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STRONG BIFURCATION LOCI
OF FULL HAUSDORFF DIMENSION

BY TuHomas GAUTHIER

ABSTRACT. —Inthe moduli space M, of degree d rational maps, the bifurcation locus is the support
of a closed (1, 1) positive current Tyi¢ which is called the bifurcation current. This current gives rise to
ameasure upir == (Thir)>?~2 whose support is the seat of strong bifurcations. Our main result says that
supp(ubir) has maximal Hausdorff dimension 2(2d — 2). As a consequence, the set of degree d rational
maps having (2d — 2) distinct neutral cycles is dense in a set of full Hausdorff dimension.

RESUME. — Dans I'espace des modules %4 des fractions rationnelles de degré d, le lieu de bifur-
cation est le support d’un (1, 1)-courant positif fermé This qui est appelé courant de bifurcation. Ce
courant induit une mesure unir = (Thir)>?~2 dont le support est le siége de bifurcations maximales.
Notre principal résultat stipule que supp(ubir) est de dimension de Hausdorff maximale 2(2d — 2). Par
conséquent, I’ensemble des fractions rationnelles de degré d possédant (2d — 2) cycles neutres distincts
est dense dans un ensemble de dimension de Hausdorff totale.

1. Introduction

The boundary of the Mandelbrot set has Hausdorff dimension 2. This fundamental result
is the main Theorem of Shishikura’s work [29]. Tan Lei has generalized this by showing that
the boundary of the connectedness locus of polynomial families of any degree has maximal
Hausdorff dimension. Tan Lei has also shown that the bifurcation locus in any non-stable
holomorphic family of rational maps is of full dimension (see [34]). McMullen gave another
proof of her result in [23]. Our aim here is to show that dynamically relevent, but a priori
much smaller, subsets of the bifurcation locus have maximal Hausdorff dimension in the
space Rat, of all degree d rational maps.

We can define a bifurcation current on Rat,y by setting Thir := dd°L, where L(f) is the
Lyapounov exponent of f with respect to its maximal entropy measure. DeMarco has shown
in [13] and [14] that the support of T¢ is precisely the bifurcation locus. This current and its
powers T}%, (k < 2d — 2) have been used in several recent works for studying the geometry of
the bifurcation locus (see [3, 4, 5, 11, 15, 17, 18]). Moebius transformations act by conjugacy
on Rat, and the quotient space is an orbifold known as the moduli space M4 of degree d
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948 T. GAUTHIER

rational maps. Giovanni Bassanelli and Francgois Berteloot [3] introduced a measure ppis on
this moduli space, which may be obtained by pushing Tg{f—z forward. We will call strong
bifurcation locus the support of this measure uyp;¢. This set can be interpreted as a set on which

bifurcations are maximal. Our main result is the following:

THEOREM 1.1. — The support of the bifurcation measure pyis of the moduli space My of
degree d rational maps is homogeneous and has maximal Hausdorff dimension, i.e.,

dim g (supp(unir) N Q) = 2(2d — 2)
for any open set Q@ C Mg such that supp(pie) N Q # 9.

Let us mention that this implies that the conjugacy classes of rational maps having 2d — 2
distinct neutral cycles are dense in a homogeneous set of full Hausdorff dimension in #, (see
Main Theorem of [11]).

As we shall now explain, this will be obtained by using Misiurewicz rational maps prop-
erties and bifurcation currents techniques. A rational map f is k-Misiurewicz if its Julia set
contains exactly k critical points counted with multiplicity, if f has no parabolic cycle and if
the w-limit set of any critical point in its Julia set does not meet the critical set. A classical
result of Mafié states that the & critical points of f which are in 4 f eventually fall under iter-
ation in a compact f-hyperbolic set Ey, which means that f is uniformly expanding on Ey,
and that the 2d — 2 — k remaining critical points are in attracting basins of f (see Section 2.2).

The first result we need to establish is the following transversality theorem:

THEOREM 1.2 (Weak transversality). — Let (fx)xepo,r) be a holomorphic family of
degree d rational maps parametrized by a ball B(0,r) C C29=2 with 2d — 2 marked critical
points. Let fo be k-Misiurewicz but not a flexible Lattés map. Let us denote by Eq the compact
fo-hyperbolic set such that f¢°(c1(0)), ..., f&*(cx(0)) € Eo. Denote also by h the dynamical
holomorphic motion of Eq. If the set {\ | 3m € Aut(P!), fx om = mo fy,} is discrete for
any Ao € B(0,r), then

codim {A € B(0, ) | f°(¢; (X)) = ha(fd(¢;(0))), 1 < j < k} = k.

The establishment of Theorem 1.2 is the subject of Section 3. Let us mention that
a stronger transversality result has been proved by van Strien in [33] in the case of
(2d — 2)-Misiurewicz maps with a trivial stabilizer for the action by conjugation of the
group Aut(P!) on Ratg, and by Buff and Epstein in [11] in the case of strictly postcritically
finite rational maps. We want here to give a weaker result which is easier to prove and
sufficient for our purpose. In their work [1 1], Buff and Epstein established their tranversality
Theorem using quadratic differential techniques. As these tools are not well adapted when
the critical orbits are infinite, we have instead followed van Strien’s and Aspenberg’s ideas
(see [33] and [1]) of using quasiconformal maps. See also [27] for a transversality result
concerning quadratic semihyperbolic polynomials.

Section 4 is devoted to local dimension estimates. To achieve our goal we have to prove
that the set of (2d — 2)-Misiurewicz maps has maximal Hausdorff dimension in Rat,. Like
in Shishikura’s or Tan Lei’s work, this basically requires to “copy” big hyperbolic sets in the
parameter space. For this, using the transversality Theorem 1.2, we construct a transfer map
from the dynamical plane to the parameter space which enjoys good regularity properties.
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When k = 1, our proof here is actually slightly simpler than the classical ones. Indeed, in his
original proof, Shishikura builds two successive holomorphic motions, where we only use one
such motion. Using the work of Shishikura [29] on parabolic implosion and Theorem 1.3,
and using again the transversality Theorem 1.2, we deduce that the set 9t is homogeneous
and has maximal Hausdorff dimension 2(2d + 1). The main result of Section 4 is the
following:

THEOREM 1.3. — Let 1 < k < 2d — 2. Denote by Iy, the set of all k-Misiurewicz degree d
rational maps with simple critical points which are not flexible Lattés maps. Then for any
f € My and any neighborhood Vy C Raty of f one has:

dlmH(E)ﬁk n Vb) Z 2(2d +1-— k) + kdimhyp(f).

For our purpose we have to show that k-Misiurewicz maps belong to the support of T}
To achieve this goal, we give a criterion for a rational map with & critical points eventually
falling under iteration in a compact hyperbolic set to belong to the support of Ti%;. The
condition is exactly the one that appears in the statement of the Transversality Theorem 1.2.
Our approach is inspired by the work of Buff and Epstein [11] who proved that strictly
postcritically finite maps, which are (2d — 2)-Misiurewicz, belong to the support of ngﬂ.
The main idea of the proof of this criterion is a dynamical renormalization process which
enlightens a similarity phenomenon between parameter and dynamical spaces at maps with
critical points eventually falling into a hyperbolic set. To implement this process we need
to linearize the map along a repelling orbit. In the geometrically finite case this is just
the linearization along repelling cycles. This technical result, which may be of independent
interest, is established in Section 5. The renormalization is then performed in Section 6. In
the same section, we also prove that the k™"-self-intersection of the bifurcation current detects
the activity of at least k distinct critical points (see Theorem 6.1). Combining the results of
Section 6 with Theorem 1.2, we get the following:

THEOREM 1.4, — Let1 < k < 2d — 2 and f € Raty be k-Misiurewicz but not a flexible
Tk+1

Lattés map. Then f € supp(T;) \ supp(Tyif ).

In Section 7, we focus on dimension estimates for the bifurcation measure. The estimates
established in Section 4 have the following interesting consequence. Due to Theorem 1.4,
they directly imply that the set supp(7}%;) \ supp(Zy:*) has Hausdorff dimension 2(2d + 1)
for 1<k<2d-3, and that supp(ZZ¢ ?) is homogeneous and that the set
dim g (supp(T242)) = 2(2d + 1) (see Theorem 7.1). Notice that it is still unknown wether
supp(Tk’fif) is homogeneous or not, when 1 < k£ < 2d — 3. Theorem 1.1 then immediately
follows. Recall that, if 14 is a Radon measure on a metric space, the upper pointwise dimension
of uat xg is

_ 1 B
dim,,(z¢) :=limsup M.
r—0 logr
In the same section, we also establish a lower bound for the upper pointwise dimension of the

bifurcation measure at (2d — 2)-Misiurewicz parameters, which rely on the renormalization
process performed in Section 6. In particular, we get the following:
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THEOREM 1.5. — There exists a dense subset I of supp(pvir) which is homogeneous and
has maximal Hausdorff dimension 2(2d — 2) such that dim,,,,,[f] > 0 for any [f] € M.

Let us mention that all these results have their counterpart in polynomial families. We
develop the description of the above results in the context of polynomial families in Section 8.
For instance, the equivalent of Theorem 1.1 might be stated as follows:

THEOREM 1.6. — In the moduli space P4 of degree d polynomials, the Shilov boundary of
the connectedness locus is homogeneous and has maximal Hausdorff dimension 2(d — 1).

This improves Tan Lei’s result. We also give a very easy proof of Theorem 1.2 in the case
of a degree d polynomial with k critical points which are preperiodic to repelling cycles (see
Lemma 8.2).

1.1. Notation
To end the introduction, let us give some notation:

— P! is the Riemann sphere, D is the unit disc of C and D(0, r) is the disc of C of radius r
centered at 0. Leb denotes the Lebesgue measure on P!.

— |- |l is @ norm on C™ and B(a, r) is the ball of C™ of radius r centered at a € C™.

— J s is the Julia set and &y is the Fatou set of f € Ratg.

— The group Aut(P!) is the group of all Moebius transformations. The quotient
space Mg :=Raty/Aut(P!) is the moduli space of degree d rational maps and
II : Raty — Mg is the quotient map. The space M, has a canonical structure
of affine variety of dimension 2d — 2 (see [32] pages 174-179).

— Finally, dimpg is the Hausdorff dimension in any metric space.

1.2. Acknowledgment

The author would very much like to thank Frangois Berteloot for his help and encour-
agement for writing this article. The author also wants to thank Romain Dujardin for his
helpful comments and for suggesting Lemma 8.2 and the formulation of Theorem 6.2.
Finally, we would like to thank the Referees for their very useful suggestions, which have
greatly improved the readability of this work.

2. The framework

2.1. Hyperbolic sets

DEFINITION 2.1. — Let f € Ratg and E C P! be a compact f-invariant set, i.e., such
that f(E) C E. We say that E is f-hyperbolic if one of the following equivalent conditions is
satisfied:

1. there exist constants C > 0 and o > 1 such that |(f™)'(z)| > Ca™ for all z € E and all

n >0,
2. for some appropriate metric on P*, there exists K > 1 such that |f'(z)| > K for all
z € E. One says that K is the hyperbolicity constant of F.
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The following theorem is now classical (see [25] Theorem 2.3 page 225 or [29] Section 2
for a sketch of proof):

THEOREM 2.2 (de Melo-van Strien). — Let (fx)aep(o,ry be a holomorphic family of
degree d rational maps parametrized by a ball B(0,r) C C™. Let Ey C P! be a compact
fo-hyperbolic set. Then there exist 0 < p < r and a unique holomorphic motion

h:B(0,p) x Eg — P*
(A, 2) — ha(2)

which conjugates fq to fx on Ey, i.e., such that for all A € B(0, p) the diagram:

Eoi>Eo

S

E,\ —_— E,\
Ia

commutes (Ey :=hx(Ey)). We shall call h the dynamical holomorphic motion of Ej.

REMARK 2.3. — If B(Ag,e) C B(0, p), one may check that there exists a unique holomor-
phic motion g : B(\o,e) x Ex, — P! such that

ha(2) = ga o b, (2)

forall z € Eg and all A € B(Xo, €).

Let K > 1 be the hyperbolicity constant of Eq and /s be a § neighborhood of Ey. Up
to reducing r,  and K we may assume that

|fi(2)] > K for every A € B(0,r) and z € Ns.

Set B:=supycp(o,r), 25 | f2(2)]. Let us stress that Theorem 2.2 implicitly contains the

existence of inverse branches of f) along Fy:

LEmMMA 2.4. — Under the hypothesis of Theorem 2.2, there exists ¢ > 0 such that for
all wg € Eq and all k > 1, there exists an inverse branch f};},l( )A(z) of fx defined
0 wo ),

on B(0,7) x D(f¥(wo), €), taking values in D(f¥~" (wo), €) and such that:

L ha(fo ™ (wo)) = f}%l_l(wo)yA o ha(f§ (wo)) for X € B(0,r),
1, _ -1 g1 1, _
2. glz —w| < |ff§_1(wO),>\(z) ffé“‘l(wo),/\(w” < %lz —w| for X € B(0,r) and

zZ,w € ]D)(fé“(wo), €).
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2.2. Misiurewicz rational maps

Let us recall that for z € P* and f € Raty the w-limit set of z is given by
w(z):= () {/*=) [k > n}
n>0

and that z is recurrent if z € w(z).

DEFINITION 2.5. — Let f € Raty. Wesay that f is Misiurewicz if f has no parabolic cycle,
C(HHiNg; # @ andw(c) N C(f) = @ for every c € C(f) NJ ;. Moreover, when J ; contains
exactly k critical points of f counted with multiplicity we say that f is k-Misiurewicz.

The three following theorems of Mafié (see [30] Theorems 1.1, 1.2 and 1.3 page 266) are
among the main tools for studying the dynamics of Misiurewicz rational maps.

THEOREM 2.6 (Local version). — Let f € Raty. There exists an integer N > 1 not
depending on f for which if v € 4 sisnota parabolic periodic point of f and x is not contained
in the w-limit set of any recurrent critical point of f, then for every € > 0 there exists a
neighborhood U of x in P* such that for every n > 0 and every component V of f="(U):

1. diam(V) < e and deg(f™ : V — U) < N,

2. for every g1 there exists ng > 1 for which diam(V') < g1 as soon as n > ny.

THEOREM 2.7 (Compact version). — Let f € Ratgand K C 4 7 be a f-invariant compact
set not containing critical points nor parabolic periodic points of f. If K does not meet the
w-limit set of any recurrent critical point of f, then K is f-hyperbolic.

THEOREM 2.8 (An application). — Let f € Raty and T be either a Cremer cycle, or the
boundary of a Siegel disc or a connected component of the boundary of a Herman ring of f.
Then there exists a recurrent critical point ¢ of f for whichT' C w(c).

Recall that f € Raty is said to be semi-hyperbolic if there exist 6 > 0 and dy € N* such
that for any z € /; and n € N we have deg(f" : U(z, f", ) — D(f"(2),0)) < do, where
Ul(z, f™,9) is the component of f~"(ID(f™(z),d)) containing z (see [9] pages 96-97).

Let f € Raty. For k > 0 we set

PH(f):={f7(0) [n = kandce 7, nC(f)}.
The items 1, 2, 3 and 4 of the next proposition follow from Mafi¢’s Theorems:

PROPOSITION 2.9. — Let f € Raty be Misiurewicz. Then

there exists ko > 1 such that P*o(f) is a compact f-hyperbolic set,

f has no neutral cycle,

the periodic Fatou components of f are attracting basins,

[ is semi-hyperbolic and in particular, either J ; = P* or Leb(J ;) =0,

if f carries an invariant line field on its Julia set, then f is a flexible Lattés map.

IS

Item (5) uses the fact that the set of conic points of f coincides with ./ f when f is semi-
hyperbolic (see [9] page 109 and [35] Proposition 6.1). In particular if f is Misiurewicz and
carries an invariant line field on its Julia set, item (4) implies that f is a Lattés map (see [9]
Theorem VI1.22). More precisely, f is a flexible Lattés map (see [21] Corollary 3.18).
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2.3. Bifurcation currents

Let (fx)rex be a holomorphic family of degree d rational maps. The theory of bifurca-
tions of a holomorphic family, introduced by Mafi¢, Sad and Sullivan, makes a link between
the instability of critical orbits, and that of neutral or repelling cycles. To make this precise,
we set:

R(X):={Xo € X | every repelling cycle of f,, moves holomorphically
on a fixed neighborhood of Ao}
(X)) ={xo € X | (A — fX(C(fr)))n>0 is equicontinuous at Ao}
N(X):={Xo € X | fx, has a non-persistent neutral cycle}.

The following theorem is due to Mafi¢, Sad and Sullivan ([19]):

THEOREM 2.10 (Mané-Sad-Sullivan). — Let (fx)xex be a holomorphic family of degree d
rational maps. Then R(X) = J(X) = X \ N (X) is an open dense subset of X

The set X \ R(X) is called the bifurcation locus of the family (f))xrex.

DEFINITION 2.11. — A critical point c is said to be marked if there exists a holomorphic
Sunction ¢ : X — P! satisfying f5(c(X\)) = 0 for every X € X.

We say that the critical point c is active at Ao € X if (7 (c(N)))n>0 is not a normal family
in any neighborhood of \g. Otherwise we say that c is passive at A\g. The activity locus of c is
the set of parameters A € X at which c is active.

When (f))xex is @ holomorphic family of degree d rational maps with 2d — 2 marked
critical points ¢y, ..., coq—2, Theorem 2.10 states that the bifurcation locus coincides with
the union of the activity loci of the ¢;’s.

Recall that f € Raty admits a unique maximal entropy measure py. The Lyapounov
exponent of f with respect to the measure iy is the real number L(f) := [, log | f'|g. For a
holomorphic family (fx)rex of degree d rational maps, we denote by L(\A) := L(fy). Then,
the function A —— L(\) is called the Lyapounov function of the family (fy)aex. It is a
plurisubharmonic (which we will denote by p.s.h) and continuous function on X (see [3]
Corollary 3.4). The Margulis-Ruelle inequality implies that L(f) > %.

DEFINITION 2.12. — The bifurcation current of the family (fy)xex is the (1,1)-closed
positive current on X defined by Toir := dd°L()\).

The support of Ty;r coincides with the bifurcation locus of the family () ex in the sense
of Mané-Sad-Sullivan. This actually follows from the so-called DeMarco’s formula which we
now present (see [14] Theorem 1.1 or [3] Theorem 5.2).

Let 7 : C%2\ {0} — P! be the canonical projection. Every f € Rat; admits a lift
F : C?> — C? under 7. The map F is a degree d non-degenerate homogeneous polynomial
endomorphism of C2. The Green function of a lift F of f is defined by

Gp:=lim, o d " log || F™|.

The following properties of the Green function will be useful (see [3] Proposition 1.2).
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PROPOSITION 2.13. — Let (fy)aex be a holomorphic family of degree d rational maps
which admits a holomorphic family of lifts (F))acx. The function G »(z) is p.s.h and continuous
on X x (C2\ {0}). Moreover it satisfies the homogeneity property

(21) G)\(tz) = 10g|t| +G)\(Z)
Jorevery A € X andt € C\ {0} and the functional equation
(22) G)\OF)\ :dG)\

If U is a small ball in X, there exists a lift &;(A) of the marked critical points ¢;(A) under
the projection m and a holomorphic family of lifts (Fy) ey DeMarco’s formula may then

be stated as:
2d—2

(2.3) Ti|,; = Z dd°Gx(&;(N))

Let us stress that the support of dd°G(¢;()) is precisely the activity locus of ¢; in U. For
more details on pluripotential theory, see [15].

3. Activity and weak transversality

To any k-Misiurewicz rational map fo within a holomorphic family (fx)xeg(o,r) s nat-
urally associated an analytic subset X, of B(0,r) such that fy is k-Misiurewicz for all
A € X and (fa)aex, 1s stable. In order to describe this set, we introduce a holomorphic
map x : B(0,7) — C* which we call the activity map of (f2)reB(o,r) at A = 0. We show in
particular that Xy = x~*{0} has codimension k. The map y will turn out to induce local
“changes of coordinates” which will play a crucial role in our study of the bifurcation locus
near Misiurewicz parameters.

3.1. The activity map

Let (fx)aer(o,r) be a holomorphic family of degree d rational maps with 2d — 2 marked
critical points cy,...,c2q_o and parametrized by a ball B(0,7) C C2972, Assume that
c1(0),...,¢cx(0) € J, and that

Eo:={f¢(c;(0))/n = ko,1 < j < k}
is a fo-hyperbolic set (which is the case if fy is k-Misiurewicz). Denote by h : B(0,7) x Ey — P*
the dynamical holomorphic motion of Ey (see item 1 of Proposition 2.9). For A € B(0,r),
n > 0and 1 < i < k we will adopt the following notations:

Eni(N) = FITR(ei(N),

Vni(A) == ha(f5 7 (ei(0))) = f3 0 ha(£5°(ci(0))),
mni(A) :=(f1) (v, (V)

Xi(A) :=&0,i(A) — v0,i(A).

To define x; correctly one should use a local chart around &y ;(0) = v ;(0). Moreover, we
will identify the tangent spaces T}, ,(»)P* and T}, ,»)P* with C to view m,, ;(A) as a complex
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number. As the next lemma shows, the function y; describes the activity locus of the critical
point ¢;:

LemMA 3.1 (Activity). — Let (fx)xes(o,r) be as above. Then, for each1 < i < k,

1. as a marked critical point of the restricted family (f)\))\eXi—l{O}, c; Is passive at every

X e x; {0},
2. €04 # o onB(0,7) if and only if ¢; is active at every o € x; {0} in the full family
(f2)reB(0,r)-

Proof. — If x;(A) = 0 we have &,;(A) = hx(&o,:(0)). Let us set E :=hy(Ey). Since hy
conjugates fy to f on Ey, for A € x;l{O} and n > 0 we get

Eni(A) = 2 (%0,6(N) = [T 0 ha(&0,:(0)) = ha(£r,i(0)).

The equicontinuity of (&, ;)n>0 then follows from the uniform continuity of » onB(0, ) x Ey.
This proves (1).

By (1) we already know that if ¢; is active at \g € x; *{0} then x; # 0. We proceed by
contradiction and assume that &y ; # v, on B(0, ) and that ¢; is passive at A\g € x; 1 {0}. By
Remark 2.3 it suffices to consider the case where A\ = 0. Let /s C P! be a 6-neighborhood
of Ey and let K > 1 be the hyperbolicity constant of Ey. Up to reducing K and r we may
assume that

(3.4) |f3(2)] > K for every A € B(0,7) and every z € N's.

By continuity of h we may also assume that Ey C /s for every A € B(0,r). Since (&,.,:)n>0
is equicontinuous at 0 we may again reduce 7 so that

(3.5) &ni(A) € D(&,,:(0),0) C Vs, for A € B(0,r) and n > 0.

Forn > 0 we set €, ;(A) :=&,,:(A) — hx(€n,i(0)) = &ni(A) — v i(A) for every A € B(0, 7).
Notice that €y ; = x; on B(0,r). By assumption (e, ;)n>0 is equicontinuous at 0. On the
other hand, for every n > 0 and every A € B(0, ) we have

€nt1,i(A) = fa(6n,i(N) — Fa(n,i(N)),
which after differentiation yields
Diénti1,i = fr0éniDxéni — (fA 0 Vni— fr0&ni) Davni + Dafro&ni — Dafrovn,.

Let e > 0 be small. Since &, ; and v, ; are equicontinuous, up to reducing r, the estimates
3.4 and 3.5 give

”D)\en+1,i“ > K”D)\en,iH —€&.

By iterating, we get || Dxen,i|| > K™ (|| Dax:|l — (1 — K~™)/(K — 1)) which contradicts
the equicontinuity of (e, ;)n>0, since x; # 0. O
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DEFINITION 3.2. — Let (fx)xep(o,r) be a holomorphic family of degree d rational maps
with k marked critical points c1, . .., c,. Assume that the set {fi(c;)/mn > ko,1 < j <k} is
a compact fo-hyperbolic set. The activity map x of (fx)xep(o,r) at X = 0 is defined by

x : B(0,r) — C*
where the functions x; are given by x;(A) :=&o,:(X) — vo,i(N).

The first useful fact we may remark is the following:

LEMMA 3.3. — Let (fa)xes(o,r) be a holomorphic family of degree d rational maps with
2d — 2 marked critical points and parametrized by a ball B(0,7) C C24=2. Assume that fq is
k-Misiurewicz. Then, up to reducing r, the family (fx) xex—1{oy is stable and fy is k-Misiurewicz
for any X € x~1{0}.

Proof. — Assume that ¢1(0),...,¢,(0) € 4, and cx41(0),...,c24-2(0) € . Since
x = 0 on x~1{0}, the critical points c;(\),...,cx(A) are captured by a hyperbolic set for
any A € B(0,r) and Lemma 3.1 states that they are passive on x~1{0}. Moreover, by
Proposition 2.9, the critical points ¢x11(0), ..., ceq—2(0) are in attracting basins of f, and
then, up to reducing r, are passive and stay in the same basin. O

The group Aut(P!) acts on Raty by conjugacy. The quotient space Raty/Aut(P!) is
denoted by /Mg and is called the moduli space of degree d rational maps. Let (fx)xer(o,r) be a
holomorphic family of degree d rational maps. We denote by II : B(0,r) — M, the natural
projection. Then we have

T (TI(N\o)) = {\ € B(0,7) | 3¢ € PSLy(C) such that fy 0o ¢ = ¢ o f, on P}

for every Ay € B(0, r).
Our main goal in this section is to prove Theorem 1.2 we reformulate as follows:

THEOREM 3.4 (Weak transversality). — Let (fx)xepo,r) be a holomorphic family of
degree d rational maps with 2d — 2 marked critical points and parametrized by a ball
B(0,7) C C?¥=2. Assume that fy is k-Misiurewicz but not a flexible Lattés map and that
Sor every Ao € B(0,7) the set II=(TI(\g)) is discrete. Let x be the activity map of (fA)xeB(o,r)
at X = 0. Then codim x {0} = k.

3.2. Good families

The notion of good family was introduced by Aspenberg (see [1] pages 3-4); we begin with
recalling it:

DEFINITION 3.5. — Let (fx)xes(o,r) be aholomorphic family of degree d rational maps with
2d — 2 marked critical points and let X C B(0,r) be an analytic set containing 0. We say that
(fx)rex is a good family of rational maps if for every Ao € X the set 111 (I1(\o)) is discrete
and if every attracting cycle G of fx which depends holomorphically on \ € B(0,r) satisfies
the following assertions:

1. the multiplier of G is constant on X,
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2. the multiplicity of the critical points of fx which belong to the attracting basin Gy of the
cycle G for every A € B(0,r) are constant on X,

3. if 2(X\) € Gy satisfies fY(z(X)) = z(X) for every X € X and some integer p > 1, there
exists a Koenigs/ Bottcher-coordinate @y for f5 at z(X\) such that the following holds:
let c(X) € C(f) liein the attracting basin @y of the cycle G » for every A € B(0,r). Then,
there exists an integer n > 1 such that o (f3(c(N))) = @o(f§(c(0))) forall X € X.

We say that a good family (f\)xex is smooth if X is smooth.
The main usefulness of good families is revealed by the following proposition:

PROPOSITION 3.6. — Let (fx)re(o,r) be a smooth good family of rational maps. Assume
that 0 is a stable parameter in the family (fx)xep(o,r)- Assume also that fx admits an attracting
cycle €y holomorphically depending on A € B(0, r) and denote by @, its attracting basin. Then
there exists 0 < p < r/3 and a unique holomorphic motion ¢ : B(0, p) x P* — P! such that
for any A € B(0, p):

1. the following diagram commutes:

]Pl L>]P)1

J s

P! —— P!,
dx

2. ¢y : g — Gy is a biholomorphism.

Proof. — We adapt here the argument of the proof of Theorem 7.4 of [24]. As 0 is a stable
parameter, if {c1(0),...,cx(0)} =4, N C(fo), then {c1(N),...,ce(A)} =, NC(fx) for A
close enough to 0 and there exists a holomorphic motion ¢ : B(0, p1) x J/, — P! which
conjugates the dynamics on 4. Remark also that, by items (2) and (3) of the definition
of good family, J,,~, f¢'(C(fo) N o) admits a dynamical holomorphic motion. By the
A-Lemma, it extends uniquely to a dynamical holomorphic motion of |, f'(C(fo0))UJ,-

Setting p := p;1/3, Bers-Royden extension Theorem gives a unique hoTomorphic motion
b: B(0, p) x P! — P! which extends ¢ and such that the Beltrami form p of ¢ is harmonic
(see [7] Theorem 3 and [24] page 381 for the definition of harmonic Beltrami forms). To
conclude the proof of (1), we thus have to prove that fy o g5 = ¢ o fo on P'. The map

P\ ) udy — P\ e ud,

is a covering map. We define another motion by setting

@b)\(z) = f;l o ék o fO(Z), for z € P! \ UTLZO fj\l(C(f)\)) Uj)a

where the inverse branch is chosen so that 1g(z) = z. As ¢, conjugates the dynamics
onJ,~q f3(C(fo)) US,, the holomorphic motion 1 is also an extension of ¢. Since fo and
f» are holomorphic, the Beltrami form of 1 is fopa. The map fo being a local isometry
for the hyperbolic metric on P* \ UJ,,>, /& (C(fo)) U4, and the form p, being harmonic,
the Beltrami form fju, is also harmonic. By uniqueness of Bers-Royden extension, we get
¥ = ¢, which proves (1). We denote by ¢ this unique extension.
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Let us now prove (2). As ¢y o fo = fro¢x on P, itis obvious that ¢ (%) = @, and that
éxr o f§ = fio¢xonP!, where g is the period of the cycle & whose attracting basin is @,.
Take now z(\) € € and ¢, a local coordinate at z(\) which conjugates f{ to its normal
form. It is easy to see that ¢y o ¢ = @g. In a neighborhood of z(A), this yields:

42N
0z

() = @ om() ™ F2) =0,

i.e., ¢, is holomorphic in a neighborhood of z(\). We thus can find Q¢ C &y an fy-invariant
open set on which ¢, is holomorphic. For any z € f5(Q20) \ (C(fo) U fo(C(f5))), we have

90
0z

()= (foma@) ™ 220 fulz) - fi(a) =0,

since ¢ is holomorphic on . This means that ¢, is holomorphic on f; 1(Qy). Since
o = U, >1 fo " (o), the proposition follows by induction. O

Let us see how this proposition implies the weak transversality in good families:

PROPOSITION 3.7. — Let (fx)aex be a good family of degree d rational maps with 2d — 2
marked critical points and 0 € X. Assume that fy is k-Misiurewicz but not a flexible Lattes
map and ¢1(0), ..., c,(0) € J,. Let x be the activity map of (fx)rex at A = 0.

1. Then there exists 1 < i < k such that the critical point c; is active at 0 in X, which means
that x; *{0} has codimension 1 in X.

2. Assume moreover that dime X > k. Then the analytic set x~1{0} has codimension k
in X.

Proof. — Let us begin with proving (1). We proceed by contradiction assuming that ¢;
is passive in X for every 1 < ¢ < k, which means that 0 is stable in X. Let V € X
be a neighborhood of 0 in X which, since f; is not a flexible Lattés map, may be assumed
not to contain flexible Lattés maps. By Lemma 3.1, x = 0 on Vj and, by Lemma 3.3, f)
is k-Misiurewicz for all A € Vp. Let A\g € Voreg and ¢ : D — Vp,ep be a non-constant
holomorphic disc centered at Ag. In the following we will identify D and (D) and therefore
work with the family (f))xep.

If1 <k < 2d—2, then j/\D # P! Taking into account item 3 of Proposition 2.9, Proposi-
tion 3.6 asserts that (up to reducing D) there exists a holomorphic motion
¢ : D x P! — P! which conjugates fy, and f, and which is holomorphic on &, for
all A\ € D. Item 4 of Proposition 2.9 ensures that ¢5 € Aut(P!). This contradicts our
assumption that TI=1(TI()\g)) is discrete.

If ¥ = 2d — 2, then J N = P'. As ) is a stable parameter, by the Mafié-Sad-
Sullivan Theorem (see [19] Theorem B) there exists a quasiconformal holomorphic motion
# : D x P! — P! which conjugates fy, to f on P!. For A € D\ {\o} we denote by x> the
Beltrami form satisfying:

0 _ 299

oz F oz
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and by S, its support. There exists a Ay € D\ {A\o} such that Leb(Sy,) > 0, otherwise
#» would belong to Aut(P!) and IT=1(II(\g)) could not be discrete. Since fy, carries an
invariant line field on its Julia set, item 5 of Proposition 2.9 states that f,, is a flexible Lattes
map. This is a contradiction since Vj contains no flexible Lattés maps.

Let us now establish (2). We have proved in (1) that there exists 1 < ¢ < k such that
codim x; '{0} = 1.If k > 2 then x; *{0} is a good family of dimension ¥ — 1 > 1 and
assertion (1) provides j # ¢ and c¢; is active at 0 in (fA)/\eX;l{O}. Iterating this k¥ — 1 times
we obtain (2). O

3.3. Ubiquity of good families and weak transversality

We now prove Theorem 3.4. According to item 2 of Proposition 3.7, it suffices to exhibit
a good family (fx)rex such that0 € X C B(0,r) and dim¢ X > k.

When k = 2d — 2, f, has empty Fatou set and the family X = B(0, ) is obviously good.
We may therefore suppose 1 < k < 2d—2. As usual we will assume that ¢1 (0), ..., cx(0) € 4,
and cx41(0),. .., cq—2(0) € Fo. We will be brought to reduce v without mentioning it.

Let us begin with finding a family N C B(0,r) of sufficiently high dimension and
satisfying the assumptions 1 and 2 of the definition of good family. By Proposition 2.9,
ck+1(0), ..., caq4—2(0) are in attracting basins of f. Let us denote by &1, ..., G, the attract-
ing cycles of fo, by q1,...,q, > 1 their respective periods and by mq,...,m, € D their
respective multipliers. The set

N :=B(0,r) N Perg, (my) N ---N Pery, (m,)

is an analytic subset of B(0,r) of codimension at most p containing 0. Replacing N by
NN {Xx € BO,r) | ¢;(A) = ¢j(A)} when ¢; #Z ¢j, ¢;(0) = ¢;(0) and 4,5 > k + 1 we get
an analytic subset N of B(0, r) satisfying items 1 and 2 of the definition of good families.
Moreover the codimension of N is at most:

p+ > (mult(c) — 1)

where the sum is taken over all critical points of fy contained in & and counted without
multiplicity.

To conclude we have to find a subfamily of IV satisfying item 3 of the definition of good
family with codimension at most 2d — 2 — k in B(0, r). Let ©(0) be an attracting cycle of f
of period p and let z(0) € ©(0) be such that f§'(2(0)) = z(0). By the Implicit Function
Theorem ©(0) and z(0) may be followed holomorphically in B(0, 7). Since N satisfies item 1
of the definition of good family we have two distinct cases:

— ©(0) is not super-attracting. Then there exists a critical point ¢;(A) converging to G(\)
whose orbit is infinite. Let ¢y : V) — C be the Koenigs coordinate of f} at z(\) and
n; > 1 be large enough so that f{'*(c;(A)) € V) for every A € B(0,r). We normalize
©» by setting:

ea(2)
Oa(2) = —— S
ea(fX* (e (M)

for every A € N and every z € V.
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— ©(0) is super-attracting. There exist a critical point ¢;(A) of fy and0 < n; < p—1
such that f}"(c; (X)) = z(X) and px(f{"(ci(A))) = 0if @y is the Bottcher coordinate
of f§ at z(X). In that case we set 1y := py.

If ¢;(0) is any other critical point contained in the attracting basin of ©(0), then we

replace N by

NN e B0, 7) [ 9a(fy7(c; (V) = o (fo” (c;(0)))}-
Since, by definition of 1), this operation does not change N for p distinct critical points of fy,
the codimension of N is now at most equal to

p+ Y (multle) —1) —p+Y 1= mult(c) =24 -2k,
where the sums are taken over critical points of fy contained in ¥ and counted without
multiplicity. This ends the proof of Theorem 3.4.

3.4. An application

Let (f\)aex be a holomorphic family of degree d rational maps with a marked critical
point ¢, which is active at some Ao € X. Let E C 4 xo D€ @ fx,-hyperbolic set containing at
least three points and k) its dynamical holomorphic motion. As it is well-known, Montel’s
Theorem allows one to find A\; € X, arbitrarily close to A9, and n; > 1 such that
Ixl(e(A1)) € ha, (E). However, there is in general no way to extend this to the case of two,
or more, active critical points. Weak transversality allows such a generalization when f), is
Misiurewicz. This will be used in Section 4.

LemMA 3.8. — Let (fa)aes(o,r) be a holomorphic family of degree d rational maps with
2d — 2 marked critical points. Assume that for every g € B(0,r), the set TI=1(II()\o)) is
discrete and that fo is k-Misiurewicz but not a flexible Lattés map. Let also E C 4, be a
compact fo-hyperbolic set containing at least three points. Then for any 0 < & < p, there exist
Ao € B(0,¢€) and an integer Ng > 1 such that f», is k-Misiurewicz and fi\go (¢j(Mo)) € hao(E)
for1 <j<k

Proof. — Let E; and E5 be two compact fy-hyperbolic sets. Assume that E5 contains at
least three distinct points and let k : B(0, p) x (E;UE,) — P! be its dynamical holomorphic
motion. Suppose that

0 (e1(0)), .- ., &2 (cy(0)) € By and f50(cpr1(0)), ..., fEo(c1(0)) € Es.

We only need to find a parameter A € B(0, €) and an integer Ny > kg such that
£ (e1(X0));s - -5 Sl (cp-1(Xo)) € hag (Er) and f1°(cp(Xo)), - - FA0 (cr(X0)) € hry (Ba).

Lete > 0and denote by x : B(0, p) — CF the activity map for (f2)rem(o,r) at 0. By Theo-
rem 1.2 and Lemma 3.7 the critical point ¢, is active at 0 in the family
Xo:=x7Ho}n--- N x;_ll{O} N X;il{O} N --- N x; ' {0}. By Montel’s Theorem, there
exist \g € X NB(0,¢) and Ny > kg such that f/]\\g" (cp(A0)) € hyry(Es). Since Ay € X and
Ny > ko we get f°(c;j(Xo)) € hao(E1)if 1 < j < p—1and f{°(c;(Xo)) € ha,(E) if
p+ 1 < j < k. After item (3) of Proposition 2.9, the 2d — 2 — k remaining critical points
£, belong to attracting basins of fy,. Since this condition is stable under small enough
perturbations, the map f, is k-Misiurewicz. O
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4. Local Hausdorff dimension estimates in Rat

We consider here the sets 9, defined by:

My :={f € Raty | f is k-Misiurewicz but not a flexible Lattés map
and f has simple critical points}.

REMARK 4.1. — The condition “f is not a flexible Lattés map” is superfluous when d is not
the square of an integer or k < 2d — 2.

Our goal here is to prove Theorem 1.3. Following Shishikura [29], we define the hyperbolic
dimension of f € Raty by:

dimpyp (f) :=sup{dimy (E) | E is compact, f-hyperbolic and homogeneous}.

Recall that a subset E of a metric space (X, d) is homogeneous if, for every open set U C X
such that U N E # &, we have dimy (U N E) = dimy (E).

4.1. Technical preliminaries

The proof requires weak transversality in Raty. Recall that IT : Raty — M, is the
quotient map. For f € Raty we denote by Aut(f) the stabilizer of f under the action
of Aut(P!), i.e.,, Aut(f) = {¢p € PSLy(C) | ¢~ 1o fogp = f}.

LEMMA 4.2. — Let1 < k < 2d—2and fo € My. Let B(0, ) be a ball centered at fo small
enough so that (fx)xep(o,r) is with 2d — 2 marked critical points. Let also x be the activity map
of (fA)aer(0,r) at X = 0. Then codim x~'{0} = k.

Proof. — One can prove that for every f € Rat, there exists a local (2d — 2)-dimensional
submanifold V; of Raty containing f which is transversal to the orbit (f) C Ratq of f
under the action of Aut(PP!) (see for example [3] page 226). The stabilizer Aut(f) of f is a
finite group and V; is invariant by the action of Aut(f). Moreover, II(V}) is an open subset
of M4 and II induces a biholomorphism V;/Aut(f) — II(V}).

Thus for every g € Vy, the set I (II(g)) contains at most card (Aut(f)) < +oc elements.
We conclude by applying Theorem 1.2 in B(0,7) N V5. O

To control how the Hausdorff dimension of a compact set is affected by holomorphic
motion, we shall use the following precise Holder-regularity statement. A proof is provided
in [16] Lemma 1.1.

LEMMA 4.3. — Let E be a compact subset of P! and h : B(0,r) x E — P! be a
holomorphic motion. Then there exist 0 < r1 < r andn > 0 such that:

All — Al

r1+l 1
(4.6) 2 — Z[AERT < (A, 2) = h(A, )| < C()|2 — 2|t

L
C(r')
Jor0<r' <ry,allzg € E, all z,2" € D(z9,m) N E and all X € B(0,r").

It will be crucial to observe that, after a small perturbation, all active critical points of a
Misiurewicz map may be assumed to be captured by some hyperbolic set of “big” Hausdorff
dimension.
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LEMMA 4.4, — Let 0 < e < 1land f € M. Let Vo C Raty be a neighborhood of f and
F,cJd 7 be a compact homogeneous f-hyperbolic set such that dim w(Fo) > dimpyp(f) — &
Then we may find fi € My, arbitrary close to f and a compact fi-hyperbolic set Fy such that
Ne(f) ﬂjft) C F; for some N > 1 and dim g (Uy N Fy) > dimyyy (f) — 2¢ for all open set
U, intersecting Fy.

Proof. — We may assume that f = f, where (fi)xep(o,) 1s @ holomorphic family and
fr € Vp forall X € B(0,7). Let h : B(0,r) x Fy U P*o(f) — P! be the dynamical holo-
morphic motion and F := h (Fp). As it follows from Lemma 4.3 and from the homogeneity
of Fy, there exists 0 < r; < r such that:

r1 = |IAl

4.7 dimg (F\NUy) >
4.7 a (Fy ’\)_r1+||)\||

dimy (Fp)

for all A € B(0,71/2) and all open set Uy C P! intersecting Fl.

Suppose that 4 ,NC(fo) = {c1(0),...,cx(0)}.Let0 < 7 < 1/2. According to Lemma 3.8,
there exist Ao € B(0,7r1) and N > 1 satisfying f}\ (¢;(Ao)) € Fr, = ha,(Fo) for any
1 <j < k.By4.7wehavedimpy (Fy,NU,,) > }jr—:dimH (Fo) > ﬁ—:(dimhyp(f) —¢) and
we conclude by taking 7 small enough. O

Let us now describe briefly the mechanism of the proof of Theorem 1.3. Let Ef be a
compact homogeneous f-hyperbolic set with dimg (Ey) > dimpyp(f) —e. Using Lemma 4.4
we may find g € 9y, arbitrary close to f, and N > 1 such that g™ (C(g) N jg) C E,
and dimg (E, N D(g™ (cj(g)),n)) > dimpy,(f) — 2¢. Using holomorphic motions we will
build a transfer map which “copies” small pieces of E¥ x C24*1 =¥ into a small neighborhood
of g in M}, and enjoys good Holder regularity properties. Finally, we precisely estimate the
Hausdorff dimension of these copies to get a lower bound for the local Hausdorff dimension
of My, near f.

4.2. The transfer map

In this subsection, we define a transfer map and investigate its regularity properties in the
following setting: let g € 9 and Vj be a neighborhood of g in Raty. We may assume that
g = go where (ga)xer(o,r) is @ holomorphic family and gy € Vj for all A € B(0,r) with
dimc B(0,7) = 2d + 1. Assume that g{'(c;(0)) € Ep, where Ej is a go-hyperbolic compact
set, for j < k. Set 2 := (g{¥ (c1(0)), - .., 95 (ck(0))) and let h : B(0,7) x Eg — P* be the
dynamical holomorphic motion of Ey. By Bers-Royden’s Theorem (see [7] Theorem 3), the
motion h extends to a holomorphic motion h : B(0, p) x P! — P!, with p:=r/3. Denote
by D%(z) C (P')* the polydisc of radius » centered at zo. Let 7o > 0 and set:

X : B(0, p) x ]D)f,o(zo) — Ck
A\, 2) — (9(1()\, 2)y ey X (A, z)),

where X;(\, 2) :=g¥(c;(A)) — ha(z;). The map X defined above is well-defined in an
appropriate system of coordinate on D (o) and continuous. Moreover, X(}, -) is injective
onDf (o) forevery A € B(0, p) and X(-, z) is holomorphic on B(0, p) for every z € D (z).
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In what follows we will write A € CF x C2¢+1=F under the form A = )\ + )\ with
X € CFand )\’ € C?¥*1=F Similarly we write B/(0’,7) (resp. B”(0”,7")) the ball of C*
(resp. C23*1=F) of radius r’ (resp. r”’) centered at the origin.

PROPOSITION-DEFINITION 4.5. — Under the above assumptions, up to reducing p, there
existm; > 0,0 < 87 < 61 < p and a continuous map
T :Df (20) x B"(0",68) — B'(0',67)
such that X (T (z,\") + X', z) = 0 and satisfving the following properties: for any 0 < e < 1
there exist 0 < 6" < 8" < ep such that the following occurs:
1. there exists a constant C. > 0 such that:
14e
[T (21, ") = T (22, X")|| 2 Cellz1 — 22| 7=
for every X' € B"(0”,6") and every z, z, € D (z),
2. 9’(@’,;1 (20) N (Eo)* x {x'}) + N C M N B0, epy) for any N € B (0", 5").
The map & is called the transfer map associated to g.
Proof. — Let x be the activity map of (gx)aer(o,r) at A = 0 (see Section 3.1), then
X\ z0) = x(A). Therefore, by Lemma 4.2, the analytic set {X(),29) = 0} has pure

codimension k. Up to a linear change of coordinate and after reducing p we may assume
that C2¢+1 = Ck x C24+1-* and

{NeB (0,p)| X(N,2z)=0}={0}.
Let p be the multiplicity of 0’ as a zero of X(-, zp) in B'(0', p). Let 0 < 6} < r be such that
|X (N, 20)| # 0 on OB’ (0, 67). Then

0=1|X(N,z20) — XN, 20)| < |X(N, 20)]|
for any A\ € 0B’(0/,67) and, by continuity, there exist 0 < §7 < 6] and ; > 0 such that

[X(N 4+ X' 2) — X (N, 20)| — |X(N, 20)] <O
for any \’ € B”(0”,8Y), z € D,’jl (z0) and B'(0',0%7) x B”(0”,67) C B(0,p). A Rouché-
like Theorem then states that the map X(- + N\, z) admits exactly p zeros counted with
multiplicity in B’(0’,87) for every X’ € B”(0”,6{) and every z € DF (z0) (see [12],
Theorem 1, Section 10.3 page 110). To define & (2, A”) it thus suffices to pick one of the p
elements of {X(-+\", z) = 0}. Since the set {(\’, \", z) € B'(0',87) x B” (0", 67) x D (z0) |
X (N + N, z) = 0} is an analytic set, one can choose (A, 2) — T (z, \"’) continuous.
Let us establish (1). According to Lemma 4.3, up to reducing 7; and p, forany 0 < £ < 1,

there exist constants C., C/ > 0 such that for A € B(0,ep) and 21, z; € D (z) we have:

N PPy
Clllz1 — zo|| =BT < |X(X, 21) — X(A, z2)|| < Ccllzy — 2o #FIAT.

Moreover, as ||z1 — 22| < 1,
e 1-c
(4.8) Clllzr = 2ol =% < X (A, 21) = X (N, 22) || < Cellzr — zof 7+

Since ¥ is continuous in both variables and holomorphic in A on B(0, p), there exists C.>0
such that

4.9) [X(A1,2) — X(A2, 2)|| < Cel|A1 — Aa|
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for every Ay, Ay € B(0,ep) and every z € Df (o). Combining 4.8 and 4.9 we find:
1¥ (A1, 21) = X (A2, 22)|| > Lz = 22|75 = Cel|As = ol

for every A1, A2 € B(0,ep1) and every z1, 22 € ]D)’f]1 (20). As ¥ is continuous, up to reducing
n1, one can find 0 < §” < & < epy such that 7 (Df(z0) x B”(0”,6”)) C B'(0,8) C
B'(0',ep). Taking Ay = J(z1,A”) + X and Ao = T (22,\") + X yields the announced
estimate. The above construction and Lemma 3.3 directly give (2). O

4.3. Local Hausdorff dimension estimates

We are now ready to end the proof of Theorem 1.3. Let f € 21, and V;, be a neighborhood
of fin Raty. Let 0 < £ < 1 and Fy be a homogeneous compact f-hyperbolic set such that
dimp (Fp) > dimpyp(f) — €. Assume that f = fo where (f)xeg(o,r) is @ holomorphic family
and fy € V, for all A € B(0, R), with dim¢ B(0, R) = 2d + 1.

By Lemma 4.4, there exist Ay € B(0, R/2) and a compact f,-hyperbolic set F, such that
IN(C(fr) ﬂjho) C F), for some N > 1 and such that dimy (U; N Fy,) > dimpyp(f) — 2¢
for any neighborhood U; of f{¥ (¢; (o)) for 1 < j < k.

Let 0 < r < R/2 and set Ey:= F,, go:= fx, and gy := fa+x,- Let us now denote by &
the transfer map associated to g in the family (gx)xep(o,r)- Let p < 7, m1, 6" < 0" < epbe
given by Proposition 4.5. For X € B” (0", ") we set:

B =T (Dh(20) 1 (Bo)" x {X"}) + X"
From item (1) of Proposition 4.5 we get:

k
1—
z dlmH ((Eo)k N D:ﬁ;(zO)) Z 17+Z ZdlmH (EO N D(ZQ’Z',T])).
=1

1
dimy (Ex) > T

By the choice of Ej, we then get
1—
(4.10) dimp (Exv) > 17Jri/rg(c1i111}1yl,( f) —2).
Set &:={\ = XN+ X' € B'(0/,8") x B"(0",8") | N € &} C B(0,48") x B”(0”,8"). We
shall now use the following lemma (see [23] Lemma 5.1 page 15):

LEMMA 4.6. — Let Y be a metric space and X C Y x [0,1]%. Denote by X; the slice
X ={y €Y | (y,t) € X}. If X; # @ for almost every t € [0,1]*, then

dim g (X) >k +dimg (Xt),for almost every t.
Lemma 4.6 states that for almost every A" € B"”(0”,4")
4.11) dimg (&) > dimg (B”(0”,6")) + dimp (Ex).
Since dimy (B”(0”,6”)) = 2(2d+ 1 — k), 4.10 and 4.11 give:
dimy(8) >2(2d+1—k) + %k(dimhyp(f) — 2e).
As & C My NV (see item (2) of Proposition 4.5) we find:
dimg (M N Vo) >2(2d+1—k) + %k(dimhyp(f) — 2¢).

We conclude by letting € tend to 0.
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4.4. The Hausdorff dimension of 91,

Here we give the Hausdorff dimension of 9:

THEOREM 4.7. — Forany 1 < k < 2d — 2 the set My, has Hausdorff dimension 2(2d + 1)
and is homogeneous.

When k£ = 1, this has already been proved by Aspenberg and Graczyk in [2]. When
k < 2d — 2, the proof of this result is based on a finer perturbation lemma than Lemma 4.4
which can be established with parabolic implosion techniques:

LEMMA4.8. — Let 0 < € < land f € 9My. Let Vo C Raty be a neighborhood
of f. Then we may find f; arbitrary close to f and a compact fi-hyperbolic set E; such that
N C(f) NJ;,) C Ei for some N > 1 and dimpg (U; N Ey) > 2 — 2¢ for all open set U,
intersecting Ey.

Proof. — Take (fx)ep(o,r) @ holomorphic family of degree d rational maps parametrized
by a ball B(0,7) C C2¥*1, with f = fy and f\ € V for all A € B(0,r). Recall that we
denoted by x(A) = (x1(A), ..., xx())) the activity map of fj.

Lemma 3.7, combined with Lemma 4.2, asserts that the critical point ¢; is active at 0
in X :=x;'{0}N---Nx; {0} NB(0, ). Mafié-Sad-Sullivan’s Theorem gives \; € X, arbi-
trary close to 0, such that f, has a non-persistent parabolic cycle. Since every critical point
except ¢; 1s passive in X, its immediate parabolic basin contains exactly one critical point
which must be ¢; (A1). In these precise conditions, Shishikura proved, using fine parabolic
implosion techniques (see [29] Theorem 2 and [34] Theorem 1.1), that there exists Ay € X,
arbitrary close to A1, such that dimpy,(f3,) > 2 — € and fy, has a neutral cycle which is
non-persistent in X.

Letnow E C 4 », D€ a compact homogeneous fy,-hyperbolic set with dimp (E) > 2 — €
and h : B()\z, p) x E — P! be the dynamical holomorphic motion of E (p < r — || A2|). By
Lemma 4.3 we may find 0 < p’ < p such that

dimpy (ha(E)NU,) > dimpg(E) — €

for every A € B()\g,p’) and every open set U, intersecting hy(E). Since fy, has a non-
persistent neutral cycle, the parameter As is in the bifurcation locus of X N B(Az, p’) and
the critical point ¢; is active at A\o. By Montel’s Theorem there exist A3 € X N B(Aq, p'),
arbitrary close to A2, and N > 1 such that fi\; (c1(A3)) € hx,(F) and fy, is k-Misiurewicz.
To conclude we now proceed as in the proof of Lemma 4.4. O

Proof of Theorem 4.7. By Theorem 1.1 of [22], one has dimpy,(f) = dimp(J .4 ) for
any f € Ratg, where jrad’ 7 C g 7 1s the set of radial points of f (see [22] page 541 for the
definition). Moreover, Proposition 6.1 of [35] implies that / ; \ .7 4 ; is countable whenever
f 1s Misiurewicz.

Let now f € Ratg be k-Misiurewicz. If k = 2d — 2 then P= P! and, by Theorem 1.3, the
proof is over (see Proposition 2.9). Assume now that k¥ < 2d — 2. According to Lemma 4.8,
for any k-Misiurewicz map f € Raty and any neighborhood U C Raty of f and any € > 0,
there exists g € My, N U such that dimpyp(g9) = dimpg(J,) > 2 — €. Asg € U, combined
with Theorem 1.3, this gives the wanted estimate. O

rad
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5. Linearization along infinite repelling orbits
We aim here to prove the following linearization process along infinite repelling orbits:

PROPOSITION 5.1. — Let (fx)er(o,r) be a holomorphic family of degree d rational maps.
Let Ey C 4, be a compact fo-hyperbolic set and h : B(0,7) x Ey — P! be its dynamical
holomorphic motion. Let wy € Eq and, for A € B(0,r), w(\) :=hx(wo). Then there exist
constants p, C > 0 and for n > 1, continuous functions p, : B(0,7) — R and holomorphic
injections w((g : D(0, pr(A)) — D(0,2p,(N\)) and w(n) : D(0, p) — D(0, 2p) holomorphically
depending on \ € B(0,r) and satisfying:

= B w) = fR ) = {3 () (w0)w§R(:),

= pa(A) 1= BIURY (),

— i3 () — 2| < Oz
Jorall\ € B(0,r)and all z € D(0, p, (X)), z € D(0, p). Moreover, we may assume that Cp < 1.

The proof uses two ingredients. The first one is a linearization principle for chains of
contractions. The second one is a construction of “good” inverse branches along an orbit
in Ey to which apply this principle.

5.1. Linearization for chains of contractions

DEFINITION 5.2. — Let a < b < 0. A4 (a,b)-chain of holomorphic contractions is a
sequence of holomorphic maps

gj: ]D)(O7 77) - ]D)(O7 77)

Jfor which there exists a; < b; < 0 such that e®|z| < e%|z| < |g;(2)| < e¥z| < e
z € D(0,n). We say that the chain depends holomorphically on A € B(0,7) if g;(2) = gj,x(2)
is holomorphic on (X, z) € B(0,r) x D(0,n) for each j > 1.

The linearization principle for chains of contractions is a version of the classical Koenigs
Theorem in the non-autonomous setting. The idea of the proof is essentially the same as for
the classical Theorem of Koenigs. In a more general setting, Berteloot, Dupont and Molino
establish a similar result (see [8]).

THEOREM 5.3 (Linearization). — Leta < b < 0andn < 1. Let (g; »);>1 be a (a,b)-chain
of holomorphic contractions on D(0,n) which holomorphically depend on A € B(0,r). Denote
by 1 x the linear part of g; x at 0 and assume that 2b; — a; < —6 for all j > 1 and some
d > 0. Then there exist a constant 0 < p < 1/2 and a sequence ; » : D(0, p) — D(0, 2p)
of holomorphic injections holomorphically depending on A € B(0,r) such that the following
diagram commutes:

g2, gj—1,) gji+1,x
Ly )

D(0, p) —=D(0, p) D(0, p) —=D(0, p

1/901,A ltpz,x J/%’j,% J/%‘ﬁ-l,k
l .

1A Iy i1 l liy1
D(0,2p) —= (0, 2p) —=— - -+ ——=D(0,2p) —= D(0, 2p) =

Moreover, there exists Cy > 0 such that
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2
lpja(z) — 2] < Eeb_a00|z|2, Vi>1,VAeB(0,r),VzeD(0,p).

Proof. — For any z € D(0,n) and A € B(0,r) we have

> gj("A) (0) n

n>2

(n)

<pepp 3 DA o2

n>2

1952 (2) = lia(2)] =

. . 90O | nea b L2 2 121\
By Cauchy’s inequalities we get ) —22r— |z| <e Z e M (&) and
n>2 : T pso N
thus
(5.12) lgix(2) — i x(2)] <2—|z|2 for z € D(0, ) A€ B(0,r)and j > 1.
Forj >1,n>1, X € B(0,r) and z € D(0, n), we set:

Pina(2) =100l 0giia a0 0gia(2)

and @, 0, = id. By induction on n > 0, we will establish the assertion

(@,) : Vi >1, Vz € D(0, b—a=nd| .2,

2
3 lesneia(®) — pina(@)] < Ze

- —a 2 —a
By 5.12 we have (o) : [j,1,A(2) = #501(2)] < e7%gja(2) =i (2)| < Eeb |2,

Suppose now that (&,,) is true. Since |g; x(2)| < €% |z| < n/2 when z € D(0,7/2) we get
2 —a—"n 2 a—n
|Pj4+1m11,2(95(2)) = j11n,2(9;(2))] < Heb *lgin(2)]” < ¢ ePm AT o2,

which, post-composing by l;}\, yields (G, 41).
As § > 0, the sequence (¢;jn x)n>1 uniformly converges to a holomorphic function
@ix = 1d+ 32, 50 (@jnt1,2—¢5n,0) onD(0, 3) xB(0, r). Moreover, setting Co i=(1—e %71

B e Y n
and p:= % min (2, 2eb,aco), one has

1
(5.13) lpia(z) — 2 < geb_aCO|z|2 < §|z| for z € (0, 2p) and X\ € B(0, r).
n

Making n — 00 in ©;11,n,2 © gjx = jix 0 Qjnt1a We gt @130 =150 goj A
Letus set ;1 (2) := ¢;,A(2) — 2. The first inequality in 5.13 gives |4 , (2)] < LonD(0,p).
This implies that ¢, 5 is injective on D(0, p). O

5.2. Families of inverse branches

Let us return to the case where (fx)xep(o,r) is @ holomorphic family and Ey C 4 is
a compact fo-hyperbolic subset of P!. Let h be the dynamical holomorphic motion of Ej.
Using the compactness of Ey, we will construct inverse branches of fy, at any depth, along
the orbit of Ay (wo).

LEMMA 5.4. — The assumptions and notations are those of Proposition 5.1. Let n > 1,
wo € Eqy and w(\):=hy(wo). There exist constants B > K > 1, n > 0, independent
of wo and n, and a sequence ( I, ;)121 of inverse branches of f» holomorphically depending
on X\ € B(0,r) such that
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L. f/\ is defined on D(z;(\),n) for every j > 1 and A € B(0,r), where

2i(A)i=frj 0o fi(fR(w(N)),

2. z;(A) = f (w(N) forevery1 <i<n+1,
3. forany j > 1, X € B(0,7) and z € D(2;(\),n) one has

(5.14) Sl = 5O < 12 () - a0 < gle = 2]

Proof. — Let K > 1 be the hyperbolicity constant of Fy and A5 be a d-neighbor-
hood of Ey in P!. Up to reducing r, § and K we may assume that |f}(z)| > K for all
(A, z) € B(0,r) x N's. Set B:=maxcp(o,r),zcns |f1(2)|. Let us reformulate Lemma 2.4.
There exists a > 0 such that f}%l,l(w())’)\ is defined on B(0,7) x D(f§(wo),«) for any ¢ > 1
and satisfies

- I w(N) = fq 1(w )/\ofA( w(A)) for every A € B(0, 7).

-1 L, —
fq g )/\(z) fg‘l(wo),,\(w” < #lz — w| for A € B(0,7) and
z,w € D(fd(wo), a).
Fix e > 0 such that 5 Kf
that | f5" " (wo) — £ (w0)| <
We thus will assume that | f( wo
|V (w(A)) —w(A)| < e forevery A € B(0, 7).
Set z;(\):= fr " (w(N)) and f5}(2):= ff_nl_i( )A(z) forl < i < m, zp11(A) :i=w(A).
’ 0 wo ),
Denote e :=¢(1 + %= + -+ + 7k ) then e, < & by our choice of €.
Set n:=a/4. Observe that the map f;fll is defined on D(fy(w(A)),n) and takes values

Iz—wl < Uf

< . By compactness of Ey we may find ng > 0 and m > 1 such
5. Itis clearly sufficient to make the construction for f§' (wo).
) -

wo| < § and, after shrinking r, that:

in D(w(A),n/K) C D(f*(w(N),a/2). Since z,+1(A) = w(A) we obviously have
|Znt1(A) — fP(w(N)] < €0 = €. According to the above reformulation of Lemma 2.4,
we may take f, ! 1= ff_,,}_l (wo)r O D(zn+1(A), n). By induction one easily sees that the

inverse branches fy jl exist, that the points z;(\) are well-defined for j > n + 1 and satisty

20 = B (w)| < 75

when j is of the form j = n+km+r+1 where 0 < r < m—1and k > 0. We may moreover
observe that there exists 1 < r(j) < m such that z;(A) € D(f; (w())),n) forall j > 1. O

5.3. Linearization along repelling orbits

We are ready for proving Proposition 5.1:

Proof of Proposition 5.1. Recall that wg € Ey is fixed and that w(X) = hy(wo). Let K,
B, f/\_J1 and z;(\) be given by Lemma 5.4. In particular z;(X) = f{(w()A)). Forj > 1,
A € B(0,7) and z € D(0,n) we set:

9ia(2) = frj(z + 2 (V) = zj41(N),
Lin(2) = (fx)) (zi(N).2.

Up to a translation g; » is an inverse branch of f). Let us stress that one must consider the
full sequence (g, »);>1 for applying Theorem 5.3. We then set
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a; =log |i1\1<fn 195 A(2)], a:=inf;>1a;, bj:=log sup |g},(z)| and b:=sup;>, b;.
N |z]<n -
IAli<r Ixli<r

According to Lemma 5.4, for every A € B(0,r), j > 1 and z € D(0,7) we have:
1 1
(5.15) plol S etlel < ezl < lgja(2)] < €zl < €fz] < 2zl

Shrinking 7, we may assume that ¢ =% < e%2 for any j > 1 and taking the sup;, that
sup;s; €279 < eb/2.

We will denote by f, " the inverse branch of f{ satisfying f; " (fY(w(}))) = w(})
obtained by composing the branches given by Lemma 5.4. We now apply Theorem 5.3 to the
sequence (g;,);>1. This yields a chain linearization which we cut at j = n. We find in this
way holomorphic injections ﬂ"; and w((:; defined on (0, p) and taking values in ID(0, 2p)
holomorphically depending on A € B(0,r) and such that

(516) PR (A + £ ) = w)) = () () )
for every A € B(0,7) and z € (0, p). Moreover, there exists C' > 0 such that
19§ (2) — 2| < Cz|* and [ () — 2| < COl2|?

for any A € B(0,7) and z € D(0, p). Up to reducing p we may assume that Cp < 1 and

YLA) = ( Y&))_l is defined and injective on D(0, p). Changing C' and reducing p again, we

also have |1p§f/\)(z) — z| < C|z|2. Moreover, for z € D(0, p,,(A)), we have |1/)(()7f/\)(z)| < 2p,(N)
and |(f})’ (w(/\))q/z(()f&) ()] < p. To end the proof of the proposition, it remains to invert 5.16.

6. A criterion for self-intersections of the bifurcation current

We wish here to establish a criterion for a rational map to belong to the support of T]fif.
When fy has ¢ critical points eventually falling in a compact fy-hyperbolic set, we show
that fo € supp(T;) as soon as the fibers of the activity map defined in Section 3 have
codimension ¢. This leads to a sufficient condition for a g-Misiurewicz rational map to lie
in the support of T}%., which is precisely the statement of Theorem 1.2.

6.1. No self-intersections for the bifurcation current of a critical point

The aim of this subsection is to prove that in any holomorphic family of rational maps,
the bifurcation current of a critical point never has self-intersections. This has already been
proved by Dujardin and Favre for polynomial families (see [18] Proposition 6.9). As a con-
sequence, we see that for a parameter to lie in the support of the k-th self-intersection Ti%;,
at least ¢ distinct critical points need to be active at this parameter.

THEOREM 6.1. — Let (fx)xex be aholomorphic family of degree d rational maps with 2d—2
marked critical points. Assume that there exists a holomorphic family (Fx)xex of polynomial
lifts of the family (fa)xex and that the 2d — 2 marked critical points admit holomorphic lifts

& : X — C2\ {0} for which detD, Fx = 152, &(\) A z. Then

dd°G (&(N)) A dd°G(&:(N)) = 0.
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In particular, for any 1 < ¢ < max(dimc¢ X, 2d — 2), we get

Tie= > N\ ddGa(@, (V).

i fia A iy j=1

Proof. — The idea of the proof is the same as the one used by Bassanelli and Berteloot to
prove Fact page 224 of [3]. If ¢; is passive on X or if dim X < 1, there is nothing to do. We
thus assume that dim X = m > 2 and dd°G»(&;()\)) # 0 on X. Set g(A) :=Gx(¢;(N)) and
consider Ay € supp(dd©g). As the desired property is local, we may assume that X = C™.
Let B(Ao,7) be a ball of C™ centered at Ag.

Let V be a 2-dimensional affine subspace of B(\g, ) and let uy :=(dd*(g|v))?. By aslicing
argument, yy is the slice of (dd®g)? by V. To prove that (dd®g)? = 0 on B(\o, r), it suffices
to show that uy vanishes on %IB% for any ball B € V, for any 2-dimensional affine subspace
V of B(Ao, 7).

Let h be the solution to the Dirichlet-Monge-Ampere problem on B with data g|y on the
boundary. The function A is continuous on B, coincides with g|y on B and is maximal p.s.h
on B (see [6]). By maximality of k one has g|y < h on B. For & > 0, we set

Jo=1he 3B 10 <hO) —glv () <e).

By a Theorem of Briend-Duval (see [31] Theorem A.10.2), there exists a constant C' only
depending on gy and B such that py (J,) < Ce. To show that py vanishes on 3B, it thus
suffices to prove that supp(uy) N 3B C . for any e > 0.

Set now Per(n) :={\ € B(Xo,7) | f¥(c;(A)) = ¢;(A)} for n > 1. As the activity locus
of ¢; intersects B(Ao, r), the analytic sets Per(n) are curves of B(Ag, r) and in Per(n) one has
d(Per(n) N B) = Per(n) N IB.

Since for any n > 1 the function g|y is harmonic on the curve Per(n) N B, the function
h — g|v is subharmonic on Per(n) N B. As h — g|y vanishes at every point of Per(n) N 0B,
the maximum principle yields o < g|y on Per(n) N B and the maximality of h on B gives
h — gly = 0on Per(n) NB.

By Montel’s Theorem, we have supp(dd®(g|v)) C U,~; Per(n). The function h — g|v
being continuous, this implies & — g|yy = 0 on supp(ddc(g_| v)) N %B. Finally, by definition
of py, we get supp(py) C supp(dd©(glv)), which means that h—g|y = 0 on supp(uy )N 1B.
Thus we have shown that supp(uy) N 2B C J, for any e > 0. O

6.2. Statement and preliminaries

Here we establish our criterion. We will use the notations introduced at the beginning
of the subsection 3.1. Let (fx)xer(o,r) be a holomorphic family of degree d rational maps
with 2d — 2 marked critical points parametrized by a ball of C™. For A € B(0, r) we denote
by F a non-degenerate homogeneous polynomial lift of f to C2. Up to reducing r, we may
assume that the marked critical points ¢;(\) admit holomorphic lifts &;(\) to C2 and that F)
holomorphically depends on A. Our precise result may be stated as follows:
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THEOREM 6.2. — Let (fx)xep(o,r) be a holomorphic family of degree d rational maps with
2d — 2 marked critical points parametrized by a ball of C™. Assume that there is kg > 1
and 1 < q < m such that { f§(c;(0))/n > ko and 1 < j < q} is a compact fo-hyperbolic set.
Let x be the activity map of (fx)aem(o,r) at A = 0. If x~1{0} has pure codimension q, then
fo € SUpP(Ad=GA(E1 (X)) A - -+ A dd°Ga (7 ().

Our method for proving Theorem 6.2 is directly inspired by the work of Buff and Epstein
[11]. We give here a more general criterion. Let us remark that if fj is geometrically finite and
x 1s invertible, the proof of Theorem 6.2 is exactly the same as the one of Buff and Epstein.
Lemma 3.8 guarantees that any g-Misiurewicz map can be approximated by geometrically
finite g-Misiurewicz maps and therefore, it suffices to prove Theorem 6.2 in the geometrically
finite case. Making the proof for any g-Misiurewicz map allows us to establish estimates for
the pointwise dimension of the bifurcation measure at Misiurewicz maps (see Section 7.2).

Proof of Theorem 1.3. Let f be a k-Misiurewicz map which is not a flexible Lattés map.
Up to taking a finite branch cover of Rat,, we can assume that the family has 2d — 2 marked

critical points in a neighborhood of f. Assume that ¢y,...,¢c; € jf. Since ¢x41, .-+, Cod—2
are passive at f, Theorem 6.1 implies that f ¢ supp(T,fiJ{l) and gives
k
Te = k! \ dd°GA(&:(N))
i=1
in a neighborhood of f. By Theorem 6.2 and Lemma 4.2, we have f € supp(Tlfif). ]

After replacing C™ by a transversal subspace C? to x ~1{0}, the situation may be reduced
to the case where m = q and x~*{0} is discrete:

LEMMA 6.3. — Let 1 < g < m and let uy, ..., uq be continuous psh functions on a ball
B(0,r) C C™. If0 € supp(dd®(u1|ca) A+ - -Add®(uglca)), then 0 € supp(dd®ui A- - -Add®uy).

Proof. — By definition of the slice (ddcul AEREW ddcuq) lcanB(o,r)» We have
(ddcul VANKIERIAN ddcuq) |Cqu(07r) = dd“’(uﬂcmmo,r)) VANKIERIAN ddc(uq|cqm]3(07r)).

Moreover, if 0 € supp(dd®(u1|canp(o,r)) A - - Add®(uglcanp(o,r))), then the positive measure
dd®(ui|canpo,r)) A -+ A dd°(ug|canp(o,r)) 1s @ nonzero on any neighborhood V' of 0 in
C? N B(0,r). By continuity of uy,...ug, the psh functions u;(- + a)|cans(,) converge
uniformly locally to the psh function w;|csng(o,r)- Therefore, the measures

ta i=dd"(ui(- + a)|canpo,r) A -+ A dd®(uq(- + a)lcanpo,rm)

converge to pg = dd®(u1|canp(o,r) A -+ A dd(uglcanpo,r)) When a — 0. In particular, y,
is also non-zeroon {A € V | A+ a € B(0,r)} for any a € C™~ 2 N B(0,r) close enough
to 0. Finally, if dd“u; A - - - Add®u, were zero in a neighborhood of 0, then almost all its slices
would be zero. O
Note then B, for B(0, r) and x for the activity map:
x:B, — C1
A— (x1(A), ..., xg(N)).
After reducing 7 we may assume that x~1{0} = {0}.
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DEFINITION 6.4. — For € > 0 denote by D?:=D(0,¢€) x --- x D(0,€) a polydisc of C?
centered at 0. Recall that my, ;(0) = (f&)'(v0.:(0)) = (f&) (fE(c;(0))) and |my11.4(0)] >
K|m,, ;(0)| where K > 1. We define a sequence of dilations D,, by: Dy :=idce and

D, :C? — (1

(Z1,...,2q) > (Mp1(0).21,. .., My 4(0).24).

For every n > 0 we set E,,:= D, *(D?) and denote by €, the connected component
of x~1(E,) containing 0. The following properties are either obvious or classical. The third
assertion is a Lojaciewicz type inequality:

PROPOSITION 6.5. — Up to reducing r and €.

1. Qpy1 CQy forn > 0 and (Q,)n>0 is a neighborhood basis of 0 in B,..
2. x : Q, — E, is a finite ramified cover of constant degree p for any n > 0.
3. There exists C; > 0 such that | \|| < Cy1||x(N)||*? for X € Q.

4. There exist Cy > 0 and K > 1 such that Q,, C B(0, C’g(ﬁ)l/p)for anyn > 1.

The following lemma refines a lemma of Aspenberg (see [1] Lemma 3.2):

LemMA 6.6 (Distortion). — Let (fx)xep(o,r) be a holomorphic family of degree d rational
maps. Let Ey C 4, beacompact fo-hyperbolic set and h : B(0,7) x Eg — P! be its dynamical
holomorphic motion. Then there exists a constant C > 0 such that for alln > 1 and all wy € Ey

W — 1] < eI 1 for all A € B(0, r).

Proof. — Up to reducing r, one may assume that » < 1. As h is uniformly continuous
onB(0,r) x Ep and |f}(z)| > K > 1for any z € Ey, the family {f} o hx(2)/f5(2) — 1}.eE,
is equicontinuous on B(0, ). Since f} o hx(z)/f)(z) — 1 vanishes at 0 for any z € Ej, the
Cauchy inequalities yield the existence of C’ > 0 independent of z such that

froha(2)
fo(2)

Letn > 1 and wy € Ep. Set w;(A) := f] (ha(wo)) = ha(f3 (wp)), 0 < j <n — 1. Then

() woN) ¢ _ T A L (fk) -
1 JHO 1 H(J‘é 0 1+1) 1

(f§) (wo) 0(w;(0)) iz \Jo(w;

(0)
and Lemma 15.3 of [28] gives:

) | ¢ o (Z

4

(6.17) - 1‘ < C’7||)\|| for any A € B(0,r).

(f6")'(wo)

o)
Filw; 0) 1‘) :

=0

The conclusion then follows from setting C := C”/r in estimate 6.17. O
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The linearization process (see Proposition 5.1) states that there exist continuous functions
pni @ B, — R and local biholomorphisms 1/1(()"/\’1), Y&’l) holomorphically depending

on A € B,, respectively defined on D(0, p,, ;(A)), D(0, p) and such that
(6.18)f (2 + v, (N) = ﬁ&i) (mm(A) (()’l\’i) (z)) + vn,i(A) for every z € D(0, pp, 4 (N)).

Here we have used the notations introduced at the beginning of Subsection 3.1. Let us
recall that p,, ;(A) = §|mm~()\)|_1. The following lemma clarifies how we are going to use
6.18 and the Distortion Lemma to renormalize the unstable critical orbits (see Subsec-
tion 5.3):

LEmMMA 6.7. — 1. Thereexistsng > 1such that the following holdfor1 <1i < ¢q,n > ng
and \ € Q,:
@ pni(N) Z sy
(®) |ma NS (V)| < p and
© L) = 6ns) = 6057 (ma A5 (60)) + s (V)
2. Modulo extraction, the sequence (vy, ;(0))n>0 converges to z; € J forall 1 < i < g.
Moreover, there exist sections o; : D(2;, o) — C2\ {0} of , such that the maps

€ni(N) =030 Eni(N)
are well-defined on Q,, for every n > ng and such that o;(D(z;,a)) € C? \ {0}.

Proof. — Up to reducing p we may assume that for any z € P! there exists a section
o, : D(2,2p) — C2\ {0} of mr. By the Distortion Lemma 6.6 and item 4 of Proposition 6.5
there exist C > 0, K > 1 and p > 1 such that

mn’i()\) -1< m"’i()\) -1 eXp( nc > -1
mn,Z(O) - mnﬂ(O) Kn/p ’

for every A € Q,,. Thus p,, ;(A\) = 2|mfi(/\)| > 3|m
A € Q,,. Up to reducing e we have e < p/3 and (a) follows.

Now if A € Q,, we have |x;(\)] < s < P, +(A\) and Proposition 5.1 gives a constant
C > 0such that Cp,, ;(A) < Cp < 1and

065" (6 () = W] < Cha (V2.
Then |1[)(” ¥ (Xi(N)] < 2pn,i(A) = p|mn,;(A)|~* and (b) is proved. Since

TR (es(N) = fR(€0.i(N) = FROG(N) + vo,i(N)),

the assertion 6.18 becomes
£niN) = 2750 (0) = 65 (m )05 (6() ) + V),

which is (c¢). Since (2,,),>0 is a neighborhood basis of 0 and since {v,;(0) | n > 0} is
relatively compact in P!, item (2) is now clear. O

] for any n large enough and every

The map x : Qy — D? being a finite branched cover, there exists a pure codimension 1
analytic subset R of DY such that x : Qg \ x '(®) — D? \ X is a finite cover. Set
A, =D, (E, N R) for n > 1. We have the following:
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LEMMA 6.8. — After taking a subsequence, the sequence (Ay)n>1 of pure codimension 1
analytic sets converges to a pure codimension 1 analytic set Ao

Proof. — Write ® = {A € D? | F(X\) = 0} and choose a(y) a g-tuple such that the
coefficient of A*® in the power expansion of F' is non-zero. Then, we may write
F(A) = Qo A" + 4 ag A+ > agh®
Qj>01),;
For a g-tuple o, denote by m% :=my, 1(0)** ... m, ¢(0)*. Let 1 < s < N be such that
|mn® inf |m,?|. We then clearly have A, = {\ € D? | mp® .FoD;'(\) = 0}

1<j<N
for n > 1. The series expansion of m,*’ F o D;;' may be written

Q(s) o)
mn " F oDy, E:aam am)‘ 7+ Z

>0,

O‘()

By the choice of s, the first sum defines a bounded sequence of polynomial functions
and locally uniformly converges (up to extraction) to a polynomial F, on D?. Again
by the choice of s, the second sum clearly uniformly converges to 0 on DZ. Thus the
sequence (A,)n>1 converges (up to extraction) to a pure codimension 1 analytic subset
A = {1 €D?| Fu (A) = 0} of DY. O

We now set

=J An=Ax U | 4, and D?:=D? \ X
n>0 n>0
By a covering theorem of Besicovitch (see [20] page 30), there exist an integer P(q) > 1 only
depending on ¢ and a countable family (B;);>; of closed balls such that 2B; C ID)‘EI and:

+o00
(6.19) 1y < ) 1p, < P(g).1p.

i=1
By the Lebesgue convergence Theorem, this gives

/Zlmu Zu

D¢ =1
for any finite Radon measure . on D?. We may now start to prove Theorem 6.2.

6.3. First step: local bounds for 77,
Recall that by Proposition 6.5, the map

Q — 22X g
is a finite branched cover of degree p on 2,,.
LEMMA 6.9. — 1. Letusset p'? :=dd°G(&1(\))[p, A+ - - Add°G(E,(N))|z,.. Then for
anyn > 0,
1 =2 =
=20 D (Dn o)t @D (Bi) < p () <D (D 0 X)) (B).
i=1 i=1
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2. There exists ng > 1 such that for any n > ng, there exist p inverse branches
SpgsesSnpj ¢ Bj — Qy of Dy o x so that the union \J, <<, Sn,1,;(B;) is a
disjoint union and.

P q
(D 0 x)upl? (By) = d=9n ko) 3 /B N dd°Gs,, , ;o) (€n.i(Sni(2))).
=1 j

J1=1

Proof. — (1) As G (&;(\)) is continuous for any 1 < i < g, the measure u(? does not
give mass to pluripolar sets. In particular, (@ (Q,) = u(9 (9, \ (D, o x)"*(X)). By 6.19,
we have

“+o0
1p 0 (Dpox) < Z 1p, o (Dyo0x) < P(q).lﬂ-)g o (Dy 0 Xx),

=1
which gives
+o0

10,\(Duox) 1 (X) < D 18, © (D ©X) < P(9)- 10,1\ (Dox) 1 (Xoo)-
=1

Evaluating the positive measure (9, we find

+o0o too
pO(Qn) = @@\ (D0 x) 7 (X)) < Zu(q)(lﬂxi °(Dnox)) = Z(Dn 0 X+ (By).

We prove the same way the other inequality.

(2) After item (2) of Lemma 6.7, the current dd°G) (&, :()\)) is well-defined on Q,, for
1 <i<gandn > ng. For A € Q,, we have 7 o F/(“rko(é,-()\)) = mo &, (A). Owing to
2.1 and 2.2 it yields

(6.20) d"kodd Gy (8;(N)) = dd°Gx (€,,i(N)).

From 6.20, we deduce that

D= [ A ddeCr (2000 = a1tk [ A ddeCn (. .
WO = [\ darer@Gw) = a et [ are @)

ni=1 ni=1
for every Borel set U,, C §2,, and every n > ng.
By assumption B; N Xo, = @. Since D,, o x is a degree p covering map on €, \ x 7' (4,),
there exist p inverse branches Sy, 1 j,...,Snp,; of D, o x defined on B; and taking values
in Q,,. It thus comes

1 oin £ . -
— R (D, 0 x). D (B;) = Z/ (Dnox)” \dd°Gs, ;@) (Eni(Sni())),
q 1=1 7 Sn,1,5(B;) i=1
p q 5
=30 [ NddGs, 1y EniSuns@).
1=1YBj =1
This is the announced estimate. O
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6.4. Second step: renormalization

Recall that DY = DY\ X .. Let B € D?\ X, be aclosed balland let S,, ; ..., S, , be the
inverse branches of D,, o x defined on B and taking values in ,,. The family (S, ;)n>0 s a
sequence of holomorphic maps defined on B.

LEMMA 6.10. — Let B be a closed ball contained in DY. Modulo extraction the following
sequences (1 <1< pand1 <1i < q) uniformly converge on B when n — +oo:

Sn,l I 05
fn,i © nl($) —— pi(»’vi),
Gs, \(2) <5nz o nl(l’)> ——= Gooo;(pi(z:)),

where p; : D(0,€) — P! is holomorphic and satisfies p;(0) = 1 and p;(0) = z; € 4,.
Moreover, there exists a constant M > 0 such that:

HGS"'l (gn,l n l) HL“’(B) =M

foranyball]B%C]Dg, anyn >ng, any 1 <i<qgandany1l <1 < p.

Proof. — By construction S, ;(B) = ¢,,; 0 D, (B) C €,. Thus the sequence (S, ;)n>0
uniformly converges to 0 on B. Let us use Lemma 6.7. Item 1 (c) allows us to write

&n,i(Sna(z)) = i?éi)vl(x)(mn,i(sn,l(-’ﬂ)) (()nsl)l(x)( x1(0)>>+7/n,i(sn,l(l')).

As the sequence (v,,,;(0))n>0 converges up to extraction to z; € J, and as (Vy,;)n>0 Is
equicontinuous, we see that (v, ; 0 Sy, ;)n >0 uniformly converges to z; on B.
Let us now look at &, ; 0 .S, 1 — vy, © Sy ;. Set

Un,i (@) 1= gflo’i) (mm(o) (()dei)<mnii(0)))

forn > 0, z; € D(0,¢) and 1 < 4 < g. According to Proposition 5.1 there exists C; > 0 such
that

(6.21) 6557 (2) — 2| < Cu|z]? for A € B, and z € D(0, pni(N),
(6.22) %" () — w| < Ci|w]? for A € B, and w € D(0, p).

We deduce from it that the family (uy, ;)n>0 is equicontinuous and locally uniformly con-
verges up to extraction to a holomorphic function ¢; on D(0, €) which verifies ¢;(0) = 1 and
q:(0) = 0. Set p; :=¢q; + ;.

Set now for every z € B

Uni() = ¢§fgi)yl(w) (mn,i(Sn,z(w))%?éi),L(z) (mxi(o))) ’

n,s

Vn1,i(T) ::mn,i(Sn,l(x)> étbs”i),l(w) (mf;(o)) and

L (n,7) ( T )
Un,i\Ti) ‘= Mp 4 0 .
( ) ( ) 0,0 mn,i(o)
To conclude it suffices to prove that (u,, ; ;(2) — up i (%;))n>0 uniformly converges to 0 on B.
As S, 1 (B) C Q,, the Distortion Lemma 6.6 and item 4. of Proposition 6.5 give C2 > 0,
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K > 1andp > 1 such that ‘%"(ég@) - 1‘ < exp(Ca4m7y) — 1. This together with 6.21

gives for z € Band n > ng

nCy nCy |$l|2

and the sequence (v, 1,;(z) — Vn,i(2))n>0 uniformly converges to 0 on B.
To conclude, we remark that

n15(2) = (@) = (¥ ) (01 (@) = 015 (0n(2)) )
+ (0057 @naa(@) = 65" (0ni(2))-

Since Sy, (B) C Q, item 1 (b) of Lemma 6.7 says that |v,, ; ;(z)| < p and |v, ;(z;)| < p for
any n > ng and = € B. It is now clear that (un 1,; — Un;)n>1 Uniformly converges to 0 on B.
Finally, if W € C?\ {0} is a neighborhood of Uy <<, i (D(0,&)) (seeitem 2 of Lemma 6.7),
then Qo x W € B,. x C2\ {0} and (S,,1(7),&ni © Sni(z)) € Qo x W for any z € B and any
n > ng and, by continuity of (A, 2) — G\ (z) on B, x C?\ {0}, we get M > 0 such that
G (2) | oo (o xw) < M. O

6.5. Third step: asymptotic reduction to a dynamical data

Using the p; which are given by Lemma 6.10, we define a Radon measure on C? by setting

q
:/ )\ dd°Go o ;s (ps(;)) for any Borel set B C C.
DINB

+oo
LemMA 6.11. — Let £:=  pu(B;). Then:
j=1

0 < u(D9) < £ < P(q).u(DY) < +oo.

Proof. — As the functions Gg o al( i (T ) are continuous, the measure p does not give
mass to pluripolar sets. In particular, (D) = p(D?). By 6.19, we thus find

—+o0

p(DE) = u(D?) <> u(B;) < P(q).u(Df) = P(q)-u(DY).
j=1

The function Gy o g; (pi(xi)) only depending on the i-th variable, the Fubini Theorem gives

won) = [ A d“ G o 0o (2) H / 4d°Go 0 05 (pi(2)-
D D(0,¢)

gz 1
Set now W;:=p;(D(0,¢)) for 1 < i < g. As p; is non-constant, the set W; is an open
neighborhood of p;(0) = z; € . Thus we have 0 < 5, (W;) < +o0 and

0 < pu(D?) = Hﬂfo ) < oo,

which gives the announced estimate. O

We are now in position to end the proof of Theorem 6.2:
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1 @(Q,
LEMMA 6.12. — 0 € supp(u(?). More precisely, lil}rl L() = —qlogd # 0.
n——+0o0 n

Proof. — By Chern-Levine-Nirenberg inequalities and Lemma 6.10, there exists a con-
stant M > 0 such that for any n > ng,any j > 1 andany 1 <[ < p,

q
/ N\ dd°Gs,., (2 (Eni © Sn1j(3)) < Leb(B;).M? < +oo.
IB.

J =1

Therefore, taking the sum over j and [ we find for any N > 1:

p q p
> 5 [ NG, o Sus@) < [ X Lebi®,) | e
1=1 j>N+17Bi j=1 I=1 j>N+1

forn > no. Since 3,5, 1n; < P(q).1pq, the series 3 -, Leb(B;) is convergent and for any
€ > 0, there exists Ny > 1 such that for any N > Ny we find:

p q
0<Y ¥ [ AdaGs, o Ese Suso) <=

=1 j>N+17Bj j=1

Similarly, we prove that there exists N7 > Ny such that for N > N; one has:

p N q
ng.K—ZZ/E /\ddCGo(oiopi(azi)) <e.

1=1 j=1"85 i=1

After Lemma 6.10, the sequence G, , ;(2) (€n.i © Snuj(x)) converges to Go(o; o pi(;))
uniformly on B;. We thus have shown that

p +oo q
lim > Z/ N\ dd°Gs,, , () (ni © S (@) = pl > 0.

n——+o0o B.
=1 j=1 =1

Combined with Lemma 6.9 and Lemma 6.11, this gives a sequence ¢,, — ¢, so that
P(g)~'p.d= v tRolg, < plD(Q,) < p.dmatnthog,

As £ > 0 and as (9,,) is a basis of neighborhood of 0, we have proved that 0 € supp(u(?).
Moreover, the previous estimates may be rewritten:

log(P(q)"pty, k log u(9(Q,) _ log(pln k
og(P(a)""p )—<1+—0)q10gd§ og () _ log(p )_(1+£)qlogd_
n n n n n
As /£, converges, one concludes letting n tend to co. O

7. Dimension estimates for the bifurcation measure

In this section, we want to summarize the dimension estimates for the bifurcation measure
which can be deduced from the previous sections.
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7.1. Hausdorff dimension of the support of 1,

Recall that a set E C R* is said homogeneous if for any open set U C R* such that
UNE # @, then dimy (F) = dimyg(E N U). Theorem 1.3 combined with fine parabolic
implosion techniques allows to establish the following result:

THEOREM 7.1. — In the family Raty, we have the following:

1. The set supp(TF;) \ supp(Ty:t) has maximal Hausdorff dimension 2(2d + 1),

2. the support of T3~ is homogeneous and dim g (supp(T242)) = 2(2d + 1).

Proof. — Item (1) is just the combination of Theorem 1.4 and Theorem 4.7. Moreover,
by the Main Theorem of [11], the set 9i54_o is dense in supp(Tgi”f*Q) and, using again
Theorem 1.4 and Theorem 4.7, we conclude. O

The Lyapounov function L : Raty — R induces a p.s.h and continuous function L
on M,. Recall that the space My has complex dimension 2d — 2. Bassanelli and Berteloot
define the bifurcation measure in My by setting pupie :=(dd®L)?¢2 (see [3] Section 6). As the
natural projection IT : Raty — M, is a principal fibration on the complement of an analytic
set (see [3] page 226), Theorem 7.1 immediatly yields

dimg (supp(ubir)) = 2(2d — 2)

and the homogeneity of the set supp(ubi¢). This is Theorem 1.1.

7.2. Pointwise dimension of the bifurcation measure at Misiurewicz maps

Recall that, when 4 is a Radon measure on R¥, the upper pointwise dimension of p at
x € RF is given by (see [20]):

S log u(B(x, r
dim,, (z) :=limsup M
r—0 logr
Owing to Theorem 1.3 and Lemma 6.12, we can easily give a lower bound for the upper
pointwise dimension of the bifurcation measure at Misiurewicz parameters:

THEOREM 7.2. — Let [f] € Mgy be the conjugacy class of a (2d — 2)-Misiurewicz rational
map f € Raty. Assume that [f] is not a singular point of M4. Then the upper pointwise
dimension of pie at [f] satisfies

S log d
ditmy [f] > (24— 2) - ——2— >0,

.. 1 +
lim inf -2&Mn
n——+oo n

where ko > 1 is the least integer such that P*o(f) is an f-hyperbolic set and

my = max [(f") (£ (c)))|-

1<i<2d—2
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Proof. — Let f be a (2d—2)-Misiurewicz map and let V; be the local (2d —2)-dimensional
submanifold of Rat4 containing f which is transversal to the orbit (f) C Raty of f under
the action of Aut(P') (see for example [3] page 226). Let B(f,r9) C V; be a ball centered
at f. Recall that, since P*o(f) is an f-hyperbolic set, there exist constants 0 < A < B < 1
such that A™ < |(f™)(f*0(c;))|7! < B™ foranyn > 0 and any 1 < i < 2d — 2 and that we
have defined a basis of neighborhood of f in V} by defining Q,, as the component of

XD, €/(F7) (£ (c1))) x -+ x D(0, €/ (f*) (£ (c2a-2)))
containing f, where x is the activity map defined in Section 3.1. After items 3 and 4 of
Proposition 6.5, there exists a constant C > 0 such that B(f,C/m}) C Q,. If we set
p:=(dd°L|y, )?*2, it thus comes

log p(B(f, C/my)) _ logpu(Qn) _ logp(Q) | -n

log(C/mi}) ~ log(C/my) -n log C — logm;;

By Theorem 6.1 and Lemma 6.12, taking the lim sup over n, we find:
1 B 1 B(f,C/mt
lim sup M > lim sup og p(B(f, C/my;)) > (2d —2) -logd -

EEEE—
r—0 logr n—-+00 log C/mz; lim inf 108 M
n—-+o0o

The natural projection II : V; — M4 being a finite branched cover, we get
dimy,, . [f] = lim sup log/ﬁi(f’m.

Since |(f™)'(f*(c;))| < A" with A < 1, we can conclude that dim,,, . [f] > 0. O

Recall that the family Raty of all degree d rational maps is a quasiprojective variety
of P24+1 which is connected (see [3] Section 1.1). We denote by w the Fubini-Study form
of P24+1 restricted to Raty.

REMARK 7.3. — The proof should be similar when the point (f] is singular. Let:

ok = IL (T A w?@727F) = (L Thie)* A (ITw)2427F

where I1 : Raty — My is the quotient map. As in the classical situation, we call this measure

the trace measure of (IL, Tyit)*. Theorem 7.2 may also generalize for k-Misiurewicz maps in
the following way:

— log d
dim, , [f]2k ——2" 0.
bif liminf logmy
n— 00

In the case of strictly postcritically finite rational maps, Theorem 7.2 can be precised:

COROLLARY 7.4. — Let [f] € My be the conjugacy class of a strictly postcritically finite
rational map f € Ratg which is not a flexible Lattés map and such that [f] is not a singular
point of Mq. Let o be the multipliers of the p;-repelling cycles capturing the critical point c;
and let p:= ged(p;). Then:
logd

dim,, ..[f] > (2d — 2) - .
lm.“blf[f]—( ) 10g1<12%§ 2|Qi|p/pi

In particular, if f is a rigid (i.e., non-flexible) Lattés map, then dim,, . (f) = 2(2d — 2).
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Proof. — Let f be a strictly postcritically finite degree d rational map which is not a flexible
Lattés map, then the same proof as for Theorem 7.2 gives the wanted estimate, since

(72 (S5 (e0)) = (Y (FRo ()™ = (ab/y.

If f is a Lattés map, the multiplier of any n-cycles has modulus (v/d)" (see [26] Corol-
lary 3.9) and the result follows. O

The proof of Theorem 1.5 is now obvious: there exists a projective variety V' C Ratg such
that M4 \IL(V') is a complex manifold. Taking 9t := II(M24_2\ V) gives directly Theorem 1.5.

8. In the family of degree d polynomials

Let Poly, be the family of all degree d complex polynomials. The group Aut(C) acts
by conjugacy on Poly, and we denote by %4:=Poly,/ Aut(C) the quotient space. For
c=(c1,-.-,c4_2) € C?2 and a € C we denote \:=(c,a) € C¢~! and we set

d—-1
1 _soq—ilc) s
pa(2)i= 2+ D (-1)° J—d;( )i 4 ad.
j=2

This parametrization was introduced by Branner and Hubbard in [10] to study the con-
nectedness locus @y of the family #;. This family has d — 1 marked critical points
co(A):=0,c1(A) :=c1,...,cq_2()\) :=cq_ and admits a natural compactification as P41,
The following proposition (see [10] Section 2 and Corollary 3.7 or [18] Proposition 5.1,
Proposition 6.2 and Proposition 6.14 or [5] Section 4.2) summarizes the interest of this
parametrization:

PROPOSITION 8.1. — 1. The natural projection I1 : C4~1 — P, is a degree d(d — 1)
analytic branched cover,

2. The loci Bi:={\ | (P3(ci(N))n>1 is bounded in C} accumulate at infinity of C4~*
in P41 on codimension 1 algebraic sets T; of the hyperplane Py, = P31\ C2~1 which
intersect two-by-two transversally. As a consequence, G4 is compact in C3~1,

3. The support of the bifurcation measure py;s := ngl is the Shilov boundary € 4.

In the family (px)aece-1, the main results stated throughout the paper hold. Let us
mention that for proving Lemma 4.8, we do not use the fact that we have a family of rational
maps. Therefore, Lemma 4.8 and Theorem 4.7 remain valid in this context. This again implies
that supp(T%;) \ supp(Z}:*) has maximal Hausdorff dimension 2(d — 1) and, for k = d — 1,
that the support of the measure ;¢ is homogeneous and has maximal Hausdorff dimension.

Owing to Proposition 8.1, this is exactly Theorem 1.6.

The following lemma allows us to generalize Theorem 1.3 for polynomials having critical
points preperiodic to repelling cycles: to have transversality at py,, you do not need any
assumptions on the critical points of p,, which are not preperiodic to repelling cycles. In
particular, the formalism of good families is not anymore relevant for geometrically finite
Misiurewicz polynomials:
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LEMMA 8.2. — Let Ao € C¥ Y and1 < k < d — 1. Assume that D, has k critical points
¢jr(Xo), - .-, ¢, (o) preperiodic to repelling cycles with p’;‘(’f"i (cj; (M) = p’i‘(’) (¢j;(Xo)). Set
Xi(A) :=p§°+”" (cj;(N) — p];" (¢j; (X)) and let x be the activity map of px,:

x:Cit — Ck
A= (xa(W), - xw(V)
Then codim x~1{0} = k.

Proof. — First remark that the activity map exhibited in the lemma coincides with the one
introduced in Section 3.1 in a neighborhood of A\y. Consider the algebraic set

Hy:={Xx € CI=1 | photmi(c;, (V) = pi(c;, (M)} = x; {0}

Since H; C B;,, it is a hypersurface which extends as a hypersurface of P4~1, still denoted
by H;. Proposition 8.1 implies that H; N---NHy NP, C I';, N---NT;, NP. Using again
Proposition 8.1, we get codim Hy N---NHy NP, > k+ 1. As P, is a hypersurface, we have
codim HyN---NHy > k. Since \yg € H; N---N Hyg, the set H; N ---N Hy is not empty and
thus codim Hy N ---N Hy < k. O

Due to the above lemma, applying Theorem 6.2 we find:

THEOREM 8.3. — Let Ao € C¥ Y and1 < k < d— 1. Assume that py, has k critical points
which are preperiodic to repelling cycles, then \g € supp(Ti%;).
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