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INTERVAL PARTITIONS AND PAIR INTERACTIONS

Wilhelm von Waldenfels

Introduction.

The paper has two different objects, only the second one appears in the title.
§ 1, 2, 3 treat the algebraic aspect of cluster expansions. A cluster expansion is
related to a hierarchy of functions, i.e., a sequence J[° , :I:,. (XA), ;1 (){4);(,_ )) .

These functions may be connected in different ways. The most known example is

](“ Giaros %) = o Gy X)) TS:’“-k (Xgey gy s Xom )

if dist ( {X4>~~~) X-&E R {Xh«-m" . )(,,\3 ) is large. Then new functions f[¥4,~~-, Xl

which are polynomials in the old ones may be formed, with the property f[)(,‘)...) )(M]-_-.O’
if {Xh..., X.,,} may be divided into two subsets whose distance is large. This

kind of condition determines JC [XA)...) Xm ] in a unique way. This fact is of

order theoretic character and is explained in § 1. In § 2 three different orderings are
presented which are related to three different kinds of hierarchies in § 3.

In § 4 the results of the preceding sections are applied to the problem of cluster
expansion of pair interaction. We deal with a variant of Ursell-Maier's treatment of
pair interaction in statistical mechanics. The essential difference is that interval
partition instead of general partitions and linear graphs instead of general graphs
come in. The result is somewhat weaker than the results in statistical mechanics. I

have to assume that the function ‘exp 4 <i>(*-) -1 l is exponentially bounded.

§ 1. General algebraic considerations

We assume that P 1is a partially ordered set with the property that for any
given Xe& p there exist only finitely many ’3 with ’%SX . Call A the lower
triangel of PxP i.e., the set {(’1#, X): 43' Xe P)’lé < X } . A convolution can
be defined for real functions on A by

e x Y (y,x) = Z: @(«3,%)%(%%).

’ljéi-sx

The algebra of all real functions on A with convolution as product is called the
incidence algebra of ©P. Distinguished elements are the unity (S(l\a’ )() (Kronecker'sé\)
and the § ~function f(%) 7(\) = A and its inverse the Moebius function/u. . The
existence of AL can be easily proved by using induction and one of the defining

relations
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A (g e) = d(y,x)

(%ﬂ() = (S( ,X) .
/(3;}4)( H A} )
Hence AL (X, x) = 4 and /u(«a,x)= -

If o is a function P—» V where

Z{gg;(/«(%)x) for 4& 4x.

AaV is some real vector space, then the

elements (@ of the incidence algebra may be applied to o by the formula

K% (x) = 2. o)
* @ (x) oy 4 CP("J,X)

frwxd @ peI= T aly

'Zéx

So

x= ¥ m
) = 2= Bloy) palm,x)
j4x

or

Define the vector space V(P)of all formal real linear combinations of elements

of P . For any X €P define in an inductive way the elements D(] (=% V(P) by
x =2 [4]
£X

Hence [7(] = X if X is minimal and EXJ‘—'- X"Z Cg] if X 1is not minimal.

'3<X

The considerations above show that
[x] = Z (v, x)
1= L Mlpoey
This is another way of defining/(L .
Assume now that two elements X,y in P have a lowest upper bound XAY
and extend this operation to V(P).

Theorem 1: The element [X] € V (P) satisties the relation

[X]A’Lé= {D{j HooXay =X

o if X A ‘3 + X
and this relation determines [X] up to a factor.

Proof: Consider the subset ?x = {ié Pz < x} . By the function 2 F—)%A%
the set B is mapped onto ( = {’LLG.R : f(LA/g = N }

Hence [xJay = A M%) @ay)

2&X

= Z: [ Z ,u(z,x)]u,

“ue@ {e:téx,%,\«énux
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If 2L equals X A the maximal element of & then {% X< X, 2A '\é = X/ug }-
= {_% XA% <2< X } and the coefficient of X a vanishes if X AA4 4 X _
Assume now that the coefficient of WV E Q U Y U vanishes. Then the sum of/u (1,)()
over the set {% ZEX, 2N "j wn } equals the sum over the set {2 1 2 éX,
2 A 15 R } {.% /LL4 t < x } and this sum vanishes by the definition
of . So [X]A'Lé = O if XA'\é + X. This part of the proof is nothing else than
a special case of |1|, theorem 2.
If X AY = X then for 2 < X one has %,\A} = (1!\)()/\\3 = % and hence

[X] A"é = ’%

We have still to prove the uniqueness. The relation [x] AX= [X] shows that

CX] is a linear combination of elements Z £ , hence [X ] Z « (2) X .
If /(é < X then the coefficient of y in EX]A g is equal to =x Z o((,g).:o
<£2z=x '

Hence o (2) =M (2,x) o0 (X)  yhere o (X) may be chosen arbitrarily.

§ 2. Applications to three different partially ordered sets

First example: Subsets. Consider the partially ordered set of all finite subsets

IS-§'
of N . It is well-known (cf. |1|) that the M&bius function /u(sj S)= (=1) I
for S'c S.

So [T = (&

L1421 = (2) - ()= (2) + (&)

and generally l l
S-s!
= Z_ ('— A )
[S] fes

It is easily checked that

[SIAS'= ©O

it Sn S‘ + ¢ , This establishes by § 1, theorem 1 again a proof for the values

of the Mébius function.

Second example: Partitions. The partially ordered set consists of all finite

subsets S c N and of all their partltions T= {54,-~-, Sk} S b S?e
for short. Two partitions S S.& N = S,, Se are in the relation
T'¢ T if SAU--.uSk Su~-uS and if every set 5’9\4) Htf
is a union of sets S‘;
We introduce a product in V(P) by the definition
O’ &¥ (SAu...b ng)n(S,,‘U\J;I)
&

| [
TeSSe, =55 > 11’ = +
54... S'g S .. Sel otherwise.
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With this product the set of all final linear combinations of elements of P gets

an associative and commutative algebra called A(P).

[
If 7= 54-~- Sk then the partially ordered set { T : T STT} is the
c Ty € ’ ‘=4, ...
product of the partially ordered sets {”J /.) S{] } for /‘) 4) y -k

By proposition 5, p. 345 of |1| one gets immediately

[54..,5&]= [S,J - CSt«].
and by proposition 3, p. 359 of |1]
[S)=S—- 2 SS, +2') S, s S
$,5.€5 S, S, 5, €5
302 SSSafy 4.

%)
The last equation can be easily derived by some algebraic considerations. If

3

quzsa ’r‘iés

J" is an associative algebra and J( and g, are functions of the set of all
finite subsets S c N intoJ‘f , then a convolution can be defined by

fag(S)= 2 £(5,) g(Sy)
S, +S,=5S
where 51 + 87_ means disjoint union. The identity with respect to convolution is

4 S-0
. &, (S)=
Sp 0 %7 | o ses.
Take now for .,4 the algebra A (P) and define
{ S v S*g
and [S] ‘ﬁw S =+ ¢
'y : "}’(S) o 'Fﬂ“’ S = ¢
Then by definition of [Tr] one has

S= 2 [m]

< S

> [S.) - [S4]
%74 S,‘-“Skés

=2 & [, [Sg]

So Fe4 S«*"'+Sk=s > %*¢

¢+ (S) =

|

and

¥= Ay, (Jgre)= - Temen

ul»

CkeHe _ ...
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Taking on both sides the values on the set S , one gets [ SJ and hence/u_}

(S Sy S) = YRR Y| il S S <8,

Third example: Interval partitions. Here P is the set of all finite intervals

IC N and all partitions [T of intervals into subintervals. If I= {"?)"24*1)..,(}
then a partition M= 11* . .L'm has the elements IJ - i'ﬁ y') '%‘7.-4}with
)1

ko= < K< - < Ry < Ry = 44,

Remark that the order of the IJ‘ in [T is fixed by the order of N. 1f
oy ! / T i /
] =I1'-‘ I‘ then W< T iz I,‘u-nv _I_.m= I,lUn'v IJ. and any

subinterval 'l')) :)'= 4,--~) M is a union of subintervals of T’ . We define the

algebra A ('P) of formal linear combinations of elements of P by the product
/ /
I, I, I,, oo Te
] l. 11 =)
T= ]:1"':[%\,'IT = I1 Ig F> T = Jir T, follows directly to L.,
o otherwise.

With this definition A (P) gets an associative non-commutative algebra.

As in the second example
L, Imd = L1 [Ia]

and one has

[I] = I_ Z Iq.[7_+ Z I4

=

IIJ - Z I‘\-T-'LIJI\,

I, L, <1 I.I.I; < T T
-—-1L.I>Iy €I +- -
For the ordered set of interval partitions of {4, Z, -y M } is isomorphic to
the ordered set of subsets of {,4, 7—) Ty M~ 4 } with respect to inclusion.

We prove again this last formula by algebraic methods which show the connection
between interval partitions and the inverse function.

If I“ ey IM are finite intervals one following the other we write
T,o-- v T = I,‘olzo - o Ih' The empty interval ¢ has the property
I° ¢ = ¢° I <= T . Define a convolution on the set of all functions of the
finite subintervals of N to an associative algebra ‘/4' by

fxq (L) = 2 {(Th) g (1)
IT0oIl,.=1
Take for \)(' the algebra A-('P) and consider
L (D =T, I+¢; ((f)=o
y @y = [I7, L+ ¢, y(D)=0

Then by the definition of |1]
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> [n]
T< I

= Z 1 [Z,] - LI

%74 Lol =I. Ity

)

Lo}
]

Hence

J¢+t = ‘f¢ + Y Yy +Yyxyx)y o+

=(J¢—2’)*("‘4) _ d.'¢
ds-y

and

¢
Y= = (- C¥C + (¥Fix( -

J¢+L

This yields immediately the expression for [I]

§ 3. Hierarchies

We are going to apply the results of § 1 and § 2 to three examples of hierarchies
correspondeing to the three examples of § 2. A hierarchy of functions is given by two
sets X and Y (where Y carries usually an algebraic structure, say Y= TR

or Y is a real associative algebra) and a sequence of functions

J(o = const & \/
o X"=Y

Assume furthermore a sequence of variables X,, )(l) taking values in X and
define Ff (¢) = .7£o and for a finite subsequence ((,, ..., ¢y ) the function

£ (e () by <F (C"...) (n) (X)= 'F'“(XCA) . XCA\) where X = (X4, X, ... )
So f((;”.,) (-'m ) is a function on X N depending only on X,;”“> X
and § appears as an application of the set of finite subsequences of N into the
set of all functions X N-) Y . Between the elements qu.‘ of a hierarchy diffe-
rent relations may hold.
First example: Assume the functions jcfn to be symmetric and to have the property:
there exists Ko X such that F4, (Xay.oo) Ko ) = Fanca (Xay.o) Ko, ) if
in& K. 12 S= {4, ., cm I <IN 15 a rinite set define

‘F(S) = 'F((u“)‘“h).
Assume that P is the partially ordered set of all finite subsets of N .

N
Then § can be considered as a function of T to the set of all functions X —Y.
Assume \/ to be a real vector space and extend JC in a linear way to V((P)
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frs1 = L G0 pesy

s'e s
has the property

f[SIx) =0
if there exists L € S such that x; & <. canl T = {«;eS xce K i
Then for any S'e S one has -F(Sl)()() = -F (ST )(X) and thus

£LSN ) = £(0SIAT)(x)

As S/\T:{: S one has by theorem 1 of § 1 that [S] /\T:’O“ and so
fLSIW=o

These developments may explain why the functions f ESJ play such an important
role in the Taylor expression of a Poisson measure |5|. There one was looking for
functions with the related property 'f’h ()(”,,_) Xm ) - 3(’,,\__‘ (XA,__) Xen )
if Xa = ©o , So the functions .F E S] have the greatest chance of all linear
combinations of Jc to be integrable as -F [S] ()() - 0 if one of the x“., (e S
goes to infinity.

Second example. We are commenting the algebraic method of deriving cluster ex-
pansions in statistical mechanics as stated in Ruelle's book |2|. Assume again the
functions JC,h to be symmetric. So f can be considered as a function of finite
subsets in N ., Assume that Y.—- ’R that X is a metric space and that there
exists a constant O 2 0 such that

F(SYG) = £(S)00) £(8,) (x)

if {SA , Sx} =35 5 is a partition of S  such that dist (x4 R )>p
with X = {xczéeS}. *
Let P be the set of all finite subsets SC N and all their partitions

T= S4 S‘k . Extend -F from all finite subsets of N to A ('P) as an
algebra homomorphism by

flo = FUS0 - fUS)

fIS] = f(s) - 41 szgcs £5) £52)
v 2! 2 LGOI £05) -+
S,,Szgaés
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has the property

flsIx=o0

if there exists a partition T = S4 Sz of S such that dist (XS ) XS ))p
1 2 °
The proof is based again on the theorem 1 of § 1.

Assume a real symmetric function ¢) : X" x — (P and define
£(B)= 4
fm (xayois xa) = 2xp - 3 2 ® (x, %)

The famous theorem of Ursell and Maier |2| states

{2, m]x) = Z Tf {(C)(lo-— /3 $ (x,, X )) - 4:]
y Ghey

where the sum runs over all connected graphs ’X with vertices 1, 2, ..., N,

So -[: [4)2,.. ) M] (x) venishes if § (x,«a) vanishes for dist ( x, ‘a) 7§)

end if 14,2, .., m Y can be split into two subsets S, S, such that

dist (XS,, N st) > S:) , The condition for § can be weakened in various ways,

§(X“3)"> o if dist (K.‘a) - 00 or X Plx \a) is integrable, etc.
Third exemple. This example is quite similar to the preceding one, the main

difference is that X = R and that the linear ordering of R is heavily

utilized. The use of interval partitions has been used in the theory of pressure

broadening of spectral lines |3|, |4].

Denote the variables 4, & .. . instead of X,, X and assume that y
1 =2, a)

() o . .
is an associative real algebra and that the f” are symmetric and that

o Ryt ) = L G2 30) Faeie (Rieany s £3)

if {«4 < t, < < _é-'h and é‘k-m - {:k v T where T is a constant 70,
Let P be the set of all finite intervals in N and all their interval par-

titions T = I4 ,er Extend JC from all finite subintervals to an algebra
homomorphism A (P) = VY vy

F0 = (Lo f (L),
- fm-2 FOf@G+x L)L
‘F F aola=1 I10.[7.0I]'=I ‘F L .FS-L)F(L)

and {-‘ [I] has as in the preceding two examples the property -
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f[II =0

if there exists a partition L, = I, o I, such that '£4 <. < (;.h ; {k“_ ﬁk >T

where & is the last element of I,‘ and %-&-A the first element of IL
Assume now that Y = (E

{(P) =4

5, (k) =4
fon (b £ ) = 2xp & P (k-5
1 éJ‘ <k <n
where %(‘ﬁ) = §(E) Then a theorem similar to the theorem of Ursell and Maier

of the preceding example holds.

Theorem. One has

[’1)"')’“]('&) = Z s .- _
f s (j)[)ex [exp e B4, -]

c
where A is the set of all linearly connected graphs with vertices A)..) m,

2)-)
We say that a graph with vertices‘iinearly connected if there does not exist
a partition I4 ° Ig_= U, Hoy M ) into intervals _]:1 N IL such that I,‘

and IL are not connected by ')/ or, in other words, if there does not exist a ‘%}
4 < 4R €M such that any interval EI)J] , l')J' &y is contained either in
EA)‘P(] or in [4&_,,,1)4,\]'

Proof. The proof is quite similar to that of Ursell and Maier's theorem. Write

[ (byyom ta) = FUsm) (&) = £
= —”— [}1+(CKPC§(€J—tk)——4)J

1€y<*R €W

LT (e dl-t0-1) = 2 F(y)
¥ g ’

1

(hh)ey

where the sum runs over all graphs with vertices A, 2) ..)M ) (. &.over all sets of
pairs (3, k) ) J< *.

_ If gr deconi?oses into its linear components ’X’l) 72; N ’Xm then
'l[_/:(’w-: 'qz(x4)«~-"}/bf,,,\},mo the decomposition of 'X corresponds a decomposition

of I into I4 o --. o I,,.,. and /Xb is a linearly connected graph on IJ
for ’b = 4)~ oy M, On the other hand every graph on I can be obtained by
choosing a partition I= L° o Im,\ and then by choosing a linearly con-

nected graph 'XJ on IJ for every 0'-: 4,.+5 M . Thus
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Mm
f(= 2 T g1
TeoooTane I =4
(1) = L V).
& ) ye AS (1) )
As this system of equations determines the % (I) in a recursive way by the (I)
and as this system is formally the same as that combining I and [IJ one gets {[I]=j(.[

with

§ 4. An analytical problem related with interval partitions

Throughout this section we assume a hierarchy (fh ) of complex-

Ne 0) 4, 7.) A
valued symmetric Borel functios on ,R bounded in modulus by 1 and JLo =4 .

We assume translational invariance, i.e., fm ('('-14- &)..) é««*‘ a& ) is independent

of *e-,. , SO -F,‘ (’c) = const = ‘F‘,Define

_eT oo m T
) FM=e U+ ) S (o b) db, dtn )
M=41 : o

This formula has a probabilistic interpretation. If Ty Th are the jumping

points of a Poisson process on 1R+ with parameter ¢ in the interval [O;TJ

then
F(T) = E‘FN (-ch,,,)'L‘N).

We are interested in the Laplace transform of F (T°)

A o
@ Flp) = L e FTF ()T

for % P) oO. "
A simple case is clearly JCM (‘éq,..) £y )= 7[:' . Then T(T)r-‘ ,eX‘b 0(3‘(” )T
and A 4

“a) P(P)__—

As f’n is symmetric

T
(Tt |
0ct<. ... 2 ty =T

One introduces the new variables Mo, o oo ) Wy by

-c< (34‘4)

(3) t, =u

A o

‘LZ=M°+ M1

t

T=U°+MA+"'+,\AM"‘ + My

M=M°+’\AA+“'+ /um_..,‘
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and obtains

(4) ?A“(p) - L [4+ . c” J“'[d%wo‘%-«

C+p "=

Y

- (ctp) (Up+e + Uy )
J‘V\ (M")Mo"'Mn,u""‘" + Uaey )

We generalize and introduce a complex Borel measure §) on 'R,‘_ with IP( (‘R4.) <A1 .

Define the formal power series in the indeterminate 2 by

) <o, v = £(@B)+ T 2™ (. (o(du) . oldu, )

M=A
JM ('Mo, G, ¢ MA)...) 'L(o-'—.n + “M‘4 ) .

As the 3( are bounded by 1 this power series converges for |?:‘ < (IPI (TR,_)) 1,
hence in a neighborhood of the closed circle ]%Ié 4. Using the translational in-
variance of f’h and remembering the convolution defined in § 2, third example, one

{pdxg3 7 = <9, §7<e,9y

if § is a hierarchy similar to F.

Remind the definition of the A('P)_ valued functions ¢( and a/ of § 2, third
example, As f (¢(I)) = # (I) ana F(y(I) = f[l'.j for L =+ gf one gets
setting 3 (I) = JC [I] for T ¢) g (@) = 0 the equation

1) f - (5¢—3)*('”

As -F > < ?J :_F 7 is a homomorphism with respect to convolution

® <L/ f> = _
1 — <p,§>
If <p)3> (2) converges for 2 = 4 then
4
£ 1> @) PR

for |2l A and 2 = 4 For the equation <P, f> (1- (p)g))-.—.—*{holds for
121 <A and ¢ = A4 by Abel's lemma.
We apply this formalism to equation (4) and put

e.-(c”o)fu e

(10) o(p,du) = <

So

A
do F0) = e <o, £ W)
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men |P[(R,) = €/+ Ryp) < 4.

Now using translational invariance

' <
(11) S g? (pydug ) Q(P)d'“«-«) %V‘ (M°)">,u°+'”+'uh-4) = E’_;o Gh(P)

(12) G4= 34 = 'F"
GM(P) = S g ?(Y’)OIMA)" € (P)D‘MM"‘ ) ﬁm (Ojfu")‘“: Wit tu,_,)

for M L.
Proposition 1. If {Q, 3 Y(2) converges for 2=4 anda R P>o0

4
p-<(G(p)-1)

(13) ?—:‘ (p) =

where
G(P) = G,, + G, (}0) + G, (P)-f‘
converges and is holomorphic in %P> 0.
Of course, formula (13) is a generalization of formula (1a). For in the simple
case fq = 3(14\ one has G (p) = 3(4.
Proof. For any |0 with %P) O one has by (9)

I A 4 1
F(P)= < -
C+p 4_ FPG(Y’) p+c-<Glp)

The next lemma shows a special case in which <9) 3 > converges for 2 =,

Let us assume for the moment that ? obeys only the general condition |P| (R+)< '(

Lemma 1. If there exists a constant T2 0 such that

fon oy tm) = f (bt o) Frel (Ruears o, 44
it bt g € ena by~ £ >T  enair |P] [o,t'_]<%
then <?,X7 () converges.
Proof. By the discussions of § 3, third example, the function 3 ({1)._) {.m)
= fU2..5mT (k) nes the property of vanishing if 4,4 ... < 4,  and if
there exists a &)4$‘k<q\ such that Thar— € 7T Hence g ('u,l Ug+a, . ..
Mo+ - "+ Maur ) vanishes unless My &« T for ‘k=f,...) M-,

m-4
On the other hand (34‘ consists of 2 terms of modulus é»{_ Therefore

f f_(o(a('uo) o (olu,., ) g.,‘ (44.,...) Ug oo + Uy, )
is bounded in modulus by (.Z lpl L'o"!:j )fh- 1 This proves the lemma.

Theorem 1. If there exists a constant T 2 O such that

:['M(’E'A)"){“h) = 'F‘k ("-1)~~~) ‘ék) :}‘fy\-h (£k+4}"') .L‘h)
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if '644 oo & tn oenair {’akﬂ - fk>"C and if ¢T & 1log 2, then for
any o with % (] v 0 the equation
F () i
k= p- c(Glp-a)
nolds where G (Y’) is holomorphic in P >0 and is given by
G = G, +G,(p)+ G (p)+--
G, = J('ﬂ

Gutprm = (TP e (o= £7)

Gs(i") = <t gés e Eep )l ) olu, ”Mz ['(‘3 (0, Y, ""4““7.)

- $ifa(om,) - £, (qm,) £, + {,RJ

Proof. After the preparations one has only to prove that lg\)(lo){ Eol‘cj < % for
P(h du) given by (10). But this is immediate.

We treat now a more natural example. Assume a real Borel function § on ’R

witn @)= P(-4) ana aefine
}(¢)= 4) f1=4) j[‘m (£1)...) 'éb\)z .C)(la(: Z 5_6({0_,&%}

1$j<fSn
Then, as has been pointed out in § 3, third example, one has

(14) G by ) = 2 /Y(X)

c
re A M2,...,m)
c : :
where /\ is the set of all linearly connected graphs with vertices /112,...)/"

and

a9 V() . ) = (uyc $ly-te) - 1)
(GhRley
In the following we identify a graph ’)’ on an interval I with the set of inter-
vals { [3, ’k] <I: ()) ke Y } . Then I= (4)2)..) m ) is linearly con-
nected with respect to ’JJ if there does not exist a -‘k,’lé‘?z <4 such that any
interval of '} is a subinterval of one of the intervals f’f,&] or [‘&*-/1)/\43 .
We say that a graph Y with vertices 4) R 7/ has a (linear) kmot
/(, A <L <m if every interval [’b, ‘kj é.h/ is contained either in [4) {] or
in [1)4\1 . We call Y twice linearly connected of it does not contain a knot.
We define the hierarchy 30 on (R+ by

o
(16) 3’?\ (4‘43'-', ,‘AM) = 8M+4 (0,444) 4A44.((,11)_” , fMA-\.‘.- +/um)
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of course

jo(¢) = 34 (0') - 4,

Proposition 2. Define the hierarchy -A  on 'R_‘_ vy A (¢) — ¢~ end
£ (I)= 3°[ 1] for I+ & .mhen

(17) /ﬁm (’MA)-", ,u‘\\) = Z Y (0,’“,‘) Sty M4+‘+,“M)
A°C (0 Y
Ye ( h Aoy m)
<t

where Y)’ was defined in (15) and /\ signifies the set of all twice connected
linear graphs with vertices 0)4)...) M.

Proof. Let 7 be a connected graph on 0)4, ..., M ) let 0L (4 < < ‘fy;_1 <m
be the knots of IX and /Xs) be the restrictions of ’(}/ to IJ = I__{)-_,,) 46:]

for /J=4,...) e with Ao= 0 and L= M . The graphs % are twice
connected. Any ‘Jz'.znterval [r,‘i] [ ’é/ is contained in one of the 9:)‘ ., So
Y= T T [axp ¢ $lep- ) 4]
¥ 3= (epey; —
with 4’,0—_—0) NEN {-, = Ut & Uy The product ” * ° depends only on the
ry ey,
differences {'-‘,— {'»1) Y’,O( € IJ hence only on Ml. PRI M»(- . As in
the proof of Prop. 1 one concludes J=1 J
(18) 3°(4,z,..,m) = 2 % (L) . 4 (Ty)

Lo o Iy = (4gym)

and hence the proposition.

Define the formal power series

(19) %°(|ﬂ,%)= 4+ Z " S P(Vd'w e (p, du,) 3’" ey Uy )

My A
If it converges for 2 = 4 then
(20) 3"(]0,4) = G(p)

Defining in an analogous way
@ Alpr) = Z ™ o [ lpdug) o p (o By, 1)
Mz ’

then by (18) one gets

4

(22) %°(P,&)=\

1- #(p, 1)

and as
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T o
(23) {epr,4> (2) = <+ p 93" (p %)
one gets
A (p2)
€+p) (U= h(p,¥) -2

Theorem 2. 1f - (y;, %) converges for & =1 to -&(y,),] )= H fra)) then

(24) —2— ep) > @ =
c+p

Sy A= Hip)
N Pl = p-+p)Hp

and H \YJ) is holomorphis for /R:.‘o > 0.

Proof, For l&l <4 one has
Cotpr 7t [fe4p) U-hlpu)-e2] < 4-4(p2)
C+ A
Going to the 1limit Tt — 4 on both sides one gets (25) by Abel's lemma. As T

is holomorphic in Re % > O one concludes that H(p) is holomorphic where it is finite,
hence H (P) is holomorphic everywhere.
In the rest of the section we discuss the convergency of H(PJ
We considered a graphT:)n (4 - ’Y\) as set of subintervals of (4)2)“) m)
These intervals are ordered by inclusion. Denote by X (y) the maximal elements
of this partial ordering. X ('X) is called the characteristic of g/ . Clearly 7%
is connected iff )( ('a») is connected and ‘Y  is twice connected iff x (é’) is
twice connected. Denote by A (0\ 4‘“. ) 'h) the set of all graphs on (OJ 4) ey M)
Lemma 2. Be Y, & A(oy4,...; m) such that (¥o) = ¥, . Then

(26) Z Y = Q_Tf —{T {X}o(f.ﬁ
ye AMohym) X<y, ¥ o Girrey, /
where

{GykY02j<hem FTey, : o] I}
and ‘#a& (‘E)f %({J_t&)

Proof. Every /X with X(X): 'X, contains /X" and a subset of ?1, Hence

Fyweg, Yy = Yro o By
Now for any graph A on 0,4, .. -y M one hascy4
qen Y Gmen P 5k

as one proves easily by induction.
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Assume a graph?;n 0)4, ..., m end X('Jr)— {[ )ﬂJ] J=-, < }

Consider the set { ‘)ﬂJ a-g 1 #a } and order it with respect to the
natural order, so {O(J ) /"J = ok = i ‘f«) J* 0.., M } and
Oéf,<§4<-- < f,m <m and Mm=< 2 (€-4) , Then

O{) — fa‘) J%raj;nd we call the graph
wlyd= {1 Caybd . [agb,1Y

on O) 4, oy M the reduced characteristic of ’}’ . 2/ is connected iff j

=0
o
and §m4 =M and G (Yy) 1is connected. The same holds for Y being twice con-
nected. We draw some simple reduced characteristics for a) twice connected and b) con-

nected but not twice connected graphs.

oo TN T

© 1 2 3y

DN\ NN
o 1 2 o 4 2 1 y

A graph which is equal to its reduced characteristic is said to be reduced.
Lemma 3. Let ’Xo = (o (a;v) be a reduced characteristic and denote by
A(0,--ym) (yo) the set of graphs Y with vertices O,. .., /n such that
§° =0 and f'm = m and that G (y) = Yo . Then

(27) Z

Z_ S.“ g?(ho(v,,)@(r’;"l'“‘\)
ve Aloyym) (y.)

m7A -~
b)(o)fu,,)..,)'144+~~-+’th\)
o0
Yo [ Blpdu) - Bladun) ¥y, (0, ety )
o
with
- R
§ (podu) = < e P
and —_—
ST ey
Jo (h)) € Yo

and . T
P () = ¢ (ki) e(u)= lebf[u)_ 4'
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with

'l:o‘0>+"4= May oo {'“M’"‘A“"" + Ua t- ({"’)eﬂ)“) €. ),

)

Proof. Let ’X, = 1[ [QA, 51-.1, NN EQ,, b‘ 1 } with 04, = 0 and b.c‘—‘ m
aQ
Then the characteristic ’X,' of graph Y with @ ()/ ) = Yo - can be obtained by

choosing intergers O = fo < f4 < ?:. < .- < fm — ~» . Then by lemma 2

DA Y. | < - T
ye Aoy m(ye) + Ylp=ys LEZR 2 s
and
3 yeAlo s mlly): Xy, S |
Yy (o, My, o), +.n

+.
(o] m, -4 oo
m A _ mo-
é S c/\ 'U:‘ o (C+(RLP)'U:‘ m, — 4 v%'t
o | '\)4 . c m
(’h,"‘"). (\,
(o] m ~4)
- @.’. /R!.P)'\)’,rn I, m .
e Y, . (P (,U£+4 + + Vv )
ey, J
with
§1=’n4
E’M =M, + + My
and
X " §1
’\)’,m—.: ’l,(§ y Fooo 3+ U
Mg fl}y\ @
Summing up over all values of M, 4, ... s My 7 4 one obtains the right side
of (27).

Proposition 3. A sufficient condition in order that R (Pl 2) converge for
X = A is that

COP A B N O O T B

mrr Y (p, du,y,, ) ’Y’a', (0, 1, .., U4t Uand)
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converges where the second sum runs over all reduced twice connected graphs ’3/ = { [q,,le
o, (8, b 1Y with @ =0, b= M.
Proof. Immediate consequence of lemma 3.

It was impossible for me to prove the convergence if one assumes that Cp () is
t-integrable. The Kirkwood-Salsburgh technique fails in this case. I was only able to

prove convergence in the case

29) @ k) € m -t

with A5 0 . We begin with some topological lemmata.
Lemme 4. Let 7y = X (y) = { e A, s D%, AT Y witn A XA
Then
o, L o, £ oo ¢ o

and /&4 </'(‘L < -- <L
Proof. Assume (X = o/' . Then ‘va F ). Assume A < A . Then
Proof. 4 ; 0ta F [ J < ita

Edj)({j) % Edj-ﬂ, Aj-n j and Edj) /301 is not a maximal element
of the partially ordered set 7y . By the same kind of reasoning one excludes ﬂj“% Sﬁ‘)-,

Lemma 5. Be 7y = Y () = {[d.,/lf.\, N Eo(c,ﬂ,']}with Uy Loty <<l

twice comnected on O, .-> M and A2 2. Then oy < oty <ﬁ4 and

(4
e

/X": { ["(.‘L\{“ZZ]) Sty ["(*) ﬂc | } is twice connected on o(b“_) m
and Y \\"}z Xl'
Proof. Assume 0(,_7 A then between ﬁ,, and o(z there is a gap in the

graph and /X is not connected. If &y =ﬂ4 then o{2 is knot and ’)’ is not
twice connected. Thus &, < ﬁ/‘ Assume there is a knot in ’3/' , 88y ﬁﬁ = o(,,”4
for one ‘&) = 2,. N L-4 As &, L Xy and /3,‘ < (3, there follows
that /gk—:. dn‘\v\ is a knot for ’y too. The same reasoning applies to gaps. Hence 7'

is twice connected.

Theorem 3. Assume

o Lkl

(29) (

and

d 1
o A TE) <
Then -*?\(P, 2 ) converges for T = 1 and any }a) %P 2 0 , Hence the

hypotheses of theorem 2 are fulfilled.
Proof. Denote by 6 the set of all reduced twice connected graphs. If ’a' is a

graph on 0)4) ..y M denote

Aly) = fo [ & dauy s oy, '\?K (o, tay . ooy Mg 4omd M)
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with
o~ 7 k-t
1% V“){'Ar“) tw) = ” /u e o
'x {\)S)egf

It is enough to prove

Z A (Y) <
YEG
We finish the proof in several steps.

(1) 1£ ¥y = { EQA, 54_1),,_ ) Ea() b{]} is a graph on 0,4). .-y M. Then

- e 4 1
O N A
where (13 is the number of intervals I G.X such that [S—A)a'] [l I

The proof of this statement follows right away from the definition of A(K)
(ii) Denote by G,C the subset of G consisting of all graphs of the form

v= {legbd), . [, b1)
Then

/cht ,qe.('X) = Q){[-“")b:.])..-, Cal) ‘%3}

is a mapping from Gl. into 64_4

This is an immediate consequence of lemma 5.

(1ii1) Denote by G/C o the subset of 64 of all graphs of the form
]

’X= {_l:o)m"],[al)bz])-'~,[a6,bc]}.
Then G-(,’W\ = ¢ for AL < and one has: 64 consists only of the graph
{[oj,ﬂ’s) Gz consists only of the graph { E0,27J C1,37 ] . So of all G’)'M
only G}M and of all Gz,m only Gz,z are non-void. Denote by G-(’) My o
the subset of G  of all graphs of the form

{
vy = {Lom] [4,m'4a], Ca, byl .., Lag b1}
and by G',e’ rm),m‘ the subset of Gx):m)w'where me {az: bz) Q‘() éC}
and G"l,/m,ﬂn' the subset with mé& { @, by, ..., ¢, by} T™en G

for m > m' and the restriction of 'r’e to G"( is a one-to-one mapping
)

m,m!
onto G€_4 ) m and the restriction of 1](. to G”l)/m,/m'is a one-to-one
mapping onto Gt-l)/m'-u' .
We illustrate a graph ’y on O) 4) SN m by a scheme of three lines. Write
in the top the numbers 0) 4) -y m into the second line under each number the

index Q. which is equal to that number and into the third line the numbers bJ

So, e.8., /y = ‘( [0)2]1 E4I 3]} gets
(o} 1 2 3
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1
Then the typical example of an element of G-@,fm,rm' is

O 1 2 - Mad o s . o mlea
(a) a, &, 04 Q m Qomsy aw\u qw'-fq ? s
b b, -

. g3
The reason for this scheme is easily explained. As b,‘ < L"z. < b_, & .« . one has
/ .. .
M £ Mm' and in the interval O, 4+M ' no lf)” J > 3  can occur. 4As Y is
reduced, under each number 0) 4, 2) .+ . there has to stay either an index QJ‘ or

/
an index bJ' or both. As there are only b and bz under 0) cry Mty the

1
rest has to be filled up by OJ* in increasing order. As M e (“z, I).‘) NN Q() £c3
one has a under M . Skipping away the interval, [0, M ] from 'y one gets -

M +4
(8 1 2 .. m-4 m Mot 4 e e m! g ..
b
Q?. as . . . Q'm a‘W\O-\ GM,L « . . ah'*A 2
b, ...

As reduction means only changing of numeration by one one gets
'y ’ & Me ()')e e-1,m' -
This application is one-to-one, as any graph ’y e G_@_ 4, o' can be written into
[
form (a) and then a Ye G,g)lm)m'can be constructed for any M < ' .

A typical element of G "1’”“'%' has the form

o 4 L. Mm-A om MEA L amalia

(c) Q, &, 0 L Qg yy - - Ay, 2
b, b, -

Skipping away the first interval one gets

4 2 . m -~ A MEA ! Mgl
(a)

G, @y . . . 4 Oamy s O, T

b,

Reduction means here not only changing of numeration by one, but loosing one point: M.

These considerations easily prove the statements of step (iii).

() 1t ye G,'(’,m,w' then Aly)= ;\"“" A("]c(k)) and if ’yeG”

m £, m, ma!
en == -izL_
men A () PO A(me(y)).

For the proof write the values of the qJ into the fourth line of the schemes.

1
Then one gets for ’}/ [~ G l,fw\,Ma'

o) co 1 T Mt M mad - pnt amlea
a'
Q}\ QZ Ql aM\ aw;.‘ qM"*—l awy-*)‘
b, L

. I
1 2 s Mg g moo. . Mm-a
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and taking away the first interval one gets the graph 'X' H

A 2 - - - Mg m Ma+ A4 M’ 44
b' .
(") Qy &y T Qo a'WH-‘\ Qunyr lAM.'.M 7
, b
/’ . . . Mm-~2 M- A m - M -A /V\'\‘

Hence by step (i) one has

Aly) = %—i Aly').
Similarly for 'ye, G

L, my '
(e") o 14 2 ... m-1 ™M M4 Ay g
a, a, Ql QA m, Q/W\-)-q a'wu.v.
b,

and for ’}'I 1 CE - m W‘,‘ m
(an) YA M=-1  AmA maga M g
@, @y - & m Amsn Quy,

1 M~ Mo m

Hence

(v) Denote

Com = A
: e Gem (¥)
Then

<

C4,4 = ‘-?\ﬁ ;5 Cam =0 ‘ﬁW/VV\#:A
32
C

Ty = 2;“3) Cz,m«-oﬁ"’k«#z,

and generally for A 7 Ll

Yo =

m' o amleq ..
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For following step (iii) and (iv)

C,(?,rm = Z_ Z A('X) + Z

m' > m ’3&61) AQ'}

’M'
el Mm'orm ,YC'G,(%M«

-z [ /“ Z- A(y') +
™'y m ) Y €C ot m

N A1)
M (Mm-4) QT Z;y’ec;l4 -4 3"

(vi) Define the operator T  on the space of all sequences (er )”"‘7/1 by

(Tx),, = X Sy,

%‘7/44'\ M A

<
+ Z: /% —_—— X,M'
m2 Mmoa M(m- A
Then

@ 2 Alyl = <+ S

T
1€C 272, m 4 m
£
=+ 2 (T7%, ) m)
L7 0,m
<
= C.4)4 -+ Z </_]I_)T )(°>
L2 0
)2 (T%)¢
= C/‘)A + <X0 ) 1 >
£20
where 4[ is the vector (4) 4) R ) and T t the transposed operator and
/cz/u'-
o = I 2 03

t
The adjoint T is given by

R DI i N R

[}
1 m j.
€ m m«'<4‘u+4'w"(4~"4) "
|
L P ’S’ 1 )
= ' m Tt Z Y | "
€ n w72 M (m'-a)
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with = provided all f are 7, 0. As this is the case
P ) q —_ﬁ- ey 74

in (a) we have
(a') Z A(}) é /C4)4 + Z <x0) \r i >

YeG Ao

As there is a one-to-one correspondence between sequences = (<§2) §3)
and holomorphic functions §(£) = Z f,m 2% : we introduce for O <LK <1
the norm
14 d
(s = -~ A - lzl (@)
§ °‘ 0< |2 <4 ( ) |§ , .

Then

141, <

the norm of the functional X, is

I ll, <« <2772

and the corresponding operator norm of S is

“S”u < —5 -+ 4—2——0( with o = (4+‘/:1E)*1.
I;::ce 0 Sy <A ie _ka (4+|/§)1<,1_
s proves the theorem,
One has
SEla) = 2 & .t o L _1 s
f ’w\|éw M §’Wl :‘- 4-2 s 'W\l(’lu'_4) f'“ﬂ
2
Y r 1
P [ ARSI ‘1£<4—f)§(£)ae]
if
[§ ] < (4o fag)™ W)
then

-1l )1 [Sf(e) | <

P %’ﬁo{{: dit
[

“-lel) 121t S U= €)1 + 9 fm
A .

o A- ok
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after some straightforward estimates. So “ 5“* é -OE(- -+ /?’z_o'( .

-1
The right side takes its minimum for o= (/( + ﬁ) . For this value of &

sty ¢ (exfy )t - 3£ (e VE)
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