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BOUNDARY BEHAVIOUR FOR p HARMONIC
FUNCTIONS IN LIPSCHITZ AND STARLIKE LIPSCHITZ
RING DOMAINS

BY JOHN L. LEWIS! AND KAJ NYSTROM

ABSTRACT. — In this paper we prove new results for p harmonic functions, p # 2, 1 < p < oo, in
Lipschitz and starlike Lipschitz ring domains. In particular we prove the boundary Harnack inequality,
Theorem 1, for the ratio of two positive p harmonic functions vanishing on a portion of the boundary of
a Lipschitz domain, with constants only depending on p,n and the Lipschitz constant of the domain. For
p capacitary functions, in starlike Lipschitz ring domains, we prove an even stronger result, Theorem 2,
showing that the ratio is Holder continuous up to the boundary. Moreover, for p capacitary functions in
starlike Lipschitz ring domains we prove, Theorems 3 and 4, appropriate extensions to p # 2, 1 < p < oo,
of famous results of Dahlberg [12] and Jerison and Kenig [25] on the Poisson kernel associated to the
Laplace operator (i.e. p = 2).

© 2007 Elsevier Masson SAS

RESUME. — Dans cet article, nous présentons de nouveaux résultats pour des fonctions p-harmoniques,
p# 2,1 < p< oo, dans des domaines annulaires lipschitziens et lipschitziens étoilés. En particulier, nous
démontrons I’inégalité de Harnack au bord (Théoréme 1) pour le rapport de deux fonctions p-harmoniques
strictement positives quand les deux fonctions s’annulent sur une partie du bord d’un domaine lipschitzien,
avec constantes ne dépendant que de p, de n et de la constante de Lipschitz. Pour les fonctions
p-harmoniques de capacité, dans des domaines annulaires lipschitziens étoilés, nous prouvons un résultat
encore plus fort (Théoréme 2) démontrant que le rapport est Holder continu jusqu’au bord. De plus, pour
les fonctions p-harmoniques de capacité dans des domaines annulaires lipschitziens étoilés, nous montrons
(Théorémes 3 et 4) des extensions appropriées pour p # 2, 1 < p < 0o, de résultats trés connus de Dahlberg
[12] et de Jerison et Kenig [25] sur le noyau de Poisson associé a I’opérateur de Laplace (pour p = 2).

© 2007 Elsevier Masson SAS

1. Introduction

In this paper we prove a number of new results concerning the boundary behaviour of
p capacitary functions, p # 2 and 1 < p < oo, in starlike Lipschitz ring domains. Using our
results we are also able to prove the boundary Harnack inequality for the ratio of two positive
p harmonic functions, vanishing on a portion of the boundary of a bounded Lipschitz domain
Q2 C R™. The constants in the inequality only depend on p, n and the Lipschitz constant of ). To
put these results into perspective we note that the boundary Harnack inequality for harmonic
functions (i.e. p = 2) in a Lipschitz domain was first introduced in [26] and later proved
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766 J.L. LEWIS AND K. NYSTROM

independently by [4,12,44]. This inequality was generalized in [24], for p = 2, to nontangentially
accessible domains (NTA domains). In these settings it was also proved that the ratio of two
positive harmonic functions, vanishing on a portion of the boundary, is Holder continuous up to
the boundary. The importance of these two results—the boundary Harnack inequality and Holder
continuity up to the boundary for quotients of harmonic functions—to potential theory, boundary
value problems and free boundary problems in Lipschitz domains and beyond, for the Laplace
operator and more general elliptic second order operators, can hardly be overstated. To be specific
concerning areas where the above results are crucial we mention work of B. Dahlberg [12] as
well as Jerison and Kenig [25] on harmonic measure and the Poisson kernel in Lipschitz and C*
domains, the program of Caffarelli [7-9] for the analysis of elliptic free boundary problems and
the program carried out in the papers [3,23,27-30], on free boundary regularity and regularity of
the Poisson kernel below the continuous threshold.

Analogues of these results for the p Laplacian are easily stated but until now their proofs have
eluded the experts, primarily because this operator is nonlinear when p # 2. In fact the results
and techniques of this paper define a starting point for far reaching developments concerning the
p Laplace operator in Lipschitz domains and beyond. In this paper, which is the first in a sequel,
we lay the groundwork for further developments by proving for p capacitary functions in starlike
Lipschitz ring domains: (a) the boundary Harnack inequality and Holder continuity of quotients
up to the boundary (Theorem 2), and (b) analogues of results of Dahlberg [12] (Theorem 3)
and Jerison and Kenig [24] (Theorem 4). The boundary Harnack inequality is then (Theorem 1),
extended to general bounded Lipschitz domains and to general positive p harmonic functions
vanishing on a portion of the boundary through comparison with appropriate p capacitary
functions. Hence an in-depth analysis of p capacitary functions in starlike Lipschitz ring domains
is the main focus of this paper.

To proceed and to state our results we need to introduce some notation. Points in Euclidean
n space R™ are denoted by = = (z1,...,2,) or (2/,z,) where 2’ = (z1,...,7,_1) ER"71. We
let E,0F, diam E, be the closure, boundary, diameter, of the set £ C R™ and we define d(y, F)
to equal the distance from y € R™ to E. (-,-) denotes the standard inner product on R™ and
we let || = (x,z)'/? be the Euclidean norm of x. B(z,r) = {y € R™: |z — y| <r} is defined
whenever z € R"™,r > 0, and dz denotes Lebesgue n measure on R™. If O C R™ is open and
1 < g < oo, then by W14(0), we denote the space of equivalence classes of functions f with
distributional gradient V f = (fy,, ..., fz, ), both of which are ¢-th power integrable on O. Let
I flli.g =Ifllg + IV f]ll; be the norm in W14(O) where || - ||, denotes the usual Lebesgue
g norm in O. Next let C§°(O) be infinitely differentiable functions with compact support in O
and let W,?(O) be the closure of C§°(O) in the norm of W14(0).

Given G a bounded domain (i.e., a connected open set) and 1 < p < oo, we say that @ is
p harmonic in G provided 4 € W1?(G) and

(1.1) /\Va|P—2<W7va> dz=0

whenever 6 € W, (G). Observe that if @ is smooth and Vi # 0 in G, then

(1.2) V- (IVaP?va)=0 inG

so 4 is a classical solution in G to the p Laplace partial differential equation. Here, as in the
sequel, V- is the divergence operator. We note that ¢: £ — R is said to be Lipschitz on E

provided there exists b, 0 < b < oo, such that

4° SERIE — TOME 40 — 2007 —N° 5



BOUNDARY BEHAVIOUR FOR p HARMONIC FUNCTIONS 767

(1.3) |p(2) — ¢p(w)| <blz —w| whenever z,w € E.

The infimum of all b such that (1.3) holds is called the Lipschitz norm of ¢ on E, denoted ||¢[| .-
It is well known that if £ = R"~!  then ¢ is differentiable on R"~! and Hd)ﬂRn_l =Vl co-

Finally let e;, 1 < ¢ < n, denote the point in R™ with one in the i-th coordinate position and
zeroes elsewhere. We now formulate our result on the boundary Harnack inequality for positive
p harmonic functions in Lipschitz domains.

THEOREM 1.-Let G = {y = (¥, yn) € R": y, > ¢(y')} where ¢ is Lipschitz on R"~ 1.
Givenp,1 <p < oo, w=(w',d(w’)) € OG, and r > 0, suppose that i, D are positive p harmonic
functions in GN B(w,r), that @, v are continuous in GNB(w,r), 4w+ Se,) =0(w+5e,) =1
and that 4,0 =0 on 0G N B(w, ). Then there exists ¢1,1 < ¢1 < 00, depending only on p,n,
and |||V |||co such that

4

(y)

—22 < ¢y whenevery € GN B(w,r/c).
Y

(S

~—

The conclusion of Theorem 1 is known as a boundary Harnack inequality and as mentioned
above the boundary Harnack inequality for harmonic functions (i.e. p = 2) in a Lipschitz domain
was first introduced in [26], later proved independently by [4,12,44], and generalized in [24] to
NTA-domains. For p # 2, and ¢ sufficiently smooth, we note that Theorem 1 follows from barrier
type estimates and the boundary maximum principle for p harmonic functions (see [2]). However
constants then depend on a certain smoothness norm of ¢. We also remark that Theorem 1 is not
new in R2. In fact in [5] it is shown that the conclusion of Theorem 1 is valid whenever w lies
on a quasicircle. Their proof however works only in two dimensions. Thus Theorem 1 is new for
pF#2,1<p<oo,n>2.

In the setting of starlike Lipschitz ring domains we are able to prove a refined version of
Theorem 1 including the Holder continuity of quotients of solutions. To formulate our results we
have to introduce some more notation. A bounded domain {2 C R" is said to be starlike Lipschitz
with respect to & € Q) provided

00 ={2+ R(w)w: we dB(0,1)}
where log R:9B(0,1) — R is Lipschitz on 0B(0,1).

We say that D is a starlike Lipschitz ring domain with center & provided D = Q\ Q’ where €2,/
are starlike Lipschitz domains with center # and ' C Q. Let R, R’ be the graph functions for
00,00 . We shall refer to || log RﬂaB(o,1) + ||log RIH@B(O,l) as the Lipschitz constant for D.
Observe that this constant is invariant under scaling about & and also that diam 2 = d(&,99),
diam Q' ~ d(&,0€), where A =~ B means A/ B is bounded above and below by constants which
depend only on p,n, and the Lipschitz constant for D. If p is fixed, 1 < p < oo, let & = a(-,p)
be the p capacitary function for D. That is & = 1 on 9, @ = 0 on d in the sense of W, ” ()
and u is p harmonic in D. It is well known that 4 is unique and

(1.4) /|Vﬂ|pdx=inf{/|V0|pdx}
D D

where the infimum is taken over all # € C$°(£2) with § =1 on Q'. We are able to prove the
following theorem on the boundary behaviour of p capacitary functions.
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768 J.L. LEWIS AND K. NYSTROM

THEOREM 2. — Let ﬁl, Dy be starlike Lipschitz ring domains with centers, Z, 9, respectively.
For fixed p, 1 < p < o0, let u; be the p capacitary function for D;, and put t; = min(a;, 1 — 4;)
Sfori=1,2. Assume also that w € 0D1 N IDs, &,y ¢ B(w, 167),

B(w,2r) N Dy = B(w,2r) N Dy,

and B(w,8r) does not contain points in either both bounded components or both unbounded
components of R™ \ D; Jori=1,2.Then there exist v, c3, 0 < a < 1 < ¢g < 00, depending only
on p,n, and the Lipschitz constants for Dl, Dg, such that if wi,ws, € B(w,r) N Dl, then

1 (ar(w)) (|w1 ;w2|)a7

sz (ar(w))

where a,(w) is a point in B(w,r) N Dy with d(a,(w),0D,) = sup{d(y,dD;):
y € B(w,r)N Dy}

Theorem 1 is proved at the end of Section 4. As noted earlier, the proof of this theorem uses
Theorem 2 and a comparison argument involving p capacitary functions. Thus we briefly outline
the proof of Theorem 2. We start by noting that if %(-, A), A € [0, 1], is p harmonic in a domain G,
Vi (z, ) is nonzero for z € G, and if 4 is sufficiently smooth in 2, A, then ¢ = % (-, A) satisfies,
at x, the partial differential equation

(1.5) L{=V"[(p—2)|ValP~ YV, V() Vi + |VaP>v(] =0.

This follows from differentiating (1.2) for @ with respect to A. In (1.5) we have written V4 for
Via(-, A). Clearly,

(1.6) Li(z,") = (p— 1)V - [|Val[~2Va(z, )] =0.

(1.5) can be written in the form

(1.7) L= Z ()G, ()] =0,

731

where at x € G,
(1.8) bij(x) = [VaP~*[(p — 2)iie, Us, + 6:5|VA*] (x), 1<4,5<n,

and ¢;; is the Kronecker §. Again we have written V4 for Va(-, A). The first key observation
in the proof of Theorem 2 is that (-, \), g—§(~,)\), both satisfy the divergence form partial
differential equation (1.7).

To continue our outline of the proof of Theorem 2, the proof uses a delicate deformation
technique for starlike Lipschitz ring domains. To describe this technique and to simplify matters,
we consider the following special case of Theorem 2. Let @; be the p capacitary functions for
starlike Lipschitz ring domains, D;, with D; = Q; \ B(#,p), i = 1,2, w € 91 N 8y, and

d(z,00;)/4 < p < d(#,08)/2 fori=1,2.

Let R;, i = 1,2, be the corresponding graph functions for @Qi and assume that R, i= 1,2,
is infinitely differentiable on the manifold dB(0,1). Put R(1) = RjR;™", 0 < 7 < 1, and
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let Q(T)J‘)é the starlike Lipschitz domain with center &, graph function R(7), while D(7) =
Q(7) \ B(&,p) is the corresponding ring domain. Let 4(-,7), 7 € [0,1], be the p capacitary
function for D(7) so that 4(-,0) = 4y, @(-,1) = dz. In Lemma 2.5 we show that

a(x,T)

(1.9) |Vi(z,7)| ~ 20, 90()

whenever z € D(7).

This fact and Schauder type arguments imply (see Lemma 4.5) that i(z, 7) is smooth in x,7
whenever x € | J D(7). Hence {a(x,7)}, 7 € [0,1], is a smooth deformation of @ () to dz(x)
and (1.5)—(1.8) hold with A replaced by 7. Using this deduction we get

(1.10) log<a2(m)> :/Iﬁf(x’ﬂ dr.
0

U1 () a(x, )

It follows, from the assumptions in Theorem 2, that
(1.11) D(7) N B(w,2r) = Dy N B(w,2r) forall 7€ [0,1].

Furthermore it turns out, if for example 1:22 > ]%1, that 2. > 0 in D(T) and ., = 0 continuously
on B(w,2r) N dD,. Therefore we see, in view of (1.10) and the first key observation, that
in order to prove the above simplified version of Theorem 2, it suffices to show that 4., /4 is
Holder continuous in Dy N B(w,r) with constants independent of 7, 0 < 7 < 1. Thus the proof
of Theorem 2 is, in this case, reduced to proving a boundary Harnack inequality for positive
solutions to (1.5) vanishing on B(w, 2r) N dD1. To prove such an inequality we note that if p is
near enough 2, p # 2, then we can use (1.9) and argue as in [36] to deduce first that | Va(-, 7)|P~2
extends to an As weight on R™ and second apply results from [15-17] to get the desired boundary
Harnack inequality. Thus in this case one first gets Holder continuity of @ (-, 7)/4(-,7) and then
of 4y /tUg. In the general case, 1 < p < 0o, p # 2, we must work harder, as simple examples
show that h = |[V@|P~2(-,7) need not be an Ay weight. To get around this difficulty we use some
Rellich type inequalities (see Lemmas 2.39, 2.45, 2.54) and a theorem of Kenig and Pipher [31]
(see Theorem 3.11) to show directly in the spirit of Jerison and Kenig (see Lemma 3.13) that
@iy (-,7)/0(-, 7) is Holder continuous in Dy N B(w,r).

Finally we note that we currently cannot prove Holder continuity in Theorem 1, using a similar
variational type argument (as in Theorem 2), because we cannot prove a boundary Harnack
inequality for the resulting partial differential equation satisfied by ., 4. At the very least it
appears that one needs to know that inequalities similar to (1.9) hold for @, % in B(w,r/c) NG
for some large ¢ depending only on p, n, and the Lipschitz constant for ¢.

Next we formulate results on nontangential limits, at the boundary, for gradients of
p capacitary functions in starlike Lipschitz ring domains. In particular we state generalizations
of work by Dahlberg [12] (Theorem 3), and results of Jerison and Kenig [25] (Theorem 4). To do
this we shall need some more notation. Let D = Q \ €’ be a starlike Lipschitz ring domain with
center Z and as previously, let R, R’ be the graph functions for 92, 9Q)'. Let w € 9D, r > 0, and
suppose that

(1.12) % ¢ B(w,8r), as well as, either B(w,8r) N9 =0 or B(w,8r) NN = 0.

We say that B(w,8r)NdD is C' provided R is continuously differentiable on {(y — @) /|y — &|:
y € B(w,8r)NdD}, where R = R’ if B(w,87)NdQ = and R = R when B(w,8r)NIQY = .
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770 J.L. LEWIS AND K. NYSTROM

Givenb>1and x € 9D N B(w,2r),letT'(z) = {y € DN B(w,8r): |y — x| < bd(y,0D)}. We
note from elementary geometry that if b is large enough (depending on the Lipschitz constant for
D), then T'(z) contains the inside of a truncated cone with vertex x, axis parallel to & — x, angle
opening 6 = 6(b) > 0, and height r. Fix b so that this property holds for all z € 9D N B(w, 2r).
Given a measurable function & on D N B(w,8r) define the nontangential maximal function
N(k):0D N B(w,2r) — R of k by

(1.13) N(k)(xz)= sup |k|(y) wheneverz € dD N B(w,?2r).
y€el(z)

Let H™,1 < m < n, denote m-dimensional Hausdorff measure (see [40] for a definition) and let
L4[0D N B(w,2r)],1 < q < oo, be the usual space of g-th power H"™~! integrable functions on
0D N B(w,2r). Given a measurable function f on dD N B(w,2r) we say that f is of bounded
mean oscillation on 0D N B(w,r) (f € BMO(0D N B(w,r))) if for all x € D N B(w,r) and
0 < s < r, there exists 0 < A < oo satisfying

(1.14) / |f — feldH" ' < As" L.

B(xz,s)NdD

Here fp denotes the average of f on B(x,s) N D with respect to H"~! measure. The least
such A for which (1.14) holds will be denoted by || f]|. We say that f isin VMO(0D N B(w,r))
provided for each € > 0 there is a § > 0 such that (1.14) holds with A replaced by ¢ whenever
0 < s <min(d,r) and z € 9D N B(w,r). Using this notation, Lemmas 2.39, 2.45, 2.54, and
Theorem 3.11, we prove the following two theorems.

THEOREM 3. — Let D be a starlike Lipschitz ring domain with center & and r,w as in (1.12).
Let u be the p capacitary function for D. Then

lim  Vu(y) = Vu(z) for H"* almost every x € OD.

yel(z), y—x

Furthermore, there exist 1 < ¢ < oo and q, q > p, depending only on p,n, and |||V || e such
that

(@ N(|Vu|) € LI(dD N B(w,2r)),

1 q/(p—1)
(b) / Vult dH" " < erm DT ( / VulpldH”1> :
B(w,2r)NdD B(w,2r)NdD
(¢) log|Vu|e BMO(OD N B(w,r)) with ||log |Vul]| < c.
THEOREM 4. —If 0D N B(w,8r) is C* and u, D, r,w are as in Theorem 3, then

log |Vu| € VMO (0D N B(w,r)).

The rest of the paper is organized as follows. In Section 2 we state and derive some basic
lemmas which will be used in the proof of Theorems 1-4. In Section 3 we introduce elliptic
measure defined with respect to the partial differential equation in (1.7), (1.8), and derive a
boundary Harnack inequality for positive solutions. In Section 4 we study variations of capacitary
functions in smooth starlike Lipschitz ring domains and prove Theorem 1. In Section 5 we prove
Theorems 2, 3, 4.

4° SERIE — TOME 40 — 2007 —N° 5



BOUNDARY BEHAVIOUR FOR p HARMONIC FUNCTIONS 771
2. Basic estimates

Let QF, Q™ be starlike Lipschitz domains with center 2 and Q~ C Q. Let RT, R~ be the
graph functions for Q*,Q~ and put D = Q+ \ Q™. Let 3 be the Lipschitz constant for D.In
the sequel, unless otherwise stated, ¢ will denote a positive constant > 1 (not necessarily the
same at each occurrence), depending only on p, n, and 3. In general, ¢(aq,...,a,) denotes a
positive constant > 1, which depends on p,n, 3 and a1, ..., a,, not necessarily the same at each
occurrence. Let 4 be the p capacitary function for D and put @ =1 on Q= while 2 =0 on
R™\ QF. With 4 now defined on R" let maxp;s) U, minpg(; ) 4 be the essential supremum
and infimum of & on B(z, s) whenever B(z,s) C R™. We say that (1.12) holds for w, provided
w € dD and (1.12) is valid with &9, replaced by 2,01, Q™ respectively. To begin this
section, we state some interior and boundary estimates for .

LEMMA 2.1. - Let @ be the p capacitary function for D and put @ = min(a, 1 —a).
(a) If B(w,2r) C D, or (1.12) holds for w, then

rP=" |Vi|P de < ¢ max aP.
B(w,r)
B(w,r/2)

(b) If B(w,2r) C D, then maxp,, @ < cming(, ,) i.
(¢) If B(w,2r) C D, or (1.12) holds for w, then

|a(z) —a(y)| < c( i y|> Br(na;c)ﬂ whenever x,y € B(w,T).
r w,2r

Proof. — (a) of Lemma 2.1 is a standard subsolution estimate. (b) is a well-known Harnack
inequality for positive solutions of p Laplacian type. If B(w,2r) C D, then (c) is a well-known
interior Holder continuity estimate for solutions of p Laplacian type (see [41] for these results).
If (1.12) holds for w, then (c) follows from simple barrier type estimates (see also [19]). O

LEMMA 2.2.-Let u be as in Lemma 2.1 and suppose (1.12) holds for w. Then
Maxpg(y,2r) U < cl(a.(w)) where a.(w) is a point in B(w,r) with d(a,(w),0D) =
sup{d(y,dD): y € B(w,r) N D}. Thus

|ﬂ(a:) - ﬂ(y)‘ < C(|x—;y|) i(ar(w)) whenever z,y € B(w,r).

Proof. — The first inequality in Lemma 2.2 follows from a general argument using Lem-
ma 2.1 often attributed to Carleson (see [10]). However Domar was apparently the first to
use this argument (see [1]). The second inequality follows from the first inequality and Lem-
ma2.1(c). O

LEMMA 2.3.-1 has a representative in WLP(R™) that has Holder continuous partial
derivatives in D. That is, for some o € (0,1] (depending only on p,n) we have

1 ~ N N . o ~ 1 . o ~
¢! |Vii(e) = V)| < (jz ~ /)7 mas Vil <o (ja —yl/r)” max i

whenever x,y € B(w,r/2) and B(w,4r) C D.
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Proof. — The proof of Lemma 2.3 can be found in [13], [36] or [43]. O

LEMMA 2.4.— 1 is C® in D\ {x: Vi(z) = 0}. Moreover if R*,R™ are infinitely
differentiable (R, R~ € C*°[0B(0,1)]), then there exists an open neighborhood N of D such
that minp -\, [V@| > 0 and @ has a C* extension to the closure of D N N.

Proof. —If RT,R~ are infinitely differentiable, then from Lemma 2.3 and a result of
Lieberman [38] it follows that V4 has a Holder ~ e)ftension to the closure of D for some
v € (0,1], depending on p,n and the C? norm for &D. Using this result and barriers of the
form

z— Az —2|P~/ =YD L B forp#£n, Alog|z —z|+ B forp=mn,

where z € D and A, B are constants, we conclude that there exists a neighborhood N of oD
for which min -\, [V4| > 0. Second from (1.2) and this conclusion we see that @ is a solution
to a nondivergence form uniformly elliptic equation with Holder continuous coefficients in the
closure of D N N. We now use Schauder theory (see [20, Chapters 6, 9]) and a bootstrap type
argument to get that & has a C'*> extension to the closure of DN N. A similar argument gives
that 4 is infinitely differentiable in a neighborhood of each point z € D where Vii(z) #£0. O

LEMMA 2.5. - Let u be as in Lemma 2.1 and suppose that (1.12) holds for w. There exists c
such that
Z—x

(i) 0<|Vi(z)| <c< ~

Z—z

(ii) ¢ Ya(z)/d(x,dD) < |Vﬁ( ‘ < ci(z)/d(z,0D)  whenever x € DN B(w, 3r),

n 1/2
(iii) max G,y | <c|s™ / Ty,y |? d < () /d(z,0D)?
B(mé)”z:l‘ ny| ( Z| viys |~ Ay (2)/d( )

B(xz,3s/4) “I=1
whenever = € D N B(w,2r) and 0 < s < d(z,dD).

, Vi(x) > whenever z € D,

Proof. — Since (1.2) is invariant under translations we assume, as we may, that Z = 0. We also
temporarily assume that

(2.6) RY R~ eC™ [83(0, 1)}

Let 0(v) = —(x, Vi(z)),z € D. Then from Lemma 2.4 we deduce that § has a continuous
extension to the closure of . We claim for some ¢ > 0 that

Q2.7) 0>¢ inD.

To prove claim (2.7) first observe from (2.6) and Lemma 2.4 that there exists a neighborhood N
of 9D such that

(2.8) 0>2 inDNN

for e small enough. Second, given > 0,0 <7 < 1/2, let v =v(+,n) be the weak solution to

2.9) V- [+ Vo) PV =0 inD
with boundary values 1 on 27, 0 on R" \ QF in the sense of the Sobolev space VVO1 P We
note that Lemmas 2.1-2.4 are valid with @ replaced by v. Moreover, an examination of the

proofs in the references after these lemmas shows that the constants and Holder exponents in
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Lemmas 2.2, 2.3 can, for a fixed p, 1 < p < 0o, be chosen independent of 7 € (0, 1/2]. Using this
fact, we deduce that any W1? weakly convergent subsequence of {v(-,7)} converges uniformly
as 17 — 0 to a weak solution, say v, to the p Laplacian in D with continuous boundary values 1
on 90~ and 0 on Q. From the weak maximum principle for the p Laplace equation, it follows
that & = @. Thus, v(-, 1), Vo(-,) — @, Vi as  — 0, uniformly on compact subsets of D. From
Schauder type estimates it then follows for each positive integer k that 9*v — 9% uniformly on
compact subsets of V = D \ {z: Vi(z) = 0}. Here &* denotes a k-th partial. Finally v(-,7) is
infinitely differentiable in f), as follows once again from Schauder theory and the fact that (2.9)
is uniformly elliptic in D.

Given £ € R™, €| =1, and n € (0,1/2] let f = (Vv,&). Differentiating (2.9) in the direction £
we get

(2.10) L*f= Z : ”f% —

,Jl

in D, where at x € D,
_— 2\ (/2-2) B 2
(2.11) bi; = (n+1Vol?) [(p = 2)va,va, + 655 (n + [Vo[?)]
for 1 <,7 <n.In(2.11), 4;; again denotes the Kronecker J. We have
. 2-1
min(p — 1 1)(77+\Vv|2)(p/ )|§|2

Zb €65 <max(p—1,1) (n+ | Vol?) "2V jep?

1,0=1

(2.12)

atz € D. Let 6% = 6*(-, 1) be defined on Dby 6*(z) = —(Vo(z),z), z € D.
From (2.9), (2.10), we find at x € D, that

2.13) L*(0%) = (p— 2V - [(n+ Vo) "> 72 va].

Set ¢(x) = min(6* () — ¢,0) and let ¢ € C3°(D) with ¢ =1 on D\ N. Observe from (2.8)
and uniform convergence of Vv to Va, that for sufficiently small 7, say 0 <7 < 79, we have
¥¢2=01in DN N. From this observation and the definition of ¢ we see that V(¢?) = (V)2
for almost every x in D (with respect to Lebesgue n measure). Using this fact, (2.12), (2.13),
and integrating by parts we get,

I'=min(p—1 1)/(77+|V \ )(p/2 1)|V1M Pdr < Z / wIiQ;jCle‘
(2.14) D “=h
—(p— 2)77/(77 + Vo) PPV, V(¢2)) da = .

D

From Cauchy’s inequality, we have
(2.15) J < cIVPKY?

ANNALES SCIENTIFIQUES DE L’ECOLE NORMALE SUPERIEURE



774 J.L. LEWIS AND K. NYSTROM

where

K:n2/(n—|— |V11|2)(p/2_3)|V11|2C2 dzx.

D
For small § > 0 we write,

K= / ot / =K, + K.

{|Va|<8§InD {IVa|>s}nD

Now lim,,_,g K2 =0, as we see from uniform convergence of Vv to Vi on the support of ¢.
Also, limsup,,_,o K1 < Ad” for some 1 < A < oo, independent of 4. Since ¢ > 0 is arbitrary, we
conclude that lim,,_.q K = 0. Using this equality, the Fatou lemma, and uniform convergence of
d%v to & @ on compact subsets of V = D\ {z: @(z) = 0}, we deduce from (2.14), (2.15) that

|Va|P~2|V0|*¢Cdr =0

{6<einV

which implies in view of (2.8) that either {6 < €} is empty or € is constant on components of
{0 < €} N V. The latter possibility cannot occur. In fact from (2.8), the only possible boundary
points of such components are points in D\ V where § = 0. Thus § = 0 in {# < ¢} N D. However
this deduction is impossible, since from continuity of 8, connectivity of D, and (2.8) we would
have to have 6 = €/2 at some point in D. Thus claim (2.7) is valid.

To continue the proof of Lemma 2.5, observe from assumption (2.6) and Lemma 2.4 that for ¢
large enough (depending only on ),

(2.16) g(z) =cl(z) — |z] |Vﬁ(m)| >0

for z € &D. Here we have also used the fact that V' is normal to tangent planes through points of
dD and starlike Lipschitzness of OD. We assert that (2.16) also holds in ﬁ, which clearly implies
Lemma 2.5(i). To prove our assertion, let L be the operator in (1.7), (1.8) defined relative to @
(to get L replace v by @ and put = 0 in the definition of L* in (2.10)). We note that L6 = 0 in ﬁ,
as follows from Lemma 2.4, (2.7), and either the discussion above (1.6) with 4(-, ) replaced by
(Ax) or (2.13) with p = 0. To show that g cannot have a negative minimum in D it suffices to
show

(2.17) L(|z||Va(z)]) =0 forallz € D,

as we find from (2.7) and a standard argument for uniformly elliptic PDE in divergence form. To
this end observe from symmetry and smoothness of {b;;(z)}, 1 <4,j < n, thatatz € D,

L(jal|Val) = |Va|L(jz]) + |2|L(]Va])
(2.18) +2|x|_1|V’&|_1< Z szxlﬁmkﬁxkzj>
i k=1

To simplify the calculations we note that solutions to the p Laplacian (see (1.2)) remain solutions
under rotations. Moreover, g is invariant under rotations around the origin. Thus we assume, for
fixed x € D, that

(2.19) Vi = |Vile,,
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since otherwise we change coordinate systems. From (1.8) or (2.11) withp = 0,v = 4, and (2.19)
we see at x that

bij =0 forz';éj,
(2.20) by = |VaP~2 for1 <i<n,
bun = (p—1)|VaP~—2.

Differentiating (1.8) and using (2.19) we find at z that

s =0 forij, 1<i,j<n,

Qi — Ghui — (p — 2)|VaUPtly,0,,  Wheni <n,

(2.21)
Pin = (p — 2)| Vil Piy,e, if1<i<n,
Pous = (p— 1) (p — 2)| VA ~ity, o, -
We have
X ) 8b” L ,
02 IVa|L(jz]) = [Val|z| Z zi +IVallel 3 by (o285 — wizy)

4,j=1 4,j=1
=T +1Ts.

We note that (1.7) for u, (2.20), (2.21) imply that

(2.23) (» — Dty a, Zuzm:

Using (2.21), (2.23) we get at z,

n—1
T = (p—2)|ValP~?[z| ! [Z(inawriwyl + Tnlga,) + (P — 1)9371&%%]
i=1
n—1
=2(p—2)|Va[" 2| @ity

i=1

(2.24)

Also, from (2.20) we deduce

Ty =|Valr~ |7 lZ(W —af) + (p— 1) (|2 - wi)]

i=1
n—1
(n+p—3) (Zw) n—l)xi].

Next we note that i, is a classical solution to (1.7), (1.8), as we see from (2.7), the discussion
above (1.5) with @(x, \) = @(x + Aex ) and the chain rule (see also (2.10)). Using this observation,
(2.19), and (2.20) we find at z that

(2.25)

= |Va[r =]~
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. 9 . . e
2lL(IVal) = 2| Y 2 [(bisitare, ) (e, [V ™)]
ij k=1 """
n n—1
(2.26) =[a|[Val™" Y Y bijiie,a, iy,

i,j=1k=1

n—1 n—1

:|x|va|p—3[zaim(p—uzaikxn].
ik=1 k=1

Finally using (2.20) we see at x that

2|x‘*1|vf&‘*1 ( Z bijxiﬁ’xkﬁxkxj>

(2.27) k=t

n—1
= 2|z| | Va2 ( Zaz‘tuxh +(p— l)xnﬂwnxn> .

i=1
Using (2.22), (2.24)—(2.27) in (2.18) and gathering terms we obtain after some juggling that

Val* =Pl L (|l V)

n—1 n—1
(n+p—3)[Val’ (Z:ﬂ) +2(p— 1)|Va|zf? (Zfﬂumn>

i=1 =1

(2.28) i
+ - Da*> a,,
=1

n—1
+ [ (n = 1)|Valz) +2(p - V)|Vl |a| 2,0, +|2]* ) Uixkl -

ik=1

To complete the proof of (2.17) we show both terms in brackets in (2.28) are nonnegative. In fact
from Schwarz’s inequality we see that

n—1 2 n—1 n—1
(2.29) <Zzu:r> < <ZU§I> : (Zx2>
=1 1=1 =1

Using (2.29) in the first term in brackets in (2.28) (along with 2ab < a? 4 b?) we deduce that this
term is nonnegative. Also from (2.23) and Schwarz’s inequality we find

n—1
i=1

Using (2.30) in the second term in brackets in (2.28) and Schwarz’s inequality, we conclude that
this term is also nonnegative. Thus (2.17) is true. From our earlier remarks we obtain (2.16) in D.
Hence Lemma 2.5(7) is true under assumption (2.6).

To continue the proof of Lemma 2.5 we note that the upper bound in Lemma 2.5(ii) follows
from Lemma 2.3. We use (2.16) to prove the lower bound in Lemma 2.5(ii). We first show that

(2.31) max 6 < c¢ min § whenever B(x,4s) C D.

B(x,s) B(z,s)
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To prove (2.31) observe from (2.16) and (1.8) that there exists ¢ for which

PPy 2le? < Y Va) PR < Y bi(w)€;
(2.32) 5=

N -2 - -
<] V)" IE? < Plal*Po(y) 2

whenever y € B(z,2s) and £ € R™. Using (2.32) and (1.7) for 6 we see that Moser iteration
can be applied to powers of 6 in the usual way (see [41]) in order to get (2.31). To prove the
lower bound in Lemma 2.5(ii), we consider two cases. First suppose that 9Q~ N B(w, 8r) = (.
From Lemmas 2.1, 2.2 we see that & ~ 4 in B(w,6r) N D with proportionality constants
depending only on p,n, 5. If x € B(w,3r) N 13, we can draw a ray [ in D from z to a point
in B(z,d(x,dD)) N QT thanks to (1.12) for w. Let y be the first point on [ (starting from )
with @(y) = @(x)/2. Then from the mean value theorem of elementary calculus there exists z on
the part of [ between x, y with

(2.33) a(x)/2 ="1a(x) —a(y) <|Va(z)|ly — z|.
From Lemma 2.2 we deduce the existence of ¢ with
(2.34) y,z € Blz,(1—c¢ ")d(, 8ﬁ)]

From (2.34), (2.31), and (2.16) it follows that for some ¢, |Vi(z)| < ¢|Vi(x)|. Using this
inequality in (2.33) we conclude that

a(z) < c|Va(z)|d(z,0D).

Hence the lower bound in Lemma 2.5(ii) is valid if w € 9QT. A similar argument applies if
w € 02~ . We omit the details. Thus Lemma 2.5(if) is valid.

Finally Lemma 2.5(ii) implies that the PDE in (1.7), (1.8) is uniformly elliptic in
B(x,3d(x, D) /4) with Holder continuous coefficients involving derivatives of 4. Since deriv-
atives of u satisfy (1.7) (as mentioned above (2.26)), we can differentiate (1.7) to get a diver-
gence form PDE for second derivatives of u. DiGiorgi or Moser iteration can then be applied
to get Lemma 2.5(iii). One can also obtain Lemma 2.5(iii) from Schauder type estimates for
the nondivergence form PDE satisfied by @ as in Lemma 2.4. Thus Lemma 2.5 is valid under
assumption (2.6).

To complete the proof of Lemma 2.5 we show that assumption (2.6) is unnecessary. For this
purpose let R\, R, € C>*(90B(0,1)) form=1,2,..., with || log R},|| < k3, and R}, — R* as
m — oo uniformly on B(0, 1) whenever * € {+, —}. Here k depends only on n. Let D,,, i,
be the ring domain and p capacitary function with center 2, corresponding to R, R, . From
Lemmas 2.2, 2.3 we see that i,,, Vi, converge uniformly on compact subsets of Dto U, V.
We apply Lemma 2.5 to each ,,. Since the constants in this lemma and (2.31) are independent
of m we conclude that Lemma 2.5 also holds for 4 without hypothesis (2.6). The proof of
Lemma 2.5 is now complete. 0O

LEMMA 2.35.— Let ﬂ,ﬁ,f), be as in Lemma 2.5. There exists unique finite positive Borel
measures ut, u~ on R™ with support in 90T, 00~ , respectively, such that if u = u*t — u=, then
(@) [|VaP=2(Va,Ve)de=— [ ¢du  whenever ¢ € Cg°(R™).
(b) If w satisfies (1.12) then there exists ¢ such that ¢~ 1rP="i[B(w, 4r)] < a(a,(w))P~! <
er?" [ B(w,r/2)], where i = pt if B(w,8r) NI~ =0 and i = p~ if B(w,8r) N
o0t =1.
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Proof. — Existence and uniqueness of p satisfying Lemma 2.35(a) is easily proved using
Lemmas 2.1 and 2.2 (see [5] or [21] for a proof). Assuming Lemma 2.35(a) one gets the left-
hand inequality in Lemma 2.35(b) by first choosing ¢ € C§°(B(w, 6r)) with ¢ = 1 on B(w,4r)
and then using Lemma 2.1. The right-hand inequality in Lemma 2.35(b) is essentially proved in
[32, Lemma 3.1] (see also [14, Lemma 1]). O

From Lemma 2.5 it is easily seen that

D(t)={z: t<i(z) <1} and D'(t) = {z: 0<di(x) <t}, 0<t <1,
(2.36) are starlike Lipschitz ring domains with center 2

and constants depending only on [3.
Moreover, (1 — t)~'max{@4 — t,0} and min{d/t,1} are the p capacitary functions for
D(t), D'(t), respectively. If B(w,8) N Q™ =0, let us, 1™, be the measures corresponding to
max{% — ¢,0} in D(t), as in Lemma 2.35. We note that

(2.37) dpe(w) = |VafP~ (w)dH" Y (w) forw € {z: a(z) =t},

as follows from Lemma 2.35(a) with p* replaced by p;, Lemmas 2.4, 2.5, and integration by
parts. A similar argument gives that y;, 4™ are the measures corresponding to min(u,t) in D’ ().
Moreover, since 4 € W1P(R™), it is easily deduced from Lemma 2.35(a) that

(2.38) ps — pt, uw~ weakly in the sense of measures as ¢ — 0, 1 respectively.

Next we have the following reverse Holder inequality.

LEMMA 2.39. — Let 1, w be as in Lemma 2.35. Then dp/dH" ! = +k?~ on B(w,8r)NdD
where k > 0 with

. p/(p—1)
/ EPAH" ' <er vt ( / Ept dH”_l) .

B(w,2r)NdD B(w,2r)NdD

Proof. — Again we consider two cases. If B(w,8r) N Q™ = (), we first show that Lemma 2.39
is valid with u™ replaced by p; for ¢ sufficiently near 0. Again we assume that 2 = 0. For ¢
near 0, and 27 < s < 3r, we note from Lemmas 2.4, 2.5 that integration by parts can be used to
get

(x,V)|VaP dH" ! = / V- (z|VilP) dz
d[B(w,s)ND(t)] B(w,s)ND(t)
=n |Va|P dx

B(w,s)ND(t)

(2.40)

n

LI=1B (w,s)ND (1)
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where v denotes the outer unit normal to the boundary of B(w, s) N D(t). Now from (1.2) and
integration by parts, we deduce

> / PIVaP 2 iy, g, da
BI=1B(w,s)ND(¢)
=-—p / |ValP dz +p / (z, Va)(Va,v)|VaP~2dH" " .

B(w,s)ND(t) d[B(w,s)ND(t)]

Using this equality in (2.40) we get

I= / (z,v)|ValPdH™ !

A1B(w,s)ND(t)]

2.41) —p / (z, Va)(Vi, v)|ValP~? dH"
8[B(w,s)ND(t)]

—(n—p) / Vil dz.

B(w,s)ND(t)

We note that v = —% on dD(t) N B(w, s). Thus from (2.41)

(242) (p—1) / (2, Vi)|Va|P ' dH" ' =1+ E

D (t)NB(w,s)

where
El<(p+1) / ||Vl .
OB(w,s)ND(t)

Next choose s € (2r, 3r) so that

|VaPdH™ ! < 207! / |ValP de.

9B(w,s)ND(t) B(w,3r)ND(t)

This choice is possible from weak type estimates. Using these inequalities in (2.42), d(0, 615) ~
diam D, and (2.5)(i), we deduce

(2.43) / |2||Va|P dH"* < ¢[d(0,0D)/r] / |ValP do + |I].

B(w,s)NdD(t) B(w,3r)ND(t)
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Then from (2.43), (2.41), (2.37), Lemmas 2.1, 2.2, 2.35 with ﬁ,ﬁ, replaced by D(t),
(1 —t)~ ! max(@ — ¢,0), we find that

c? / \ValP dH" <t / |Va|P de

B(w,s)NdD(t) B(w,3r)ND(t)
(2.44) n—1 p/(p—1)
’ <r et / |Vﬂ|p_1dH”_1) <cr_p+”_11l(agr(w))p

B(w,2r)NdD(t)

=5 (e [B(w, 2r)] )p/(pfl).

In (2.44) we have also used the fact that d(0,dD) > r. Thus Lemma 2.39 holds with k = | V|
and pu™, D replaced by i, D(t). Using the change of variables formula we can pull back each p;
to a measure on 9B(0,1). In view of (2.44) and (2.36) we see that the Radon-Nikodym derivative
of each pullback measure with respect to H"~! measure on 0B(0,1), satisfies a Lp/ (=1
reverse Holder inequality on {z/|z|: 2 € B(w,2r) N dD(t)}. Moreover LP/(P~1) and Holder
constants depend only on p,n, 3, for small ¢ > 0. Hence any sequence of these derivatives has a
subsequence that converges weakly in LP/(P—1) Using these observations, lower semicontinuity
of the norm in L?/(P—1) under weak convergence, (2.38), and letting ¢t — 0 we get the Radon—
Nikodym derivative of the pullback of u* on B(w,2r) N dD satisfies a LP/(P~1) reverse Holder
inequality. Transforming back, we conclude that Lemma 2.39 is true when B(w,8r) N9Q~ = (.
If B(w,8) N dNT =, we can use the same argument with D(¢) replaced by D’(¢). Letting
t — 1 and taking limits as above we get Lemma 2.39 in this case also. O

We use Lemma 2.39 to prove the following localization lemma.

LEMMA 2.45. - Let u,u, and D be as in Lemma 2.5. Let w satisfy (1.12) and let w' € D be
the point on the ray from Z through w with [w — w'| = r /4. There exist c and a starlike Lipschitz
domain Q2 C B(w,2r) N D with center at w’,

cH™ 1 [8(2 N B(w,r)N 8D] >t
and Lipschitz constant 3 < ¢(8 + 1). Moreover if © € Q. then
cIrta(w) < | Viaz)| < erta(w’).
Proof. — As usual we consider two cases. First suppose that B(w,8r) N 9Q~ = (. From

Lipschitzness of dD and basic geometry we deduce the existence of ¢’ (depending only on
p,n, 3) such that if

!/

R(w)=|z —w'| whenw= LW e B(w,r/)yND,

|z —w'|’
J— / A
(2.46) then log R is Lipschitz on E = {% x € B(w,r/c)N GD}
Tr—w

with || log BR[|z < ¢/ (B +1).

One proof of (2.46) is to observe that it is equivalent to the statement that the cones I'x),z €
B(w,r/c") N dD, defined above (1.13), each contain w’. (2.46) can also be deduced from
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basic trigonometry using starlike Lipschitzness of D with respect to 2. Let ' = r /¢’ and for
x € B(w,r")NID set

0<s<r!

My(x)= inf s'™" / kP=taH™t,

B(x,s)NdD
My(z)= sup s'™" / EP=tdH" !
0<s<r’
B(z,s)NdD

We claim there exist a compact set F C B(w,r’'/4) N dD and ¢ (depending only on p,n, 3)
with

(2.47) "My > (') "Pi(a, (w))p_1 onF and ’H" Y(F)> ()" 1.
In fact if
e=(1/¢") (") Pa(am ()",
G ={z € B(w,r'/4)N8D: M(z) <e},

then by a standard covering argument there exists {B(z;,r;)} with z; € G, 0 < r; < 7/,
G c U, B(z,r;) and { B(z;,7;/10)} pairwise disjoint. Also,

/ EPldH™ 1 < 267‘?71 for each .
B(wi,m)ﬁ@ﬁ
Using these facts and H"~'[B(z;,7;/10) N dD] =771, we get
/kp—l dHn—l < Z / kp—l dHn—l

(2.48) G ‘ B(Ii,’l“i)ﬁaﬁ
< 2627‘?71 Lce(r)" L.

On the other hand if A = B(w,r’/4) N &D \ G, then from Lemmas 2.39, 2.35, with 7 replaced
by 7/ /8, and Holder’s inequality, we get for some c,

1-1/p
/kp—l dH" L < H L (AP ( / kP dH"‘1>
A

B(w,r' /4)NdD

@49 <[y rEm ()] / kPt dHm !
B(w,r’ /4)NdD
< C2 [(Tl)lannfl(A)] 1/p(rl)n7pﬁ(arl (w))pfl.
Since

(r')”fpa(a,«/(w))p_l <c / EP=tdH"!

B(w,r' /4)NdD
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we can add (2.48), (2.49) to get after division by (/)" Pdi(a, (w))P~! that for some c,
(2.50) < () E )] 1y
Clearly (2.50) implies (2.47) with F replaced by A. A standard measure theory argument then
shows that we can replace A by suitable F' compact, F' C A. Thus (2.47) is valid.

Fix ¢’ so that (2.47) holds. To continue, we use the Hardy-Littlewood Maximal theorem (see
[42, ch. 1]) and Lemmas 2.35, 2.39, to find F’ compact, F’ C F and ¢ > ¢” such that

My < E(r’)l_pﬁ(aT/ (w))p_1 on F/  and EH"_I(F') > (7")”_1.

Combining this inequality with (2.47) and using Harnack’s inequality (Lemma 2.1(b)), we have
for some c,

Py (w )Pt st / EP dH T L ertPa(w' )Pt
B(z,s)NdD
forz € F'and 0 < s < r’ where H" " Y(F') > ¢~ 1y~ L

(2.51)

Next we draw all rays from points in B(w’,7/c) to points in F”. Let Q be the interior of this
set. Using (2.46) it is easily seen for ¢ large enough that () is starlike Lipschitz with center at w’
and Lipschitz constant < ¢( + 1). Also from (2.51) we see that

cH™ ! [8Q N B(w,r)N 815] >l
If 2 € Qand d(x,dD) > 1’ /10, then from Lemma 2.5(ii) and Harnack’s inequality, we find that
(2.52) clrta(w) < | Vi(z)| < erta(w’).

Otherwise there exists Z € F’ with |z — #| < cd(z,8D). Choose s, 0 < s < r’, such that
s < |z —Z| < ¢s. Using Lemmas 2.35, 2.39, 2.5(ii), (2.51), and Harnack’s inequality we conclude
that

\Va(z)|" " =~ [a(z)/d(z,0D)]" " ~ 5" / kP dH"

(2.53) B(&,s)NdD

~ Tlfpﬁ(w’)pfl

where all proportionality constants depend only on p,n, 3. Thus (2.52) holds in this case also.
The proof of Lemma 2.45 is now complete when B(w,8r) N 9Q~ = (). An essentially identical
argument holds if B(w,8r) NNt =0. O

Finally in this section we use Lemmas 2.45, 2.5 to show that if

d(y) =d(y,00) max Va0 > a2 tdy
B(y,%d(y,@ﬂ)) i,j=1 !

when y € Q, then & is a Carleson measure on 2. More specifically we prove the following
lemma.
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LEMMA 2.54.— Let w,w',r,$) be as in Lemma 2.45. If z € 9Q and 0 < s < r, then

&(B(z,5)NQ) <es™ (a(w')/r) R

Proof. — We only glve the proof when B(w,8r) N Q™ = (. Let R be the graph function for
Q. We let for, 0 < € < 100 mingp(o,1) R R = R — € and let € be the starlike Lipschitz domain
with center w’, graph function R. If 2 € 9Q and 0 < s < & 5d(z, 8D) we can use Lemmas 2.45,
2.5, and the fact that d(y,@ﬂ) < d(y, 8D) for y € Q, to get that Lemma 2.54 is valid in this
case. Otherwise, we use a simplified version of the argument in [34,35]. Again, let L, (b;;),

1<1,5 <n,beasin (1.7), (1.8), defined relative to ﬁ,AlA). Since derivatives of 4 are solutions to
L{ = 0 (see the remark above (2.26)), we find at z € D,

HViP) = 3 o[ ()|
(2.55) " :n
- Z iz, U, = min(1,p — 1)|Va|P~ 22
j=1 7,7=1
Also we note from (2.5)(ii), (iii) and Lemma 2.45 that
d(y,00) ~ max Vi *—¢ vz (dY
/ ( B(y,5d(y, 69)){ | ]zzl !
B(z,5)NQ b
(2.56) <c / d(yﬁQ)l—n( / |vu|2p 6 Z 2, )

B(25)NQ B(y,3 d(y,09) WI=1

B(z,45)NQ hi=1

where the third integral is obtained from the second integral by interchanging the order of
integration. Define ¢ as above Lemma 2.54 with ) replaced by 2. Using (2.55), (2.56) and
once again Lemmas 2.5, 2.45 we see that

c[B(z,5)NQ] <c / d(y, aQ)|Va(y)’2p_6 Z Uy, Y
B(z,4s)N2 L=t

o R T

B(z,4s)N$2

(2.57)

We note that the divergence theorem can be used in B(z,4s) N Q. Since L& =0 in D we have

L(|Va|*) dy = / [aL(|Val*) — |Val*La] d
B(z,4s)NQ B(z,4s)NQ

Hence, if we let v = (14, ..., vy,) be the outer unit normal to B(z,4s) N €2, then
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n
~ ~ ~ n—1
g Wby, gy ; dH
1,5,k=1

[ ar(virya) <
B(z,4s)NQ

0[B(z,45)NQ]

Z |V’IAL|2VZ'bij’IAij dH™ !
8[B(z.45)nq) =1

< Cs(nfl)r*(pﬂ)ﬁ(w/)pﬂ

(2.58) +

where we have used |b;;| < p|V4a|P~2, and once again Lemmas 2.5, 2.45 to make estimates.
Combining (2.57)—(2.58) letting ¢ — 0, and using Fatou’s lemma we conclude that Lemma 2.54
istrue. O

3. Elliptic measure and a boundary Harnack inequality

To continue the program outlined in Section 1, let 4,D,2,Qv, Q" RT,R™, 3, be as in
Section 2. Throughout this section we assume that

(3.1 R*,R™ € C*(0B(0,1)).

Let L, (b;;), be as in (1.7), (1.8) relative to 4, D. Then from (3.1), Lemmas 2.4, 2.5, see that (bi5)
is symmetric and infinitely differentiable in the closure of D. Also,

n

(3.2) Vuly)[PEP < S by ()€l < e[ Vuly) P

4,j=1

whenever y € D and £ € R”, so (b;;) is uniformly elliptic in D. Let H C D be either a starlike
Lipschitz domain or H = D. Using the above facts and arguing as in [39] we deduce the existence
of Green’s function, g(-,-): H x H — (0, oo] with the following properties.

(a') g(x,y) =g(y,x) whenz #y,z,y € H,
() Cg(-y) € Wy [H\ B(y,¢)] whenever B(y,e) C Hand ¢ € C3°(R™ \ B(y,e)),

N d(y,dD) o a) NP e,
o te A eyes[n I b en o)~ (H05) e
~ 2—p ~
for n > 2 and for n = 2, g(z,y) ~ <Ly)A) log<w>,
d(y,0D) |z =yl

(d') ifye H,letg(-,y)=0onR"\ H. Then g(-,y) is continuous on R™ \ {y}.

In (¢’) we have used Lemma 2.5 to estimate the ellipticity constants in (3.2). Also all
proportionality constants depend only on p,n, and . For given y € H extend g(-,y) to a
continuous function on R™ \ {y} as in (d’). Then there exists a positive Borel measure, w(-,y),
on R™ with support in 0H,w(0H,y) =1, and the property that

ij=1

4° SERIE — TOME 40 — 2007 —N° 5



BOUNDARY BEHAVIOUR FOR p HARMONIC FUNCTIONS 785

whenever 6 € C§°(R™). Observe from (3.4) with 6 € C§°(H \ {y}) that g(-, y) is a weak solution
to L in H \ {y}. From Schauder or Moser-DiGiorgi type estimates it follows that g(-,y) is
an infinitely differentiable solution to L in H \ {y} which extends to a continuous function in
R™\ {y} with g(-,y) =0 on R"™ \ H. Using this fact, we deduce the following interior estimates

for g(-,y).

LEMMA 3.5.-If B(z,4s) C H\ {y}, then,
(a) s / ‘Vg(-, y)|2 dx < cg(lax)g(.’y){

B(z,s/2)
(b) max g(-,y) <c min g(-,y),
B(Z’S)g( y) B(Z’s)g( y)
(¢) For some 0 < & < 1, |9(¢,y) — 9(&y)| < c(lcgg‘)é‘maXB(zys)g(yy) whenever
(.§€B(z,5).

Proof. — From Lemma 2.5 and (3.2) we see that the ellipticity constants for L are bounded

above and below in B(z,2s) by constant multiples of ( y (Z(gg) )P=2 (depending only on p,n, 3).

Thus Lemma 3.5 follows from standard estimates of the above mentioned authors. O

Using (3.4), Lemma 3.5, and arguing as in [39], one can deduce by way of a method of Perron—
Wiener—Brelot, that the continuous Dirichlet problem for L in H has a solution in the sense that
given a continuous function f on OH there exists a strong solution F' to L in H with F'= f
continuously on JH. Indeed,

F(y):/fdw(~,y) fory e H.

ItH= ﬁ, then from C'° smoothness of b;;, Gﬁ, as well as (3.2) and Schauder type arguments,
one can show that g(+,y) extends to a C'*° function in the closure of D (away from y). Using this
fact and the divergence theorem we deduce that on 0D,

(3.6 dw(-y)=[Vg" (¥) D bijge, (¥)ga, (ny) dH" ' = [ValP 2| Vg(-,y) | dH™ .

ij=1

w(+,y) is called elliptic measure for H relative to L and y € H. We say that w(-,y) is a doubling
measure if, for some 1 < C' < oo,

(37  w(B(z,2s),y) <Cw(B(z,s),y) wheneverz € dH and 0 < s < diam H.

w(-,y) is said to be an A weight with respect to H"~! on OH if w(-,y) is a doubling
measure and for some ¢ > O there exists € = ¢(§) > 0 with the property that if E is Borel,
E C B(z,s)NOH (z,s, asin (3.7)), then

Hn—l(E) S5 w(E,y)
Hn=1(B(x,s)NOH) ~ w(B(z,s),y)

(3.8)

(see [11] for several equivalent characterizations of A*°). Let @, § denote elliptic measure and
Green’s function for D. We prove the following result on the elliptic measure.
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LEMMA 3.9. - Let z € D, 0 < p, suppose % ¢ B(x,8p) and either B(x,8p) N QT =0 or
B(z,8p) N OO~ = (). Then for some n > 0 (depending only on p,n, 3)

w(B(z,p),ap(x)) = 1.

Proof. — We note that a,(x) is defined as in Lemma 2.2 with r, w replaced by p, . To prove
Lemma 3.9, let 2/ € D be the point on the ray from 2 through 2 with |2/ — x| = p. Let Q be as
in Lemmas 2.45, 2.54, defined relative to x, ', p. From the definition of (b;;) in (1.8) we find at
y € Q that

n n
D Vb <l VaPme > iy, )%

ij=1 ij=1

From this display and Lemma 2.54 we conclude that if

dy(y) = Z d(y,0Q) max  |Vb|>dy fory e,

ij=1 B(y,%d(y,Q))

then + is a Carleson measure on Q with

B Q MNP -
(3.10) sup all (j;fi neY < C(U(Z )> whenever z € 91).
0<s<p

Let &(-,z') be elliptic measure for €2 defined relative to L,2’. We shall need the following
theorem of [31] tailored to our situation (see also [22, ch. 3]). O

THEOREM 3.11. - If (3.10) holds then &(-,x') is an A weight with respect to H" ™1 with
constants C' in (3.7) and §, € in (3.8) depending only on p,n, 3.

Proof. — We note that the dependence of the constants in Theorem 3.11 can be easily checked

since if
NN\ 2—p
bij = (Mx )) bij
p

then &(-,2) is obviously a solution in Q to the PDE one gets from replacing (b;;) by (b};) in
the definition of L. Moreover ellipticity constants in (3.2) and the Carleson norm in (3.10) taken
relative to (b;;) depend only on p,n,3. O

To get Lemma 3.9 from Theorem 3.11, we first observe from Lemma 2.45 that
H" Y (B(z,p) N 0N 8D) >p" e
In particular there exist Z € dQ and & > 1 such that B(Z, p/é) C B(z, p) and
H" Y(B(z,p/¢)N o0nN 815) >p" e
Applying Theorem 3.11 we deduce from the definition of A% in (3.8) that
&(B(&,p/¢)NOD,2') = ¢ 20(B(%,p/8),2") = ¢ 7%,
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where the last inequality follows from the doubling property of w and the fact that @ (GQ, ') =1.
Thus from the maximum principle we have for some ¢

&(B(x,p) N0Q,2") = &(B(x,p) NOD,2") = ¢ 1.

We note that Harnack’s inequality holds for &(-,y) with constants depending only on p,n, 3
by the same reasoning as in Lemma 3.5(b). From Harnack’s inequality, we see that 2’ can be
replaced by a, () in the above inequality. Hence Lemma 3.9 is true.

If z, p are as in Lemma 3.9 we claim that

(3.12) &(B(x,p),y) = ¢ whenevery € B(z,p/4) N D.

In fact given y as in (3.12) choose § € OD with |y — §| = d(y,dD). Put p = 2|y — §| and
observe that Lemma 3.9 can be used with x, p replaced by ¢, p. Doing this and using Harnack’s
inequality we get claim (3.12). Our goal is to prove a boundary Harnack inequality for L. Using
the argument in [22, ch. 2, sec. 3] or [6, Lemma 2.2], it will turn out that (3.12), (3.3)(¢), and
Harnack’s inequality are enough to give this inequality.

LEMMA 3.13.— Let w € dD,r > 0. Suppose that % ¢ B(w,8r) and either B(w,8r) N
90~ =0 or B(w,8) N QT = 0. Let hy, hy be positive solutions to L in D N B(w,r) with
h; =0, i=1,2, continuously on dD N B(w,r). There exists ¢ (depending only on p,n, [3), such
that if # =1 /¢, then

1hi(ar(w))  ha(y) . hi(ar(w))
¢ halar@) S haly) S halar(w))

whenever y € B(w,) N D.

Proof. —Let w' € D be the point on the ray from 2 through w with |w — w'| = r/4. We
assume, as we may, that h;(w’) =1, ¢ = 1,2, since otherwise we divide h; by these constants
for ¢ = 1,2. We note that interior Holder continuity estimates and Harnack’s inequality can be
stated for A1, ho as in Lemma 3.5 with g(-,y) replaced by hi, ho. From Harnack’s inequality
and starlike Lipschitzness of D we see that in order to prove Lemma 3.13 it suffices to show for
some c that

(3.14) ¢t <hi(y)/ha(y) <c forye Blw,r/c).

To prove (3.14), we note as in (2.46) that if ¢/ > 101 is large enough (depending only on p,n, 3),
then the domain {2 C B(w,r) N D, formed by drawing all open line segments from points in
dD N B(w,r/¢) to points in B(w’,r/c), is a starlike Lipschitz domain with center w’ and
Lipschitz constant < ¢(3 + 1). Moreover if p =1/(c’)?, then

(3.15) B(w,1000p) N D = B(w,1000p) N 2.

With ¢ now fixed let ¢’ denote Green’s function for Q. If y € B(w,p/100) N D, choose
§ € 0D N OQ with |y — §| = d(y, d). This choice is possible thanks to (3.15). Let p,, = 2~"p,
pm =2"2p,, for m=0,1,2,... and G; = B(§,p;) NOD \ B(§,pj11) for j =0,1,2,....
From (3.15), (3.3)(¢'), (3.12) with z replaced by points in d B(, po) N OD, Harnack’s inequality,
and the weak boundary maximum principle for L, we see that

2

(3.16) chi(-) = [a(ap(®)]" 7" Pg' (-,a,(y)) and ha(-) < e(Go,-)
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n [B(g,p/2) \ B(a,(y), %)] N . From (3.16) we conclude that to prove hy(y)/

ha(y) = ¢! it suffices to show that

(3.17) &(Go,y) < c[i(ap(@)]” 2" P9 (y,a0(D))-

(3.17) is a consequence of the following claim. Given € > 0 sufficiently small (depending on
p,n, 3) there exists ¢(¢) (depending only on €, p,n, 3 ) such that

&(Gjor,) <ed(Gy,-) +ele) [a(ap, (8)])" 70779 (ap, (§))
in B(g,pj1) N

(3.18)

whenever j = 1,2,.... To prove (3.18) for a fixed j, let ¢ < 10719, and let N be the largest
positive integer < 1/¢’. Set

i—1 i
= i — A*S - 0 | = gLyt .
E;; {geGJ <1+ 100N>p3 I —g| < <1+ 100N)pj} fori=1,2 N

Then
N

(3.19) {E;;}Y are pairwise disjoint, U Ei; CGjand O(E;j,-) =t
i=1

Fij U{ <C, 10000) ﬂQZ CEEij and
3/4 ,—1/4
<1+(100]<,))pg\c yl< (1"‘7(2100](]))/3]}7

as we see from (3.12). From (3.19) we find that if

zeH;;= (QnaB[g, (1+ 100%2) D\Fij’

then d(z,) > € p;/c. Using this fact, Harnack’s inequality, and (3.3)(c) once again we find
for some c(€’) that

on

N 2 pn— ~
(3.20) (e [a(ap, (9))]" r; Pg' (- a,,(§)) =1 on Hy;
for1<:< N,j=0,1,.... Adding (3.19), (3.20) we get that
. . N \1P—2 n— .
G2 @G <1< ed(Ey. ) +ole)ifay, ()] 00 e (an, (7))
on 0BJy, (1 + 110(1){\,2 )piI N ). Using the boundary maximum principle for L we deduce that

(3.21) is valid in B(g, pj+1) N Q. Summing (3.21) for a fixed j from i = 1 to N, we obtain from
(3.19) (after division by N) that

(3.22) O(Go1,) < (¢/N)@(Gy,) + el a(an, @)]" 0579 (-, ()
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in B(g,pj+1)N ). Choose ¢’ so that ¢/N < e or equivalently ce’ = ¢ for some c. Rewriting (3.22)
in terms of € we obtain claim (3.18) provided 0 < € < 1/c and ¢ is large enough.

To prove (3.17) let k be the positive integer with y € B(%, px+1) \ B(, pr12). Iterating (3.18)
from 1 to k& we get

k
(3.23)  @(Go,y) < E@(Groy) +e(0) Y e [a(ap, 3))]" 05 P (v. 0, (7).

j=1
Observe from (3.3)(a’) that Lemma 3.5 holds with g(-,y) replaced by g(y, -). Thus if

d(am (?j), aQ)

(3.24) y¢UB[am(z7), Tl

then from Harnack’s inequality applied to ¢'(y, -), &, we deduce

RN \1P—2 n— - ra N1P—2 _
(325 & Ma(a,, @) 08P (yoap, (7)) < e(1/2) [a(an(@)]" 0" P9 (v, an(3))
for j =1,2,..., provided ¢ is sufficiently small (depending only on p,n, 3). Likewise
(3.26) €O (Gr,y) < (1/2)0(Go,y)

for small e. Fix € > 0 so that (3.25), (3.26) are true. Using (3.25), (3.26) in (3.23) we obtain after
some arithmetic that (3.17) is valid when (3.24) holds. Otherwise we note the existence of y*
satisfying (3.24) (with y replaced by y*) and with |y* — y| ~ d(y*,afl) ~ pi. Then (3.17) is
valid for y* and from Harnack’s inequality it follows that (3.17) is valid for y. From the remark
above (3.17) we get the lower bound in (3.14). Interchanging K1, ho we also get the upper bound
in (3.14). This proves Lemma 3.13. O

We end this section by proving the following lemma.

LEMMA 3.27.— Let w € 8ﬁ,r,f‘ and hy, hs be as in Lemma 3.13. There exist \, 0 < A < 1,
and c* (depending only on p,n, 3) such that

N

‘hl(y) ()| < ly — y’l)khl(af(w))

r ha(an(w))

whenever y,y’ € B(w,7/4).
Proof. — Given § € 8D N B(w,#/2) set

X h
M(s)=M(s,5) = sup — (y),
B(5,s) h2

m(s) =m(s,g) = Bi(ry}fs) Z—;

(¥),

when 0 < s < #/2, where ¢ is the constant in Lemma 3.13. Then h; — m(s)hs > 0 and
M(s)ha—hy =2 0in B(g,s)N D. Observe from Harnack’s inequality that each of these functions
is either positive or identically zero in B(g,s) N D. If both functions are positive then from
Lemma 3.13 with hq, ho replaced by h; — m(s)ha, he, and ho M (s) — hq, ha, respectively, we
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find that if ¢ is the constant in Lemma 3.13 and § = s/¢, then

(@) M(3) —m(s)
(B)  M(s) —m(3)

o>

(3.28) [m(s) - m(sz]

M(s) — M(3)].
If ¥ (t) = ¥(t,g) = M(t) — m(t), then adding (3.28)(«), () we get

P(s) +9(3) <e[(s) —¥(3)]

NN
>

or
(3.29) (E) < S p(s).
c+1
Clearly this inequality is also valid if either of the above functions vanishes. If y, y €
B(w,7/4) N D and |y —y'| > 1555, then from Lemma 3.13 we see that Lemma 3.27 holds. If
ly—y/| <min[g5, d(y, dD) /2] we can use Harnack’s inequality and interior Hlder continuity
estimates for /11, ha to get Lemma 3.27 in this case. Otherwise, choose g € 0D N B(w,#/2) with
ly — g = d(y,0D). Iterating (3.29) starting from s = 7/4 and finishing with s =~ 4|y — v/|, we
deduce for some A\,0 < A <1, and ¢,

‘hl(y) ~ ha(y)
ha(y)  ha(y')

< M(2|y - yllag) - m(2|y - ?/‘7@)

(") Ry

Hence Lemma 3.27 holds in all cases. O

Remark. —Let D, w,r,#, be as in Lemma 3.27 and suppose that f eD \ B(w,87). If hy, ho
are positive solutions to L in D \ {C}, then Lemmas 3.13, 3.27 are valid with 7 replaced by -
Indeed, we can first apply Lemmas 3.13, 3.27, with w,r replaced by ¢, $ = /10, whenever
§ € 0D N B(w,r). Using hy(as(§)) ~ hi(as(w)), i = 1,2, we then get Lemmas 3.13, 3.27 with
7 replaced by 7.

4. Deformation of ring domains and proof of Theorem 1

Let Q" Qj 1 =1, 2, be starlike Lipschitz domains with center Z and Qi_ C_QZT|r fori=1,2.
Let R, R; ,i=1,2, be the corresponding graph functions and let D; = ;" \ Q;, i =1,2. For

fixed p, 1 < p < o0, let u,v, be the p capacitary functions for D1, Ds, respectively. We assume
that
4.1) RS, R € C3°(0B(0,1)) fori=1,2,

and also that w € 9D N 9Dy, r > 0, with

(a) B(w,8r)NDy=B(w,8")N Ds.

4.2) o T _
(b) Either B(w,8) N[Q] UQ; ] =0 or B(w,8)N[R™\ QF UR™\ QF] =0.

We first study properties of the deformation touted above (1.10). To this end we define for
0<7<landw € 0B(0,1),

R*(r,w)=[Rf ()] [Rf )] ™. R (rw)=[Ry )] [R ()] "
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Let QT (7),Q7 (1), be starlike Lipschitz domains with center Z and graph functions, R* (7, -),
R=(7,-), while D(1) = Q*(7) \ Q7 (7) is the corresponding ring domain. For fixed p,
1<p<oo,letu(-,7), 7 €[0,1], be the p capacitary function for D(7). Extend u(-,7) to R™ by
putting u(-,7) =0 on R” \ QF(7) and u(-,7) =1 on Q~ (7). From Lemma 2.1(c) we see that
{u(-,7), 0 <7 < 1} are Holder continuous on R™ with exponent independent of 7 € [0, 1]. From
Lemma 2.5 and the same argument as in the proof of Lemma 2.4, we see that u(-,7), 7 € [0, 1],
has an infinitely differentiable extension to D (7). Moreover, a check of the argument shows that
there exists J, € > 0, for a given nonnegative integer k and fixed s € [0, 1], such that

(—) min |Vu(-,7)| > € provided 7 € (s — 4,5 + 6),
4.3) b() )
(——) the C* norm of u(-,7) in D(7) is uniformly bounded for 7 € (s — 6, s + 6).

Using Ascoli’s theorem on R”, (4.3), and uniqueness of u(-,7) we see that if d'u(-,7) denotes
an arbitrary [-th partial derivative of u(-,7) in D(7) (with respect to x), then for s € [0, 1],

(4.4) lim 0'u(-,7) = d'u(-,s) as T — s, uniformly on compact subsets of D(s).

T—S

Next we consider regularity in 7.

LEMMA 4.5.-Let u(-,-) be as above. Then u.(zx,7) = Zu(z,7) exists continuously
whenever (2,7) € U;e(o1) D(t) % {t}. Moreover for 7 € [0,1], u-(-,7) extends continuously
to D(1) and

(o) u,(-,7) is a solution to (1.7) in D(1) with b;; defined relative to u(-, ),

(B) ur(y,7) = —(y — 2, Vu(y, 7)) log(Ry/ Ry)({4=%) when y € OD(7), where ' = + if
y €N (1) and’ = — if y € 00~ (7).
1

) 10g< E ; ) /%cﬁ whenever a = 0,1 and x € B(w,8r) N D;.

Proof. — We assume, as we may, that 2 = 0. If 7 = 0,1 in Lemma 4.5, then u, should
be interpreted as a limit of one-sided difference quotients. To begin, if & = (&1,...,&,),
w=(w1,...,w,) € R™\ {0}, and 1 <i < n we note that

1

€726 — [w]P 2w, = / e+ (1= Al A+ (1 - Awi]} dx

0

N 1
=) (£—w) aij [N+ (1= Nw d)x),
( [ |

J 0
where for 1 <i,5 < n

(4.6) agj(n) = InP~*[(p — 2)nin; + 6;5|nl?]  forn e R™\ {0}.
In this display ¢;;, once again, denotes the Kronecker delta. Using (4.3), (4.4), and (1.2), we
deduce for given s € [0, 1] that if

U(e) = U, s) = U0 =0T,

S—T
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1
Aij(z) = A (z,7,8) /au [AVu(z,s) + (1 = N)Vu(z, )] d,
0

then, whenever x € D(7) N D(s), T € [s —§,s + 6], and 1 < ,j <

(4.7) ZU(I)Z_Z 5 [Aij(x)U 1=0 onD(r)ND(s).

Moreover, if © € D(7) N D(s), then it is easily seen that

() el Vala, )] + | Vulz, D|[P 2 < Y Ai(e)é;

ij=1
(4.8) whenever £ € R™ \ {0},
() Z |Aij ()] < || Vulz, s)| + |Vu(z, ) Hp_Q,
1,5=1

where ¢ depends only on p,n
Given e, > 0 small, choose 7, d> > 0 so small that

(tw,7) — Vu[(1 = 61)RT (s,w)w, 7] ‘
+|Vu(tw,7) = Vu[(1+ 61)R™ (s,w)w, 7] | < e1

4.9)

whenever t € [(1—6;)R* (s,w), R (1,w)], t € [R™(7,w), (1+61) R~ (s,w)],and w € IB(0, 1),
7 € (s — 02,5+ 02). Also, we require

(4.10) ‘Vu(y,s) — Vu(y,T)’ <e; onDyUTyifT€ (s— 2,8+ d2)

where

Iy ={(1-6)R"(s,w)w: wedB(0,1)},

Iy ={(146)R (s,w)w: wedB(0,1)}.
This choice of d1,d2 > 0 is possible thanks to (4.3), (4.4). Let y € 9[D(s) N D(7)], for
some T € (s — 02,8 + ) with y/|y| = w. Let a1 = min{R/'(7,w), R'(s,w)} and ag =
max{R'(T,w), R'(s,w)} where ’ = + if y lies in the unbounded component of D(7) N D(s)
while " = — if y is in the bounded component of D(7) N D(s). We note that

Uly,,s) /625 (tw,T,s)d

where the — sign is taken if / = + and the + sign if ' = —. Using this note (4.9), (4.10), and the
chain rule, we deduce that

R/ (r,w) — R'(s,w

S—T

4.11) Uly,T,s) = ){e+ [R'(s,w)]_1<Vu(y,s),y>}

where |e| < 3¢;. Since

R (s,w) = [R/(s,w)] log(Ry/Ry)(w) for” € {+,—},
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we conclude from (4.11) that U (-, 7, s) converges uniformly on 9[D(7) N D(s)] to the right-hand
side of Lemma 4.5 (3) as 7 — s in the sense that given e > 0, there is a d3 > 0 such that

4.12) ‘U(y”’s) + o Vuly, o)) log(Fa/ Rl)( |)‘

forall y € 9[D(7) N D(s)] and T € (s — d3,5 + J3). Let ¢ be a classical solution to

(4.13) L= Z [ a‘/’}o in D(s)

2]1

with continuous boundary values

(4.14) w(y):—<y,Vu(y7s)>log( /R’)(| |> on dD(s).

Here b;;(z) = a;;(Vu(z,s)), 1 <4,j <n, x € D(s), and a;; are as in (4.6). Since (b;;) are
uniformly elliptic it follows from the usual minimizing argument that

(4.15) / Vo2 de < M < oo.
D(s)

To prove Lemma 4.5(«), (3), we need to show that ¢ = u(-, s). To this end, we observe from
(4.3), (4.4), (4.8) that A;;(-,s,t), 1 <i,j < n, are uniformly elliptic and Cl1=1,2,... with
ellipticity and norm constants in D(s) N D(7) that are independent of 7 € (s — d3, s + d3). Also,
from (4.12), (4.7), (4.8), and the boundary maximum principle for L we see that the functions
U(-,,s) are uniformly bounded in D(s) N D(7), T € (s — d3,5 + 03).

Using the above facts and Schauder theory, we find that if limy_,, 7 = s, then a subsequence
of {U(-, 7y, s)} converges in the C' norm on each compact subset of D(s) forl =0,1,2,.... Let
V be such a limit. From these remarks and (4.7), (4.8), we deduce that LV = 0 in D(s) where L
is as in (4.13). Let

o1(x) = max(U(x,T, s) —(z) — 26270)7

¢o(x) =min(U(z, 7, s) — 1b(z) + 2€2,0)
when z € D(s) N D(7) and 7 € (s — 03,5 + 03). From (4.12) we see that ¢y, k = 1,2, vanishes
continuously on 9[D(s) N D(7)]. This fact and (4.7) imply

> AijUs, ($1)r, dz =0 = / > bigtha, (1), da

D(s)ND(r) HI=1 D(s)ND(r) BI=1

for k = 1,2. This equality, (4.3), and (4.8) yield for some 0 < K < oo, depending on various
smoothness constants but independent of s, 7 € (s — d3, s + d3), that

K / VU (-, 7,5) — V| da

D(s)ND(T)N{|U—|>2€2}

< [ Y A a1+ b

D(s)ND(r) BI=1
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n

= / Z (bij — Aij)tba,; (D1 + P2)a, da.
D(s)nD(r) BI=1

Using Cauchy’s inequality with €'s, (4.3), (4.4), (4.8), (4.15), it follows for some K7 having the
same dependence as K that

VU (-, 7,5) — V| do < K, S bi; — Ayl? V| da — 0

D(s)ND(F)N{|U—p|>2e2} D(s)ND(r) BI=1

as 7 — s. Using Fatou’s lemma and Poincaré’s inequality, we conclude that

[V — [ da
(416) D(s)ND(T)N{|V —|>2e2}
glikminf / ‘U(-,Tk,s)—wfdzzQ

D(s)ND(7)N{|U—|>2e2}

Since €3 > 0 is arbitrary we deduce from (4.16) that ¢ = V. Since every subsequence of
{U(-,7,$)} must converge to 1) we conclude that us = 1. Thus Lemma 4.5(«), (), holds. Con-
tinuity of u, as in Lemma 4.5, is a consequence of (4.3), (4.4), Lemma 4.5(«), (), and Schauder
theory. Finally Lemma 4.5(y) follows from continuity of u, the fact that 0 < u(-, s) < 1in D(s),
the fundamental theorem of calculus, and the observation that (4.2) yields, « € D(s), s € [0,1],
whenever x € B(w, 8r) N D;. The proof of Lemma 4.5 is now complete. O

We now consider some applications of Lemma 4.5. We show that under certain deformations,
a boundary Harnack inequality applies to the integrand in Lemma 4.5(-y) for each fixed 7. Thus
we will essentially obtain Theorem 2 in certain special cases. To prove Theorem 2, we shall
deform 151 into Dy by a series of such deformations, ending in Section 5. At the end of this
section we pause to deduce Theorem 1 from Lemma 4.34. To begin suppose that D = QT \ Q~
is a starlike Lipschitz ring domain with Lipschitz constant (3, center Z, and graph functions
R*,R™. Let u be the p capacitary function for D. As in Theorem 2 we assume for w € 9D,
r > 0, that

(4.17)  2¢ B(w,16r) and either B(w,87) N Q~ =0 or B(w,8) NR"™\ QT =.

We prove

LEMMA 4.18. - Givenp, 1 <p < oo, let D, R*, R™,u, be as above. Let w, T, ? satisfy (4.17)
and suppose that w € Q. If RY, R~ € C>(0B(0,1)), then there exists a starlike Lipschitz
ring domain D* = QT \ B(2, p) with p = d(2,007) and the following properties:

() B(w,8)N B(2,2p) =0 and B(2,2p) C QT

() If u* denotes the p capacitary function for D*, then for some c

e (aw) _w(z) _ w(an(w)

w(ar(w) = uz) S Cula(w)

(k) Let u* be as in (j) and w1, ws € B(w,r/2) N D. Then there exist c,\, 0 < X\ < 1, such that

o)) | (1o ual)

u(wsg) /u*(we) r

whenever z € B(w,r/2) N D.

u*(wy)/u(w)

w (ws) fu(wz) 1’ "
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Moreover if (i) holds with p replaced by p and u is the p capacitary function for D =
QT \ B(2,p), then (§), (k) are valid with either u, D or u*, D* replaced by @, D.

Proof. —In Lemma 4.18, A, ¢ and the proportionality constant for p/d(2,0Q") depend only
on p,n, 3. In the proof of Lemma 4.18 we assume, as usual, that Z = 0. We consider two cases.
First suppose that

(4.19) Q™ NoB(0,d(0,00%)/4) #0.

In this case since 2~ is starlike Lipschitz, we can choose ¢/, depending only on p,n, 3, to be the
largest number such that if p = d(0,0Q%)/c’, then

(4.20) B(0,2p) C Q.

(i) of Lemma 4.18 follows from (4.17), (4.20). Let R, (w) = pw when w € 0B(0,1) and set
R = R* fori=1,2, R = R™. Applying the deformation at the beginning of this section,
with Dy = D, Dy = D*, we get u(-,7), the p capacitary function for D(7) = QT (1) \ Q= (7).
From (4.20) and starlike Lipschitzness of Qt we see that 2 < R~ /p < c¢. This inequality,
Lemma 4.5(3), and Lemma 2.5(i) imply that , =0 on 9Q* and

4.21) 0<—u, < —c<m,Vu(x)>
for x € 9Q~ (7). Since u,, (x, Vu(z, 7)), both satisfy (1.7), (1.8) with (b;;) defined relative to
u(+,7) in D(7) it follows from the weak maximum principle for this divergence form equation
that (4.21) also holds in D(7). Let

(1) =sup{s: B(w,25)NQ (1) =0}.
From (4.20), (4.17), and the definition of R(7,-), we see that r is increasing and continuous
on [0,1] with 7(0) > 4r,7(1) > p. Next we note that Lemmas 3.13, 3.27 can be applied with

h1, ho replaced by —u., (-, 7), u(-,7) and DN B(w,8r) by D(7) N B(w,2r(7)). Using this note,
Remark at the end of Section 3, and Lemma 4.5(v) we get for wy, ws € B(w, ),

1%Cﬁfﬂ—b%fﬁﬁﬂ<j

() [

where a,(y(w) is defined relative to D(7). If (0) > p/1000, we deduce from Lemma 2.5 that

ur(wy, ) ur(we,T)

dr

u(w,T) u(wa, T)
(4.22)

—Ur (Ap(r) (W), T)

u(ar('r) w)a 7_)

(4.23) <e

Using (4.23) in (4.22) we find for wq, w9 € B(w,r) that

(429 P%Cﬁﬁo‘bqugﬂg%ﬂ%ﬂﬂY‘
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Choosing wy = a,(w) € D N B(w,r), and exponentiating (4.24) we conclude that (j) of
Lemma 4.18 is valid. (k) follows from (j), (4.24), and the fact that |logt|/|t — 1] is bounded
below for ¢ € (0,¢] by a constant depending only on p,n,3. If 7(0) < p/1000 we choose,
T1, T2y« -y Tm € [0,1], so that 7;, 1 < i < m, is the value in [0, 1] with r(7;) = 2%r(0), 1 <i < m,
and p/1000 < 7(7s,) < p/500. Also let 7,,+1 = 1 and note that 71 = 0 by definition. We claim
that

(4.25) 0<Tiy1—m<er(m)/p forl<i<m.

To prove this claim observe from the definition of r(7) that there exists w;, 1 <4 < m, such that
w; € 0B(0,1) and R~ (74, w;)w; € O0B(w,r(7;)) fori=1,2, ..., m. From the definition of 7; we
see that

(426) R_(Ti,wi)/R_(Ti+1,wi+1) § ecr(‘r,;)/p.
On the other hand from the definition of R~ (7,-) and the definition of 7; we deduce that

R*(Ti,wi)

—[p—( (Tit1=7i) [p—¢ . YNGR
@) Rl G/ (R~ (wis)/ R ()]

> e—cr(n)/pz(ﬂ+1—7’1ﬂ) .

Combining (4.26), (4.27) and then taking logarithms, we get claim (4.25).
Observe from Lemma 2.5 and (4.21) that

7’LL-,-(CL7.(”)(’LU),T) < cp

(4.28)
War(r)w),r)  T(7)

whenever 7 € [1;, Ti41], 1 <i<m.

Applying Lemmas 3.13, 3.27, as above, and using (4.25), (4.28) we find for w;,wy €
B(w,r)N D that

Tit1 \ Titl
/ uT(wlﬁT) _ uT(w27T) dT<C<|w1_w2|> / —U-,-(CLT(-,-i)(U)),T) dr
429 2 u(wy,T) u(ws, T) S () J w(ay(r,y (W), 7)
A A
< ¢9—iA |wi — we < (9~ lw1 — wo
= r(0) = r '

From (4.29) and Lemma 4.5(vy) we conclude for wy,wy € B(w, ) that
(1) ONPE
u*(wy u* (wo
lo —lo < /
‘ g( u(wn) g( u(uws) )’ ; w(wr,7)  u(ws,7)

m—1 A
<CKZM>+1 (“"”) |
r
=1

From (4.30) we see first that (4.24) is valid and second that Lemma 4.18 holds for our choice
of p when (4.19) is true.
If (4.19) is false, choose ¢ to be the largest number in [0, 1] with

u‘r(th) . UT(’UJQ,’T) dr

(4.31) {@: u(z) >t} NdB(0,d(0,007)/4) #0.
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Then from Lemma 2.5 we see that min(u/¢,1) is the p capacitary function for the starlike
Lipschitz ring domain, D = {z: 0 < u(x) < t} with Lipschitz constant depending only on
p,m, 3. Let p be the largest number so that B(0,2p) C {z: u(x) > t}. We can now repeat our
earlier argument with D,u /t replacing u, D. Doing this we get Lemma 4.18 for u/¢. Clearly we
can replace u/t by w in (5), (k) of this lemma. The proof of the first part of Lemma 4.18 is now
complete.

If j is as in Lemma 4.18, we can use Lemma 4.5 to deform D* into D. Using the above
argument with either B(Z,p) or B(Z, p) replacing 2~ we get Lemma 4.18 for u*, @. Clearly
Lemma 4.18 for u,v* and u*, u implies Lemma 4.18 for u,u. O

Next we state an analogue of Lemma 4.18 when w € 992~

LEMMA 4.32.—Given p, 1 < p < oo, let D,R™,R™,u, be as in Lemma 4.18. Let w,r,3
satisfy (4.17) and suppose that w € OQ~ . If RT, R~ € C*°(9B(0,1)), then there exists a starlike
Lipschitz ring domain D* = B(2, p) \ Q~ with p =~ d(2, D) and the following properties:

(i") B(w,87)NB(2,p/2) =0 and Q= C B(2,p/2).

(") If u* denotes the p capacitary function for D* and uy =1 — u, u, = 1 — u*, then for

some c,

U (ar(w))

-1 u(ar(w)) Uy (2)
c e (an(w)) < e (2) < cu+(a,.(w)) whenever z € B(w,r/2) N D.

(k') Let uy,u, be asin (j') and wy,ws € B(w,r/2) N D. Then there exist ¢c,\, 0 < A < 1,
such that

welwfuam) | (o))

Moreover if (i') holds with p replaced by p and 1 is the p capacitary function for D =
B(2,p) \ Q, then (j'), (k') are valid with either uy, D or u., D* replaced by 1 — @, D.
Constants have the same dependence as in Lemma 4.18.

Proof. —Let s~ = maxpp(o,1) 2~ and st = maxpp(o,1) R*. Again one considers two cases.
If

(4.33) B(2,457)NoQT £ 10

put p = 2sT and define D* as in Lemma 4.32. Arguing as in the case when (4.19) of Lemma 4.18
held, we obtain (i'), (57), (k') of Lemma 4.32. If (4.33) is false we choose ¢ to be the smallest
number in [0,1] with {z: 0 < u(z) <t} N B(2,4s57) # (. In this case we put D = {z: t <
u(x) < 1},4 =max{(u—t)/(1 —t),0} and note from Lemma 2.5 that D is starlike Lipschitz
with Lipschitz constant depending only on p,n, (. Let § = max{|z — 2|: = € D} and set
p = 25. Define D* u* as previously relative to p. Proceeding as in the first case with w4, D,
replaced by 1 — 4 = %,ﬁ, we get Lemma 4.32 for 1 — @, u,. Since (j'), (k') are unchanged
upon multiplying a given function by a constant, we conclude that the first part of Lemma 4.32
holds in this case also. To prove the second part of Lemma 4.32 we use Lemma 4.5 to deform
D* into D and argue as in the first part of this lemma. O

LEMMA 4.34. — Let Qj‘ i = 1,2, be starlike Lipschitz domains with center Z and C* graph
functions, Rj. Let D; = QF \ B(2,p1) and suppose for fixed p, 1 < p < oo, that u; is the p
capacitary function for Dy, i = 1,2. If w € 0Q] N0QT, r, p1 > 0, assume that
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B(w,8) N QY = B(w,8) N QT B(w,87) N B(2,2p1) =0,
B(2,2p1) CQf  fori=1,2.

Then (j), (k) of Lemma 4.18 are valid with u,u* replaced by wuy,us. ¢, \ depend only on p,n
and the Lipschitz constants for D;, i =1, 2.

Proof. — As usual we assume that 2 = 0. We employ the same strategy as in the proof of
Lemma 4.18. Applying the deformation at the beginning of Section 4, we get u(-,7),7 € (0,1),
satisfying Lemma 4.5. For fixed 7 € [0,1] let g(-,y) be Green’s function for D(7) and the
operator L in (1.7) with pole at y € D(r). Here (b;;) are defined relative to u(-,7). Then
u(+,7),9(-,y) have C* extensions to D(7) and since Vg, Vu are both parallel to the inner
normal at a given point of dD(7), we have

(4.35) Z bij9z;9c; = (P — 1)\Vu\p_2’Vg(~,y)|2 on 0D(T).

i,j=1
Let
E; =0Q%(1)N [B(w,er) \B(w,2j*1r)] forj =4,5,...,m,

where m is the first positive integer with E; = () for j > m. If y € D(7), let

X

Lw=-6-1 [ <x,Vu<x,T>>log<R;/Rf>(

J

m) [Vu(e, )" |Vg(a,y)|dH" (@).

From (4.35), (3.6), and Lemma 4.5 we see that

m

(4.36) ur(y,7) = Z I;i(y) wheneverye D(7).
j=4

Let 3; be the Lipschitz constant for D;, i = 1,2, and set # = sup{s: B(w,2s) N B(0,p1) = 0}.
We note that

4.37) #~d(0,00% (7)) ~ diam D(r)

with proportionality constants depending only on 31, 32, p, n. From (4.37) and Lipschitzness of
log R;, i = 1,2, we find that

(4.38) llog(R3 /RY)| < c2r/f onEj;, 4<j<m.

Let k be the largest positive integer with Ej, C B(w,#). From Lemmas 3.13, 3.27, and (3.3)(¢’),
we observe for { € D(7) near apointof E;, 4 < j < k, and wy, w2 € B(w,r)N Dy, as in Remark
at the end of Section 3, that

g(val) g(C,UJz)

u(<77-)u(w177—) - U(C,T)’U,(’LUQ,T) b

A
<c (u}lTrwﬂ) (Qj(p_")rp_")u(ayr(w), T) P

c<'“’1 —w2>Au( 9(¢ a1, (w))

2y ¢, m)u(agi,(w), )

(4.39)
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A similar argument yields (4.39) with a,;,.(w) replaced by a;(w) when k < j < m. Letting
¢ — x € E; we obtain from (4.39) and smoothness of u(-,7), g that

Vg(z,wi)|  [Vg(z,ws)|
[Vu(z, 7)|u(wy, )  |Vu(z,7)u(ws, )

c(@)k@jﬂp—nu(@j,«wm)‘p

21r

(4.40)

when 4 < j < k. If k < j < m, we replace aq;,.(w) by as(w) in (4.40). We can now use (4.40),
(4.38), (4.37) to estimate ;. If 4 < j < k and wy, wq € B(w,r) N D we find

Li(wi)  Ij(ws)
u(wy, T Wo, T)

) u
<02jr/|Vu(:c,T)|p
Ej

Vg (x, w)| Vg (x, ws)|

o n—1 T
[Vu(z,7)|u(wy,7) |Vul(x,7)u(ws, ) dH™(z)

(4.41)

A
<c</vupdx><|w12jrw2|) (2j(p+1—n)rp+1—7z)u(a2jr(w),7_)—10.
E;

From Lemma 2.39 and Lemma 2.35(b) we deduce for 1 < j < k that
(4.42) /|Vu|p dH™' < cu(azjr(w),T)p(Z-jr)"_l_p.
E;

Putting (4.42) in (4.41) it follows that

Li(wi)  Ij(ws)

(4.43) w(wy, )  w(wsa,T)

A
<2792 (L}l — w2)
~X .

r

A similar argument yields that (4.43) also holds for £ < j < m. Note that m — k < ¢, thanks
to (4.37). From this note, (4.36), (4.43) we see that
( |w1 — wg‘ > A
cl ——— .
r

m
<>
j=4

Using (4.44) and (4.5) (vy) as in (4.22) we conclude that for wy,ws € B(w,r) N D,

@ () (e < (L)’

(4.45) is easily seen to imply Lemma 4.34 (see the discussion after (4.24)). O

ur(wy,T) Ur (wa,T)
u(wy,T) u(wa, T)

Li(wy)  Ij(ws)

(444 w(wy,7)  w(wa,T)|

Next we state a version of Lemma 4.34 when w € 0Q2; N €, .

LEMMA 4.46.— Let 2, i = 1,2, be starlike Lipschitz ring domains with center Z and C'*°

graph functions, R; . Let D; = B(0,p1) \ Q; and suppose for fixed p, 1 < p < oo, that u; is the
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p capacitary function for D;, i =1,2. If w € 0Q] N0, r, p1 > 0, assume that
B(w,8r)N Q] =B(w,8r)NQ;, 2¢ B(w,16r), Q7 C B(2,p1/2), i=1,2.
Then (j'), (k') of Lemma 4.32 are valid with u, ,u., replaced by 1 — uy, 1 — uy. ¢, \ depend

only on p,n and the Lipschitz constants for D;, 1 =1, 2.

Proof. — The proof of Lemma 4.46 is essentially identical to the proof of Lemma 4.34. We
omit the details. O

Proof of Theorem 1. — We now use Lemma 4.34 to prove Theorem 1. First we claim that

Lemma 4.34 remains true without the assumption that

4.47
4D RS €C>(8B(0,1)), i=1,2.

Indeed, let {R mr-i=1,2,m=12, ..., beasequence of C>(0B(0,1)) real valued functions
with

(a) \|R7m||33(01) cB; fori=1,2,m=1,2,....

(4.48) (b) R{, — R} uniformly on 9B(0,1).
T—2Z
: B —1 D.
== x € B(w,8r /m)}ﬁa

(¢) R{, =Rj, on {

In (4.48)(a), c depends only on n. Existence of {R ) satisfying (4.48) is easily shown. For
example extend R;, i = 1,2 to R™ \ {#} by putting R:r( ) = RS (%=%) when x € R\ {2}.

Je—2]

One can take log Ram =log Rj % 0., forcertain €, >0, m=1,2,..., with lim,, ,cc€m = 0.
Here 6 € C5°[B(0,1)] with [, 0dxr =1 and 0 (z) = 6_"9(1}/6), x € R™. Also, * denotes
convolution on R™. Let Q;‘)‘m be the starlike Lipschitz domain with center Z and graph function
R}, fori=1,2,m=1,2,.... Put D;,, = Qf \ B(%,p1) and let u; , be the p capacitary
functions for D; ,,,. From (4.48) and Lemma 2.2 we see that u; ,,, D; , converge to u;, D;
in Holder and Hausdorff distance norms, as m — co. We apply Lemma 4.34 with w;, D;, 8r
replaced by u; ., D m, 87 — 1/m. Since the constants in Lemma 4.34 depend only on p,n and
the Lipschitz constants for D; ,,, we can let m — oo and conclude that (4.47) is true.

Let @,,7,w,¢,G be as in Theorem 1 and let w = w + 7e,. As in (2.46), observe that if c is
large enough (depending on p, n and the Lipschitz norm of ¢), then the domain Q@ C GN B(w,r)
obtained from drawing all open line segments from points in B(w,r/c¢’) N @G to points in
B(w,r/c’) is Lipschitz starlike with center @ and Lipschitz constant < ¢(|||V¢|||so + 1), where
c depends only on n. Let 7’ = ;= and let u be the p capacitary function for D = Q\ B(w,'/4).
Since @(w) = 1 = 9(w), it follows from Harnack’s inequality and the weak maximum principle
for the p Laplacian that

(4.49) cmin(a,9) >w in D.
Let

- Yy — W

R(w)=|y—w| whenw= P and y € B(w,r") NG,
in—{ Vo yeB(w,Qir’)} fori=0,1,2,
ly — |
L=supR.
Ko
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From our construction, we observe for some ¢ (depending on p,n, and the Lipschitz constant
for ¢) that

(4.50) min{d(K,,0B(0,1)\ K, ),d(K1,0B(0,1)\ Ko)} = ¢ "

Let 0< a <1, a € C§°(R™), with =1 on K3 and « =0 on 0B(0,1) \ K;. We can choose «
so that

4.51) Va|<e
thanks to (4.50). Let

/oy JalogR+ (1 —a)log(2L) whenw € K,
log R (w) = {log(2L) whenw € 9B(0,1) \ K.

Using (4.51) it is easily shown that

[log R'[|op(0,1) < ¢([| log Rl|ax, +1).

Let ' be the starlike Lipschitz domain with center at w and graph function R’. Let D' =
'\ B(w,r'/4) and let v’ be the p capacitary function for D’. Then from our construction,
the fact that L > ¢r’, Lemma 2.2, and Harnack’s inequality we deduce first that cu’ > max(, 0)
on G N OB(w,3r’/4) and second from the weak maximum principle that cu’ > max(a,d) in
GNB(w,3r’ /4). Using this inequality and (4.49) we conclude that to prove Theorem 1 it suffices
to prove this theorem for u, u’. Now from our construction it is easily checked that the hypotheses
of Lemma 4.34 are satisfied with u, us, r replaced by u, v/, 7’/100 so Theorem 1 holds for u, u'.
From our earlier reasoning we conclude that Theorem 1 is true. O

5. Proof of Theorems 2, 3, and 4

Let D;,i= 1,2, be as in Theorem 2 with centers &, y and corresponding p capacitary functions
Ui, 1 = 1,2. We note that Lemmas 4.18, 4.34 imply the validity of Theorem 2 when w € 8ﬁi,
i = 1,2, lies in the unbounded components of R™ \ D, i= 1,2, and £ =y (i.e. ﬁi, i=1,2 have
the same center). Moreover, Lemmas 4.32, 4.46 imply the validity of Theorem 2 when w € GDi
lies in the bounded components of R™ \ Di, 1=1,2, and & = ¢. Indeed, the C*° smoothness
assumption on the various graph functions in the above lemmas can be done away with as in
(4.48). Also, if w lies in the unbounded components of R™ \ Di, 1 =1,2, and T = g, then we can
first use Lemma 4.18 to reduce the proof of Theorem 2 to the case when D; = Q" \ B(&, p1),
1 =1,2, where 8f21+ is the outer boundary of D;. Applying Lemma 4.34 we then get Theorem 2.
A similar argument holds when w lies in the bounded components of R™ \ Dy, i= 1,2, and
Z =g. Thus

5.1 Theorem 2 is valid when 151, f)z have the same center.

To complete the proof of Theorem 2 we need to consider the case when 2 # g. To this end
recall that w € 9Dy N d D, with

(5.2) B(w,2r)N Dy = B(w,2r) N Dy.

Also, B(w,8r) does not contain any points in either both bounded components or both
unbounded components of R™ \ D;, i = 1,2. Once again we consider two cases. If w lies in

ANNALES SCIENTIFIQUES DE L’ECOLE NORMALE SUPERIEURE



802 J.L. LEWIS AND K. NYSTROM

the unbounded component of R™ \ D; for i = 1,2, let R;” be the corresponding graph functions
for the outer boundary of D;, i = 1,2. Put Qf = {& + tR} (w)w: w € dB(0,1), 0 <t < 1}
and QOF = {§ + tR (w)w: w e dB(0,1), 0 <t < 1}. From Lemma 4.18 we see that since
w e 8(21" N 8@3‘ we may also assume that

ﬁlzér\g( ,p1), D2:Q; B(g7p2)7

z
5.3) A R
where py &~ d(&, 00 ), pa = d(7,007).
Moreover,
(54 B(w,87) N [B(&,2p1) U B(§,2p2)] = 0.

Given z € B(w, )N 8151-, i = 1,2, we claim that it suffices to show there exists ¢, depending only
on p,n, and the Lipschitz constants for Q;, i = 1,2, such that if z € B(w,r) N0 ,i=1,2,
then

5.5 the conclusion of Theorem 2 holds with w, r replaced by z,r/c.

In fact assuming (5.5) one can cover B(w,r) N af)i, i=1,2, by at most ¢ such balls to
get Theorem 2 near B(w,r) N dD;. One can then use interior Holder continuity and Harnack
estimates for 11, 1o (see Lemma 2.1) to get Theorem 2 for the rest of B(w,r) N D7 . Hence we
prove only (5.5). Let z € B(w,r) N 8@:“, 1 =1,2, and let [ denote the open line segment drawn
from 2 to z. Let 3; be the Lipschitz constant for Dy. If ¢ € 1, let Q = Q(¢), be the domain
obtained from drawing all open line segments connecting points in B((, |¢ — z|/¢’) to points in
B(z,|¢ — z|/¢) N &QF. If ¢ is large enough (depending only on p,n, 3;) and |¢ — z| > 7/8,
it follows from the same reasoning as in (2.46) that ) is starlike Lipschitz with center at (,
constant < ¢(3; + 1), and Q C D;. Let D(¢) = Q(¢) \ B(¢, 11¢ = 2|/¢’). We note that if
€ € B(C,}IC — 21/¢), then

(5.6) D(() is also a starlike Lipschitz ring with center at £ and constant < ¢(5; + 1).

Let ¢; €1 be such that |(; — z| = r/8. From our construction it is easily seen that there exists
0 < 6 < 1/2 (depending only on p,n, 3;) and a sequence {¢; }} with

(a) %21“}, 1<i<N -1,
i — <

(5.7)
(b)  Ci+a 6B(Q,i|§i —z|/c’> forl<i<N-—-1 andﬁ:eB(CN,iCN —z|/c’>.

Let v;, ¢ = 1,2,...,N, be the p capacitary function for D(({;). From (5.6) we see that
D(¢), D(Ci41) are both starlike Lipschitz with respect to ;1. Also v1 &~ vy &~ 1 at a point
in D(¢;) N D(Cigq) with distance ~ |¢; — z| from dD;, i = 1,2. From these facts, (5.1),
(5.6), and our construction we see that Theorem 2 can be applied with 41, G2, r,w replaced by
Viy Vg1, %,z to get first, for ¢ > 10°¢, that v; /vy < ¢ on B(z,|¢; — z|/¢) N Dy whenever
j,k € {i,i+ 1} and thereupon, from (5.7), that

< c('wl _w2|)A <c(146)"2 (Ll _w2|)A

|G — 2] r

(5.8)
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whenever w;,wy € B(z,7/c) N D;. Summing this inequality we deduce that
() (312)
vy (wy) vy (wa)
N [ (i1 (1) i (1) jun — wa )
log< i1 1>—log( i1 2>‘<C( 1 2) .
v; (wy) v; (ws) r

5
i=1
In view of (5.1), (5.6), (5.7), we see that Theorem 2 can also be applied to vy, @1 . Doing this and
using (5.9) we get

e () - et <o)
(5.10) log —log L<c| ———=
vy (wy) vy (wa) r

whenever wy,ws € B(z,r/c) N D and ¢ s large enough, depending only on p,n, 3;.

Let (32 be the Lipschitz constant for Dy and let 1 be a point in Dy on the line segment from
§ to z with |n — z| = /8. Let H(n) be the domain obtained from drawing all infinite rays with
tips in B(1, |n — z|/¢’) through points in B(z, |n — z|/¢/) N 9Q5 . Let Q(n) = H(n) N Dy. If ¢ is
large enough, it follows as in (2.46) or the construction of £2(¢), that ©2(n) is the union of all open
line segments joining points in B(7, | — z|/¢’) to points in B(z, |n — z|/¢’) N Q. Thus Q(n)
is starhke with respect to centers in B(n, %r /') and starlike Lipschitz with respect to points in
B(n, = 357/¢’). Again ¢’ and the Lipschitz constant can be chosen to depend only on p,n, 3>. Let
D(n) =Q(n) \ B(n, 15r/c') and let v be the p capacitary function for D(n). Arguing as in the
proof of (5.10) we deduce that

i (w1) iy (w2) Jwy —wa |\
(5.11) log( ) —log< )‘<C(7>

v(wy) v(ws) T
whenever wy,ws € B(z,1/c) N Dy and ¢ is large enough, depending only on p, n, 8. With ¢/
now fixed we draw the closed line segment I’ connecting 1) to ¢;. If y € I’ let ' (y) be the union of

all open line segments connecting points in B(y, §7/c’) to points in B(z, gr/c’)N oD;,i=1,2.
We claim that

1,
(5.12) G=J @ cr"\ {B(z,gr/c)ﬂaQﬂ

yel’

so that Q(y), y € I', is starlike Lipschitz with respect to any point in B(y, 357/c). Indeed,
otherwise we first observe that

L= B(y',%r/c’) CR™\ [B (z,%r/c’) maﬂﬂ

y' el

since a ray drawn from a pomt in B(n, 1 gr /') through a point in B(z, gr/c’) N 093 can never
reenter Do once it leaves Dy and B((y, g7/c’) C Dy. Using this observatlon we see that if (5.12)
is false, then there are points P,Q, R with P € L, Q, R € B(z, S7"/c n 8(21- ,1=1,2, such that
the line segment I; from P to ) contains R. Choose P, € §2(¢1) and P, € ©(n) such that the
line segment, I, from Py to P, is parallel to I’ and contains P. Let l> be the line segment from
P; to Q. Then Py, P>, P,Q, R all lie in a two-dimensional plane and P lies outside the triangle
with vertices P;, P, R. Draw the infinite ray, P through R. Let o denote the part of this ray
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connecting R to co. Then by our choice of (7)), we must have o C R™ \ D,. However clearly
o must intersect the open line segment [* from P; to () and

I* € Q(¢1) € Dy N B(w,2r) = Dy N B(w, 2r)

thanks to our construction of €2({; ) and (5.2). We have reached a contradiction. Thus claim (5.12)
is true. From (5.12) we can conclude that D(y) = Q(y) \ B(y, $57/c’) is starlike Lipschitz with
center at £ and constant depending only on p, n, 81, 32, whenever £ € B(y, %r /c)and y €l
We can now use Theorem 2 at most ¢ times, as in the proof of (5.9) in order to conclude that

o () ) <o(2)
(5.13) log — log <c| ———
v(wy) v(ws) r
provided wq,ws € B(z,7/¢) N Dy and cis large enough (again depending only on p, n, 31, 32).
Combining (5.10), (5.11), (5.13), we deduce first that (5.5) is true and thereupon, from our earlier
remarks, that Theorem 2 is true when w lies in the unbounded components of R™ \ ﬁi, i=1,2.
Using essentially the same argument we can deduce Theorem 2 when w lies in the bounded

components of R" \ D;, i =1,2. One small change in the proof is to choose d so large that rays
drawn from B(n, gr/c) through points in B(z, §7/c’) N 8D, cannot reenter Dy in B(w,2r).

Then Q(n) = B(w,2r) N H(n) N Dy is the union of line segments joining points in B(7, ir/d)
with B(w,r/c’) N Dy and the proof of (5.13) is unchanged. We omit the rest of the details. The
proof of Theorem 2 is now complete.

Proof of Theorem 3. — Let D be the starlike Lipschitz ring domain in Theorem 3 with center
% and p capacitary function u. Let u = u* — pu~ be the measure corresponding to u as in
Lemma 2.35. Let w € D, r be as in (1.12) and recall from Lemma 2.39 that du/dH" ! =
+kP~1 on B(w,8r) N D where the + sign is taken if w is in the outer boundary of D while the
— sign is taken if w lies in the inner boundary of D. Moreover, applying Lemma 2.39 with w, r
replaced by y € B(w,8r) NJD and s so that B(y, 8s) C B(w, 8r), we deduce

. p/(p=1)
kP dH™ ! < es™ vt / Ep—1 dH”1> .

B(y,s)NdD B(y,s)NdD

The above inequality and Lemma 2.35(b) imply (see [18]) that for some ¢’ > p (depending only
on p, n and the Lipschitz constant for D) that

/ q'/(p—1)
(5.14) / ) P s e ( / =1 dH”l) :
B(w,3r)NdD B(w,3r)NdD
Let y € 9D N B(w,2r) and z € T'(y) N B(y,r/4), where T'(y), y € B(w,2r) N D, is defined

for a fixed constant b above (1.13). From Lemmas 2.35 and 2.5 with w, x replaced by v, z and
s =]z —y|, we obtain that

|VU(z)f <cmin{u(z),1 —u(z)}/s < cPs™! [s"~"|u(B(y, s)) H 1/(p—1)

(5.15) 02{31” / kP~tdH" ! <c2[M(kP*1)(y)]1/(p71)

B(y,s)NdD

} 1/(p—1)
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where

M(f)y) = sup [sl” / de”l}
0<s<r/4 By.s)
Y,s

whenever f is an integrable function on 9D N B(w, 4r). Let

N(IVul) )= sup  |Vul.
'(y)NB(y,r/4)

Then from (5.14), (5.15), and the Hardy-Littlewood maximal theorem, we get for ¢ = (¢’ +p)/2
that

/ Ni(|Vul)dH" " <c / M (kp~1yo/ (=1 gt

B(w,3r)NoD B(w,3r)NoD

(5.16) a/(p—1)
<A e / Jp—1 dH”l) .

B(w,3r)NdD

Using Lemma 2.3 we see that |[Vu(z)| < cr~! when z € T'(y) \ B(y,r/2) and y € dD. Thus
N(|Vu|) < Ni(|Vu|) + cr=t on D N B(w,2r). In view of (5.16) it now follows that (a) of
Theorem 3 is true.

The proof that Vu has nontangential limits H™~! almost everywhere is by contradiction.
Suppose for a fixed constant, in the definition of I'(z), z € 9D, that

(5.17) F%ir)n Vu(y) does not exist for z € F C 9D with H" ' (F) > 0.
yel(2),y—z

Let w € F be an H"~! point of density for F. Then lim;_ot'""H" }[B(w,t)NdD \ F] =0,
so if 7 > 0 is small enough, we deduce that

cH™ ! [GQ N B(w,r)N F] >l

where Q C D is as in Lemma 2.45. From this lemma, we have |Vu| ~ ¢ on Q. Define (b;;(z))
as in (1.8) with @ replaced by w and let L be the corresponding divergence form elliptic operator
defined as in (1.7). Then as noted above (2.26) we have Lu,, =0in D for 1 < k < n. Moreover
L is uniformly elliptic on Q and Uy, 1 bounded on Q. It now follows from a well-known
argument (see [10]) that u,, has nontangential limits at almost every boundary point of 0
with respect to elliptic measure defined relative to L (see Section 3). Here b, 1 < b < o0, is
arbitrary in the choice of nontangential cones for Q. From Theorem 3.11 we conclude that u, R
has nontangential limits at H"~' almost every point in d9Q. Since b is arbitrary, and A€ has
tangent planes H"” ! a.e., we see that this limit can only exist if (5.17) is false.

Let Vu(w), w € 9D, denote the nontangential limit of Vu whenever this limit exists. To
prove (b) of Theorem 3 we can retrace the argument leading to Lemma 2.39. Indeed in (2.44) we
showed that if w is in the outer boundary of D, D(t) = {y € D: t <u(y) < 1}, and ¢ is near 0,
then

B p/(p—1)
(5.18) / \VulPdH™ ™ < er™ 51 / |Vl dH”l) .

B(w,2r)n{u=t} B(w,2r)n{u=t}
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If w lies in the inner boundary of D, this inequality also holds provided ¢ is near enough 1.
From Lemma 2.5 we see that if {z: u(z) =t} = {R;(w)w: w € dB(0,1)}, then {log R;(-)} are
uniformly Lipschitz on B(0, 1). Using this fact, the fact that Vu has radial limits H"~! almost
everywhere, Theorem 3(a), and dominated convergence, we get that (5.18) holds with {u = t}
replaced by 0D. Also from (2.38) and Lemma 2.39 we find that

(5.19) v~ |u| where dv=|VulP"'dH" ! on OD.

Theorem 3(b) now follows from (5.14) and (5.19). Theorem 3(b) implies Theorem 3(c)
(see [11]). The proof of Theorem 3 is complete. O

Remark. — For use in the proof of Theorem 3 we point out that a slightly more sophisticated
argument in Theorem 3 yields,

(5.20) v=|u| ondDnN B(w,?2r).

In fact extend R; to R™ \ {0} by putting R;(x) = Rt(‘%‘). Since u(R;(w)w) =t for
w € 9B(0,1), we can use the implicit function theorem and the chain rule to deduce for
w=(w1,...,wy,) and x = |z|w that

2| Vu(z) x

5.21 ViogR = .
G20 )= Vuey T T

We note that |Vu| # 0, H =1 almost everywhere, on 9D as follows from Theorem 3 and [11].
Using this note, (5.21), Lemma 2.5, and Theorem 3, we see that if y € T'(z) N {z: u(z) =t} —
z € 0D, then

(z,Vu(z)) 2]’

H™~! almost everywhere. Let R be a graph function for either the outer or inner boundary
of D. Since log R; — log R uniformly on dB(0,1) as t — 0 or 1, it follows that the right-hand
side of (5.22) is a distributional gradient of log R. Thus it is equal H"~! almost everywhere to
the gradient of log R at z/|z|. Using this fact, (5.18), (2.38), the change of variables theorem,
Lemma 2.5, Theorem 3, and dominated convergence we get (5.20). Finally note that taking limits
in (5.22) it also follows that Vu is H™~! almost everywhere normal to the tangent planes through
points in dD. Taking limits in (2.41) we conclude that (2.41) holds with D(¢) replaced by D

Vu

where v = TVl H™~! almost everywhere on dD.

(5.22) Vlog Ry (y/|yl) — _ laVu(z) | =

Proof of Theorem 4. —Let D,w,r,u,p be as in Theorem 3 and suppose also that 0D N
B(w,8r)is C L. To prove Theorem 4 it suffices by way of a lemma of Sarason (see [27]) to show
that there exists €g > 0,79 = ro(€) defined for € € (0, o), such that whenever y € B(w,r) N 0D
and 0 < s <rg(e€), then

p/(p—1)
(5.23) ][ Vude”‘1<(1+e)( ][ |vu|P—1dH”—1) .

B(y,s)NdD B(y,s)NdD

Here

][de”*: [H”*(E)]‘l/de”*1

E E
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whenever E C dD is Borel measurable with finite positive H™~! measure and f is an H"~!
integrable function on E. The proof of (5.23) is by contradiction. Indeed, otherwise, there exist
sequences (8:,)5°, (Ym )5 satisfying y,, € 9D N B(w,r), m=1,2,..., limy, o0 $m = 0, and
for which (5.23) is false with y, s replaced by ¥y, Sm, m = 1,2, . ... To obtain a contradiction we
note from C'* smoothness of 9D N B(w, 8r) that dD N B(w, 4r) is Reifenberg flat with vanishing
constant (see [27]) in the following sense. Given § > 0, small, there is an a = a(§) < 10~%7, such
that whenever y € 9D N B(w,4r) and 0 < s < a, then

{z+tveB(y,s/d),z€ P,t>és} CD,
(5.24)

{z—tveB(y,s/8),z€ P,t>ds} CR"\ D.

Here P = P(y) is the tangent plane to 9D N B(w,4r) at y and v = v(y) is the corresponding
unit normal pointing into D. For fixed A > 10% we can also choose dp = §(A) > 0 so small that
if ¥ =y + Asv(y), then the domain (y’), obtained by drawing all line segments from points
in B(y', “}f) to points in D N B(y, As), is starlike Lipschitz with respect to y’. We assume, as
we may, that s,, < a(dp), for m=1,2,.... Let y/, be the point corresponding to y,, as above
and put D, = Q(y,) \ B(y.,, A3y /8). From C! smoothness of D N B(w,8r), we see that
D,,, m=1,2,..., has Lipschitz constant < ¢y where ¢q is an absolute constant. Let wu,, be
the p capacitary function for D,,, m =1,2,.... From Theorem 2 with r,w, @1, o replaced by
%,ym,u, U, we deduce that if wy, we € B(Ym,28m) N D, m=1,2,..., then

‘log <um(w1) ) — log <um(w2) ) ‘ <cA™Y,

u(ws) u(ws)
where ¢, « are the constants in Theorem 2, so are independent of m. Letting wy,ws — 21,22 €
0D N B(Yum,25m ), and using Theorem 3, we get H"~! almost everywhere that

tog (a0l ) < rog ([omCall) < cae

Exponentiating this inequality we have for c large enough,

Vi (21)| _ [Vu(z1)]
Vam(z2)] S [Valz)]

[Vt (21)]

(1—eA™) [Fttm (22|

<(14¢4A79)

where ¢ depends only on p,n, and the Lipschitz constant for D. Using this inequality and the
fact that (5.23) is false, we obtain

JCB(ym,sm)maD |V, |PdH™ 1
|vum|p LdH™~ 1)P/(P 1)

) F Bysynop | Vul” dH" !
|Vulp~tdH™= 1)10/(19 1

(F By s
(5.25) Bym.sm)NOD

>(1—-cA™® 5 >(1—-cA ") (1+e).

JCB(ym S$m )NIOD

Let T},, be a conformal affine mapping of R™ which maps the origin, €n, ONLO Yy, Y. TESPECtively
and W = {z € R™ =0} onto P(y,,) for m =1,2,.... It is easily seen that T, is the
composition of a translatlon rotation, dilation. Let Dm, 1, be such that T, (D)) = Dy,
and up, (Tyx) = ul,(x) whenever x € D), . Since the p Laplace equation is invariant under
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translations, rotations, and dilations, we see that u,, is the p capacitary function for D),. From
(5.25) we also get

JCB(O 1/A)noD,, ‘VU |den 1
(JCB(O,l/A)maD;n |Vl [P~ dH™=1)p/(p=1)
F By .synop [Viim [P dH" !
[Nty [P~ L dH=1)p/(=1) ~

(5.26)

> (1A )1 +¢).
(JCB(ym 757n)maD

Letting m — oo we see from Lemmas 2.1, 2.2 that u/,, converges uniformly on R™ to v’ where v’
is the p capacitary function for the starlike Lipschitz ring domain, D’ = Q\ B(e,,,1/8). Also Q is
obtained by drawing all line segments connecting points in B(0,1) N W to points in B(e,, 1/4).
To get a contradiction we shall show that

lim su JCB(O 1/A)naD!, |Vul, |PdH" !
mﬂoop JCBO1/A neD!, |Vau!, [P~1 dH"=1)p/(P=1)
(5.27)
F o.1/aynw |V P dH" !

s (JCB(OJ/A)HW |V [p=t dH=1)p/ (= 1)

To see how (5.27) leads to a contradiction, note from Schwarz reflection that ' has a p
harmonic extension to B(0,1/8) with v’ =0 on W N B(0,1/8). From barrier estimates we
have ¢=! < |Vu/| < ¢ on B(0,1/16) where ¢ depends only on p,n, and from Lemma 2.3 we
find that |V4/| is Holder continuous with exponent o on B(0,1/16) N W (one could take o = 1
here). Using these facts we conclude first that for some ¢

(1—cA7)|V'(0)] < [VU'(2)| < (1+cA™7) |V (0)]
when z € B(0,1/A) and second from (5.26), (5.27) that

|Vu'[PdH™ 1
JCB(O L/A)W >(1—-cA™)(1+e).

(14ed™) > p=T g1/ =1

fB 0,1/A)NW [Vu

Clearly this inequality cannot hold if A = e'/¢ and ¢, is sufficiently small. From this
contradiction we conclude that in order to prove Theorem 4 it suffices to prove (5.27). To prove
(5.27) we shall need the following lemma.

LEMMA 5.28. — Given 1 > 0 small, there exists c, depending only on p,n, and the Lipschitz
constant for D and mo = mq(n), such that if m > my, x € 0D,, N B(0,1/100), and 0 < s <
1/100, then ul, (as(z)) < cs*=m.

Proof. — Let v/, be the outer unit normal to 9D/, . We note for large m that since D is C*,
there is a truncated cone L C R™ \ D/, with vertex at x, axis parallel to v, (), angle opening
6 > /2, and height 1/50, where 6 can be arbitrarily near 7 /2. Let T be the cone with vertex at
the origin, axis parallel to e, , and of angle opening 6. Arguing as in [33] we see there exists a
positive solution f = f(-, ) to the p Laplacian in T of the form

(5.29) f2) =z |w(<z €|>> z€eT,
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where 9 € C*[cosf,1] and (1) = 1, ¥(cosf) = 0. Using the maximum principle for p
harmonic functions, rotation and translation invariance of the p Laplacian, as well as Theorem 1,
it follows that the conclusion of Lemma 5.28 holds with 1 — 7 replaced by v = ~(6). Thus to
complete the proof of Lemma 5.28 it suffices to show that v(#) — 1 continuously as § — /2.
This can be easily verified using a compactness argument, since any convergence subsequence
say {f(-,0;)} with §; — /2 is a positive solution to the p Laplacian on {z: z,, > 0} which
vanishes on W. This solution also has the form (5.29) with v = lim;_,, y(6;). Using Theorem 1
and the fact that x,, is also a positive solution to the p Laplacian on {: x,, > 0} which vanishes
on W, it follows that v = 1.

Another proof of Lemma 5.28 which uses only the fact that 9D N B(w, 4r) is Reifenberg flat
with vanishing constant (see (5.24)) and an iteration argument, can be given as in [36, (2.37)].
The proof in [36] gives a lower bound for u/,(as(z)) and is only in R?. However thanks to
Theorem 1, essentially the same iterative argument can be used to get Lemma 5.28. O

Finally we use Lemma 5.28 to prove (5.27). Let pi,, = i, — ., be the measure associated
with u/, form =1,2,.... From (5.20) we see that

(5.30) d|pim| = |Vul, [P~ dH™™ ' ondD),.

From Lemmas 2.1, 2.2, and 2.35 we see that {|u.,|} converges weakly to |u/| where s =
w' — p; is the measure associated with u’. Also (5.30) holds for ||, %’ . From the definition of
weak convergence and (5.30) we deduce

(5.31) / |Va/[P~1dH™ ! = lim / |Vl [P~ dH™ .

m—00

B(0,1/A)NW B(0,1/A)nAD!,

m

Let C = {z = (a',2,) €R™ |2'| <1/A,|z,| <1/A} be the symmetric cylinder of radius 1/A4,
height 2/A with center at the origin and axis parallel to e,,. Let v* be the outer unit normal to C.
To handle the top integral in (5.27) we argue as in the proof of Lemma 2.39 leading to (2.41). As
noted after (5.22), this inequality holds with u, D(t), B(w, s), replaced by u.,, D’ , C, and with
Vu!, as the normal, H"~! almost everywhere, to dD/,,. We get

63 L= [ {en— V)V P aH T = G Ko,

aD! NC
where

Im=(p—n) / |Vl [P dx
DI nC

m

and

K, = / (x — en, V)|V, |PdH™!
D! NnoC

—-p / (Vul, vVl & —e,)|Vul, [P~ dH™ .
D1 nac

Now u. ., Vu!. converge uniformly on compact subsets of D’ to u’, Vu'. Replace u by u/, in
Theorem 3. From the proof of Theorem 3(a) (see (5.16)) we deduce that the L? norm (g > p) of
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N(|Vul,|) on D], N B(0,1/8) is uniformly bounded for m = 1,2, . ... Using these facts and
standard convergence theorems we see that

(5.33) lim J,, = (p—n) / V'[P da.
m—00
D'NC

The same argument can be applied to K, to get
lim K, = / (x — e, v*)|VU/|PdH" 1

D’'NoC

-p / (V' . v V!, —e,)| V! [P-2 dH™ 1
D’'noC

(5.34)

provided we first show that

(5.35) / |V, |PTHdH" 1 < M <
D! NdC

for sufficiently large m, say m > my. To prove (5.35) note from our construction that 9D, NOC
is a Lipschitz image of {2’ € R"~!: |2/| = 1/A}, with Lipschitz constant independent of m. Let

Ap={z €D, NoC: A2~ 1" <d(z,0D],) < A~'27% "} fork=3,....

/

From Lemma 5.28 and Lemma 2.5(ii) for u,,,

m>m,

(5.36) |V, |PH < cA2F/?

we see that if mg is large enough, then for

on Ay, where c is independent of m and k. If |2'| = 1/A, and [ denotes the line through 2’ parallel
to ey, then from (5.36) and the above note we deduce that

\Vul, [P (2, ) dHY < c27F/2,

INAg

Integrating with respect to H™~2 measure over the sphere of radius 1/4 in R~ it follows that

(5.37) / |V, [PFEdH" L < 27 R/2 4%,

Ap

Let A =J;—; Ax. Summing (5.37) we get

(5.38) / |Vl [PTHdH™ ™ < cA?™.
A

Now from (5.24) we see for m large enough that cd(C'\ A, dD,,) > A~! where c is independent
of m. From this fact,(5.38), and uniform convergence of Vu/,, to Vu' on compact subsets of D’
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we find that (5.35) is valid. Thus (5.34) is also valid. Now, (5.32) also holds with u/,, replaced by
v’ and 0D, by dD’. In view of (5.33), (5.34) and (5.32) for v’,u/, we deduce that

lim L,=(p-1) / (en —x, V)|V [P~ dH™ !
(5.39) WNB(0,1/A)

=(p—-1) / Vo [P dH" 1

WnB(0,1/A)

Since V!, (x),x € dD., , is normal H"~! almost everywhere to the tangent plane through x,
we deduce from C'! smoothness of D N B(w, 8r) and our construction that

||vu;n|+<$76navulm>| gbm‘vulm| on aD;nﬂC

where b,,, — 0 as m — oo. Thus,

(5.40) lim L,,=(p—1) lim / |Vl |PdH™ .

aD;, NC

m

Next we note from C'! smoothness of 9D N B(w, 8r) that
(5.41) H"'[0D,, N B(0,1/A)] — H" '[WNB(0,1/A)] asm — oo.

Using (5.40) in (5.39), the fact that B(0,1/A) C C, (5.41), and (5.31), we conclude that (5.27)
is true. From our earlier remarks, we now get Theorem 4. O
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