ ) = σz in the proof of (DS1)⇒

(DS2).
(DS4)⇔ (CC): This has already been shown in Sections 3.4, 3.5.
(DS4)⇒ (LS): This has already been shown in Section 3.6.✷
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