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RATIONAL INVARIANT TORI, PHASE SPACE
TUNNELING, AND SPECTRA FOR
NON-SELFADJOINT OPERATORS IN DIMENSION 2*

BY MicHAEL HITRIK AND JoHANNES SJOSTRAND

ABSTRACT. — We study spectral asymptotics and resolvent bounds for non-selfadjoint perturba-
tions of selfadjoint h-pseudodifferential operators in dimension 2, assuming that the classical flow of
the unperturbed part is completely integrable. Spectral contributions coming from rational invariant
Lagrangian tori are analyzed. Estimating the tunnel effect between strongly irrational (Diophantine)
and rational tori, we obtain an accurate description of the spectrum in a suitable complex window, pro-
vided that the strength of the non-selfadjoint perturbation > h (or sometimes > h?) is not too large.

RESUME. — Nous étudions des asymptotiques spectrales et des estimations de la résolvante des per-
turbations non-autoadjointes d’opérateurs h-pseudodifférentiels autoadjoints en dimension 2, en sup-
posant que le flot classique de la partie non-perturbée soit complétement intégrable. Les contributions
spectrales parvenant des tores invariants lagrangiens rationnels sont analysées. En estimant 1’effet tun-
nel entre des tores diophantiens et rationnels, nous obtenons une description précise du spectre dans
une région convenable du plan complexe spectral, sous ’hypothése que la force de la perturbation non-
autoadjointe > h (ou parfois 3> h?) ne soit pas trop grande.

1. Introduction

In [24], A. Melin and the second author observed that for large and stable classes of non-
selfadjoint analytic (pseudo)differential operators in two dimensions, the individual eigen-
values can be determined up to arbitrarily high powers of the semiclassical parameter by a
complex Bohr-Sommerfeld quantization condition. This is quite analogous to known re-
sults in dimension one in the selfadjoint case [8], [3], [7], and remarkable in the sense that
corresponding results for selfadjoint operators in higher dimensions are known only in very
special situations. Applications to resonances were also given in [24].

*Research of the first author supported in part by the NSF.
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514 M. HITRIK AND J. STOSTRAND

A natural continuation of [24] was to study non-selfadjoint perturbations of selfadjoint
operators in the semiclassical limit, of the form

(1.1) P.(z,hD,) = P(z,hD,) + ieQ(z,hD,), 0 < h <« 1,
with principal symbol (classical Hamiltonian)

(1.2) pe(,§) = p(z,§) + ieq(z,§),

either on R? or on a compact analytic manifold of dimension 2. Here P is selfadjoint so p
is real, and we may assume to fix the ideas that ¢ is real. Both p and ¢ are assumed to be
analytic, at least in the cases when € > h.

In [14]{16] we studied the case when the classical flow of p is periodic and showed that
the spectrum has a lattice structure as in [24], with an eigenvalue separation of the order of h
in the real (“horizontal”) direction and of the order of A in the imaginary (“vertical”) direc-
tion. (In[16] we got richer phenomena near branching point levels.) The methods in [14]-{16]
were based on a reduction to a one-dimensional operator. Again it should be noticed that
the results obtained are more precise than what is currently known in the case of selfadjoint
perturbations. Applications to resonances and the damped wave equation were given. See
also [11].

As in classical works of A. Weinstein [35] and Y. Colin de Verdiere [34], the trajectory
averages of ¢ play an important role in the precise formulation of the results. Under much
more general assumptions they allow to estimate the width of the spectrum in the imaginary
directions (see also [19], [29]). It should also be recalled that the real parts of the eigenvalues
distribute according to the same Weyl law as for the unperturbed operator P (see Markus
and Matsaev [22], [21]).

The next step was taken by the authors together with S. Vit Ngoc in [17], where we studied
the case when p is classically completely integrable or close to being completely integrable.
In the integrable case, the energy surface p = E foliates into invariant Lagrangian tori and
possibly some more complicated sets. The classical flow on each invariant torus has a rota-
tion number which “most of the time” is Diophantine (i.e. poorly approximated by rational
numbers). On such a torus A (or more generally on an irrational one), the time averages

1 (T2
(¢)r = T/ g oexptH,dt
—T/2

of ¢ along the classical trajectories of p all converge to the space average (q)(A) of g over A,
when T" — oco. When A is a torus with a rational rotation number, or a more general “sin-
gular” invariant set in the foliation of the energy surface p~—!(Fj), then we need to consider
the whole interval Q.. (A) of limits of flow averages as above, and in the rational torus case
we have (¢)(A) € Qoo (A).

In the completely integrable case, the main result of [17] says very roughly that if Fy € R
is a value such that Fy = (g)(A;) for finitely many Diophantine tori Ay, ..., Ay, in p~!(Ep),
and Fy does not belong to Qo (A) for any other invariant set A in the energy surface, then
the spectrum can be completely determined in a rectangle [Ey — h® /C, Eg + h? /C] +ie[Fy —
h®/C, Fy + h®/C] modulo O(h>°), where § is a positive exponent that can be chosen arbi-
trarily small, and e may vary in any interval of the form h* < e <« 1. Again the eigenvalues

4¢ SERIE — TOME 41 — 2008 — N° 4



SPECTRA FOR NON-SELFADJOINT OPERATORS 515
(a)(A)

Qoo (A)

~

Fo

FIGURE 1. The figure represents the graph of the function A — (q)(A) as A varies
over the set of flow invariant Lagrangian tori in the energy surface p~'(Eo). The
vertical segments in the figure correspond to the intervals Qo (A) of limits of flow
averages (q)r, as T — oo, when A is a rational invariant torus.

form a (superposition of finitely many) distorted lattice(s), with horizontal spacing ~ h and
vertical spacing ~ eh. The proofs were based on the use of suitable exponentially weighted
spaces and Birkhoff normal forms near the Diophantine tori.

Notice that the intervals Q- (A) shrink very fast if A are rational tori converging to a
Diophantine torus Ay. For that reason, there may be plenty of levels Fj satisfying the as-
sumptions of the result above, and we may cover a substantial fraction of the energy band
[Eo — 1/C, Ey + 1/C] + iellim inf(q) 7, lim sup(g)r] with such rectangles.

Nevertheless, the intervals @, (A) for the rational tori form sets of positive measure of for-
bidden values for the main result of [17]. In the present paper we shall study what happens
when Fj belongs to finitely many such intervals. Our first attempt was to use secular per-
turbation theory to analyze the individual eigenvalues produced by rational tori. However
this leads to possibly quite serious pseudospectral phenomena for certain one-dimensional
operators, and it is doubtful whether such a program can succeed completely. Instead we
estimated the number of eigenvalues that can be created by such tori and showed that it is
much smaller than the number of eigenvalues created by the Diophantine ones.

Very roughly, the main result of the present paper is as follows: assume that Fj is equal
to (g)(A,,q) for finitely many Diophantine tori A; 4 (as in the main result of [17]), and that
Fy € Q(Ak,r) \ {¢)(Ag,) for finitely many rational tori Ay .. We further assume that Fj
belongs to no other set Qo (A), for A in the foliation of p~!(Ey), and we restrict ¢ to the
interval

(1.3) h<e<hste,
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516 M. HITRIK AND J. STOSTRAND

where § > 0 is any fixed parameter. Then the spectrum of P; in the rectangle
(1.4) R(e) = [Ey —€/C,Ey + ¢/C] + ic[Fy — €°, Fy + €°]
is of the form E4 U E,., where

e F;isthe union of finitely many distorted lattices as in the main result of [1 7] (see above)
e E, is a set of cardinality O(e3/2/h?).

Here we notice that Ej is of cardinality ~ ¢!*° /h?, so choosing § small enough we see that
most eigenvalues in the rectangle R(e) belong to E,; and can be asymptotically determined.

Using secular theory arguments (“partial Birkhoff normal forms”) we simplify the oper-
ator near each rational torus and conclude roughly that the eigenvalues in R(¢) produced
near the rational tori must come from a set in phase space of volume O(¢3/2). In the ab-
sence of Diophantine tori, this leads to the bound O(e%/2h~2) on the total number of eigen-
values in R(e). When Diophantine tori are present this has to be combined with the analysis
of [17], via an auxiliary so called Grushin problem. Near the Diophantine tori we have a
nice control on the solution operator, while near the rational tori, we only have the bound
O(exp (Ce®/2 /h?)). Luckily, by means of phase space exponential weights we are able to es-
timate the tunnel effect between the tori by O(exp (—1/(Ch))), and thanks to the condition
(1.3) the Grushin problem can be solved globally, leading to the result above.

In a parallel work [13], the first author and San Vii Ngoc are currently investigating the
case of larger real perturbations. Here the strategy is quite different and uses KAM theory to
show that the rational tori split into Diophantine ones under the effect of the perturbation.

Acknowledgment. This project began when the first author was visiting Ecole polytechnique
in September of 2005. It is a pleasure for him to thank its Centre de Mathématiques for a gen-
erous hospitality. We are grateful to San Vit Ngoc for many interesting discussions around
this work and for making a written contribution, which is planned to be used in a future work
of S. Vi Ngoc and the first author. Our thanks are also due to the referee for several sugges-
tions leading to the improvement of the presentation in the paper. The research of the first
author is supported in part by the National Science Foundation under grant DMS-0304970
and the Alfred P. Sloan Research Fellowship.

2. Statement of the main results

2.1. General assumptions

We shall start by describing the general assumptions on our operators, which will be the
same as in [17], as well as in the earlier papers mentioned above. Let M denote either the
space R? or a real analytic compact manifold of dimension 2. We shall let M stand for a
complexification of M, so that M = C2 in the Euclidean case, and in the compact case, we
let M be a Grauert tube of M — see [6] for the definition and further references.

When M = R?, let

2.1) P. = P¥(z,hD,,e;h), 0<h<1,
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SPECTRA FOR NON-SELFADJOINT OPERATORS 517

be the h-Weyl quantization on R? of a symbol P(z,&,¢; h) (i.e. the Weyl quantization of
P(z,h€,e;h)), depending smoothly on ¢ € neigh(0, R) and taking values in the space of
holomorphic functions of (z, ) in a tubular neighborhood of R* in C*, with

(2.2) |P(z,&,e5h)] < O(1)m(Re (z,£)),
there. Here m > 1 is an order function on R*, in the sense that
(2.3) m(X) < Co(X —Y)YVom(Y), X,Y cR*,

for some Cy, Ny > 0. We shall assume, as we may, that m belongs to its own symbol class, so
that m € C*°(R*) and 8%m = O, (m) for each o € N*. Then for h > 0 small enough and
when equipped with the domain H(m) := (m"(z, hD))_1 (L*(R?)), P. becomes a closed
densely defined operator on L?(IR?).

Assume furthermore that
(2.4) P(z,€,e;5h) ~ thjexg

in the space of holomorphic functions satlsfymg (2.2) in a fixed tubular neighborhood of R*.
We assume that pg . is elliptic near infinity,

(2.5) po.e(z,€)] >

for some C > 0.

When M is a compact manifold, for simplicity we shall take P to be a differential operator
on M, such that for every choice of local coordinates, centered at some point of M, it takes
the form

(2.6) P.= Y aq(z;h)(hDy)®,

lo]<m

ém(Re (z,8), |(=,8|>C,

where a,(z; h) is a smooth function of € € neigh(0, R) with values in the space of bounded
holomorphic functions in a complex neighborhood of = 0. We further assume that

2.7) o e (3 h) ~ Zaam i, h—0,

in the space of such functions. The semlclass1cal principal symbol pg ., defined on T*M,
takes the form

(28) pOE z § Zaaso 7

if (z, &) are canonical coordinates on T* M. We make the ellipticity assumption,

29 poc@6) 2 O, (5,6 €T'M, |l 2C,

for some large C' > 0. Here we assume that M has been equipped with some real analytic
Riemannian metric so that |¢] and (€) = (1 + |¢]*)1/2 are well-defined.
Sometimes, we write p,. for pg . and simply p for pg 9. We make the assumption that

P._o is formally selfadjoint.

In the case when M is compact, we let the underlying Hilbert space be L?(M, u(dz)) where
u(dx) is the Riemannian volume element.

ANNALES SCIENTIFIQUES DE L’ECOLE NORMALE SUPERIEURE



518 M. HITRIK AND J. STOSTRAND

The assumptions above imply that the spectrum of P in a fixed neighborhood of 0 € C
is discrete, when 0 < h < hg, 0 < & < g9, with hg > 0, g9 > 0 sufficiently small. Moreover,
if z € neigh(0, C) is an eigenvalue of P. then Im z = O(¢).

We furthermore assume that the real energy surface p~1(0) N T M is connected and that
dp#0 along p '(0)NT*M.
In what follows we shall write
(2.10) pe = p+ieg + O(?),

in a neighborhood of p~1(0) N T*M, and for simplicity we shall assume throughout this
paper that q is real valued on the real domain. (In the general case, we should simply replace
q below by Regq.)

Let H, = pé - Oy — pl, - O¢ be the Hamilton field of p. In [17], it was assumed that the
energy surface p~1(0) N T* M contains finitely many H,~invariant analytic Lagrangian tori
satisfying a Diophantine condition. Let us recall that according to a classical theorem of
Kolmogorov [1], the existence of such tori is assured when p is a small perturbation of a com-
pletely integrable symbol satisfying suitable non-degeneracy assumptions. Since our primary
purpose here is to examine the role of the rational tori, which are in general destroyed by
perturbing a completely integrable system, throughout this paper we shall work under the
assumption that the H,—flow itself is completely integrable. We proceed therefore to discuss
the precise assumptions on the geometry of the energy surface p~(0) N T* M in this case.

2.2. Assumptions related to the complete integrability

As in [17], let us assume that there exists an analytic real valued function f on T*M such
that H, f = 0, with the differentials df and dp being linearly independent almost everywhere.
For each E € neigh(0, R), the level sets A, g = f~(a)Np~ ' (E)NT*M are invariant under
the H,—flow and form a singular foliation of the 3-dimensional hypersurface p~ (E)NT* M.
At each regular point, the leaves of this foliation are 2-dimensional Lagrangian submani-
folds, and each regular leaf is a finite union of tori. In what follows we shall use the word
“leaf” and notation A for a connected component of some A, g. Let J be the set of all leaves
in p~1(0) N T* M. Then we have a disjoint union decomposition

(2.11) p O NT*M = [ A,
AeJd

where A are compact connected Hp—invariant sets. The set J has a natural structure of a
graph whose edges correspond to families of regular leaves and the set S of vertices is com-
posed of singular leaves. The union of edges J\S possesses a natural real analytic structure
and the corresponding tori depend analytically on A € J\S with respect to that structure.
See section 7 for an explicit description of the Lagrangian foliation in the case when M is an
analytic surface of revolution in R3.

As in [17], we shall require J to be a finite connected graph. We identify each edge of J
analytically with a real bounded interval and this determines a distance on J in the natural
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way. Assume the continuity property
(2.12) Forevery Ay € J and every € > 0, 36 > 0, such that
if A € J and dist 7(A, Ag) < 6, then A C {p € p~*(0); dist(p, Ag) < €}.

These assumptions are satisfied, for instance, when f is a Morse-Bott function restricted to
p~1(0) N T*M, as in this case the structure of the singular leaves is known [25].

Each torus A € J\S carries real analytic coordinates x;, xo identifying A with T? =
R? /2772, so that along A, we have

(2.13) Hy, = a10;, + a20,,,
where a1, as € R. The rotation number is defined as the ratio
w(A) = [ay : ag] € RP,
and it depends analytically on A € J\S. We assume that
w(A) is not identically constant on any open edge.

Recall that the leading perturbation ¢ has been introduced in (2.10). For each torus A € J\S,
we define the torus average (¢)(A) obtained by integrating g|x with respect to the natural
smooth measure on A, and assume that the analytic function J\S > A — (g)(A) is not
identically constant on any open edge.

We introduce

1 [T/2
(2.14) ()7 = = / goexp (tH,)dt, T >0,

T J 72
and consider the compact intervals Q. (A) C R, A € J, defined as in [17],
(2.15) Qu(A) = Lh_r)noo lﬁﬂq)T’Tngo 31/1\p<q>T .

Notice that when A € J\S and w(A) ¢ Q then Q. (A) = {{¢)(A)}. In the rational case, we
write w(A) = =, where m € Z and n € N are relatively prime, and where we may assume
thatm = O(n). When k(w(A)) := |m|+ |n| is the height of w(A), we recall from Proposition
7.1in[17] that

.16 Q) < 0)8) + O (e ) 11

Remark. As J\S 3 A — Ay € S, the set of all accumulation points of (g)(A) is contained in
the interval Qo (Ao). Indeed, when A € J\S and T > 0, there exists p = pr o € A such that
(q)(A) = (¢)7(p). Therefore, each accumulation point of {(g)(A) as A — Ay € S, belongs to
[infa, (g)T,supy,{(q)r]. The conclusion follows if we let 7' — oo.

Let Ay € J\S be a rational invariant Lagrangian torus, so that as above, wg := w(Ag) =
™ € Q, m = O(n). For future reference, we shall finish this subsection by considering the
behavior of the interval Q.. (A) when A # Ay is a rational torus in a neighborhood of Ay.
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520 M. HITRIK AND J. STOSTRAND

Writing w(A) = § where p € Z and ¢ € N are relatively prime, p = O(q), we get, using that
w(A) # wo,

1 1
(2.17) lw(A) — wo| > na > ma
and therefore, in view of (2.16),
(2.18) Quo(A) C {g)(A) + O(dist(w(A), w0)*)[~1, 1]

This estimate is uniform in wg provided that we have a uniform upper bound on the height
of the rotation number wg € Q.

2.3. Statement of the main results

From Theorem 7.6 in [17] we recall that
(2.19)

T (Spec(P.) 1 {z:[Re 2| < 8}) € inf [ Que(A) — 0(1),5up (J @ue(A) +0(1)]
AeJ AeJ

ase, h,§ — 0. Let us also recall from [17] that a torus A € J\S is said to be Diophantine if
representing Hp|p = a10;, + a20;,, asin (2.13), we have

(2.20) la - k| 0+#keZ?,

> N
T Colk[™
for some fixed Cy, Ng > 0.

Let Fy € UpresQoo(A) be such that there exist finitely many Lagrangian tori

(2.21) Aig,...,Apqa € J\S
that are uniformly Diophantine as in (2.20), and such that
(2.22) (@)(Aja)=Fy for1<j<I,
with
(2.23) da=p,{@)(A) #0, 1<j<L.
Moreover, assume also that there exist tori Ay ,,... , A, € J\S with w(A;,) € Q,
1 < j < L/, and such that the isoenergetic condition
(2.24) drmn,,w(A) # 0

is satisfied for each j, 1 < j < L. Assume next that the length |Q. (A, )| of each interval
Qoo (A ;) satisfies

(2.25) |Qoo(Aj) >0, j=1,..., L,
and that
(2.26) Fo€ Qu(h;,), 1<j<L.

We shall assume that

1 ) ,
(2.27) (g} (Ajr) — Fol = o)’ l<j<L.
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Let us finally make the following global assumption:

(2.28) Fo ¢ U Qoo (A).
AGJ\{Al,d7---7AL,d7A1,r7-~-7AL/)T}

Here we notice that the earlier assumptions imply that Fy ¢ Qoo(A) for Aj4 # A €

neigh(Aj4,J),1 < j < L,and Aj, # A € neigh(A;,,J),1 < j < L.

THEOREM 2.1. — Let Fy € UpaecjQoo(A) be such that the assumptions (2.22), (2.23),
(2.24), (2.25), (2.26), (2.27), and (2.28) are satisfied. For 1 < j < L, we fix a basis for the
first homology group of each Diophantine torus A; q given by the cycles o, ; C Njq, k =1,2,
and let S; € R? be the actions and k; € Z* be the Maslov indices of ay, ;. Let

(2.29) K : neigh(A; 4, T* M) — neigh(¢ = 0, T*T?)

be a canonical transformation given by the action-angle variables near Aj 4, 1 < j < L, and

such that k; (o, ;) = {x € T z3_ = 0}, k = 1,2. Let § > 0 be small and assume that
h<e<hite,

Let C > 0 be sufficiently large. Then there exists a bijection b between the spectrum of Py in
the rectangle

é 4
(2.30) R(Fy,C,e,6) := [ c 3} tie {FO _E R+ E}

C'C c c

and the union of two sets of points, Eq and E,., such that b(p) — p = O(h™°). Here Ny is
fixed but can be taken arbitrarily large. The elements of the set Eq, z(j, k), are described by
Bohr-Sommerfeld type conditions,

231 z(j,k) = P (h (k - %) - %,s; h) +O(h>®), keZ? 1<j<L,
Y[

with precisely one element for each k € 72 such that the corresponding z(j, k) belongs to the
rectangle (2.30). Here Pj(oo)(f, g; h) is smooth in ¢ € neigh(0,R?) and € € neigh(0, R), real-
valued for € = 0. We have

(2.32) P esh) ~ > W\ (€e), 1<5< L,
=0

and

(2.33) P\ (€,€) = p(€) + ielg) (€) + O(?).

Here p and q have been expressed in terms of the action-angle variables near A; 4 given by k;
in (2.29), and {q) is the torus average of q in these coordinates. The cardinality of the set E, is

3/2
(2.34) o (5h2> .

Remark. Tt follows from Theorem 2.1 that the total number of elements of the set Ej  is
~ gltd /h?%. Therefore, from (2.34) we see that for 0 < § < 1/2, the contribution E,. to the
spectrum of P. in R(Fy, C,¢,6), coming from the rational region, is much weaker than that
of the Diophantine tori A; 4, 1 < j < L. As will be seen in the proof, for this result the
assumption (2.27) is important.
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522 M. HITRIK AND J. STOSTRAND

Remark. Assume that the subprincipal symbol of P._, in (2.1) and (2.6) vanishes. Then it
follows from the discussion in the body of the paper that Theorem 2.1 is valid in the larger
range

(2.35) W <e=0hLt), 0<5<1.

Remark. In section 7, following [17], we shall introduce the notion of uniformly good values
Fy € R, for which the conclusion of Theorem 2.1 will be valid uniformly, so that in partic-
ular, the (explicit or implicit) constants in Theorem 2.1 are independent of the choice of a
uniformly good value.

Theorem 2.1 can be viewed as a partial generalization of one of the main results of [17],
where energy levels corresponding only to Diophantine tori have been considered. In that
paper, instead of the upper bound e < h2/3%9_ it was merely required that ¢ = O(h?) for
some small fixed 6 > 0. (Also the lower bounds there were considerably weaker than h < ¢.)
As will be seen in the proof, here the strengthened upper bound on ¢ is required in order to
compensate for the exponential growth of the resolvent of P. in the rational region, when
considering the tunnel effect between the Diophantine and the rational tori — see also the
discussion in the next section.

In the case when there are no Diophantine tori corresponding to the energy level
(0,eFy) € C, the result of Theorem 2.1 can be improved in two ways: we can put § = 0 in

(2.30), and also, the upper bound & < h2/3+% can be replaced by € = O(h%), § > 0.

THEOREM 2.2. — Let us keep all the assumptions of Theorem 2.1, and assume that L = 0

in (2.21). Assume furthermore that e = O(h?), 8 > 0, satisfies e > h. There exists a constant
C > 0 such that the number of eigenvalues of P. in the rectangle

1
< =

2.36
(2.36) Rez| < :

'Imz R

€
6 )
does not exceed

3/2
(2.37) 0) <€hQ> .

Remark. As will be explained in the beginning of section 4, the isoenergetic assumption (2.24)
implies that associated with each rational torus A, 1 < j < L, there is an analytic family
of rational Lagrangian tori Ag ;. C p~*(E)NT*M for E € neigh(0, R), depending analyt-
ically on E, and with Ag—g j» = Aj,,1 < j < L'. Theorem 2.2 can therefore be interpreted
as saying that only an !/2-neighborhood of the set

.
(2.38) U U Aeir

J=1E=0(¢)
contributes to the spectrum in the region (2.36).

For notational simplicity only, when proving Theorem 2.1 and Theorem 2.2, we shall assume
that L = 2, L’ = 1, and that A; 4, A 4, and A; , all belong to the same open edge of J, so
that, when identifying the edge with a real bounded interval, we have

(239) Al,d < Al,r < A27d.
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See also Figure 1.

The structure of the paper is as follows. In section 3 we present a general outline of the
proof of Theorem 2.1. Section 4 is devoted to a formal microlocal Birkhoff normal form
construction for P, near A; ,, and in section 5 the formal argument of the previous section
is justified by constructing a microlocal Hilbert space in a full neighborhood of A; .., realiz-
ing the normal form reduction there. In the beginning of section 6 we construct the global
Hilbert space where we study our operator P., and introduce two reference operators, as-
sociated with the Diophantine and the rational regions, respectively. Section 6 is concluded
by constructing the resolvent for P, globally, and we obtain Theorem 2.1 by comparing the
spectral projections of P. and of the reference operators. In section 7, we apply Theorem 2.1
to a small complex perturbation of the semiclassical Laplacian on a convex analytic surface
of revolution, and give a partial generalization of the corresponding discussion in [17]. The
appendix contains a proof of a simple trace class estimate for the Toeplitz operator with a
compactly supported smooth symbol, acting on a weighted L?—space of holomorphic func-
tions. This estimate, which seems to be of an independent interest, is used in section 6 in the
main text.

3. Odutline of the proof

The purpose of this section is to provide a broad outline of the proof of Theorem 2.1.
Compared with the previous work [17], addressing only the case of Diophantine tori, here
the essential new difficulties will be concerned with the analysis in the rational region. We
shall begin by presenting an outline of the argument in this case.

Working microlocally in the rational region and introducing action-angle variables in a
neighborhood of Ay, ~ T2, we are led to consider an operator, defined microlocally near

&=0in T*’]I‘ig, with the leading symbol given by

3.1) pe(w, &) = p(§) +ieq(z,&) + O(%), p(§) =w &+ O(E?).

Here w = (k,l) € Z? and to fix the ideas, let us restrict the attention to the model case
where w = (0,1) and the O(£2)~term in (3.1) reduces to £2 — this choice of the nonlinearity
in p is in agreement with the isoenergetic condition (2.24). Following the general ideas of
a Birkhoff normal form construction, we would like to eliminate, as much as possible, the
z-dependence in the symbol in (3.1). Performing first successive averaging procedures along
the closed orbits of the H,~flow comprising the rational tori Ag 1, E € neigh(0,R), we
achieve that the leading symbol in (3.1) becomes

(3.2) Pe(x,€) = &2 + £ + O(e) + O((e, 1)),

where the O(g)-term is independent of x5. In the terminology of classical mechanics, this
initial reduction is based on a secular perturbation theory — see [20]. Carrying out the reduc-
tion on the operator level, we obtain an operator of the form FE = E(wl, hDy,,hDg,;h),
which may also be viewed as a family of one-dimensional non-selfadjoint operators acting
in 21, with a leading symbol of the form

hk+ €&+ 0(), keZ.
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For this family, we cannot exclude the occurrence of a pseudospectral phenomenon [2], lead-
ing to the exponential growth of the resolvent norms in the spectral regions of interest. This
makes it difficult to exploit the secular perturbation theory and to simplify the operator fur-
ther.

Nevertheless, in section 4 we show that working in a region where

(3.3) €1 > /2,

and so away from an £'/2-neighborhood of the set

(3.4) U Apar 0<d<1,
|E|<5o

the z1-dependence in the symbol (3.2) can be eliminated completely, and in particular, here
the leading perturbation ¢ in (3.1) becomes replaced by its torus average. When approaching
the region where &; = O(£!/2), the normal form construction breaks down and no additional
simplification of the operator P. is obtained.

To implement the complete reduction in the region (3.3) requires an introduction of a mi-
crolocal Hilbert space of functions in a sufficiently small but fixed neighborhood of A; .. Be-
cause of the degeneration of the normal form construction very close to the rational torus,
when defining the Hilbert space in a full neighborhood of A; ,, it becomes convenient and
indeed, natural, to perform a second microlocalization — in this case, it amounts to consider-
ing our operatorsin b = h /+/e—quantization with respect to the z;—variable and performing
an E—Bargmann transformation in z;. In section 5 we show that, on the transform side, the
microlocal Hilbert space in question becomes a well-defined weighted space of holomorphic
functions in a region (Rex1, Rexy) € T?, |[Imz;| < ﬁ, |Im 23| < 1, with the correspond-
ing strictly plurisubharmonic weight being uniformly well behaved and close to the standard
quadratic one — see Proposition 5.1 for the precise statement and also, the discussion in sub-
section 5.4.

The idea now is to use the assumption (2.27) to show that (1/¢) (P. — z) becomes
elliptic (viewed as an h-pseudodifferential operator) near A4 -, when away from an O(}/?)-
neighborhood of the set in (2.38), while the invertibility away from the tori A; , UA; gU A5 4
should follow from (2.28). Here the spectral parameter z varies in the domain (2.36).

To handle the remaining phase space region near A4 ,, in section 6 we construct a trace
class perturbation K, whose trace class norm does not exceed

3/2
(3.5) 0 <€hQ> ,

such that if Py := P, +ieK then P;— z becomes invertible, when away from the Diophantine
quasi-eigenvalues z(j, k) in (2.31). Moreover, we obtain a sufficiently good control on the
norm of the inverse of Py, when the latter is considered in a global Hilbert space, obtained by
gluing together the microlocal Hilbert space near A, , and the space away from A; ., defined
using the Diophantine analysis of [17]. The trace class perturbation K is constructed as a
Toeplitz operator on the FBI-Bargmann transform side and when deriving the trace class
norm bound (3.5), we use a general estimate of Proposition A.1 in the appendix.
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It will be fruitful to think of the Diophantine and the rational tori in question as of mi-
crolocal wells to which the main difficulties of our problem are localized. From this point of
view we may think of the operator P, as a reference operator associated to the Diophantine
region. Proceeding in the spirit of tunneling problems, in section 6 we next define and study
a reference operator associated to the rational region, P,, obtained by modifying P. away
from the rational region and such that P, — z is invertible outside of a small neighborhood
of A1 ,. Because of the pseudospectral difficulties in the normal form construction for P; in
an O(e'/?)-neighborhood of A4 -, when estimating the resolvent of P, we are only able to
show that it enjoys an exponential upper bound, with the exponent there being given, roughly
speaking, by the phase space volume of the region near the rational torus, not covered by the
normal form, multiplied by h~2, or, equivalently, by the trace class norm of the perturbation
K in (3.5).

Using the operators P; and P,, together with an additional reference operator corre-
sponding to the elliptic region, we next construct and study an approximate, and then exact,
resolvent of P.. To obtain the main result of Theorem 2.1 we would like to compare the
spectral projections of P. with those of the reference operators. Due to the exponential
growth of the resolvent of P; near A, ,, at this point it becomes very important to estimate
the tunnel effect between the Diophantine and the rational tori and to show that it is small
enough to overrule the pseudospectral growth of the resolvent in the rational region. This
tunneling analysis is carried out at the end of section 6 and it involves an additional mod-
ification of phase space exponential weights near the invariant tori. Imposing the upper
bound e = O (h2/ 3”), 0 < § < 1, assures that our perturbative argument goes through,
and we can conclude the proof by comparing the spectral projections, as indicated above.

Remark. The idea of using auxiliary trace class perturbations to create a gap in the spec-
trum of a non-selfadjoint operator has a long tradition in abstract non-selfadjoint spectral
theory and seems to go back to the work of Markus and Matsaev [22], see also [21]. It has
been used by the second author in the theory of resonances [28], [30], and when studying
spectral asymptotics for damped wave equations on compact domains [29] (see also [12]). In
the present paper, in the absence of the Diophantine tori, once the trace class perturbation
K, alluded to above, has been constructed, we can conclude the proof of Theorem 2.2, in
section 6, by relying upon some standard Fredholm determinant estimates [5].

4. The normal form construction near A; ,

For simplicity, we shall concentrate throughout the following discussion on the case when
M = R2, the compact real analytic case being analogous — see also the appendix in [14] for
the basic facts about FBI transforms on manifolds. We shall keep all the assumptions made
in the introduction, and consider an operator P. in (2.1) with a principal symbol

@.1) pe =p+ieqg+ O(e?),

in a neighborhood of p~1(0)NR%. In order to simplify the presentation, we shall furthermore
assume that the order function m introduced in (2.2) belongs to L°°(R*). It will be clear
that the analysis below extends to the case of a general order function m > 1. From the
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introduction, let us also recall the simplifying assumption that L' = 1 so that A; , is the only
rational torus corresponding to the level (0, e Fp).

In this section, we shall work microlocally near A . C p~1(0) N R, Let
4.2) Ko : neigh(A; ., R*) — neigh(¢ = 0, 7*T?),
be a real and analytic canonical transformation, given by the action-angle variables, and such
that ro (A1) is the zero section in T*T2. Then po k, ! is a function of ¢ only, and to simplify

the notation we shall write p o ky* = p(€&). We have p(0) = 0 and without loss of generality
we may assume that

4.3) 0e,p(0) =0, 0¢,p(0) > 0.
The isoenergetic assumption (2.24) takes the following form,
(4.4 82, p(0) # 0.

In order to fix the ideas, we assume that 6521 p(0) > 0.

By the implicit function theorem, the equation 9, p(§) = 0 has a unique analytic local
solution & = f(&;) with £(0) = 0. The function & — p(f(&2), &2) has a positive derivative
near 0, and therefore the equation p(f(£2), &2) = E has a unique solution & (E) close to 0 for
E € neigh(0,R). We obtain a family of rational Lagrangian tori Ag 1, C p~*(E), defined
by

4.5) §2=&(E), & = f(&(R)).

By construction, d¢,p = 0 on Ag 1 », and hence,

(4.6)  Ogp(&1,&2) = O(&1 — f(§2)), Og,p(1,€2) = Og,p(f(§2),&2) + O((&1 — f(£2)))-

Implementing kg in (4.2) by means of a microlocally unitary Fourier integral operator
with a real phase as in Theorem 2.4 in [14], and conjugating P- by this operator, we obtain
a new h-pseudodifferential operator, still denoted by P, defined microlocally near £ = 0 in
T*T2. The full symbol of P, is holomorphic in a fixed complex neighborhood of £ = 0, and
the leading symbol is given by

4.7 pe(x, &) = p(§) +ieq(z, &) + O(e?),
with
(4.8) p(&1,&) = p(f(&), &) + 9(&1, &) (& — f(&))*.

Here ¢g(0) > 0, since we have assumed that 8521 p(0) > 0, and the function ¢ in (4.7) is real on
the real domain. On the operator level, P, acts in the space of microlocally defined Floquet
periodic functions on T?, L2(T?) C L2 _(R?), elements u of which satisfy

loc
(4.9 u(z —v) = eV u(z), 0= S + @, v € 2n7Z2.
2rh 4

Here S = (S, S2) is given by the classical actions,

SJ:/ ndy, j=1,2,
o

J

with «; forming a system of fundamental cycles in A; ,, such that

Kio(Otj) = /Bj, _] = 1,2, ﬂj = {l‘ S T2; T3—j = 0}
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The tuple ko = (ko(1), ko(a2)) € Z? stands for the Maslov indices of the cycles o, j = 1, 2.
As a first step in the normal form construction for P., we shall apply the secular pertur-
bation theory to the principal symbol p. in (4.7) — see also [20].
Let
1

27
@.10) @9 = 5 [ ate6)da

denote the average of g with respect to 5. Using the assumption (4.3) and proceeding as in
section 4 of [14] (see also section 2 of [17]), it is straightforward to construct, by successive

averagings in x5, a symbol Gy (z, ) = GgN) (z,€), analytic in (z, £), such that
@11) HyG1 = q = (@)2(21,€) + O((&1 — f(&2))™),

where @;(xl,ﬁ) = {(q)a(z1,&) + O(& — f(&2)) is independent of zo. Here N € N can be
taken arbitrarily large but fixed. We get from (4.11), by a Taylor expansion,

e (exp (ieHa, ) (@) = p(€) + ielaha(w1,€) + O (¢ + & (61— f(&)")
= p(&) +ie{q)a(21,6) + €27+ O (2 + e (61 — f(&))"),
where § = q(z, £). We next construct G, analytic in (z, ) and such that

H,Gy = §— (@)y(21,€) + O((&1 — F(&))N).
Then

pe (exp (ieHg, ) (exp (i?Hg,)(z, £))
= p(€) +ielgh + i (@), + O ( +e (& — f(E)Y).
It is clear that this procedure can be iterated, and after IV steps, we define
4.12) ke :=exp (ieHg,) o exp (ie?Hg,) o - - - o exp (ieV Ha,, ).
It follows that

(413) De (Hs(xv f)) = p(§) + iE<Q>2(x17 5) + 527‘5(1'1, 6)
+0 (N e (6 — f(&)Y) =pl(x1,8) + O (N e (6 — f(&)Y).

Here the last equality defines p’ (z1, £).

Using the same averaging procedure as above also on the level of lower order symbols, as
in section 4 of [14] and section 3 of [17], we conclude that there exists an analytic elliptic
Fourier integral operator F' = FE(N) in the complex domain, quantizing the holomorphic
canonical transformation k. in (4.12), such that

4.14) F7'P.F = P/(x1,hD;h) + R.(z,hDy; h).
Here the full symbol of P! is independent of x5 and
4.15) Re(3,6h) =0 (N +e (& — f(&)Y +rN*1).

The leading symbol of P!(z1,hD,;h) is p.(z1,£) in (4.13). Asin section 6 of [14] and sec-
tion 2 of [24], the operator F' is defined by working on the FBI-Bargmann transform side.
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When discussing further reductions of P/, it is natural to exploit the fact that this oper-
ator is independent of x5, and hence, at least formally, by taking a Fourier series expansion
in 2, we can reduce the study of P! to the study of a family of one-dimensional operators

ko(a2) ) Sa

Pl(x1,hDy,,&2;h), with
(4.16) & =h <k -4 ~ 5 € neigh(0,R), k€ Z.

The family P!(z1,hD,,,&2,h) acts on the microlocal space of Floquet periodic functions
L3 (T'), T' = R/27Z, 6, = S1/2mh+ko(a1)/4, defined similarly to (4.9). We would like to
eliminate the z;—dependence in the symbol of P/(x1, hD,,,£2; h) by means of an additional
conjugation by an elliptic Fourier integral operator. Using (4.8) and (4.13) we get

(4.17)  Pl(x1,hD,,,&2;h) = p(f(£2), €2) + g(hDay, &) (hDy, — f(£2))°

+ie{q)2(21, hDg,, &) + €re(z1, hDyy , £2) + O(R) + O(R?).

Let usrecall that g(0) > 0, and the O(h)—contribution in (4.17) is the subprincipal term in the
full symbol of P.. After a conjugation by exp (# f (£2)z1), modifying the Floquet condition
on T!, we get

@.18) e WIEDNP (g1, hD,,, &g ) eF /()
= p(£(&2),&2) + 9 (f(&2) + hDy,, &) (hDy, )?

+ (ielghs + %o + O(h) + O(h?)) (21, f(£2) + hDs, £2)-

In section 4 of [14], it is explained how to eliminate the z;—dependence in (4.18) by means
of a Fourier integral operator conjugation. Here we shall follow the procedure there after a
suitable change of Planck’s constant. Let us work microlocally in a region

(4.19) bl ~p e+ < p <l

We write

- - h
hD,, = phDy,, h=— < 1.
n

If &1, é} denote the cotangent variables corresponding to hD,, and ﬁDzl, respectively, we
have

€1 = pér.
Then (4.18) gives
4200 p e BN Py, WD, oy h)e k] )

— H(€). ) + /(&) + WhDsy &) (D)

—  O(h 2 -
+ <%Z<q>2 + 152) + %Tﬁ) (xlaf(£2) + luhDit13§2)
+ O(BQ) <$l7f(§2) + :u’iLDmué.Z) )

which can be viewed as an h—pseudodifferential operator. The symbol associated to the sec-
ond term in the right hand side of (4.20) is then

@.21) 9(f(&2) + pér, £2)6
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and it follows from (4.19) that we work in a region where
(4.22) ’g‘ ~ 1.

Notice that in this region, the grgradient of (4.21) is of the order of magnitude 1.

We set next

(4.23) To <$1,§1> e 752) =g(f(&) + M§17§2)§1 +0 <

)

€+h)

the argument of section 4 of [14], we shall now recall how the xrdependence in 7o can be
eliminated by means of a suitable canonical transformation.

We look for pg = ¢g (ml,g, ﬁ, %,52), such that

(4.24) T <x1,£1 +3moo, - 2,£z> = <7"0 (~,E{,;,;,§z)>1.

Here, for a smooth function f(z,¢ ) defined near £ = 0 in T*T2, the expression (f); stands
for the average with respect to x1,
27

<f>1(m27§) = % o f(l',~f) diL’l.

By the implicit function theorem, (4.24) has an analytic solution with 9, g single-valued
and O((e + h)/u?). Taking a Taylor expansion of (4.24) and using (4.23), we get

(857‘0) (m,&,; 2,52) x1<p0+(rg—(ro>1):(’)((6+h)2>,

112
and using also that the g—gradient of (4.21) is ~ 1, we conclude that

o = ¢ + x1(1,

G-a(ase)-o((5)).

and ¢, = O((e + h)/p?) is periodic in z1. We set 7; = 5 + a, and view ¢, as a function

where

of 77 rather than &;.
Summarizing the discussion above, we see that there exists a holomorphic phase function

(4.25) ou(@1,m) = ¢p (”51’771’* 2’52>: (E:?h>

defined in a fixed complex neighborhood of z; € T, |7;| ~ 1, such that if

Y(x1,m) = z1n1 + ou(@1,71),
then the canonical transformation
(426) Kp.e,h * (yla;ﬁ) = (dé]‘;aﬁ) = (951,711;1) = (331,51)
is O <€+h) —close to the identity, and

o~ o~ —_— 2 o~
(o060 + u 8" + (Silda + 25 + S5 ) o, £60) + 01, &2)) e
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is independent of y; and is equal to

427) g(f(&) + pi)i”
+ (Sillah + O+ St (@) + i ) + 0 ( (=5 )

I

In what follows, we shall fix the choice of ¢, by requiring that (¢,,) =0.

x1=0
Associated to k¢ 5, We can construct an elliptic h—Fourier integral operator of the form
(4.28)

Gu(zy) -(ipu(xlﬂh,M%7“%,772)+($1—y1)771)

— € h ~ .
a(xbnlu Ea Ea 23 h)u(yl) dyldnla

such that the full symbol of the h-pseudodifferential operator
(4.29) G2 H P Pl (ay, uhD,,, 60 e @) G

isindependent of z; (and of x5), with the principal symbol given by (4.27). For the amplitude
in (4.28), we shall require that (a) =1

€1=0
Remark. Working microlocally in a region

€] ~
where p < 1 is such that
(e + h)1/?
—
and following some further arguments of section 4 of [14], we see that the canonical transfor-

mation £, ., and the h—Fourier integral operator G in (4.28) can be constructed by a formal
Taylor series in the asymptotically small parameter (¢ + h)/u? = O(h?%).

(4.30) < k%, 6, >0,

Remark. Assume that the subprincipal symbol of P._q in (2.1) vanishes. Then it follows from
some arguments in sections 2 and 4 in [14] that the z;—dependence in P/(x1, hD,,,&2; h) in
(4.17) can be eliminated microlocally in a region |£;| ~ u, where

e+ < u<1.

By rescaling, we can express G in (4.28) as an h—Fourier integral operator. Indeed, using

that dgl = le we get

(431) ’l,L xl h // /‘«(Pu(wl7%,%7:*'2752)‘*‘(11_?!1)771)
2

h
Xa(xl’;’,u 2a€25 ) (yl)dyl d771

Moreover, the introduction of the small parameter u in (4. 19) was artificial, and therefore we
can carry out the constructions in such a way that the phase function pp,, (z1, 2 e ;2 el &2)

and the amplitude a(z1, TLl ;2 , P«Z ,€o; u) in (4.31) are independent of x. We write then

(4.32) Gu(z,) = / / e (Pnow (@1, hE2) +@1—y1)m)

X anew(xla m,e&, h7 527 )u(yl) dyl d7717
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With Qe anew defined for e + h < |n1|*> < 1 and satisfying

h
(4.33) Pnew = O (i) :
|1
and
(434) Anew ™~ Z a'new,jhjy Gnew,j = O(|771|_2j)~
=0

Here ayew,; do not depend on h. Since we work in the complex domain, we can estimate the
derivatives of @pey and anew,; using the Cauchy inequalities. In particular, when (a1, 61) €
N2, we get using (4.33),

a1 561 — M
(4.35) 811 a"71 #uew = Oy <|771|1+|/31| '

Since, as we have just observed,

m € h
1 23m (xla ;7 E7 M27§2) = Pnew ($17771,5’h7§2) 5

where @new satisfies (4.33), it follows that the phase ¢, in (4.25) extends to a region
1< |m| < % and satisfies there
(e+h) )

—~ € h
® (Il,n1,7,7,§2> :O( —~
g p?’ p? 12 |71

Similarly, the normal form (4.29) corresponds, after a multiplication by x2, to an operator
which is independent of u,

(436)  PU(hDy, 60:h) = G~le HIE% Pl (g hD,,,, €33 h)eH @71 G
+ (ie((@)2)y + O(h) + (o ) (F(E2) + hDay, 62)

(e + h)? '
+ Oph (O (é—%)) + R(hD$1’§2a€7h)7
where -
R~S WRi(6), Ri€)=0 (1) .
j=2 |§1|

For future reference we remark that we can also view the operator G in (4.28) as acting
on (Floquet periodic) functions on T2. If we maintain the scaling, we get
4.37)
Gu(z) = _ 1 /e%(w(&71)4—(@1—yl)ﬁ)+%(wz—yz)nz

(2mh)(27h)

where 7y is the same variable as &;. Without the scaling, we have a similar formula by
adding a y, no-integration to (4.31) (after replacing &> there by 72), and adding a phase
factor e (®2=v2)n2

a(l']_, ;7\]/4 725 iLa h)u’(y) dydﬁi d7727

Naturally, the argument so far is formal, with the various normal forms computed by for-
mal stationary phase expansions. Also, let us recall that the phase ey in (4.32) is defined
only for (e + h)Y/? <« ;| < 1.
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We summarize the discussion in this section in the following proposition.

ProrosiTION 4.1. — Let P. be an h-pseudodifferential operator defined microlocally near
& = 0in T*T?, and assume that the principal symbol of P.,

pe(z, &) = p(§) +ieq(x,§) + 0(52)7
is such that p(€) satisfies (4.3), (4.4). Then we write

(4.38) p(€1,6) = p(f(&),&) + 9(&1,&) (& — F(&))%,  f(0) =0,

where g(0,0) > 0. For each N € N there exists an elliptic Fourier integral operator in the
complex domain F = FE(N) such that the symbol of M~ F~1P.FM is of the form

(4.39) Pl(z1, & + f(€2),E2:h) + O (eMH! € + AV

Here M is the operator of multiplication by e 1 €=1 and Pl(z1,hDy,,hDy,;h) is defined in
(4.17).

Furthermore, let (¢ + h)'/? < p < 1, and let us view p=2P!(x1,hDy, + f(£2),&2;h) as
an h-pseudodifferential operator in z1, with h = h/p. There exists an elliptic h—Fourier inte-
gral operator G in x1, defined in (4.28), microlocally in ‘ﬂ ~ 1, such that the full symbol of
G 'u™2P/(z1,hD,, + f(£2),&2;h)G is independent of z1. The operator G quantizes a holo-
morphic canonical transformation whose generating function is of the form x1m + ¢, (x1,71),
where @,, is defined in 1 < |n1| < i and satisfies there

~ e+h
#ulom) w2 |1
In this region we have, when (a1, 31) € N2,
+h
4.41 90, = O [ ——i ).
( ) 8351 8771 Pu O 161 (#2 |7,7\i|1+|g1|>

5. Microlocal Hilbert spaces near the rational torus

Let P. be as in section 2. In section 4, we have constructed a microlocal normal form
for P, near the rational Lagrangian torus A; . C p~*(0) N R%, but away from an O((e +
h)'/?)-neighborhood of this set — see (4.36). The purpose of this section is to follow up the
preceding formal constructions with suitable function spaces and to construct a microlocal
Hilbert space in a sufficiently small but fixed neighborhood of A; ,., implementing the reduc-
tion scheme of Proposition 4.1.

5.1. Microlocal Hilbert spaces outside of a tiny neighborhood of A; ,.

Let us consider an operator P., microlocally defined near ¢ = 0 in T*T?2, with the leading
symbol given by (4.7), (4.8). We shall work as much as possible with functions on T2, and
with corresponding Fourier integral operators operating in 2 variables. Adopting this point
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of view, we see that the multiplication by en 7271 introduced in (4.18), can be viewed as

the semiclassical Fourier integral operator
1

(5.1 Mu(z) = ﬂ//e%(f(772)$1+(x2—y2)772)u(x1’yz)dy2 dns

E 1h)2 //e%(f(m)zﬁ(m*y)'")U(y) dy dn,
T

associated to the canonical transformation

(5.2) wum s (1,2 + f(n2)zsm,m2) = (T1, za5m + f(n2),m2)-

Let us recall now the operators F' and G, introduced in (4.14) and (4.37), respectively. In the
previous section we have obtained that formally,

(5.3) G 'M 'F'P.FMG = P/(hD,,h) + (MG)'R.MG,

with P and R, given in (4.36) and (4.15), respectively. The fact that the phase ¢,, in (4.37)
(see also Proposition 4.1) is only defined for 1 < |71| < i, e+ < p<l,isa
difficulty that we shall address later in this section. Ignoring that problem for a moment and
still arguing formally, we would like to consider P/ acting on the space L2(T?), microlocally

defined near the zero section, but away from the exceptional region
&1l = O((e + 1)'7?).

Consequently, the natural formal Hilbert space for considering P. should be given by
FMG(L2(T?)). When realizing the latter, it is going to be convenient to work on the FBI
transform side.

We shall work with the standard FBI-Bargmann transform,
(5.4 Tu(z) = T pu(z) = Ch_3/2/e_ﬁ(””—y)2u(y) dy, C >0,

acting on L2(T?), and mapping this space to a weighted space of Floquet periodic holomor-
phic functions on C2. Associated to T, there is a canonical transformation

(55) K:Thyh = KT : (y,ﬂ) = (.’IZ,&) = (y - 7’77777)»
mapping the real phase space T*T? to the IR-manifold

. 209 1 9
(5.6) Ao, : &= o Imz, ®o(z) = §(Imx) .
Let us also recall that the transformation
(5.7 T : L*(T?) — Hg,(C?/277?)

is unitary, for a suitable choice of C' > 0 in (5.4), and it has been verified in section 3 of [24]
that it remains unitary when acting on the Floquet space L3(T?). Here and in what follows,
when Q C C?/27Z?% = T?+iR? is open and @ is a suitable strictly plurisubharmonic weight,
close to g in (5.6), we shall let Hg (€2) stand for the closed subspace of L2(€2; e~ % L(dx)),
consisting of functions that are holomorphic in 2 — see also the appendix.

Neglecting the Floquet conditions for the time being, we should have,

(5.8) TFMG(L*(T?)) = Hy,
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where the weight @ is such that
2090 *
(5.9 Ag = {(x,;a—a)} =K1 0 Ke 0 K © Ky e (T "JI‘Q).
Here k. and &, . ;, are the canonical transformations corresponding to F' and G, and intro-
duced in (4.12) and (4.26), respectively. The weight ® in (5.8) should be a small perturbation

of @ since k., K, ¢ are small perturbations of the identity, and xp; in (5.2) is a real canon-
ical transformation.

We shall assume from now on that
(5.10) €> h,

and abusing the previous notation slightly, we shall take

(5.11) W= +eE.
Because of the blow-up of the normal form construction in the region where n; = O(¢/?)
(see (4.33)), when realizing the formal space in (5.8), we shall have to make some modifica-
tions. First, the operator G should be written as in (4.37) with
~ h
h=—<x1,
€

NG

and correspondingly, in order to define a microlocal space corresponding to the formal space
G(L*(T?)), we shall consider the mixed transform

612 Tyyle) = Ch - [f st ) dy,

Here C > 0is the same constant as in (5.4). For future reference, we notice that when viewed
as an h—Fourier integral operator, the transform T3 , is associated with the canonical trans-
formation

. _ . . .
(5.13) KT;L,,L(Z/17771,Z/2,772) = (y1 - Z\ﬁﬂha?& - ”]27772) .
Here we have written (y1, 71; y2, n2) rather than (y, 7).

We shall show that T;, , G(L*(T?)) becomes a well-defined exponentially weighted space
of holomorphic functions u(z1, z2) in aregion 1 < |[Im z1| < %, |Im 23| < 1. Once this has
been done and the basic properties of the weight have been investigated, we shall extend the
definition of the weight to the entire domain |Im z; | < %, |Im 3| <« 1 — this will then lead
to a definition of a microlocal Hilbert space corresponding to a formal space G(L?(T?)), in
a full neighborhood of the rational torus, and we shall be able to proceed as indicated above.

Let us compute T3, , Gu, when u € L?. In doing so, it will be convenient to do the com-
putation first in the z;-variable alone, and as in (4.28), we introduce, with p = /¢,

(5.14)  Gu(z1,y2,m2)

1 i 17T B 21—y )Te _ h ~ -~
h //eﬁ(W( 1’m,';,n2)+( ' yl)m)a(fﬂl,m,*,Uz;h)u(yl,zn)dyl dmn.
2mh 15
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Composing this expression with the one-variable transform 75, we get

(5 15) T~GU(Z171/27772)
Ch_7 /// (Zl—$1)2+50u(w1:;1/7%7772)"'(171_?/1);7\1/)a(x17 ﬁ{, g, N2 B)u(yh yz) dy1d7’ﬁd$1

i h ~
h %/ ;( (z1=91) —HPM(Zl’yl’EWZ))b(Zlyyh ) 7]2;h)u(y1, y?) dyh Cl > 0
3

Here the last expression follows from the stationary phase method in the variables x4, 171 [26],
whereby we notice that the critical point of the phase in (5.15), (z$,7:°), satisfies

1 — . 1
demro( ). e mro(pd )
|21 — y1] |21 — 1]

It follows that the phase ¢, in (5.15) is a well-defined holomorphic function of z; in a region
1 < |21 —y1| < 1/eY/2, [Im 21| > |Rez; — y1], and enjoys the same estimates as ¢,, in
(4.40), (4.41),

1 1
5.16 0 =O(7), 3 az Om| ———— ).
( ) Pu |Imz1| 1‘9# l <|Im21|1+m>

Here, as before, the estimates on the derivatives of ¢,, follow from the Cauchy inequalities.
It follows from (5.15) that

(5.17) T; Gu(z1, y2,1m2) € H<I>1(~,n2),71’

in the region 1 < |Im 21| < <3, where

1 - h
(5.18) ®,(21,m2) = sup (—7Re (z1 —y1)? = Im @, (21, 1, *,772))
y1 €ER 2 £

1
= 5(1111 21)? + ®2(21,m2),

and
1
(5.19) By (21,72) =O(—)-
|Im 21 |
The critical point y$ corresponding to the supremum in (5.18) satisfies
1
(5.20) yi=Rez1 + O <7> .
|III1 z1 |

Using (5.16) together with a scaling argument very similar to the one described in detail in
the proof of Proposition 5.3 below, we see that the O—term in (5.20) satisfies

1 1
ok, 0. O <7> =0 () :
Rez; ¥Imz; |Im21| |Im21|1+l

It follows that for ®5(z1,72) in (5.18) we have

1
O ez, Otinzy P2(21,1m2) = Opy <1+z) :

|Im Z1|
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If we now let G denote the full 2-variable operator in (4.37), we get from (5.15),

(521) T;,Gu

2025—% -2-1 ////e%(%(21—y1)2+$u(21,yl,%m2))+%(%(@—12)24-(902—@2)?72)

h
x b(z1,y1, pRLCE h)u(y1,y2) dyy dyz dns dxo

— Csh~ih~ 1 //e%(%\/azl—y1>2+g<22—y2)2+¢5@<zl,y1,zQ—yz@)

x (21, Y1, 22 — Ya; hy K)u(y1, y2) dy dys,

where the last equality follows from stationary phase in x2, 12, and §,, satisfies the same es-
timates as @,,,

=R 1
(5.22) 92,0.,%u = On ( 1+z> '
|Im 21 |

It follows that
€ 1
(5.23) T;,Gu€ Hop,,, P3(21,Imz) = %(Im 21)2 + E(Imz2)2 + ®4(21,Im 25),

and
g
(5.24) B8 .. 1ms, O (21, Tm 2) = Oy <\[1 +l) .
|IH1 Z1|

Here &3, ¢, are independent of Re zs.
The discussion above is summarized in the following, somewhat informal, proposition.

PROPOSITION 5.1. — Let us assume that € > h and set h = h/\/e. Via the (h,h)-
Bargmann transform Ty, |, defined in (5.12), the formal space G(L?*(T?)) corresponds to the
Im 2| < 1.

weighted space of holomorphic functions Hg, j, in the region 1 < |Im z;| < %
The weight &5 = ®3(z1,Im 29) is such that

1
(5.25) B5(21,Im 25) = ?(Im 21)% + i(Im 2)% 4+ ®4(21,Im 25),
where the perturbation @4 satisfies
(5.26) B8 . tmas Oz, Pa(21,Tm 23) = Oy <\El+l) .
’ |Im 21 |

The corresponding statement also holds when considering the formal space G(L%(T?)) of Flo-
quet periodic functions.

Remark. Let us remark that the cutoff and remainder errors not written out explic-
itly in the stationary phase expansions above are all of the size O(1)exp (—1/Ch) =
O(1)exp (—%) [26], while the deviation of the weight, due to ®,, corresponds to an expo-

nential factor
Ve Ve
h |Imz1|) <exp(Ep)

exp (O(1) i
since we work in a region where |Im z| > 1.
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Remark. Constructing and working with the h—Fourier integral operator G in the domain

where Ve
€
Z}? S;|§l|<< 17
for some 6; > 0 small (see also (4.30)), we find that the formal space G(L?(T?)) corresponds,
via the (h, h)-Bargmann transform, to the space Hg, 1, as in Proposition 5.1, now viewed

in the region A% < |Im 23| < ﬁ, [Im 25| < 1.

5.2. Fourier series expansions in Hg—spaces

The purpose of this subsection is to obtain a relation between the 1-variable weight
®4 (21, 72) and the 2-variable weight ®3(21,Im 23), introduced in (5.18) and (5.23), respec-
tively. The starting point for us will be the following remark concerning Fourier series on the
FBI transform side. Let us rewrite (5.14) with slightly different notation, now for a function
u € L? of one variable only:

1~ // e%(wu(ml,m’%’772)-&-(11—?!1)771)a(mh 7, ﬁ7 Mo B)u(yl) dy, d;.
2mh €
If u = u(y1,y2) € L?(T?) depends on 2 variables and we introduce the Fourier series expan-
sion in yo,

(5.28) u(y,y) = Y en¥ha(yy, kh),
keZ

(5.27) Gpu(z1) =

then

Gu(z1,w2) = Y en ™ (Grpii(-, kh)) (1),
kez
and therefore, applying Tj, ,, of (5.12), we get

(529) Ty, Culz, 22) = Y T (€825 (22) Ty G-, kh) (1),

keZ
Here the superscripts (1), (2) in (5.29) indicate the variable in which the corresponding op-
erators are applied. A straightforward computation shows that

i 1 &
(5.30) T,£2) (eﬁ(')ﬁz) (20) = Ch™Te e 262 —; ee,(22), C >0,
and clearly, as can also be verified directly, this function is normalized in the space
Ho,(C/27Z), ®o(22) = i(Imz;)?. The functions ey, k € Z, form an orthonormal
basis in this space, and hence a general element of Hg,(C/27Z) has an expansion
(5.31) v = Zﬁkekh, v = (U|ekh)Hq>0'
kez

We shall now pause to review Fourier series expansions in Hg(C/27Z), where & =
®(Im 2) is a general smooth weight such that ¢t — ®(¢) is strictly convex:

(5.32) v(z) = Zﬁke%zkh.

keZ
Here the scalar product

i 57 _ 2%(Imz)
/ enFhenzthe= =% L(dz), k,l€Z
C/2rnZ
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vanishes for ¢ # k and for k = £ it is equal to
(5.33) o / e~ # (®(mz)+khlmz) grp, o

which can be evaluated by the method of stationary phase. The critical point ¢ = Im z in
(5.33) is given by ®(t) + kh = 0 and ®(kh) := inf(kht + ®(t)) = —sup((—kh)t — ®(¢)) =
—L®(—kh), where L is the Legendre transformation. Notice also that the critical point ¢ can
be characterized by

209

27 A R

; az(w+zt) kh, zeR,
when identifying ®(z) = ®(Im z). Thus, by stationary phase (the Laplace method), we get

||e%()kh||%1 hl/Qa@(kh h) 2L9( kh),

where aq (t; h) ~ ag(t) + hai(t) + ... is a positive elliptic symbol.
For the Fourier series expansion (5.32) we therefore have the Parseval relation,

(5.34) o}, = heag(kh; h)eh C2 R 52
kEZ

telling us to which weighted /2-space the Fourier coefficients 7 belong.

Applying (5.34) to (5.29), (5.30) viewed as a Fourier series in zo with z; as a parameter,
we get

(535) 11T; ,Gu(z1,) g, o, 0

= [CF S g oy, (ks ) EBCrmk) =
kEZ

(kh)

(1) 2
T Gkhu( k)h) (21)

Now recall that the weights ®3 and ®; have been chosen so that

(5.36) 1T Gullfr,, , ~ lullieey = D 1Ak Faem,
kEZ

— 1 ~ 2
= kZZ I T Grntn 7, 0 a0
€

where asin (5.28), u(y1, y2) = Y ez €*¥20Uk (y1), and thus we want the last member of (5.36)
to coincide with that of (5.35) after an integration with respect to z;. This means that

2 kh)? 2

2 e@s)(er, )~ B = 2V (o, )
so that

1
(5.37) (LP3) (21, —m2) = 5775 — Ve®i(21,m2).
When verifying (5.37), we recall from (5.18) that
1 ~ h

(5.38) D1 (21,m2) = sup (—iRe (21— y1)* —Im @, (21, 1, g,n2)> .

y1ER

We need a similar formula for ®3. To that end, let us notice that in (5.21) we can insert an
intermediate step, where we only integrate with respect to x5, and exploiting that

7 1 2 7 1 2
/eﬁ(mz_y2)n2_ﬁ(x2_22) dzy = 1/27Theﬁ(z2_y2)7]2_ﬁ772’
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we get

(539)T,~lthu(z) Cgh_% -3-1 ///@ 21’1(Z1 y1)2+< 90#(21 Y1, 2 m2)+ £ (z2—y2)n2— 55 15

h -
X b(z1,y1, g,m;h)U(yl,ya) dy: dys dns.

The formula for ®3; becomes
(5.40) ®5(z1,Im 25)

= sup sup vcg, — \[Re (71 — y1) —elm Gp —Im (22 — y2)n2 Re772
y1€ERy2€R

For y; fixed, the sup,, g vc,, corresponds to taking the critical value with respect to ya,
19 and the criticality with respect to yo requires 7, to be real, making the right hand side
independent of y2. Thus “ve,,” in (5.40) can be replaced by “sup,,cr” and we get

(541) @3(21,:[111 Zz)

7775 — Molm 2o

€ - h
= sup sup —lRe (21 —y1)® — Velm @, (21,91, g,m) —3

y1 ERn2€R 2

1
= sup Ve (z1,m2) — 5775 — n2lm 2o
n2€R

1
= Lﬂ2—>1mz2 (5773 - \@@1(21,772)) (—Im 22)-

With f(n2) = in3 — Ve®1(z1,m2), Ju(t) = u(—t), and z; treated as a parameter, (5.37)
reads

JL(I):;:f,

while (5.41) tells us that JLf = ®3. Since J?> = L2 = 1 and JL = LJ, we then see that
(5.37) follows from (5.41).

PROPOSITION 5.2. — Let the strictly plurisubharmonic weight functions ®1(z1,12) and
D3(21,1m 25) be defined in (5.18) and (5.40), respectively. Then we have the relation

(5.42) (L1mzo—ny ®3) (21, —12) *772 Ve®i(21,m2).

Here Lf(£) = sup,(x€ — f(x)) is the Legendre transform of a strictly convex smooth function
f:R—>R

It follows that if we have an expansion of uw € Hg, p,

)2
(5.43) u(z1, 22) Zuk (z1)exn(22), ern(z2) = Ch™re™ = ehZ2kh >0
keZ
then
(5.44) ||u||%{¢3yh ~ Z||ﬂk||%[q>1(<)kh),ﬂ.
keZ
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5.3. Comparison with the ordinary transform away from A, .

This subsection is a preparation for defining the global Hilbert space by gluing together
the local constructions near A, , to the weighted spaces that we used in [17]. This discussion
will be continued in section 6.

In subsection 5.1 we have analyzed the space T;lth(L2(T2)), h = %, and identified
it with a weighted space Hg, » of holomorphic functions defined in a region where 1 <«
|Im 21| < %, |Im 22| < 1. We shall now see that restricting the attention to a region where
Im z;| > ¢~1/6, we can identify this space with a weighted space of holomorphic func-
tions on the T}, ,—transform side. Specifically, when studying T}, ,G(L?(T?)) as a weighted
space, we shall show that the region [Im z;| > ¢~ & on the T, ,—side corresponds to a region
|Im 21| > €3 on the T, p—side.

All the work will concern the variables of index 1, and therefore we shall restrict the
attention to the one-dimensional situation for a while and consider (as appears also in the
discussion of the second microlocalization in Chapter 16 of [26]),

Eliminating the ¢—integration by exact stationary phase, we get
. Ve
(5.45) T,T u(z) = C(1+ O(Ve)h™ih™4 /e* =E @ () dy.

Let us consider first the operator ThTE_1 as a map from Hy 7 to Ho,p with ®p(z) =
3 (Imz)2. Considering the reduced kernel of (5.45), we then want to look at the real part of
the phase,

(5.46)
- %1 i/g\/E(Reﬂﬁ —Rey)® - % ((Im:r)2 T l/g\/E(Ime —Imy)® - \/E(Imy)Q)
1 e

== (Rex — Rey)® — \/EImy—Imx)Q.

1
2= v
This means that we can choose the integration contour Rey = Rex in (5.45), and using
Schur’s lemma we see that

Bl

i‘l,

Bl

o - ) 1/2
ITTy ity it = OO ([ am (Ve g )

. L 1/2
X (/ e Ve (Velmy—Ima) dIma:)

h ih :@(1)g§— =0(1)e" 5.
(3)

3

I
Bl
N
Bl
ool

= OQQ)h~1h~
Here Hy ;, = H /z,,,- We notice that the factor £~1/8 here represents a loss, since we know
that T, 7= - H ook Hg, », 18 unitary, modulo exponentially small errors. The loss is due
to the fact that here we are using contour integrals as a preparation for the next case when
the weights are no longer the standard quadratic ones.
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Let us pass from 1/e®q(y) = é(lm y)? to
Ve

(5.47) ®3(y) = 5 (Imy)” + @a(y)
in (5.23), (5.24), with

kAl _ Ve 1
(548) 8Rey(91my<1>4(y) =0 <|Irn,y|l+l> 5 1K |Imy| < %

(Here we continue to neglect the dependence on the variable of index 2.) When defining
TWT: ! on Hg, 5, we need to choose the integration contour in (5.45) passing through the
critical point of

(549) yoRey - f@(x )+ Ba(w)
1 e 2 € Imz\2 1 )
:51_ﬁ(Rex—Rey) _M(Imy_ﬁ> +§(Imm) + Du(y)

We shall now discuss the estimates on the critical point y(z) in (5.49). Using (5.48), we
see first that the criticality with respect to Im y means that

1 Imz
(5.50) Imy(z) + (9( ) = .
D+ O\ V@) ~ v
Working in a region where
1 1
5.51 ——— < |Im sothat |Imy|>e75,
(5.51) N Im y| Tm y|
we then see that
Imzx NG
5.52 Imy(z) =—+0| — ).
(5.52) y(z) W <|Imx|2)
Considering the Re y-gradient of the phase in (5.49), we get
1
(5.53) Rey(z =Reaz+()(7),
@ T y(a)
and in view of (5.52),
(5.54) Rey(z) =Rex+ O ( ve ) .
|Tm z|

PROPOSITION 5.3. — The critical point y(z) in (5.49) satisfies

NG ) Imz Ve
Rey =Rez+ O (7 , Imy= + O ,
¥ |Im z| Y Ve |Im 2|

where the remainders enjoy the following symbolic estimates: for each k, | € N, we have
(5.55)

O . O 0<ﬁ)=oi,akalo Ve Vo).
Rez“Imz |Im:c| |Imx|1+l Rez“Imz |Imm|2 |Im:c|2+l
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Proof. — The proof is a rescaling argument. With Rez = ¢, 12 — 5 |s| > ¢!/, the

Ve
equations (5.50) and (5.53) become, if we write Rey = u, Imy = v,
=1

(5.56) u=t+ f(u,v)

v=s+g(u,v),
with

kol f(u,v) =0 (1> okd! g(u,v) = O (1> )
B ) VE o

—~1/6

Assume that s ~ sg, |so| > ¢ , and write ¥ = % Then (5.56) gives

{u =t + f(u, 507)

(5.57)
V=384 ig(u, 500).

Here we have written § = s/sg. Now

koL f(u, s07) = O (i) <1,

|0l

1 1
koL —g(u,syp) = O — | K1,
S0 \/g|50|

and we conclude that u = wu(t,8) and & = (¢, 3) with 9fdlu = O(1), 0FOLs = O(1).
Reinjecting this information into (5.57), we get

w=t+a(t3), ©=354+Dbt3),
with
kgl 1 kalf 1
Ofdka=0(—), ofdb=0(——].
|0 Ve [so]

Using that 95 = s¢0s, we get

1 1 1
u:t—}—@(—), a’%ﬁo():o(),
|s] ! H |51+

and
1 1 1
v:8+(’)<2), afago( 2>=o<2+l).
Vels| Vels| Vels|
The symbolic estimates (5.55) follow and this completes the proof. O

Choosing the integration contour {y; Rey = Rey(x)} in (5.45) passing through the crit-
ical point y(z), and noticing that the y-Hessian of the phase occurring in (5.49) along the
contour is negative definite, we obtain that ThT’-: ! becomes a well-defined operator of norm
(’)(a_é) from Hg, » to Hg, », Where ®5(z) is given by
(5.58) ,

VCy <;(Imx)2 + %1 i@\/g(Rex —Rey)? - ﬁ (Imy - Im\/gx) + (I>4(y)> .

Using the estimates (5.52) and (5.53), we see that

(5.59) ®5(z) = ;(Imx)2+0( € n e3/2 N g2 )

Mz |Imz)®  |[Imzl*
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In view of (5.51), the strictly subharmonic function ®5(z) is naturally defined in a region
e'/? < [Imz| < 1, and therefore we get

(5.60) B5(z) = %(Im z)2+0 <|Ir§:v|) .

Estimating the derivatives of @5 using Proposition 5.3 and adding the dependence on the
variable zo, we get the following result.

PROPOSITION 5.4. — Let us consider the weight ®3, defined in (5.40) and satisfying
(5.47), (5.48). Working in a region e~'/¢ < [Imy;| < e~/2, [Imy,| < 1, we have

(5.61) Ty n Ty = O(1)e™5 : Hoyp — Hayn,

where the strictly plurisubharmonic function ®s is given in (5.58) and is defined for e'/3 <

Imzi| < 1, Imzy| < 1. We have
1
(5.62) D5(z) = i(Im x)? 4 ®g(z1, Im 25),
where
€
(5.63) e s Olimay P (@1, T 23) = Oy (m>
|Im 1 |

Remark. Let us notice that we would also obtain the weighted space Hg, ;, more directly by
studying T} Gu in the z;-variable, with G given in (4.32) and u € L2. Notice also that the
canonical transformation associated to Th,hTﬁ_ }1l in (5.61)is kpy, , © Hi;l e and since in view
of (5.13), ’
_ & .
“T;h(l’1,§1;$2,§2) = <ZE1 + l\ﬁ,&;i@ +i&2,62 ),
we get, using (5.5),

\/2/5751;1‘2752) .

The weights ®3 in (5.47) and @5 in (5.58) are related through the formula
(5.65) KT, , © m;;h(A%) = As,.

Here the manifolds Ag, and Ag, are defined as in (5.9).

1
(5.64) 1 o7 (@672, 8) = (1 + 6

5.4. Microlocal Hilbert space in a full neighborhood of A; ,.

Let us return to the situation discussed in section 4, and recall from (4.14) that the action
of P. on F(L3(T?)) is, microlocally near & = 0, equivalent to the action of

F7'P.F = P/(z1,hD;h) + R.(z,hDy; h)
on L%(T?). Recall also from (5.3) that
G 'M~'P/.MG = P!(hD,;h),

the operator P! (hD,; h) being defined in (4.36). With h = \%, in Proposition 5.1 we have
identified T,;)hG(LQ(TQ)) with a space of holomorphic functions Hs, p in the region 1 <«

Im 21| < %, |Im 25| < 1, with &5 as in (5.25), (5.26). Now let us extend ®5(-,Im z5) from
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the region R < |Im z;| < ﬁ for R > 1, to the entire domain |Im z;| < \% so that we still
have as in Proposition 5.1,

1
D3(z1,Im 25) = g(Im z1)2 + i(Im 22)2 + ®4(21,Im 25)
with

(5.66) oz, Imeg Olme, Pa(21,Im 20) = Oy ( Ve

(R + |Im 29 |)1+
and with ®3, ®, still independent of Re z5. It follows that when

(21, €1, 22,62) € g, = {( 26@3)},

x, - —=
"§ Oz

). B>,

then Im &; = —331’;2 =0.

Recall that in subsection 5.1 we have defined a microlocal Hilbert space in a fixed neigh-
borhood of

U AE,I,T 0< 50 < 1,
|E|<d0
but away from a \/e-neighborhood of that set as FMG(L3(T?)). Here the tori Ag 1, have
been introduced in (4.5). Having extended ®3, we now fill the gap by replacing G(L2(T?)) by
T;: ’llHq)&h, and introduce a microlocal Hilbert space defined in a full neighborhood of A; -
and given by

(5.67) FMT,.;;H%,,L.

Here it will be understood that the elements of Hg, j are Floquet periodic asin (4.9). In what
follows, in order to simplify the presentation, we shall neglect the Floquet conditions and
work under the assumption that the elements of the weighted space He, 5, are 2rZ*—periodic
functions. It will be clear that the discussion below will extend to the Floquet periodic case.
Also, in (5.67) we are identifying a neighborhood of A; , with a neighborhood of the zero
section in T*T? by means of the canonical transformation kg in (4.2).

Microlocally near A4 ,, the action of P, on the space (5.67) can be identified with that of
(5.68) T, ,M~'PIMT ! +T; \M~'R.MT; | = P. + R.
on Hg, p, in view of (4.14). The operator %M‘lPE’M is given by (4.20) with &; replaced by
hD,,. The operator %PE therefore becomes, with p = +/z,
1~ 1 - -
(569 P= p(f(&),€) + 9(F(&) + phDay ) (RD,, )P

+ (z@; + @ + ET) (7"1 + liLDwuf(é.Z) + /J'}NLprg?)

+O(}~L2)(CE1 + ”NLDGH ’ f(§2) + MEDJ:1’£2)7

where we replace &2 by hD,,, since the h—Fourier integral operator T}él) is a convolution op-
erator with the associated canonical transformation (y1,71) — (y1 — in1,m1), and similarly
for T,E2). From (4.15) we also find that

1~ ~ N~N
(5.70) “Re(o, &m0, 6ih) = O (N + 0N +¥E ).
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To study the operator in (5.68), we take a Fourier series expansion in x5 of a general ele-
mentu € Hy, p,

(5.71) u(zy, x2) = > Uk(z1)ern(x2).

keZ

Here the functions egy, (z2) have been introduced in (5.43). From Proposition 5.2 we recall

that
|| u ||§'L1>3,h ~ Z || ﬂk’ ||2Hq>1(.,kh),ﬁ’

keZ
and correspondingly,
1~ 1~ = ~
(5.72) “Pou= > P (21, hDq, , khs ) i (z1)exn (x2).
keZ
Therefore we have to study
1~ -
(5.73) Pe(wr, hDyy ki) oy, (o o= Hap, (o

Here we recall from (5.18) and (5.19) that

(5.74) q)1($1,7]2) = %(Imxl)z + <I’2($17772), <I)2($1,772) =0 <;>

|Im $1|

is defined in the region R < |[Im 1| < %,

|Im z1| < R, we use Proposition 5.2. Using also (5.66), we see that the representation (5.74)
holds in the entire region [Im z;| < -, with

e

and when extending the definition to the domain

1

_ 1.
R+ |Imx1|)’+1) , B>

(5.75) alljc{exhnza{mxlq)Q(xla n2) =0 (

In the region where [Im x| > 1, we have, from Proposition 4.1,

P, =T} ,GP/G'T !,

and correspondingly for 1-variable pseudodifferential operators:
%E(ml,ﬁDml,kh;h) = éTBGthE”(ﬁDII,kh;h)G;}fTﬁ‘l.

Here Gy, is defined in (5.27) and P! (hD,, , kh; h) is given in (4.36):

(576) PRy, &05h) = Zp(f(€2),) + 9(J (&) + VERD, ) (WD, )?

+ (i<<’qﬁ>1 +0 (g) + s<ra>1) (f(&2) + VehDy,, &)

+Opﬁ (O (;)) +§(ﬁDz17£2757h)a
&1

1

—2j-2
]

where

ENZBJ-&_]-/?EJ', Ej=0
j=2

ANNALES SCIENTIFIQUES DE L’ECOLE NORMALE SUPERIEURE



546 M. HITRIK AND J. STOSTRAND

An application of Egorov’s theorem then shows that in the region where [Imz;| > 1, the
symbol of £ P.(z1, hD,,, kh; h) restricted to

001 (x1, kh
b= (o P2IR))

can be identified with the symbol of (5.76) restricted to T*T?2, modulo an error O(h). Let us
notice also that if (x1,£1) € Ag, (. kn) then from (5.74), (5.75),

>~ 09 B ( 1 )
(5.77) Re& = e, (z1,kh) = —Imz; + O R+ a2/
and
~ 09, < 1 )
. =5 SO —— 1
(5.78) Im & 9Rex, (z1,kh) =0 Rt mar])’ R>1,

~  ~2
so that the imaginary part of the term g(f(&2) + /21, £2)&1 , occurring in the symbol in
(5.69), restricted to Ag, (.., —kh)» is small, when [Im z;| = O(1).

We shall finish this section by discussing the action of the remainder in (5.68),
éRs(ajl, hDg,,x2,hDy,; h), on Hg, . In doing so, we shall work, as we mayiwith the clas-
sical rather than the Weyl quantization. We shall study the scalar product (éREuk |we) Hay ns
where

uk (1, T2) = Up(@1)ern(x2), ue(x1,x2) = Up(x1)ewm(x2), k,LE€Z, k#L.

Here we have, in view of (4.16),
1 1
C o

for some C > 1. Let us consider first

1 1~ ~ i _ o1, Imz
(5:80) o / _Re(21,hDq, w2, ks h)tig () e (FR)72 o= h (E)T2 o= 2RI 1y
C/2rnZ

which is equal to

(k+

1~ .
(5.81) | “R.(x1,hDy,, +ilmas, kh; h)ag (z1)(£—k)e— & (Bs(@Imea)+ S50 0Ima) gy
5 1

—

where iés(xl, hD,,,- + ilm zo, kh; h)tg (1) (¢ — k) is the Fourier coefficient of
R/27Z > Rexzg — éﬁe(xl, ﬁDml ,Rexo + ilm xo, kh; h)ug (x1)

at the point ¢ — k, and is therefore equal to the Fourier coefficient of

(5.82) R/2nZ > Re zg — %Es(ml, hD,,,Re xy, kh; h) iy (z;)

at the same point times e(* =92 Tt follows that (5.80) is equal to

=
(5.83) (&-Rs (w1, Dy, h; h)ak(m)) (¢~ k) / e R (Tslrn e HMM) gy,
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and evaluating the integral in (5.83) by the method of stationary phase, as in subsection 5.2,
we get

—

1~ -
(5.84) (ERsm, RD.,, - kh; h)ﬂk(xl)) (€ = k)hF agy (a, . (Ch h)eh £2s (21—t

Here the amplitude ag,(y, ,.) is as in (5.35).
When estimating the first factor in (5.84), we recall that as in [26], modulo an error that is
O(e~/Ch), C > 0, we may write

1~ ~
(585) ERE (371, hD111 , L2, k‘h, h)ﬂk (1‘1)
1 iy L 5 c 7 3
=—=[[en —Re(1,81, 2, kh; h)x (21 — y1)uk(y1) dyr déa,
27h €

where x is a suitable cutoff in a neighborhood of 0, and in (5.85) we choose a good contour

adapted to the weight &4 (-, £h) and given by

~ 2 8<I>1 (.’131 s Eh)

g =ty
) 0z,

It follows, using also (5.70) and (5.74) that the absolute value of the kernel of

+ZC(Q?1 —yl), C>1.

e~ C /L o)/
g

does not exceed

%e—m—yﬁ/ﬁ (EN +hN 47 |Imx1|N) ,

and since ®;(z1,72) is defined for [Im x| < R%E’ R > 1, it follows that the H<I>1(-,€h),ﬁ_

norm of (5.85) does not exceed, uniformly in z, [Im z2| < 1,

1 ~

@1 (-,Lh),R"

Shifting also the contour of integration in x5, we conclude that the Hy,| (-,¢h), i DOrm of

—

(5.86) T1 - <i§5(m1, hD,, - kh; h)ﬂk(xl)) (0 —k)
can be estimated by

@1 (-,Lh),R"

1 ~
(5.87) o <5N +h + R—N> e F=/OM ) 4 || g

Combining (5.84), (5.87), and Proposition 5.2 we see that the scalar product
1~
(588) (gRauk|ue)Hq,31h

can be estimated by
1 h 2 2
N | N —|k—€/O(1) B (LP—k) || ~ ~
(5.89) O(é‘ +h +RW>6| VO It Ny, o o 1T Hy,

Here when considering @, we want to replace @4 (-, £h) by ®1(+, kh), and according to (5.75),
we can do it at the expense of the exponential factor exp (O(1) % ), which is permissible
due to the presence of the factor exp (— |k — £| /O(1)) in (5.89). Taking into account also

(5.79) and (5.44), we may summarize this discussion in the following result.
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PROPOSITION 5.5. — Assume that k,¢ € Z are such that (5.79) holds, and make the as-
sumption (5.70). Then the scalar product

1~
(*REUHW) )
€ Heg.n

where

_1 _(km)? i(kh)zo o~ ~
uk(ml,xg) =Ch 1e” "2rh ek 2uk(:L‘1), uk(asl) € Hcln(-,kh),ﬁ’ C >0,

and uy is defined similarly, can be estimated by

1 k-
(590) 0 (N 4V 4 o) e VOO gy el RS

6. Global Hilbert space and spectral asymptotics for P.

6.1. Behavior of the Diophantine weight near A; ,

Let us recall from section 2 that our spectral parameter z varies in a rectangle of the form
€ 1
|Re z| < oa) oa)
where Fy € Qoo(A1,r) satisfies (2.22), (2.26), (2.27) and (2.28). Recall also that we assume
for simplicity that L = 2in (2.21) and L' = 1 in (2.25).

In the absence of rational tori corresponding to the energy level (0, e Fy), the global weight
that we used in [1 7] when away from a small but fixed neighborhood of U?:1Aj,d; was coming
from an averaging procedure along the H,—flow, and it is the weight that we should use in
the present case, also when away from a neighborhood of A; ,.. Following [17], we shall now
recall the definition of the weight in question.

Let 0 < K € C{°(R) be even and such that [ K(t)dt = 1. When T > 0, we introduce
the smoothed out flow average of ¢,

(6.1) @ﬂKZ/Kﬂﬂmwm@Mmm Kﬂﬂz%K(%y

the standard flow average in (2.14) corresponding to taking K = 1;_ /3 1/2). Let Gt be an
analytic function defined near p=1(0) N R4, such that

Imz

ol <
€

(6.2) H,Gr = q—(g)1,x-

As in [17], we solve (6.2) by setting

(6.3) Gr = /TJT(—t)q oexp (tHy)dt, Jr(t)= %J (%) ,
where the function J is compactly supported, smooth away from 0, and with
(6.4) J'(t) =6(t) — K(t).

The behavior of Gt near the Diophantine tori A; 4, j = 1, 2, as T' — oo, has been ana-
lyzed in [17]. We shall now consider the behavior of G near A, ,.. Passing to the torus side
by means of the canonical transformation in (4.2) and composing p = p(§) in (4.8) with ks
in (5.2), we may reduce ourselves to the case when

(6.5) p(é1,&) = p(f(£2),&) + g(é1 + f(&), &),  f(0) =0,
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where ¢(0,0) > 0. The expression (6.3) gives

t
Gr(w,6) = [1(=5) ae + w'(©,9) .
and expanding ¢(+, ) in a Fourier series, we get

(6.6) Gr(z,8) = > TITYE) - k)gk, e,

k=(k1,k2)#0,k€Z?

since it follows from (6.4) and the fact that K is even that J(0) = 0. Here §(k,£) are the

Fourier coefficients of ¢(z, £) and J (7 = [e~%7 J(t) dt is the Fourier transform of J.
We write
6.7) Gr(z,&) = Z TJ(Tp (€) - k)g(k, €)e™* + Z TI(TY (€) - k)g(k, €)e™* = 1+11,
k270 k2=0

with the natural definitions of T and II. When estimating I, we notice that when ky # 0,
p(€) - k| > ’p’§2k2‘ — Cl&||ki| > 1/2, C > 0, provided that 2C |&| k1| < 1. (Here for

©((—1,1)) be such that

x = 1on [—1/2,1/2] and write, using also (6.4),

(6:8) I= Y x(2C || k)TI(Tp'(€) - K)alk, E)e™™*
k27$0
+ Y (1= xQC &k DT I (TP ) - K)alk, e
kQ#O
1-K Tp' (&) - k) - i
= 3 x@Ca] ) L ETE O Rg gy
ot ip'(€) -
+ Y (1= xQC &l ) TI(TY () - F)glk, ).
ka#0
It is easy to see that
(6.9) I=0(1+T|&]®), T>1
When considering the contribution coming from II, we notice that
(6.10) M= Y TJ(Tp, k)™ q(k,¢)
k2=0,k17#0
1-— K(Tp 1k1) zz
= Y etk
ko=0,k1#£0 Pe, M1

and therefore, since ‘ Pe, ‘ ~ [£1], in view of (6.5), we get uniformly in T > 1,

1
Combining (6.11) with the bound IT = O(T"), we get

T
6.12 MI=01)———.
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PROPOSITION 6.1. — Let Gr be definedasin (6.3), (6.4), so that it satisfies (6.2). Assume
that near £ = 0 we have
p(&1, &) = p(f(&2), &) + g(& + f(&),£)EF,  f(0)=0, ¢(0,0) > 0.
Then

oo T

6.2. Global Hilbert space and the reference operators

In the first part of this subsection, we shall construct a global h-dependent Hilbert space
where we shall study resolvent bounds for P.. The Hilbert space will be associated to a glob-
ally defined IR-manifold A, C C*, which in a complex neighborhood of p~!(0) N R*, away
from a sufficiently small but fixed neighborhood of

(6.14) U Apir 0<d<1,

|E|<d0o
and away from a small neighborhood of U?=1 A; 4, will be given by
(6.15) A. = A.g, = {exp (icHg,)(p); p € R*} c C*.

Here the function G has been defined in (6.3). In view of the assumption (2.28) and Lemma
2.4 of [17], the imaginary part of p. in (2.10) along A, in this region avoids the value £ Fj,
provided that T is taken sufficiently large but fixed.

When defining the global IR-manifold A, near the union of the Diophantine tori A; 4,
j = 1,2, we follow the procedure of [17], implementing a Birkhoff normal form construction
there. Therefore, it only remains to discuss the definition of A, in a full neighborhood of A; -,
and how to extend it further to A ¢, in (6.15).

From the discussion in section 5, we know that near (6.14), on the torus side, H(A.)
should agree with the microlocal Hilbert space

(6.16) FMT; , Ha, p,

introduced in (5.67). Now let us recall from Proposition 5.4 that in the region where
(6.17) e V0« |Ima | < e V2, |Imazy| < 1,

on the T;%h—transform side, we have an identification TF: }]'LHq>3,h ~ Th_’ ,1LH¢5)h, with the
weight @5 having the properties described in (5.62), (5.63). Moreover, on the T}, ,—transform
side, the region in (6.17) corresponds to a region where ¢'/3 <« |Imz;| < 1, [Imzy| < 1.
In this region we may therefore identify the microlocal Hilbert space in (6.16) with

(6.18) FMT, yHo, n = MT,  Ho, 1,
where the smooth strictly plurisubharmonic function ®7(z) is such that
KTy, 5, © K]T/Il O KeOKp O K;nl,h (Agy) = Ag,.

Here k7, , : (y,m) — (y —1in, n) is the canonical transformation associated to the Bargmann
transform T}, 5, on T2, given in (5.4). The transform x. corresponding to the operator F' has
been introduced in (4.12).
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The transformation &} o k. o kpr is O(e)—close to the identity in the C>°—sense and hence
it follows from Proposition 5.4 that

1
(6.19) (1)7(1‘) = @0(1‘) + (I)g(il,'), @0(.%) = i(Im(E)z,
where the perturbation ®g(x) satisfies
(620) 8}’%,8.%1 EQa%ml'l@S(m) = Okl <E1+l) .
’ |Imx1|

In particular, the Hessian of ®- is uniformly bounded in a region where ¢!/3 <« [Imz;| < 1,
Im z5| < 1.

We conclude that near (6.14) but away from an O(e!/3)-neighborhood of that set, we
should choose

(6.21) A =kylok.okp o ni}l’h(A%) =Ky loky o H;hl’h (Ag,)
where K is the action-angle transform defined in (4.2).

We shall now glue the manifolds A.q, in (6.15) and A, in (6.21). To that end, from sub-
section 0.1 we recall that we have simplified the symbol p in (4.8) by composing it with the
transformation «j; in (5.2). Hence

_ -1
Acgr = Ko ©KMm (AEGTonglonM) )

where Gp := Gr o nal o Kz 1s given in Proposition 6.1. Recall next for example from [4]
that if ® is such that k7, , (Acg,) = As,, then

(6.22) ®4(x) = Bo(z) + Gr(Rex, —Imz) + O(e2 [VG1 ).

Let x = x(Imz;1) € C§°,0 < x < 1, be a standard cut-off function in a sufficiently small
but fixed neighborhood of 0, and consider

(6.23) ®(z) = x(Im z1)®7(2) + (1 — x(Im 21)) Da(x).

The function @ is strictly plurisubharmonic in a region /3 < |Imzy| < o Imas| <
ﬁ. Moreover, it follows from (6.19), (6.20), (6.22), and Proposition 6.1 that

6.24) B(z) = Bo(z) + Bo(z),

~

where ®¢ and its derivatives satisfy the same estimates as ®g(x) in (6.20). It follows that
in a fixed neighborhood of the set in (6.14) but away from its ¢!/3-neighborhood, the IR-
manifold A, is defined as

(6.25) A = n'al oKy O /s;hlh (Ag) ,

and we need to fill the remaining gap. To that end, it will be convenient to go back to (6.16)
and to work on the T; , -transform side. Let us recall the relation (5.65) between the weights
(I)g and (1)5,

KTy p © H;;’h(A‘I’:s) = Ao,,
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with the transform s, , o m;ﬂl X defined in (5.64). Corresponding to the weight @ in (6.23),

on the T}, p—transform side, we introduce a weight Zﬁ(x) on the T; , -transform side given by
the analogous relation

(6.26) KTyn © KT, | (A5) = Az
We have
~ 1
(6.27) O(z) = %(Im:pl)2 + §(Imx2)2 + ®19(2),

where @ and its derivatives satisfy the same estimates as &, in Proposition 5.1. Moreover,
in a region where e7Y/¢ < |Imz;| < e V2, |Imzy| < 1, the weight & is an O(y/&)-
perturbation of ®3, and as such it extends to the entire region [Im z;| < e~ /2, |Im z5| < 1,
in the same way as in subsection 5.4.

The definition of A, C C* in a full neighborhood of A; ., including the gluing region, is
then as follows,

(6.28) A = mo_l o0 Kp O n};h (Ag) .

where the transform KT; has been defined in (5.13). Further away from A, ,., we have A, =
A€GT in (6.15), and when approaching the Diophantine region A; g U As 4, we define A, as

n [17]. This gives a global definition of the IR-manifold A, C C*, which agrees with R*
outside a bounded set.

Let T be the standard FBI-Bargmann transform, defined as in (5.4), acting on L?(R?),
and with the associated canonical transformation kr : T*C2 — T*C2, defined as in (5.5).
From [17] we know that away from a neighborhood of the rational region, we have

209, }
i 8z )7
where @, is strictly plurisubharmonic with ®. — ®; = O(e), V(@ — ®g) = O(¢), Bo(z) =
% (Im :v) Associated to A, we then introduce a global h—dependent Hilbert space H(A.),
which agrees with L?(IR?) as a set, and which is equipped with the norm

(6.30) lull =T Q= x)ullme, + 1T, M7 FT U XU |1y -

(6.29) kr(Ae) = Ag, = {(3:,5) €eC*xC%¢=

Here x € C§°(A.) is a cut-off to a small neighborhood of the rational region, which we quan-
tize as a Toeplitz operator on the FBI-Bargmann transform side — see also the following
discussion in this section. The elliptic Fourier integral operator U quantizes the action-angle
symplectomorphism x5! in (4.2).

We shall now introduce a more precise description of the spectral window to which the
spectral parameter z is confined. In doing so, let us recall the assumption (2.27), and assume,
in order to fix the ideas, that Fy < (g)(A1,). Introduce a rectangle

€ 1
6 P L DN PO
( ) Y Co’ Co +ie | Fo — C’ 0-1-02
where Cp > 0 is large enough. Moreover, we shall take Cy > 1 so large that
Im 2
(6.32) — <A{q)(A1,), z€ Ry
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We further take C; > 0 so that

(633) Fy — i < inf Qoo(Al,r)~
C1

Our goal now is to construct a trace class Toeplitz operator K : H(A:) — H(A.) such that
the operator

1
—(P:+ieK — 2)
5

becomes elliptic, in the A—pseudodifferential operator sense, in a full neighborhood of Ay,
for z varying in (6.31). To this end, we shall restrict the attention to the rational region.

When constructing the operator K, we recall that microlocally near A; ,, the action of P,
on H(A.) can be identified with the action of the operator in (5.68) on the weighted space
Hg, 1. In what follows, as in (5.72), (5.73), we shall consider the one-parameter family of
operators %]’55(931, ﬁDml ,&2; h) acting on H‘I>1(-,£2),]~’L’ where &, is given in (4.16) and

fafea)) _ 5

—= 1.
4 2T <

2l = |n (i

We now claim that for z € C in the domain (6.31) and in the region where |£5| > ¢, the
elliptic bound

1~ ~ z 1
6.34 =P.(z1,&1,65h) — =| > ——
(6.34) 5 (z1,&1,8&2;h) | = o)
holds true. Here & = %’gi’; (z1,&2), so that (xl,g) € Ag, (¢, When verifying

(6.34), we recall from subsection 4.4 that in the region where |[Imz;| > 1, the symbol
of %1’55(961, ﬁDml,fg; h), restricted to Ag,(..¢,), is identified with the symbol of (5.76) re-
stricted to T*T?2, modulo O(h), and (6.34) follows by considering the imaginary part of
1 (135(961, £1,69;h) — z), and using (6.32).

It remains therefore to check (6.34) in the region where [Im z;| = O(1). Here it follows
by considering the real part of %I?’;(xl, §~1, §2;h) — Zin (5.69) and using that p(f(€2),&2) =
a(€2)€2, a(€2) > 0, and that ¢g(0,0) > 0, together with (5.77), (5.78).

In what follows, when considering the one-parameter family é]gs (ml, ﬁDzl ,€9; h), we
shall therefore restrict the attention to the quantum numbers k € Z given by the condition

(6.35) £ =h <k - M) _ %2 o).
4 2w
When & = %gf; (z1,&2), using (5.69) together with (5.77), (5.78), we obtain that for
Imz;| = O(1),
(6.36)

h

L __
Im _P.(21,&1, &2 h) = (g)2(Rey, —plmas + f(€2),&) + O (g tet R+|Imx|> -

Here we recall that p = /¢ and R > 1. Furthermore, as already exploited above, in the
region where |Im x| > 1, the closure of the range of the imaginary part of the symbol of
1P.(x1,hDy,, &;h), restricted to Ag, (. ¢,), avoids the value Fy € Qoo (A1,).
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For each k € Z satisfying (6.35), let 0 < 7, = r(Imzq) € C§°(R) be such that ry,
vanishes for |Im z;| > 1 and such that the value Fj is away from the closure of the range of

1~ 209,

(637) 27 (01,2500 (@162, :0) + ruiman),

when |Imz,| < R;, R; large enough. We notice that we can take ry to be a suitably large
multiple of some standard cutoff function. Associated with r;, we then have a Toeplitz oper-
ator

(6.38) Top(ry) : Hyg — H,

1(+€2),h @1 (-,€2),h

defined as in the appendix. Using the one-dimensional operators Top(ry), we introduce an
operator F, ' Top(r)Fu, : He, n — Ha,,n given by

(6.39)  Fp,'Top(ri) Fagu(zr, @) = »_  (Top(ri)ux) (z1)e, (w2), u € Hoyn,
2=0(¢)

with &5 as in (6.35). Here, as in (5.71), we have written

ZL’1,£L‘2 E uk X1 652 $2
kez

Combining (6.34) together with Proposition 5.5, and the construction of Top(ry),
for k € Z satisfying (6.35), we conclude that for z in the domain (6.31), we have an elliptic

estimate
1 ~ 1 1 z
(6.40) g e +iF,, Top(ry)Fe, — z U

LRI
= H.
Hoyn 0(1) e

Here we are also using the basic formula relating quantization and symbol multiplication
on the FBI-Bargmann transform side, established in Theorem 1.3 in [27] (see also section 3
of [10]).

Back on the globally defined manifold A., we let now 0 < x¢ € C§°(A) be such that xo =1
near the rational torus and with supp x contained in a small neighborhood of the torus. We
then take 0 < x1 € C§°(A.) supported near A; ,, such that x; = 1 in a neighborhood of
supp Xo, and consider
(6.41)

K := XlUFMTf;;Lf;;Top(rk)fzzTmM—lF—lU—lXO =0(1): HA.) — H(A,).

Here, asin (6.30), U is a unitary Fourier integral operator quantizing the action-angle trans-
formation xg Lin (4.2). When defining the operators corresponding to the functions o and
X1 in (6.41), we identify H (A.) with FM T~ 1H @5, and use the Toeplitz quantization on the
FBI-Bargmann transform side.

Now it is clear that the operator in (6.39) is of trace class on Hg, p, With its trace class
norm not exceeding

€ 53/2
(6.42) o h) sup || Top(r) [lus < O ( = ) »
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since an application of Proposition A.1 shows that the trace class norm of the Toeplitz op-
erator (6.38) is

(6.43) o (%) =0 (%) .

It follows that K in (6.41) is of trace class on H(A.), its trace class norm not exceeding

£3/2
O<]712> .

PROPOSITION 6.2. — Let us keep all the general assumptions from the introduction, and
assume that Fy € UpcjQoo(A) satisfies the assumption (2.22)—(2.28). Assume also that
h < & = O(R®), for some § > 0. Then there exist a globally defined IR-manifold A, c C*
and smooth Lagranglan tori A1 > Az d A1 r C Ag such that when p € A, is away from a small
neighborhood 0fA17d U Ag’d U ALT we have

1 €
(6.44) [Re P(p)| = on) Im P (p) — eFo| > oa)

The estimates (6.44) remain valid for p € A near K“ when away from an O(e'/?)—
neighborhood of this set. The manifold A, is close to R* and agrees with it outside a bounded
set. We have

P.=0(1): H(A:) — H(AL).
For j = 1,2 there exists an elliptic Fourier integral operator

Uj=0O(1) : H(A:) — Lj(T?)
such that microlocally near jA\j’d, 7 =1,2, we have

U;P. = (P{")(hDy,e;h) + Ry41,(z, hDy €5 h)) U;.
Here PJ.(N) (hDg,e;h) + Ry+1,j(x, hDy, ; h) is defined microlocally near € = 0 in T*T?, the
Sfull symbol of Pj(N) (hDy,€; h) is independent of x, and
Ryi1(@,€ 6:h) = O (6,6, W)™).
Here N is arbitrarily large but fixed. The leading symbol of PJ-(N) (hDy,¢e; h) is of the form
p;i(€) +ie(g;)(€) + O(e?),

with the differentials of p; and (q;) being linearly independent when £ =0, j = 1,2.
Furthermore, there exists a trace class Toeplitz operator

K =0(1): H(A.) — H(A.),
which has the following properties:

e K is concentrated to the torus IA\M in the sense that if v € C§°(A.) is supported away
Jfrom Ay, then

(6.45) YK = Ky = O(h®) : H(A.) — H(A,).
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o The trace class norm of K satisfies

3/2
iw=0(5).

o For p € A, near A4 ., we have

) €
|P:(p) +icK(p) — 2| = Wl),
provided that the spectral parameter z € C belongs to the domain (6.31), assuming
(6.32), (6.33).

Remark. Tt follows from the discussion preceding Proposition 6.2 that the operator K en-
joys better localization properties than (6.45), and is in fact concentrated to an O(e!/?)—
neighborhood of A; , C A..

We shall now derive resolvent bounds for the perturbed operator P. + icK in the space
H(A.). To this end, let us recall the set E;, defined in Theorem 2.1, which consists of
the quasi-eigenvalues z(j,k), 1 < j < 2, k € Z2, introduced in (2.31). We introduce an
additional small parameter 0 < & = O(h?®) such that & > /2, & > h'/279_ Then it follows
from Proposition 6.2 (see also Proposition 5.1 in [17]) that when p € A, is away from an
e—neighborhood of Kl,d U Kg’d U Kl’r, we have

€ ee
6.46 P.(p;h)| > —— Im P. — eFy| > .
( ) |Re E(p7 )| = 0(1) or Im € € 0| = 0(1)
In what follows, we shall let z € C vary in the rectangle
€ € ) 5 5
(6.47) B ER Ty

for some C > 0 sufficiently large but fixed. Let Ny > 1 be arbitrarily large but fixed. When
z in the rectangle (6.47) avoids the union of eh™° /O(1)-neighborhoods of the z(j, k)’s, we
would like to show that P. + ie K — z is invertible and to estimate the inverse in H(A.).
When doing so, to be able to exploit the Birkhoff normal form in the Diophantine region,
as in [17], we shall use a partition of unity involving cutoff functions to small h—dependent
neighborhoods of the Lagrangian tori.

In what follows we shall write that a function a = a(p; h) € C*°(A.) is in the symbol class
Sg{l) if uniformly on A, we have

V™a=0n(E™), m>0.
We take a smooth partition of unity on the manifold A,
2
(6.48) 1= "+ %14+ ¥1— + o4 + 2 + s
j=1

Here 0 < x; € C§°(Ac) N S(1) is a cut-off function to an e-neighborhood of Kj,d, ji=1,2,
and as in [17] we arrange so that

(6.49) [P., x;] = ORI H(A.) — H(A.).
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The functions 0 < ¢y + € S(1) are such that £Re P. > £/O(1) in the support of ¢; 4,
respectively. Next, the functions 0 < 12 1 € C§°(Ac) N S(1) are supported in regions in-
variant under the H,—flow, where + (Im P, — ¢Fj) > €€/O(1), respectively. We also arrange
so that v, + Poisson commute with p on A.. Here we have written p to denote the leading
symbol of P.— acting on H(A.). Finally, the function 0 < ¢3 € C§°(A:) N S(1) is a cut-off
to an é-neighborhood of IA\M such that H,13 = 0. Moreover, we can arrange that

Y3 K = K+ O(h™) : H(A:) — H(Ae).

At this point, we may follow the arguments of section 5 of [17] (see also [14]) to prove,
using (6.406) together with the sharp Garding inequality, that when

(6.50) (Pet+ieK —2z)u=v, ueH(\),
with z € C varying in (6.47), we have
2
o(1
(6.51) [ (1—ij—w3>u||§5(53||v||+0<h°°>||u||,
j=1

provided that

ho_ s
(6.52) = <h°.
Here || - || is the norm in H(A.). Let us also remark that when establishing (6.51), follow-

ing [14], we use, in particular, that, on the operator level,

[Pe,¢2,4] = [Peco,¥2,+] + O (g) =0 (g) +0 <g> =0 <%Z) )

since h < e. Furthermore, since z belonging to (6.47) is such that dist(z, E;) > eh™° /O(1),
directly from section 5 in [17] we see, using also (6.49), that for j =1, 2,

6.53)  lxull < S;—ngn v ||+ ORWNFTDI=No=1y |1y || (N +1)§ — Ng — 1> 1.
Combining (6.51) and (6.53), we get
(6.54) (A = gs)ull < %Il o[+ O(RNFDI=N =)y .
It remains to derive an estimate for ¥3u. When doing so, we write
(6.55) (P: + ieK — z) Ysu = Y3v + [P + ic K, ¢¥s)u.
Here

eh

[P: + ieK, 3] = O (57) :H(A:) — H(AL),

and using (6.54) with a cut-off closer to IA\M we see that the H(A.)-norm of the commutator
term in the right hand side of (6.55) is controlled by

(6.56)
eh 1 N 0() CNo—
O (gT) EhiNo”vH +O(h(N+1)5 No 1)||u|| = g4hJ(Vo—1 ||’U|| _|_O(h(N+l)6 No 1)||'11,||
Using (6.40) together with (6.55) and (6.56), we get
o1 —Ng—
(6.57) 19sull € oyl + O +5=No=2)]
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Combining (6.54) and (6.57), and using also (6.52), we obtain the resolvent bounds, summa-
rized in the following proposition.

PROPOSITION 6.3. — Assume that & = O(h®), § > 0, is such that € > €'/? and that (6.52)
holds. Let

€ € g €

—E it |Fo- = Fo+—=|, CO>1
C’C:|+/LE|:O C’ 0+C ’ > 1,

be such that dist(z, E;) > eh™0 /O(1), for some Ny > 1. Then, with the norm being the oper-

ator norm on H(A.), we have

(6.58) ze [

_ 1
(6.59) || (P.4icK —2)"" || < SL(NZ.

Remark. Continuing to argue as in [1 7] and solving a suitable Grushin problem as in that pa-
per, we see that the eigenvalues of P, +ic K in the domain (6.58) are given by the elements of
the set E; in (2.31), modulo O(h>), their total number being ~ ¢£/h2. We may think there-
fore of P, + ic K as a reference operator associated to the Diophantine region, and hereafter
we shall often write

(6.60) P, = P. +icK.

Remark. Applying a simplified version of the argument above, we see that in the absence of
Diophantine tori corresponding to the level (0, £Fp), the reference operator

P.+ieK —z: H(A;) — H(A,)
is globally invertible, with
1

E) :H(A:) — H(AL),

(6.61) (P.+ieK—2)"'=0 (

for z belonging to the rectangle (2.36). Indeed, when checking the injectivity, and hence the
invertibility, of P, + ie K — z, together with (6.60), we may use a partition of unity of the
form (6.48), without the x;’s, with all the terms there being symbols of class S~_;(1). The
bound (6.61) is relevant for the proof of Theorem 2.2.

In the following discussion, we shall let z € C vary in the rectangle (6.31), so that in par-
ticular (6.32) and (6.33) hold.

We shall now introduce a reference operator associated to the rational region. In doing so,
welet 0 < x4 € C§°(Ac) be such that x4 = 0in a small but fixed neighborhood of /AXL,, while
Xa = 1 away from a slightly larger neighborhood of this set, when restricting the attention
to the region where |[Re P;| < 1/O(1). Also, xq vanishes outside of a slightly larger set of
the form |Re P:| < 1/0O(1). When C > 1 is large enough, let us consider the operator

(6.62) P. = P. +ieCXq.
We may view P, as a reference operator associated to the rational region. Notice that the

trace class norm of the perturbation P, — P. on H(A.) is O(eh™2).

Our purpose is to study the spectrum of P. in the domain (6.47) in terms of the spectral
information about the reference operators Py and P, in this region. In particular, Proposi-
tion 6.3 gives a polynomial in 1/h control on the resolvent of P,, and we also know that the
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eigenvalues of Py in (6.47) are given, modulo O(h*°), by the elements of the set E;. While
the spectral information available for the rational reference operator P, is not going to be as
precise, as a next step in our analysis, we shall derive resolvent bounds on P, in H (A.), when
z1n (6.31) is not too close to the spectrum of this operator.

Using the same arguments as earlier and choosing C' > 0 sufficiently large, it is easily seen
that the operator P, + icK — z = P. + ieCXq4 + icK — z is globally invertible on H(A.),
with

(6.63) (P, +icK—2)"'=0 (%) cH(A.) — H(A,).

Here z varies in the rectangle (6.31). Write

(6.64) P, —z= (P, +ieK —2) (1—ic (P, +ieK — 2) ' K).

Proposition 6.2 together with (6.63) implies that i (P, + ie K — z) " K is of trace class on
H(A.), and the corresponding trace class norm satisfies

3/2
(6.65) e (P, +ieK — 2) ' K || = O (ZZ)) .

It follows from (6.65) together with a basic estimate of [5] that the holomorphic function
(6.66) D(z2) = det (I —ie(Pr +ieK — 2) 'K,

defined for z in the rectangle (6.31), satisfies

(6.67) |D(2)] < exp <o (if)) .

The zeros of the perturbation determinant D(z) in the domain (6.31) are precisely the eigen-
values of P, in this region. To estimate the number of the zeros in such a domain, with slightly
increased values of Cy, C1, and C5 in (6.31), it suffices, in view of Jensen’s formula (see for
example [21]) to establish a lower bound on D(z) at a single point z = zg in (6.31). To this
end we notice that the condition (6.33) allows us to find 2z in the domain (6.31) such that

Im zg

(6.68)

< 1nf Qoo (Al,r)-
As before, it follows that P, — zq is invertible with
1

(6.69) (P,—2) =0 (6

) : H(A:) — H(AL).

We get, using (6.64),

(6.70) (I—ie (P +icK — 20) K) " = (P, — 29) " (P, + icK — 2))
=T+ie(P, —2) 'K,

and it follows, using (6.69), that the absolute value of the determinant of the right hand side
of (6.70) is O(£%/2 /h?). Therefore,

/
(6.71) [D(z0)]| = exp (—o (if)) ,
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and combining this bound together with (6.67) and Jensen’s formula, we conclude that the
number of eigenvalues of P, in the rectangle (6.31), after an arbitrarily small decrease of the

constants Cy, C1, and Cs, is
£3/2
o(2).

The proof of Theorem 2.2 is now complete, in view of the second remark following Proposi-
tion 6.3.

Continuing with the proof of Theorem 2.1, we now come to derive resolvent estimates for
the reference operator P,. Let z in the rectangle (6.31) be such that

(6.72) dist(z, Spec(Py)) > g(h) >0, g(h) K e.

An application of Theorem 5.1 from chapter 5 in [5] together with (6.65) shows that

1 g3/2
|D@n“p(o(h?>>’

and in view of (6.63) and (6.64), it suffices to estimate | D(z)| from below, away from its zeros.
At this point, rather than recalling the details of the now well established argument for that,
based on Cartan’s lemma (or, alternatively, on Lemma 4.3 in [30]) and the Harnack inequality
together with the maximum principle, we shall merely refer to [21] and [28], [30]. We obtain
that if z in the domain (6.31), with increased values of the constants there, satisfies (6.72),
then

g3/? 1
(6.74) |D(z)| > exp (—(9 (thog g(h))) .

Combining (6.63), (6.64), (6.73), and (6.74), we get the following result.

11
(6.73) | (1—ie (P +icK —2) ' K) || <

PROPOSITION 6.4. — Assume that z € C is such that

€ €
(6.75) |Rez| < Yok Im z — eFy| < Yok C>1,
with dist(z, Spec(P,)) > g(h), 0 < g(h) < €. Then
_ o(1) g3/2 1
) P.—2)7 ' < = )log — ).
(6.76) 1P =2 < sem(o(hQ o8 i

Here P. = P. +ieCXgq, where Xq € C§°(A¢; [0,1]) is such that X4 = 0 near the rational torus
Ay and Xq = 1 further away from this set, in the region where |Re P;| < 1/O(1).

Relying upon the resolvent estimates for the reference operators P; and P,, given in
Propositions 6.3 and 6.4, we shall address the invertibility properties of P. — z. This is the
subject of the next subsection.
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6.3. Exponentially weighted estimates and bounds on spectral projections
Let us recall the reference operators
(6.77) P;=P.+icK and P.=P.+icCxy, C>1,
introduced in (6.60) and (6.62). In the present subsection, as in Proposition 6.3, we shall let

z € C vary in the domain

€ € ) € g
—6,5}+’L€|:F0—6,F0+6 , C>1,

where we recall that £ here can be chosen so that & ~ &% for any small § > 0. Let us assume
that

(6.79) dist(z, Spec(P;) U Spec(P,)) > g(h),

(6.78) R, = [

where, as in Proposition 6.3, we take
g(h) = eh™,

for some arbitrarily large but fixed Ny > 2. We know from (6.59) that (P; — z)~! enjoys
polynomial upper bounds as a bounded operator on H(A.), while Proposition 6.4 provides
an exponential estimate for the resolvent of P,.

Next we shall introduce a reference operator associated with the elliptic region, where |Re P |
is bounded away from zero. To this end, let ¢p € C3°(A¢; [0, 1]) be such that ¢ = 1 in a region
where |Re P:| < 1/0O(1), and assume that 1 vanishes outside of a slightly larger region of
the same form. When C' > 1 and z varies in the domain (6.78), we see that the operator

(6.80) P. +ieCtp — 2+ H(A.) — H(A.)

is invertible, with

(6.81) (P.+ieCy—2)"'=0 G) . H(A.) — H(A).

Let us consider a smooth partition of unity on the manifold A,
(6.82) 1= Xr+ Xxa+ Xo-

Here 0 < x, € C§°(A¢;[0,1]) is = 1 near IA\M and supp ¥, is contained in a small but
fixed neighborhood of this set. The function x4 € C§°(Ac;[0,1]) is = 1 near supp xq, While
Xxo € Cg°(A¢;[0,1]) is such that supp xo is contained in a region where |[Re P.| > 1/0(1)
and xo = 1 further away from the region where |Re P;| is small. We furthermore arrange so
that the functions ¥ and o have disjoint supports.

Recall that z € R, in (6.78) satisfies (6.79). As an approximation to the inverse of P, — z,
we consider

(6.83) Ro(2) = (Pr = 2) " xr + (Pa— 2) " xa + (Pe +iC — 2) ! xo.
Using the definitions (6.60) and (6.62) of the operators P; and P,., we see that
(6.84) (Pe —2)Ro(2) =1+1L,

where

(6.85) L= —icCxq(Pr—2)" " xr —icK (Py— 2)" " xq — ieC (P- + icCy) — 2) " xo.
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The key step will consist of establishing the following result.
PROPOSITION 6.5. —
(6.86) L=0(e cn): H(A.) — H(A.),

for some C>0.

When proving Proposition 6.5, we shall introduce additional modifications of the exponen-
tial weight corresponding to the IR-manifold A.. The various modifications of the weight
will take place only in regions away from a small neighborhood of the rational torus Ay .

We start by considering the term
(6.87) Ly = —ieCxa (Pr — 2) ™" xp : H(A:) — H(A.),

occurring in (6.85), and notice that the compact sets supp x4 and supp X are disjoint. From
(6.29) let us recall that away from A, C A., we have

(6.88) kr (Ae) = {(x,f) e T*C? ¢ = %6;);} ,
with @, — &g = O(g) and V (®. — ®g) = O(e), ®o(z) = (1/2)(Im x)2. Here, as usual,

In the following discussion, we shall often identify an open set 2 C A. whose closure is
away from /AXLT, with 7, (k7(2)) € C2. Here 7, : T*C? — C? is the natural projection
given by 7, (z,€) = z. Correspondingly, a function F' : @ — C may be identified with
Fo(mgorp) " :C2—C.

Let us recall from section 2 that we assume, for simplicity of the exposition only, that the
tori Aj 4, j = 1,2 and A4, belong to the same open edge of J in (2.11) so that (2.39) holds.
Let Kj,d C A., j = 1,2, be “intermediate” Diophantine tori belonging to the same open
edge of J as A g and A, ., away from supp x4, with

Ag<Mig<Aiy, Ay <Ayg<Ayg

Here, in order to simplify the notation, we are identifying the real tori Kj,d c p H0)NR*
with their images in A., by means of the canonical transformation exp (icHg,) : R* — A,
— seealso (6.15). We shall introduce a new weight G € Cg°(C?) supported in a region where
|Re P-| < 1/0O(1), such that G = 0 in a fixed neighborhood of supp ¥, while G = —n < 0
in a fixed neighborhood of supp x4. Here n > 0 is very small but fixed and we shall have
VG| < 1, |V2G | < 1 everywhere. Moreover, G will be chosen so that, when restricting
the attention to the region where |Re P-:| < 1/0(1), the support of VG is contained in a
sufficiently small but fixed neighborhood of Xl,d U sz.

We shall now define G near ijd, say, when j = 1. When doing so, take a smooth canonical
diffeomorphism

(6.90) % : neigh(A; 4, A.) — neigh(¢ = 0, T*T?),

mapping Kl,d to the zero section in T*T? and obtained by composing the action-angle
canonical transformation near the real torus with the holomorphic transformation
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exp (—ieHg,). Composing p. in (4.1) with &1, we obtain a new symbol, still denoted
by p., defined near the zero section ¢ = 0 in T*T?, which is of the form

(6.91) pe(z,€) = p(&) +ielg)r(z, &) + Or(?).

Here, as already observed in the beginning of subsection 6.2, we take T > 0 sufficiently large
but fixed, so that (¢)r(z, £) avoids the value Fj in this region. In view of the implicit function
theorem, we may assume that the energy surface p~1(0) is given by an equation

(6.92) &=f&), lal<ae O0<a<l,
where the analytic function f satisfies f(0) = 0, f'(0) # 0.

When defining the weight G near £ = 0 we shall require that it should be constant on each
invariant torus ¢ = Const. In doing so, we shall first define G on p~1(0), and to that end we

introduce the tori A, C p~1(0), |u| < a, given by & = p, & = f(p). In order to fix the
ideas, let us assume that when g < 0, then the tori k! (A,,) satisfy

Avg <R (M) <Ay,
and for p > 0, we have

Kl,d < %_1 (A#) < Kl,d~
When ¢ > 0 is very small but fixed, we then let Gy = G(&1) € C*°([—a, a]; [0, §]) be increas-
ing and such that Gy = 0 near —a, Gy = d near a, and with G{, having a compact support
in a small neighborhood of & = 0. Taking § > 0 small enough, we achieve that |Gj| < 1
and |Gy| < 1. Setting G(&1, f(&1)) = —Go(&1), we see that we have defined G on p~1(0).
We then extend G suitably to a full neighborhood of ¢ = 0 in R? so that it still depends on ¢
only and |VG| « 1 is different from zero only in a small neighborhood of £ = 0.

Introduce next the IR-manifold
(6.93) (T*T?), = {(z +iGL(£),8); (z,8) € T*T?},

defined in a complex neighborhood of the zero section & = 0. Then the imaginary part of
the symbol of p. in (6.91), along (T*T?) ,, still avoids the value ¢ Fp.

Similarly, working in the action-angle variables, we define G = G(&) in a neighborhood
of the Diophantine torus 1~X2,d. It is then clear that we can define the new global IR-manifold
A. C C* 50 that near A, 4, it is given by &~ ((T*T?),,), and away from A gURyqU JA\LT,
we define A, so that the representation

rr (Ac) = Az

holds true. Here ., — ®, € Cg°(C?) and its gradient is supported in a small neighborhood
of Al aJ Ag d» When restricting the attention to the region where |Re P. | < 1/0(1). We have
P, =P, — 7 in a fixed neighborhood of supp x4, while A. = A, near A, -

The discussion above is summarized in the following proposition.
LEMMA 6.6. — There exists an IR-manifold /NXE C T*C? which coincides with A, near KLT,

such that away from jA\l’,«, after applying the canonical transformation kr, defined in (6.59),
so that A; becomes Ag_, with

O, =0+ 0(), Po(z)= ,
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A. becomes Agg, where &, — ®, is compactly supported and for some 1 > 0 small enough but
fixed we have &)5 = &, — nnear 7, (kr (supp Xaq)). Furthermore,
P.=0(1): H(A.) — H(A,),

and the resolvent bounds (6.59) and (6.76) hold true in the sense of bounded linear operators
on H(A,).

It is now easy to estimate the norm of the term (6.87) as a bounded operator on H (A.). First
notice that B

xr =0(1) : H(A:) — H(A.),
where we use, as before, the Toeplitz quantization of y,. on the FBI-Bargmann side. Com-
bining this with Proposition 6.4 and Lemma 6.6, we get

3/2 .
(6.94) (P, —2) "y, = Oil)exp (0 (5 ) log 2) H(A.) — H(A,).

h2
Now supp x4 is contained in a region where . — . = —n < 0 and hence,
(6.95) Xa=0(e %) H(K.) - H(A.).

Here X4 is quantized as a Toeplitz operator in the weighted space Hg_, by working on the
transform side. Using (6.94) and (6.95) together with the upper bound e = O(h?/3+9),5 > 0,
we conclude that

6.96) L1 =—icCxa(Pr—2) 'xp = O (efl/ah) . H(A.) — H(A.), C>o0.

When estimating the operator norm of the expression
(6.97) Ly = —ieK (Ps—2)"" xa: H(A:) = H(A.),

we argue similarly and introduce a weak but h-independent weight, supported in a region
where |Re P.| < 1/0(1), which is equal to a very small strictly positive constant > 0 in a
fixed neighborhood of supp xd. We then obtain a new microlocally welghted space H (A )
associated to an IR-manifold A, defined similarly to A, such that if k7 (A,) = Ag . then

. =0, + 1, 0 < n < 1, in a fixed neighborhood of supp x4. Then
(6.98) xa=0(e7): H(A.) — H(A,),

and combining this estimate together with the fact that K = O(1) : H(A.) — H (A;) and
with Lemma 6.6, we infer that

(6.99) Ly=—ieK (Py—2) ' xa=0(e77%) : H(A.) —» H(A.), C>0.

To finish the proof of Proposition 6.5, we only need to estimate the norm of the operator
(6.100) Ls = ieCt (P. +ieCtp — 2) " x0 : H(A.) — H(A,),
and this requires an introduction of a new weight on the FBI-Bargmann transform side, that
we shall still denote by G. We take G € Cg°(C?)
G = 01n a fixed neighborhood of supp . We shall furthermore choose G so that it is equal

to a very small but strictly positive constant in a fixed neighborhood of supp xg, and hence
in a neighborhood of infinity. Here we may recall that the support of x, does not intersect
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the compact set supp ¥. We also choose G so that the support of VG is contained in a thin
domain included in a region where |[Re P.| > 1/0O(1). It is then easy to see that

(6.101) Ly=0(e7V/") : H(A.) — H(A:), C >0,
and combining this estimate together with (6.96), (6.99), and (6.85), we complete the proof

of Proposition 6.5.

Combining Proposition 6.5 with (6.84) we see that for z satisfying (6.79), the operator
P. — z: H(A.) — H(A.) is invertible, with

(6.102) (P.—2) " =Ro(z) 1+ L)"".
Writing (14 L)™' =1— (1 + L)"'L we get
(6.103) (P. —2) "' = Ry(2) — Ro(2) 1+ L)' L.

Let now v be a simple positively oriented closed C'—contour contained in the domain (6.78),
of length O(¢), such that (6.79) holds for each z along ~. Let

1

211 y

(6.104) M= (P.—2) " dz
be the spectral projection of P. associated to the spectrum of P. inside v. The finite-
dimensional space II(H(A.)) is spanned by the generalized eigenfunctions of P. corre-
sponding to the eigenvalues of P. in the interior of 7. Define also
1
6.105 My = ——— d
( ) 0 o 8 RO(Z) 2
and notice that the last term in the right hand side of (6.83) does not contribute to the integral
in (6.105), since (P +ieC1—z)~! is holomorphicin z € R,. Let us also introduce the finite-
dimensional space E C H(A.) spanned by the generalized eigenfunctions of the operators
P; and P,, corresponding to their spectra inside . Notice that the range of Iy in (6.105) is
contained in E.
Now (6.103) gives that

1 _
(6.106) H:HO+—_/R0(z) (1+1L) 1Lclz,
21 y

and combining Proposition 6.3, Proposition 6.4 and Proposition 6.5 together with the fact
thate = O (h?/3+%), § > 0, we see that the operator norm of the contour integral in the
right hand side of (6.100), is O(exp (—1/6h)), for some C' > 0. In particular, if u € H(A.),
[|u || = 1, belongs to the range of II, then

Mou = u+ O(eil/ah).

Using the basic properties of the non—symmetric distance between two closed subspaces of
a Hilbert space, introduced and studied in [9] (see also [3]), we conclude that

(6.107) dimII(H(A.)) < dim E.

When proving the opposite inequality, we write, using (6.83),

HO = HrXr + HdXda
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where
1 1 1 )
and
1 _
(6.109) HTZ——f/(a—z)lw
21 ~
satisfies
g3/2 1
(6.110) II, =exp | O W log E H(A:) — H(A).

Here we have also used Propositions 6.3 and 6.4.

Let u € E be a normalized generalized eigenfunction of, say, P, corresponding to an
eigenvalue of this operator inside v. Then using exponentially weighted estimates, in the
same way as in the proof of Proposition 6.5, together with (6.110) and the upper bound
e = O(h?/3+%), we see that

,x,u= 0 ", C>o.
Similarly, we find that [Ty qu = v + O(efl/ Ch), and therefore,
(6.111) Mou = u + O(e~ /M),
We get the same conclusion also when u € E is a normalized generalized eigenfunction of P,.
Let now u € E be such that || u || = 1. Using (6.106) and (6.111), we infer that
My = u+ O(e” /M),

and it follows that the dimension of E does not exceed that of II(H (A.)). This together with
(6.107) implies that the spaces II(H(A.)) and E have the same dimension, and from here it
is easy to see how to get the full statement of Theorem 2.1.

7. An application to surfaces of revolution

The purpose of this section is to illustrate how Theorem 2.1 applies to the case when M
is an analytic surface of revolution in R2, and

(7.1) P. = —h%A +ieq,

where A is the Laplace-Beltrami operator and ¢ is an analytic function on M. We shall con-
sider the same class of surfaces of revolution as in [17], and begin by recalling the assumptions
made on M in that paper.

Let us normalize M so that the z3-axis is its axis of revolution, and parametrize it by the
cylinder [0, L] x S, L > 0,
(7.2) [0,L] x S* 3 (5,0) — (u(s) cos B, u(s)sin b, v(s)),
assuming, as we may, that the parameter s is the arclength along the meridians, so that
(u'(8))? + (v'(s))? = 1. In the coordinates (s, ), the Euclidean metric on M takes the form

(7.3) g = ds® + u*(s)df>.
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The functions » and v are assumed to be real analytic on [0, L], and we shall assume that for
eachk e N,

u¥)(0) = u®M(L) = 0,
and that v/ (0) = 1, w/(L) = —1. As we recalled in [17], these assumptions guarantee the
regularity of M at the poles.

Assume furthermore that M is a simple surface of revolution, in the sense that 0 < u(s)
has precisely one critical point so € (0, L), and that this critical point is a non-degenerate
maximum, u”(sg) < 0. To fix the ideas, we shall assume that u(sg) = 1. Notice that s
corresponds to the equatorial geodesic vz C M given by s = sq, § € S'. This is an elliptic
orbit.

Writing
T* (M\{(0,0,v(0)), (0,0,v(L))}) = T ((0, L) x S'),
and using (7.3) we see that the leading symbol of Py = —h%A on M is given by

* 2 (0*)2
(7.4) p(s,0,0,0%) =0 + .
u?(s)
Here o and 6* are the dual variables to s and 6, respectively. Since the function p in (7.4)
does not depend on 6, it follows that {p,8*} = 0, and we recover the well-known fact that
the geodesic flow on M is completely integrable.

Let E > 0and |F| < E'/2, F # 0. Then the set
AE7FZp:E, Q*ZF,

is an analytic Lagrangian torus contained inside the energy surface p~!(E). Geometrically,
the torus A g, consists of geodesics contained between and intersecting tangentially the par-
allels s+ (E, F') on M defined by the equation

u(s+(E,F)) = ]L}IF/L

For F' = 0, the parallels reduce to the two poles and we obtain a torus consisting of a family
of meridians. The case |F| = E'/? is degenerate and corresponds to the equator s = s,

traversed with the two different orientations. Writing A, := A; ,, we get a decomposition as
in (2.11),

p_l(l) = U A,

a€J
with J = [-1,1], § = {1}

In [17], we have derived an explicit expression for the rotation number w(A,) of the torus
Ay, 0#a € (—1,1),

(7.5) w(ha) = 2 / Tl (1—uf(23))_1/2 ds, u(ss(a)) = al.

T Js_(a) u?(s)

We are going to assume that the analytic function (—1,1) 3 a — w(A,) is not identically
constant.
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Let o > 0, d > 0. In what follows we shall say that a torus A, C p~ (1), a € (=1,1), is
(a, d)-Diophantine if the rotation number w(A,) satisfies

(67

From the introduction let us also recall that if a torus A, C p~!(1) is rational, so that
w(A,) = 7, withm € Z and n € N relatively prime and m = O(n), then we define the
height of w(A,) as k(w(A,)) = |m| + |n].

Let ¢ = ¢(s, 6) be a real-valued analytic function on M which we shall view as a function on
T*M. Associated to each a € J, we introduce the compact interval Q,(A,) C R defined as
in (2.15). We also define an analytic function

(=1,1) 3 a~ (g)(Aa),

obtained by averaging ¢ over the invariant tori A,. Assume that a — (g)(A,) is not iden-
tically constant. From the introduction, let us recall that as a — a¢ € S, the set of the
accumulation points of (g)(A,) is contained in Qo (Aq,)-

Following [17], we now come to introduce uniformly good values in R, for which the con-
clusion of Theorem 2.1 will be valid uniformly. In doing so, let us notice that the following
discussion is not restricted to the case of surfaces of revolution.

Letd > 0 be fixed. Given v, 8, v > 0 we say that Fy € Ris (o, 3, y)—good if the following
conditions hold:

e F} is not in the union of all Q4 (Ay) with dist(A,, S) < a.

o If Fy € Qoo (Ay) and w(A,) ¢ Q then A, is (o, d)-Diophantine and |d,(g)(Aq)| > .

o If Fj € Quo(A,) and w(A,) € Q then k(w(A,)) = O(2), |[dew(Ag)| > «, and
|Fo — (@)(Aa)] > o

o Let (q) " (Fo) = {Aay,ds--- Aapat w(Aa;q) € Q1< j < L,and Fy € Qoo(Aq, 1),
w(Ag;r) €Q,j=1,... L' Then the distance in R from Fj to the union

U Qoo(Aa)

Ag€J;disty (Aay(UI_ A a)U(VEL gy 1)) >8

is > 7.

Remark. This definition of an (¢, 3,)-good value is less restrictive than in our previous
work [17], since we now allow such a value Fy to belong to an interval Q. (A,) corresponding
to a rational torus satisfying the isoenergetic condition, provided that Fj is not too close to
the torus average (g)(A,).

In the following proposition we shall make use of the fact, observed in the introduction,
that in the case when the subprincipal symbol of P._ in (2.6) vanishes, the validity of The-
orem 2.1 extends to the range h? < ¢ = O(h?/319),
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ProPOSITION 7.1. — Assume that M is a simple analytic surface of revolution with a
parametrization (7.2), for which the rotation number w(\,) defined in (7.5 ) is not identically
constant. Consider an operator of the form P. = —h?A +ieq, where q is a real valued analytic
Sunction on M, such that the torus averages function a — {(q)(A,) is not identically constant.
Leta, B, v > 0, and fix 0 < § < 1. There exists C > 0 such that if Fy is (o, 3,7)—good,
0<h< % andh?/C < e < h?/3%3 then Theorem 2.1 applies uniformly to describe the
spectrum of Py in the rectangle

g € . 86 86
[—5,6] + 1€ |:F(] - C7F0+C} .

Remark. If € = h, then the operator P. in Proposition 7.1 is a semiclassical version of the
stationary damped wave operator [19], [29], [11].

Remark. In the corresponding discussion in subsection 7.2 of [17], it has been assumed that
the complex perturbation ¢ in Proposition 7.1 is close to a rotationally symmetric one. This
additional assumption has now been removed, thanks to Theorem 2.1, at the expense of
weakening the final result and restricting the bounds on the strength € of the non-selfadjoint
perturbation.

Appendix

Trace class estimates for Toeplitz operators

The purpose of this appendix is to derive a simple estimate on the trace class norm of a
Toeplitz operator with a compactly supported smooth symbol acting in a weighted L2—space
of holomorphic functions on C". Indeed, the result will be seen to be a straightforward con-
sequence of the analysis of [23].

Let ®((z) be a real quadratic form on C™ and assume that @y is strictly plurisubharmonic.
(In what follows we may think of the special case when ®¢(z) = 3 (Imz)%.) Let

(A1) Hg, := Hol(C") N L2(C"; e~ +* L(dx)),

where L(dz) is the Lebesgue measure on C* = R?" and Hol(C") is the space of en-
tire holomorphic functions on C™. Then Hg, is a closed subspace of the space L :=

L?(Cm e‘ﬁL(dax)), and from [23] we recall the following expression for the orthogonal
projection Iy, : L — Ha,.

(A2) Mo,u(z) = hg / er V0@ y(y)e” AW L(dy),

where the constant C is real and 1o (z, y) is the unique quadratic form on C} x Cj which is
holomorphic in z, anti-holomorphic in y, and satisfies

(A.3) Yo(z, ) = Po().
2

In the case when ®o(z) = 1(Imz)?, we have ¢o(z,y) = —1(z — 7)%.
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small

Now let & € C*°(C™;R) be such that ® — @, is bounded and sup ‘g—‘f — 364;0

enough. Assume also that V¥® is bounded for each £ > 2 and that ® is uniformly strictly
plurisubharmonic, so that the set

200
po- (o 22810) e
(A4) @ it () );z€C
is an IR-manifold. Associated with the weight ® we have the orthogonal projection
(AS) H<1> : L?I, - Hq;,

where L2 = L2(C"; e~ L(dz)) and Hp = Hol(C™) N L3. If now p € C5°(C™), we intro-
duce the corresponding Toeplitz operator

(A.6) Top(p) = llgplls = O(1) : Hy — Hsp.

Our goal is to show that Top(p) is of trace class as an operator on Hg and to estimate its
trace class norm. In doing so, it is convenient to recall from [23] the asymptotic description
of the Bergman projection Ilg, as h — 0.

Let ¢ (z,y) € C*(C} x Cy) be almost holomorphic in = and almost anti-holomorphic
in y at the diagonal diag(C}; x C}), such that V¥4 is bounded on C*" for each k > 2 and
with

(A7) P(z,z) = ().
Then we know that
(A.8) o(x) + B(y) — 2ReP(x,y) ~ |z —y[*,

uniformly for |z — y| < 1/C, for C > 0 large enough.

It follows from [23] that there exists f(x,y;h) ~ Y52, f;(x,y)h? in Cp°(C?"), with
suppf C {(z,y); |z —y| < 1/C}, C > 1, with f(z,z;h) real, 1/C < fo(z,z) < C, and
with

(A.9) 0z.yf = O (lz — y|™® + h),

such that if

(A.10) flou(e) = s [ H0E 50 @,y hyuty) L)
then

(A.11) Iy = s + R.

Here

(A.12) R=ehRe ¥,

where R is a negligible integral operator in the sense of section 3 of [23]. In particular, it
follows from [23] that R = O(h*°) : L% — L%. It follows furthermore from the results of
Section 3 of [23] that the operators Rp and pR are of trace class as operators Hy — L%, with
the trace class norm O(h).

When estimating the trace class norm of Top(p) on Hg, we may therefore replace Ilg by

)
I, and consider the corresponding operator Top(p) = ﬁq;pﬁq>. The factorization

(A.13) Top(p) = (Tap1) (p2lls) ,
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where p = pip2 and py = |p|1/ 2 shows that it suffices to prove that the operators ﬁ@pl :
L?I, — Hg and poIlg : He — L<21> are of Hilbert-Schmidt class. Now the reduced kernel of
IIgp1, in view of (A.10), is equal to

(A.14) ( ‘zlozf(x,y; R)py(y)e™ F ef WD)
™

and using also (A.8) we immediately see that the square of its L>-norm over C2" is bounded
by

O(1 elo—yl? O(1
(A15) o [[ et ) pa) = SPipller, o> o
It follows that Tlgp, : L3 — Hg is of Hilbert-Schmidt class with
~ o(1)
(A.16) 1 Topr s = 77311112

Since a similar argument applies to py Iy, we get the following result.

PROPOSITION A.l. — When ® € C°°(C™;R) is a strictly plurisubharmonic function sa-
tisfying the general assumptions of the beginning of this section, let llg : L% — Hg be the or-
thogonal projection. If p € C3°(C™), then the Toeplitz operator Top(p) = Illgplly : Hp — Ho
is of trace class and we have

(A.17) || Top(p) ||&r < Oh(j)

where the implicit constant in O(h®) is a continuous seminorm of p on the Schwartz space

S(C™).

llpllLr + O(h%),

Remark. Rather than working on all of C™, we could also consider an open domain Q C C”,
with p € C§°(€2). Then Proposition A.l remains valid if we replace C” by Q in (A.1), with
I still being the orthogonal projection on all of C™. In the main text, we work on Hg (),
where Q C C™/27xZ"™ is open, and Proposition A.1 then still holds.
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