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ABSTRACT. — We study the existence and uniqueness of the solution for
a one-dimensional anticipative stochastic evolution equation driven by a
two-parameter Wiener process W, , and based on a stochastic semigroup
p(s,t,y,x). The kernel p(s,t, y, x) is supposed to be measurable with
respect to the increments of the Wiener process on [s, £] x R. The results
are based on LP-estimates for the Skorohod integral. As a application
we deduce the existence of a weak solution for the stochastic partial
differential equation
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where ¥(¢, x) is a white-noise in time. © 2000 Editions scientifiques et
médicales Elsevier SAS

RESUME. — On étudie I’existence et 1'unicité de la solution pour
une €quation d’évolution stochastique anticipative en une dimension,
perturbée par un processus de Wiener a deux paramétres W, , et conduite
par un semigroupe stochastique p(s, ¢, y, x). On suppose que le noyau
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p(s,t,y,x) est mesurable par rapport aux accroissements du processus
de Wiener dans I’intervalle [s, ] x R. Les résultats sont basés sur des
estimations L” pour I'intégrale de Skorohod. Comme application, on
déduit I’existence d’une solution faible pour I’equation aux dérivées
partielles stochastique

u d%u ou - 2w

—=—4v(t,x) —+ F@,x,u) ,

ot 9x2 @) ox ( 0tdx
ol ¥(¢, x) est un bruit blanc en temps. © 2000 Editions scientifiques et
médicales Elsevier SAS

1. INTRODUCTION

The purpose of this paper is to establish the existence and uniqueness
of a solution for anticipative stochastic evolution equations of the form

u(t, x) = / p(O, 1, y, x) uo(y) dy
R

+//p(s,t,y,x)F(s,y,u(s,y)) dw;.y, (1.1)
R 0O

where W = {W(¢, x), t € [0, T], x € R} is a zero mean Gaussian random
field with covariance %(s A (x| + |y| — |x — y|). We asume that
p(s,t,y,x) is a stochastic semigroup measurable with respect to the
o-field o {W(r,x) — W(s,x), x € R, r € [s, t]}. The stochastic integral
in Eq. (1.1) is anticipative because the integrand is the product of the
adapted factor F(s, y, u(s, y)), and of p(s,t,y, x), which is adapted to
the future increments of the random field W. We interpret this integral
in the Skorohod sense (see [15]) which coincides in this case with a two-
sided stochastic integral (see [14]). The choice of this notion of stochastic
integral is motivated by the concrete example handled in Section 5,
where p(s,t,y,x) is the backward heat kernel of the random operator
% + o(t, x) %, v(t, x) being a white-noise in time. In this case, u(¢, x)
turns out to be (see Section 6) a weak solution of the stochastic partial
differential equation
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A stochastic evolution equation of the form (1.1) on R? perturbed
by a noise of the form W (ds, y)dy, where W is a random field with
covariance (s A1) Q(x, y), Q being abounded function, has been studied
in [13]. Following the approach introduced in this paper we establish
in Theorem 4.1 the existence and uniqueness of a solution to Eq. (1.1)
with values in L%, (R). Here L% (R) means the space of real-valued
functions f such that [pe ®)| f(x)|P dx < oo where M >0 and p > 2.
This theorem is a consequence of the estimates of the moments of
Skorohod integrals of the form

(1.2)

/ / ps. 1,y 1) (5, y) AW, .,
R O

obtained in Section 3 by means of the techniques of the Malliavin
calculus.

2. PRELIMINARIES

For s,t € [0,T], s <t, we set I' =[0,¢] x R and I! =[s,t] x R.
Consider a Gaussian family of random variables W = {W(A), A €
BWUT), n(A) < oo}, defined on a complete probability space, with zero
mean, and covariance function given by

E(W(A)W(B)) = u(AN B),

where 1 denotes the Lebesgue measure on I7. We will assume that F
is generated by W and the P-null sets. For each s,7 € [0, T], s < ¢, we
will denote by F;, the o-algebra generated by {W(A), A C [s,t] x R,
w(A) < oo} and the P-null sets. We say that a stochastic process u =
{u(t,x), (t,x) € I} is adapted if u(t,x) is Foy ,-measurable for each
(t,x). Set H=L>(IT, B(IT), ) and denote by W(h) = [;r hdW the
Wiener integral of a deterministic function & € H.

In the sequel we introduce the basic notation and results of the
stochastic calculus of variations with respect to W. For a complete
exposition we refer to [2,11].

Let S be the set of smooth and cylindrical random variables of the form

F=f(Wh),..., Why)), 2.1)
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wheren > 1, f e Cp°(R") (f and all its partial derivatives are bounded),
and hy,...,h, € H. Given a random variable F of the form (2.1), we
define its derivative as the stochastic process {D, ,F, (t,x) € 1T} given
by

"9
D, F = ; % (W(hy), ..., W(hy))hi(t,x), (t,x)el”.

More generally, we can define the iterated derivative operator on a
cylindrical random variable F' by setting

Dtnl,xl,...,tn,xn F = Dtlaxl e Dtn:-xn F'
The iterated derivative operator D" is a closable unbounded operator

“from L2(2) into L2((IT)" x £2) for each n > 1. We denote by D2 the
closure of S with respect to the norm defined by

n
2 2 i 2
IF1Z 2 =I1F I 20y + D ID Flljarying)-

i=l1

If V is a real and separable Hilbert space we denote by D™?(V) the
corresponding Sobolev space of V-valued random variables.

We denote by § the adjoint of the derivative operator D. That is, the
domain of § (denoted by Dom §) is the set of elements u € L2(IT x £2)
such that there exists a constant c satisfying

& [P x)dras| <l Fllz,
IT

forall F € S. If u € Dom$é, 8(u) is the element in L2(§2) characterized
by

E(8(w)F) = E/(D,,x F)u(t,x)dtdx, FeS.

T

The operator § is an extension of the Itd integral (see Skorohod [15]),
in the sense that the set L2(IT x £2) of square integrable and adapted
processes is included in Dom & and the operator § restricted to L2(17 x
£2) coincides with the Itd stochastic integral defined in [16]. We will
make use of the notation 8 () = [, u(t,x) dW, , for any u € Dom3.
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We recall that L''2 := L2(JT,D"?) is included in the domain of §,
and for a process u € IL.!'?> we can compute the variance of the Skorohod
integral of u as follows:

Es(u)* = E/u2(t,x)dtdx
IT
+ E / / Dy yu(t, x)D; xu(s, y)dtdxds dy.
T
We need the following results on the Skorohod integral:

PROPOSITION 2.1.— Let u € Dom$é and consider a random variable
F € D"2 such that E(F? [,r u(t,x)*dtdx) < 0o. Then

/Fu(t,x)dW,,x

T

= F/u(t,x)dW,’x - /(D,,XF)u(t,x)dt dx, 2.2)
7 7

in the sense that Fu € Dom§ if and only if the right-hand side of (2.2) is
square integrable.

PROPOSITION 2.2.— Consider a process u in L', Suppose that for
almost all (0,7) € I, the process {Dy u(s, y)j 0 (s), (s,y) € 17}
belongs to Dom § and, moreover,

2
E/‘/Dg,zu(s,y)dWs,y dfdz < oo.

IT 19

Then u belongs to Dom§ and we have the following expression for the
variance of the Skorohod integral of u:

E8(u)2=E/u2(s,y)dsdy
IT

+2E/u(0,z)</D9,zu(s,y)dWs,y) dodz. (2.3)
T Ig

We make use of the change-of-variables formula for the Skorohod inte-
gral:
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THEOREM 2.3. — Consider a process of the form

X; =/u(s,y)dWs,y,

It

where

(i) wuel??

(i) ueLPUIT x ), for some > 2,

(i) f;r u®(s,y)dsdy <N,
for some positive constant N. Let F : R — R be a twice continuously
differentiable function such that F” is bounded. Then we have

F(Xt)=F(0)+/F’(Xs)u(s,y)dWs,y+%/F”(Xs)uz(s,y)dsdy
It It

+/F"(Xs)u(s,y)(/Ds,yu(r, z)dW,,z> dsdy. 2.4)
I Is

Notice that under the assumptions of Theorem 2.3 the process X, has
a continuous version (see [2,5]) and, moreover, {F'(X,)u(s, y), (s, y) €
17} belongs to Dom §.

3. ESTIMATES FOR THE SKOROHOD INTEGRAL

We denote by C a generic constant that can change from one formula
to another one. Let p(s, ¢, y, x) be arandom measurable function defined
on {0<s <t <T, x,y € R} x 2. We will assume that the following
conditions hold:

(H1) Forall0<s <t <T, x,y €R, p(s,t,y,x)is Fs ,-measurable.

(H2) p(s,t,y,x) >0,foreach0<s <t <T, x,y eR.

(H3) Foral0<s <t <T, xR, [pp(s,t,y,x)dy=1.

(H4) For each s € [0,T],y € R, p(s,t,y,-) is continuous in ¢t €

(s, T] with values in L%(R).
(HS) Forall0<s<r<t<T,andx,yeR

p(s,t,y,X)=/p(s,r, y,2)p(r,t,z,x)dz.
R

(H6) For all 0 < s <t < T, x,y €R, p(s,t,y,x) € DI? and
p(s,t,-,x) belongs to D"?(L%(R)). Moreover, there exists a
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version of the derivative such that the following limit exists in
L*(2; L*(R)) foreach s, z,t, x

D;Zp(s7t7'9x):1i£gDS,Z p(s_gat"’x)' (3‘1)
’ &

(H7) Foral0<s <t < T, x,y €R, p > 1 there exist a nonnegative,
JF;,.-measurable random variable V, (s, z, x) and §, > 0 such that

pis,t,y,x) <V, (S,t,x)exI)(_B____}i)
’ 8p(t =)

and such that for all p > 1, there exists a positive constant Cy
such that

1V, (s, 2, x)”LP(Q) < Cyplt =772,

(H8) For all 0 <s <t < T, x,y,2z€ R, and p > 1 there exist
a nonnegative, F; ,-measurable random variable U,(s,f, x), a
constant y, > 0 and a nonnegative measurable deterministic
function f(y, z) such that

(i) |D; p(s.t,y,x)|

lx — yI?
Yp(t —

(ii) Sl;p/fz(y,z)dz =Cy <00,

<Up(s,t,x)exp< )f(y 2),

Qi) | Up(s.t, 0| 1o < Caplt — 517!

for some positive constants C; ,, Cy.
The following lemma is a straightforward consequence of the above
hypotheses:

LEMMA 3.1.— Under the above hypotheses we have that for all
0<r<s<t<T,x,y,z€R,

Doypit 20 = [ (D7 (st 0) s 2wy du. (32)
R

Proof. — Taking into account the properties of the derivative operator
and using hypotheses (H1), (H5) and (H6) we have that
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D, ,p(r,t,z,x) = Ds,y/p(r,s —&z,u)p(s —e, t,u,x)du
R

:/p(r,s —&,z,u)D; yp(s —&,t,u,x)du.
R

Now, letting ¢ tend to zero and using hypotheses (H1), (H4), (H6) and
(H8) we can easily complete the proof. O

We are now in a position to prove our estimates for the Skorohod
integral. For all M > 0, we will denote by L§,(I” x ) the space of
processes ¢ = {¢(s, y), (s, y) € IT} such that

E/e_M|y'|qb(s,y)|pdsdy<oo.
T

THEOREM 3.2.— Fix p > 4, a € [0,52}) and M > 0. Let ¢ =

{¢(s,y), (s,y) € IT} be an adapted process in L5, (IT x £2). Assume
that p(s,t,y, x) is a stochastic kernel satisfying hypotheses (H1)—(HS).
Then, for almost all (t, x) € 17, the process

{@—9)""p(s,t,y,x)p(s, Vo), (5,y) € IT}

belongs to Dom 8, and

p
dx

/ e—MIxIE’/(t —85)p(s,t,y, x)p(s, y)dW;
R It

1

gc/(t—s)—“—%—z(/e—M'y'E|¢(s,y)[”dy) ds, (3.3)
. 0

R

Jor some positive constant C depending only ona, p, T, M, §,, v,, C1,,,
sz p and C 1

Proof. — The proof is based on the change-of-variables formula for the
Skorohod integral stated in Theorem 3.2 for the function |x|? which leads
to the inequality (3.5). From this inequality, the exponential estimates
given in (H7) and (H8) and the equality provided by Lemma 3.1
allow us to deduce the inequality (3.8). Finally we conclude the proof
integrating with respect to the measure e "/ dx and using a Gronwall-
like procedure.
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First we show by means of an approximation argument that we can
reduce the proof to the case of a simple process. Let us denote by S* the
space of simple and adapted processes of the form

(S )’) Z ][(ti,tH_]](S)hj (y)a
i,j=0

where 0 =1 <t <--- <t, =T, hj € CP(R) and the F;; are Fy -
measurable functions in S. Let ¢ be an adapted process in LY, (17 x £2).
We can find a sequence ¢" of processes in S such that

T

lim (/C_Mly'EM)”(s,y) —¢(S,y)|pdy) ds =0.

n—00
0 R

We can easily check that this implies the existence of a subsequence 7y
such that for almost all ¢ € [0, T']

klirgo/(t—S)_“_%_%</e‘M'y'Elrb"k(s,y)—¢(s,y)Ipdy) ds =0.
0 R

On the other hand, using the fact that o < }t and hypothesis (H7) we have

that
T
A= klggoE (/e‘””’"(/(t —5) "2 pi(s, 1, v, x)
0 R It

X |@" (s, y) — (s, y)|2ds dy) dx) dt

T
. 20x — y|?
S Clz’zkl}—golo/ </ e_MIXI(/ @ _s)_za_leXp<_ 3|)Ez —ys|)>
0 R It 2

X E[¢""(s, y) — ¢(s, y)lzds dy) dx) dt
= Claim [ El .y =060 ( fa—92
n il

2lx —yI?

—Mlx| —
Xexp( LR YR,

) dt dx) dsdy.
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Notice that

20x =yl
/exp —M|x| — —— ) dx
% . 82([ —S)

2x?
:/exp(—M|x+y| - m dx
R

2 2
<e‘M|yl/exp(M|x| — __x_) dx < KNt —se Ml
R

8(t —s)

where K| = /278, eM*T/8 Then

A CEKy lim [ e MYE|™ 5, 3) = 0. dsdy =o0.
IT

Then, choosing a further subsequence (denoted again by n;) we have that
for almost all (z,x) € IT

klim E/(t —8) 2 p2(s, 1, y,x)|¢""(s, y) — ¢ (s, y)|2dsdy =0.
It

This allows us to suppose that ¢ € S¢. Fix fp >t in [0, T'] and define
B, (s,y)=(to —5) " p(s, 11, y, )P (s, y),
X(t,x) =/Bx(s, y)daws,, tel0,n].
It

Denote F(x) = |x|?. Let Fy be the increasing sequence of functions
defined by

x|

y
FN(X)=//(p(p— 1)z7"2 A N) dzdy.
00

Suppose first that p(s,f;,y,x) is an elementary backward-adapted
process of the form

> HipBi)ve@) s, s,10),

i,jk=1
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where H;jx € S, Bj, vk € CY(R), 0=1s1 < -+ <spp1 =11, and H;j; is
Fsip1.n-measurable. Then we can apply Itd’s formula (see Theorem 2.3)
for the function Fy and the process B,(s,y), obtaining that for all
t<t,

E(Fy(X(,x)))

1 " 2
= EE/FN(X(s,x))Bx(s,y)dsdy
Il

+E/FI’\;(X(s,x))Bx(s,y)(/Ds,yBx(r, Z)dWr,z) dsdy. (3.4)
I’ IS

Using hypotheses (H1), (H7) and (HS8), Lemma 3.1 and the fact that
¢ is simple and adapted we can easily check that, for all p(s,t,y, x)
satisfying the hypotheses of the theorem, and for all ¢ < 1,

@) E/Bf(s, y)dsdy < oo,
It

2
(i1) E(/Bx(s,y)dWS,y) < 00,
It

2
(iii) E/‘/Ds,yBx(r,z)dW,,Z dsdy < oo.

I

This allows us to deduce that (3.4) still holds for every p(s,¢, y, x)
satisfying hypotheses (H1) to (H8) and for all # < #;. We can easily check
that

" 141 1 (P-2)/p
Fyx) < (2 +p(p—1)>(FN(x)) .

Then we have that

EFy(X(t,%) < C,,{%E /(FN (X(s,))) "2 BX(s, y)ds dy

It
+E [ (Fy(X(s,0)))??"?| [ Be(s, )
£/ /

ds}.

x ( JEe z)dWr,z) dy
I.\'

Holder’s inequality gives us that
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EFy(X(t,x))
[ _
Cp{/E(EFN(X(s,x)))(p 2)/p(E1/Bf(s,y)dy
0 R

+/(EFN(X(s,x)))(p_2)/p

x(E‘ Bx(s,y)< Ds,yBx(r,z)dW,,z)dy
[re(]

Applying the lemma of [17, p. 171] we obtain that
EFy(X(t,x))

<C%/%(4/Bﬁaw@
R

p/2\ 2/p
) ds
0

+0/I(E‘R/ Bx(s,y)(IA/DS‘yBx(r,Z)dWr,z) dy

Fatou’s lemma gives us that, letting N tend to infinity
E|X(t,x)|"

"1 p/2\ 2/p
<Cp{/§(E‘/Bf(s,y)dy ) ds
0 R
! pi22p P/
+/(E'/Bx(s, y)(/Ds,yBx(r, z)dWr,z> dy ) ds}
0 R I

1 p/2
=: Cp (511 +12) . 3.5)

The term I; can be estimated using (H7) and Holder’s inequality:

p/2\ 2/p
) ds

p/2\ 2/p
) ds

p/2\ 2/p
) ds}.

2

p/2\ 2/p p/
) «ds} .

2

I]\/(t—S) 2(!( ‘/P (S tl,y,x)d) (S y)dy

< Jomor(el ool =)

p/2\ 2/p
) ds

x V2(s, 1, X)¢7(s, y) dy
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y| p/2\ 2/p
/(t_s) (e Vexp(s (i —s ))¢2(s’y)dy ) s

_za___l
gc/u—n ,

0
—2lx — yP ’ )2“’
X (R/exp< 5.0 s) )E|¢(s,y)| dy| ds. (3.6)

On the other hand, using Lemma 3.1 and Proposition 2.1 yields

/ B. (s, y)( / D, ,B.(r. z)dWr,z) dy
R 15

= (tO "S)_a/P(le» )’»x)¢(57 y)

R

X (/(tO - r)_a [Ds,yp(ra 1,2, x)]¢(r’ Z)dWr,z> dy
IS

= (tO —s)_a/P(s,tl, y’x)(b(sv )’)

R
X ( t—r)™" [ p(r,s,z,u)D;  p(s, 11, u, x) du]
ol fresons

X 9. 2)dW,. ) dy
== [ P06, [ DL,pG. )
R R
X (/(fo —r)"p(r, s, z, e (r, z)dWm) du] dy.
IS

Let us denote Y (s,u) := [(to — r)"*p(r, s, z, u)¢(r,z) dW, ;. Notice
that X (¢, x) = Y (¢;, x). We have proved that

/Bx(s,y)(/Ds,yBx(f, Z)dWm) dy
R is

:(tO_S)—a/p(s’ 11, y’x)¢(s9 y)[/D;yp(s,tl,u,x)Y(s,u)du dy’
R R

and then
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< 0/ (fo—5)™ (E] R/ (s, 11, y, 1) (5. )

p/2\ 2/p
X [/D;yp(s,tl,u,x)Y(s,u)du] dy ) ds.
R

Applying the estimates given in (H7) and (H8) we obtain

p/2

E‘/p(s,tl,y,X)tb(s,y)[/D;yp(s,tl,u,X)Y(s,u)du]dy
R R

p/2

= E‘/p(s,tl’ ysx)D;yp(s, t, M,x)¢(s, )’)Y(S» u)dudy
2

<E‘/V,,(s,tl,x)Up(s,tl,x)f(u,y)
R2

p/2

ly —x/? |x —
Xexp<_3p(t1 —5) vl — )I¢(s MY (s,u)|dudy

[ st~ 222E_ imity
J ’ 8p(t1—s)  yp(ti—s)

p/2

<Clty —s|3P*E

X |¢(s, Y)Y, u)| dudy

Then, Schwartz and Hoélder’s inequalities yield

p/2

E‘/p(s,tl,y,x)d)(s,y)[/D;yp(s,tl,u,x)Y(s,u)du] dy
R R

p/4

_3p/4 2 Lol
<C@ty — )77/ E([/Y (s,u) f2(u, y)e 7@ dudy
]R2

17/4)
|)(—u|2

SCn - S)—Sp/sE(’/ Y2(s,u)e 709 dy

P/4>

w2 2ly—xf?

Z(S, y) e_ YpU1=9)  dp(ti—s) du dy

p/4

2y-x2

SP(II—S) dy
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p/?

Jx—uf?

<C(ty —s)~P8 (E‘/ Y2(s,u)e 7@ du
R

P/2>

3l p — ol
SC(t—s)" 3 7E</|Y(s,y)| e 709 dy
R

2y—x?

+ E‘/¢2(s, y)e #@9 dy
R

» _ 2k—y?
+ [lo ) e dy).
R .

As a consequence,

/ il lx —y?
L<C [(tg—s5)""" P( exp(— >
’ 0/ ’ Z (3 V) =s)

2/p
x E(|p(s, y)|" + Y, y)|”)dy) ds. (3.7)

Putting (3.6) and (3.7) into (3.5) and using the fact thata < (p — 4)/(4p)
we obtain that

t s _ul2
Ex¢.0" <C [ —></ ""p(‘_clf_n = I>>
0 R

x E(|¢Gs, »|"+1Y (s, |") dy) ds (3.8)

where ¢ =max(8,, ).
Now we make ¢ tend to #; and use Fatou’s lemma to obtain

E|Y(t, x)|”

1

1 s
< C/(tl —s)_“_%_ﬁ (/e_cl(_n{'ls—)E(|¢(s, y)|p +|Y (s, y)|p) dy) ds.
0 R

Using a Gronwall-like iterative procedure we have that

t
2
E|Y(t,x)|p < C/(t —s)_"‘_%_% (/e_%EM(s, y)|pdy) ds,
0 R
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for all 0 <t < 1. Finally for any fixed 7 € [0, T) letting the parameter #,
in the definition of Y (¢, x) to converge to ¢ and integrating with respect
to the measure e~ M*! dx leads to the desired result. O

Let us now consider the following additional condition on the stochas-
tic kernel p(s, ¢, y, x):
(H9)m There exists a constant Cy; > 0 such that

sup E( sup /e_M|"|p(r,s,y,x)dx) < Cye Mbl,

o<r<T T>s>r
R
We will denote by L%, (R) the space of functions f:R — R such that
Jre MM f(x)]P dx < o0.

THEOREM 3.3.— Fix p> 8 and M > 0. Let ¢ = {¢(s,y),(s,y) €
I} be an adapted process in L5, (IT x 2). Assume that p(s,t,y, x) is
a stochastic kernel satisfying conditions (H1) to (H8) and (H9)y. Then
for all t € [0, T), the process {p(s,t,y,x)P(s, WIon@s), (s,y) € 17}
belongs to Dom é for almost all x € R, and the stochastic process

Z= {Zt =/P(S»t» Yy, ')¢(S’ )’)dWs,y,te [Ov T]}

It

posseses a continuous version with values in L, (R). Moreover,

p
E( sup /e_M"‘l dx)
0<I<T 4

< C/e_M'y'E|¢(s, |’ ds dy, (3.9)
T

/ PG5, 1,9, X)b(s, y) dW;.,

It

for some positive constant C depending only on T, p, M, C, ,, C,,, C fs
Vp» 0p and Cyy.

Proof. — Using the same arguments as in the proof of Theorem 3.2 we
can assume that the process ¢ is simple. Fix 0 <« < (p —4)/(4p) and
define

Y(ru) = / (r =)™ p(s.r, y. ) (s, ) AW .

Ir
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As

p(s,t,y,x)=C, /(t - r)"'l(r —8) *p(s,r,y,u)p(r,t,u,x)drdu,
I

with C, = sinma /7 it is easy to show that

Z,(x)=C, /(t — r)“—lp(r, t,u,x)Y(r,u)drdu.

Then we have that for any # < and o € (%, 1’{1)—4)

/ e MW Z,(x) — Z,(x)|" dx
p

R
s/e'M'x' /(t—r)"_lp(r, t u,x)Y(r,u)drdu| dx
R It'/

/(t —r)? p(rt' u,x) = p(rtu, x)]

+ /e—M“"
R 1,

x Y(r,u)drdu

14
dx

14
/ p(r,t u,x)Y (r,u)du| drdx

1 _
Co (' —1)*77 /e Mix|
R

)id

+Ca,pt°"% /e_M|"| /[p(r, ' u,x)— p(r,t,u,x)]
It R
P
drdx

x Y(r,u)du

< Cy pt' —1)° _/lY(r w)|” ( sup /e_Mlx'p(r,s,u,x)dx)drdu

T>2s2r R

+C/</ M p(r,t' u, x)— p(r.t,u, x)|dx>|Y(r u)|pdudr

Both summands in the above expression converge to zero almost-
surely as |t — t| — 0. In fact, by hypothesis (H9)m and Theorem 3.2 the
first summand can be written as Cy ,(t' — 1)*~"/PZ where E(Z) < co.
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For the second summand we apply the dominated convergence theorem
and hypothesis (H4). On the other hand, taking ¢t = 0 we obtain (3.8). O

We will also need the following L2-estimate for the Skorohod integral.

THEOREM 3.4.—Fix M > 0. Let ¢ = {¢(s,y), (s,y) € IT} be an
adapted random field in L12W(IT X §2). Assume that p(s,t,y,x) is a
stochastic kernel satisfying conditions (H1)—(H8). Then, for almost all
(t,x) € IT, the process

{p(s,t,y, )0 (s, V) Lo (s), (s,y) eI}

belongs to Dom § and we have that

2
dx

/e—MIxIE!/p(s,t,y,x)¢(s’ Y)dWS»y
R I

<C (z—s)—3/4( e_M'x'E|¢(s,y)|2dy)ds, (3.10)
[o]

for some positive constant C depending only on T, M, C; 5, C2, Cy, &,
and ;.

Proof. — Using the same arguments as in the proof of Theorem 3.2 we
can assume that ¢ € S°. Fix (¢, x) € IT and define

Bt,x(s, }’) = P(S, t’ Y» -x)¢(ss y)I[O,t](s)9
X0 = [ Buals. )W,
It
By the isometry properties of the Skorohod integral (Proposition 2.2) we
have that

/e_M|"|E|X(t,x)|2dx
R

/ ::/e_Mlxl(/E|B,,x(s,y)l2dsdy> dx
R It

+2/e—M|xlE[/B,,x(s, y)(/Ds,yB,,x(r, z)dW,,Z) dsdy] dx
"R I Is

=1 +20. (3.11)
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By hypothesis (H7) we have that

L < e—M‘xl( E|V2(s,t,x)|2
[

2lx — yI?
X exp (—m)EM(s, y)|2ds dy)dx

<, [¢=97 Elot. )
If

2x — 2
X (R/exp(—Mlxl - (3'2%%) dx) dsdy

< CiLK; /(t—s)“l/ze_M'ylEldb(s,y)|2dsdy. (3.12)
It
On the other hand, using the same arguments as in the proof of
Theorem 3.2 it is easy to show that

Iz=E//6‘M""p(s,t,y,X)qb(s,y)

0 R2

X (/D;yp(s,t,u,x)X(s,u)du> dxdyds
R

t
=E//e_Mlx|p(s,t, ¥, X)Dg,p(s,t,u, x)p(s, y) X (s, u)dxdyduds
0R?

</e’Ml"'(ElVg(s,t,x)lz)l/z(E|U2(s,t,x)lz)

lr
=P x—up
x [}R/f"p(_«sz(r—s) - yz(t—s))f(”’y)

X E]¢(s, VX (s, u)| dy du] dsdx

1/2

< C1,2C2,2/C_M|x|(t —5)7?
I!
2 |x—u|2 1/2
X (/EIX(s,u)I fu, y)?e ne dudy)

R2
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o _le—u® 2y 172 .
X </E‘¢(s,y)| e ni= " 5= dua’y) dsdx
R2?

lx—y[?

< C/C_M'xl(t _s)—5/4</e_(§3w2)(t—s)
It

R2

x (E|X(s, y)|" + E|$ (s, y)|2)dy> ds dx
<C [ —s)*3/4< e MY(E|X (s, y)[*
[

2
+ E|p(s, y)| )dy)ds. (3.13)
Now, substituting (3.13) and (3.12) into (3.11) and using an iteration
argument the result follows. O

Using the same arguments it is easy to show the following result.

COROLLARY 3.5.—Let ¢ = {¢(s,y), (s,y) € IT} be an adapted
process in L*>(IT x §2). Assume that p(s,t,y,x) is a random function
satisfying hypotheses (H1)~(HS8). Then, for almost all (t,x) € 17, the
process

{p(s, 1,9, )¢ (s, N, y(s), (s,y) €I"}
belongs to Dom § and

/ El / p(s.t,y, X)$(s, y) dW,
R It

2
dx

<C (z—s)—?’/“( E|¢(s,y)|2dy>ds, (3.14)
[

Jfor some positive constant C depending only on T, C 5, C2 5, Cy, 6, and
V2.

4. EXISTENCE AND UNIQUENESS OF SOLUTION FOR
STOCHASTIC EVOLUTION EQUATIONS WITH A
RANDOM KERNEL

Our purpose in this section is to prove the existence and uniqueness of
solution for the following anticipating stochastic evolution equation
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u(t, x) = / (0,1, y, x)uo(y) dy
R

+ / Dty VF (5, you(s, ) dWeyr (D)
R

where p(s,t,y,x) is a stochastic kernel satisfying conditions (H1) to
(H8) and (H9)p, uo : R — R s the initial condition and F: [0, T] x R? x
© — R is a random field. Let us consider the following hypotheses.
(F1) F is measurable with respect to the o -field B([0, t] x R?) ® Fo.r;
when restricted to [0, 7] x R? x £2, for each ¢ € [0, T].
(F2) Forallt €[0,T], x,y,z€R

|F(t,y,x) — F(t,y,2)| < Clx —zl,

for some positive nonrandom constant C.
(F3)% Forallt €[0,T], x €R,

|F(t,x,0)] <h(x),

for some h € L}, (R).
We are now in a position to prove the main result of this paper.

THEOREM 4.1.—Fix M > 0 and p > 8. Let ug be a function
in L% (R). Consider an adapted random field F(s,y,x) satisfying
conditions (F1) to (F3)§A and a stochastic kernel p(s,t,y,x) satisfying
hypotheses (H1) to (H8) and (H9)m. Then, there exists a unique adapted
random field u = {u(t, x), (t,x) € IT}in L3, (IT x §2) that is solution of
(4.1). Moreover,

(i) {u(t,-), t €[0,T]} is continuous a.s. as a process with values in

LY (R) and

E( w | e-M'xllua,x)l”dx) <c, “2)

0<t<T ?

for some positive constant C depending only on T, p, M, Cy ),
Cz,p, Cf, 8,,, Yp and Cy.
(i) If, moreover, uo and h belong to L*(R), then u € L*(IT x ).

Proof of existence and uniqueness. — Suppose that u and v are two
adapted solutions of (4.1) in L3,(I” x £2), for some M > 0. Then, for
every t € [0, T] we can write
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/e“M'x'EIu(t,x) — v(t,x)|2a’x
R

:/e—MlxlE'/p(s,t,y,x)(F(S,y,u(s,y))
R I

2

— F(s,y,v(s,y)))dW;,| dx.

By Theorem 3.4 and the Lipschitz condition on F we have that

/e‘M|x'E|u(t, x) —v(t, x)|* dx

R
t

— )34 —Mly| _ 2
éo/(t s) (HZe E|u(s,y) v(s,y)| dy) ds.

Appliying an iteration argument we obtain that

/e_M|"|E|u(t,x) - v(t,x)|2dx

R
t
<C/(/6‘M'Y'Elu(s,y) —v(s,y)lzdy) ds,
0 R

from which we deduce that [ e ™ E|u(z, x) — v(t, x)|*dx = 0. Con-
sider now the Picard approximations

u%hﬂ=/p&L%ﬂw@M%
R

u"(t, x) :/p(O,t,y,x)uo(y)dy
R

+ / p(s,t,y, x)F (s, y,u"" (s, y))dWsy.
II

By hypothesis (H1), u°(¢,x) is adapted. On the other hand, using
2
[P0t 5u00)ay

hypotheses (H3) and (H9)y; we have that
dx)
R R

=
< E(/Iuo(y)lz(/e‘M""p(O,t,y,x)dx> dy)

R R
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</e‘M'y'|uo(y)|2dy-
R
Now, using induction on n and Theorem 3.4 it is easy to show that u”" is
adapted and belongs to L3,(I7 x £2). Using an inductive argument we
can easily show that

o0
ZE(/e_M'xllu”“(t,x) - u"(t,x)|2dx) < 00,
n=0 R

and the limit u of the sequence u" provides the solution.

Proof of (i). — Using the same arguments as in the proof of the
existence we can see that the solution u belongs to L5 (17 x £2). Now we
have to show that the following two terms are a.s. continuous in L% nR):

At = / p (0,1, y, o (») dy,

R

Ao0) = [ P61,y 0F (s, .1, ) AW,
It
In order to prove the continuity of A1, note that hypothesis (H9)ys implies

that, for all ¢ and ¢ in L5, (R)
P
[ p0.1.3.5)(00) -~ #0) | ax)

E( sup /e_M""
0<t<T
SR R

<E ( sup /[sv(y)—fb(y)l (/e‘M""p(O,t,y,x)dx) dy)
0<t<T 2

< [l = 9" dy.
R i
Hence, we can assume that u is a smooth function with compact support.
In this case
P

/ e Mkl / (POt +e,y,%) — p0,2,y,x))uo(y)dy| dx
R R

<27 Mluolleo / e™Mp(0,1 +¢,y,%) = p(0.1,y, x)| dx dy,

RxK

which tends to zero almost-surely for all # by hypotheses (H4) and (H9)u,
as in the proof of Theorem 3.3. The continuity of A, is an immediate
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consequence of Theorem 3.3. Finally, using a recurrence argument it is
easy to prove that the Picard aproximations u" satisfy that

o
Z E( sup /e”M""|u"+l(t,x) - u"(t,x)]pdx) < 00,
n=0

0<t<TR

from where (4.2) follows.

Proof of existence in L*(IT x £2). — Using hypothesis (H7) we have
that

2
£ [ | [ POty w0y dtd
1T R

< E/|u0<y)|2(/p(o, t y,x)dx> dt dy
IT R

<T / luo ()| dy.
R

Using now induction on n and Corollary 3.5 it is easy to show that
f;r Elu"(t, x)|* dt dx < oo and that " is a Cauchy sequence in L2(I7 x
£2). This implies that u belongs to L2(IT x £2). O

Forevery p > 1,0 <e < p and K > 0 we denote by W?¢(K) the set
of continuous functions f:[—K, K] — R such that

F0) = Q@I
Ilexi= [ PP drdr <o
[-K,K]?

Notice that if f € WP¢(K), then f is Holder continuous in [—K, K]
with order ¢/ p.

Now our purpose is to prove that, under some suitable hypotheses, the
solution u(¢, -) belongs to WP¢(K), for some p > 1,0 < ¢ < p and all
K > 0.

THEOREM 4.2.— Fix p >4 and M > 0. Let ug be a function in
L%, (R). Consider an adapted random field F (s, y, x) satisfying hypothe-
ses (F1) to (F3)Y and a stochastic kernel p(s,t,y,x) satisfying (H1)
to (H8) and (H9)\. Then, the solution u(t, x) constructed in Theorem 4.1
belongs a.s., as a function in x, to WP*(K), forall p > 8, ¢ <% —3 and
K >0.
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Proof. — We have to show that the following two terms belong to
WPe(K):

Bi(x) = / p(O,1, y. uo(y) dy,
R

Bz(x)=/p(s,t,y,x)F(s,y,u(s,y))dWs,y-
It

Using Minkowski’s inequality we have that

Bi(x) — B;(2)|?
E / |Bi(x) — Bi(2)] dxdz
|x_zl2+£
[—K,K]?
— / |x_zl—2—8
[-K,K]?
p
X E‘/[P(O,t,y,x) —p(0,1,y,2)]uo(y)dy| dxdz
R
< [ wea
[-K,K]2

P
x (/llp(o, 7,y,%) —p(O,t,y,z)||p|u0(y)|dy> dxdz.
R

Taking into account estimate (5.10) and the same arguments as in [4,
p. 17] it is easy to show that VO < s <t < T, x,y,z€ R, B €[0, 1] and
p=1,

(s, 2, y,x) = p(s,t, y,2)]],

1
<K|x — Z|ﬂ(t _ s)~§(ﬂ+1)

ly —x|? ly —z|2
X [‘”‘p (’e(t - s)) +exp <_c(t - s)) ] *3)

for some K, ¢ > 0. This gives us that, taking 8 =1
B / | Bi(x) — Bi(2)|?

|x _Z|2+e_

dxdz

[-K.K]?

<Ct? / |x —z|P72¢
[-K,K)?
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Y P
X (/exp(—ly ctXI >|u0(y)|dy) dx dz
R

42 p
<crr [ ( / exp(—'y ctx')luo@)ldy) dx

[-K,K] R

< Ct_%_% /e_M|y||u0(y)|pdy < 00,
R

which gives us that B;(x) belongs a.s. to W?-¢(K). On the other hand, as
in the proof of Theorem 3.3 we can write for « € (0, 111_1;4)

By(x) =C, /(t — r)"‘_lp(r, t,u,x)Y(r,u)drdu,

where
Y(r,u) = /(r =) *p(s,r,y,u)F (s, y,u(s,y))dW.
lr
This gives us that
B — B p
E / 1B2(x) — Bo(@)| dxdz=CE / lx —z|7*7F
|x _ Z|2+€
[-K.K]? [-K,K]?

p

—r)* p(r, t,u,x) — p(r,t,u,z)|Y (r,u)drdu| dxdz.

Using Minkowski’s inequality and the estimate (4.3) we obtain that

| B2 (x) — Ba(2)]?
E dxd
/ |x _Z|2+e 2
[-K.K]?
Bp—2—¢ a———— lu—x|2
<C |lx — z|PP~ (t—-r) 2 exp
c(t —r)
[-K,K]?

x || Y (r, u)der du) dxdz

<c | [ Ju—reit( / p(- =)

[-K.K]
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P
<Y e, u)||pdu) dr] dx

:C[O/(r—r)a—%—é( / <R/"”‘p(‘|§f_xrlj)

[-K.K]

p

p 1/p
><||Y(r,u)||pdu) dx) dr] )

Using Holder’s inequality we obtain

£ / |B2(x) — Ba(2)[”

X2t dxdz

[—K.K)?

! 1/p
< C(/(t —r)“"l‘g (/e_M|”|E|Y(r, u)[pdu) dr)
0 R

< Crrehit /e—M'"'E|Y(r, w)|” dr du,

II

p

provided o > % + g Finally, from the proof of Theorem 3.2 and the
facts that ug € LP(R) and o < (p —4)/(4p) it is easy to show that
[ €M E|Y (r,u)|P dr du < 0o, which allows us to complete the proof.
We have made use of the following conditions

1 —4
pB>¢e+1, oz>—+é a<£——.

p 2 4p
We can easily check that thanks to the fact that p > 8 we can take o and
B such that these inequalities hold. O

5. ESTIMATES FOR THE HEAT KERNEL WITH
WHITE-NOISE DRIFT

In this section, following the approach of [13] we construct and
estimate the heat kernel of the random operator %27 + v(t, x) %, where
v=1{v(t, x), t €[0,T], x € R)} is a zero mean Gaussian field which is
Brownian in time. The differential v(z, x) dt := v(dt, x) is interpreted
in the backward Itd sense. More precisely, we assume that v can be
represented as
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v(t,x) = /g(x, y)aw;,, G.1
II
where g :R? — R is a measurable function, differentiable with respect to
x, satisfying the following condition

0
sup/(g(x, )2 + a—;g;(x, y)2> dy < 00. 5.2)
R

Set G(x,y) = [rg(x,2)g(y,2z)dz and let us introduce the following
coercivity condition:

(Cl) Z(x):==1—-3G(x,x) 2 >0, forall xeR and for some

e>0.

Let b = {b(t), t € [0, T]} be a Brownian motion with variance 2t
defined on another probability space (W, G, Q). Consider the following
backward stochastic differential equation on the product probability
space (2 x W, F®G, P x Q):

0 =x= [ [elpnr0),y)aW,, + [VE@ ). 53
s R s

Thanks to condition (5.2), applying Theorems 3.4.1 and 4.5.1 in [7],
one can prove that (5.3) has a solution ¢ = {¢, ;(x), 0<s <t <T, x€
R} continuous in the three variables and verifying

Dr.s (wt,r(x)) = Gt,s (x)» (54)

foralls <r <t, x eR.
Then we have the following result

PROPOSITION 5.1.— Let v be a Gaussian random field of the form
(5.1) where the function g satisfies the coercivity condition (C1) and
assume that g is three times continuously differentiable in x and satisfies

3 ,
sup_ [ [g®0x, )|’ dy < oo.

x
k=0

Then there is a version of the density

Q(¢1,s(x) edy)

9y t’ 9y -
p(s,t,y,x) dy

which satisfies conditions (H1) to (H8) and (H9)y for each M > 0.
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Proof. — Let us denote by 8” and D? the divergence and derivative op-
erators with respect to the Brownian motion b. Applying the integration-
by-parts formula of Malliavin calculus with respect to the Brownian mo-
tion b we obtain

p(s,t,y,x) = Eg (L, )y} Hr.s (X)), (5.5
where
Db(”t s(x)
H,  (x)= 5”(-%—).
' I Db (x)|12

Hypothesis (H1) follows easily from the expression (5.5) because ¢; ;(x)
is F;; ® G-measurable. The fact that y — p(s, ¢, y, x) is the probability
density of ¢, ;(x), which has a continuous version in all the variables
x,y€eR, 0<s <t <T,imply (H2), (H3) and (H4). Hypothesis (H5) is
a consequence of the flow property (5.4).

Applying the derivative operator to (5.5) yields

D, p(s,t,y,x)
= Eg (L, >3 D, Hrs(0)) + Eg(Xigy 0> W15 (%)), (5.6)
where
D¢, (x)
| Db, s (x)]I?

Then hypothesis (H6) follows easily from Eq. (5.6). Conditions (H7),
(H8) and (H9)y will be proved in the following lemmas. O

W, (x) = 6"( D,. go,,s(x>H,,s(x)) .

LEMMA 5.2.— The stochastic kernel p(s,t,y,x) satisfies condi-
tion (H7) with the constant 8, = p/K, for any K < 1/3.

Proof. — By (5.5) the kernel p can be expressed as

p(s, ta y7 -x) :EQ(][{Bt’s(x)>y—x}H[’s(x)) (5.7)
=—Eo(Ii_p,,>x—y)H:,s(x)), (5.8)
where B, ;(x) = ¢, s(x) —x. Since B and — B have the same distribution,

it is sufficient to consider the expression in (5.7) and assume that x < y.
Using the trivial bound

1 <ex ((KBZ) )ex (— (Ka?) )
= S =) P\ =9
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for any a > 0, K > 0 we obtain

IX~yI

p(s,t,y,x) <e P V,(s,t,x),

where

K B, (x)?)
Vo(s,t,x)=Eg (exp(ﬁ) |H,,s(x)|).

We only need to calculate E|V,(s,t, x)|?. By Schwartz’s inequality

5 1/2
E|V,(s,t,x)|" < (Eexp(g(ff%—z)ﬂlﬂ,s(xﬂzp) .

Note that, if we fix ¢ and let s vary, B; (x) becomes a backward
martingale with quadratic variation

(B,.(x)). = / / g (@, (), y) dydr +2 / 2 (¢, (1)) dr
s R K

=2(t —s).
This gives us that B, .(x) is a Brownian motion with variance 2, and then,
forany K <1/8
Eexp( 2K B, s(x )) —1—
(t—s) V1-8K
On the other hand, it is known (see [13], proof of Proposition 10, (5.5))
that

5.9

(E[H,s0)[")* < Cple — )77,
and now the proof is complete. [

LEMMA 5.3. — The stochastic kernel p(s,t,y,x) satisfies condition
(HB) with the constant y, = p/K, for any K < 1/8.

Proof. — We express D, p(s,t,y,x) asin [13] as

3
D, p(s,t,y,x) = 3y [p(s,t,y,x)8(y, 2)]

0
=—~’3 (5.1, 9, X)g(y,2) — p(s. 1, y,x) (y,z)

Since g and dg/dy satlsfy condition (HS8) (ii) and p satlsﬁes the bound
(H7), we only need to show
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)
< U,(s, 1, x)exp <—%) (5.10)
p

where ||U,(s,t, x) || .r(2) < C,(t —s)~'. Now taking the derivative 8/dy
inside the formula (5.5) for p and integrating by parts we obtain

)
'—_p(s7 t,yvx)
dy

ap
5 (S7 ta y’ x) = EQ(][[Bxyx(x)>y—x}Ht/’s(x))a

where

b
Db @5 (x) : H,,S(X)>.
| D%@1,s ()|
The proof of Proposition 11 in [13] indicates that ||H,;,s(x)||q <Gt —
s)~! for all ¢ > 1. Therefore, the estimates on E exp(2K B} (x)/(t —5))
from the proof of Lemma 5.2 yield the lemma. 0O

H (x) = 3b(

LEMMA 5.4. - The stochastic kernel p(s,t,y,x) satisfies condition
H9)\ forall M > 0.

Proof. — By Eq. (4.16) in [13] we know that
p(s,t,y,x)

a
ZQ(S,t,y,x)+/[/8(Z,}’)'(,)‘Z‘(S»r,y,Z)Q(r»tsZax)dZ:I dWr,y,
IR

where

1 Cly—aP
o661, = 5 s on 7 )

This gives us that

/e_M“"p(s, t,y,x)dx
R

R

3
=/e_M""q(s,t,y,x)dx+/[/g(z,y)5§(s,r, ¥,2)
R I!

X (/e“Mmq(r, t,2,X) dx) dz] aw,,
R .

= T1 + T2.

Since q(r, t, z, x) satisfies the forward heat equation in the variables
(z, x), we obtain the following by integrating by parts
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t
/e_Mlx'(I(r,t,z,x)dx=e_M'Z'+/(/ M'” (r 0,2z, x)dx)
R r R
t
— e Mzl +M2/</C_M|x'q(r,9,z,x)dx>d
R

t
— 2M/q(r, 6,z,0)d6.

Fubini’s stochastic theorem allows us then to write

0
Tzz/[/g(z,y)i(s,r, y, z)e_M'z'dz] aw,,
IR

+M2/t[/(/g(z,y)g—z(&r’y’1)

K] Ise R

X (/C_Ml"'q(r,e,z,x)dz) dW,,y)] do
R
/ 9
—ZM/[/(/g(z,y)a—l;(s,r,y,z)q(r,e,z, O)dz) dW,,y] do.
K 1;9 R

From (4.16) in [13] it follows that
0
T, = / [ / 8 Y) 5o (., z)e—M'Z'dz} daw,

I R

2 ([ e[p05.6.5.5) ~ 4(5.0,7.) dx) ds
R

N

t
_2M/[p(579»y,0) -‘I(S,O»yvo)] d@
Using integration-by-parts formula it follows that

= M/[/g(z p(s,r,y,z)e” M'z'dz] dw,,

/[/—(Z yp(s,ry.z)e” M'Z'dz] dw,,,
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t

+M2/(/e'M"‘|[p(s,9,y,x)—q(s,@,y,x)] dx) do
R

s

t
_2M/[p(3,9,y,0)_Q(S,Q,y,o)] de

It is easy to show that for all M > 0,
T T
/E|p(s,9,y,0)|d0+/q(s,9,y,0)d0
N N

20 172
) < Cyp pe 0,

+ (E‘/e‘M""p(s,G,y,x)dx
R
By Burkholder’s inequality it follows that

E( sup /e‘M')"p(s,t,y,x)dx>

USIS 4

5 2 12
<CM,T{e_M'y'+ (E/(/%(z,y)p(s,r,y,z)e"M'z'dz> dra'y)

iII R

s

2 12

+(E ( g(z,y)P(s,r,y,z)e‘M‘z'dz) drdy) }
)

, 12

dr) }

T
< CM,T{C_MM + (E/ ’/p(s,r,y,z) e Mkl gz
5 R
which gives us (H9)u, thanks to (H7). Now the proof is complete. O

-M
< Cyre bl

6. EQUIVALENCE OF EVOLUTION AND WEAK SOLUTIONS

Assume the notations of Section 5. By (4.15) in [13] we know that
p(s,t,y,x) is the fundamental solution (in the variables ¢ and x) of the
equation

3%u

du, = — (t,x)dt + v(dt, x) 9_'{ (t,x). 6.1)
ax2 dx
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Our purpose in this section is to study the following stochastic partial
differential equation

9%u

u
dut = @(t,x)dt +U(dt,X) a_x(t’x)

+ F(t,x,u(t,x))% (dr), 6.2)

with initial condition ug:R — R. Let us introduce the following defini-
tion.

DEFINITION 6.1. — Letu = {u(t, x), (t, x) € I'} be an adapted process.
We say that u is a weak solution of (6.2) if for every ¥ € C¥(R) and
t € [0, T] we have

/w(x)u(t,x)dx =/w(x)u0(x)dx+/t/f”(x)u(s,x)ds dx
R R I

_R/w(x)(/u(s,x)g—i(x,y)dws,» dx
II

_/w/(x)(/u(s,x)g(x,y)dWs,y> dx
R

It

+ / ¥ @u(s, x)dW, . 63)
It

Now we have the following result.

THEOREM 6.2. — Under the hypotheses of Theorem 4.1(ii), the solu-
tion u = {u(t, x), (t,x) € IT} of (1.1) is a weak solution of (6.2).

Proof. — Suppose that u is the solution of (1.1). Let {e;, k > 1} be a
complete orthonormal system in LZ(R). Forallm > 1and (¢t,x) € IT we
define

W (1, x) = / p(O. 1, y, x)uo(y) dy
/!

+yf ( / p(s,t,z,x)Fs(z)ek(z)dz)ek(ymws,y, (6.4)
k=1p R

where F;(z) := F(s, z, u(s, z)). The stochastic process u™ (¢, x) is well-
defined because {(Jg p(s,t,z, x)Fs(z)ex(z) dz)ex(y) 1y (s, y)} belongs
to the domain of & for each k > 1. This property can be proved by the
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arguments used in the proofs of Theorems 3.2 and 3.4. By (4.15) in [13]
we know that forall 0 <s <t < T, x e Rand f € L?(R)

t 32
[p6t 305 0)dy= e+ / ( [3E6n wc)f(y)dy) dr
R s R

+ [ ( R/ i (s,r,y,x)f(y)dy) v(dr, x).

This gives us that
m [( [
u™(t, x) =uo(x) + /( Fyv) ©,r,y, x)ug(y)dy ) dr
0 R

1YY
+ O/ ( R/ L0, 3, u0() dy) v(dr, )

+Z/Fs(x)ek(x)€k()’)dws,y
k=17

+Z/
k=1 It
X ek(Y)dWs,y

+kz:;/[/(R/g—I;(S,r,z,X)FS(Z)ek(Z)dz)v(dr’x)]

N

t

2
([ 556 nanRoawad) dr}
J 0x

s

x ex(y) dWy .

Let ¢ be a test function in C°(R). Using integration by parts formula
and Fubini’s theorem it is easy to obtain that

/u'"(t, x)Y(x)dx

R

= [vwuar+ [ w"(x)( [ 0,15, 50 dy) dr dx
R It R

- [ve ( [ 9.7 3. 0000 dy) v(dr, x) dx
It R
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—/¢(x)</p(0, r,y,x)uo(y)dy> divv(dr, x) dx
It R

+> [ ( / w(x)Fs(x)ek(x)dx)ek@)dws,y
k=1p “R

+g R/ :/f”(x)[ / ( / ( / p(s,r,z,x)Fs(z)ek(z)dz>

0 Ir R
X ek(y)dWS,y> dr} dx
- 1/f'(x)[ ( ( p(s,r,z,X)Fs(z)ek(z)dz)
el
X ek(y)dWs,y>v(dr, x)] dx
=S wm[ (/( po.n 2 DR dz)
[l

x er(y) dWS,y> divv(dr, x)] dx.
This gives us that

/,u”’(t, x)Y(x)dx

R

= [vwuwax+Y [ ( / vf(x)Fs(x)ek(x)dx)ek@)dws,y
R R

k=171

+ / ¥ (xX)u™ (r,x)drdx

It
—/W'(x)(/u'”(r,x)g(x,y)dW,,y) dx
R

It

0
- R/ w(x)( [ L, y)dW,,y) dx. 65)

It
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Notice that

hm E

>/ / VIR (e (x) dx ) ex () W, ~ / YOVEsyaw,,|

k=11

_llmE/ Z

k=m+1

(/llf(x)F (x)ek(x)dx> ds =0.

In order to complete the proof it suffices to show that for any smooth and
cylindrical random variable G € S we have

li’?lE(G/um(t,x)w(x)dx) =E<G/u(t,x)1p(x)dx),
R R

lirﬁnE(G/lﬁ”(x)um(r, x)dr dx) = E(G/w”(x)u(r, x)dr dx),
It I
lirflnE (G W(x)( u™(r,x)g(x, y)dW,,y) dx)
[vel]
= E(G/tp'(x)(/u(r,x)g(x,y)dWr,y) dx),
R It

and
1ir;lnE<G' w(x)< m(rx) (x y)dW,y)a’x)
oo

:E(G]R/t/f(x)(/u(r',x)z—i(x,y)dW,,y) dx).
It

These convergences are easily checked using the duality relationship
between the Skorohod integral and the derivative operator. O
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