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NULL FORM ESTIMATES FOR (1/2,1/2) SYMBOLS AND
LOCAL EXISTENCE FOR A QUASILINEAR
DIRICHLET-WAVE EQUATION

BY HART F. SMITH AND CHRISTOPHER D. SOGGE

ABSTRACT. — We establish certain null form estimates of Klainerman—-Machedon for parametrices of
variable coefficient wave equations for the convex obstacle problem, and for wave equations with metrics
of bounded curvature. These are then used to prove a local existence theorem for nonlinear Dirichlet-wave
equations outside of convex obstacles. © 2000 Editions scientifiques et médicales Elsevier SAS

RESUME. — Nous établissons certaines estimées de formes compatibles a la Klainerman-Machedon pour
des parametrix d’équations d’ondes a coefficients variables dans le cas d’un obstacle convexe ou d’une
métrique a courbure bornée. Ces estimées sont utilisées pour démontrer un théoreme d’existence locale
pour des équations d’ondes non linéaires avec conditions de Dirichlet en dehors d’obstacles convexes.
© 2000 Editions scientifiques et médicales Elsevier SAS

1. Introduction

The purpose of this paper is to establish the following null form estimate
(1.1) ||Q(du, dv) HHI(Ri*j) < C(lluoll g2 ®s) + lurllmr @sy) (lvoll 2 wsy + o1l a1 gy )
for solutions u and v to the Cauchy problem for certain wave equations

{ O2u(t,z) = Agu(t, ),
u(0,z) =uo(x), Owu(0,z)=1u1(z).

The null form ) may be of any one of the following forms

Qo(du,dv) = dyu(t, z)dv(t, x) Z g ()0, u(t, )0, v(t, z),
1,j=1

Qap(du, dv) = 0y u(t, )0z ,v(t, x) — Oryu(t, )0z, v(t, ),

where z,, and g may represent ¢ or any z;. Here Z1gi, <3 g% (z) d¢; d¢; denotes the cometric
associated with Ag.

For the Euclidean metric on R3, the estimate (1.1) was established globally by Klainerman
and Machedon [2]. For smooth variable coefficient hyperbolic operators, local versions of (1.1)
were established by the second author in [11].
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486 H.F. SMITH AND C.D. SOGGE

This paper is concerned with two new cases. The first is the case that the wave equation is
satisfied by « and v for 2 belonging to an open subset {2 C R? which has smooth boundary 912,
such that 92 C R3 is strictly geodesically concave with respect to g. We then assume that « and
v satisfy Dirichlet conditions on 942,

u(t, z)|zca0 =0, v(t,z)|zcon =0.

In this case we prove (1.1) for ¢ in a small time interval and z in the intersection of a small ball
with £2. We point out that when {2 is the complement of a strictly convex obstacle in R?, with g
the Euclidean metric, a partition of unity argument, together with the global Euclidean estimates
of [2], implies (1.1) globally in z, for ¢t in any bounded interval.

The second case that our results apply to is where g is a metric on a ball in R3, such that
the components of the Riemann curvature tensor of g are bounded measurable functions, and
such that the coordinate functions z; are harmonic with respect to Ag. In such coordinates the
metric coefficients g;; have second derivatives belonging to BMO(IR?), and the geodesic flow is
uniquely determined and bilipschitz. The solution operator for the wave equation in this situation
is studied in [8,9]. It can be written as the composition of an operator of Fourier integral type
described below, with an operator which preserves the Sobolev spaces H’(R3), j =1,2. It then
suffices to establish mapping properties for the Fourier integral part, which is the purpose of this
paper. The results of this paper will then imply that (1.1) holds for such metrics provided that the
norm is taken over a set of unit size.

In both of the above cases, the problem is reduced to establishing the following estimate

(1.2) QT £, 4T9)| 2quass) < CUS i o gl ey,

for an appropriate parametrix 7" of order 0.
For the obstacle problem, the main part of the parametrix takes the form

Tita)=) / e oot (t,2,€) F(¢) de,
+
where the phases ™ (¢, , £) satisfy the eikonal equation

|00p* (t,2,6)| = %[/ dap™ (t,2,6)|| s

90:‘:(07m7§) = <£E,§>,

(1.3)

and the symbols, which vanish for |£| < 1, satisfy the following modified Sg /3.1/3 estimates

18l _ 2le]

(1.4) (€, 0e)N 0 080T (t,2,6)| < Onap(1+1E)) % ° .

There is also a “diffractive” term, the estimation of which requires a modification of the argument
for the main term, as will be discussed in Section 4.

In the case of the wave equation for metrics of bounded curvature tensor, the parametrix is
more complicated. It takes the form

(1.5) Tfta) =YY [ et e Oak(t,0,6)fute) de,

+ k=1
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NULL FORM ESTIMATES FOR EXOTIC SYMBOLS 487

where f(£) = Zk o Fx(€), and for k > 1 the support of fx(€) lies in 261 < |¢| < 28+,

The phases (pk, each of which is homogeneous of degree 1 in &, satisfy the eikonal
equation (1.3) for a corresponding family of metrics g, where g is a sequence of smooth
metrics approximating the singular metric g. This sequence of metrics satisfies the estimates

C, laf <1,
(1.6) |02gk(z)| <} Ck, la| =2,
C,2kel=2/2" o] > 3.

It also satisfies
gk (z) —g(z)| <C27F,

|Vogi(z) — Vog(z)| < 02742,

(1.7

The sequence of phases satisfies corresponding estimates

C, al <2,
(1.8) \STIP |5f, T g‘Pk(t T §)| {C ok(lal—2)/2 IGI >9.

It also satisfies, for k > j,
IS}lp\sok (t,2,8) — ¢ (t,z,8)| <C277,

\SFP |vt,iﬂ,§§0k (tvxvg) - vt,m,fcp;'t (taxa€>’ < C2_j/2‘
¢l=1

(1.9)

Finally, the symbols satisfy the following modified S? /2,172 estimates,

le]

(1.10) (€, 06)V 82,02 (t,2,€)| < O p2F(7 5.

One of the main motivations for establishing the estimate (1.1) is that it gives local existence
results for nonlinear wave equations with null form nonlinearities. Consider, for example, an N
component system of the form

[ 02u— Agu=F(u,du), z€ 2,
(1.11) u(0,-) =uo, Opu(0,-) =1,
u(t,)oe =0,

where (2 has geodesically concave boundary as discussed above. We assume that F'(u,du) =
(FY(u,du),...,FN(u,du)), and

(u, du) Eajk (t,2) I} (u) B} 1 (du?, du®),

with B}, being a null form associated with g, a’ , € C*°(R x 2), and I'} , € C>(CN).
If u is a solution of (1.11), then the vanishing of u and d,u on 92 imposes the following
compatibility conditions on the data,

(1.12) uo(z) =u1(x) =0, ifzedf.

ANNALES SCIENTIFIQUES DE L’ECOLE NORMALE SUPERIEURE



488 H.F. SMITH AND C.D. SOGGE

Conversely, under the hypotheses (1.12) on the data, we shall be able to obtain the following
local existence result, generalizing results from [2] and [11].

THEOREM 1.1. - Suppose that u; € H*>~3(2), j = 0,1, have compact support and satisfy
(1.12). Then there is a T > 0 and a unique solution u € H?([0,Ty] x 2) of (1.11) verifying

|Q(du?, du*) 1<j,k<N.

”Hl([o,T,]xQ) < 00,

We will return to this theorem in Section 4, in which we also discuss the reduction of the
estimate (1.1) for the obstacle problem to that of (1.2), and handle the diffractive term. The main
work of this paper, which occupies Sections 2 and 3, is to establish estimate (1.2) for parametrices
of the above types. Since the main part of the parametrix associated with the convex obstacle
problem is a special case of the type (1.5) that arises from bounded curvature metrics, we shall
consider parametrices of the type (1.5) in Sections 2 and 3.

2. Further reductions

~

We begin by reducing the proof of estimate (1.2) to consideration of the case that f(&)
is supported in a dyadic annulus at scale 2¥, and §(¢) is supported in a ball of radius c2¥,
where one may choose c arbitrarily small but fixed. To do this, we fix 3 € C§°((1/2,2)) so that
> B(27s) =1, s > 0. We then set

fu(€) = B(l€l/2%) f(e)

sothat f =3 f and supp fi C {€: 26=1 < |€| < 2¥*1}. We then write

fi= > fo  G= Y 9

k<j+N j<k—N

where N is a fixed number that is to be specified later. Recalling that the symbol of T' vanishes
for small |£|, we have the following identity,

oo o0

QAT f,dTg)=> Q(dT f;,dTg;) + >  Q(dT fy,dTgy) =1 +1II.

=0 k=0

We consider I first. By the Strichartz estimates, which hold for the parametrix 7" by [10] and [7],
[8], we may bound

ZHQ(dejvdng)”L2(R};3) < CZ ||fj||H3/2(R3)||gj||H3/2(R3)

=0 =0
00 1/2
<C (Z 27115 “?{3/2(11@3)) ||g||H2(R3)
§=0
, SO flla sy llgll 2 ws) -
It thus remains to estimate II. To estimate its L2 norm, we first observe that, for N large

enough, the terms are essentially mutually orthogonal over k. This follows by a simple integration

4¢ SERIE — TOME 33 — 2000 — N° 4



NULL FORM ESTIMATES FOR EXOTIC SYMBOLS 489

by parts argument, which yields

\/Q(dek’dTgk)Q(dek’adTgk’)dtd"‘t <27 ¥ fillal g llz | fi lallgn 2,

provided |k — k| > 3. Consequently,

2

> Q(dT fx,dTgy) < c;HQ(dek,dTak)Hiz(R;;s) + Cllf 132 ey 9112 gy
k

L2(R; 1)
Thus, to establish (1.2), it suffices to establish the following estimate, uniformly over k:
|l QT fx, dTgk)HLz(R}ZS) <O fellmr ®ey | gw |l 52 (m3)-

Finally, by the first estimate in (1.7), another application of the Strichartz estimates shows that
we may replace the metric g in the form Qg by the metric gj.

By writing T' =TT + T'—, there are essentially two terms to consider: Q(dT* f,dTTg), and
Q(dT™ f,dT~g). In what follows we consider the term Q(dT'* f,dT*g); the arguments hold
with minor modification for the latter term. To simplify notation we use (¢, x,&) to denote
oF (t,2,€).

In the formula for the operator dT'", the terms where d hits the symbol a(t, z,£) are easily
handled by the Strichartz and energy estimates; thus it suffices to restrict attention to the term
where d falls on the phase. Let

qkj (t7$7§7n) = Q(d‘Pk (t,.’L’, £/|£D7 d(p] (t7x771/|77|))

The next reduction is to introduce polar coordinates for the 7 variable, n = pw, where p € R,
and w € S?, the unit two-sphere. We now fix k and introduce the operator 7% = T} given by

™(f,9)= Y. / eior(tat)tioes (e g, (1 3,€) a;(t, 7, pw)a; (t, 7, w) 1 (€)95 (p) dE dp,
J<k—=N

where f € L?(R3) and g € L%(R). A simple argument (see, e.g. [11]), now reduces the proof of
(1.2) to showing that, for g, € L(R x S?), the following holds

@) H [retn.00a

<Ol fll2@s)llgwll L2 @®x 52y
L2(dz dt)

where the Fourier transforms of f and g,, are restricted as above.

The next step, following [1], is to decompose phase space into regions on which the null form
symbol gz; is essentially constant. Since the phases ¢; depend on the scale j, this cannot be
expressed simply in terms of the angle of & to 7. To proceed, we set

(1) = 2%,
and if 3 is as above, we write
q;gj (tv z,§, 77) = /6(6([)_1 x angle [dchk(t,a:, E)’ dg@j(t,.’ﬁ, U)])qkj (tv m»gz TI)

ANNALES SCIENTIFIQUES DE L'ECOLE NORMALE SUPERIEURE



490 H.F. SMITH AND C.D. SOGGE

We then have

o0
ij (ta z, 6) 7]) = ql?:] (ta x, g’ 77) + Z qi:] (ta z, 57 77)7
=1
where q,gj (t,x,&,m) is supported in the region on which the angle is bounded by 2 - 27%/4,

Using this decomposition, we write 7% = > . Th% where (recall that & is fixed)

TH(f,9)
22) = Y / iR (bm & Tes (b2 gy (8, 2, €)a;(t, @, pw)qk](t 2,&,w) fi(€)3;(p) d dp.

j<k—N

By (1.8), and (1.6) in the case of the null form @ (recall that the metric g is replaced by gy),
the following estimates are valid for j < k:

(€, 0e) N 02,08k (1, 7, €,w)| < O, p8(1)2518171eD,

|(§a8§>N8£1:8? (qi;](t,x,f, ) qkk t z 67 )l C’Nozﬁ2 222(lﬂ| |a[

2.3)

For the next step, if [ is fixed, choose unit vectors £# € S? so that the balls B(£#,6(1)) cover
S? with bounded overlap (independent of §(1)). We then fix an associated partition of unity

L= 0H(9), £#0

consisting of C°°(R3\0) functions that are homogeneous of degree zero, and which satisfy
supp U# N S? C B(¢#,26(1)),  Dw*(€)=0(s() 1) iff¢|=1.
If we then write
=2 Fu®
m
we have the following

LEMMA 2.1.- For fixed N as above suﬁ‘iciently large, the following holds for | > 0,

le f}tagw dw

L2(dx dt)

2
le fuagw)dw

2 2
+C||fHL2(R3)||gw||L2(Rx52)'
L2(da dt)

Proof. — We shall show that if C' is a large constant and |€# — £#'| > C6(1), then for any
M >0,

(2.4) /Tl’u(fu,g)(t»ﬂﬂ)TZ’“"(fu',g')(t,l“) dtdz < Cr 2| full2ll furll2llgll2llg'l12-
This follows by considering the operator (T4«)*Th«" If

g (6,2, €, pw) gl (8,2, €', o) Fu(€) Fur (€1) £ 0,

4® SERIE — TOME 33 — 2000 - N° 4



NULL FORM ESTIMATES FOR EXOTIC SYMBOLS 491
then the angle of V, pi(t,z,8) + pVap;(t,z,w) to Vapr(t,z,8') + p'Vapj (t,z,w') is

bounded below by (1), provided |¢# — £*'| > C6(1) for some large C, |£],|€'| =~ 2%, and
p,p <2FN with N sufficiently large. On account of this,

| (Vo (t,2,€) + pVap; (t, 2,w)) — (Vapr(t,2,€) + o' Vapy (t,z,0"))| > c2F6(1) > c23F/*.

An easy integration by parts in z using (1.10) and the first part of (2.3) yields (2.4). O

LEMMA 2.2. -

H [ 70

<O\ fullz2®s) |9l L2®x 52)-
L2(dz dt)

Proof. — For fixed j and fixed (t, ), the function T%“(f,, gj.)(t, ) vanishes unless w is in a
set of volume 6(0)2 = 27%/2, Thus,

S )

J

H [ 10

<
L2(dz dt)

Because of (2.3), the operator

~

2.5) Af(x) = / ekt q (t,2,) qp; (t, ,&,w) f(€) dE

has L2 — L? norm, for each fixed t, less than C §(0) = C'27%/4, with C independent of ¢.
For the obstacle problem, where, for all k, gi equal a fixed smooth metric g, this just follows
from standard L? estimates for Fourier integral operators. The general case where there is a
k-dependence also follows from standard L? estimates along with (1.6). (See [8,9].)

The aforementioned bounds for A f immediately yield

HTO"”(fp,gjw)HLQ(dzdt) < C27%4 full ooy |Gl 2y < C27%42972|| ol L2y | 9 || L2 () -
The lemma now follows since

22(j~k)/2|lgjw”L2(RxS2) < Ngwllz®xs?)- o
Jj<k

3. Null form estimates

In this section, we show that, for each fixed k, i, and [ > 1, the following holds:

(3.1) H/Tl’“(fu,gw)dw < 06(1)1/4’IOg‘s(l))INHf#”L?(R%ngHLz(RxS?)y

L2(dzdt)

with constant C' independent of k, [, and u. Together with Lemmas 2.1 and 2.2, this implies
estimate (2.1), after summing over [, which in turn implies the desired estimate (1.2).

ANNALES SCIENTIFIQUES DE L’ECOLE NORMALE SUPERIEURE



492 H.F. SMITH AND C.D. SOGGE

We establish (3.1) by splitting the operator T"* into two pieces. Let

Tllyw(f’g) - Z Tl’w(f, g])a
3.2) z {5: 29 >2k/26(1) 1}
°(f.9) = > T (f, ;).

{5: 29<2R/28(1)~ 1}

For the operator T+“, note that 2-9/2 < §(1) for the indices arising, since 2¥/2 > §(1)~1.
Hence, by the second part of (1.9) and the definition of qfc ;» the symbol of Tll"" vanishes unless

angle(dz ¢k (t,2,€), dopi(t, 2,w)) < C(1).
Since the map & — dppr(t,z,€)/|dewr(t,z,€)| is a C* diffeomorphism of the unit sphere,

with uniform bounds over ¢, z, and k, for ¢ small, it follows that the integrand vanishes unless
[€# — w| < C4(1). Consequently, by the Schwarz inequality

“ / T (1, 9.) dw

< 6([)HTll’w(fmgw)HLz(dzdtdw)‘
L2(dz dt)

For the piece T, the estimate (3.1) is thus implied by the following
THEOREM 3.1. — The following holds, with C' independent of |, w, k,

1T (F,0)] 12 g ary < COW) /410880 1 fl| 2wl 2 ey

We postpone the proof of Theorem 3.1, and first establish the somewhat easier

THEOREM 3.2. — The following holds, with C independent of 1, i, k,

| [ 74 G

< C6()|1og )| full L2 @3y 1geoll L2 R x 52)-
L2(da dt)

Proof. — We split the sum over j in (3.2) into three distinct cases: 29 < §(1)72,6(1)72 <2/ <
2k/2 and 2F/? < 27 < §(1)~22%/2.

Case 1: 29 < 6(1)2. In this case the index j runs over O([log(1)|) values. Also, for fixed
j and fixed (t, x), the integrand vanishes unless w lies in a set in S? of area §(1)2. Hence, by the
Schwarz inequality, it suffices to establish the following estimate, uniformly in j and w:

(3.3) T (f, gj)”[}(dm ary SCIf 2@ lgill L2y

We now write f(&) = Zuﬁ,(ﬁ) where ﬁ is supported in a cone of angle 27%/2 about a unit
vector £”. The estimate (3.3) is a result of the following

(3.4)

/ T4 (5, g, T (o g;) dit d

v\ ~N
<C(L+221e" =€) full oy 1 forll 2 sy 951 F 2 my-
The (¢, ) integrand in (3.4) is dominated by
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NULL FORM ESTIMATES FOR EXOTIC SYMBOLS 493

(3.5) 5(1)2

[t sentiea, 10,6, €)FAO Fr€) de

2
/eipw (t’z"")aj (t,z, pw)g;(p) dp| ,

where, by (1.10) and (2.3),

X

(3.6) ’atﬂ,xagg’ <£u’ a§>m<£u’7 8§’>m,au,y’ (t, z) f,fl)’ < C2§(\B|—|a|)—k(m+m').
Since p < 6(1)~2 < 2¥/2, the operator 2-%/20, applied to the expression inside the absolute

value sign in (3.5) leads to an expression of the same form. Furthermore, on the (£,£’) support
of the symbol in (3.5), the following holds,

2Ak/zlaz@k(t, l',g) - 6$(pk(t7g;,§/)| > C2"7/2|£1—/ _£V’|'

Integration by parts in z now bounds the left-hand side of (3.4) by

5(1)? iipn (£,2,6) — ik (£,2,€") N, ,
(1+2k/2|§,,_£,,:‘)N/ /elp t o av, (t,2,€,€) fu(€) fur (§) dE d€

2

X dt dzx,

/eiP‘Pj(t’L“’)aj(t,I,pw)/g\j(p) dp

where a, . (¢, z,€,£') is a symbol satisfying the same estimates (3.6). Next, following [6], we
replace the phase @i (t,x,£) by (Vewr(t, z,€¥),£), modulo an error that is absorbed into the
symbol, and similarly for (¢, x,£’). The left-hand side of (3.4) is thus bounded by

8(1)2

TR
x /f3 (Veon(t,2,6)) fir (Vepr(t,z,6)) g3 (05 (t, z,w))* dt de,
where
£0) =2 (1422 — 2|+ 2y — ) |1l d
and
(5= [ (1+21s = rl) g, ds,
hence

Il follz2(ay) < CllfollL2(rs), 197 | 2(ds) < Cllgill L2(w)-
The change of variables (¢t,z) — (¢;(t,z,w), Vepi(t, z,£¥)) has Jacobian comparable to §(1)?.
An application of the Schwarz inequality to (3.7) thus yields (3.4).
Case 2: §(1)~2 < 29 < 2¥/2,  Consider the operator T"* obtained by replacing Qg (t, 2,6, w)
in Eq. (2.2) by qék(t7 z,&,w) — g (t,7,&,w). The proof of the previous case, together with the
second set of estimates in (2.3), shows that for 27 < 2%/2 the following holds,

H [T g e

<2792 | full 23y | 95wl L2 (R x 52) -
L2(dz dt)

ANNALES SCIENTIFIQUES DE L’ECOLE NORMALE SUPERIEURE



494 H.F. SMITH AND C.D. SOGGE
Applying the Schwarz inequality over j such that 2 > §(I)~? yields the estimate of Theorem 3.2

for this case if T is replaced by T+, It thus remains to establish the same estimate for the
term

Sl’w(fuagw)
= (/ewk(t,xyé)ak(t,x,{)qfck(t, x,{,w)ﬂ(f) d§> Z/ei"‘pj(t’z"")aj(t,x,pw)ﬁj(p) dp.
J

The {-integrand vanishes unless |w — £#| < 6(1), hence

| [ 5o

< 05(1)’|Sl’w(fw gw)”L2(dzdtdw)'
L2(dz dt)

The proof of estimate (3.4) establishes the following bound,

I/Sl’“(f,,,g)sl’w(f,/,g) dtdz| < C(1+2/?%|¢g" — §V,|)kN”fVHL2(]R3)|fV’”LQ(R?’)

% (U [P0 agan) (o 1290 00 o)

where Pg is an operator of the form
Pg=Y" [ o=t pw)i p) d,
J

written in the new coordinates

(S, y) = ((pk(t7 T,w), Vepr (ta T, gu))’

and P’g is the same form with v replaced by v/. Using (1.9) we may write Pg in the form
Py(s,y) = /e“"aj(s, v, 0)3;(p) dp,
J

where the new symbol satisfies
|00 a;(s,y,p)| < C(27/26(1)72) 27", m< L.

A simple integration by parts establishes the following bound,

(3.8) / e(="q(s,y,0)G;(0)ay (5,9, P)5 (p') dp dp’ ds

A -1
< O(1+68(1)%2m=xG70/2) i gi || L2y lgs | L2 wy-

Summing over j, j/ such that 27 > §(1)~2,27" > §(1)~2, yields the following,

sup || Pgll L2(as) < C|log 6(1)|ll9ll 2wy,
y
which completes the proof for the second case.
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Case 3: 2F/2 < 27 < 2%/25(1)=1. There are O(|log§(l)|) terms j, so as in the first case it
suffices to establish the estimate (3.4) uniformly over j. Let

v(t,z) = \g"—l—fl”| x (projection of Vo (t,2,£) — Vai (t, 2, £”') onto V¢ (¢, , 5")i).

It follows from (1.8) that
|8ffxv(t,;v)| < C’a2§|°‘|.

Next note that, if qu (t,z,&, w)f,(€) is nonzero, then |€¥ — w| < C §(1). Also note that 277/2 <
6(1). The following is thus seen to hold by (1.8),

‘3ffz<v(t,x),Vmcpj(t,x,w)ﬂ = l@gz@(t,:E),Vmgoj(t,x,w)—vzgok (t,m,gu)>| < Caé(l)lea‘

Since pd (1) < 2%/2, it follows that for any N one may write

as an expression of the same form as that in parentheses, but with a new symbol which satisfies
the following estimates
- Elal—mj
|07, 07 (t, @, p)| < Caym?27 117

These estimates imply the following bound,
| [t 12, 4 | < C; s 15,0).

We next note that if ﬁ,(ﬁ) and f,/ (¢') are nonzero, and |¢¥ — ¢¥'| > C 27%/2, then

(0(t,2), Vaopr(t, z,6) = Vopr(t,z, &) ~ 26" — €],

The proof of estimate (3.4) from the first case now carries over to the third case, where in
establishing the estimate (3.7) for the third case, one integrates by parts using

(<v(t,m), Vapr(t, z,€) — Vapk(t, $,§/)>)_1<1}(t,$), Vx>

Since we have handled all three cases, the proof of Theorem 3.2 is complete. O

The proof of Theorem 3.1 rests on the following two lemmas estimating the gradients of the
phase function.

LEMMA 3.3.-Let &(t,z,t',2',€) = o(t,x,€) — o(t',2', &), where ¢ = ¢ for some k.
Suppose that w is a unit vector, and let § = angle (w, §). If |¢| = 2%, then for some ¢ > 0,

(3.9) 22|V d(t,3,t 7, )| + | B(t, 2, 2, )| + 27| (¢, 2, , 2, w)|
> c(22|Ve d(t,z,t 2, w)| + 28/26]t — '),
forall j, k and & such that j < k, and 216 > 2%/2.
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Proof. — We have 2% > 27 > 2k/2§=1 5o introducing the new variables

yj(t’x)zaﬁjso(tamvg)v NZE/MI,

the left-hand side of (3.9) is larger than
(3.10) 22y — o |+ 25267 ([(oy — )| + [F(t,9) — F(¢,9)]),

where F(t,y) is ¢(t, z,w) written in the coordinates (¢, y). We begin by showing that the quantity
(3.10) is larger than

262 (Jly — o/ | + 8|t — ¢')).
To see this, note that the C* distance of F(t,y) to {u,y) is of size §, so that
F(t'y) - F(t'y") = (u,y—y) + O(8ly — ')
Thus (3.10) dominates
22 (ly —y'| + 6 F(ty) - F(t',y)]).
We will be done by establishing the following identity,

OF (t,y) = ||doo(t, z,w)||, — &8(datp(t,2,0), dop(t, z, 1)) /|| duip(t, 2, )| , ~ 6,

where g = gy.. To see this, let z = x(t, y) denote z in the (¢, y) coordinates. Then (z, d, ¢(t, z, 1))
is the backwards hamiltonian curve through (y, ). Hamilton’s equations thus yield

dwi ==Y g™ (t:2)0u, 0t 1) /|| dop(t, 2, )| -

m=1
Thus,

O F(t,y) =Owp(t,x(t,y),w)

3
= 8t(p(t7 x,w) + Zah(p(tv J),u))atffi

i=1
= [|daip(t, 2, 0|, = 8(dop(t, z,0), dop(t, 2, 1)) /|| daip(t, 2, ) | -

To finish the proof of the lemma, let f;(t,y) denote O¢, (¢, z,w) in the (t,y) coordinates. Then
the C?! distance of f; to y; is comparable to &, so that |9; f;(t,y)| < 6. Consequently,

3
(Ved(t,z,t',a',w)| <D _|filty) = fi(y)| < C(ly—o/| +68lt—t]). O

=1
LEMMA 3.4.-Let &(t,z,£,&") = p(t,z,8) — p(t,x,£'), where p = @y, for some k. Suppose

that
_ £
"" ] '

A
- = C™6,06
s R

4¢ SERIE — TOME 33 — 2000 — N° 4



NULL FORM ESTIMATES FOR EXOTIC SYMBOLS 497

that |£],|€'| € [28—1,2%+1), and that |p|, |p'| € [0, 2%]. Then for some c > 0, independent of k., 6,
(3.11) |Vt7m D(t,2,6,8')+ Vi 45(t,a:,pw,p’w)| > c(2k6 x angle (£,£') + 6%[p— ¢']).

Proof. — Letw =V, 0(t,z,£),w = Vep(t,x,&), and u = V,p(t, z,w). Alsoleta = p—p'.

The conditions of the statement imply that the angle of w or w’ to u is comparable to 6.
By the eikonal equations, the left-hand side of (3.11) dominates

(3.12) lw —w' + ap| + | lwl| = lw'[| + |l

where || - || denotes the norm in the metric g (¢, ). We consider the case o > 0; the case a < 0
follows by symmetry upon exchanging £ and £’. Also, by scaling a, we may assume that ||| = 1.
The quantity (3.12) then dominates

— 2
lwll + o = w+ aul = 2 (([wll + @) = lw+aul?)
2

w o
[[wll
> cba.

We next observe that (3.12) dominates the following quantity (recall that ||| = 1)

()]
o e 4 Gl
[ [[w!||

where 7 = ||w’||/||w|| € [¢,c¢]. By making a linear transformation, we may replace the g norm
|| - || by the Euclidean norm | - |, and assume that

(3.13) ok

)

/
w=1(1,0,0), ﬂz(cos@,sinG,O), = (V1 —z2cosv,V1—22sinvy, 2),

w
|w |w']

where 6,7, z are small. The quantity (3.13) is then comparable to

2(]1 —cosf — r(1— /1 —22cos7)| + [sinf — r\/1 — 22siny| + |2]),
which in turn is comparable to

2k(|1 —cosf — (1 — cosy)| + [sinf — rsiny| + |z|)

By the half angle formula, this equals
2’“(

Since cos(y/2) = 1, this in turn dominates

0
sinOtan§ — 2rsin? %\ +

sinf — 2rsiny2—cos%‘ + |z|>

2k (|sin9|

0
tan 5 — tan%’ + }z}) > c2¥ (610 — 4| +|2]) = c2¥6 x angle(¢, &). 0
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Proof of Theorem 3.1. — To complete the proof, we make a further decomposition

lw lw
TP =3 TS

V,5,8,2
where
(3,14) Ti;)s zF(t7x):/ iok(t, z,E)+1P¢k(t:cw 7_75;(t T f p) (g’p)dé-dp

The index v corresponds to a set of unit vectors £” evenly spaced by ¢2%/2§(1)~, for some
small ¢ to be determined independent of k£ and /. The index j runs over the integers such that

2k > 97 > 9k/25(1)~1
The indices z and s run over lattices such that
k2, ez, 2%25(1)s e Z.

The symbol aVJ 5.2 (t,z, €, p) is supported in the set where [¢] € [2571,2541], p € [20-1, 277H1],
and where '

|§| €| <27F25()7Y, | Vepr(t,m,w) — 2| <2-27%2) |t —s| <2-27%25(1) 7!
The symbol furthermore satisfies the estimates
(3.15) |07,080(€,0¢)1ab% L (t,2,€,p)| < C8(1)27Im+E (A1l

A few remarks are in order here. First, as a result of (1.8) and (1.9), the function

oiPps (6:2,w) —ippk (t,2,w)

satisfies the symbol estimates (3.15), which allowed us to replace the phase ¢;(t,z,w) by
@k (t,,w) in formula (3.14). Next, since §(1) > 27F/4,

279/2 L 27k/86(1) < 8(1).
It follows from (1.9) and the definition of qfcj that the angle of V¢ (t, z,w) to Vypk(t, z, ) is
comparable to (1), hence that the angle of w to & is comparable to §(1). By making the number
l

c above small, it follows that the angle of w to £ is comparable to 6(1).
We begin by showing that

(3.16) supZHTi‘;sz e )M < cs .

This will follow from showing that

lw CN&(I)_2
G.17) ”T ,Jsz( ,J,s z) H = 1+2k/2|z ’|+2k/26(l)|5—5'|)N
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To establish (3.17), we express Tll,:‘;-”syz (Tll,”‘;.’,s,’z, )* as an integral kernel of the form

K(t,z;t',2")

. — ’ ’ . _ ’ ’ l, _l,
— /ewk(t,w,f) ik (t’,z’,€)+tip(er (t,z,w)—pr(t’,@ ,w))aug’s’z(t’%g’p)a’/;{’s,’zl (t' &', €, p)dedp.

Integration by parts in ¢ and p, together with the estimates (3.15) and the support conditions,
shows that the kernel | K (t,z;t’, 2’)| is bounded by

/ Cn6(1)?
(1+ 22|V O(t, x,t, 2/, E)| + | O(t, x, ¥, 2/, §)| + 29| D(t, 2, ', 2/, w))|)

R, ;

~ d€ dp,

where @ is as in Lemma 3.3. For each ¢ in the domain of integration, the change of variables
(t,z) = (Vepr(t, z,€), pr(t, z,w)) has Jacobian comparable to §(1)?; consequently, by Schur’s
Lemma and Lemma 3.3, for each fixed £ and p the integrand is an operator on L?(dt dx) with
norm bounded by

CN2—2k—j
1+ 252z — 2/ + 2/28(1)|s — s'|)N

The volume of R, ; is comparable to 22¥+7§(1)~2, and the estimate (3.17) follows.
We next establish the following estimate

(3.18) sup S||(Th2, ) The, L2 < cot) 2 1og6(1)].

V,J,8,2 v’z

This will follow from showing that

CN(S(l)_l
T+ 2282 — %7 | + 280l — €N

V,7,8,2 V'3’ .8,z

G19  |(Ts,.) Th, Hg(

provided that |j — j’| > 3. For |j — j'| < 2, the estimate holds as if j = j'. That (3.18) is a result
of (3.19) follows from that fact that

1
<Ol ,
2.1 oy a7 < Cloed)l

J

where the sum is over j such that 27 > 25/2§(1)~1.
To establish (3.19), we note that (T __)*T"*, _has an integral kernel of the form

vigss,z) Tl 5l s,z
K(&p:€,p)
— /eiwc(t,zyi)—i%(t’ﬂv,ﬁ')ﬂwk(t,f,Pw)—iwk(tﬂwap/w)af/’ij(t, £, P)affj’,s,z(t z,&,p) dtd.
Integration by parts in (¢, z) yields the following bound,

Cn6(1)2
1+27k/2|V, . ®(t,2,£,€) + Vi . O(t, , pw, p'w)|)

|K(&,p€,0")| < / (

8,2

~ dtdzx,
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where @ is as in Lemma 3.4, and R . is a set of volume 272%§(1)~1. The change of variables
(&,p) = Viz(pr(t,z,&) + i (t,x, pw)) has, for each fixed (¢, ), Jacobian factor comparable
to 5(1)2. The estimate (3.19) now follows from Schur’s Lemma and Lemma 3.4.

To conclude the proof of Theorem 3.1, we split 7" into a finite number of pieces so that we
may assume that

(le )le =0

V,7,8,2 v’,j5',s" 2"

unless z = 2’ and s = s’, and
l,w l,w _
TV 37,8,z (T 1,38, Z) =0,

unless ¥ =1/ and j = j’. We now consider an arbitrary finite truncation of the following sum to

M elements
lw _ l,w
Th =3 TS
V,J,8,2

The proof of the Cotlar—Stein Lemma yields the following,

, 1/2 )
HTl’w”2 < 05 ZH VL,J1,S1,Z1 Tll/zi)jz,sl‘h H ||Tl£:J2,3121 (Tll’;,)jzsszzz)*
T ) T

V2,72,8222 v3,73,5222

1/2

172 (T s onen) T 12,

VN,JN,SN,ZN UN+1,JN+1,SN,ZN

and by estimates (3.16) and (3.18) this implies
|75 < MC2N 5(1) N2 [10g (1)

Letting N — oo completes the proof of Theorem 3.1. O

4. Null form estimates for the wave equation on geodesically concave manifolds

In this section we work locally on a three-dimensional Riemannian manifold {2 with metric g
and with smooth boundary 942, such that (2 is strictly geodesically concave with respect to g.
The typical example is 2 the complement in R® of a strictly convex open set, with the Euclidean
metric understood. By the Cauchy problem on {2 with Dirichlet condition we understand the
following system

Ou(t,z) = Agu(t,z) + F(t, ),
u(t,z)=0 ifxedf,
uw(0,2) =uo(x), Owu(0,2)=uq(z).

We work in a local coordinate patch centered at the origin such that {2 is defined by x5 > 0. For
k=1,2 we set

Hp(2)={f € H*Q): floa =0},
where H*(£2) is the space of restrictions of elements of H*(R?).

THEOREM 4.1. - Suppose that u and v satisfy the Cauchy problem on {2 with Dirichlet
condition, with respective data

uo,v0 € Hp(R2),  wi,v1 € HL(R2),  F,G,DF,DG € L;([-6,6]; L*(22)).

Suppose also that the data vanishes for |x| > 6, where § > 0 is a constant depending on 2. Then
the following hold, for any of the null forms Q,
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| DQ(du, dv)”L%’,I({—é,éle) <C<||u0||Hl2)(9) +lluall g o)+ Y ID*FI| 1y 2 (15,512 >

|| <1

(”UOHW @ ol + D IPYC 55]xm>

la|<1

||Q(du,dv)HLgyz([_mXQ)<C<HU0||H1 ) Flluillzeee) + I1F | ez 66]><.Q))

<||UOHH2 @)+ llvillmy @) + Z ||DQG]|L1L2 (- 5§]XQ)>
|a|<1

Before proving this result, we should point out that it immediately yields Theorem 1.1. This
just follows from the standard existence argument given in [2].

Proof of Theorem 4.1.— For convenience, in this proof we refer to the discussion in [10]
regarding the parametrix for the Dirichlet problem; however, all of the results used are due to
Melrose and Taylor [3-5], and Zworski [13]. Since we are working locally, we may assume that
12 is a compact manifold, hence that the Dirichlet Laplacian —A is strictly positive on LZ.

In the estimate for D(), the terms where the D act on the coefficients of () may be
handled by energy estimates. Hence, by symmetry we may replace || DQ(du, dv)||L2(—s,5)x 2)
by [|Q(d0u, dv)|| L2([-5,5)x 2), Where Ou is any space or time derivative of u. The next step is to
reduce Theorem 4.1 to the following pair of estimates for the homogeneous problem,

||Q(d3mU,dU)||Lz 55]XQ (||UOHH2 Q)"’HUIHHl Q))(”UOHH%(Q)‘}'”UlnH}D(Q))a

|‘Q(du7dv)||L2([_5’§]XQ) < O(lluoll gy (@) + lluallz2(2)) (lvoll a2 (o) + o1l a1 ()
4.1
To do this, we first reduce Theorem 4.1 to the case G = 0. To this end, we integrate by parts to
write the contribution to v from G as

2) / in(g\;:_s)A—\/_—A)G(s,x) ds
0

—cos(t\/——) ATYG(0,z) — _lG(t,x)+/cos((t~S)M)A_IGSG(S,m)ds
0

=1+ 1T+ III,

where A~! denotes the inverse Laplacian on {2 with Dirichlet conditions, which maps H*({2)
to H*2(12) by elliptic regularity.
To handle I, we note that

||A 1G HH2 (2) < C||G(0")||L2(Q) < CZ HagGHLgLi([—&,é]xQ)'

J<1

This term can thus be absorbed into the initial data v.
Next, let 9(t,z,s) = cos((t — s)v/—A)A~19;G(s,x). Then 9(t,z,s) is a solution of the
homogeneous wave equation in (¢, z) for each s, with initial data satisfying

[5(0, -, HH2 (Q)+“8tv 1798 HHl (2) <CH8 G(s “L2(Q
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Note that the ¢-derivative of I cancels the term in the ¢-derivative of II] coming from the upper
limit of integration. Hence, we may write

t
d(II + IIT) = / di(t, x, s) ds + dg (II).
0

Assuming that the second estimate of Theorem 4.1 holds in the case G = 0, we may bound

”Q (du, /tdf}( ) ds>

0

5
</HQ(du,dﬁ("S))”L2([—6,6]><Q)ds
L2([-6,6]x2) §

< C(lluollary o) + lluallzace) + I1Flpy22) 10:G £y 2 -

The first estimate of the theorem is handled identically.
It remains to handle the term d,,(II). We do this by showing that

“.3) ldeA™ G|z e s e1x ey <C 22 1ID°Cll iy -5y

lel<1

Energy estimates show that ||d0,u|| o2 and ||dul| Leo 12 are bounded by the appropriate norms
of ug, u1, and F', yielding the desired estimate.
The proof of (4.3) is based on the following estimate, which holds globally on R3 for functions

-~

f such that f(¢) € L}

loc?
1117 0 ey < C”|D|fHL2(R3)||Af|[L2(R3)-

This estimate is verified by noting that it is dilation invariant, so that one may reduce to the case
|Afll2m3y = ||| D] f|| L2(rsy = 1, for which it follows easily by separately considering the low
and high frequencies of f. We then bound

é
4876 sy <€ [ 166 1oy [ s
—6
S CO||G| ez (6,61 x ) |Gl L1 11 (6,61 x 2)
2
<¢( 3106 nq s )

laf<1

which concludes the proof of (4.3), and the reduction of the theorem to the case G = 0.
It remains to reduce Theorem 4.1 to the case ' = 0. Consider the second estimate of the
theorem. We note that

d/tsin((t\;%\/—:g)ﬁ,(s’x)ds:/td<sin((t\;%\/z)

Foa) ) ds

which reduces the second estimate to the case F' = 0; that is, the second estimate of (4.1).
As we have remarked previously, the first estimate of the theorem is reduced to considering
|Q(dOu, dv)| L2((-s5,6)x 2)- To handle Q(d dyu, dv), we note that d;u solves the Cauchy problem
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with data in H}(£2) x L%(2), with inhomogeneity in L} L2, thus controlling ||Q(dd;u, dv)| .=

is reduced to the second estimate of Theorem 4.1, which we have already reduced to (4.1).
Next consider Q(d0,u, dv). We apply the identity (4.2) with G replaced by F, and as before

reduce to considering the term Q(02(1I), dv). To bound the L? , norm of this term, we note that

|Q(OZATF,dv) ||if,z([—6,§]><9)

2 A—110][2 2
<0287 F (| o s x|l Lge L (15,81 x )

S O|IF ||z (- sex ) |1 Fll s (—s.ex |0l Foo Lo (=65 x 2)

2
2
C( Z ||DaFl|L§L§([—6,5]xQ)) (||Uo||H;,(Q)+||U1HL2(Q)) .

lal<1

This concludes the reduction of Theorem 4.1 to the pair of estimates (4.1).

To establish the estimates (4.1), we note that, as discussed in [10] immediately preceding
formulas (2.12) and (2.24) of that paper, for some ¢ as in the statement of the theorem, the
solution v may be written, modulo smoothing operators acting on the data, as a finite sum of
terms of the form

Ty(t,z) = / 20 o1, 2, €)3(€) de,

where the phases are the solutions to the eikonal equation for some smooth extension of the
metric g to an open neighborhood of the origin in R3, and the data g € H?(R?) satisfies

gl 2 sy < C(llvoll sz () + 01l (2))-

The solution « may be similarly written, with data f belonging respectively to H?(R3) or
H'(R3), in the cases of the two estimates (4.1). The amplitude a(t,x,£), which is smooth in
all variables and vanishes for |z| > C'§, is of one of two types. Either it satisfies the modified
Sg /3.1/3 estimates (1.4) of this paper, or it satisfies the following estimates:

@4) |20k (6, 00N 0L, . 0%a(t, 3,€)| < Cypwap(1+ |g]) SETITINTSIL

(We remark that in [10] these estimates on the symbol were shown to hold for N = 0; that the
estimates hold for general N follows from the fact that these modified estimates are preserved
under the equivalence of phase theorem of Hormander as seen, for example, by the asymptotic
formula for the transformed symbol, and the fact that the symbol in our case is obtained by a
change of phase from the product of a standard symbol with cutoff functions that satisfy (4.4).)

In either case, the operator 0, 1" is an operator of the same type, with a symbol of one higher
order, hence the estimates (4.1), and consequently Theorem 4.1, are reduced to verifying the
following estimate

(4.5) HQ(dev dTg)”Lf’I([—é,é]xQ) < C||f||H1(R3)Hg”H2(]R3))

for T an operator as above with a symbol satisfying either (1.4) or (4.4).
We remark that in [10], the Strichartz estimates were shown to hold for both symbol types:

ITf sz —s8x2) < Clf 172 (gs)-
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We first verify that the reductions of the second section of this paper hold for symbols
satisfying the estimates (4.4). There are two places where the arguments need to be modified.
The first is to verify that the estimate (4.5) holds if, in the formula for d T, the d acts on the
symbol a(t, z,&). Consider the term d7Tf, where the d hits the symbol satisfying (4.4). In this
case, one obtains an operator S f of the same form but with symbol of order 2/3. The resulting
contribution to the left hand side of (4.5) is controlled by noting that

|(S£)@T )2 <NSFzgnsdTallzers < Cllf i gz,

where the last estimate for S f follows by interpolating the following estimates

1S fllzacs < Cllfllgre sy,
1S fllLgerz < Cll fll g2rs(ms)-

Similarly one may bound

ISPy < NT Flliena || D28 yaps < OISl

k/4

The other modification is to verify that the operator (2.5) has norm of order 2~"/4, if now the

symbol ay (¢, z, ) satisfies (4.4). This follows by expressing

Tn

Af(x) = /22'“/3 (1+ 24’“/31"2)_1Arf(:c) dr,
0

where A, is the operator obtained by replacing ax (¢, z, ) by the symbol
akr (t,T,€) = 2723 (1+ 2%/%1%) gy i (8,7,1,€),  T=(21,72)

which satisfies, for each r, the estimates (1.4), with constants independent of r. One then has the
bound

IAfllL2@e) < sup || Arfll2s) < C27%4 fll e,

with, as before, the 2%/ = §(0) factor coming from (2.3). This procedure of “freezing the z3
coefficient” will be used in subsequent steps.

We are thus reduced to establishing estimate (3.1). The above technique of freezing the x5
coefficient reduces to the case that the symbol a(t,z,€) in formula (2.2) satisfies the good
estimates (1.4), and the symbol a, (¢, z, pw) satisfies the estimates (4.4) above. (Note that one
cannot freeze the x3 coefficient of a; (¢, x, pw), since g(p) is not localised to a dyadic interval.)

We next note that the proofs of Theorems 3.1 and 3.2 go through if g(p) is supported in the
region where p < 235/4, This follows since, in this case, we have 227/3 < 25/2 hence 9, loses at
most 2¥/2 against the symbol a;(t,z, pw). The only step in the proof that needs to be modified
is to replace the right hand side of (3.8) by

. _1
C(1+6(1)°2™>0I3) igj | L2y 95 | 2 )
to reflect the (2, 2) estimates on a;(t, z, pw).
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We thus assume that g(p) is supported in the region where p > 23%/4. Notice that p >
2k/2§(1)=1, since (1) > 27 */4. Consequently T"“(f, g) = T+ (f,g). We will show that

@6 T gaqaray < OO o8 ages llzacey
We do this by setting
Ty (f.9) = Z TH(f,g,),
{5: 23k/4<29 <22k/35(1)~1}
T7°(f,9) = Z TH(f, g,).

{§: 29 >22k/35(1)~1}

For the term Té""(f, g), the index j runs over at most |log 6(1)| terms. Thus, the bound (4.6) for
this term results from the following bound (uniform over j)

_ 1/2
HTZ’W(L gj)“[?(dz dt) < 06(1) 3/4110g6(l)| ”f||L7(R3) ”gj”L"’(]R)-
This estimate follows from the argument for (%, %) symbols by freezing the z3 coefficient in
a;(t,x, pw), which is possible now that the index j is fixed.
To handle the term Tf’“J (f,9), we modify the argument of Theorem 3.1 by taking the partition

of unity such that the symbol abe (t,z,€&, p) is supported in the set

V,J,8,2

’l%_g"@rk/%(z)-l, Vepr(t,m,w) —2[ 22723, |t —s| <2-272%/36(1) 7,

and adjusting the spacing of the index points (v, s, z) accordingly. With these changes, and using
the modified Sy/32/3 estimates for the symbol, estimates (3.17) and (3.19) are respectively
replaced by

785, (T < 2.
v,5,8,2\ " v,j,8",2 = (14 22k/3|2 — 2/| 4 22k/38(1)|s — s'| )N’
Lo VEoplw Cné()~!
I(T5ae) Te | < Gimmrmsp — 27 £ 2k/35(1)[¢v — €/ )N

where we use the appropriate modification of Lemma 3.3. Since the indices now run over
27 §(1) = 22k/3, the rest of the proof of Theorem 3.1 goes through. O

In the case that {2 is the complement in R of a strictly convex obstacle, with the Euclidean
metric understood, a partition of unity argument allows one to extend Theorem 4.1 to hold
globally on {2 (but still over a finite time interval). Precisely, from the result of Klainerman—
Machedon [2] that the conclusion of the theorem holds globally on Minkowski space, together
with finite propagation velocity and energy estimates, we may conclude the following extension.

THEOREM 4.2. — Let §2 be the complement in R® of a strictly convex, smoothly bounded
compact subset. Suppose that u and v satisfy the Cauchy problem for the Euclidean metric on {2
with Dirichlet condition, with respective data

Cug,vo € Hp(R),  w,vi € HL(R),  F,G,DF,DG € L;([-1,1}; L*(2)).
Then the following hold, for any of the null forms @),
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”DQ(du’dv)”ﬁ@([—l,l]x(l) < C'(HUOHHI%(Q) + ||U1||H11)((2) + Z HDQFHL%L?E([-LI]XQ))

lal<1

X <||UOHH}’D(Q)+”U1”H}3(Q)+ > “DaG||L%L§([~1,1]><Q)>’

lal<1

”Q(duvd”)”Liz([_m]m) < O(Jluoll gy, (@) + luall ey + 1F Il Lirz (—1,11x 2)

x (nvonH;jm) oty o)+ !ID“GHLM_I,HM)-

l <1
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