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Quadratic mean and almost-sure convergence
of unbounded stochastic approximation algorithms
with correlated observations

by

E. EWEDA (*) and O. MACCHI (**)

REsuME. — Dans ce travail nous démontrons la convergence presque
sire et en moyenne quadratique d’un algorithme de gradient stochastique
avec des pas décroissants gouvernant un estimateur linéaire adaptatif.
Nous n’utilisons aucune hypothése irréaliste telle que I'indépendance des
observations successives ou la bornitude de I'algorithme comme dans la
littérature antérieure. Pour les observations corrélées, nous .utilisons un
modé¢le a mémoire finie, ce qui correspond a une vaste classe d’application,
¢tant donné que des observations suffisamment séparées dans le temps
peuvent généralement &tre supposées indépendantes. Le modéle & mémoire
finie a Pavantage, par rapport a d’autres modéles ergodiques tels que les
modeles a covariance décroissante, de permettre une analyse relativement
simple de la convergence de I'algorithme du gradient. De plus, le modéle
permet de démontrer la convergence en moyenne quadratique, ce qui
nm’avait pas été fait jusqu’ici pour aucun modéle ergodique.

ABSTRACT. — In this paper we prove the almost-sure (a. s.) and qua-
dratic mean (q. m.) convergence of a stochatic gradient algorithm with
decreasing step size governing an adaptive linear estimator. We do not
use unrealistic assumptions such as the independence of successive obser-
vations or the boundedness of the algorithm, as has been previously done
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236 E. EWEDA AND O. MACCHI

in literature. The model we use for the correlated observations is a finite
memory model. This model agrees with a wide class of applications due
to the fact that sufficiently time separated observations can usually be
assumed independent. The finite memory model has the advantage, with
respect to other ergodic models such as models with decreasing covariance,
that it allows a relatively simple convergence analysis of the gradient
algorithm. Moreover, it permits the proof of the q. m. convergence which
has not yet been attained with any kind of ergodic models.

I. INTRODUCTION

In this paper we prove both the almost-sure (a. s.) and quadratic mean
(q. m.) convergence of the stochastic gradient algorithm

hjvi=hpfa;—hX)X¥; a;eC; X;eCN; heCN;, N=1, (1)
to the optimum vector h, given by
Rh, = E(a;X¥); R & E(X¥X]), (2)

where XT and X* denote respectively the transpose and complex conju-
gate of the vector X. The step size u; of the algorithm is a decreasing sequence

of positive numbers satisfying
di

Wy = - >
! j+d;

0<d, <o0; 0<d, < . (3)

The algorithm (1) is intended to calculate iteratively the vector h, that
minimizes the quadratic mean error E(|a; — h™X;|*) between the mes-
sage a; and its linear estimate h"X;, based on the observation vector X;.
It is assumed that the sequence (a;, X)) ;j = 1,2, ..
the covariance matrix R in (2) is invertible.

The algorithm (1) has been used for many years in adaptive signal pro-
cessing. The experimental and simulation results have shown the conver-
gence of h; to h,. However, there is not yet a satisfactory mathematical
proof of that convergence under completely realistic assumptions. In
earlier analysis of similar algorithmse. g. in [/ ], one finds two major assump-
tions, usually not fulfilled in the applications encountered in the field of
signal processing. The first one is the independence of successive pairs
(a;, X;). Now in signal processing, X; is often made of successive time

. is stationary and that
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UNBOUNDED STOCHASTIC APPROXIMATION ALGORITHMS 237

samples of the same analog signal, in such a way that successive obser-
vation vectors share N — 1 components and are, therefore, strongly
correlated. The second unrealistic assumption often used in literature
is that the vector h; is bounded, which implies the use of a reflecting barrier
that brings h; back into a compact set every time it leaves that set. Now
applications of the algorithm have shown that such a barrier is not neces-
sary for the convergence. Afterwards, the boundedness assumption has
been omitted in [2-6]. However, the independence assumption remains
in those papers. In a recent work [7] Kushner and Clark have overcome
the independence problem and proved a. s. convergence of algorithm (1)
with correlated observations. Other papers have dealt with the correlated
case €. g. Ljung [8]. However, the boundedness assumption reappears in
these papers. Namely, it is assumed that h; will return indefinitely within a
(random) compact set. Moreover the proofs are extremely difficult to follow.

In the present paper, we overcome both barrier and independence
problems and for correlated observations we prove the a. s. and q. m.
convergence of h; to h,. The assumption we use to attain this result is
that the pair (a;, X;) has a finite memory and finite moments. The finite
memory assumption is plausible in a wide class of applications since
sufficiently time separated observations can usually be assumed inde-
pendent. Also the finite moments assumption is satisfied in a wide class of
applications. Two practical examples in which the finite memory and
finite moments assumptions are both satisfied are evoked in section III
of this paper. It should be mentioned that we do not assume a linear filtering
relationship between a; and X;. On the contrary, when applying Ljung’s
theorem [8] to the algorithm (1), one is found obliged to assume that q;
and X; are related by linear filtering, up to some independent additive
noise. This is due to the fact that Ljung uses a state space model in his
theorem. In the present work we do not use a state space model and the
linear filtering relation is not needed; a; and X, can be related through
any specific non-linearity.

The restrictive independence and boundedness assumptions have also
been recently suppressed by Farden [9] independently and at the same
time as by our own previous works [/0-12]. In both works [9] and [10],
the convergence proof relies upon an assumption of rational decay of
the kind m for the covariance of elements such as | g, X, | and
other second order observed variables. Admittedly, the theorem presented
in this paper is on one hand more restrictive than those of [9] and [I0],
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238 E. EWEDA AND O. MACCHI

because it uses a less general model for the observations (i. e. finite memory).
However, it is on the other hand more powerful because it reaches the
result of quadratic mean convergence in addition to almost-sure conver-
gence proved in [9],[10]. Actually, the finite memory model derives its
interest from the fact that it is a model with dependence for which we
prove the q. m. convergence in addition to the a. s. convergence, the former
being itself based upon simple moment bounds. Similar bounds could
probably be derived for the decaying covariance model, but at the expense
of much more technical labor.

The convergence analysis presented in this paper concerns the real
version of the algorithm (1), i. e., we assume that a,, X, and h, are real-valued.
However, without any additional difficulty, it can be extended to the complex
case. An example of the latter case in the context of data transmission is
the quadrature amplitude modulation in which the data signal g, modulates -
the amplitude and phase of a carrier wave that is demodulated at the receiver
by two carriers in quadrature to give the observation signal X,.

In the following we assume implicity that the sequence (ay, X,) is strictly
stationary and that its correlation matrix R is invertible.

II. THEOREM

THEOREM. — If'there exist a finite integer M’ > 1, and a finite positive M
such that

Vk = 0, {(a;, X;):j<k} and {(@,X):j=zk+ M} (A1)

are statistically independent,

N
B(X ™M <o M2M;  M> o, (A.2)

E(]ay [ FHEOM™D) < o0, (A.3)

then the vector h, defined by the algorithm (1) tends to h,, in both the qua-
dratic mean and almost-sure senses as k tends to infinity.

The validity of the assumptions (A. 1)-(A .3) in applications is emphasized
in section III. The assumption (A.1) states that the sequence (g, X,) has
a finite strong memory M’. As already mentioned, this assumption is a
realistic one since sufficiently time separated observations, can usually
in practice be assumed independent. On the other hand, from a theoretical
viewpoint this assumption is very convenient because it allows the compu-
tation of moments of h,, due to factorization properties. This leads naturally
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UNBOUNDED STOCHASTIC APPROXIMATION ALGORITHMS 239

to a q. m. type convergence. Such a computation of moments is not easy
in a decaying covariance model, and therefore with the latter model the

ergodicity will rather be used to deal with individual samples and prove
a. s. convergence.

The boundedness assumption (A.2) for the moments of observations
is satisfied in a wide class of practical applications. Notice that in signal
processing applications, where X, represents a sliding time-window of
width N from a sampled signal, the memory M’ is at least equal to N.
Hence in assumptions (A.2), (A.3), the integer M can be set at the value M’
of the memory. Therefore we see that the greater the memory, the larger
the order of the | X, |-moments that are assumed bounded. Such a relations-
hip is not surprising. Neither is it isolated in the literature; e. g. in condi-
tion B.6 of [9] if appears that the required order of bounded moments
increases as the rate of decay of covariance decreases, i. e., as the memory
increases. The order of moments of |, | that are assumed bounded is
greater than (but very near to) 4 and less than 5. The reason why the orders
of the moments assumed bounded are respectively 24M for | X, | and

1
4(1 + ~6M——1> for | a, | is a technical one. It is made clear in the course

of the proof that follows.

III. PRACTICAL APPLICATIONS

In this section we give two important pratical applications of the theo-
rem in the field of data transmission. In the first example the algorithm (1)
is the adaptation algorithm of a transversal equalizer. In such a case g,
is the data transmitted at time k, the observation vector X, is made of N
successive time samples of the channel output, the vector h, is composed
of the equalizer tap coefficients at time k and h,, is the optimum equaliza-
tion vector. Thus two successive observation vectors share N — 1 compo-
nents and are, therefore, strongly correlated. Now, g, is bounded because
it is a digital data. Thus (A. 3) is satisfied. The observation vector X, results
from filtering the sequence of data by a stable filter &, corresponding to
the filtering effect of the transmission channel, to which is added a Gaussian
noise. Consequently, all moments of X, are bounded. Thus, the assump-
tion (A.2) of the theorem is satisfied. The data sequence is usually inde-
pendent and so also is the noise sequence. Hence, the memory M’ in the
assumption (A.1) depends on the memory of # which can be assumed
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240 E. EWEDA AND O. MACCHI

finite without loss of generality in practical applications. Consequently,
the theorem presented in this paper can be used to prove the a. s. and q. m.
convergence of the classical adaptive equalizer to the optimum one, a
proof which seems to have never been completed before.

In the second practical example, the algorithm (1) is the adaptation
algorithm of an echo canceller in full-duplex data transmission over
two-wire telephone channels. In such a case g, is a noisy copy of the echo
at time k. Thus, apart from the additive (Gaussian) noise, a; results from
the transmitted digital data X, by a stable filtering &’ corresponding
to the reflection properties of the channel. Hence, both a, and X, are
bounded and thus the assumptions (A.2, 3) are satisfied. Again the
memory M’ in (A .1) depends on the memory of %’ which can be assumed
finite without loss of generality in practical applications.

IV. PROOF OF THE THEOREM

IV.1. Notations

The following notations are used in this work

v & Iy — hy 4)
z 2 @ Xy — Xngh* (5)
: (I — p XX — g X, X ) -
U, = H I — wXX)) 2 = e 1 Xes 1 Xis) s >k,
iZk¥1 I (identity matrix) t< k. (6)

The norm of a matrix U is denoted by
Ul £ sup | UX]. (7
{X:|X]|=1}

In (4) v, is the shift between h, given by the algorithm (1) and the opti-
mum vector h,,.

To prove the convergence of h; to h, we shall prove the convergence
of v, to the zero vector. Equations (2) and (5) imply that z, is zero mean, i.e.,

E(z)=0. (8)
From (1), (4) and (5) it follows that

Ve = (U — X XPve + 1z, - &)
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UNBOUNDED STOCHASTIC APPROXIMATION ALGORITHMS 241

Let us put (9) in the following form, used in the proof

Vg1 = Wi+ Hy, (10)
where W, & Uo o1 (11)
k
H, & E#jUj'ij. (12)
=1

IV.2. Basic idea of the proof

The idea of the proof can be figured out by the following heuristic argu-
ments. To prove the algorithm convergence, it is sufficient to show that
both terms W, and H, tend to zero. In that case Uy, and all the terms
1;U;,z; inside H, will tend to zero. Except for the rather special case
where the variable z; is identically zero, z; as given by (5) is a stationary
non-zero random variable. Hence the product u,;U;, will tend to zero also.
For j in the vicinity of k, the product matrix U;,, (6), has very few factors
and is not small. This requires that u4; - 0 asj — oo, which is valid for
the sequence (3). Now for small values of j, y; is not small ; thus the conver-
gence requires that U;, « I or equivalently that

HU;.ll > 0 as k- o, j«k. (13)

In this paper, an inequality similar to (13) is proved on the average.
In fact, we show in step 3 of the proof, that for a given positive m

. JH+ 1N
E(| U I?) < C(ﬁ_l) ; (14)

with fixed positive C and f; assume for simplicity that k = j + nP; then
due to the specific product structure of the matrix U;,

n—1
Ul < H”Uj+lP,j+(l+1)P”- (15)
1=0

Now when j is large, y; is small for i > j, and it does not change signifi-

cantly over the range [j + [P, j + (I + 1)P]. Thus the first order develop-
ment

j¥d+1)p
E T
Uj+lp,j+(1+ 1Hp = I- Hitip+1 XX, (16)

i=j+IP+1
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242 E. EWEDA AND O. MACCHI

is suitable, whence
j+a+1)p
BU s el <1 — fips 1)”mi"{ Z XX{ } a7
i=jrIP+1

A basic step of the proof (Lemma 1) is to show the « mixing » property
that 3P, 64 > 0, such that

r+P

E[J,min{ Z X.XT H >8,>0, Vr. (18)

i=r+1

It is easily conceivable that taking the suitable expectation of (15) along

the lines (17) (18), will yield the property (14) which expresses the decrease
of U;, to zero.

The outline of the proof is thus

. to prove (18) for the finite memory model (A.1) — step 1;

. to deduce from (18) a bound for moments of certain order of || U, , ,p |l
— step 2;

. then to prove that moments of certain order of || U}, || decrease to zero
when k — o0, j < k, — step 3;

. finally to use these results to prove the q. m. convergence of h, — step 4;
and lastly its a. s. convergence — step 5.

IV .3. Proof of the theorem

~ As just mentioned the proof proceeds in five steps. Some of the steps
are stated as lemmas. We use the notation

r+pP
Ye = Z XXT. (19
i=r+1

Step 1 (LEMMA 1). — Under the assumption (A .1) of finite memory, the

condition (18) is satisfied, provided | X, | has finite moments of order greater,
then 2N :

Jde > 0 such that E(| X, N9 < . (20)

As we have shown, the ergodic property (18) plays a crucial role in
the theorem. Therefore the proof of Lemma 1-is reported in Appendix I,
although already given by the authors in a work [/7] that deals with the
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UNBOUNDED STOCHASTIC APPROXIMATION ALGORITHMS 243

constant step-size algorithm. Notice that E { 4,;,(YF) } is a non-decreasing
function of P. Thus one can assume that P > M’, which is useful hereafter.

Step 2. — This step derives a bound to E(|| U, ,.p|™), where the expo-
nent m is positive. It is based upon the following lemma.
LEMMA 2.a. — If, for a given positive even integer m the sequence X,
satisfies the multivariate finite moments assumption (B) :
vK; VD1, P2y - Px S 2m
for all distinct indices iy, ..., ix (B)
E(1 X, 171 1 X [P%) < o0,
then, YP, there exists a triple of positive numbers r,,, o.,, F,, such that
vr = Fims E( “ Ur,r+P Hm) < ‘] — Oyt IE()"min(Yt?))| + leu3+ 1 (21)
The order 2m of the moments will be choosen hereafter according to
technical requirements. This lemma is completed by Lemma 2.b:
LEMMA 2.b. — If the sequence X, has finite memory M’ according to
(A.1), and finite univariante moments according to (A.2Y:

, E(1 X, ™) < o, (A.2y
it satisfies assumption (B).

Lemma 2.a is proved in appendix II. It uses the decreasing nature of
the sequence y;. To prove Lemma 2.b, in the product | X; |7 ... | X |7%,
we form M’ interlaced groups, each one containing only factors | X;|”
whose indices i are exactly separated by multiples of M’. Then, using for
L = M/, the classical inequality

IE(Y, Y, . YO I < [E(Y D). B Y DTV, (22)

which is a direct consequence of the Holder’s inequality, one obtains an

upper bound for
E(1 X, [P [ X 17%) (23)

which contains M’ factors such as
[E(] X, 17 [ X, o 1P 0T (24)

Due to assumption (A.1), the quantities (24) can be factorized. There-
fore (23) is finite, provided

Vi E(| X, "™ < o0 (25)
In particular assumption (A.2’) implies that (B) holds.
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244 E. EWEDA AND O. MACCHI

As a consequence of Lemmas 2.a and 2.b, the moment bound (21)
is fulfilled under assumptions (A.1) and (A.2)'. The combination of (21)

with the result (18) of Lemma 1 provides the desirable moment bound
namely

iP =M, do, 7, > 0 such that Vr = 1,
E(I| U, 4pll™) < 1 —ap, (26)

which was the purpose of step 2, subject to condition (20). Notice that (26)
can be rewritten equivalently (due to (3))

iP = M’; Ay, r,, >0 such that Vr =1,
Y
E(}| U Mm<l———. (27
(H r,r+PH ) r 4+ 1 ( )
Step 3. — This step consists of the proof of the bound
i+ 1)
E(I'U;, ") < C. (Jvt—jL—J ,» 0<sjst, (14)

for a given pair of positive numbers (C, f§). The result (14) is an expression
of the fact that || U;,|| - O when t — oo with j « ¢, as was discussed
in the previous intuitive section. In order to prove (14), let us organize
the sequence of indices k within [j, t] into three groups

N={U+1..j+PlUu{j+2P+1,...,j+ 3P}
U...u{jt+2—-1DP +1,...,j+ 2n— 1P}
Io={j+P+1, .. j+2P}U{j+3P+1,...,j+4P} (28)

U.u{j+@n—1DP+1,...,j+2nP}
Co={j+2P+1,.. .1},

where n is the integer part of (¢t — j)/2P. The groups I'; and T, are inter-
laced, with an interval of P > M’ indices. According to the multiplicative
property of the product matrix Uj;,, one gets

n—1

E(]| Uj,t Hm/S) <E { HH Uj+2iP,j+(2i+1)P ™ x

i=0
n—1

X HH Uj+(2i+ 1)P,j+(2i+2)P “m'/3 X “ Uj+2nP,t ”m/3 } (29)
i=0
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UNBOUNDED STOCHASTIC APPROXIMATION ALGORITHMS 245

Using inequality (22) with L = 3, it comes

n—1
13
E {“ U, |3 } < { E(ﬂ” Ujizimj+@it e Hm> } X
i=0
n—1
13 173
x {E(HHUj+(2i+1)P,j+(2i+2)PHm>} X {E(”Uj+2nP,t“m)} . (30)
i=0 .

Thanks to the independence (A.1) and to the structure (28) of the sub-
sets [} and I',, each of the first two moments in (30) can be split into »
factors of the type E(|| U,, +p||™) studied in Lemma 2.a.

Consider first the case j > r,, for which (27) is valid. A bound to the

-third factor in the RHS of"(30) involves a finite number of multivariate
moments of order less or equal to 2m, with respect to the variables | X;|.
Due to Lemma 2. b all these moments are finite. Moreover the step-sizes p,
that appears in U;,,,, are bounded by p, . Hence this third factor is
uniformly bounded. Therefore inequality (30) implies

7 y 3
E([JU; [I")<C’ H { <1 - ——)(1 - ———> } . (31
j+2iP+1 J+QRi+1)P+1
(o]

Using the fact that 1 — u < e™* for all real u, the inequality (14) follows
from (31) after straightforward calculations.

For the case j <r, <t we use the decomposition U;,=U, ,oU;,
and apply a similar analysis to the factor U, , which corresponds to an
increasing number of indices. The remaining factors correspond to a finite
number of indices and can be dealt with like U;, ,,p, in the previous case.
Finally, and for the same reason, in the case t < r,,, the moments

E(11 U5, 11"?)

are bounded. This achieves the proof of (14).

Step 4. — In this step we prove the q. m. convergence of h, to the opti-
mum vector h,; on the basis of (10), it follows from the bounds

E(IW,PH<Cyt™® ;  0<C,, (32)
E(|H,) <C3t™#2;  0<Cs. (33)

Inequality (32) follows directly from (11) and the a. s. boundedness of the
initial vector vy, provided m/3 > 2.
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246 E. EWEDA AND O. MACCHI

The detailed proof of (33) is given in appendix IIL It relies upon the
fact that

1

E(|H,*) < 2 Hipe | E(zfUT, U,z | (34)
Jk=1

The inequality (22) with L = 4 is applied to individual terms in the sum
of the RHS of (34), and then (14) is used with m/3 = 4. When ¢ is large,
most of the terms satisfy | k — j| = M’ and due to the independence (A.1)
and to the zero-mean property of z;, they get very small. At this point,
the reason why the order 24 M of the bounded moments for | X; | is at
least 24 M’ in the theorem, becomes apparent : ¢. m. convergence can
be proved with m = 12. Thus assumption (A.2)" of Lemma 2.b implies
M > M’ in assumption (A.2) of the theorem.

Step 5. — In this step, the a. s. convergence of h, is proved. It consists
of the proofs of the a. s. convergence of (i) W, to zero and (ii) H, to zero.
For that let us assume, which is possible, that § is less than one.

i) a.s. convergence of W, to 0
1
Let ¢ be a finite integer greater than E and lett,,n = 1,2, ... be a sub-

sequence such that z, = n?; then (32) implies that

o0

ZE( |W,, %) < 0. (35)

n=1
The equation (35) is sufficient for

W,

L 30, as n o> . (36)

Due to (3), u;|X;/*> - 0, as j — oo, which implies for large enough
indices j
UL l<1  as (37)

Thanks to definition (11) and to (36), (37)

sup  [W, | <[W,|. sup U, =0, n->oo. (38)

1, SE<th+ 1 <t<tp 41

It follows from (38) that

W, 30, t - x. (39)
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UNBOUNDED STOCHASTIC APPROXIMATION ALGORITHMS 247

ii) a. s. convergence of H, to 0.

o 2
Let g, be a finite integer greater than —and lett,,n = 1,2, ... be a sub-
sequence such that p

Ly =n"; (40)
then (33) implies that
ZE(IHI,,IZ) < o0,
n=1
from which
H, %0, n — . 42)
From (12) one has
B 1
H =U, H, + Z 1U;.z; (43)
j=tat1
According to (3), \
1
| H, | < U, |l - [ Hy, | + dy Z ;HUJ-,tIIIZjI- (44)
J=ta+1

The inequalities (37) and (44) imply

In+1

1
lim sup |Ht|<limsup.<|th|+al1 Z ,Izj|>a.s. (45)
B0 1 <t<tnry n—w J

Jj=th+1

The ergodicity of | z;| which results from the assumption (A.1), implies [/4]
that

thtt th+t
1 a.s. 1
lim Z ~lz;| = lim . Z -E(lz;])=0, (46)
n— oo Jj n— o0 j
ji=tht+1 J=tat1
where the last equation in (46) results from (40) and the boundedness
(A.2, 3) of E(| z;]). The equations (42) (45) and (46) imply that
H, %5 0, as t — % 47)
and the convergence of i, to h,, results from (39) and (47).
End of the proof.
In the above proof, several steps make use of the finite memory model
(A.1). For instance in step 3, the moment

n—1
E(H Il Uj+2iP,j+(2i+ 1)P Hm>
i=0
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248 E. EWEDA AND O. MACCHI

has been factorized. Although not proved here, it is presumable that the
same steps can be gained for more general models of ergodicity, e. g. for
the decaying covariance models.

V. CONCLUSION

The convergence analysis of the stochastic gradient algorithm with
decreasing step-size presented in this paper concernes both the q. m. and
a. s. convergence of the algorithm when it governs an adaptive linear esti-
mator. Unrealistic assumptions such as independence of successive obser-
vations and boundedness of the algorithm are avoided in this paper and
replaced by the two plausible assumptions of bounded moments and finite
memory for the observations. One of the contributions in this paper is
the q. m. convergence analysis of algorithms without barrier and with
correlated observations which is completely new in the literature. The
other contribution is the simplicity of the proof of the a. s. convergence
which does not appeal to elaborate technical arguments.
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APPENDIX 1

(Proof of Lemma I)

The purpose of this lemma is to establish that

r+P

3P, 6, > 0 suchthat vr, E { Am‘“(E X,X?) } = d, (.1

i=r+1

under the assumption (A . 1) of finite memory and some suitable assumption on the finiteness
of the | X, |-moments which will turn out to be

Je >0 such that E(| X, |?N*%) < . (1.2)
Using the notation (19), one has
2o YF) 2 2inY7) 2 05 VP > P, (1.3)

and due to stationarity, the average is solely a function of P, which is non-decreasing starting
from zero. Thus we are searching for an integer P at which this function departs from zero. *
To prove the lemma, we shall show that P = NM’ is suitable, i. e., that

Elmin(Y™)] 2 8, > 0. 1.4
Now due to definition (19) N
-1

E[2min(Y7™)] = E[lmm(z Xr+1+iM’X;T+1+[M'>:i~ I.5)

i=0
N—-1
Consider the determinant of the matrix (Z X1 e X +iM,> and denote by x7 the n™

i=0
component of the vector X;. Due to the multi-linearity of the determinant with respect
to each column one gets

N-1 N-1 N-1
E T E E 1 N
det ( Xr+1+iM’Xr+1+iM'> = Xpt1+iM -« o Xrt 1 +ingM’
in=0

i=0 (=0
X dXy i prims oo Xprrriw) s (1.6)

where d(Uy, ..., Uy) denotes the determinant of the matrix U with columns U,, ..., Ux.
If the indices i, ..., iy are not all distinct, the latter determinant is zero. Consequently
one has

J—

1
E{det[Zxr+1+iM’XI+l+iM'j1}: Z

i=0 [CEPre in)e?

E { dxi. 4—‘i1M’Xr+ 1+iM” x§+1 +iNM'Xr+1 +iNM’) } s (1.7
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where 2 is the set of all permutations of [0,1,2, ..., N — 1]. Using the assumption (A.1)
we can show that each term on the R. H. S. of (I.7) is det (R). Therefore

N—-1
E(det{z X,HH-M'XLH,-M»}) = N!det(R) > 0. (1.8)

i=0
N-1

Denoting by 4,, 45, . . ., Ay the eigenvalues of Z X, 41+ X541 +im> arranged in increasing
order, we get from (I.8)

i=0
E(4y, 4 ... Any) = N!ldet (R) > 0. (1.9)
Obviously one has, Vae 10, 1 |
0 E(14s ... Ay) < E(A5N79). (I.10)
It follows from the Holder’s inequality that
N-—a
E(A5ANT") < [BUA)F[ECGN' 9] 2. (I.11)

Suppose in addition the validity of condition (I.2)-condition (20) in section IV.3. Then
the obvious bound

N-1
in < Z [ X, 41 v 2 (I.12)
i=0

together with assumptions (A.1), will result into the inequality
N-«a

B(Ax'"%) < 0. (1.13)

Combining the inequalities (I.10), (I.11), (I.13) we obtain E(4,) > 0, i. e,

1
E|:}~min<z Xy+1+iM'X3-+l+iM‘>j| >0. (I.14)

i=0

Together with (I.5) this achieves the lemma proof.
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APPENDIX 1II

(Proof of Lemma 2.q)

Remember that the sequence ; is decreasing and consider the development of || U, , ,p ||
according to

r+P
NUrepll ST — TR A Z (Br+1 — .“i)|Xi|2 +
i=r+1
My {terms in g ... .uip‘zIXi, ‘2‘- o \X,-p \2} (IT.0)
Notice that . —p; < p2y whenr +1<i<r+P.
Thus (II.0) can be written !
MU el SHT = g s YU+ pdey {termsin g oo X 121X, P} (LD

where 1 < p < P and where iy, ...,i, are distinct integers, with the agreement that the
product y;, ... p;,_, is 1 for p < 2. Putting (II. 1) to the power m and averaging, one gets

E([1 U, +p ™ < E(IlT — P YA + p2e
E { terms in 28328 oopb L 1XG PR X PRI = e YRR, (I1L2)

where 1 < k < m. Since
T = X XTI <1+ ] X2, (11.3)

the bracketted average in the second term of (I1.2) is bounded by a polynomial of the type
T BOXG P21 X, 1P X1 (I1.4)

where 0 < n < m — k. Hence each coefficient of this polynomial is a moment of the type
E(IX;, 1P [ X 1P prs e Pk < 2m (I1.5)

According to assumption (B), all these moments are finite. Since g, ,; is bounded, the
polynomial (II.4) itself is bounded. Hence, for some fixed positive constant D,

E(1Uppep ™ < E(NT = s Y™ + Dygfsy - (I1.6)

Let w and P(dw) denote respectively an arbitrary point in the space Q of random events
and the probability measure on that space. Then

E(IT = g  YFHIM) = J = ps 1 Y I"P(de) <
Q

|

Yo || YF < 1}

[1 = frs 1 2min( Y7) I"P(d0) + J Qi1 1Y ID™P(de) . (11.7)

tom 1] YFI 2 1
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Because m is even, one has

J [ — s 1 Amin(YF) I"P(dw) < _[ [1 = s 1 Amin(Y7) *Pldo) ,
{or+ 1} Yr |l <1} {opr+ 1)} Yr |l < 1} P
< EIL =ty 4+ 1 Amin Y1 (I1.8)

Using assumption (B) again for the moments of Y}, as was done for (I1.3), one gets
E(IY 9 <D,, VvQ<m, 11.9)
for some positive constant D,. It follows from (II.7), (II.8) that
E(NT— st Y2 U™ < 1 1=24 4 B YO) |+ #24:[BOIYFIP) + 27B(I Y IM)] . (11.10)

The combination of (I1.6) and (11.10) brings the result (21) of Lemma 2.a.
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APPENDIX III

(A bound to E(| H,|%)

From (12) we have

t t—1 t
E(| H,|*) = Z#,ZE( [Ujuz; ) + 2 Z Z E(zj U Upizi) - (II1.0)

j=1 J=1k=j+1

Using the fact that |z;| < |a;| | X;] + | ks | | X;|* and the assumption (A.2), we see
that a sufficient condition to achieve the inequality

E(]z|) < B < w0, (I11.1)
is that
E[(I1X;] 1a;1)*] < . (II1.2)

In turn, according to the Holder’s inequality and to (A.2), (II1.2) and thus (II1.1) will
hold thanks to assumption (A.3) on the moments of | a;|.

Then, applying the Schwarz inequality to individual terms in the first sum in the R. H. S.
of (II1.0) and using (14) and the inequality f < 1, one obtains

t
Eu?E(lUj’,ZjP) <Gt F, (II1.3)

j=1

for some finite positive constant G.
Now, consider the second term in the R. H. S. of (II1.0). We have

t—1 t
Z Z /‘j#kE(ZJTU)T,tUk,er) = Z Hj#kE(Z}-U;‘r,kUk,sz) + Z ﬂijE(Z}U}:zUk,ka)v

=1 k=j+1 (j.k)eS, (j.k)eS2 (I11.4)
kA
t
]
S1 !
! [
! |
|
I
| |
1 |
1T+M J !
: |
1 t-M" t-1 i

FiG. 1. — Dlustration of the definitions in (III.5).
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where S; and S, are defined by

Si={Uk:1<j<1t
S, ={G.k:1<j<t

- <t} (1I1.5.a)
- min (j + M’ — 1,£)}. (II[.5.4)
The definitions of S, and S, are illustrated by figure 1.

A bound to the first term in the R. H. S. of (111.4).
We have

27UT Uz = 2V U7 o -1 UTwene - 1. Uk 2 - (I11.6)
Let P; be defined by
Ul w1 21+ P (II1.7)

Because in S;, k > j + M’, then assumption (A.1) and the fact that z; in (5) is zero-mean.
both imply that
E(Z}-U}.rUk‘rzk) = E(ZJTPjUJT+M'—1,zUk,er)- (I11.8)
According to Lemma 2.b and to (3), there exists G, > 0 such that
E(| P, ]I < Giubs, - (111.9)
Using (IT1.8) and (22) with L = 4 one obtains '
| ECTUT Uz | < B 251* 12 DB P IIMEC Ugang - 10 DB Uy, 19 34 (IT1L10)
Since z; and z; are independent then it follows from (III.1, 9, 10) that
E(z7UT, Uy, 2 | < 4010/ BGa {E(N U - 1 IE(IN U, 19 314 (IIL.11)
Using (14), (III.11) and (3) one obtains

1 T
M 1Nk O\
‘ZujukE(z}U},Uk,,zk) sd%Gz\/ﬁZZj-Zk-l(J +1_> (ﬁ) . (IIL12)
t

(J.k)eSy j=1k=1

From (III.12) there exists a positive constant G5 such that

< Gt ™82, (1I1.13)

\ Z Hj#kE(Z}-U}:zUk,er)

(keS
4 bound to the second term in the R. H. S. of (111.4)

Using the inequality (22) with L = 4, then (14) and (III.1), one gets

<

=

? Z K AukE(Z}-U}F,kUk‘tzk)

(j-k)eS2
1—1 min(j+M’ —1.,1)

=1
NENIANE
df\/BcZ Z j"k”(J;) <;) <d§\/BCz-ﬂZM'j-“ﬁ. (I11. 14)
ji=1

i=1 k=j+1
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Thus, there exists a positive constant G, such that

‘ Z wimE(ZJ U Uy zi) | < Gar P (111.15)
(J,k)eS2
From (II1.4, 13, 15) we have
t—1 t
l Z Z 1 E(2 UL Upz) | < Gst™#2, (1. 16)

j=1 k=j+1

for some positive constant Gs. The result (33) follows immediately from (III.0, 3, 16).
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