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ABsTrRACT. — In this paper, we will study global well-posedness for the cubic defo-
cusing nonlinear Schrédinger equations on the compact Riemannian manifold without
boundary, below the energy space, i.e. s < 1, under some bilinear Strichartz assump-
tion. We will find some § < 1, such that the solution is global for s > §.

REsuME (Ezistence globale de solutions des équations de Schridinger sur les variétés
riemanniennes compactes en régularité plus faible que H')

Nous nous intéressons dans cet article au caractére bien posé des équations de Schré-
dinger non-linéaires cubiques défocalisantes sur les variétés riemanniennes compactes
sans bord, en régularité HS, s < 1, sous certaines conditions bilinéaires de Strichartz.
Nous trouvons un § < 1 tel que la solution est globale pour s > §.
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584 S. ZHONG

1. Introduction

Suppose (M, g) is any compact Riemannian manifold of dimension 2, without
boundary. In this paper, we will study the Cauchy problem for the cubic
defocusing nonlinear Schrédinger equations posed on M,

iug + Au = |ul?u

u(0,z) = uo(z) € H*(M),
where the solution u is a complex valued function on R x M, and A denotes
the laplace operator associated to the metric g on M.

(1.1)

There are two conservation laws:
(1.2) L?-mass / lu(t, z)|*dx = / lug(z)|2de,
M M
and
1 1
(1.3) energy E(u(t)) = f/ |Vu(t)|§d:c + 7/ lu(t, z)|*dx = E.
2Jm 4Jm

From [10], N. Burq, P. Gérard, and N. Tzvetkov proved that, if bilinear
Strichartz estimate (%5, )(see Definition 1.1) is satisfied for some 0 < s < 1,
then the Cauchy problem (1.1) is locally well-posed on H*(M), s > sg. Thus,
as a corollary, if s > 1, combining with the conservation of energy and L?-mass,
the solution is global. The question we are interested in is whether they are
global for sg < s < 1.

First of all, let us see the situation on the whole space R2. In this case,
equation (1.1) is L?-critical. From [12], the solution is locally well-posed on
H*(R?), s > 0, and also by the conservation laws above, it is easy to get the
global well-posedness for s > 1. Then, what about s < 17

In 1998, J. Bourgain, by decomposing the initial data into high frequence
part and low frequence part, proved that for % < s < 1, the solution is global.
Then in 2002, the I-team (J. Colliander, M. Keel, G. Staffilani, H. Takaoka,
and T. Tao), in [14] introduced the I-method, and improved it to be 3 < s < 1.
After that, by combining with the refined Morawetz estimate, the result has
been improved little by little, and the best result known is 2 < s < 1, (see [17],
[13], and [15]). Meanwhile, in [15], the authors claimed that by the method
available, % could be achieved. Recently, in [19], R. Killip, T. Tao and M.
Visan proved that, when the initial data is radial, the solution is global for
s 2 0, which is exactly the optimal one.

Now, let us see what happens on the compact Riemannian manifold without
boundary. The first breakthrough was made by J. Bourgain in [5]. He proved
that for T2, it is locally well posed for s > 0. Then in [7], he claimed that
for s > %, the solution would be global and this result was proved by D. De
Silva, N. Pavlovi¢, G. Staffilani, and N. Tzirakis in [16]. Recently, Akahori in
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GLOBAL EXISTENCE OF SOLUTIONS TO SCHRODINGER EQUATIONS 585

[1] proved that for the compact manifold without boundary of dimension 2, if
s > (1_a11)1_;(71"{1_+7i’?j_4a2), the solution of (1.1) would be global exists in H*(M),
here (a1, @) is the pair of positive numbers satisfying

Bk e N: |, —pl < A} < Cper A%,

For example for all the compact manifold without boundary, the above estimate
holds at least with (a1, as) = (1,1). Particularly, for T? and S?, (a1, a2) =
(0,1), and the s corresponding to them is s > %.

Here, we are also interested in obtaining an abstract result.

Let us give the main condition of this paper, which is the bilinear Strichartz
estimates.

DEFINITION 1.1. — Let 0 < 59 < 1. We say that S(t) = e®*®, the flow of the
linear Schréodinger equation on M stated above, satisfies property (Ps,) if for
all dyadic numbers N, L, and ug, vo € L?(M) localized on dyadic intervals of
order N, L respectively, i.e.

(1.4) lN< /f_A<2N(u0) = ug, and 1L< /f_A<2L(v0) = v,

the following estimate holds:
(1.5)  [|S(t)uoS(t)vollL2((0,1),x ) < C(min(N, L))*° |luol| 2 (ary |voll 2 (ar) -

In fact, such kind of bilinear Strichartz estimates were established and used
by several authors in the context of the wave equations and of the Schrédinger
equations. For example, in [10], N. Burq, P. Gérard, N. Tzvetkov showed that
for Zoll surface of dimension 2, especially for S?, sg = i—{—. Then in [11], they
proved that (Ps,) holds for so = %—l— for S® and sg = %—i— for S% x S'. Also the
results from J. Bourgain [5], [4], and [3] proved that so = 0+ for T?, s = 2+
for T3, and so = 2+ for T3 = R3/ H?:1(%’Z)y where a; are pairwise irrational
numbers. And R. Anton in [2] proved that sy = 2+ for general manifolds with
boundary and manifolds without boundary equipped with a Lipschitz metric g
for dimension d = 2, and for dimension 3 for the nontrapping case. Recently,
this result is improved by M. D. Blair, H. F. Smith and C. D. Sogge in [3] to
be %—f—.

Then, the main result of the paper is,

THEOREM 1.2. — Assume that there exists some sg < s < 1, such that condi-

tion (Ps,) holds, then there must be some s < § < 1, so that for s > §, the
solution to the Cauchy problem (1.1) is global, here
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586 S. ZHONG

Moreover,
JH#JF
(1.7) lu(T)||ze S T* "ot 0m2070 - for T>> 1.
REMARK 1.3. — 1. § is monotone increasing with respect to sqg, and for sg —
1,5§— 1.

2. For the special case so = 0+(T?), 5 = Q ~ 0.707. And for so = 1+ (Zoll),
5= 2832 .78,

S =
3. When s — 1, ||u(T)||gs is controlled by some constant.

Now, we will state the main idea for the proof briefly.

The aim is to imitate the H' argument with the energy. Hence we apply
some smoothing operator to improve the regularity of the solution u, so that
it makes sense for energy. However, the modified energy isn’t conserved any
more, so the crucial point is to estimate the growth of the energy. But, contrar-
ily from the R? case, the Fourier transformation couldn’t be extended trivially.
Although, we use eigenfunction expansion for M, there are still some obstacles,
especially for the case high-high-low-low eigenvalues. Hence, we need to local-
ized the function to some coordinate patch, and use some semiclassical analysis
tools to deal with it.

The paper is organized as follows: in Section 2, we will give some notations
and lemmas that will be used later, and in Section 3, we will prove the local well
posedness for the modified equation. Then in Section 4, 5 and 6, the change
of energy would be estimated, the results of which, will help to prove Theorem
1.2 in Section 7. Finally, in Section 8, which is also the appendix, we will prove
two important lemmas that appear in the paper.

2. Notations

In this paper, we denote s+ for s + ¢, and s— for s — €, with some constant
¢ > 0 small enough, and by < £ >, (1 + |£?)2.

A < B means there is some constant C, such that A < CB, and A ~ B
means both A < B and B < A.

As the spectrum of A is discrete, let e, € L2(M), k € N, be an orthonormal
basis of eigenfunctions of —A\ associated to eigenvalues uy. Denote by Py the
orthogonal projector on e;. The following space is called Bourgain spaces:
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GLOBAL EXISTENCE OF SOLUTIONS TO SCHRODINGER EQUATIONS 587

DEFINITION 2.1. — The space X*Y(R x M) is the completion of
C§°(Ry; H*(M)) for the norm

||U||§(s,b(RxM) = Z | <7+ pe >0< pp >2 PkU(T)||%2(Rt;L2(M))
k

(2.1) = [le"" A u(t, ')”%{b(Rt;HSV

where EZ(T) denotes the Fourier transform of Pyu with respect to the time
variable. And we denote it as X** when there is no confusion.

Then, for 1 > T > 0, we denote by X:Sp’b(M) the space of restrictions of
elements of X**(R x M) endowed with the norm

(2.2) ||U||X;’b = inf{HﬂHXs«b(RxM), ﬁ|(—T,T)xM = u}.

The following proposition, (see J. Ginibre [18], and N. Burq, P. Gérard, and
N. Tzvetkov [10]), gathers basic properties of this space.

PROPOSITION 2.2. — 1. u € X®*(R x M) <= e~ "*2u(t,-) € H*(R, H*(M)).
2. Forb > 1, XR x M) — C(R,H*(M)), and X3*(M) —
C((-T,T), H*(M)).
3. X%1(R x M) — L4R, L2(M)).
4. For sy < s, and by < by, X*2P2(R x M) — X001 (R x M).
5. For0<b <b< 3, lll o S Tb*b’||u||X;,b,

Then, from Lemma 2.3 of [10], the condition (Ps,) is equivalent to the
following statement:

1
For any b > 2 and any f,g € X*®(R x M) satisfying

Lyey=aaonN=F 1 a0 (9) =9,
one has
(2.3) Il fall2mxary < C(min(N, L))* || £l xo0.6 mx an) |9l x0.6 (R x p1) -

By some interpolation, there would be

LEMMA 2.3. — If condition (Ps,) holds, then for any 1 > s > so, b, which
satisfies 3 < b'(s) = ;(1+ 11__880)4- < b < %, such that for any f, g € X**(R x
M), satisfying

1 =f and 1,

N< —A<2N(f) < _A<2L(9) =9,

one has
24)  |fgllez@xmy < C(min(N, L))* || fll xo.0 @x a0 191l x00 (mx a1y -
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588 S. ZHONG

The proof of this lemma could be referred to [10] and [21].
Now let us give the definition of I operator.

DEFINITION 2.4. — For N > 1, define some smooth operator I, such that
Inu=mpy(A)u=m(N"2A)u,

where

(2.5) m(£) = {1 1—s |£

<1
(7)) lEl>2,

is a smooth function. We denote I for Iy for simplicity when there is no
confusion.

It is easy to check that

(2.6) lall oy S Mwvull oge S N llull .y,
and
(2.7) lullze S Mnullpr S N2l g

3. Local well posedness

We impose the Iy operator to both sides of the equation (1.1), and denote
v as Inu, which satisfies the equation
{ 10y + Av = In (I o2y )

3.1) v(0) = vg.

So vg € HY (M) (Jluollgr < N1=¢ by (2.7)), and the following proposition
ensures the local well posedness of (3.1).

PROPOSITION 3.1. — Suppose 0 < so < 1, such that (Ps,) holds. For

_ 2(1—sg) _
1 > s > sy, and vg € H*(M), there is some § = Cllvgllg™ ™ Pe
2(1—s0)(1—s)

BT =, such that (3.1) is locally well posed on [0, ], and the solution
v € C([0,8], H(M)), satisfies
(32) Il o = el o3 S Boolir
where C' is some constant that is independent on the time and initial data.
Proof. — To prove this proposition, we need the following lemma, the proof of

which is in the appendix.
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GLOBAL EXISTENCE OF SOLUTIONS TO SCHRODINGER EQUATIONS 589

5,b"(s—)

LEMMA 3.2. — For s < 1, b/(s—) = i(l + 11:350)—}—, and v € X; , there
exists
(33) N ([ulPa)l g1 -y S IINUl 00y S0 < 8 < 1.

s K

From this lemma, we can see that ||IN(|IJT]1/U|QI&1U)||X1,—b/(s—) < ||v||§{1,,,/(s,)-
3 5

Then by Duhamel’s formula, Proposition 2.11 in [10], and Proposition 2.2, we
have

Clop(s—)— _ _
||U||X;’%+ S lvollzr + 837 DT In (R oI5 o) v
Ly (s—)—
< Mol + 8277 o),y
)
S llvollm + 63707 GV ED Ty
Xé
s=sq
(3.4) < ol + 8= " |Jol® | 4 ..
X6
_2(=s0) _ _2(1-sg)(1=s)
Hence, by choosing 6 ~ [vgl|;,""™° 2 N 530 , and the standard

contraction argument, we get the result of the proposition.
O

4. The change of energy

As E(v(t)) is not conserved any more, we have to calculate its variation on
the time interval [0, ].

PROPOSITION 4.1. — For the solution v to the Cauchy problem (3.1), its vari-
ation of energy on the time interval [0, 0] is
(4.1)

E(v(8)) < E(vg) + O((N~Ums0)¥ 657 4 N720=s0)%) ||y |4, + N=2F50+ 557 ||y |9, ).
Proof. — Since

0:E(v(t)) :Re/ WVvtda:—i—Re/ v da
M M
= —Re/ Aivtd:r+Re/ |v|*vvsd
M M
= Re/vt(|v|2ﬁ— Av)dzx
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590 S. ZHONG

=Re /M (o]0 — In (I 0?5 ")) dz
= —Im /M(Av — IN(IR 0PI ) (02T — In (5 02Ty ) dz
= —Im /M AIyu([Inul?Tyu — In(Jul?@))dz
w1 [ In(uPa(IvuPTve = (o)
Integral on [0, 6], then
(4.2) E(w(8)) — E(vy) = —Im /05 /M Alyu(|Inul?Tvu — In(Jul?@))dedt

5
(4.3) —|—Im/0 /M In(Jul?u) ([ Inul*Tnu — In(|u)?@))dzdt.

From now on, we will use the notation I instead of Iy.

The goal for Proposition 4.1 would be achieved if we have the following two
estimates, which will be proved in Section 5 and 6 separately.
(4.4)

)
(2=t [ [ Al Tes - In(ofa)dade S (00 4 N0 g
0 JM

and
(4.5)

é
(1) =t [ [ Iauao (vl Tow = In(uPa)dede 5 N~245065 ol
0 JM

where s > max{2, 150} O

5. Proof of estimate 4.4
Proof. — We have
§
(4.2) = —Im/ / VTu(V (| Tul2Tu) — I(V(jul?u)))

0 M

6 [—
= —2Im/ / VIu(|Tu*VIu — I(|u]*Vu))
0 M

° o 207 20
—Im/0 /MVIU((IU) VIu— I(u“Va))
(5.1) =I1+1I
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GLOBAL EXISTENCE OF SOLUTIONS TO SCHRODINGER EQUATIONS
5.1. Estimates for . — The purpose of this subsection is to prove that
(5.2) IS (N7Ome0tga 4 N7 g,

5
I= —2Im/ / VIu(|Tu*VIu — I(|u*Vu))
0 M

4
:2Im/ / VTul(|u2 V)
0 M

é
(5.3) :2Im/ / VIul(|x1 (N~ A)ul|?*Vu)
0 M
+ 111

with some smooth cut off function x7, such that

(5.4) (€)= {(1] :g:

<1
> 2.
And III is the sum of the terms:

5
2Im/0 /VEI(Xl(N_2+A)u(1 _ Xl(N_2+A))fLVu),

)
m 7u172+ﬁ—172+ uVu),
o1 /O/VII(X(N Aa(1 = x1(N~2F A))uVa)
and
5
m Tu - X1 -2+ ul?Vu).
21 /O/Mw I(/(1 - xa (N2 A))u*Vu)

5.1.1. Study of (5.3). — We are going to show that

591

S
(5.5) (5.3) = QIm/ /vﬁ1(|X1(N*2+A)u|2vu) < N0t 53 |l |4
0

Proof. — We have
5
(5.3) = 2Im/ /VHI(|X1(N—2+A)u|2vu)
0
6 —_
= 21m/ /VIu|X1(N_2+A)u|2VIu
0

S
+21m/ /VE[I, Ix1(N 2T A)ul!Vu
0

BULLETIN DE LA SOCIETE MATHEMATIQUE DE FRANCE



592 S. ZHONG

5
= 2Im/ /VE[I,|X1(N—2+A)u|2]r1wu
0

é
(5.6) = 2Im / / VIu[l, gl *VIu,
0

with g(z) = [x1 (N *TA)ul®.

By partition of unity, it is enough to estimate 2Im f06 J VTuxs([I, g/l 1V Iu),
where x2 € C§°(M) is supported in a coordinate patch.

Then (5.5) follows from the following lemma,

LEMMA 5.1. — For the u, g, and x2 appearing above, we have,
(5.7)

§
— _ RTINS ldsod el
ot [ [ VTl 910 £ NS Tl g SN ol

We will postpone the proof of this lemma in the appendix (see section 8.2).

O
5.1.2. Estimate of III. — For III, we are going to prove that
(5.8) I S (N-(ms0+ 63— 4 N=2075004) g4,
Proof. — Because {ej} is an orthonomal basis of eigenfunction of —A,
(5.9)
’ 7.-No my(NG) Ny 7 V2 N.
II~2lm Y / / VIu > 2 TN TV IuN dzdt,
NoNs s Na 0 my (N{)my (N3 )my (N3)
with
uNi = > Pou, j=0, 1, 2, 3,

1
N; <<px>3 <2N
and N7 or N, Z N1-.
Let

5 2
mpy(Ny) +—No ; Ni 7—N. N
I(N) = / / Viu "ITu""tIu"?VIu 3dxdt|.
NY=1J0 T o 2 yms (N2 e (N3 |

We will prove that part of the gradient of VIu¥? could be shared by Iu™
and Tu™z.

By symmetry argument and because the presence of complex conjugates will
play no role here, we can assume N; > Ny. So max{Ng, N1, Na, N3} > N1~
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and by Lemma 2.6 of [10], we can see that there exists C > 0 such that if
N; > C3%,;(N;), then for every p > 0, there exists

_ N, 0
I(N) S N; ”max{l,(ﬁ)}“‘s)/ IV IuMo | g || Tu™N || 2 [[Tu? || 2 | VIuN? | 2 dt
0

3
SN7PREITT ) <V > TuM| e
j=0

3
5 Ni*PJrB(lfs) H ” <V > IU’NJ”;O,%
j=0 s

—p+3(1— —
SR e
)

< NO™ N~ @=30=Fg1= | 1yt |,
~ 7 X;,§+

(5.10)
< N;)*N—(P—3(1—S))+51—”UO”%II_

Hence, divide (5.9) into two parts, J; and Jo, where the summation is re-
stricted to N; > Czj# N; in J; and other possibilities are in J;. Thus for
J1, as N; (j # i) could be controlled by N;, we can choose p large enough such
that J; could be controlled by (5.5), hence we just need to deal with Js.

(a) No, Nl, NQ, N3 < N.

my (NG) =1
my (N7)mn (N3 )my (N3) '
By Lemma 2.3 and Proposition 2.2,

I(N) £ VI Tu™ | | Tu™ VI

SN NGTIVIU|| o w2 oy (U™ oy IV Tu™|
X& X& X&

Hence

1
0,3+
2
XJ

3
< Nfo—l-l-Ng—(SQX(%—i)— H ||I’U,N1
=0

X;’%+
3
—(1—s — ¢l ;
(5.11) < Ny OOt N [T (o e
i=0 5
If N3 5 Ny, then NV; Z Nl_, Ny S N7 and
(5.12)
3
oo s > NN NP NN [Ty
No,N1,N2,N3 No,N1,N2,N3 =0 g
SNt Tyt
X2
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If N3> N; > No, then N E/ Nl_, No ~ N3,

“(1—s 1
>IN SNy ST T g g
No,N1,N2,N3 s No~N3 ° °
5 ]\[7(1750)+5%7||Iu||2 1,14 ||I’U‘NOH2 1,414
X(S 2 No X5 2
(- 1
(5.13) SNTUTORE Lty
s
Combining (5.12) with (5.13), we have
(5.14)
o IW) SN |t S NSO g 0.
No,N1,Na,Ns Xs

(b) At least one of N; > N.
(bl) N1 > Ns.
Hence, Ny < N1, and N; 2 N.

(b11) Ny = N > Ny, Ns.

. . . mN(NZ) _ mN(NZ)
In this case, N1 ~ Ny 2 N, which gives mN(Nf)mN(N%)mN(Ng) = mN(N%) <

1, the left steps are the same as (a), and the result would even be better.
(b12) Ny = N3 > N > No.

my (NG) < n—2(1-s) 1-
N ) (N7 N- s,
e (NB)my (N2 )m (V2) ~ (N2Ns)

By Lemma 2.3 and Proposition 2.2,
I(N) S N7202) (N Na) o[V Iu™No TuM? | [ Tu™ VIS |
< N720=9) (N N3) s N~ Ngo T

N N: N N:
IVIu °||X§,%+||Iu 2||X§1%+||Iu 1||X§,%+||VIU 3||X§,%+
3
1_ — — — A7l — ;
<62 N 2(1 s)]\/v1 sN20 N3 s+so+H||IuN Xl,%Jr
=0 s
3
1
B15) £ NHINI N NN Ty
i=0 8
then
(5.16) DOIN) S &N Tt S 6 TN T g,
XJY

with s > H%
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(b13) Ny = N > N > Ny.
my (NG)

< N—2(1—s) N N 1—5-
o (VD)o (NZ)m (N3) ~ (N1N2)

Similarly,

I(N) < N7207) (N Np) =% ( Ny N3) ot

N, N N. N
[IVIu °||X§1%+||Iu 1||X§1%+||Iu 2||X§,%+I|VIU BHX((;,%Jr
3
S N2INTEN ot NG T ™ | g
i=0 5
3
(5.17) < N2Am Npsteot Nzoteot NO= NOT [T IITu™ b
i=0 g
S0
(5.18) DI SN Tty N g
X2

(b14) Ny > Ny, N3 > N.

mn (Ng) < —3(1—s) 1—s
N NN, N- .
i (V2 m (N2 (NZ) (N2 )

Also
I(N) < N7307)(Ny Ny N3 )% (Ny N3 )*ot

: ||VIuN°||X§,%+||IuN1||X§,%+||IuN2||X§,%+||VIuN3||X3,%+
3
S; N—3(1—S)NI—SN2*8+SD+N31*S+SU+ H ||IuN1 Xl’%‘*'
i=0 8
3
(5.19) S NN TRt Nt NG NG [ TI™ g
i=0 s

and

(5.20) D_IIN) S NZ2ZO )ty S N7 g

s

(b2) N3 > N1 > Nos.
In this case, N3 2 N, and Ny < Nj.
(b21) N3 > N > N, > N~
So Ng ~ N3 = N, and
my(Ng)
my (N )my (N3)my (N3)

Nl’
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So this case can be dealt by the same way as case (a), and the result is the
same.

(b22) N3 > N; 2 N > No.

(b221) N3 ~ Nj.

mn (N(?) < —2(1-s) 1—s
N NiN3)—2,
i (V2 (N2)my (NZ) (N1N3)

and
I(N) S/ N72(lfs) (N1N3)175Nf0+N21_
: IIVIuN"IIX;aIIIuNlIIXS@IIIuN2IIXE,%+IIVIuN3||X§,i+
3
S NEOINTr ot NG N0 s [T g
i=0 8
3
1
~ N—2(1—S)N§72S+80+Ng—6§— H ||I’LLN1 X11%+'
i=0 s
Hence,
(5:21) Y I(N) S NTHEORGETLult ) S NTESE g
s

(b222) N; < Ns.
So NO ~ N3 and

Then
I(N) S N~O-9)Nl=sNsot N1=

N N- N: N.
[IVIu °||X§1%+||Iu 1||X§,%+||IU 2||X;J,%+I|VIU 3||X§,i+
3
NNt N T g
i=0 s
And
_ 1_ N, N
Z I(N) SN thsotgz ||Iu||2 1,3+ Z [T °||X13%+||Iu 3||X1,%+
No,N1,N2,N3 X5 No~N3 s g
- 1
SR LT ) 1l
s No s
5 N—l+so+§%—”Iu”4 L1y
Xs 2
(5.22) < N0t 53 |lug|4: .
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(b23) N3 > Ny > Ny 2 N.
Also divide into two cases, N1 ~ N3 and N; < Nj.
FiI‘St, if N1 ~ N3,

my(Ng) < N—3(1-s) 1—
N $)(N1 N3 N. s
i (NEym (VB (N3) (N2
and
I(N) < N73075)(N;Np N3)' =5 (N No ) o+
: IIVIuN°||X§,%+IIIuN1IIX;),%+||IuN2IIXE,%+IIVIUN3||X§,%+
3
f, N73(175)Nl—s+so+N2—s+so+N31—s H ||IuN1 Xl,%-#
i=0 s
3
S NNyt Nt [T g
i=0 s
So
(5.23) dYIN) S N_HQS”III'UIIj(;,%+ SN2 g 3
For the second case, we have N3 ~ Ny = N,
mN(Ng) < N—2(1-s) 1-s
N N1 N. ,
o (N2 )m (N3 (V) (No2)
and
I(N) S N72U79(NyN,) 7 (N1 N ) *oF
: IIVIuN"IIXgaIIIuNIIIXE%IIIuNZIIXg,%+IIVIuN3IIXE,%+

3
S Nl—s+so+N2—S+So+N—2(1—5) H ||]uNZ ||
X

L3+
i=0 °
which gives
(5.24) Y. IIN) SNTEEO Lty S NTEEH g,
No,N1,N2,N3 X5
by the same arguments as (b222).
Conclusively,

(5.25) I < (N-(ms0)tg3— o N—20=s0)Hy g0 |4,

Combining with the result of section 5.1.1,

(5.26) IS (N~Oms0)tg3— 4 N=20-s0)4) |l |4,
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5.2. Estimates for II. — Because

’ T 29T 29
II = —Im/0 /M Viu((Iu)*Viu — I(u*Va))

5
_ 7No, . mn (NG) N1 7, Noo7Ns
= ImN NZN N /0 /M VIu"' (1~ vy vy u TuN VT,
0,4V1,IV2,IV3
mN(Nz) mN(N2)
and |1 — mN(Nf)mN(N%)mN(Ng)l < mN(Nf)mN(N%)mN(zv32
could be estimated the same as I, except for

s all the other cases

6 JR— [—
(5.27) —Im/0 /M VIu((x1 (N 72T A)Tu)*VIu — I((x1(N 72T A)u)?Va)).
As
5
(5.27) = —Im/0 /M VIu((x1(N72TA)Tu)?VTu — I((x1(N 72T A)u)?Va))
é
— Im /0 / VIO (N> D)) VT - (o (N>* A VTa - (1, gl VTa)
é
= Im Tu —“IVTu
=1 /0 /VI [I,g)I"'VIu,
where g = (x1(N ™2t A)u)?.

From the proof of section 5.1.1 and Lemma 5.1, we can see that the presence
of complex conjugates makes no difference there, hence we have

(5.28) (5:27) S N7t (| Tufl |y S N8R |0
X6’
So
(5.29) IT < (N~O=s0t3— 4 N=20=50)+) |1y |14,

Taking section 5.1 into consideration, it has

(5.30) (4.2) < (N~A=s0t53— 4 N=20=50)+) ]y || 4. ]

6. Proof of estimate (4.5)

Proof. — The purpose of this section is to prove estimate (4.5), i.e.
s
(o) =tm [ [ F(ufu)(ruPTa - 1uPw)dzds § N5 55 o
0 JM
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5
4.3) = Im u2u u27u_ u2ﬂ -
(43) =1 /O/MI(II )([Tu*Tu — I(|u|*w))dzdt
5
(6.1) =Im I(uN1 Ny Ne)No
Nt);NG/O /

. (1 _ my (NG)
my (N?)mpy (N3)my (N3)

) IuNlﬁNZIuNS,

where uVi has the same definition as the ones in Section 5. By symmetry
argument and because the presence of complex conjugates will play no role
here, we can assume N; > Ny > N3, and Ny > N5 > Ng. As stated in
Section 4, we can assume that N; < Zj€{0,1,2,3};£i N;, ¢ =0,1,2,3, and also
N; S Zje{0,4,5,6};£i Nja ©1=0,4,5,6.

And if Ny, N1, No, N3 < N, then the right side of (6.1) would be 0, which
is trivial, so we will just deal with the case at least one of them 2> N.

Since
m (NG) < my(NZ)
(62) |1_ N2 N2 N2 |N N2 N2 N2 y
N(N?)mn(N3)mn(N3)' ~ my(N)my (N3 )my(N3)
my (Ng) N4 N5, Ne\N Ni7 No7 N
HN) 5 I(u™a™u™e)™ Tu™ Tu™? Tu™®
= mN(le)mN(NQQ)mN(N:,?)” ( )"l I Iz,
m (NG) Ny Nar N
< I 1I 2[ 3
S mN(NQ)m (NQ)mN( 2)” u tlu Py ”fo

my (NG)
‘m (NZ)my (N2)my (NZ)

(6.3) = (z) x (id),

where

||IuN4IuN5IuN6||Lf

my (N?)my (N3)mpy (N3)

|IuNIIuNZIuN3||L§

and

.. my (NG)

(i) = 2 2 2
my (Ng )mN(N5 )mN(Ns)

Let us estimate (i7) first.

||IuN4IuN5IuN6||L3w.

LEMMA 6.1. — We have

NY765 T T [u™ | g Ni< N
)

(6.4) () 4 iy oot _
NTHNGTE T ™| g NaZ N

s
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Proof. — By Lemma 2.3, Proposition 2.2 and Sobolev embedding theory,

.. my (NG) Nay, N N
ii Tu™*Tue |72 || w8 10
mN(Ng) N. N. N
< Ns|[Tu™* Tu™s Tu™'e
S mn(ND)my (N2)my (N2) 51w ”Xg,%r” u ”X;J,%Jr” u ||X;J,%+
6
my (N§) Lo N;
6.5 —02 Tu™ | ;1.
6) % e e v LI e
(1) Ne < Ns <Ny < N
my (N§) 1
my(N;)my(NZ)my(Ng) ~
and
1. 2 ]
6.6 6.5) < —62~ TuNe|| L1, <NO762- IuNi|| L1,
( ) ( )N N4 g” X6,2+ ~ 4 7;H4|| X(s,z-f-

< N*(l*S)Nl—S'
my (NZ)my(NZ)my(NG) ~ N

So
6
1
(6.5) S N-OINg e N te ] IIIuN"IIXl,%+
i=4 s
6
—(1—s) nr—s el g
= N~O=oONsgE I 11w exs
i=4
6
(6.7) S NTUNQTg- 1_1 17 g

(3) N¢ < N < N5 < Ny

Then
my (NG)

< N—2(1—s) N N 1—s
o (N may (NE)m (NE) ~ (Nals)
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and
( )<N 2(1—- s)(NN51 sN 15 HHIU‘NHX s
S NN ENG TR H 17a™ | 1y
; s
(6.8) < NN 55—H||IUN ||
i=4
with s > %
(4) N S Ng < N5 < Ny
Then N2)
mn (Ng < n-3(1—s) 1-s
N N, N5Ng)'—,
N(NF)mn (NZ)my (NG) ~ (NabsNo)
and do the same thing as (3), we have
6
- — el .
(6.9) (6.5) S NTNP=62 [ IHu™ e
i=4 s

with the assumption that s > %
Hence, conclusively,

6
.. I S .
(ii) S Ng—o2 ] IHu™ eres O
i=4
Then for (i), we can deal with it in the same cases as (ii). As at least
N; 2 N, we just need to consider about the case (2), (3), (4), which gives

1.
A+

3
(6.10) (i) S NHFNO=63- ];[1 (| Tu™: o

Therefore, when Ny 2> N, from (6.3), (6.4) and (6.10),

6
(6.11) 1) £ VNN T g
and
(6.12)
S0 I NSy SN ol SN ool
No---Ng X
For Ny <« N, which means that Ny < Ny < N, so Ny > N3 2 N, and
mN(Noz) < _2(1_ ) 1— 1
N $)(N1N. e .
i (N2 my (VB (V3) ~ N e (VD)
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Hence
1
i) < N~20=9)(N; Ny —* Tu™M ™22 (| TuN? || oo
() < (Vi)' o ™ T g 0
1
—2(1-s) 1—s so+ N N. N.
SN (N1N2) mN(N32)N2O ([ 1w 1||X§1%+||Iu 2||X§1%+||Iu 3||X;,%+
(6.13)
1 3
< N72(175) NS N stso+ I N; )
~ mx (NZ) 1 4V2 21;[1” u X;,%+
Discussing for N3 < N or N3 2 N, it is easy to get
3
(6.14) (6.13) S N=2Heot NP~ T T [1Hu™ e
i=1 s
Therefore, for this case,
(6.15) D I(N) S Nt Luf® S NTEOTSE ugl|fe. O
Xé
7. Proof of Theorem 1.2
Proof. — By Proposition 4.1, (2. ) and (2.7), we have,
—s ot ol
B(v(8)) — B(vg) S (N7U700¥537 4 N720=2004) | 10 4+ N 720453 oy |54
< (N—(l—so +5§—+ —-2(1— so)+)N4(1 s)—I—N 2+so+5 N61 s)
(71) < N3—4s+so+5%— _|_N2—4s+2$0+ +N4_6s+50+(5§_.

By the definition of energy, and Gagliardo-Nirenberg inequality, we have
(7.2)
1 1 1 _
E(vy) = §HVUOH%§ + 1””0”%4; < §||VUO||2Lg + Cllvol|72 [VeollF2 < Cluollfn < N9,
Hence, for any given time 7' > 1, the number of iterate is % with § 2>

_2(1-sg)(1—s) .
s=s0 , and the total energy is

E(U(T)) 5 E(U(O)) + %(N3—4s+so+6%— +N2—4s+250+ +N4—6s+so+5%—)

< N2(1-s) +T(N3—4s+so+6—%— + N2—4s+2s0+5-1 +N4—Gs+so+6—%—)

(7.3) < N2-9) 4 p(NPisteot ST

_ 2(1—s)(1—sqg) (A—-s)(1—sq)
+N2 4s4+2s0+ T—ag ++N4 6s+so+ s—20 +)

Now we should take some proper N = N(T'), such that

_ (1-s)(1-s0) 2(1—s)(1—sq) (1-s)(1—sq) _
T(NS dstsot+—=5; ++N2 ds+2s0+=—=; +_|_N4 6s+sot—"5; +) N2(1 s)7
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so that
(7.4)

lu(D) iz < D)z = lo(D)llm: S VE@T) + (D)2 SN2 =T7,
with a > 0. Here, we use the conservation of L?-mass of u(t), which gives
lo(M)lIzz = Inw(T)llzz < [lu(T)llzz = llwollzs-
Since

1-— 1-— 2(1 —s)(1 —
(A=5)=s) S°)+>2—4s+230+—( s)(1 = s0)
S — 8o S — 8o

3—4s+ sg+

for s > H;O, and

1-s)(1— 1-s)(1—
3—4s+50—|——( 5)( 5°)+ >4—65—|—30—|——( ) SO)+
S — 8o S — 8o
1
for s > 3,
(7.5) T(N3—4s+so+7“‘j)_<1550’+ 4 N2 st 2ISR0m0 4

s)(1—sq)

_ (1-s)(1—sq) _ a-
+N4 6s+so+—=5; +) ,S TN3 ds+so+——=5; + S Nz(lfs),

s—sg

—+
by taking N ~ T27 -0 7420-1 " for 5> Y2 4 (1 — Y2)g; > max{1E0, 2},
Therefore, by (7.4)

(s—s0)(1—s)
(7.6) ()| < T trortgresa—i ™ .

8. Appendix
In this section, we will prove Lemma 3.2 and Lemma 5.1.

8.1. Proof of Lemma 3.2

Proof. — Tt is just a little modification of Proposition 2.5 of [10].
Assume by density that u € C§°(R x M). By duality argument, we just
need to prove

(8.1) / @IN(IuIQU)d:vdt‘ < Ollpllx -1 1Nl
RxM

for ¢ € X1V (s7) Denote
N,
¥ ¢ = Z Pk%
No<<px>Z <2Np
ulNi = Z Pru, for j =1,2,3,
Nj<<;tk>%<2Nj
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and
I(N) = / @Nom(No)uNlﬂNzuNdedt',
RxM
then
(8.2) / <PIN(|U|2U)d.Tdt‘§ > I(N).
RxM

No,N1,N2,N3

By symmetry argument and because the presence of complex conjugates will

play no role here, we can assume N7 > Ny > N3. Also by Lemma 2.6 of [10],

the condition that s < 1, which gives i < b'(s—), we can manage the case

No > C(N1 + N3 + N3) by some similar argument as in section 5.1.2, so we
just need to estimate the case Ny < Nj + Ny + N3, which implies Ny < Nj.
Therefore,

mN(Ng) /—N N7 N2 N.
I(N) < oIyu " Iyu T Inut?
M) S s O ymy (N (vg) | & e e
mN(Ng) No N N N.
Inu™?|l;2 [[Inu"t*Inu"?||r2
3
my(Ng) 0N
N N s 0 I (s— I u b/ (s—
mN(le)mN(Ngz)mN(Ng?)( 2 3) ”(p ||X0,b( )21;[1” N ”XO"( )
(8.3)
mN(Ng) (NO) —1—
< — ] (INa2N3)?
S oy ()mn (ND)mn (V) () (V2 )
3
o™ Nl x-vwrcoms [T IENull xr00o
i=1
by Lemma 2.3.
If N; < N,
N&—1=
3 — N§—1—.
my(N7?) '
If N; 2 N,
N N;
i — (* —5N§717 :NS_1N97
my(N?) 2 ‘ v
with sg < s < 1.
Therefore, (8.3) turns to be
(8.4) > I(N)
No<(N1+N2+N3s)
mN(Ng) No N, N 2
SN;N my(NZ) \ Ny 1™ x 1.0 N | 1.0 Nl 0o -
0S4Vl
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my (N2
Case 1. NO,SNl < N: mZEN%;(%)N(Nl)S(Nl) :

Case 2. No < N < Nax TR (3) £ (A" (38) £ (38)"

mN N2

Case 3. N < Ny < Ni: Exgi( 0) < (Mayl-s(Nay = (Najs,

Hence,
(8.5)

No\?
S g Y (32) 1 lxossen e e Myl

No,N1,N2,N3 NoSM:

Then, because for Ny < Ny, there is some fixed positive integer [y such that
Ny = 2! Ny, where [ > —l, it has

No\*\ N M
> () 10" xrwren Inu™ ey

No<N;
= 53 2 o™ o v N e

I>—1o No
S D2k ZWOHX T an W)
1>—lo

(8.6) S ”90||X—1vb’(s—)”INUHXLV(S—)»

which ends the proof for this lemma. O

8.2. Proof of Lemma 5.1

Proof. — Let
1=00(6) +)_6(277¢)
j=1

be a dyadic partition of unity in R?, 6 € C5°(R?), 0 € C5°(R?\{0}), and
supp(0) C (1, +00).

So
m(§) = 0o(§)m(§) + Z 02796 ¢| 7
(8.7) = 0o (§)m(§) + Z 9 $0-9)9(2-7¢) 2~
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which gives

m(N"2A) = (N2 N72)) +Zz (=992~ IN~2A) 27 IN~2A|" 2
(8.8) =Y 27507%0p,,(h2A),
j=0

J

here h; =272N~! (j > 0), and

_ ) 0(m) i=0 _
p15(8) = {0(5”5 s € C(RY).

By Proposition 2.1 of [9], there is a sequence {t1;;(z,&)} of C§°(M x R?),
and xs, which is equal to 1 near the support of x2 and supp(xs) is a slightly
larger than supp(x2), such that for every K € N, f € C*(M)

K-1
(8.9) X291 (h3A) f — Z Ritrij(z, hiD)xsf = Rij(x, h;D, h;)f,
i=0
-1
here Y19 = Xa2(2)p1;(p2(7,€)), and for i > 1, thys; = Y gz 2 (k 1()1:2)q1ijka
q1i5k(x, &) are polynomials in £ of degree less or equal to 2(k—1) and supported
in the set {z € supp(xs)}, p2 is the principal symbol of Ay, alé]? < pa(z,€) <

b|¢|?, and

(8.10) IR fllzz S R5IFN 22

Let
oco K-1

(8.11) mi(z, N'D) = 3" 3" 27209 piy i (2, h; D).
J: 1=0

Then, similarly, for m~1(N~2A),
(8.12) m” Zzzﬂ Voo (R2D),

here

o2s(6) = {90(§)m1;s(€)j=0 € O (B,

0(¢) j>1
Also there are {t9;;(x,€)} and Ry;(x, h;D, h;) such that
K-1
(8.13) Xo@2j (W3O f = Y hitpaij(w, hD)xsf = Raoj(w,h;D, hy)f,
=0
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and
(8.14) |Ro; fllz S WISz
Denote
co K-—-1
— 2(1— i
(8.15) ma(z, N7'D) =3 > " 25079 hivs;i(x, h;D).
j=0 i=0

Now, let us deal with

/06/VIU'X2[I79]X2I_IVIU /06/BXZ[m(N_ZA)7g]m_1(N_2A)h ’

here h = VIu.
By the properties of y3, we obtain
/ 6 [ (N2, gl (N2 )
-/ 6 [ Albam(N2) = . N D), gliam™ (N2 )0
- 5 [ hlms N7 D) glgam (N2 )1
-/ 6 [ a2 8) = s, N D) gl ™ (N228) = i, N D)
+f 5 [ Bl N7 D), gl (N28) = (e, N D))l
- 5 [ Alam(N2) = o, N D), glma(e, N D)l
;

+ h[m1(z, N"*D)xs, glms(z, N~ D)xsh

(8.16)/0/“ s, ghma (e, N1 D)
— (1) + (i) + (i) + (i),

with Y2 equal to 1 near the support of x2, and supp(x2) is a little larger than
supp(x2)-
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8.2.1. Study of (i), (ii) and (iii). — For (i), (ii), (iii), we will use the same
method, and take (iii) for example.

(iii) < 18l 2z Ixem(N2A) = ma(z, N~ D)xs, glma(z, N~'D)xshl| 2

K-1
k—d(1—-s)14
S Y > 27 COnkligz |I[Ray(w, hy D, hy), glibaak (z, hi D)R|l 2
5k>0 i=0
(8.17)
K-1

<SS 2 O Inhl e (1R (gveah)llnz .+ llg(Ragtbo) 2 ).

4,k>0 i

I
=)

(8.18) [102gllzee = 105 (Cxr(N™*F A)uxa (N=2F A)u) | g
SN (N Al S N Tl for laf > 1

(8.19) lgllLe S N Tull3p,
(8.20) |09 Yair (0, )| < by 1€ S 1,
and

_ _k _
h\ka|N|a| — 973 |a\N0 ,
so by the classical pseudodifferential estimates, we just need to consider |k—j| <
v, here v is a fixed positive constant.

K-1
S S T Ol e (1R (gt e, + lg(Ragbeh) e )

J |k—j|<v i=0

K-1
kg —s) 11
<Y S Ol A gl Az

Jj |k—jl<v i=0

K-1
koi(1—s)7i
S0 > D2 IR Al 0o N | Tulf ey

J k—jl<v i=0

< Z Z Z 2—(1 s)hz hKNO+51_||Iu||4 1
Jj |k—j|<v i=0 Xs
(8.21)
S NTEHS| L)t
X

1 .
1,34
s

Hence by taking K = 2, the estimate for (#i%) meets the requirement of the
lemma . And for (i) and (i3), the results are the same or even better.
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8.2.2. Deal with (iv). — Now, let us estimate (iv).

()= [ [ hlms (@, N7 D), ghma o, N D)xsh

K—
Z Z Ea- s)/ h[1:5(z, h;D), glvau (2, ki D)X3h
2 =0

K-—1
IS DB SESLEE

No,N1,N2,N3 j,k>01,1=0

[ i1y D)t (N2 2y S (N A
(8.22) ’(/ngk(x th) 3h 3,

where Y3 € C§°, which equals 1 near support x3, h™i, uN is defined as above.
Denote § = x1(N 2t A)uMN1x; (N=2+A)ud2.

First, for the same reason as above, we just need to estimate the
case |k — j| < v, Ni, N < N'7, and Ny ~ N3 2> N, otherwise,
[W155(2, hy D), xa (N2 A)uMNixg (N=2F A)ule] = 0.

By (8.18), the following lemma is from Theorem 2.6.5 and Remark 2.6.7 of
[20].

LEMMA 8.1. — We have
K'—1 hla‘

(823) [wli_ﬁg] = Ilz |a|| |‘8£ wlwaag—’— R’Lj(x h; é— h; )
al=1

such that

IRijllzz—r2 <RI NK O= (N No) O~ || Tul|,
where € > 0 depends on the eigenvalue scale of x1 (N2t A)u.
So take K’ large enough such that K'e > 1 — sg, and do the same thing as

(iii), then we can get the result what we want for R;. Therefore, the left terms

h‘
are Z|a\ 1 zla\|a|'a$ 115505 g, and what we will estimate is

K-1K'—1 h\al

(8.24) DR DED DD D DS T \a|a;

No,N1,N2,Ns j |k—j|<vil=0|a|=1

- / / B0 92 08 s (2, D)bars (2, he D) Rah™,

with 939 = 37 0, |+ jaz =la) OO (X1 (N 72T A)ulN1)052 x1 (N2 A)ule.
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First, we will estimate the case of || = 1, and for the term
A (x1 (NTZ A)ulN)xq (N=2+ A)ulNe,
For this case, the kernel of 0¢t)1;;(x, D)ok (z, ke D) is

K(z,z) =

4/ 8= N =YY a1 (a2, )Pk (y, han)dEdydn.
(2m)* Jpe

We will calculate the principle part, i.e. O¢tp10;(, hj&)20k(y, hkn), other
terms would be no worse than it.

First for a0k (v, hxn),

baony ) = {xQ(ywo(pQ(y,N—ln»m(m(y,N—ln)) SN k=0

X2()0(pa(y, hym)|p2(y, han)| = Il ~hit k=1,
(8.25) P20k (¥, hen)| S 1.
Then for 8&’(/)1(”(%,5),
x2(z)(0¢bo(p2(, §))m(p2(z, §))
+ 0o(p2(, §))em(p2(z, €))) j=0
0, 105\, =
)TN o @) 0t ) mpa(r. )
+ 0(pa(2,€)) 0 (Ip2(2,8)|~ 7)) j=>1.
Hence,

|0¢t105(z, )| S 1.

By these estimates,

[1K@ 2 <1, [ 1K@ 251,
then by Schur’s Lemma

||a£¢1ij($7D)¢2lk($ath)>~63hN3||X§v%+ S ||hN3||X?,%+'
Therefore,

5
/ /ENO@I(Xl(N72+A)UN1)X1(N72+A)UN2
0

- O¢t1ij(x, D)ok (z, hy D) X3h™N®

TOME 138 — 2010 — N° 4



GLOBAL EXISTENCE OF SOLUTIONS TO SCHRODINGER EQUATIONS 611

S B0 (x1 (N2 A)u™)
ez, I (N7 A)u20¢pn; (2, D)ok (x, e D)Xsh™ | 2
< N RN| 01+”a Xa (V2D

1
§+

Ny~ lxa (N 2+A) N"‘II 0.1+ 110¥45(x, D wm(x th)X3hN3||Xo,i+
s

< Nt NPT [[h7| o,%+||IU||2 L1+
6

6237 NY7 | 0¢thii (z, D)ok (y, ha D) Xah ™|

1
x5+

> o

(8:26) < N™T(N1N2)*~ IIIUII2 Ly IR o g IR

0.5+
5 5 S5

X

Then, for |a| > 1, we could estimate similarly, since

102X (N2 ATy, S NI (N2 ATy faa] > 1

1
) 1

and | Nlel= = 9= 3lal No-,
Conclusively,

201585 & KZ j TR
J —JjI< =0 :

-||1u||j(1,%+ Z ||hN°||Xo,%+||hN3||
s

X
s No~N3 s

SNTEES T T, D IR

s

1
0.4+

< N 1t+sotss—

(8.27) S NTEE g L)l ol

1,44

)
Therefore, combining the results of section 8.2.1 and section 8.2.2, i.e. (8.21)

and (8.27), gives the result of Lemma 5.1. O
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