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ABSTRACT. — Let X be the wonderful compactification of a connected adjoint semisimple group G
defined over a number field K. We prove Manin’s conjecture on the asymptotic (as 7" — oo) of the num-
ber of K-rational points of X of height less than 7', and give an explicit construction of a measure on
X (A), generalizing Peyre’s measure, which describes the asymptotic distribution of the rational points
G(K) on X (A). Our approach is based on the mixing property of L?(G(K)\G(A)) which we obtain
with a rate of convergence.

RESUME. — Soit X la compactification merveilleuse d’un groupe semi-simple G, connexe, de type
adjoint, algébrique défini sur un corps de nombre K. Nous démontrons I’asymptotique conjecturée par
Manin du nombre de points K -rationnels sur X de hauteur plus petite que 7', lorsque 7' — o0, et
construisons de maniére explicite une mesure sur X (A), généralisant celle de Peyre, qui décrit la répar-
tition asymptotique des points rationnels G (K ) sur X (A). Ce travail repose sur la propriété de mélange
de L*(G(K)\G(A)), qui est démontrée avec une estimée de vitesse.

1. Introduction

Let K be a number field and X a smooth projective variety defined over K. A fundamen-
tal problem in modern algebro-arithmetic geometry is to describe the set X (K) in terms of
the geometric invariants of X. One of the main conjectures in this area was made by Manin
in the late eighties in [1]. It formulates the asymptotic (as 7' — oo) of the number of points
in X (K) of height less than T" for Fano varieties (that is, varieties with ample anti-canonical
class).

*The first and the third authors are partially supported by DMS-0400631, and DMS-0333397 and DMS-
0629322 respectively. The second author would like to thank Caltech for the hospitality during his visit where the
work was first conceived.
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386 A. GORODNIK, F. MAUCOURANT AND H. OH

Manin’s conjecture has been proved for flag varieties ([26], [41]), toric varieties ([3], [2]),
horospherical varieties [52], equivariant compactifications of unipotent groups (see [13], [49],
[47]), etc. We refer to survey papers by Tschinkel ([56], [57]) for a more precise background on
this conjecture. Recently Shalika, Tschinkel and Takloo-Bighash proved the conjecture for
the wonderful compactification of a connected semisimple adjoint group [48]. In this paper,
we present a different proof of the conjecture, as well as describe the asymptotic distributions
of rational points of bounded height as conjectured by Peyre. Our proof relies on the compu-
tation of the volume asymptotics of height balls in [48]. We refer to [53] for the comparison
of these two approaches.

Although our work is highly motivated by conjectures in arithmetic geometry, our ap-
proach is almost purely (algebraic) group theoretic. For this reason, we formulate our main
results in the language of algebraic groups and their representations in the introduction and
refer to section 7 for the account that how these results imply the conjectures of Manin and
Peyre.

1.1. Height function

We begin by defining the notion of a height function on the K -rational points of the pro-
jective n-space P". Intuitively speaking, the height of a rational point z € P"(K) measures
an arithmetic size of z. In the case of K = Q, it is simply given by

H(z) = max |zi|
where (zo,...,z,) is a primitive integral vector representing . To give its definition for a
general K, we denote by R the set of all normalized absolute values z +— |z|, of K, and
by K, the completion of K with respect to | - |,. For each v € R, choose a norm H, on
K71 which is simply the max norm H, (o, . ..,z,) = max? ,|z;|, for almost all v. Then
a function H : P"(K) — R of the following form is called a height function:

H(z) := H H,(zo,...,2Zn)
vER

forx = (zg : -+ : x,) € P*(K). Since H,(zg,...,z,) = 1 for almost all v € R, we have
H(z) > 0 and by the product formula, H is well defined, i.e., independent of the choice of
representative for x.

It is easy to see that for any T > 0, the number
N(T):=#{z e P"(K):H(z) < T}
is finite. Schanuel [45] computed the precise asymptotic in 1964:
N(T) ~c-T"  asT — oo

for some explicit constant ¢ = ¢(H) > 0.

Unless mentioned otherwise, throughout the introduction, we let G be a connected
semisimple adjoint group over K and ¢ : G — GLy be a faithful representation of G
defined over K with a unique maximal weight. Consider the projective embedding of G
over K induced by ¢:

7: G — P(My)

4¢ SERIE — TOME 41 — 2008 — N° 3



RATIONAL POINTS AND ADELIC MIXING 387

where M denotes the space of matrices of order N. We then define a height function H,
on G(K) associated to ¢ by pulling back a height function on P(My (K)) via z. That is, for
g9 € G(K),

(1.1) H,(g) = [] Hu(u(9)),
vER
where each H, is a norm on My (K, ), which is the max norm for almost all v € R.

We note that H, is not uniquely determined by ¢, because of the freedom of choosing H,,
locally (though only for finitely many v).

1.2. Asymptotic number of rational points
For each T' > 0, we introduce the notation for the number of points in G(K') of height
less than T*:
NH,T)=#{ge G(K) : H(g9) < T}.

THEOREM 1.2. — Thereexista, € QT, b, € Nandc = c(H,) > 0 such that for some § > 0,

N(H,,T) = ¢ T% (log )"~ - (1 + O((log T) ~%)).

The constants a, and b, can be defined explicitly by combinatorial data on the root system
of G and the unique maximal weight of .. Choose a maximal torus T of G defined over K
containing a maximal K -split torus and a set A of simple roots in the root system ®(G, T).
Denote by 2p the sum of all positive roots in ®(G, T), and by ), the maximal weight of ¢.
Define u,,my € N, a € A, by

2p = Z ugae and A, = Z Mea L.
acA acA

The fact that m, € N follows since G is of adjoint type. Consider the twisted action of the
Galois group I' := Gal(K/K) on A (for instance, if the K-form of G is inner, this action
is just trivial). Then
Uy + 1 }
=a,[.

«

Uy + 1

a3 ol e

and b, = # {FK.a :

Note that the exponent a, is independent of the field K, and b, depends only on the quasi-
split K-form of G. Therefore, by passing to a finite field extension containing the splitting
field of G, b, also becomes independent of K.

REMARK 1.1. — When G is almost K-simple or, more generally, when H, is the product
of height functions of the K-simple factors of G, we can improve the rate of convergence in
Theorem 1.2: for some § > 0,

N(H,,T)=c-T*P(logT) - (1 +0 (T—é))

where P(x) is a monic polynomial of degree b, — 1.
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388 A. GORODNIK, F. MAUCOURANT AND H. OH

1.3. Distribution of rational points

For each v € R, denote by X, , the closure of 7(G(K,)) in P(My (K,)), and consider the
compact space X, := [],cr X.,». In section 6, we construct a probability measure p, on X,
which describes the asymptotic distribution of rational points in G(K) in X, with respect to
the height H,. To keep the introduction concise, we give the definition of y, only when ¢ is
saturated. A representation ¢ : G — GLy is called saturated if the set

o+1
{aEA:u + :aL}

Mq

is not contained in the root system of a proper normal K-subgroup of G. In particular, if G
is almost K -simple, any representation of G is saturated.

Let 7 denote the Haar measure on G(A) such that 7(G(K)\G(A)) = 1. Denote by A the
set of all automorphic characters of G(A) (cf. section 2.4) and by W, the maximal compact
subgroup of the group G(Ay) of finite adeles, under which H, is bi-invariant (see Definition
2.7). Then the following is a positive real number (see Propositions 4.6 and 4.11 (3), noting
r, = vyw, (e) in the notation therein):

(1.4) r, = Z lim (s —a,)> /G(A) H.(g9)"*x(g) d7(g)-

x€EA s—>ajr

For ¢ saturated, the probability measure u, on X, is the unique measure satisfying that for
any ¢ € C(X,) invariant under a co-finite subgroup of W,,

(1.5) p) =Y tim (s —a) [ 107X ¥(o) (o)

XEA s—mf

(see Theorem 4.18). We refer to (6.16) for the definition of y, for a general ¢:
THEOREM 1.6. — For any ¢ € C(X,),

. 1
Tlgnoom Z w(g):/XLTﬁdlh-

g€G(K) :H,(9)<T

REmARK 1.7. — 1. For ¢ saturated, the measure p, coincides with the measure fi,
which describes the distribution of height balls in G (A) (see Proposition 4.27).

2. Although the projection y, g of p1, to X, ¢ = [[,cg X.,» is always equivalent to a Haar
measure on Gg = [[,cs G(K) (Proposition 4.22), it is G g-invariant, only when the
height H, g = [],cg Ho ot is Gg-invariant.

3. The space X, g is a compactification of G g which is an analog of the Satake compact-
ification defined for real groups (see, for example, [7]). Theorem 1.6 implies that the
rational points G(K) do not escape to the boundary X, s — Gg. It is interesting to
compare this result with the distribution of the integral points G(Z) of bounded height
in the Satake compactification of G(R) where the limiting distribution is supported on
the boundary (see [29] and [38] for more details).
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RATIONAL POINTS AND ADELIC MIXING 389

1.4. Counting and volume heuristic

To explain our strategy in counting K -rational points of G, we first recall the analogous
results in counting integral points in a simple real algebraic group. Let G C GLy be a con-
nected non-compact simple real algebraic group and I be a lattice in G, i.e., a discrete sub-
group of finite co-volume. Fixing a norm ||. || on My (R), set By :={g € G : ||g|| < T'}. By
Duke-Rudnick-Sarnak [22] and Eskin-McMullen [23] independently, it is well known that

(1.8) #I‘OBTN/ dg asT — oo,
Br

where dg is the Haar measure on G such that [, , dg = 1.

Coming back to the question of counting rational points G(K), we recall that G(K) is
a lattice in the adele group G(A) when embedded diagonally and that the height function
H, = [[ver Ho ot on G(K) extends to G(A).

If we set
Br:={ge G(A): H,(g9) <T},
then By is a relatively compact subset of G(A) (Lemma 2.5) and we have the equality
N(H,,T) = #G(K) N Br.
In view of (1.8), one naturally asks whether the following holds:

(1.9) #G(K)N By ~ 1(By) asT — oo.

It turns out that the group G(A) is too big for (1.9) to hold in general, due to the presence
of non-trivial automorphic characters of G(A). For a compact open subgroup Wy of G(Ay),
denote by A7 C A the set of all W-invariant characters in A. We set

Gw, = ker(A"7) = n{kerxy C G(A) : x € A"/ }.

The subgroup Gw, is a normal subgroup of G(A) with finite index (see Lemma 4.7), and
hence G(K) is a lattice in Gyy,. Denote by 7y, the Haar measure on Gy, normalized so
that W, (G(K)\wa) =1.

THEOREM 1.10. — Assume that v : G — GLy is saturated. Then for any compact open
subgroup Wy of G(A ) under which H, is bi-invariant,

#G(K) N Br ~7 7w, (Gw, N Br).

We remark that one cannot in general replace Gy, by G(A) (see example 4.24), and
Theorem 1.10 does not hold for ¢ non-saturated.

As in the proof of Eskin-McMullen of (1.8), our key ingredient in proving Theorem 1.10
is the mixing theorem on L?(G(K)\Gw, ).
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390 A. GORODNIK, F. MAUCOURANT AND H. OH

1.5. Adelic mixing

Let L2,(G(K)\G(A)) denote the orthogonal complement in L?(G(K)\G(A)) to
the direct sum of all automorphic characters. In the case when G is simply connected,
L3,(G(K)\G(A)) coincides with the orthogonal complement LZ(G(K)\G(A)) to the
constant functions.

Set Goo = [[,er., G(Ky) where R, is the subset of R of all archimedean valuations.

THEOREM 1.11 (Automorphic bound for G). — Let G be a connected absolutely almost
simple K-group. Let Uy, be a maximal compact subgroup of G and Wy a compact open
subgroup of G(Ay). Then there exist cyy, > 0 andro = ro(Goo) > 0 such that for any Us-
Sfinite and W g-invariant functions 11,2 € L3 (G(K)\G(A)),

(1, 9-92)| < ew, - (dim(Ussthr) - dim (Uootp2))" - €c (9) - 1112 - [[W2ll2  for all g € G(A).

Here, £ : G(A) — (0,1] is an explicitly constructed proper function which is LP-integrable
for some p = p(G) < oco. (see Def. 3.20).

Using the restriction of scalars functor, we extend this theorem to connected almost K-
simple adjoint (simply connected) groups (Theorem 3.22). The above bounds on matrix co-
efficients can also be extended to smooth functions in certain Sobolev spaces (see Theorem
3.27). We also mention a paper of Guilloux [30] where an application of Theorem 1.11 was
discussed in local-global principle problems.

COROLLARY 1.12 (Adelic Mixing). — Let G be a connected absolutely simple K-group, or
a connected almost K-simple adjoint (simply connected) K-group. Then for any 1,12 €
L3 (G(K)\G(A)),
(¥1,9.2) — 0
as g € G(A) tends to infinity.

Any W;y-invariant function in L?(G(K)\Gw,) orthogonal to constants belongs to
L3,(G(K)\G(A)) (see Lemma 4.12). Hence Corollary 1.12 implies that if 4; and 1, are
W ¢-invariant functions in L?(G(K)\Gw, ), then as g — oo,

/ Di(2a(zg) drw, @) — [ wrdn, - [badn,.
G(K)\Gw,

For each v € R, denote G;f‘ut c G, the automorphic dual of G(K,), i.e., the subset of
unitary dual of G(K,) consisting of representations which are weakly contained in the repre-
sentations appearing as G (K, ) components of L?(G(K)\G(A))?7 for some compact open
subgroup Oy of G(Ay¢). The proof of Theorem 1.11 goes roughly as follows: if &, is a uni-
form bound for the matrix coefficients of infinite dimensional representations in Gﬁ‘“, (o is
defined to be the product [[,cr &,. This can be made precise using the language of direct in-
tegral of a representation (cf. proof of Theorem 3.10). For those v € R such that the K,-rank
of G is at least 2, the uniform bounds, say &,,, of matrix coefficients of a// infinite dimensional
unitary representations of G(K,) were obtained by Oh [40]. For these cases, one can sim-
ply take &, = &,. In particular, if K-rank of G is at least 2 and G(K,)" denotes the closed
subgroup of G(K,,) generated by all unipotent elements in G(K,), we have g = [Toer éo
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RATIONAL POINTS AND ADELIC MIXING 391

and g works as a uniform bound for all unitary representations of G(A) without G(K,)*-
invariant vectors for each v € R (see Theorem 3.10 for a precise statement). Moreover £g
is fairly sharp in these cases. For instance, one can show that g is optimal for G = SL,,
(n > 3), or Spy,, (n > 2) by [16, 5.4].

When there is v € R with K,,-rank of G one, finding an automorphic bound &, is essen-
tially carried out by Clozel [15]. In particular, several deep theorems in automorphic the-
ory were used such as the Gelbart-Jacquet bound [28] toward Ramanujan conjecture, the re-
sults of Burger-Sarnak [11] and Clozel-Ullmo [17] on lifting automorphic bounds, the base
changes by Rogawski [44] and Clozel [14], and Jacquet-Langlands correspondence [33].

1.6. Organization of the paper

In section 2 we list some notations and preliminaries which will be used throughout the
paper. In section 3, we discuss adelic mixing and prove Theorem 1.11. We also extend a
theorem of Clozel-Oh-Ullmo on the equidistribution of Hecke points [16] in this section as
an application of adelic mixing. In section 4, we deduce the volume asymptotics of height
balls from the results in [48] and construct in subsection 4.4 the probability measure ji, on X,
which describes the asymptotic distribution of height balls in G(A). The main theorem in
section 5 is Theorem 5.2 on the equidistribution of rational points with respect to i, for the
case when ¢ is saturated. Theorems 1.6 (saturated cases) and 1.10 follow from this theorem.
In section 6, we prove Theorem 1.6 for general cases (Theorem 6.2) as well as Theorem 1.2
(Theorem 6.17). In section 7, we restate our main theorems in the context of Manin’s and
Peyre’s conjectures.

1.7. Acknowledgments

We would like to thank Wee Teck Gan, Emmanuel Peyre and Yehuda Shalom for helpful
conversations. We thank Ramin Takloo-Bighash for the useful comments on our preliminary
version of this paper. We are also deeply grateful to the referee for many detailed comments
on the submitted version.

2. Notations and Preliminaries

We set up some notations which will be used throughout the paper. Let K be a number
field and G a connected semisimple group defined over K. We denote by Ry, or simply by
R, the set of all normalized absolute values on K. We keep the same notation R, Ry, K, as
in the introduction.

2.1. — Let O denote the ring of integers of K and O, the valuation ring of K. Set R, =
R—R;. Forv € Ry, let g, denote the order of the residue field of O,. We choose an absolute
value | - |, on K, normalized so that the absolute value of a uniformizer of O, is given by
g, 1. Denote by A the adele ring over K and by G(A) the adele group associated to G.

Denote by G(Ay) (resp. G) the subgroup of finite (resp. infinite) adeles, i.e., ((gy)v) €
G(A) with g, = eforall v € R (resp. for all v € Ry). Then

G(A) = Goo x G(A)).
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2.2. — We fix a smooth model G of G over O[k~!] for some non-zero k € Z. There exists a
finite subset Sy C Ry such that for any v € Ry — Sy, G is unramified over K, and G(O,) is
a hyperspecial compact subgroup (cf. [55]). We set U, = G(O,,) for each v € Ry — Sp. Then
for each v € Ry — Sy, one has the group A, of K,-rational points of a maximal K,-split
torus of G so that the following Cartan decomposition holds:

Q2.1 G(K,) = U,ATU,

where A} is a closed positive Weyl chamber of A,. More precisely, one can choose a system
&F of positive roots in the set &, = ®(G(K,), A,) of all non-multipliable roots of G(K,)
relative to A, so that

Af ={a€ A, :a(a) >1 foreacha € ®F} for v archimedean
Af ={ac A, :|afa)|, € ¢ foreacha € ®F} otherwise.

For v € Sp U Rw, there exists a good maximal compact subgroup U, (cf. [40, 2.1] for
definition) of G(K,) such that

G(K,) = U,ATQ,U,

where 2, is a finite subset in the centralizer of A, in G(K,).

In particular for any g € G(K,), there exist unique a,, € A} and d, € Q, such that
g € Uya,d,U,. For v € Ry, any maximal compact subgroup of G(K,) is a good maximal
compact subgroup and Q, = {e}.

2.3. — For a finite subset S of R, let G° denote the subgroup of G(A) consisting of (g,),
with g, = eforallv € S, and set Gg = [[,es G(K,). Note that G(A) = GgG®. For
eachv € R, let 7, or dg,,, denote a Haar measure on G(K,) such that 7, (U,) = 1 whenever
v € Ry. Then the collection {7, : v € R} defines a Haar measure, say 7, on G(A) (cf. [43,
3.5]). We will assume that 7(G(K)\G(A)) = 1. This is possible by replacing 7,, v € R
with a suitable multiple of it, since G(K) is a lattice in G(A) (cf. [43, Theorem 5.5]).

We denote by 7g the product measure [],cg 7 on Gg and by 7 the Haar measure on
G* for which 7, 7g, 7% are compatible with each other, i.e., 7 = 79 x 7° locally.

2.4. — An automorphic character of G(A) is a continuous homomorphism from G(A) to
the unit circle {z € C : 2z = 1} which contains G(K) in its kernel. Each automorphic
character x of G(A) can be considered as a function on the quotient G(K)\G(A), and since
7(G(K)\G(A)) = 1, x belongs to L2(G(K)\G(A)) and ||x||2 = 1. Let A denote the set of
all automorphic characters of G(A). Note that any two distinct elements of A are orthogonal
to each other. We then have an orthogonal decomposition

L*(G(K)\G(A)) = Liy(G(K)\G(A)) & @XeACx

where @xe ACx is the closure of the direct sum of Cx’s, and L, (G (K)\G(A)) denotes its
orthogonal complement in L?(G (K)\G(A)).

If G is simply connected, it follows from the strong approximation property that the only
automorphic character of G(A) is the trivial one and hence that L2,(G(K)\G(A)) is the
orthogonal complement to the space of constant functions (cf. Lemma 3.24).
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RATIONAL POINTS AND ADELIC MIXING 393

2.5. — For any compact open subgroup Wy of G(A ), we denote by A" C A the set of all
W -invariant characters in A, i.e., A7 = {y € A: x(w) =1 forallw € W;}. We set

(2.2) Gw, =ker(A"*) =n{kery C G(A) : x € A"/}
The subgroup Gw, is a normal subgroup of G(A) with finite index (see Lemma 4.7), and

hence G(K) is a lattice in Gy, . Denote by 7y, the Haar measure on Gy, normalized so
that TW; (G(K)\wa) =1.

2.6. — For a group G of adjoint type, let ¢ : G — GLy be a faithful representation defined
over K. We give a definition of a height function H, on G(A) associated to ¢ which is slightly
more general than those considered in the introduction. It is this class of the functions for
which we prove our main theorems.

DEFINITION 2.3. — A height function H, : G(A) — RY is defined by the product
[1oer He,o where H, ,, is a function on G(K,) for v € R satisfying the following:

1. there exists a finite subset S C R such that
H,.(9) = max|u(g)ijlo  forallve R—S;
ij

2. forv € S, there exists C > 0 such that

c! -max|u(9)isly < Huw(9) < C - max|u(g)ijlo;

3. forany v € SN Ry, there exists b > 0 such that for any small € > 0,
(1-b-¢)H,,(x) <H, ,(gzh) < (1+b-e)H, ,(2)
forany x € G(K,) and any g, h in the e-neighborhood of e in G(K,) with respect to a

Riemannian metric,
4. foranyv € SN Ry, H, , is bi-invariant under a compact open subgroup of G(K,).

Note by (1) that for (g,) € G(A), since g, € G(O,,) for almostallv € Ry, H, ,(1(gy)) =1
for almost all v, and hence the product [],c H.,»(gv) converges.

Note also that the class of height functions defined above does not depend on the choice
of a basis of K.

We will need the following observation on heights:

LEMMA 2.4. — Suppose that v has a unique maximal weight. Let G, and G be connected
normal algebraic K -subgroups of G with G = G1Gq and G1 N Gg = {e}. There exists k > 1
such that for any g1 € G1(A) and g2 € Ga(A),

k71 H,(91)H,(g2) < Hi(g192) < - H,(91)H,(g2).

Proof. — Let A, denote the highest weight of «. Then there exists a finite subset S C R
such that foranyv € R — S,

G(K,) =U,A}U, and H,((g)) = |\ (a)|, forg=wujaus; € G(K,)

where U, and A are defined as in (2.2). In particular, it follows that for eachv € R — S,
and for any g; € G(K,) and g2 € Ga(K,),

H, (1(9192)) = Ho((91))Ho ((g2))-
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On the other hand, for v € S, H, , is equivalent to A, in the sense that there exists x, > 1
such that

qul : |>‘L(a)|v < HL,U(g) < Ky |)‘L(a’)|v for g = ujadusy € UvAijUv = G(Kv)

This implies the lemma. O
ForT > 0, set
Br:={g€ G(A):H,(g9) <T}.
LeEmmA 2.5. — 1. We have
2.6 dp := inf H, 0.
(2.6) 0 geg(A) (9) >

2. For each T > 0, Br is a relatively compact subset of G(A). In other words, the height
Sfunction H, : G(A) — [dg, 00) is proper.

Proof. — By Definition 2.6, there exists a finite subset S such that for allv € R — S,
H,(c(g)) > 1forany g € G(K,). Let 0 < § < 1 be such that H,(¢(g)) > d forv € S and
81 = 675, Then H,(g) > 6, for all g € G(A). Hence 6y > 6; > 0.

Note that

Br ¢ G(A) N [[{gv € G(K,) : Hy(u(gn)) < 67T}
Since for almost all v € Ry, H,(¢(g,)) > g Whenever g, ¢ G(O,), it follows that for some
finite subset S; C R, we have
Br C {(gv)» € G(A) : Hy((gy)) < 65 ' T forv € S1, g, € G(O,) otherwise}.

Since the set {g, € G(K,) : Hy(¢(g»)) < b} is compact for any b > 0, it follows that B is a
relatively compact subset of G(A). O
DEFINITION 2.7. — For a height function H, of G(A), define Wy,, or simply W,, to be
W, ={w € G(Ay) : H,(wg) = H,(gw) = H,(9) forall g € G(A)}.

It is easy to check that W, is a subgroup of G(Ay), and is compact by the above lemma.
Hence W, is the maximal compact open subgroup of G(A ¢) under which H, is bi-invariant.

3. Adelic Mixing

3.1. Definition and properties of £

Let G be a connected semisimple algebraic group defined over a number field K. Let 7
denote the set of v € R such that G(K,) is compact, that is, U, = G(K,). It is well known
that 7 is a finite set.

Denote by @ the system of positive roots in the set of all non-multipliable roots of G(K,)
relative to A} and choose a maximal strongly orthogonal system S, in @ in the sense of [40]
(where an explicit construction is also given). Forv € R — 7 and K, # C, define the bi-U,,-
invariant function &, = £g(x,) on G(K,) (cf. [40]): for each g = ka dk’ € U, A} Q,U,,

§o(9) = H EPGLy(Ky) (aéa) 2)

QESU
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where Epqr, (k. ) is the Harish-Chandra function of PGLy(K,). If K, = C, set

§o(g) = H EPGL,(C) <a§)a) ?)

a€cS,
where n, = 1/2 if « is a long root of G, when G is locally isomorphic to Sp,, (C), and
ne = 1 for all other cases. Weset §, = 1forv e 7.
Since 0 < £,(g,) < 1forallv € Rand £,(g,) = 1 for almost all v, the following function
£q is well defined:

DEFINITION 3.1. — Define the function {g : G(A) — (0,1] by
fG(g) = H év(gv) forg = (gv)v € G(A)

vER
Set
(32) U= ] U U= [] Vo, andU=U; x Us.
’UERf vER
Note also that g is bi-U-invariant.
Forv e R— T, we set

mo(kadk’) = ] la(a)l

a€ES,
where ka dk’ € U, A} Q,U, for all v with K, # C. As in the case of the definition of &,, if
K, = C and for kak' € U, A} U,, we set

no(kak’) = T le™ (@)l
a€ES,

with the same n,, defined as before. If v € 7, we set n, = 1.

LEMMA 3.3. — For any € > 0, there is a constant C. > 0 such that for any g = (gy)» €
G(A),

(34) IT m(90) "% < al9) < C- T molg) /2.
vER vER

In particular,
éa(g) = 0 asg— ocoin G(A).

Proof. — Forv € R— T, it follows from the explicit formula for =, (cf. [40, 3.8]) that for
any € > 0, there is a constant C,, . > 0 such that for any g, € G(K,),
v (gu)_1/2 < 512(91}) < CU,E 'nv(gv)_1/2+a-

Moreover one can take C, . = 1 for almost all v. This implies (3.4).
To see the second claim, first note that for any g € G(A),

3.5) €c(9) < & (gv) < Coe - mulge) /2T

Now suppose on the contrary that there exists a sequence {g; € G(A)} such that g; — oo
and £g(g;) - 0. Then by passing to a subsequence we may assume either that there is a place
v € Rsuch that g; , — oo in G(K,) or that there exists a sequence {v; € Ry — Sp} such that
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9iv; & Uy, and ¢, — o0. If g; , — 00 as ¢ — oo, then |7,(g;,,)| — o0 as ¢ — oo and hence
¢a(g;) — 0 by (3.4). Therefore the first case cannot happen.

In the second case, note that since g; ,, ¢ U,, and Q,, = {e}, we have 0, (g ;) > ¢», for
each 7. Hence by (3.5) for all 4 big enough,

€c(gi) < Cu, e - g, /71 < g M7
This gives a contradiction since g,, — 00. O
LeEMMA 3.6. — Let v : G — GLxy be a faithful representation defined over K with a unique

maximal weight and H, be a height function on G(A) associated to v. Then there exist m €
N — {0} and C > 0 such that

¢alg) < C-HY™(g) forany g € G(A).

Proof. — Let x denote the highest weight of .. Let! € N — {0} be such that x|,+ <
[ -log,, my foreachv € R. Here g, = eif v € Rw. Without loss of generality, we may
assume

H,(1(ay)) = ¢X*)  foreacha, € A} andv € R.

. 1 v v
Since 1, (a,,) = qvog% I (a0)] for a, € A}, we have for each v € R,

mo(an) ™ < J[H, ' (e(ay))  fora, € AT

By the continuity of H, and the Cartan decomposition G(K,,) = U, A} Q,U,, there exists
r, > 1 such that

Tv_l HU(L(C‘U)) < HU(L(gv)) <y Hv("(av))
for g, = kya,dyk), € U,AFQ,U,. Since H, is invariant under a compact open subgroup of
G(Ay) and hence H, o is invariant under U, for almost all v € Ry, we can take r, = 1 for
almost allv € Ry.

Therefore if g = (g,) € G(A) with g, = kya,dy k] € U, AT Q,U,,
an(gv)_l = an(av)_l < HHv_l(L(av))
<o [[H (e(g0)) < 7o H M (g)

where ro =[], ry < 00.
Hence using Lemma 3.3, there exists ¢; > 0 such that for any g = (g,) € G(A),

@) <c-[mlg)™ <er-ro-H (g).
This proves the claim. O

Theorem 7.1 in [48] shows that for any representation ¢ of G over K with a unique maxi-
mal weight, the height zeta function

Z(s) = /G L )
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converges for R(s) > a, where a, is defined as in (1.3). In particular H; ' belongs to
LP(G(A)) for any p > a,. Hence as a corollary of [48, Theorem 7.1] using Lemma 3.6, we
obtain the following:

COROLLARY 3.7. — There exists 0 < p = p(G) < oo such that £ € LP(G(A)).

3.2. Restriction of scalars functor

We prove certain functorial properties of £g for the restriction of scalars functor intro-
duced by Weil [59], which we will need later to reduce the dicussion on general almost K-
simple groups to that on absolutely simple K-groups. We refer to [36, I. 3.1.4] and [8, Ch. 6]
for the properties of the restrictions of scalar functor R /4, used in the following discussion.
Suppose that k is a finite extension field of K and G’ is a connected semisimple k-group.
Then G = Ry, kG’ is a connected semisimple K-group.

Denote by {1 = 04,...,04} the set of all distinct embeddings of % into the algebraic clo-
sure of K. Then there is a K-morphism p : G — G’ such that the map

(3.8) pe = (""py ..., %) : G = "G x - x TG/

is a K-isomorphism. If R}, denotes the inverse map to u|g(k), then R ;- : G'(k) —
G(K) is a group isomorphism.

For each v € Rk, denote by I, the set of all valuations of k extending v. Then there is a
natural K,-isomorphism f, : G — [[yer, Bk, /x, G and the isomorphisms f, "o R} K,
[Twer, G'(kw) — G(K,),v € Rk, w € I, induce a topological group isomorphism, say,
J, of the adele group G’(Ag) to G(Ak).

LEMMA 3.9. — Let € > 0. Then there are constants Ce > 1 such that for any g € G'(Ay),
Ct - €a(i(9))e < €arlg) < Ce - Eali(9))' .

Proof. — Fixv € Rg. The set I, parametrizes the set, say, of all distinct embeddings o
of k into K,, which are non-conjugate over K,, in the way that w € I, corresponds to o with
kw = o(k)K,. For each embedding w € I,, we denote by J,, the set of all embeddings 7
of k into K, such that k,, = 7(k)K,. Fixw € I,. Let A/, be the group of k,-points of a
maximal k,,-split A’ torus of G/, (G’ (k,,), A.,) the set of non-multipliable roots, and S,, C
®(G'(ky ), A’,) be a maximal strongly orthogonal system used in the definition of £g. Then
[Twer, (Bi, /x,A’) is a maximal K,-torus of G and its maximal K,-split subtorus is a maxi-
mal K ,-split torus of G [8, Ch. 6]. For each w € I, let B(w) denote the group of K, -points
of the maximal K,-split torus of Ry, sk, A" and set A, = [[,e;, B(w). We can identify
each B(w) with {("aw)reJ, : aw € A'(K,)}, and ¥y, := ®((Ry, /kx, G')(K,), B(w)) with
{aw : a € ®(G'(ky), A,)} where o, ((Taw)res,) = [Ires, T(aw). Hence {ay, : o € Sy}
is a maximal strongly orthogonal system of ¥,,.

On the other hand, for any a € S,

la(aw)|w = H Ta(aw)

TEJw v
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Since [],ez, Sw is @ maximal strongly orthogonal system for ®(G(K,),A,), if a =
((Taw)‘rer)wGIv S Av,

Na(x,)(a) = H o (("aw)re, H H = H NG (k) (Gw)-

(“Wwefvenwe; Sw WEILy Ay ESwy wel,

Hence for all g € G'(Ag),
H NG (x,) (J H NG (k.,) (9
vERK wE Ry,

By Lemma 3.3, this proves the claim. O

3.3. Uniform bound for matrix coefficients of G(A)

Let W; C G(Ay) be a compact open subgroup. Write W,, = W;NG(K,) foreachv € R.
Then W, = U, for almost all v € R;. For each v € Ry, by [5], there exists dyy, < oo such
that for any irreducible unitary representation p of G(K,), the dimension of W, -invariant
vectors of p is at most dyy, . Moreover dy, = 1 for almost all v € R by [55, 3.3.3] and [25,
Corollary 1]. Hence the following number is well-defined:

d fZHde<OO.

vERy

The notation G(K,) " denotes the normal subgroup of G (K, ) generated by all unipotent
subgroups of G(K,).

THEOREM 3.10. — Let G be a connected absolutely almost simple K-group with K-rank at
least 2. Let Wy be a compact open subgroup of G(Ay). Let w be any unitary representation of
G (A) without no non-trivial G(K, ) ¥ -invariant vector for every v € R. Then for any U -finite
and W ¢-invariant unit vectors x and y,

G.11) [(m(g)z,y)| < do - ew, - (Aim(Usoz) - dim(Uooy)) /2 - £c(g)  forall g € G(A)

where cy, = dw, - [[,[Uy : Uy N W,] - (maxgeq, [Uy : dU,d ™)) and do,r > 1 depend only
on G. Moreover if G(K,) 2 Sp,,,(C) locally for any v € R, dg = 1 and r = 1.

If G is a connected almost K-simple adjoint (simply connected) K-group with K-rank at
least 2, and 7 has no non-trivial L(K,,) T -invariant vectors for any connected K,-normal sub-
group L of G, then (3.11) holds with £ replaced by fé_efor anye > 0.

As a corollary, we obtain the adelic version of Howe-Moore theorem [32] on the vanishing
of matrix coefficients:

COROLLARY 3.12. — Let G and w be as in Theorem 3.10. Then for any vectors x and y,
(r(g9)z,y) = 0 asg— ooin G(A).

Proof. — Tt is easy to see that it suffices to prove the claim for a dense subset of vectors in
the Hilbert space V associated to 7. Considering the restriction 7 := x|y to U, V decom-
poses into a direct sum of irreducible unitary representations of the compact group U each of
which is finite dimensional by the Peter-Weyl theorem. Hence the set V, of U-finite vectors
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isdensein V. Nowif z,y € Vj, then  and y are invariant under a finite index subgroup W
of U. Hence by applying the above theorem, we obtain that for some constant ¢g > 0,

[(m(g)z,y)| < co-Ealg) forallg e G(A).

Since £g(g) — 0 as g — oo, this implies the claim. O
The proof of Theorem 3.10 is based on theorems in [40]. More precisely, recall:

THEOREM 3.13 ([40, Theorem 1.1-2]). — Suppose that the K, -rank of G is at least 2. Let
m, be a unitary representation of G(K,) without any non-trivial G(K, )" -invariant vectors.
Then for any U,,-finite unit vectors x and y,

(7o (9)z, y)| < dy - ¢ - (dim(U,x) -dim(va>)”/2 -&u(g)  forany g € G(K,)

where ¢, = maxgeq, [U, : dU,d"*| andd,,r, > 1 depend only on G(K,). Moreover whenever
G(K,) 2 Sp,,(C) locally, d, = 1 and r, = 1.

In the case when G(K,) = Sp,, (C) locally, the above theorem was stated only for U, -
invariant vectors in [40]. However if we replace Proposition 2.7 in [40] by the remark follow-
ing it, the same proof works for the above claim.

Proof of Theorem 3.10. — We first assume that G is absolutely almost simple. For g =
(90)v € G(A), choose a finite subset S, of places containing

{veRf:g,¢U,}UR.
Note that for v € R — Sy, we have g, € U, and hence ,(g,) = 1. Therefore for g =
(90)v € G(A),
£(g9) = H &v(go)-

vES,

Let Gy = [[,es, G(Ky) and Wy = [[,e5,nr, Wo- As a G4 representation, 7 has a Hilbert
integral decomposition:

= / O™ p, dv(z)
z€Z,

where Z, is the unitary dual of G4 and p, is irreducible, m, is a multiplicity for each z € Z,
and v is a measure on Z, (see [21] or [61, Section 2.3]). We may assume that for all z, p, has
no G(K,)-invariant vector (see [61, Prop. 2.3.2]).

If we write £, = ®@™=p,, z = [z.dv(z) and y = [ y.dv(z) with

my mz
T, = E Tz and Yz = E Yzi € »Cz,
i=1 =1
we have

@)= [ S i) o).

9 1=1

It follows from the definition of a Hilbert direct integral that
dim(Uso,i) < dim(Usoz,) < dim(Uso),
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%, is Wy-invariant for almost all z and all ¢, and similarly for y. Without loss of generality,
we assume the above holds for all z. We claim that

(3.14) [{p2(9)224,y2i)| < ew, - do - €c(g) - (Am(Usoz) - dim(Ueoy)) "2 - |z4| - [|yas]]

where 7 = max, r, and co = dw; [],(co - [Uy : Uy N W,]) < 00,do = [], dy < oo with
Cv;dy, Ty as in Theorem 3.13. By [5], we may write p, = ®yes,P2(v) Where p,(,) is an ir-
reducible representation of G (K, ) without no non-trivial G(K, )" -invariant vectors. Since
the finite linear combinations of pure tensor vectors are dense, it suffices to prove (3.14) as-
suming z,; and y., are finite sums of pure tensors. Hence we can write

Lzi = Z ® Tzij(v) 5 Yzi = Z ® Yzik(v)
i vES, k wES,

where for each v € Sy, 7.;;(,) (resp. ¥.ik(v)) are mutually orthogonal and the number of
summands for z; (resp. ;) is at most dim(Usox) - dw, (resp. dim(Usy) - dw,). Hence by
Cauchy-Schwarz inequality, for z;; = Hvesg Tij(v) and Y45 = Hvesg Yzij(v)»

> llzaisl < (A (Ueoz) - dw)?|zzills and Y flyzinl] < (dim(Usoy) - dw, )"yl
J k
Since for v € Ry
dim(U,z) < [U, : W, NU,] and dim{(U,y) < [U, : W, NU,],

by Theorem 3.13, we have for ¢y = [],, cu,

(315) |<pz(g)xzﬁy2i>| < Z H |<pz(v)(gv)xzij(v)7yzik(v)>|

.k vES,
(3.16) <co-do- [] &ulgv) - (dim(Usom)
vES,
dim(Usoy))”? ( TT 0 We 0 01) - (3 il el
’UERf 7.k
(3.17) < co - do - £c(g) - (dim(Unos)
dim(Use)) 72 ( T] W : Wan04]) - d, (sl )

vERy
= cw, - do - € (9) - (dim(Uso) - dim(Uooy)) "FV/2 - ([l - [lyall)
proving (3.14). Therefore again by Cauchy-Schwarz inequality,
(3.18)

(@™ p2)(9)(x2),y:)| < Z [(p=(9)22i, =) |

< Cwy - do - fG(g) ' (d1m<Uoo$> : dim<Uooy>)(r+1)/2 : ”sz : ||yz||
By integrating over Z,, we obtain (3.11).
Since G is adjoint (resp. simply connected), there exist a finite separable extension
k of K and a connected adjoint (resp. simply connected) absolutely almost simple k-

group G’ such that G = Ry, xG’ by [54, 3.1.2]. Then the topological isomorphism
j7' 1 G(Ag) — G’'(Ay) described prior to Lemma 3.9 maps G(K,) and G(K,)" to
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[Twer, G'(kw) and [],e;, G'(kw)™ respectively. Let 7 be a representation on G(A) sat-
isfying the hypothesis. Then the representation, say, 7/, on G’(Ay) induced by 7 has no
G/ (k) t-invariant vectors for each w € Ry. Since the k-rank of G’ is equal to the K-rank
of G and hence is at least 2, by the assertion already proved for G’(Ag), we deduce that for
any U -finite and W-invariant z, y,

[(m(9)z, 9)] = [{x' (57 (9))z, )]
< dy - cw, - (dim{Usoz) - dim{Usoy)) "2 - e/ (7 (g)) forall g € G(A).
By (3.21), we may replace £/ (5 71(g)) by £g(g)* ¢, finishing the proof. O

3.4. Automorphic bound for G(A)

If G has K-rank at most one, the analogue of Theorem 3.10 does not hold in gen-
eral. However if we look at those infinite dimensional representations occurring in
L?(G(K)\G(A)), we still obtain a similar upper bound.

We first state the following conjecture:

CONJECTURE 3.19. — Let G be a connected absolutely almost simple K-group. Let Wy
be a compact open subgroup of G(Ay). Then for any Us, x Wy-invariant unit vectors f,h €
L3 (G(K)\G(A)),

I(f,9-h)| < ew; -Ealg) forallg € G(A)
where cyy, > 0 is a constant depending only on G and W.

The above holds for groups of K-rank at least 2 by Theorem 3.10. For G = PGL5, Con-
jecture 3.19 is essentially equivalent to the Ramanujan conjecture. We will prove a weaker
statement of Conjecture 3.19 where the function &g is replaced by a function £g with slower
decay such that £ég < £g < fgz.

DEFINITION 3.20. — Let G be a connected almost K-simple group. For eachv € R, write
G as an almost direct product GLG?2 where G} is the maximal semisimple normal K.,-subgroup
of G such that every simple normal K,-subgroup of GL has K,-rank one. Note that G2 is then
the maximal semisimple normal K,-subgroup of G without any K,-normal subgroup of rank
zero or one. We define a function £g : G(A) — (0,1] by

o 1= I (6 fer0)

vER

If G is absolutely almost simple and Ry := {v € R : rankg, (G) = 1}. then
;o 1/2
g = H Sa(k,) H §a(K,)-
vER, vER—R,

If G = Rg G’ for some finite extension field k£ and for a connected absolutely almost simple
k-group G’, then, for any w € Ry extending v € Rg, the k,-rank of a connected simple
k.,-subgroup H' of G’ is equal to the K,-rank of the K, -subgroup Ry, ,x, H' of G (cf. [36,
Ch 1, 3.1]). Using this, the proof of Lemma 3.9 also shows that there is Cc > 1 such that for
any g € G/(Ay)

(3.21) Cot€ali(g) e < farl(g) < Ce-€a(if9) e,
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where j denotes the topological group isomorphism from G’(Ax) to G(A) described prior
to Lemma 3.9.

THEOREM 3.22 (Automorphic bounds). — Let G be a connected absolutely almost simple
K-group. For a compact open subgroup Wy of G(Ay), there existr = r(G) > 1 and cw; > 0
such that for any Uso~finite and W g-invariant unit vectors z,y € L3,(G(K)\G(A)),

(z, g.9)| < ew, - (dim(Usez) - dim(Usoy))"HV/2 - Ea(g) for all g € G(A).

One can take v = 1 provided for any v € R, G(K,) has no subgroup locally isomorphic to
Sp,y, (C) (n > 2) locally.

If G is a connected almost K-simple adjoint (simply connected) K-group, then the above
inequality holds with g replaced by fé_f forany e > 0.

Recall that for unitary representations p; and ps of G(K,), p1 is said to be weakly con-
tained in p, if every diagonal matrix coefficient of p; can be approximated uniformly on com-
pact subsets by convex combinations of diagonal matrix coefficients of p5. For each v € R,
denote by G, the unitary dual of G(K, ) and by GA" ¢ G, the automorphic dual of G(K,)
as defined in the introduction. The following theorem was first obtained by Burger and Sar-
nak for v archimedean [1 1, Theorem 1.1] and generalized by Clozel and Ullmo to all v [17,
Theorem 1.4].

THEOREM 3.23. — Let G be a connected absolutely almost simple K-group. Let H C G
be a connected semisimple K-subgroup. Then for any v € R and for any p, € G2, any
irreducible representation of H(K,) weakly contained in p, |y k. )is contained in HA,

LEMMA 3.24. — For any v € R such that G(K,) is non-compact, L%,(G(K)\G(A)) has
no non-zero G(K,) ™ -invariant function.

Proof. — Let L, denote the set of f € L2,(G(K)\G(A)) fixed by G(K,)". We need to
show that £, = {0}. Let G{"} denote the subgroup of G(A) consisting of elements whose
v-component is trivial. Consider the family of continuous functions f € C.(G{*}) of the
form f = [[yer— (v} fw where each f,, is a continuous function of G(K,,) such that f,, |y, =
1 for almost all w. By considering the convolutions with these functions, we obtain a dense
family of the continuous functions belonging to £,. Hence it suffices to show that any con-
tinuous function f € £, is trivial. Let f € £, be continuous. Let G be the simply connected
cover of G and denote by pr : G — G the covering map. Consider the projection map

G(K)\G(A) = G(K)\G(A).

Let f be the pull back of f. Since the image of G(K,) under the map pr is G(K,)*, the
function f is left G (K)-invariant and right G (K, )-invariant. On the other hand, the strong
approximation property implies that G (K)G(K,) is dense in G(A) (cf. [43, Theorem 7.12]).
Therefore f is constant, and hence f factors through the image of G(A) in G(A). Since
G(A)/G(A)is abelian, L2(G(K)G(A)\G(A)) is a sum of automorphic characters of G(A).
Since f is orthogonal to A, f = 0. O
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Proof of Theorem 3.22. — We first treat the case when G is absolutely almost simple. The
case when K -rank is at least 2 follows from Theorem 3.10 and Lemma 3.24. Suppose first
that G has K-rank one. By [16, Theorem 3.4], for v € R;, any infinite dimensional p, €
GAvt and U, -finite vectors ., s,

(3.25) [{po(9)(@0), yo)| < co - Eu(9)™? - (dim(U, ) - dim(Uyy,))'/?

for any g € G(K,). Combining this with Theorem 3.13, we can derive the desired bound by
the same argument as in the proof of Theorem 3.10.

Now suppose G is K-anisotropic. For v € Ry, we claim (3.25) holds. In [15], it is ana-
lyzed what kind of p,, occurs in this situation, and this is the main case which was not known
before Clozel’s work. We give a brief summary. If Ry # &, it follows from the classification
theorem by Tits [54] that G is of Dynkin type A. [15, Theorem 1.1] says that there exists a K-
embedding of K-subgroup H of type A such that H has K,-rank one whenever v € R;. Let
v € Ry. Then up to isogeny, one has either that H = PGL; (D) for a quaternion algebra D
over K and H = PGL; over K, or H = PGU(D, %) for a division algebra D of prime degree
d over a quadratic extension k of K with a second kind involution *, and H = PGU(n—1,1)
over K, (with n > 3). In the former case one uses the Jacquet-Langlands correspondence
[33] to transfer the Gelbart-Jacquet automorphic bound of PGL; to H(K,) via Theorem
3.23. In the second case which is the hardest, by the base changes obtained by Rogawski [44]
and Clozel [14], we can use the bound of PGL,, (F,,) given by Theorem 3.13 to get a bound
for H(K,) where w is a place of k lying above v and k,, is a quadratic extension of K. This
proves the claim. Combining with Theorem 3.13 for those places v € R— (R, U7 ) as in the
proof of Theorem 3.10, we obtain the desired bound.

Now for the case when G is adjoint (resp. simply connected) almost K-simple, the same
argument used in the proof of Theorem 3.10 applies, since (in the notation therein) the
topological isomorphism j : G(Ag) — G’(Ay) induces an equivariant isometry between
L3y(G(K)\G(A)) and L3, (G (k)\ G’ (Ar)). 0

3.5. From U, -finite vectors to smooth vectors

In Theorem 3.22, we can relax Uy -finite conditions to smooth conditions provided we
replace the L2-norms by L2-Sobolev norms. For a precise formulation, let X1, ..., X,, be an
orthonormal basis of the Lie algebra Lie(U,, ) with respect to an Ad-invariant scalar product.
Then the elliptic operator

(3.26) Di=1-) X
=1

lies in the center of the universal enveloping algebra of Lie(Us,). We say a function f on
G(K)\G(A) is smooth if f is invariant under some compact open subgroup of G(Ay) and
smooth for the action of G,.

THEOREM 3.27. — Let G be a connected almost absolutely simple K-group. and Wy be a
compact open subgroup of G(Ay). Then there exist an explicit | € N and cy, > 0 such that
Jor any W s-invariant smooth functions ¢, € L%, (G(K)\G(A)) with |D'(p)|| < oo and
ID' ()]l < 0,

(0, 99| < ew, - Ea(9) - ID (D) - ID (W) forall g € G(A).

ANNALES SCIENTIFIQUES DE L’ECOLE NORMALE SUPERIEURE



404 A. GORODNIK, F. MAUCOURANT AND H. OH

If G is a connected almost K- simple adjoint (simply connected) K-group, then the above
inequality holds with £g replaced by §G € foranye > 0.

Proof. — Deducing this from Theorem 3.22 is quite standard in view of the results of
Harish-Chandra explained in [58, Ch. 4]. We give a sketch of the proof. Denote by 7
the representation Lgo(G(K)\G(A)). Then 7 = @, m, where 7, is the v-isotypic
component of m and D acts as a scalar, say, ¢, on each m,. We write ¢ = >~ el Pv and
=3, o v Onehas [lp, || = ¢! D'y, || and similarly for . Then

(0, g-9)| < S (v gtu)l-

(n1 71/2)6000 XUoo

Using Theorem 3.22, we then obtain

(e, 9.9)| < ew, - €alg <Z llow || dim (Um0, ) "+ /2)( S (1] dim(Unets, )Y /2)

veUes, veUes,
<ew, -&a(9) - ID' @I - D' W) - D e~ dim(r)™*,
VEUOC
Now if I € N is sufficiently large, then 37, ¢; 2! dim(v)"! < oo [58, Lemma 4.4.2.3]. This
proves the claim. O

3.6. From K-simple groups to semisimple groups

If G is a connected semisimple K-group, we say that a sequence {g; € G(A)} tends to
infinity strongly if for any non-trivial connected simple normal K-subgroup H of G, pi(g;)
tends to co as ¢ — oo, where pg : G(A) — G(A)/H(A) denotes the canonical projection.

THEOREM 3.28 (Mixing for L2(G(K)\G(A))). — Let G be a product of connected almost
K-simple K-groups. Then for any p, € L3,(G(K)\G(A)),

(p,9-4) =0
as g € G(A) tends to infinity strongly.

Proof. — Write G = G x- - -xG,,, where each G; is a connected absolutely almost simple
K-group. By Theorem 3.22 and Peter-Weyl theorem (cf. Corollary 3.12), foreach 1 < i < m,
and for any ¢;,9; € L3(Gi(K)\Gi(A)),

(3.29) (pis givi) —
as g; — oo in G;(A).

Consider ®"™ , L?(G;(K)\G;(A)) as a subset of L?(G(K)\G(A)). The ﬁnite sums of the
functions of the form ¢ = @™ ,v; € L?*(G(K)\G(A)), where ¢; € L*(G;(K)\G;(A)) and
such that for at least one j, v; € L%,(G;(K)\G;(A)), form a dense subset of the space
L3,(G(K)\G(A)). Hence it suffices to prove the claim for ¢ = @, ¢; and ¥ = @4, of
such type. Suppose ¢; € L) (G, (K)\G;(A)) forsomel < j <m.Ifg = (g1,...,gm) With
gi € G;(A), then

(e, g-9)] = [T 12ir i) < {05, 95-955)1 - <H llall - ||1/)i||> :

i=1 i#j
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If ¢, denotes the projection of @; to L, (G;(K)\G;(A)), then

(0is95-05) = (¥}, 9505)-
Since g — oo strongly and hence g; — oo, we obtain <ga;,gj.1pj) — 0 by (3.29). This proves
the claim. 0

By the following proposition, the above theorem applies to connected semisimple adjoint
(simply connected) K-groups.

ProposITION 3.30 ([54, 3.1.2]). — Any connected semisimple adjoint (resp. simply con-
nected) K-group decomposes into a direct product of adjoint (resp. simply connected) almost
K-simple K-groups.

3.7. Equidistribution of Hecke points

In this subsection which is not needed in the rest of the paper, we explain applications of
the adelic mixing in the equidistribution problems of Hecke points considered in [16]. Let
K = Q. Let S be a finite set of primes including the archimedean prime co. If T" is an
S-arithmetic subgroup of Gg (here Qo = R) and a € G(Q), then the Hecke operator T,
on L3(T'\Gy) is defined by

To@)(9) = —— 3 W(zg)

deg(a) z€l\lall

where deg(a) = #I'\I'aI'. Theorem 1.11 extends the main result in [16] where some cases of
Q-anisotropic groups were excluded (see [24]). In fact, the following corollary immediately
follows from Theorem 3.22 and Proposition 2.6 in [16]:

COROLLARY 3.31. — Let G be a connected simply connected almost Q-simple Q-group and
S a finite set of primes including co. Suppose that Gg is non-compact. LetT" C G(Q) be an
S-congruence subgroup of Gg. For any € > 0, there exists a constant ¢ = ¢(I',€) > 0 such
that

T <e- gé_s(a) forany a € G(Q).

This corollary in particular implies that for any sequence a;, € G(Q) with deg(a;) — oo,
and for any ¢ € C.(Gg),
1

. 1 1
zliglo m g;;az[‘/lp(x) - TS(F\GS) c. 1/)(9) drs.

It is interesting to note that unlike the rational points G(Q) of bounded height (Theorem
1.6), the Hecke points are equidistributed in Gg with respect to the invariant measure.
The following corollary presents a stronger version of property (7) of G proved by Clozel

[15]:

COROLLARY 3.32. — Let G be a connected simply connected almost K-simple K-group.
Let m denote the quasi-regular representation of G(A) on L(G(K)\G(A)). Let W be a max-
imal compact subgroup of G(A). Then there exists an explicit p = p(G) < oo such that any
W -finite matrix coefficient of w is L? (G (A))-integrable.
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4. Volume asymptotics and construction of i,

4.1. Analytic properties of height zeta functions

Let G be a connected adjoint semisimple algebraic group over K. Lett : G — GLy be a
faithful representation defined over K which has a unique maximal weight. Recall the con-
stants a, and b, defined in the introduction (1.3): Choosing a maximal torus T of G defined
over K containing a maximal K -split torus and a set of simple roots A of the root system
®(G, T), denote by 2p the sum of all positive roots and )\, the unique maximal weight of ¢.

If
2p = Z ug,ae and A, = Z Mo
a€A acA
then
Uq + 1 Uq + 1
@.1) 4, = max and b, = # {pK,a ; _ aL}
a€EA My o

where I'k is the absolute Galois group over K.
We fix a height function H, = [],czH.» as defined in (2.6) in the rest of this section.
Recall the notation
Br:={g9€ G(A):H(g9) <T}.

Given an automorphic character x, we consider the following functions:
Zs(s,x) = /G H.(9)"°x(9)drs(9);  Z%(s,x) == /GS H,(9)~°x(g) dr(9)-
S

LEMMA 4.2. — There exists € > 0 such that the following hold for any finite S C R:

1. Zs(s, x) absolutely converges for R(s) > a, — e.
2. 7¢(Br N Gg) = O(T%~¢) where the implied constant depends on S.

Proof. — For (1), recall the Cartan decomposition for each v: G(K,) = U, A Q,U, (2.2).
Since the definition of a, does not depend on a particular choice of T, we may assume A, C
T(K,). Choose the set of simple roots A, = {a1, ..., .} in the root system ®(G(K,), A,)
so that the restriction of A to A, is contained in A, U {0}.

If 2p,, denotes the sum of all positive roots in ®(G(K,), A,) and u} denotes the sum of
all u,’s for those a such that |4, = 1,1, u} = > {uq : ala, = oy}, then 2p, = 2p|a, =
Soioi vy, Similarly, if A, , = A\Ja, and m} = Y {mq : a|la, = a;}, we have \,, =
Dim1 M0y

Observe that )

@ = max L < max - <.

Since ), is the unique maximal weight of ¢, we may assume, without loss of generality, that
1 A,
H,., (kadk') = g% )

where k, k' € Uy,a € A} ,d € Q, and q, = e if v € Rw.
For v € R, it is well known (cf. Prop. 5.28 in [34]) that dg, = 6(X) dky dX dky where
for any € > 0, there exists C. > 0 such that

§(X) < C.exp((1+¢€)2p,(X)) forall X € log(A]).
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Hence if o > 0,

/ H, v (gv)"7dgy < C¢ exp(—o (Ao (X) + (1 4 £)2p,(X))) dX
G(K,) logAi
< CEH/ exp(—z;(om) — u(1+¢))) dz;.
i=1"2:i=0

Hence the above converges for any o > a,,, proving the claim for v € R.
Let v € Ry. Without loss of generality, we may assume that H, ,, is bi-U,-invariant, and
hence
[ M) dg = Y Ho(ad) T (Uiadt).
G(Ko) ade AYQ,

By [50, Lemma 4.1.1], there exists ¢; > 0 such that 7,(U,adU,) < c; - ¢ for all ad €
AFQ,. Hence for some constant ¢ > 0,

HL v\9v —d v ' sodv(@)+2e0(a) - 13 ;(Gmi_u;)j>
/G(KU) w(g0)%dgy < Y g c[[D ¢

acAT i=15=0

where the last term converges for any o > a,,. Put

1 Ugy
e=—-|a, —max —
2 a€EA My,

so thata, — e > a, for allv € R. The above argument proves the claim (1) for this choice of
e. Also, if v(t) :=7175({g € Gs : H, 5(9) <t}),and 0 > a, — ¢,

/Ooot_”dv(t) = /GS H, s(g9) “drs(g) < oo.

Now the second claim follows from the properties of Laplace-Mellin transform (see, for
example, [60, Ch. 11, § 2]). O

One of the main contributions of the paper by Shalika, Takloo-Bighash and Tschinkel
[48] is the regularization of Z° (s, x) via the Hecke L-functions. Their result stated as [48,
Theorem 7.1], together with the results in Tate’s thesis on the meromorphic continuation of
Hecke L-functions and their boundedness on vertical strips (cf. [10, Prop. 3.16]), implies the
following:

THEOREM 4.3. — Let S be a finite subset of R and a,, b, as in (4.1). Then Z°(s,x) con-
verges absolutely when ®(s) > a,, and there exists € > 0 such that Z° (s, x) has a meromorphic
continuation to R(s) > a, — € with a unique pole at s = a, of order at most b,. The order of
the pole is exactly b, for x = 1. Moreover, for some constants k € R and C > 0,

(S - aL)bLZS(S7 X)

sbe

< C-(1+ [Im(s)])"
Jor R(s) > a, —e.
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In [48], it is assumed that H, ,, is smooth for v € (R — S) N R which is stronger than the
condition (3) in Definition 2.6. This implies Theorem 4.3 for any S including R.,. On the
other hand, by Lemma 4.2, for any finite S; C R, there exists € > 0 such that the product
Zs,(s,x) :== stl H,(g9)"*x(g) drs, (g) absolutely converges for all R(s) > a,—e. Therefore,

for any S, C S, the product 2% = Zg_g, Z9 satisfies the properties listed in Theorem 4.3,
provided 29 does. Therefore Theorem 4.3 holds for any finite S C R.

We use the following version of Ikehara Tauberian theorem to deduce the volume asymp-
totics from Theorem 4.3.

THEOREM 4.4. — Fixa > 0anddy > 0. Let a(t) be a non-negative non-decreasing function

on (0, 00) such that
f(s) = / t7° da
do

converges for R(s) > a. Suppose that for some & > 0,
— f(s) has a meromorphic continuation to the half plane R(s) > a—e > 0 and has a unique

pole at s = a with order b,
— For some k € Rand C > 0,

s)(s —a)®
‘f<><b> < C-(1+ |Im(s)])"*

Jor R(s) >a—e.
Then for some 6 > 0,

T c ~
/(Sda:a(T)—a(é)za(b_l)!'T P(logT) +O(T*°) asT — oo

where ¢ = limy_, (s — a)?f(s) and P(z) is a monic polynomial of degree b — 1.

Proof. — This can be proved by repeating the same argument as in the appendix of [12]
simply replacing the sum 3, n~*a,, by the integral | 6? t=% da(t). O

4.2. Definition of v},

Recall from (2.7) that W, denotes the maximal compact subgroup of G(Ay) under
which H, is bi-invariant. For any co-finite subgroup Wy of W,, recall from (2.5) the def-
inition Gw, := ker(A"7) where A™7 is the subset of Wy-invariant characters in A. We
will deduce the asymptotic volume of the intersection By N Gw,, more generally, that of
BrNgGw,; N G? for any g € G(A) and any finite S C R. In this subsection, we will define
a function 'yﬁ,f : G(A) — R< o which appears in the main asymptotic of these volumes.

DEFINITION 4.5. — For afinite S C R and a co-finite subgroup Wy of W,, define a function
7, G(A) = Rso by

Y, (9) = D & xlg) with ¢ = lim (s —a,)"Z5%(s,x)-
xeAWs '

z

For simplicity, when S = &, we set yw, = yﬁ,f and ¢y, = cy.
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By Theorem 4.3, the limits appearing in the definition of fyffvf exist. To show fyffvf is well-
defined, it remains to show the following:

PROPOSITION 4.6. — For any S C R and any co-finite subgroup Wy of W, ’ngf (9) >0
for any g € G(A).

We need some preliminaries to prove this proposition.

LemMA 4.7. — The following statements hold for any compact open subgroup Wy of

(1) If G2, denotes the identity component of G,
G(K)GZOWf C GWf.

(2) #A%r = [G(A) : Gw,] < o.

(3) Forany g € G(A),
> xl9)= {#AWf Va e Gy

0 otherwise
xeAWf

Proof. — Since G2, is a connected semisimple group, G, C ker(x) for any x € A. On
the other hand, x(G(K)) = 1 for any x € A, by the definition of an automorphic character.
Hence (1) follows. Since G2, has a finite index in G, it follows from [43, Theorem 5.1] that
there exist finitely many ug, ..., us, € G(A) such that

G(A) = U G(K)u;GLW;.

It follows by (1) that [G(A) : Gw,] < co. Now the quotient Gy, \G(A) is a finite abelian
group. In particular, Gy, is an open subgroup of G(A) and hence any character of the
group Gw, \G(A) can be considered as a continuous character of G(A) which is trivial on
Gwy,, that is, an element of AWs. Conversely, any element of A" defines a character of
Gw,\G(A).

Now consider the scalar product on the space functions of Gy, \G(A) given by

1
(Y1]a) = [G(A): Gw,]

P1(2)Pa(x).

2EGW \G(A)

We claim that A" forms an orthonormal set with respect to this scalar product. For y, X’ €
AWs  observe that

X@P@) = T(G(E)\Gw,) ™ X(goXTa) ) dr(g)
zec%c;(m " /9€G(K)\wa (wEGV%EG(A) )
= (@ENGw) ™ [ @) dr(a).
G(E\G(4)
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Therefore we have

ne 1 T -1 z)x'(z) dr(z
0 = [y e CUNGw) [ XEE dr)
= 1(G(K)\G(A) (0 X ) L2 (x\G )
= <XaXI>L2(G(K)\G(A))

since 7(G(K)\G(A)) = 1. Since A is an orthonormal subset of L2(G(K)\G(A)), the claim
follows. Now (2) and (3) follow from the duality of finite groups. O

LEMMA 4.8. — Fix afinite subset S C R. Let U C G® be an open subset such that G5 =
FU for some finite subset F of G°. Then for (0 € R)
liminf (o — a,)® / H,(h)~?dr°(h) > 0.
U

o—a,

Proof. — By Theorem 4.3,
co := lim (s — a,)* H,(h)~*dr5(h)
s—a, Gs
exists and is non-zero. It is then clear that cq > 0 since H, is a positive function on G°. For
any f € F, we can find ¢; > 1 such that for all h € G, cJTlHL(h) < H,(fh) < c¢sH,(h).
Without loss of generality, we may assume H, (k) > 1 for all h € G°. Now foro < a, + 1,
we have

H,(h)~?d7%(h) < (maxcg)® ™! /H ~7dr5(h).
Gs feFr

Hence the claim follows. O

LEMMA 4.9. — For any finite S C R and a co-finite subgroup Wy of W,, there is a map
g — 84 Gg — G5 which factors through (Gg N Gw, )\Gs for which the following hold:
1.
GWf = U (GWf N GS)Q SQ(GWf N GS))
9€(Gw;NGs)\Gs

2. forany ¢ € Ce(Gwy,),

/ pdry, = / / o(gsgh) dr®(h)drs(g)
GWf geGs hEGSﬂGWf

if ° and Tg are normalized so that Tw, = 75 X% 13 locally.

Proof. — Let pr denote the restriction of the projection map G(A) — G to Gy, . Since
G(K)isdensein G g by the weak approximation and the image pr(Gyy, ) is an open subgroup
containing G(K), the map pr is surjective.

Note that (Gw, NG®)(Gw, N Gsg) is a normal subgroup of Gy, , and that the map pr in-
duces an isomorphism, say pr, between (Gw,; NGs)(Gw, OGS)\GWf and (Gw;NGs)\Gs.
For each g € (Gw, N Gs)\Gs, choose s, € G N pr~ ' (g). This yields the decomposition

Gw, = Uge(Gw,nas)\as(Gw, N G%)(Gw, N Gs)s, g.

Since (Gw; N Gs)sy g = g54(Gw, N Gg), (1) follows. It is easy to deduce (2) from (1). O
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Proof of Proposition 4.6: For g € G, consider

(4.10) > 2eoxe) = X [ B xlgh) ar(h
xeA"s xeAWs
= @) [ H, (1) drS(h)

gt wa NnGS
where the second equality holds by Lemma 4.7(3).
Hence

s—a,

(#AY) o, () = Jim (s —a) [ H(h)~* dr* (1),
g_lGWf NGS
which is equal to, along o € R,

liminf (o — a,)" / H,(h)~° dr5(h).
g—lGmeGS

o—a,

Therefore by Lemma 4.8, 'yff[,f (g) > 0for g € G®. Since G(A) = GgG?, it suffices to prove
fyf,g[,f(ha:) > 0forany h € Ggandz € G°. Let s, € G° be as defined in Lemma 4.9. By (1)
of the same lemma,

x(h) = x(s;,")
for any x € A™s. This implies that for any = € G¥, vj;,, (hz) = v%f(sglx). Since s, 'z €
G?, by Theorem 4.13, 73}, (s, ') > 0 and hence ~, (ha) > 0. This finishes the proof.
The functions vﬁ,f are related for different S’s by the following:

PROPOSITION 4.11. — Let S C S’ be finite subsets of R and let Wy be a co-finite subgroup
of Wi,
1. forany g € G%,

W @)= [ G0, he) drs,, forSo=5' 5.
hEGSO
2. In particular, for any finite S C R,
o) = [ g, drs
Gs

3. Twy = ZxEA ey X, in particular, YWy = Yw,-

Proof. — Note that G5 = Gg,G% and 75 = 74, x 5. Since fGS H; g x drs, exists
o T,
for any x € A by Lemma 4.2, we deduce

Y, (@) = > </G Hf,ggxdfs) : ( lim+(s—aL)bLZS'(svx)) -x(9)

S—a
xEAWf ¢

- / Hs, () | 3 ¢ xigh) | drs,(h)
hGGsO

xeAVs
= [ B (07, (o) drs, ()
hGGSO

Hence (1) follows. By putting S = &, (2) follows.
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Since H, is Wy-invariant, it follows from Lemma 4.12 below ¢, = 0 for any x € A —AW7.
Hence the claim holds. O

LEMMA 4.12. — Let Y = G(A) or G(K)\G(A). Let Wy be a co-finite subgroup of W,
and let x € A — AWV7. Then for any Ws-invariant function 1 on'Y, we have

/ x(9)¥(g)dr(g) =0,
Y

if the integral exists. In particular, if the support of v is contained in G(K)\Gw, and
¥ d1 = 0, then for any x € A,

/ Xy dr=0.
G(K)\Gw,

Proof. — Since x € A — AW7 there exists w € W such that x(w) # 1. Since ¢ is
W -invariant and 7 is invariant,

[ x@w@no) = [ xtwohitw)drg) = xtw) [ xto)wls) r(o)
G(A) G(4)

G(A)

fG(K)\wa

This equality implies the first claim immediately. For the second claim, it suffices to note that
for x € AW7, x =1 onGw,. O

4.3. Volume asymptotic

THEOREM 4.13. — Leta, € QT andb, € N be as in (4.1). Then for any finite subset
S C R, any co-finite subgroup Wy of W, and g € G, there exist a monic polynomial P(z) of
degree b, — 1 and a positive real number § such that
i, (971

S Sy
(4.14) ™ (Br 096w, N G%) = 257 RSV

-T%P(log T) + O(T*~°).

In particular, as T — oo,
i, (971
#AWs ca, (b, —1)!

(4.15) 7% (Br N gGw, N G”) -T%(log T)”> 1.

Proof. — By Lemma 2.5, Br is a relatively compact subset of G(A) and hence
75(BrNG¥) < oo foreach T > 1 and for any finite S. By the same lemma, 6o := inf eq(a)
H,(g) > 0. Define

a(t) = r5(B; N gGw, N G%) fort € [y, ),

and -
= t~ % da.
)= [ 17 da
Then by (4.10),
)= [ @) = @A) Y 2560,
gGWfﬁGS AV
XE
Since

Jim (s —a,)" f(s) = #A"7) i, (9) > 0
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by Proposition 4.6, the claim follows from Theorems 4.3 and 4.4. O

Lastly in this subsection, we show that the volume asymptotic for 7w, (Br N Gyw,) is in-
dependent of Wy’s.

COROLLARY 4.16. — For g € G(A) and any co-finite subgroup Wy of W,
7(Br NgGw,) ~1 [Gw, : Gw,] - T(Br N gGw,).

In particular,
. Tw,;(BrNGw,)
lim ——————~

=1.
T—oo Ty, (BT n GWL)

Proof. — Since yw,(g) = vw, (g9) by Proposition 4.11, the first claim follows from Theo-
rem 4.13 and Lemma 4.7(2). Since the restriction of 7 to Gw, isequal to [G(A) : Gw, |- 1w,
the second claim follows from the first one. O

4.4. Construction of [i,

Letz : G — P(My) denote the projective embedding obtained by the composition of ¢
with the canonical projection from GLy — P(My). For each v € R, denote by X, , the
closure of 7(G(K,)) in P(My (K,)), and set

X, =[] X
vER

Fix a height function H, = [[,c H.,» on the associated adele group G(A) relative to ¢ as
in Definition 2.6. For a finite subset S C R, set H, s = [[,cgHiv and X, g = [[yeq Xo,0-
Without loss of generality, we may consider G (K, ) as a subset of X, ,,. We will first construct
a family of measures {u, w; s} on X, s for all finite S and for all co-finite subgroups Wy of
W,, and put them together to define the measure i, on X,.

Recall the definition of the function 'yfvf on G(A) from (4.5), and the notation vy, (e) =
71?% (e). By Lemma 4.2 and Propositions 4.6, 4.11 (2), the following is a well-defined proba-
bility measure on G g (which will be in fact considered as a measure on X, g):

dpo,wy,s(9) == yw,(e) - H,5(9)™* - ¥y, (9) drs(9).

REMARK 4.17. — Let G/ denote the derived subgroup of Gg. Then [Gg : G| < oo
[43, Proposition 3.17]. Then for any ¢ € C(X, g), since the projection of 7€Vf to G factors
through Gy, we deduce that

pawe s = @7 Y vk [ Husto) " lo) drs(o)
u€Gs /Gy uGy
Since wﬁ,f (u) > 0 for each wu, it follows that the measure y, w, s is equivalent to a Haar
measure on Gg, considered as a measure on X, g.

For Wy < W,, denote by C(X,)"7 the closed subspace of C(X,) consisting of functions
which are (right)-invariant under W.
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THEOREM 4.18. — There exists a unique probability measure fi, on X, such that for any
7‘/) € UWf<WL co-finite C(XL)Wf’

@) ) = (Y tim (s —a) [ 107 x(0) V(o)

x€EA s—a,

Proof. — Define a linear functional y, w, on C(X,)"* by

@20 g, @) =@ Y dms—a) [ ) x() vie)drle)
xeAWF s—a, G(A)

We first claim that p, 1w, is well-defined, positive and bounded by 1 and 1, w, (1) = 1. For
each finite set of places S, let C(Wy, S) denote the subset of C(X,)"7 consisting of functions
which factor through X, 5. The restriction of ¢ € C(Wy, S) to X, s will also be denoted by
% by abuse of notation. By Proposition 4.11 (1), the measures p, 1, s are compatible in the
sense that for S C ', the restriction of ys, w 1,5 to C(Wy, S) coincides with p, w, 5. Observe
that for ¢ € C(Wy, S),

4.21) t,wy (V) = p,wy,s ().

Hence the limit exists in (4.20) for all yp € C'(Wy, S) for each finite S. Since | Jg C(Wy, S) is
dense in C(X,)"s where S ranges over all finite subsets of R and ., w, 1s a linear functional
with
ltew, ()| < 9]l forany 9 € C(X,)"

it follows that the limit exists in (4.20) for any ¢ € C(X,)"* and hence p,,w, is well-defined.
The other claims on p, 1, are now clear.

By applying Lemma 4.12 for ¢» = H; ®, the family p1, w, of linear functionals on C(X BRE
is compatible, in the sense that if V; C W} are co-finite subgroups of W,, then

B, vy |C(XL)Wf = M, Wy

Hence (4.19) is well-defined on Co := U, <w, co-finite C(X.)"*
Since Cy is dense in C(X,), there exists a unique positive linear functional i, on C(X,)
satisfying (4.19). O

PROPOSITION 4.22. — For any finite S C R, the projection [i, s of i, on X, g is equivalent
to a Haar measure of Gg.

Proof. — Recall that G’y denotes the derived subgroup of Gg. We first claim that if V7,
W are co-finite subgroups of (W, N G%) x (W, N G?), then Mo, wy,5 = He,v;,s- Indeed, by
definition of y, w,, s and fyﬁ,f, it is sufficient to show that for all xy ¢ AW7, ci = 0, and so by
symmetry:

Y o) = > x9) =i,
xeAVFNAYS
Let x ¢ A7, so that x(w) # 1 for some w € Wy. Write w = wsw®, where wg € G’ and
w € G5. Then x(w®) = x(w) # 1 since ws € G', and hence
= Jim (=) [ @) o)

s—a,
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Since Wy C W,, and ws ew,,

[ B0 x0)ir(6) = [ Hlow®)xlgw)ar o)
GS GSs

—x(w) [ 10 X a),

which proves that this integral is zero for all s, and so ¢, = 0.

Define fi, s = p,w;,s forany Wy C (W, N GY) x (W, NG?). This measure is absolutely
continuous, by the remark 4.17 on u, w, 5. We claim that fi, s is precisely the projection of
fi,. For ¢ € C(Wy, S) for some W; < (W, N G%) x (W, N G¥), we have

B (Y) = pow, () = po,wy,s(¥) = fu,s(¥)-

Since the union Uy, C (W, S), where W ranges over co-finite subgroups of G(Ay) con-
tained in (W, N GY5)(W, N G¥), is dense in C(X, ), this finishes the proof. O

Let . : G — GLy be an absolutely irreducible representation defined over K with the
highest weight A,. Set

ALz{aeA: Lﬂzab}.

Mg
For a € A, we denote by & the corresponding coroot. It follows from Theorem 7.1 in [4§]
that if for a finite subset S C R and an automorphic character Y,

g = lim (s —a,)™ /GS H,(9)"°x(g) dg # 0,

s—a,

then
(4.23) x(@)=1 foralla € A,

and conversely if (4.23) holds, then ci # 0 for all sufficiently large S C R.

REMARK 4.24. — We discuss some examples to illuminate the properties of the measure

fhe.-
1. Suppose that A, is a multiple of 2p + >, ca . In particular, this holds for A, corre-
sponding to the anticanonical class and for all rank 1 groups.

Then A, = A. If a character x € A satisfies (4.23) then it follows from the Cartan
decomposition (2.1) that x(G*®) = 1 for sufficiently large S and by the weak approxi-
mation, x = 1. This shows that ¢ = 0 for every finite S C Rand every x € A"/ —{1},
50 iy, is equal to lims_q, (s — a,)* Z5(s,1). Hence by Theorem 4.13,

(4.25) #G(K) N By ~¢ 7(Br);
and
_ H,,v(g0) ™" d7y(go

vih Je,) How(go) 7 dru(g0)
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2. Suppose that K has class number one, G is K-split and W, = [[,cg, G(Oy) (with

respect to the canonical model over the ring O of integers).
According to Remark in Section 2 in [27],

G(A) = G(K)GLW..

Hence, AW+ = {1}, and consequently, (4.25) holds and y, w, is given by (4.26).

(Cf. Example 8.10, [48].) Let G = PGL4 and ¢ be the adjoint representation. By [43,
§8.2], there exists a lattice L C pgl,(K) (i.e., an O-module of full rank) such that G
has class number 2 with respect to L. We take the height function H = [],c g H, where
H, is the maximum norm with respect to L for v € R;. The group W, is given by
[Tver, Staba(x,) (L®Oy). By [43, §8.2], G(K)G oW, is a normal subgroup of index
2in G(A). If we additionally assume that the number field K is totally complex, then
G is connected and, hence, A"+ = {1, x} for some automorphic character x of order
2. Every automorphic character of G(A) is of the form 1 o det where 7 is a Hecke
character such that n* = 1. Since the map det : PGL4 (K, ) — K /(KX)*is surjective
for every v € R, it follows that x = 1 o det with n? = 1. In this case, the roots and
coroots are given by

o;(diag(as, ..., aq)) = aa;y, & (t) = diag(t,...,t,1,...,1)
——

fori=1,2,3, and
A, =a1+as+az, 2p=3a; +4as + 3as.

Hence, a, = 5,b, = 1, A, = {az}. Then (4.23) is equivalent to n? = 1, and we deduce
that ¢§ # 0 for sufficiently large finite S C R. Since the function v{j, = ¢f + ¢§x
restricted to G is not constant for sufficiently large S C R, we conclude that

H,(g90) "% d7y(gv)
My, W, ,8 7é
Ul}g fG(K ) H, o (gv) ™ dry(gv)

We also note that in this case, Theorem 4.13 implies that for an automorphic char-
acter x such that ¢, # 0, we have
. 17(BrNGw,) 1 1 1
lim ——————— = = —.
75 7(Br) aplatal 7y
In particular, it may happen that in Theorem 1.10, 7(Br) is not asymptotic to [G(A) :
Gw,] - 7(Br N Gw,) asT — oo.

4.5. Equidistribution of height balls Br N Gy, with respect to /i,

PROPOSITION 4.27. — Let Wy < W, be a co-finite subgroup. Then for any ¢ € C(X,)V.

1 -
lim —/ Ydrw, = [i.(¥).
BTﬂGWf

T—o0 Ty, (BT N GWf)
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Proof. — To prove the proposition, we may assume ¢ € C(Wy, S) for some finite S, since
these functions form a dense subset of C(X,)"+. Let x g, denote the characteristic function
of the set By. By Lemma 4.9 (2), we haveamap g € Gg — s4 € G? such that

[ i = e Xor (95,h) dr (h) drs(g).
BTﬁGWf g€Gg hEGSﬁGWf
Since H, (gsgh) = H, s(g9) H.(sgh),

/ XBr(gsgh) dr8(h) = 79{h € G5 N Gw, : H,(syh) < TH, s(9)"'}
heGSnGWf

(s,  Broa, 5(g)-1 N Gw, N G%)
= TS(BT-HL,s(g)*l N SgGWf N GS).

Hence
(4.28) / Ydrw, = / Y(g)7° (Br.m, 5()-1 N 84Gw, N G%)drs(g).
BTﬂGWf 9€Gg

Setting
TS(BT-HL,s(g)—l n SgGWf N GS)

TS(BTHGWf ﬂGS) ’

yr(g) ==
we claim that for some constant C' > 0,
(4.29) yr(9) <C-H,s(9)"* foranyg € Gs.
By (4.15), for any h € G*°, there exists a constant ¢;, > 1 such that for any 7' > 2,
(4.30) ¢, T (log )"~ < 75(Br N hGw, N G®) < ¢p, - T* (log T)* .
Since {s; € G° : g € Gg} is a finite set, ¢ := max{cs, : g € Gg} < oc. It follows by (4.30)
that for any g € Gg with H, 5(g) < T/2,
79 (Bra, s(9)-1 N 8Gw, N G%) < c-H, 5(g) T (log TH, s(g) )" .
On the other hand for any g € Gg satisfying T/2 < H, 5(g) < Té,; "' where 6, :=
inf eq(a) Ho(g) > 0 (see Lemma 2.5),
TS(BT.HL’S(Q)—I NsyGw, N G%) <7%(BynG®) <d-H,s(9) T,

where d = §; *7%(B2 N G?). Also, for H, s(g) > T6; ", yr(g9) = 0.

Hence by applying (4.30) once more now to h = e, we obtain the inequality (4.29). Since
H, g € L'(Gs) by Lemma 4.2, it follows that yr belongs to L'(Gs). Since by Theorem
4.13,

-1

yr(9) = yw,.s(sy ) Hos(9) ™ “viv, ()" as T — oo,

we apply the dominated convergence theorem to (4.28) and deduce that
i fBTﬁGWf P drw,
200 75(Br N Gy, N GY)

=i, (&) ! g »(9)viv, (55 ") Hos(g) ™™ drs(g).
S
Using 75[/,« (s;1) = yﬁ,f (g) and the definition of the measure p, w, s, we have

431 I Js.nw, ¥ drw;
“.31) Tl—r>noo TS(BTQGWf OGS)

= (%) v, ()
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Taking ¢) = 1, we also get
W (BT N Gw ) _
4.32 li d L = L
(4.32) T 79(Br N Gw, N G%) i, ()
Therefore combining (4.31) and (4.32), we obtain
. fBTﬂGWf Y dTw,
lim

T— o0 TWf (BT N GWf)

= fi,(¢)- O

5. Equidistribution for saturated cases

Let G be a connected adjoint semisimple group defined over K and let ¢ be a faithful
representation of G to GLy defined over K which has a unique maximal weight. We recall
that ¢ : G — GLy 1is called saturated if the set

at1
(5.1) {aeA:“ + =aL}

Mo

is not contained in the root system of a proper normal subgroup of G.
Fix a height function H, on G(A) associated to ¢, and let fi, be the probability measure
on X, constructed in Theorem 4.18 (associated to H,).

THEOREM 5.2. — Suppose that v is saturated. For ) € C(X,),
1
im —————— Y ()= / Y dji,
T=eo T, (Br N Gw,) gEG(K):H, (9)<T X,
where Wy is any co-finite subgroup of W,.
Note that by Corollary 4.16, the above equality is independent of W;. To derive the

asymptotic formula for the number of K-rational points, it suffices to take ¢y = 1 in
Theorem 5.2, and hence we obtain Theorem 1.10.

COROLLARY 5.3. — Ifvis saturated, we have, as T — oo,
#{9 € G(K) :H,(9) < T} ~ mw,(Br N Gw,)
Jfor any co-finite subgroup Wy of W,.
Combining Theorem 5.2 with Theorem 4.13, we deduce Theorems 1.2 (without an error

term) and 1.6 for the saturated case. The rate of convergence as well as the nonsaturated case
are discussed in the next section.

REMARK 5.4. — Note that for any finite S, the projection of fi, to X, g is fi, g, which is
equivalent to a Haar measure on Gg by Proposition 4.22. Any open subset X, contains
a subset of the form VgXpr_g where Vg is an open subset of X, g, which again contains
(gW; N Gg)G* for some g € G and some co-finite subgroup W; of W,. Now

.((gWy N G5)G®) = fi, s(9W; N Gs) > 0.
This shows that fi, has full support on X,.

The rest of section is devoted to a proof of Theorem 5.2. We recall the following facts:
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LEMMA 5.5. — Let G be a connected semisimple adjoint K-group, . : G — GL(V) a
K-rational representation of G, and let M be a connected normal K-subgroup of G.

1. There exists a connected normal K-subgroup N of G so that G = MN and M NN =
{e}, and M is semisimple adjoint.

2. For each x € N(A), the function g — H,(gx) defines a height function on M(A) with
respect to the restriction t|m.

3. If v has aunique maximal weight \,, then the restriction |\ has a unique maximal weight.

Proof. — (1) follows directly from Proposition 3.30. Let z € N(A). Whenever
x € N(K,) N W,, which is the case for almost all v, we have H, ,(gz) = H, ,(g) for
all g € M(K,). Using this, it is easy to verify that the function g — H,(gx) is a height
function as defined in Definition 2.3.

For (3), let T be a maximal torus of G defined over K, II denote the set of all weights of
¢ with respect to T, and IT’ denote the set obtained by restricting elements of Il to M N'T. If
V = @xenVh is the weight space decomposition for ¢, the weight space decomposition for
t|m is of the form V' = @z Wy where Wi := &{Vy : A\|lrnm = 8}. In particular, any
weight of ¢|n is the restriction of a weight of « to T N M. Hence if 3, is the restriction of \,
to TNM, and 3 € I, not equal to §,, then 3, — 8 is a non-zero sum of positive roots of M
with respect to M N T. Therefore 3, is the unique maximal weight of ¢|n. O

LeEmMA 5.6. — The following are equivalent.

1. ¢ is saturated.
2. For any proper connected normal K-subgroup M of G,

™ (Br N M(A)) = O(T* (log T)*~?)
where Tz is a Haar measure on M(A).

Proof. — Assume (1). Since ¢ has a unique maximal weight, the restriction ¢|p; of ¢ has a
unique maximal weight as well. There exists a connected normal K-subgroup N of G so that
G = MN and MNN = {e}. By Lemma 2.4, without loss of generality, we may assume that
H, is the product of height functions H,|,, and H,|, and H,(e) = 1. Hence Br N M(A) =
{z e M(A) : H,),,(z) < T'}. Hence by Theorem 4.13,

™ (Br N M(A)) ~ ¢ - T%(log T')*~1
where a and b are defined as in (4.1) for ¢|p. Now the saturated condition means that a = a,
and b < b, — 1. Hence (2) holds. To show the other direction, suppose that ¢ is not saturated.
Then there exist connected proper normal K -subgroups M and N of G as above such that

{a € A:uy+1=a,- m,} is contained in the root system of M. By Theorem 4.13, there
exists ¢ > 0 such that for all large T,

™ (Br N M(A)) > ¢ T%(log T)% 1.
Hence (2) does not hold. O

The following lemma is the main reason why we need the assumption of ¢ being saturated
for the proof of Theorem 5.2.
By Lemma 5.5, G is a product of connected K-simple adjoint subgroups.
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LEMMA 5.7. — Suppose that v is saturated. Write G = Gy X --- X Gy, as a product of
connected K-simple subgroups. Then for any fixed C' > 0,

i TWf((BT—BC)ﬂGWf)
lim

=0
T—o0 W, (BT n GWf)

where B¢ := {(g1,...,9m) € G(A) : H,(g;) > C foreachi=1,...,m}.

Proof. — Since G, is non-compact, Tw,(Br N Gw,;) — occasT — oo. If m = 1,
the claim follows immediately from this. Suppose m > 2. Without loss of generality, we
may assume that H,(g1, . .., gm) = [[1~; H.(gi). For each i, let BE denote the subset of Br
consisting of g = (g1,-..,9m) wWith H,(g;) < C. If we denote by 7; and ¢ Haar measures
on G;(A) and [],; G;(A) such that 7y, = (7; x Ti)|GWf , then

w, (BY) < Co-7'({g' € [] Gi(A) : Hu(g) < 6,1 - T})
J#i
where 6; = inf e, a) Hi(g9) and Co = 7;({g € G4(A) : H,(g) < C}).

By the previous lemma, for some ¢; > 0,

(g € [T G;(A) : Hu(g)) < 671 - T}) = O(T* (log T)" ).

J#i
Hence for each 1,
. Tw; (Bzc n GWf)
lim —/————~=0.
T—oo Ty, (Brn GWf)
Since Br — B¢ C U™, BE, this proves the claim. O

In the following, we fix a co-finite subgroup W of W,. Set

Yw, = G(K)\Gw;.

f

For a fixed ¢ € C(X,)"7, we define a function Fr on Gw, x Gw, by
Pr(g,h)= Y ¢(g 'vh) - xB. (g7 7h).
TEG(K)
Since By is a compact subset of G(A), the above sum is finite and since Fr is G(K) x G(K)-
invariant, we may consider Frr as a function on Yy, X Yy,
Note that

Frie.)= Y. %)

YEG(K):H, (v)<T

ProrosiTION 5.8 (Weak-convergence). — Suppose that v is saturated. For i = 1,2, let
a; € C(Yw,) be a Wy-invariant function and wa ajdrw, = 1. If a(z,y) = ai(z)as(y),
b

then
1

lim —/ Fr-a d(tw XTw):/ ¥ dji,.
T—o0 TWf (BT n GWf) YWf XYWf f f X,
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Proof. — Observe that o is Wy x Wy-invariant and
(5.9

(FT,OOYfoYWf =

- / / S e () | 0 (@)os(y) drw, @)drw, (2)
acEYWf erWf

Y€G(K)

= [ v e e @as () dr, (R)dn, @)
mEYWf hEGWf

= / ¥Y(9)xBr(9) < / o (z)az(zg) drw, (x)> drw, (9)
QEGWf JCEYWf

-/ b(g){en g - as) drw, (9).
gEBTﬁGWf

Asin the above lemma 5.7, we write G = G1 X+ - - X G,,,. Now for asequence {g € G(A)},
that ¢ — oo strongly means precisely the G;(A)-component g; of g tends to oo for each
1 < i < m. Since the height function H, is proper, this is again equivalent to saying that
H,(g;) — oo foreachi=1,...,m.

Fori = 1,2, we claim that o; — 1 € L%O(wa), that is, for any automorphic character x

of G(A),
/ a-xdTsz/ X dTw, -
YW YW

¥ ¥
If x is Wy-invariant, then x = 1 on Gyw,. Since fYW a dry, = 1, the claim is clear. If x €
f

A — A%, we only need to apply Lemma 4.12 for 1) = ar— 1y, , where 1y, is the characteristic
function of Yyy,, since we may consider ¢ as a function on G(K)\G(A) which is 0 outside

Yw,.
Hence, by Theorem 3.28, for any given € > 0, there exists C' > 0 such that for all g € B®,
(5.10) {a1,g-az2) =1 =[{a1 — 1,9 (a2 — 1)) <e.
Hence
/ vlo)lar,g.0) drw, (o) — [ b(g) drw, (9)
gEBTﬁGWf geBTﬂGWf

< sup|¢|- (Jaa |- el +1) - 7w, (Br — B®)NGw,) +¢&-sup [¢| - 7w, (Br N B° NGw,)

where ||a;]| is the L2-norm of a; € L?(Yy, ) for each i. By Lemma 5.7, it follows that

1
lim sup <e-suply|.

T—oo Tw;(Br N Gw;)

/ (g) (e g-a2) — 1) drw, (9)
geBTﬂGWf

Since € > 0 is arbitrary, by (5.9), this proves

: : / Fr-a d( )= li Janncw, ¥ dmws
m ——— cQ T X T = 1m .
T—o0 7-VVf (BT N GWf) YWf xYWf T Ws Wy T—o0 TWf (BT N GWf)
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By Lemma 4.27, this proves Proposition 5.8. O

Proof of Theorem 5.2. — It suffices to prove our theorem for nonnegative functions
¥ € C(X,)"s for each co-finite subgroup Wy of W,. Fix e > 0. Let W, be a symmetric
neighborhood of e in G2 such that

WeBrWe C Buyer and Bu_or C () g¢Brh forallT > 1.
g,heW

By the uniform continuity of 1, replacing W, by a smaller one if necessary, we may as-
sume that

(5.11) Y(g 7 zh) —e < (x) <Y(g txh) +¢ forallz € X and g,h € Wi..
Define
FE(g,h)= > (W(g~"vh) £e) - x, (97 7h).
7€G(K)
We claim that for any 7' > 1 and for any g,h € W := W x Wy,
(512) F(ilfg)T(ga h) § FT(G,C) S F(+1+5)T(gv h)

To see this, observe that if v € G(K) with H,(y) < T, and g, h € W then

H,(g7'vh) < (1+€)T and f(v) < (g~ vh) +e.
Hence

Frie,e)= Y v < ) (g™ vh) + &) = Foyyp(g.h),
YEG(K),H,(7)<T YEG(K),H, (9= 1vh)<(1+&)T

proving the right inequality in (5.12). The other inequality can be proved similarly. Now let
¢ € C.(Yw,) be anon-negative Wy-invariant function such that supp(¢) C G(K)\G(K)W
and waf ¢ drw, = 1. By integrating (5.12) over Yy, x Yy, against the function a(z,y) =
o(x) - ¢(y), we obtain

(F_eypra) < Fr(ee) < <F(41'+E)T,oz>.

Note that Theorem 4.13 implies the following: there exist sequences {a. > 1} and
{bs < 1} such that a. — 1 and b, — 1 as ¢ — 0 for all sufficiently small € > 0,

w; (Ba—er NGw,) Tw,; (B(1+e)r N Gw;)

~
5.13 b, < lim inf < limsu < ae.
( ) =T TWf(BTﬂGWf) T P TWf(BTmGWf) -
Hence by applying Proposition 5.8,
+
. FT(e,e) . <F(1+5)T7O‘>
limsup —————— <limsup ——————
T ™w,(BrNGw;) ~ T P Tw,; (Br N Gw,)
Fr , o B NG
< lim sup < (L+e)T ) - lim sup TWf( Ator Wf)
T Tw;(Bateyr NGw,) T Tw, (Br N Gw,)

<ac- / ("/" + E)d.u'L,Wf < ae- (/ ¢duL,Wf + 5)
X XL

L

and similarly,
~ o FT(67 6)
be - / dit, — ¢ | <liminf ——————.
€ ( XL¢ o > T TWf(BTﬂGWf)
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Taking e — 0,
Fr(e,e) /
lim dp,
lT TWf(BTﬂGWf v dp Wy
This finishes the proof of Theorem 5.2. O

In fact, for the case ¢ = 1, the computation in the proof of Theorem 5.2 can be simplified
significantly, and it applies to general families of balls By, which we presently introduce.
For an increasing sequence { By} of relatively compact subsets of G(A) and a compact
open subgroup W; C G(Ay), we call { By} Wy-well rounded if the following holds:
1. W¢BrW¢ = Brforany T > 1;
2. for any small € > 0, there exists a neighborhood W, C G2, of e such that
W.BrW,. C B(1+5)T and B(I—E)T C ﬂ gBTh
g,heW,
forall T > 1,
3. 7w, (Br NGw;) — oo as T'— oo and there exist constants a. > 1 and b. < 1 tending
to 1 as € — 0 such that for all sufficiently small € > 0,
be < liminf Wy (B(I_E)T n GWf) < lim sup iZ; (B(H_E)T n GWf)
T TWf(BT ﬂGWf) T 7'Wf(BT r_WGVWf)
The proof of Theorem 5.2 gives

< a.

PROPOSITION 5.14. — Let G be a connected absolutely almost simple K-group, and let
Wy be a compact open subgroup of G(Ay). Then for any Wg-well rounded sequence { By} of
relatively compact subsets of G(A),

#G(K) N B ~1_00 TW; (BT n GWf)

6. Arithmetic fibrations and construction of 1,

In this section we prove the main theorems for a general case, that is, without the satura-
tion assumption on ¢. We let G be a connected semisimple adjoint group defined over K and
¢ a faithful representation of G to GLy defined over K which has a unique maximal weight
A.. Fix a height function H, on G(A) associated to ¢.

LetT,®(G,T),A, 20 = > qca Ua® A\, = qnen Mo and a,, b, be as defined in Section
1.2. Let M be the smallest connected normal K-subgroup of G whose root system contains

the set )
{aeA:ua+ zaL}.

Mq

Let N be a connected normal K-subgroup of G such that G = MN and M NN = {e}.
Let 7 : G — N be the canonical projection. Note that any element of G(A) can be uniquely
written as g; g2 with g; € M(A) and go € N(A). We denote by m\g the Haar measure on
M(A) such that 7 (M(A)/M(K)) = 1.

Foreach z € N(A), the function HY (g) := H, (gz) defines a height function on M(A) with
respect to ¢/ := L|M, and +/ has a unique maximal weight by Lemma 5.5. Also the definition
of M 1mphes that ./ is saturated, a,, = a, and b, = b,. Set

V,:=M(As) N W..
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Then Theorems 1.2 and 5.2 (for the saturated cases) imply that for each z € N(K),
1. there exists ¢; > 0 such that
(6.1) N1y (H,, T) = #{g € M(K) : Hi(gz) < T} ~ ¢ - T* (log T)"
2. the following number
o= X lim o magt [ Hgn) " x(a) da(a)

is a positive real number;

3. if X denotes the closed subspace [],cz ¢/ (M(K,)) of X,, there exists a probability
measure fi, , on X such that for any ¢ € C'(Xn) which is invariant under a co-finite
subgroup of V,,

~z,L'l/} = ;} li - Lbb HL s ’l/) d .
footw) =75l X lim (= L, Felom) "X v0)into)

Noting that N(H,,T) = Y zen(k) Nr—1(z)(H,, T'), we restate Theorem 1.2 in the intro-
duction.

THEOREM 6.2. — We have

Loen, =) sen(k) Co < 00/
2. for some § > 0,

(6.3) NH,,T) = cu, - T%(logT)* (1 + O((log T)~?%)).

Set for T > 0 and z € N(A),
Br ={g € M(A) : H(9) <T}.

Since  commutes with M(A), each height function HY on M(A) is invariant under V,. Let
Ym = M(K)\ My, and 7 be the invariant probability measure on Yps. For each z € N(K),
set
Fi(g.h):= Y xpz(g '7h), g,heM(A).

yeM(K)
We may consider Fif as a function on Yy x Y. Write M = M; --- M, as a product
of connected K-simple K-groups and denote by 7; the invariant probability measure on
M;(K)\M;(A) N My,. For a collection of smooth (W; N M;(A))-invariant functions
Y; € Co(M;(K)\M;(A) N My,), such that [¢;dr; = 1foreachl < i < r, define
w € CC(YM) and o € CC(YM X YM) by

Y21, 20) 1= H%(Zi) and  a(y1,y2) == Y (y1)Y(y2)-

LEMMA 6.4. — 1. There is a constant ¢ > 0 such that for any x € N(K),

ez <c-H,(z)"%.
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2. There existl € Nand § > 0, independent of x, such that for any x € N(K) and
T > H,(z),

(Ff,0)yaaxyae = o - T*(log T)* ' + O(d, - Cy - T* (log T)*~17°)
where d,, = H,(x)~* (log H,(x))" " and C, = max(1, max; | D'4;[|*") and D is the
elliptic operator defined in (3.26).

Proof. — As in the proof of Proposition 5.8, we derive that
(Fra)= [ g drlo)
gEB;nMVL

Note that

T

H <¢’L7gl "/}1 -

i=1

Z H ¢ng] "/"j ’(/)1,9i-7/)i> - 1)

=1 j=
<7 Cy - max |y, gi-ths) — 1] = 7 - Cy - max [(¢h; — 1, gi-(¢s — 1))

where Cy, = max(1, max; [|¢;]|?"~2). Since ¢; — 1 € L3,(M;(K)\M;(A) N My,) for each i,
we deduce from Theorem 3.27 that

(6.5 [Ff,a) —7(By N My,)|

or - TLewemnan ) €4 [ (max éwt,(9:)/) dr(g)
i g=g1--gr€BLNMy, °*

where C}, = max(1, max; || D'4;||*") for some large I.
Since &, < &, '/?
that forany 1 <4 <r,

En (9:) < C1-Hy(g7)7/™ for any g; € Mi(A).
Define a function on M(A) by
1:1(91 o 'g'r) = miinHL(gi)) gi € Mz(A)

, it follows from Lemma 3.6 that there exist m € N and C; > 0 such

Let k be as in Lemma 2.4 for G; = M and G2 = N so that Bf. C Bp.g, (o)-1- It then
follows from (6.5) that
66)  1Ffa) = r(BF 0 My) < o Cy - [ fi(g) /" dr(y)

B,.r.1, (@)-1 "My,

for a constant Cy > 0 independent of z.
Since ¢ is saturated, by Lemma 5.6, for every proper normal K-subgroup L of M,

TL(BT n L(A)) < (IOgT)ilT(BT n MVL)

where 1, is a Haar measure on L(A).
For each C > 1, set
={ge M(a): H(g) > C}.
Note that
(BT—B )ﬂMV C U8
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where Q;, = {g =g1---9- € My, : H(g9;) < C, H,(9) < T}. Now denoting by L® the
subgroup of M generated by My, ..., M;_1,M;,1,...,M,, let k; > 1 be a constant as in
Lemma 2.4 for Gy = M; and G, = L& Let §y := infyeq(a) Hi(g) > 0(Lemma 2.5). Then
forany C' > 1,

@) [ B B, i (00
H,(g9:)<C
< C%(log C)*~(log T) "7 (Br,r N My, )
where k¢ = maxi(mégl).
Hence forany C' > 1and T > C,
7((Br — BY) N My,) < C%(log C)*~(log T) " 7(B.,7 N My,).

Therefore
(6.7)

/ ﬁ_l/m dr = / I:I_l/m dr + / ﬁ_l/m dr
BTQMVL BTﬁBCﬁMVL (BTch)mMVL

< (C7Ym 4 571 ™ 0% (1og €)1 (log T) ™) - 7(Bror N My,)
< (0gT) ™% - 7(Buyr N My,)  for C = (logT)/ (220
for some d > 0. We now deduce from (6.6) and (6.7) that
(68)  (Ff,a) =71(BF N My,) + 0 (Cy - (10gT) ™ - 7(Brgwr, ()1 N Mv,))
for some § > 0. Let S C R be as in the proof of Lemma 2.4, that is, forany v € R — S,
G(K,) =U,AjU, and Hy((g)) = x(a) forg=uwau; € G(K,).
s

Denote by 75 and 75 Haar measures on Mg and M® respectively such that 7 = 7g x 7
locally.

Recall from (4.9) the map Mg — (My, N M¥)\M?* by g  [s,] and as in (4.28) we have

6.9) T(BENMy) = / . 75 (Bt (gu) N $eMv, N M) drs(g).
geMsg

= / 8 (Borm-1(ge) N SgMv, N M%) drs(g).
gEBao—l,«, NMg

T-H, ()
By Theorem 4.13, there is ¢y > 0 such that for all g € Mg,
7%(Br N sMy, N\M%) = co -, s(s5 ") - T (log T)" " + O(T* (log )" ~%).

Here the implied constant can be taken uniformly for all g € Gg, since there are only finitely
many cosets sy My, N M.

Note that v} (s; ) = 7. (9) = 74, (9z) since z € N(K) and it is bounded. We deduce
that when H, (gz) < T'/dy,

TS(BHT H1(gz) [ My NnM%) =c- 751 (9)(T -H; (gz))* (log T)* !
+O((T - By (92))™ (log H, (g2))"~* (log T)" %)
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for ¢ = ¢(S,V,, k) > 0. To estimate the integral over the domain H,(gz) > T'/dy, it suffices
to note that by Lemma 4.2,

Ts(Bpy-1(p) N Ms) < (TH; ' (z))" .

Since by Lemmas 2.4 and 4.2,
| % @) Hulgn) ™ og Hu(g))" ~ drs(g) < (o)~ (log 1, ()",
gEMs

it follows from the above estimates that for 7 > H,(z),
7(BF N My,) = ¢;T*(log T)* ™! + O(d,T* (log T)*~?),

where
(6.10) %:o/ 7S (g2) H, (gz) ™~ drs(g) < H,(z)~.
geEMs

Hence combining (6.8) and (6.9), we have for T > H,(z),
(F£,a) = cg - T (log T)> ! + O(d, - cy, - T (log T')%—179). -

A key ingredient in deducing Theorem 6.2 is the following stronger version of (6.1):

PROPOSITION 6.11. — There exists § > 0 such that for each x € N(K) and for any T >
H,(x),
(6.12) Np-i(y(H,, T) = ¢ - T (log T)* ™! + O(d, - T™ (log T)* 1 ~%)

where d, = H,(x)~% (log H,(x))%~! and the implied constant is independent of .

Proof. — Let ¢. be a smooth symmetric nonnegative function on M, which is a prod-
uct []i=; ¢i,c of smooth functions on the simple factors of M, fMoo ¢.droe = 1 and
supp(¢.) is contained in the Riemannian ball at e in M, of radius ¢, and for some p > 0,
max; |[Dlg; .||?" < e7” (see, for example, Lemma 4.4 in [27]). By the definition of H, in
(2.6), there exists b > 0 such that

supp(¢e) - Bt - supp(¢:) C B ypeyr

forevery ' > 1 and z € N(K).

Define
1

¢E(g) = T(‘/) Z ¢£(7900) : XVL(FYgf)a g = googf € MooM(Af)
Y yeM(K)
Define ac(y1,y2) = ¥e(y1)¥e(y2) for (y1,y2) € Ym X Ym. Then
N7r—1(ac) (HMT) < <F(xl+be)T’ a5>
= ¢, T*(logT)" '+ O0(cy - € - T (log T)* ' +d, - e PT* (log T)*~17°).

Setting e = (log7) =%+, we derive the upper estimate for N,-1(,(H,,T). The lower
estimate is proved similarly. O
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Proof of Theorem 6.2. — According to the choice of N, for any simple root o € A whose
restriction to N is a root, we have

(6.13)

Since N(K) is a discrete subgroup of N(A), we can find an open neighborhood U := Uy, X
Uy of the identity in N(A) such that yU N+'U = @& for all v # 4’ € N(K). We may assume
Uy C W, and BrUy C Bar forall T > 1. Since 7y(yU) = 7w (U) by the invariance of 7,
we deduce

Nn(H,T) = ~(0) 7 -7~ U YU | < n(U)71 - mn(Ber N N(A)).
YEN(K):H,(z)<T

Therefore Theorem 4.13, applied to 7v(Bar N N(A)), together with (6.13) yields that there
exists € > 0 such that
Nn(H,, T) = O(T*°).

Hence setting a(t) = Nn(H,, t), we have for any a, —¢/2 < a < a,,

> HL(x)_“:/ t—“da(t):a/ t=o " La(t) dt <</ t=0+e/2) gt < 0.
0 0

zeN(K) 0
Since ¢, < H,(z)~% by (6.10) and d,, = H,(x)~% (log H,(z))% 1, it follows that
(6.14) cu, = Y, c<oo and Y dy <oo.

zEN(K) 2EN(K)

Let g > 0 be asin (2.6) and let 5 > 0 be such that Proposition 6.11 holds for all
T > p3-H,(z). Let § > 0 be a constant given in the same proposition.
Applying Lemma 2.4 for M and N with & therein, we have

(6.15)
2 Ny () (H,, T) = #{zy € N(K)M(K) : H,(2) > 67'T, H,(wy) < T}
zeN(K):H, (z)>8-1T
< Naa(H,, 58) - Nn(H,, 6T6;1) = O(T* ).

Now applying Proposition 6.11, since ), en(k) dz < 00,

Z Nrrfl(:t)(HLvT)

z€N(K):H, (z)<p~1T

= > ¢z | T%(logT)> ! + O(T* (log T)>~17°).
z€N(K):H,(z)<B~1T

Therefore as T — oo,

N(H,,T) = > Ny-1(ay(H,, T) + O(T* %)
zeN(K):H, (z)<p~1T

= Z cg | T™ (logT)bL_l(l + O((logT)_‘S)).
zeN(K):H, (z)<p~1T
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Since Y en(i):n, (2)<g-11 ¢ = C(H,) + O(T %), we have
N(H,,T) = C(H,) - T*(log T)" "' (1 + O((log T) "))
finishing the proof. O

We now construct the probability measure on X, in order to prove Theorem 1.6 in the
introduction in a general case. We consider each fi, , as a measure on X, since Xy is a closed
subspace of X,. For each z € N(K), denote by z.fi, , the measure defined by

(mﬁxb)(d’) = ﬁxb(wz)

where 9¥,(g9) = v¥(gx). Noting that each z.fi, , supported on Xnz, defines a probability
measure u, on X, by

Cg -
(6.16) e = Z T(x'ﬂz,b)'
ceN(K) He
Note that u, = fi, in the case when ¢ is saturated (see Theorem 4.18 for the definition of
fa)-

THEOREM 6.17. — For any ¢ € C(X,),

1
1' _— = .
N 2 v /X v di
9g€G(K):H,(9)<T ¢
Proof. — Lety € C(X,). We write

mw:ﬁ S ¥,

9€G(K): H.(9)<T

1
po,7 () = m Z ¥(g) foreach =z e N(K).
geM(K):H,(gz)<T

Note that

N1 (H,, T
(6.18) pr() = N((};(T))ux,T(w).
zeN(K) v

Since {ur : T > 1} is a sequence of probability measures on a compact space X,, it suffices
to prove that any convergent subsequence of ur, in the weak* topology, has the same limit
.. Hence without loss of generality, we may assume that up is convergent.

Let 6 > 0 be as in Proposition 6.11 and let 5 > 0 be such that the same proposition holds
forall T > B - H,(z). By (6.15) and Theorem 6.2, there exists € > 0 such that

Nﬂ'_l(ﬂ’))(HL’T) —
— 2 < 0O(T7O).
2 v, =00
z€N(K):H,(z)>B~1T
Hence

(6.19) Jim () = lim >

(oo}
zeN(K): H, (z)<B8-1T

Nrrfl(:zr) (HLa T)

N(HL,T) Mz,T(w)
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For x € N(K) such that H,(z) < 87T, we deduce from Proposition 6.11 and Theorem
6.2 that ( )
Np-1()(H, T Ca s
— <= 4+ 0,(logT)?,
N, T) = o, | 0ello8T)
where 6, comes from the error terms in (6.3) and (6.12), and satisfies ), cn(x) 0x < 00
Since the sum in (6.19) is majorized by

Z (Ci + Gz(logT)_‘S) < 00,
weN(K) | CH
we can apply the dominated convergence theorem to obtain
. Cy .
Tlgnoo pr () = Z P (Tlgnoo M,T(W) :
TEN(K)

By Theorem 1.6, applied to M and the height function g — H,(gx), we have for every ¢ €
Cc(X,),

. 1 3
Am e r@) = g —ar ) (e = / Vo djia,,
m—1(x) Ly geM(K):H, (gz)<T X,
where 1,(9) = ¥(gz).
Therefore
: Cy ~
Hm pr() = 3 Cn (). o

zeN(K)

7. Manin’s and Peyre’s conjectures

In this section, we now explain our main results in the context of Manin’s conjecture on
the asymptotic number of rational points of bounded height for Fano varieties. Let X be a
smooth projective variety defined over K. For every line bundle class [L] on X defined over
K, there exists an associated height function H, on X (K), unique up to the multiplication
by bounded functions, via Weil’s height machine (cf. [51, Theorem B. 3.2]). For example, if L
is a very ample line bundle of X with a K-embedding 11, : X — PV, then a height function
H; on X (K) is defined as

HL =H O”(/)L
for some height function H on PV (K). We call a pair £ = (L, H,) a metrized line bundle.
Due to the freedom of choosing a height function H on P (K), H. is not uniquely deter-
mined and this is why we use the subscript £ rather than L.
For a metrized ample line bundle £ = (L,H,) on X and a subset U of X, set

Ny (L,T) = #{g € UnX(K) : He(g) < T}.

The goal of Manin’s conjecture is to obtain the asymptotic (as T — oo) of Ny (L, T) for
some Zariski open subset U of X, possibly by passing to a finite extension field of K.
Two important geometric invariants here are:

ar, = inf{a € Q" : a[L] + [Kx] € Aegt(X)} — the Nevanlinna invariant of L,

br, := the codimension of the face of Aqg(X) containing ar[L] + [Kx] in its interior
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where [K x| denotes the canonical line bundle class and A.g(X) denotes the cone of classes
of effective line bundles on X.

Now let G be a connected semisimple adjoint algebraic group defined over K. Let X de-
note the projective K -variety, which is the wonderful compactification of G constructed by
De Concini and Procesi [18] and by De Concini and Springer [19]. It is shown in [18] that X
is a Fano variety.

One way of constructing X explicitly is to take the Zariski closure of the image of G in
P(My) under an irreducible faithful representation G — GL whose highest weight is reg-
ular. A dominant weight x is called regular if x = >, ca Mawa With all mg > 0 where
{wq : & € A} is the set of fundamental weights.

The Picard group Pic(X) ¢ is isomorphic to the weight lattice of G. Under this isomor-
phism, the simple roots « correspond to the boundary divisors D,, such that X -G = U, D,,,
and the Galois action on Pic(X) z corresponds to the twisted Galois action (also called the
x-action, see [54, 2.3]) on the weight lattice. Hence, the Picard group Pic(X) is freely gener-
ated by the line bundles corresponding to the orbits of the fundamental weights under the
twisted Galois action. The closed cone A.g(X) of the effective line bundles is the positive
cone spanned by Dr, ,, o € A, ie.,

A (X) = ®R>0 [Dry.a

where the sum is taken over the I'kx-orbits I'.«x in the set {a € A} of simple roots and
Dry .o = Y gery.o Dp, and the anticanonical class [~ K x] corresponds to 2p + > ,ca .
Moreover any ample line bundle class [L] of X over K corresponds to a regular dominant
weight in such a way that if [L'] := m[L] corresponds to x € X*(T) for m € N, the re-
striction of Hz/ to G(K) coincides with a height function H, with respect to the irreducible
representation ¢ defined over K with the highest weight A\, and ay, = a, and by, = b, (cf. [48,
Proposition 6.3]). In particular, H., has a natural extension to G(A). We refer to [9, Ch. 6]
for a more detailed account on the wonderful compactification, and [56, 4.1] and [48, Section
6] on metrized line bundles.

Therefore the following theorem, conjectured by Manin, follows from Theorem 1.2.

THEOREM 7.1. — Let X be the wonderful compactification of a connected adjoint semisim-
ple K-group G, and L = (L,H) a metrized ample line bundle on X. Then there exist ¢, > 0
and § > 0 such that

Ne(L,T)=cg-T°F (logT)bL_l(l + O((logT)_‘s)).

In order to describe the distribution of rational points, we construct a finite measure 7
on X (A) first for each saturated ample line bundle £ and then for any ample line bundle L.

DEFINITION 7.2. — We call an ample line bundle L on X saturated if the representation
defined by the corresponding dominant weight is saturated.

We note that if G is K-simple, every ample line bundle is saturated, and that the anti-
canonical line bundle — K x is always saturated for any G. Batyrev and Tschinkel introduced
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the notion of a strongly saturated line bundle in [4]: A line bundle L is called strongly satu-
rated if for any Zariski open dense subset U of X,

(7.3) im Nu(£,T)

—— =1
T—o0 NG(ﬁ,T)

LEmMA 7.4. — A strongly saturated (see (7.3)) ample line bundle L is saturated.

Proof. — Suppose not. Then by Theorem 4.13, there exists a connected normal K-
subgroup M of G such that ¢|n is saturated and the volume of By N M(A) is of order
Tt (log T)*t~1. By Theorem 1.6, # By N M(K) has the order of T (log T)*:~1. This
contradicts to the assumption that L is strongly saturated. O

LEMMA 7.5. — Let L and L' be metrizations of a saturated line bundle L and (Br,Wy),
and (By, W) be defined as above with respect to L and L' respectively. Then

w,(Br N Gw;) 1:(G(A))

lim = .
T—o00 Tw} (Béw n Gw}) Trr (G(A))

Proof. — Let Vy = Wy N W}. By Proposition 4.16, it suffices to show that

. T(BrNGy,)  1(G(A))
(7~6) Tlglcl)o T(B/T n Gvf) N TE’(G(A)) ‘

Let S be a finite set such that H and Hy are equal on G¥. If we set Hz ¢ = Hg |gs,
then it follows from (7.10) and Theorem 4.3 that

72(GA)  Jo, Hes(9) ™ s(g) drs
2 (G(A)) st He s(g)~tvs(g) drs’

Theorem 4.13 with S = @ and (7.7) imply that the both sides of (7.6) stay the same when
H. s and H./ g are replaced by constant multiples. Hence, we can assume that

(7.8 Hes(e) =Her s(e) = 1.

As in the proof of Lemma 4.27, we obtain

(1.7)

T(BT n GVf) :/ o TS(BTHLYS(Q)*l ﬂSgGVf N GS) de(g)
9€Gs

~ (/ . HL,S(Q)_GL'YS(Q)dTS(g)> -7%(Br NGy, N G).

Similarly,

(B NGy,) ~ (/ HE’,S(Q)_GL'YS(Q)dTS(g)> -75(Bp NGy, NG®).
geGs

Since by (7.8),
BrnG® =B.NGY,
this finishes the proof. O
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Now we define a finite measure 7, on X which describes the asymptotic distribution of
rational points with respect to a metrized ample line bundle £ = (L, H,). If L is saturated,
we set 7 to be 7, defined in the following proposition. Let W, denote the maximal compact
open subgroup of G(A y) under which H is bi-invariant.

PROPOSITION 7.9. — For any metrized ample line bundle L = (L,Hp), there exists a
unique finite measure 7¢ on X (A) such that for all v € C(X(A)) invariant under a co-finite
subgroup of Wp,

(710)  Fe(w) = dg 2N ( lim (s — ar)’" /G o B0 x(0) ¥(0) d¢<g)>.

xEA s—ay
Proof. — Let ¢ be the representation with highest weight given by the regular dominant
weight corresponding to L. Then X (A) = X,. By Theorem 4.18 it suffices to set

L= d;(dim(X)/z YW (6) “ [ O]

For a general ample line bundle L, the variety X has an asymptotic arithmetic L-fibration
in the sense of [4]. By the results in section 6, there exist a connected semisimple K -group N
and a surjective K-homomorphism 7 : G — N such that for each z € N(K), there exist a
finite measure 7, 2 on X (A) supported on 7! (z)(A) satisfying the following:

1. for any ¢ € C(X(A)) invariant under a compact open subgroup of G(Ay),

Too () = d 002N ( lim (s — az)"* /M(A) He(g2) " x(9) ¥(g2) drM<g>)

xEAM s—aj

where M = 7 1(e), 7 is the Haar measure on M(A) with 7y (M(K)\M(A)) = 1,
A is defined in the same way as A for M and X is the closure of M in X;
2. there exists ¢, > 0 such that as T' — oo,

Np-1(0)(L£,T) ~ ¢ - T (log T)°= 1.

By Lemma 7.5, there exists ¢, > 0 (independent of metrization) such that ¢, = cg, -
Tz,c(X(A)) for each € N(K). Theorem 6.2 implies that

Z 7A;:xt,,C(‘X'(‘&)) <

zeN(K)

and that the following defines a finite measure on X satisfying Theorem 7.11:

TL = Tx,L-
zeN(K)

THEOREM 7.11. — For any metrized ample line bundle L = (L,H.) on X, and for any
¥ e C(X(A)),

1 1
U S o P8 S S [,
T—oo Ng ([,, T) gEG(K) e (9)<T TC (X(A)) X (A)

Moreover, if L is saturated and c is as in Theorem 7.1, the ratio m is independent of the
metrization Hy.
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REMARK 7.1. — Peyre [41] defined the Tamagawa measure 7_x, on X (A) associated
with the anti-canonical metrized line bundle —Kx = (—Kx,H_x,):

s—1+

T_ky = ¢ lim (s—l)‘a““"‘“X”( II Lv<s,Pic(X>>> “Hoic, (9)""dr(9)

veER-S
_ dim(X)
where S C R is a finite subset of places with bad reduction, and ¢cg = dy °?
[Toer—s Lv(1,Pic(X)) ™! with df the discriminant of K.
Note that a_g, = 1, b_g, = rank(Pic(X)), and

lim (s — 1)rnk(Pie(X)) / H_x(9) "x(g9)dr(9) =0

s—1 G(A)
for all x # 1. Hence for £L = —Kx, (7.10) gives Peyre’s measure 7_ic,, . An analog of Peyre’s

measure for general line bundles was also introduced in [4], but the measure 7, seems to be
different, in general, from the measure defined in [4].
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