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ABsTRACT. — In this paper, we recall the existence of graphs with bounded valency
such that the simple random walk has a return probability at time n at the origin of
order exp(—n®), for fixed o € [0, 1] and with Fglner function exp(n%). This result
was proved by Erschler (see [4], [3]); we give a more detailed proof of this construction
in the appendix. In the second part, we give an application of the existence of such
graphs. We obtain bounds of the correct order for some functional of the local time of
a simple random walk on an infinite cluster on the percolation model.

REsSUME (Ezistence de graphes & transitions de probabilités sous-exponentielles et ap-
plications)

Dans cet article, nous rappelons ’existence de graphes & valence finie tels que la
probabilité de retour de la marche aléatoire simple soit de l’ordre de exp(—n®), pour

o € [0,1] et tels que la fonction de Fglner du graphe soit en exp(nﬁ ). Ce résultat a
été prouvé par Erschler (voir [4], [3]). Une preuve plus détaillée de cette construction
est donnée en annexe. Dans une seconde partie, nous donnons une application de
I’existence de tels graphes. Nous obtenons des estimées du bon ordre pour certaines
fonctionnelles des temps locaux de la marche aléatoire simple sur un amas infini de
percolation.

Texte regu le 7 mai 2007, révisé le 14 février 2008 et le 4 septembre 2008, accepté le 23
septembre 2008

CLEMENT RaAu, Institut Mathématiques de Toulouse, Université Paul Sabatier, route de
Narbonne, 31062 Toulouse Cedex 9, France e  E-masil : rau@math.ups-tlse.fr e
Url : http://www.math.univ-toulouse.fr/~rau/

2000 Mathematics Subject Classification. — 60J10, 60K35, 05C90.

Key words and phrases. — Random walk, local time, percolation cluster, isoperimetric in-
equality, wreath product, generalized wreath product.

BULLETIN DE LA SOCIETE MATHEMATIQUE DE FRANCE 0037-9484/2010/491/% 5.00
© Société Mathématique de France



492 C. RAU

1. Introduction and results

A graph G is a couple (V(G), E(G)), where V(G) stands for the set of
vertices of G and E(G) stands for the set of edges of G. All graphs G which
are considered here are infinite and have bounded geometry and we denote by
v(g) the number of neighbors of g in G.

We study the following random walk X on G defined by:

(1) XO =g,
P(Xpt1 = b|Xn = a) = ;5557 (L@@} + La=b})

The random walk X jumps uniformly on the set of points formed by the point
where the walker is and his neighbors. Thus X admits reversible measures
which are proportional to m(z) = v(z) + 1.

In this context, the transition probabilities are linked by the isoperimetric
profile. For a graph G and for a subset A of G, we introduce the boundary of
A relatively to graph G defined by

0gA ={(z,y) € E(G);x € Aand y € V(G) — A}.

Actually, we will rather work with Fglner function to deal with isoperimetry.
Let G be a graph, we note Folg the Fglner function of G defined by:

|0cU| < 1}_
Ul ~k

Folg(k) = min{|U|; U C V(G) and
If G’ C G is a subgraph of G, we will use the Fglner function of G’ relatively
to G defined by:

0cU| < 1}'
vl "k

Fol&, (k) = min{|U|;U C V(G) and
We have the following proposition (see Coulhon [1])

PROPOSITION 1.1. — Let mg = infyyy m > 0 and X be the random walk
defined by (1). Assume that Fol(n) > F(n) with F' a non negative and non
decreasing function, then

sup P(X,, = y|Xo = z) 2 v(n),

T,y

where v satisfies:

_ o(t)
V() = —sErammye
v(0) = 1/my.
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GRAPHS WITH SUB EXPONENTIAL TRANSITIONS PROBABILITY DECAY 493

(We recall that a, < b, if there exist constants ¢; and ¢y such that for all
n > 0,a, < ¢1be,n, and a, = b, if a, X b, and a, = b,.)

For example, we retrieve that in Z?, the random walk X defined above has
transitions decay at time n less than n~%2 and in &, the Cayley graph of the
free group with two elements, the transition decay of the random walk are less
than e~™. A natural question is to know if there exist graphs with intermediate
transitions decay. Some others motivations can be found in Section 2.

The answer is given by the following proposition due to Erschler (see [4]).

2a

PROPOSITION 1.2. — Let o € [0;1, F := e*" * and o(n) := e . There
exists a graph Dp = (V(Dp), E(DF)) with bounded valency such that:

(i) Folp, =~ F,
(ii) there exists a point dy € V(D) such that, for all n,pP¥ (dy,do) =~ o(n),

where pP¥ (,) stands for the transitions probability of the random walk X defined
above when G = Dp.

Most important steps of the proof can be found in [4] for @ > 1/3 and in
[3] for & < 1/3. A complete proof is given in the appendix at the end of this
paper following arguments of Erschler. Graphs given in the proof, are called
wreath products. Note that a recent study of isoperimetry for wreath products
on groups has been done by Gromov in [5]. Wreath products would be useful in
the next section, so we recall here the definition. Let A a graph and (B.).cv (a)
a family of graphs.

DEFINITION 1.3. — The wreath product of A and (B.).cv(a) is the graph
noted by AU (B.).ev(a) (or shortly Al B.) such that:

V(A1B,) ={(a,f);a€ A and f : A — U,B, with supp(f) < oo

and Vz € A, f(z) € B,} and E(A1B,) = {((a,f)(b, g)); (f =g and (a,b) €
E(A)) or (a="b and Vz # af(z) = g(z) and (f(a),g(a)) € E(Ba))}

This graph can be interpreted as follow: imagine there is a lamp in each
point a of A such that each point of B, defined a different intensity of the
lamp. The different intensity of each lamp can be represented by a configuration
f i+ A— U,B, which encodes the intensity of the lamp at point a by the value
f(a). A point in the wreath product is the couple formed by the position of a
walker in graph A and the state of each lamp. A particular case is when the
graph B, (called the fiber) is the same for all a € A.

BULLETIN DE LA SOCIETE MATHEMATIQUE DE FRANCE



494 C. RAU

1.1. Example of application of Proposition 1.2. — With the help of graphs Dp
given in Proposition 1.2 and with some others good wreath products, we will
be able to find upper bound of functional of type: E(e‘XEF(LZv"’Z)) where
Ly = #{k € [0;n]; X, = =} on the graph G get after a surcritical percolation
on edges of Z%, where edges are kept or removed with respect to Bernoulli
independent variables. The points of &Y are the point of the infinite connected
component & which contains the origin; we will give more details in Section 2.
In particular, we will prove the following property:

THEOREM 1.4. — Consider a simple random walk X on the infinite cluster of
7% that contains the origin Q-a.s. on the set |G| = +oo, and for large enough
n we have:

D DR 2

n

(2) Va € [0,1] Eg(e =" Lix,—oy) ®e ",
_d_ 2
(3) Yo > 1/2 Eé)( H Lz_ﬁ 1{Xn:0}) e ln(n)d+2,
Z;Lz;n>0
d4+a(2—d
where n = %,

The constants present in the relation ~ do not depend on the cluster w.

REMARK 1.5. — If we take « = 0 in Equation (2), we retrieve the Laplace

transform of the number of visited points N,, (see [8]),
_ L d/d+2
E& (e M) e .

In the whole article, C, ¢ are constants which value can evolve from lines to
lines.

2. Applications: study of some functionals

2.1. Kind of problems, case of the lattice Z¢. — Recall that for G a graph and
X is a simple random walk on G, we note L, , = #{k € [0;n]; X, = z}. The
question is to estimate functional of type

-2 > F(Lzn:?)
(4) Ef(e =hen> )

where F' is a two variables non negative function. The method developped
here is due to Erschler and can be applied on general graph G provided the
isoperimetric profile on the graph G is known and the function F' has some
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GRAPHS WITH SUB EXPONENTIAL TRANSITIONS PROBABILITY DECAY 495

“good” properties. For the case of the simple random walk on Z4, in [4] it is
proved that

DY Z LS.,

(5) Vae[0,1] Eg(e **=n>® Yme
T2 In(n) 742
(6) Vo > 1/2 EY( H L) ~e ™ P n(n) T2
2;L ;0 >0
where 7 = %. This section is devoted to extend these estimates to an

infinte cluster of the percolation model.

2.2. In an infinite cluster of the percolation model.

2.2.1. Percolation context. — Consider the graph P4 = (74, E4) where E, are
the couple of points of Z% at distance 1 for the N; norm. Now pick a number
p €]0,1[. Each edge is kept [resp. removed] with probability p [resp. 1 — p] in
an independent way. We get a graph w and we call & the connected component
that contains the origin and &, the connected component of &N [—n,n]¢ that
contains the origin.

We still use the notation w for the application E4 — {0, 1} such that w(e) =0
if e is a removed edge and 1 otherwise. Let @ be the probability measure under
which the variable (w(e),e € E4) are Bernoulli(p) independent variables. If p
is larger than some critical value p., the @ probability that @ is infinite, is
strictly positive and so we can work on the event {#6 = +oc0}.

We denote by G the graph such that V(6Y) = @ and E(67) = {(z,y) €
Eg;w(z,y) = 1} and &Y the graph such that V(%Y%) = @, and E(6Y) =
{(z,y) € Eg;z,y € G, and w(z,y) = 1}. We will note D(z,y) for the minimal
distance between z and y in the graph & and B,,,(6) = {z € §; D(0,z) < m}.

From now on and until the end, p would be larger than p. and we will work
on the event {#©€ = 400}, X will design the simple random walk on the graph
©Y. We are going to prove estimate (5) and (6) for the walk X.

2.2.2. Sketched plan. — Let (B,)zcr be a family of graphs and let 0, an
arbitrary point in each B, that we call the origin. For all z € &, consider the
random walk (Y;7), on B, starting from point 0, and jumping uniformly on
the set of points formed by the point where the walk is and its neighbors. Let
Pg* be the law of (Y,7),,.

Transition kernels of Y* satisfy:

1
pP*(a,b) = m(l{a:b} + 1{(a,b)eE(B)})
where v, (a) stands for the number of neighbors of a in graph B,.

BULLETIN DE LA SOCIETE MATHEMATIQUE DE FRANCE



496 C. RAU

Consider now the graph
(7) W =Wg =67 1(B.).cq-

Let fo be the null configuration, such that, for all z € G, fo(z) = 0, and let
0= (0, fo). And we look at the random walk (Z,,), on the graph Wy starting
from o, defined by the following: suppose that the walk is at point z = (z, f),
then in one unit of time, the walk makes three independent steps. First, the
value of f at point x jumps in graph B, with respect to the walk Y* starting
from f(x). Secondly, we make the walker in & jump on his neighbors with
respect to uniform law on his neighbor, so the walker in & (projection on @
of walk on Wy) arrives at point y € . And thirdly, the value of f at point y
jumps in graph B, with respect to the walk Y'¥ starting from f(y).

Thus, calling p transitions kernel of Z, we have: for all ((a, f);(b,g)) €
(V(691B.)*

(8) Bla, 1), 9)] = xl(a, £), (b,9)]

v(a)[va(f(a)) + 1[we(£(0)) + 1)°
where x|[(a, f), (b, g)] is equal to 1 if the walk is able to jump from (a, f) to
(b,g) and 0 otherwise.

More precisely,

X[(G,, f)v (b7 g)] = w(a'7 b)(Xl[(aa f)7 (b’ g)] + X2[(a7 f)’ (b7 g)]

+ X3[(a7 f)’ (b7 g)] + X4[((I, f)7 (bv g)]);
with
x1l(a, f), (b, 9)] = Lva(@)=g(2)}» x2l(a, f), (6 9)] = 1{(f(a),g(a)) € E(B)}

Vortaf(z)=g()
xsl(a, f), (b,9)] = Lism),00)eEBy)y Xal(as 1), (6, 9)] = Livee(a b} (f(@).9()) eE(B.)}-

Vabf (2)=g(2) Vata,bf (2)=g()
Notice that m defined by,
(9) m(a, f) = v(a),
is a reversible measure for the walk Z. We note a the following kernels:
(10) a(z,y) = m(z)p(z,y)

Let ]IND;’ be the law of Z starting from o. The key for our problem is the following
interpretation of the return probability of Z:

ProOPOSITION 2.1

PY(Zn=0)=E5( [[ P&=(YE., =0z) 1{x,—o0p)-
;L5 >0
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GRAPHS WITH SUB EXPONENTIAL TRANSITIONS PROBABILITY DECAY 497

Proof. — We have
B2 (Zn = 0) = By (X fa) = (0, o))

= Z ED:;)(XO:ko,Xl=k1,...,Xn=kn€tfn=f0)

(ko,k1,-.. . kn ) €LY
ko=Fkn=0

= > PY(Xo = ko, X1 = k1,..., Xn = kn)

(ko,k1,....kn)€Z
ko=kn=0

x PY(fn = folXo = ko,... Xy = k)

= > P (Xo = ko, X1 = k1,..., Xp = ky)
(ko,kl,“.,kn)EZd

ko=kn=0
X H PG (VY. =0;)
z;Lg;n >0
=E5( J] E¥(vE. =0.) 1ix,—0p)- O
Z;Lg;n>0

In order to estimate functional such as (4) and in view of Proposition 2.1,
we have to find graphs B, such that for all m € N :

(11) Por (Y =0) m e Mmoo,

Moreover, since we know that an isoperimetric inequality with volume counted
with respect to measure m and boundary counted with respect to kernels a,
gives an upper bound of the decay of the probability transitions of walk Z, in
a first time we have to estimate the Fglner function of Wy and so (by results
of Erschler, see [4] [2] and [7]) we should know Fglner function of each B, and
Fglner function of &7.

Finally, we have to find graphs B, which satisfies two conditions:

— the condition (11) of return probability for the random walk Y* on B,,
— and Fglner function known.

Concerning Fglner function of 67, in [6] the following isoperimetric inequal-
ity is proved:

PROPOSITION 2.2. — There exists a constant 3 = B(p,d) > 0 such that Q-a.s.
on the set |G| = +o00 we have,

Ops A

|03 Al s P

in T2
ACEn,|AISIGnl/2 |A]'"E T n

dn, Vn > n,,

o

where € = e(n) = d + 2d°E2E.
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498 C. RAU

If we start from this isoperimetric inequality, we will not obtain the expected
decay for our functionals (2) and (3). Basically, the raison is due to the log-
arithm factor in the term e (which is related to the dimension) which holds
along computations. So we will use an other isoperimetric inequality (see [8]),
adapted to our bound.

Before starting the proof of estimates (2) and (3), let us give one precision.
The graph formed by the possible jumps of walk Z is not Wg = 691 (B,).c¢,
so we introduce the graph with same set of points of Wy but different set of
edges. We call it €7 22(B;).c¢ or shortly W, (or W'), the graph such that:

(12) V(Wg) = V(Wg) and,
((a, £); (b,9)) € E(Wg) <= x[(a, ); (b,9)] = 1.

Thus, in the graph W/, the random walk Z is a nearest neighbor walk. By the
same way, we construct &9 12(B.).c¢. Properties of Z are linked to geometry
of W¢, but as we will see later Wy and W7, are roughly isometric, so we can
study the isoperimetric profile of We.

2.2.3. Study of E& (e 2 L%n).
Upper bound. — Let a €]0,1] and 8 = 2% and let F(x) = e’ Let Dp be

-«
the graph given by Proposition 1.2. We put for all x € &, B, = Dp.
CuDFp
CouDp
First, by using general results on wreath product, see [4], [2] and [7], we have:

We want to obtain a lower bound of Fol (k). We proceed in 3 steps:

g [
Fol0, 10 (k) & (Folp, (k) " 4",

Secondly, by Proposition 1.4 of [8], we get: for all v > 0, there exists 5 > 0
such that for all ¢ > 0, Q-a.s. for large enough n, we have:

. F(k)* if k <en?
13 Fol'@gZDF k) > ’
(13) ¢s0y (K) = (F(k)PK" if k > en.

In the last step, we want to carry (13) on Folgizzllg‘; . Let ¢ a imaginary point
and consider the following graphs:
(14) W, = 691 Dg,
and
(15) W! = 6% \\Dp,
defined by:

V(€91 Dr) = V(€2 ©Dr) = V(€1 Dp) U {5}

TOME 138 — 2010 — N° 4



GRAPHS WITH SUB EXPONENTIAL TRANSITIONS PROBABILITY DECAY 499

and set of edges are given by
E(W,)=E(G1Dr)U{(z,0);z € V(6% 1 Dr) and
y e V(W)(z,y) € E(W)}
and
E(W!) = E(C2aDFr))U{(z,8);x € V(CIuDFp)andIy € V(W) (z,y) € E(W')}.

Let respectively d and d’ be the distances on W and W', given by edges of
these graphs. W,, are W/ are roughly isometric with constants independent of
n. With the notations of Definition 3.7 in [10], we have A =3 and B = 0.

Indeed, consider
id : (V(Wa),d) — (V(Wy,),d).
For all z,y € V(W,,) = V(W,,), we have:
1

Thus the respective Dirichlet forms & and & for simple random walks on W,
and W) satisfy: there exist ¢1,co > 0 such that for all f: V(W,,) — R we have,

ab(f, f) < E(f, f) < e26(F, f),
with
8= Y. (fl@)-fw)?
(z,y)EE(Wn)
and
)= D (f@)-rfw)*
(z,y)EE(W),)
Now, let U C V(C911Dp) and take f = 1y, we get:

C1|8wU| < |6W/U| < C2|8WU|-

GINDEr

€9 uDp> SO We deduce:

Hence, we have proved that (13) carry to Fol

PropoOSITION 2.3. — For all v > 0, there exists B > 0 such that for all ¢ >
0,Q a.s. on the set |G| = 400 and for large enough n, we have:

F(k)* if k <cn?,

16 F ICEZIDF k) >
(16) OcnnDF( ) = (F(k)ﬁkd if k> cn?.

Now we are able to get an upper bound of ]fD‘g(Zgn = 0) and then an upper
bound for our functional. Let 7,, = inf{s > 0; Z; ¢ V(CJ 1\Dp)}.
We have,

P¥(Zap = 0) = P¥(Zyp = 0 and 7, < n) +P¥(Zyn = 0 and 7, > n).
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The first term is zero since the walk can not go out the box V(CY 11DF) before
time n.

The second term can be bounded using Proposition 2.3. Let:
an () = { PO e
— 4 is increasing and we can define an inverse function by
H(y) = int{z; H(2) > y}.
— Besides, with the help of (16),

C9nDF
FOICﬁzsz - .

— & and D have bounded valency and from formula of m and a (see (10)
and (9)) we have: inf 7m > 55 > 0and inf a > 0.
V(W) E(W’)

Thus, (see Theorem 14.3 in [10] for example) there exist constants c;, co and
c3 > 0 such that

P¥(Zy, = 0 and 7, > n) < u(n)
where w is solution of the differential equation:
r_ u
N R CYM)ER
u(0) = ¢;.

Replacing F(k) by e*” into H, we get the expression of # ' :

Ca y(+o)
c(ln(y))iTx ifl<y<en ™7,
1 . . w(lj:) w(d+oi(ifd))
(18) H (y) =14 en? if ecn ! <y<e™ ! ,

_ y(d+a(2=d))
c(in(y) T ifem T <y

Solving the differential equation in the different cases, we get:
14«

S . y(B—a)
cect? e ift<eni-a ,
14+
YT—a _ 2y . 1(B—)
ce™™ e—ct/n ifen == <t
u(t) = ~(d+2—da) ~(3—a)
S cn 1—a J’_n T—a
y(d+2—da) y(3—a) dta(2—d)
y(d+2—da) ¥(B—a)
ce—(ct=cn TmeT T —en Tma) ERITAC g op T L Tia <

(Each c¢ designs a different constant.)

1=9) "then we get: there

Now we choose v such that 0 < v < min((le_i_o‘da, -

exists ¢ = ¢(p, d, @, A) > 0 such that

u(2n) < e_c"",
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dta(2— d)
2+d(1—a)
(which depends on the cluster w),

PY(Zyn = 0) <™.

with n = . So, Q-a.s. on the set |&| = +o0, and for large enough n

By Proposition 2.1, we deduce that Q-a.s. on the event |G| = +oco and for
large enough n,

(19) Eg( I Por(vln, =do) lix,,—op) <€
;L4520 >0
By our choice of graph Dp, there exist Cy,Cs > 0 such that for all n > 1:
(20) PPF (Y,PF = dg) > Cre=(@>m)",
(21) > e Mo

for some A\g > 0.

From (19) and (21), we get that there exists Ag > 0 such that Q-a.s. on the
set G| = +oo and for large enough n,

—Xo Z L: 2n
(22) E‘é’(e 2Ly 2n,>0 1{in:0}) < e—n’7
To conclude, it remains only to prove that we can suppress the indicator func-
tion and that we can extend the inequality (22) to all A > 0. We explain this
in 3 steps. First of all, notice that it is sufficient to prove (3) only for one value
of X. Indeed, let A > 0, assume that for A = \g, we have:
-Xo Y, Ly,

(23) Eg(e  =tem>0 ) ge ™.

— If A > Ao, (23) is true because we can replace Ao by X using merely the
decrease.
= If A < Ap, we write
-2y Ly, X Y, LY
Bile fon |=Egle )%

In the second step, we want to take out the indicator function. We use the
following lemmas:

LEMMA 2.4. — For all m > 0, we have:
P ZL =m)? < 2d(2m + 1)7P¥ ZL“n < 2m and Xa, = 0).
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Proof. — We have

By Lo =mP= (Y B Lo =miX,=h)

heB,, (6) T
> Vu(h) x 1/3/v(h)
h€B,,(6)

xPS(3 L2, = m; X, = h))2
> (1 /vm)PE (D LS, =m; X, = h)?

h€B,, (6)
(Cauchy-Schwarz inequality)

<2d(@m+1)* > PYO LY, =m; X, =h)
h€B,, (6)

<Py (Y LS, = m; X, = 0)(1/1(0))

(by reversibility )

<2d@2m+1)* Y IP’“’ZL = h)

h€B,,(6)
XPB}(Z Lg;[n;Qn] =m; Xy = h; Xon = 0)
T
(where L, Jns2n] = #{i € [n;2n]; X; = z})
< 2d(2m + 1)P¥ ZLm o < 2m; Xop = 0).

because {}°, L3, =mand >, LY
a € [0,1], we have:

=m} C{>, Lgq, < 2m}, since for

[n;2n] —

Lg on < (Lagn + Lx;[nﬂn]) < L ntLg z;[n;2n] =

Then we write,

Eg (e 2n Manly, _gp) = > e 7M™ By Z Lgon = m; X2 = 0)

m>1

= (1—e )Y emom Py ZL n < m; Xop = 0),

m>1
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GRAPHS WITH SUB EXPONENTIAL TRANSITIONS PROBABILITY DECAY 503

since {Ez Lg;2n = m} = {Zz ac2n = m} {Ez x;2n <m-— 1} Thus, we

have,

B (e o Z Lionl{xa,=0y) = (1—¢€” wa\ompw Z Lg.9, < 2m; Xop = 0)

m>1
(we add only the even m)

_ 1 _
> (1-e)) 2d(m 1 1) Bom By (Y L3, = m)]?
m>1 T

(by lemma 2.4)

> Ze Am Pw(ZL

m>1
(for some A1 > 2Xg )

> (Se)

m>1

(Ze—mll@w ZL )

m>1

(By Cauchy-Schwarz inequality)
> coBg[e™™ 2 Foin],

We can now conclude. By the previous inequality and by (22), there exists
A1 such that:

E¥[e—M ZT L., < "
0

Then by step 1, we can extend this inequality to all A\;. Finaly we have proved:

PROPOSITION 2.5. — Q-a.s. on |G| = +oo for large enough n and for all
A > 0 we have, for all a € [0,1],

_ d+a(2—d)
where n = v d(i=a)"
REMARK 2.6. — 1) Ifa =0, we retrieve the Laplace transform of the num-

ber of visited points by the simple random walk on an infinite cluster.

2) For o = 1, inequality is satisfied since Y, Lz, =n andn =1 in this
x;Lm;n>0
case.
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Lower bound. — The proof falls into 4 steps.
1) By concavity of the function x +— z* for o € [0, 1], we have:

¥ I <N Y G

z;L4,,>0 z;L5,,>0 n
_ l—a, a
= N, “n®.

So,

]E()(e @;Lg;n >0 ) > Eo(e—AnaN;—a)

> Po( sup D(0, X;) < m)e 2V m)' %,
0<i<n

where V(m) = | B, ()| stands for the volume of the ball of & centered at the
origin with radius m.

2) By Proposition 5.2 of [8], we have:
(24) Po( sup D(0,X;) < m) > e "z,

0<i<n

3) By Lemma 5.3 of [8], there exists ¢ > 0 such that Q-a.s. on |G| = +o0

and for large enough n,
V(m) > em?.

4) So, we deduce, there exists C > 0 such that Q-a.s. on |G| = +o0 and for
large enough n,
-2 Lg.
Eo(e @;Lg;n >0 ) > e*C(m+ﬁ+)\namd(1—a))
11—«
Taking m = n2+di-9)  we get:
- Z LY.,
Eo(e === 1ix, —oy) > e~

with n = % and for all a € [0, 1]. Hence, we have proved:
PROPOSITION 2.7. — For all a € [0,1], Q-a.s. on |G| = +oo and for large
enough n,
-2y Lo,
Eole 0 ),
d+a(2—d)

Thus, the first assertion of Theorem 1.4 comes from Proposition 2.5 and
Proposition 2.7.

2.2.4. Study of E§([] L;.n). — We assume o > 1/2.
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Upper bound. — For this functional, one can take for all x € G, B, = =
(Z, Ey) (if we take some ¥", we get the same bound). We have:

Fol 1 (k) = 2k.

We still use a random walk Y the jumps of which can be represented by: Let

1/3
1/3
|
| w
n—1 n n+1
1/3
FIiGURE 1.

PZ" be the law of the random walk Y.

As before, let W, W', W,, and W be the graphs defined respectively by (7)
(12) (14) and (15) with Dy = #' = (Z, E;). With the help of Proposition 1.4
in [8] and general properties of isoperimetry on wreath product, we deduce: for
all v > 0, there exist ¢, 8 > 0 such that Q-a.s. on |&| = 400 we have:

k* if £k <en?
25 FolV (k) = ’
(25) OW"()—{kﬂkd if k > cn.

With the same argument as in the upper bound of Section 2.2.3, we carry
(25) to Fol%, by rough isometry between graphs W,, and W,. We get: for all
v > 0, there exists 8 > 0 such that for all ¢ > 0, Q-a.s. on |&| = +0o0 we have:

, k* if £k <en”
26 FolY, (k) = ’
(26) "()—{kﬁkd if k > cn.

In order to get an upper bound of ]p‘;j(Zgn = 0), let again:

T, = inf{s > 0; Z, & V(W.)}.

We still have P¥(Zy, = 0) = P¥(Zs, = 0 and 7,, > n). We use the same way
to get the upper bound from (26).
Inequality (26) implies:

1 if Kk <en?,

27 Wk > 0 Folyy, (k) = J y (k) = ’
(27) > o) n()—JN() {Nﬁdkd if k>ecn?,

where N < en”.
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j . . . d 't j—l'
N 1S Increasimg and we can compute N

Jn = nf{z; gy (z) >y}

cen” if1§y<NC"dW,
= 1/d
In . endY
c(ln((}(,))) if N <.

REMARK 2.8. — Let
KF if k <en?,

@) (k) = { KO if k> en).

Inequality (26) can be read FollV, (k) = J(k). S is increasing but the form of
J does not enable us to compute an inverse and for this reason we use J 5 for
the lower bound of Foll),, (k) instead of 4.

€ and #' have bounded valency so we still have Vi(r‘g/)m > 2 > 0 and

Ei(l‘}[;)d > 0. Thus with the same tools as in Section 2.2.3 we get, there exist

constants ¢y, co and c3 > 0 such that
P¥(Zy, = 0 and 7, > n) < u(n)
where u is solution of the differential equation:

’ _ u
U= T U (esu))??
u(0) = 1/2.

Solving this equation, we obtain:

e—ct/n*? if t < tg:= en?(@+2) In(N),
u(t) = 2/a dt2 _d_
e~ (en(N)?/ 4 (b—to)FIn(1/u(to)) T )TZ  4py s g

Chosing v < di—Q and taking N = cn”, we obtain in ¢t = n: @-a.s. on the event

|6 = +o00 and for large enough n,

B (Zon = 0) < &7 M T
o n - .

So with Proposition 2.1, we deduce:

PROPOSITION 2.9. — There exists a constant C > 0 such that Q-a.s. on |G| =
400 and for large enough n,

_d_ 2
200 ES( J] BY (Yiewn =0) Lix,,m0p) < e CnT ROVTE

Z;L ;20 >0
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For the walk Y, we know that there exists ¢y > 0 such that ]P’g)1 (Y, =0) ~

(30) Je; > 0,¥n > 1 PY (Y, =0) > =~

with ¢; < 1. So, for @ > 1/2 we can find A > 0 and ¢y > 0 such that

1 L 1fn>A
31 Vn >1PY (Y, =0)>{ ™ =
(31) nz1Fy (Yo )—{:; ifn < A,

with ¢, < 1. If we directly use the lower bound (31) in (29) at time Lg.op,

#{z;0<Lz2n<A}
there appears a supplementary factor cj 2

control.

on which we do not have

So we put:
Nn,2 = #{CC, Lz;n > 2}7
which is the number of visited points at least twice by the walk X. And for
€1,€2 > 0, consider the following events:
Ay = {Nap < einiz In(n )T}
2

2
and Noj, o > egnd+2 In(n) @2

A2 = {Ngn > glnd+2 ln( )T T}y
A = {N, > &2 In(n) 77 and Noy 5 < £gn2 In(n) 77},
We have
(32) IE‘(J)J( H L;;gn]‘{XZn:U}) = Eg( H Lf;;gn]‘{X2n=0}1A1)
;L 4,20, >0 5L an>0
+E( J] LaSulixe.—oplas)
;L4020 >0
+ G ( H L onl{xs,=0}14s)-
Z;Lg;20,>0

Let us examine these three 3 terms. For the term corresponding to A;, we

write:
o w c1 1
H Lz;2n1{X2n=0}1A1) = EO( H [ x H Z X 1{X2n=0}1A1)
Z;Lg;20,>0 @Lai2n>0 T2 giLy0,>0 !
w 1 1
< Eg( H Py (YL, = 0) x (E)NZ"

T;Lg;2n>0
X 1{X2n:0}1A1)
( by 30)
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1
< EBJ( H Pg) (YLz;Zn = 0)1{X2n=0})

x§Lw;2n>0

1 d 2
% (7)5171 d+2 In(n)d+2

C1

d 2
< e—(C’+61 In(c1))n @+2 In(n) 4+2

( by proposition 2.9)

Now, choosing &1 small enough (recall that In(c;) < 0), we deduce that there
exists a constant C; > 0 such that Q-a.s. on |G| = 400, we have,

4 _2_
(33) B ( H L5l {xs=0yla,) < e” QT (@
;L300 >0

—

For the second term, we notice that on the event Ay the product [[,.;, ., 0Lz,

—d_ 2
is less than (1/2)%2m“"* n(M)*** = Thus there exists a constant Cy > 0 such
that,

4 _2_
(34) Eo ( H L5021 (x,—0yla,) < 7 @on 7 In(m) @2
;L2 >0

For the last term, we use the following lemma:

LEMMA 2.10. — There exists ¢’ > 0 such that for all € > 0, there exists a
constant Cs > 0 such that, for alln, N >0,
(35) PY(N,, > eN and N, 5 <&'N) < eV,

Proof. — Let 79 = 0 and for k > 1 let,
T, = min{s > 7x_1; X5 & {Xo, X1,..., Xs—1}}

The 73, represent times when the walk X visits a new point. Consider now, the
variables € defined by:

(36)

€ — 1 lf X‘I‘k == X7k+27
=
0 otherwise.

These variables have the following interpretation, €; is equal to 1 only when
the new visited point X, is immediately visited anew after a back and forth.
The €, are not independent but their laws are all some Bernoulli with different
parameters. Besides, these parameters have a same lower bound § > 0, since
the graph ©“ has bounded valency.

Consider the following filtrations,
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Im=0(X;;0<37< 1)
€ are ﬁ2 e measurable and so Y42 measurable. For all A > 0 and for all
L > 0, we can write,

(e—)\ Zf;f €k E‘a’(e—A(eL—l"FﬁL) |9L))
(e Easi = Eg(e ).

EL(‘)J(e_)\ Zt:l Ek) = E
E

og ofg

(37)

IN

For the term EY (e =L |T 1), we have:
Eg (e |T1) = e "Py(er = 1|T 1) + Py (er = 0|9 1)
(38) =1+ (e =Py (er = 1T ).
Now, we want a lower bound of P§ (e, = 1| 1). We have successively:
P (er = 119L) = Pg (e = 1|Xr,)
( Markov property)

= Y lx,=n Pl =1X, =2)
;P (X7 =2)>0

(39) > 62

Last inequality comes from the fact that the graph &Y has bounded valency, so
in each point 2 the probability to do a back and forth is greater than 6% (with
6 > 1/2d).

So, we deduce from (38) and (39) that,
Eg (e L |F L) <1+ (e —1)62%.
Iterating (37), we get,
(40) By (e 2km %) < (14 (e — 1)8%)11/2),
where |a] stands for the whole number portion of a. Let:
ax = —In(1 + (e = 1)6%) > 0.

By Bienaymé inequality, we deduce,
L
PB}(Z er < 8/L) < es')\L—aALL/Qj.
k=1
Using |L/2] for L > 2,L < 3, we get:
L
Pg(z e <L) < e—LL/2](ax=3xe").
k=1

Note that this last inequality is still valid for L = 1.
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Fix A > 0, ( by example A = 1) then we can choose ¢’ small enough such
that ay — 3¢’ > 0. We deduce the existence of constant b such that:

L
(41) Py(Y e <e'L) <e 'l
k=1
Now, notice that
eN
{Nn >eN and N, 5 <&'N} C {> e <e'N}.
k=1

Indeed, first if N,, > €N that means that at least £¢IN new points have been
visited. Secondly if there are less than &’ N points visited more than twice then
there are less than ¢’ N points which have been immediately visited after their
first visit. Finaly we have:

PY(N,, > eN and N,, 5 < &'N) < eV, O

We can now get an upper bound of the term corresponding to As The
product is less than 1, so we can write:

EB)( H L;;gnl{xzn=0}lA3) < PO(A?))
;L5320 >0

Let £; small enough satisfying the first point (event A; ), Lemma 2.10 with
€ = g1 give us the existence of ¢’ such that (35). Then we take e3 = £’ and we
deduce there exists a constant C5 > 0 such that,

Pg(As) < 6_0371#‘2 In(n) 742
“ < )

So,
e =
(42) ES( JI  Lrsalixs.—oyla,) < e Coni?mm e,
;L g;0n>0
Finally, we deduce from (33) (34) and (42), the following property.
PROPOSITION 2.11. — Q-a.s. on |G| = +oo and for large enough n, for all
a>1/2

2

1 T In(n) T2
]Eg( H _ 1{X2'n,:0}) <e n n(n) i
T;Lgion >0 T210

To get the upper bound of the second point of Theorem 1.4, it remains to
take out the indicator 1;x, —o3. We use the same way as in the Section 2.2.3.
We prove:
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LEMMA 2.12. — For all m > 0, we have:

PS> In(Lym) = m)? < 2d(2m + 1)?P5 (Y In(Ly2n) < 2m and Xa, = 0).

x

The proof is similar to Lemma 2.4. We use in particular:
ln(Lz;Qn) < ln(Lm;n + Lz;[n;Qn]) < ln(Lm,n) + ln(Lz;[n;Qn])‘
Then

EB} (H L;gnl{Xgn:O}) _ EB) (e—a Ez ln(Lx;zn)l{XQnZO})

_ Ze—am ]wa Zln a;2n =m; Xo, = 0)

m>1
1—e)> e Py Zln wian) < m; Xon = 0).
m>1
>(1—-e" Ze‘Qam]P’“ Zln z2n) < 2m; Xop, = 0)
m>1

> (1- >m22d(2m1+1)’" P n(Ee) = m)f

(by lemma 2.12)

> > e [Py ( Zln ain) = m)]?

m>1

(for some a1 > 2a )

> (Zem)

m>1

(Ze—almpw Zln o) = ))

m>1

(by Cauchy-Schwarz inequality)
> C]Ew[ —alz ln(Lz;n)]

HL—al :

So, with this last 1nequahty and with Proposition 2.11, we obtain the ex-
pected upper bound for some value a;:

(43) Ew H L—a1 —n#dZ ln(n)ﬁ .

From this inequality at point a;, we extend this relation for all & > 1/2. Let
a>1/2.

— If & > oy, we can replace in (43) a7 by «, by monotonicity in a.
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- If a < a3, we write

—a Z In(Lg;n) —ay Z In(Lg;n)

Eg[e @5 Lg;n >0 ]Z]EBJ[(G @5 Lg;n >0 )O%]
—Q Z ln(Lac;n)
<@l e )E

( Jensen inequality to concave function z — za1.)
<e .
So we have proved:

PROPOSITION 2.13. — Q-a.s. on the set |G| = +oo and for large enough n,
for alla > 1/2,

—d_ 2
i T] <ot

;L >0" LT

Lower bound. — By concavity of the function In, we get:
—aN, > §=in(Lan)

—a __ 2;L2;n >0
| | L., =e

Z§Lz;n>0
—aN,ln( Z L;;L")
e z;Lz;n >0
— o~ aNnln(F)
On the event { sup D(0,X;) < m}, it comes that:
0<i<n

N, < |Bn(8)| < em?,

and

n n

>

N, = cmd’

Since function z +— l"g(f) is decreasing on [e, +00], if we choose m such that
n

44 > e,
(44) o 2

then we can write:

[[ L:2)=ze oo m@apy( sup |X;| < m).
;L gn >0 0<i<n

Then by using (24) we deduce:

H L g aem ln( ) c(m+#).
Ly;n>0

Taking m = (%)m, inequality (44) is indeed satisfied for large enough n.
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Finally, for large enough n we obtain,

—d_ 2
Eo( H L72) &= e P in(n) o2
Tn) — .
;L5 >0
So,

PROPOSITION 2.14. — For all a > 1/2, Q-a.s. on the set |G| = +oco and for
large enough n,
o T[T et )z e,
23 Lin >0

REMARK 2.15. — In the proof of the lower bound, we have only used the as-
sumption that o > 0, so this bound is valid for all a > 0.

So the second assertion of Theorem 1.4 follows from Propositions 2.13 and
2.14.

Appendix A
Proof of proposition 1.2

In this section, we first explain our strategy aimed at the construction of
our expected graphs. This leads naturally towards two cases corresponding to
Subsections A.2 and A.3.

A.1. Wreath products and explanation of our method. — Let us explain the way
we construct graph Dpg of Proposition 1.2. Consider the wreath product of
the graph of (Z,+) by the Cayley graph of % with 1 as generator. By the
Theorem 1 in [2] (or Proposition 3.2.1 in [7]) we immediately deduce that the
Fglner function of this wreath product is like e™. So this graph satisfies the
conclusion of Proposition 1.2 in the case f_—o‘a =1,ie: a=1/3.

In the case a # 1/3, it would be rather natural to think that we can get the
expected graph, by considering the wreath product of Z by fibers with variable

sizes.

If « > 1/3, the return probability in the graph Dp should be like e " so
less than in the graph Z 1 = (in e‘"l/B). Thus to force the walk to come back
rarely at the origin, an idea is to make the size of the fibers grow when we move
away from the origin in order to force the walk to loose time in the fiber.

Note that for & > 1 condition (ii) is always satisfied (in a graph with bounded
geometry).

If & < 1/3, the return probability in the graph Dp should be larger than
1/3

e—”l

. The idea is to add some links (some edges for example) to force the
walk to come back often to the origin. Suppose all lamps are identified then we
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get a decay in n~1/2? and if all lamps are independent we get a decay in e‘"l/s,

so it remains to find an identification of lamps which implies an intermediate
decay. We are going to construct a wreath product where the walker (at a
certain point) is allowed to change the value of the configuration at different
points. Such graphs are sometimes called generalized wreath products.

To prove isoperimetric inequality on wreath product ( point (i) of the Propo-
sition 1.2) we use idea of Erschler and the concept of “satisfactory” points. We
begin to introduce this notion in Section A.2. At the beginning of Section A.3,
we explain why an improvement is needed in the definition of “satisfactory”
points. The improvement takes place through the introduction of a new and
more theoretical way of defining the notion of “satisfactory” points than in Sec-
tion A.2. For simplicity, we use the same words for this concept in the two
sections but notions which appear in Sections A.3 and A.2 are independent.

A2. Case i <a<l.

A.2.1. Construction of the graph and preliminary notions and lemmas. — Let
A’ =(Z,E(Z)) where E(Z) = {(z,y);|x —y| = 1} and (B.).cz be the Cayley

graph of the groups (l(z%, +) with {1} as generators where [(z) = |[V(B.)| =

FI(J'(Z||;|F)1), (F is defined at Proposition 1.2).

Notice that since o € [1/3, 1], the function z — [(z) is increasing on R.
Finally put

Dr = A B;
Let us prove that this graph satisfies the conclusion of Proposition 1.2.
We begin by proving (i).
The proof is similar to that of Theorem 1 in [2] or Proposition 3.2.1 in [7].
Let = Fola/(n) = ] = 2n.
et 1 (n) = Fola/ (n) min U] =2n

Take U C V(Dr) = V(A1 B.) such that 1227

want to find a lower bound on |U|.

< 1/n for some n. We

For each set U, we attach an hypergraph Ky = (V(KU), f(KU)> such that:

— the vertices of Ky are the configurations f which belong to the set
{f;3a € Z(a, f) € U},

— let us now define the edges of Ky: for all f € V(Ky) and a € Z, we link
f to all configurations g satisfying:

{ (a,g9) € U, and
Vz # af(z) = g(z),
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by a multidimensional edge | of dimension d where
d=dimf := #{g; (a,9) € U and Vz # af(z) = g(2)}.
We say that the edge [ is associated to point a.

To each hypergraph Ky we associate a graph called the “one dimensional
skeleton”, noted by I'(Ky) = T'y = (V(T'v), E(T'v)) and defined by:
- V(I'v) = V(Kuv),
— two configurations f; and fo are linked by an edge if they belong to a
same multidimensional edge in Ky .

Let w be the weight defined by w(e) = 1/d for e belonging to E(I'y) and
coming from a multidimensional edge in Ky of dimension d. Notice that this
choice of weights gives:

(45) U1>2 Y wle),
eeE(T'y)

and if we assume moreover that for all (z, f) € U,dim,f > 1 (U has no
separated points) then the equality holds in (45) Let p be the projection Z1B, —
Z. Let us now introduce some notations. Denote A = (Aq)aepry € RPY) and
b>0.

For f € V(Ky), we say that f is (A, b)-satisfactory if:

#{a € p(V);dimf > A\, } > b.

ie.: fis (A b)-satisfactory if there exists at least b multidimensional edges
attached to f in Ky of dimension at least A, at point a. We denote by Sy (A, b)
the set of these points. Most of the time, in order to simplify notations we will
drop the subscript U when there is no ambiguity.

Otherwise we say that f is (A, b)-nonsatisfactory and we denote by NS(\,b)
the set of nonsatisfactory points.

An edge of T'y is (A, b)-satisfactory if it links two (A, b)-satisfactory config-
urations otherwise it is said (A, b)-nonsatisfactory. We denote S¢(\,b) [resp.
NS¢(\,b)] the set of (), b)-satisfactory [resp. (A, b)-nonsatisfactory| edges.

A point u = (z, f) € U is (X, b)-satisfactory [resp. (), b)-nonsatisfactory] if
f € S(A,b) [resp. NS(X,b)]. We denote by SP(\,b) and NSP(X,b) the set of
points which are (or are not ) (A, b)-satisfactory.

A point u = (a, f) € U is said b-good if dimf > b otherwise it is b-bad.

Let us now explain the main steps of the proof. We take U C V(Dp) such
that % < ﬁ. We begin to prove that there exists some value of b and
some sequence A such that there are few points (), b)-nonsatisfactory. Then,
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we extract a subgraph of I'y where all points are ( >E), 10) -satisfactory and this

allows us to obtain a lower bound of |U|. We begin by the following lemma.
LEMMA A.1. — Let U € V(A" B,) such that 10Ul < — then

U = 10
-\ #FHu=(z,f)eU;uisAz(n)-bad } 1
(i) T < 19

#
.. u=(z, U;ue NSP(A(n)/2,4(n
(i) #lrmeNelueN ST Om/2vm/) < 1

where A\ = (Ay)z with Az(n) = Folp: (n) and ¢(n) = Fola/(n).

Proof. — For (i) we notice that we can associate to certain bad points, some
point of the boundary of U. Indeed, for (z, f) a point, we call:

Py ={g(x); (z,9) € U and Vy # zg(y) = f(y)} and
Pz,f = {(x,g),g(m) € Pz,f}
Note that P, ¢| = |Py. |-
Fj stands for a set of configurations such that:
U Py ={u= (z,9) € U;u is Folp, (n)-bad}.
zeA’, fEF,

Notice that, for a point u = (z, f) which is Folp/ (n)-bad, by the definition of
a Fglner function, we have:

|P,. 7| < Folg, (n).
So,
108, zf| > *|sz|

Now the application U OB, Pr,f — Op, U is injective,
z€A’,fEF,

(91:92) = (@ fo): (@ Fra2)

where (g1, 92) € 0B, Ifa,nd fap v — f(v) for v # a.
a—h

Hence, we have:

U -
s oo, 012 32 08P,
z€A,fEF,
1 .
z - Z | Po, 1
z€A,fEF,

= 7#{u = (a, f) € U;u is Folp, (n)-bad}.
For (ii), the proof splits into three parts.
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First, let
Neud = {u e U;u € NS”()\ %:(n))}
A Foly/(n
—(u=(f)evife N5, M)y
and let:

Neud(f) = {(z, f); (=, f) € U}.
Notice that p(Neud(f)) = {z; (z, f) € U}.
For F a set of configurations, we call

Neud(F) = | J Neud(f)
fer
Note well that it is a disjointed union.
Secondly, take f € NS(3, ™24 Folgr(m)y " and look at the set p(Neud(f)). There
are only two possibilities:

— either, it gives a large part of boundary in ‘base’,

— either, it gives a few part of boundary in ‘base’. If this is the case, taking
into account that f is not satisfactory, we retrieve boundary in ‘configura-
tion’. Anyway, we get some boundary of U, but our assumptions restrict
this contribution.

So we distinguish two cases:

First case. — fe Fy:={f¢€ NS(%, F01A2/(n))’ #%;;(ﬁie&c}%)) > }

The application |J 84p(Neud(f)) — 8p, U is injective.

fEF
(z.9)— (@£)5 . 1)
So, we get:
1 1
(46) 100,U1 2 Y [0ap(Neud(H)| = - 3 p(Neud(£)| > - [Neud(F).
feF: fEF
Second case. — : f € Fy = {f € NS(3, Py (n)); #upNend(f) < 1)

Since f € NS(2, Bla ™)y it follows that:
#{r € p(Newd(f)); dimf > 57} < Foly(n).
Hence,
#{w € p(Nend(/)); dim < 52} > [Neud(f)] ~ 3 Fola(n)
(We use that |p(Neud(f))| = [Neud(f)|.)
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Since f € F; and by definition of a Fglner function:
|Neud(f)| > Fola (n).

As a result, we have:

Az
# {w € pNewa (£ dimf < %2} = L Nend(7).

(47) Pe: |Py| > %|Neud( l,

with Py = {z € p(Neud(f)); dimf < A,

Let P, = {g(z);(x,9) € U and Yy # z g(y) = f(y)}. To each point of
Op: Py y we can associate, by the same way as before, a point of dp,.U. So, we
have:

00Ul > Y 105, Puyl.

TEPy,fEFS

Now for z in Pf,dixmf =|P | < %z = $Folp (n) < Folg, (n). So

. 1 .
05, Parg] > | ol

ie.:
108, Pus| 2 1.
Then,

S 195Pusl > Y SINeud(f)| by (47)

zEPs,fEF, fEF;
1
2 §|Neud(F2)|
We have thus

1
|0p,U| > E|Neud(F2)| for n > 2.

Adding (46) and this last equation and using the inequality ‘3L|J§|U‘ < ﬁ, we
obtain:
[Neud| 1
< . O
vl 5
LEMMA A.2. — Let (I'y,w) be the one dimensional skeleton with weights w,

constructed from Ky. Let n = (Na)acpw)-
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Assume that E(Ty) # @ and V(a, f) € U dimf > n, > 0. If the following
condition is satisfied:

w(e)
eENS(e} (n,b)

w(e)

ecE(T'y)

then there exists a not empty subgraph T = (V(F’), E(F’)) of Ty such that all
edges are Sg;(n/5,b/5).

Proof. — In the graph (V(FU), E(FU)), we remove all points N.S7;(n/5,b/5)
and the adjacent edges. After this step, there may appear new points which
are NS{ (n/5,b/5), where Uy = U — NS, (n/5,b/5).

We remove once again these points and adjacent edges and we iterate this
process.

Let U; be the set of points still present at step .

Uy =1,
It is sufficient to prove that this process stops before the graph becomes empty.

Let C = Z w(e), Cy = Z e€SE(n,b);e removed ’LU(B), and

e€ENSy(n,b) at the end of the process

Co = > w(e).

e€E(I'y));e removed
at the end of the process

If we show that Cy < %Cl, the proposition is proved, since:

5
Co<CitCr<Cr< Y uwle)
eeE(Ty)

Indeed, this means that there remains point(s) not removed, i.e.: kg € N
such that all vertices of the graph we get at step kg, are S’,}ko (n/5,b/5), so
S (n/5,6/5).

In order to see this, let us introduce an orientation on edges removed: if L
and @) are points of the graph, we orient the edge from L to @ if L is removed

before @), and we choose an arbitrary orientation if they are removed together.
We denote by % the set of edges leaving the point L and % the set of edges

ending at point L, both at step 0.
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SUBLEMMA A.3. — Let k € N and let L stands for a point of the graph T'y
(satisfying assumptions of Lemma A.2), removed after k + 1 steps. Suppose
that L is initially St (n,b), then

Zw(e) < SZw(e).

ecL ecL
1 T

Initial state State just before L was removed

N
/X

L is S(n,b). There are at least b mul- There are at least b/5 multidimen-
tidimensional edges of dimension at sional edges of dimension at least nx /5
least nx associated to point x. associated to point z.

FIGURE 2.

These pictures are represented at step 0 on the left side and at step k£ on the
right side.

Proof. — Tt is useful to notice that for a multidimensional edge e, the sum of
the weights (in the skeleton) of edges coming from e and adjacent to a point,
is always equal to 1. This is implied by our choice of the weight.

The proof is divided into five parts.

A. Let Ny the number of multidimensional edges at step 0. Since L is
S?¥.(n,b), there are at least b multidimensional edges attached to L. So,

(48) No > b.
Note that:
Z w(e) = Ny
e€E(T'y)

e contains L

B. Let:
Ly={ec %, e coming from a multidimensional edge ofKy,,
1
associated to a point z, of dim > 7,/5},
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and

Ly={ee %, e coming from a multidimensional edge of Ky,
1

associated to a point z, of dim < 7,/5}.

We have:

L =1L,V Ly,
! I I

because edges of %, are edges leaving L at step k.

C. Since L becomes NSp, (1/5,b/5), there are less than b/5 multidimen-
sional edges associated to each point z, of dimension at least 7, /5. Call them
Fiye s far with g < b/5.

(49) Z w(e) = Z Z w(e) < gq.

ecl, k=1,...,

q e
I coming from fj

<1
(Initially this last sum was equal to 1, but after removing some edges, this sum

becomes less than 1.)

D. Let ¢1,...,gn be the other multidimensional edges attached to L at step
k associated to a point z, and with dimension strictly less than 7, /5. We have
h < NO —q.

Consider an edge e coming from a multidimensional edge associated to a
point x. For all k =1,...,h we have:

(50) S we <<

€
coming from gy

Indeed, firstly since all configurations (relatively to this edge e) have initially
dimension at least 1, we deduce that w(e) < 1/7,. And secondly a multidi-
mensional edge of dimension less than 7, /5 gives less than 7, /5 edges in the
skeleton.

E. Finally by (49) and (50), we get:

Zw(e) = Z w(e) + Z w(e)

ecL ecl, e€ly
1 1 1

1

<g+(No—a)g

BULLETIN DE LA SOCIETE MATHEMATIQUE DE FRANCE



522 C. RAU

it
“50T 51
9
= —Np.
257"
(g < b/5 < Ny/5 by (48).)
So,
9 16
< —N > - — .
Z’LU 0 and Zw N() 25N0 25N()
eeA ecA
;
And finally,

Zw _16210 _5Zw O

ecA eEA eeA
1

To finish the proof, let us consider: D; = { vertices removed at step 1 },
and for i > 2,

D; = { vertices S¥;(n, b) removed at step i},
F; = { edges between D; and D;_1},
= { edges leaving D;_1}.

Note that F; C F] and that the edges of F; are removed.

(A - )
Y }m

C
AT
FoA

FIGURE 3.

The proof ends up in four parts:
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A. Apply SubLemma A.12 to each point of D;, in the graph staying at step
i — 2. (Each point of D; is S(n,b).) We get:

Vi > 2 Z w(e) < ng(e).

e€F] ecF;

So,

> wle) < (57 Y w(e).

e€F], e€Fy

(We use that F; C F}.) Hence,

Z w(e)

IA
7
ol w
g
£
&

ec U F’ i>1 ecF,
i>3
5
= = wile).
2> wle)
ecF>

B. Now, an edge of F; is N.S{;(n, b) since if it was S§;(n, b), it would link two
points S7;(n,b) and in particular points of D; would have been S7,(n,b), then
S?.(n/5,b/5) and so would not have been removed. In consequence:

Zw(e) < Z w(e) = Cy.

e€ ks e€NSe(n,b)

C. Besides, all removed edges S§;(n,b) are in some F, with ¢ > 3, so

Cy = Z w(e) < Z w(e).

e removed at the end of the process ec U F/
e€S¢ (n,b) i>3
U
D. Hence, Cs < %Cl, which achieves the proof. O

Now, we use the following lemma to get a lower bound on the volume of U.

LEMMA A4. — Let N : Ry — Ry, a non decreasing function. Let
us take b € N* and @ a not empty set of configurations such that:
Vf € @,3x1,20,...,2p € Z such thatVi € [|1;b|lg; € @ where g; is one
of the following functions, defined from f by:

' there are N (|z;|) possibilities for g;(x;) if x = zy,

2
e 141 > N(0) (N(l)N(2)~--N(b‘1 )2 if b is odd,
N(O)(N(l)N(2)~--N(b‘ ) N(L) if b is even.
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Proof. — We will proceed by induction on b.

If b =1 it is true, since IV is non decreasing on R.

Assume b > 1 and consider a point z in the base such that: |zg| > b;—l if b
is odd and |z¢| > g if b is even, and there exists f1,..., fn(jz,|) € @ satisfying
Vi € [|1; N(|zo|)|] fi(zo) range among the N(|zg|) possible images.

For i € [|1;N(|zo|)[], we denote by @ the set {f € @; f(xo) = fi(wo)},

which is not empty. We have @ = U @;. Besides, the %; satisfies
1<i<N(Jzol)

the induction assumption with constant b — 1. So, if for example b is odd,

N(|zo|) > N(b_Tl) and we have:

= > |

1<i<N(|zol)
b—31N\2__b-—-1
> Y NO (NO-NESD) NES)
1<i<N(|zol)
b—3.\2 b—1
> NO(NW)- N(S2) " NN (o)
b—1.,\2
> NO) (N N(5) -
The proof is similar when b is an even number. O

A.2.2. Proof of (i) of the Proposition 1.2.
Lower bound of Fplner function. — For the lower bound of Folp,, take U C
V(A" B]) such that lalD(’]‘"‘Ul < 15 Let K= (V(f{),g(f()) the subhypergraph
of Ky constructed with points (z, f) which are Folp: (n)/2 — good. K is not
empty, since by the part (i) of the Lemma A.1 |[V(K)| > (1 — olLUE
Then we have:
1 Aln) ¥(n)
< = . pl /L TV 7
3 wle) < s#{ue U NP (202, )

2
e€B(T(K))NNSe (24 #(n)y

by remark (45 )

IN

1
E|U| by Lemma A.1(%)

Az ()
2

IN

%#{u =(z,f) e, — good}

by Lemma A.1(¢)

<4 Z w(e).

ecE(I'(K))
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with 0 = % < %, so Lemma A.2 can be applied to K, to deduce there
exists a subgraph K’ = (V(K’),E(K’')) of K such that all edges are
$¢(A(n)/10,¢)(n) /10).
Then by Lemma A.4 applied with N(|z|) = Folg, (n)/10 to the set of
configurations relatively to K’, we deduce for large enough n:
(n) F(1)(F(2) F(n/30+1)\2

Ul > 1(0)(1(1 =

V12 10) (1) - 1y ) F(O)(F(l) F(n/30) )
(We use that for k > 3,F013;(k) =B, | = 1(|a|) = FEEL ) o,

|U| > cF(n/30)% = F(k).

2a

(Since F(z) = e®®' ™" we have F ~ F2)) i.e.:
Folp, (k) = F(k).

Upper bound of Folner function. — For the upper bound of the Fglner function
of Dp, we take:

U ={(a, f);0 < a < n;supp(f) C [|0;n[]}.
We have
|U| =nF(n) and |0p,U|/|U| < ¢/n,
so,
Folp.(n) < nF(n) < F(n).
So the graph Dy has the expected Fglner function on the case a > 1/3.

A.2.3. Proof of (ii) of the Proposition 1.2. — We proceed in 5 steps.

A. Let dy = (0, fo) where fq is the null configuration.

Let H,, = (K, gn) the random walk on Dp starting from dy which jumps
uniformly on the set of points formed by the point where the walker is and
its neighbors. This random walk admits a reversible measure p defined by
u(z) = vp,(x) + 1. Note that for all z € V(Dp), u(z) < 5.

B. Using reversibility, we can write,

ot (do,do) = an (do, 2)p2* (2, do)
Dr(g 2 #(do)
> 2o, 20
(do) D
M(do) F
> ) Pa” (Ha € ),

where A is some subset of V(Dp).
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Choose A = A, = {(a, f); |a| < r and supp(f) C [-r,7|}.
C. The structure of edges on Dp implies:

PLF(Hy € Ay) > PUF (Vi € [|0,n]]| K| <)
> Py (Vi € [|0,n]]| K| <7),

where P¥ is the law of (K;) which is again a random walk with probability
transitions that can be represented for n large enough by:

3/5
1/5
|
| \%//
n—1 n n+1
1/5
FIGURE 4.

Indeed, as soon as I(|n|) > 3, the point (n, f) has 2 neighbors in “configura-
tion”, 2 neighbors in “base” and itself as neighbor. For this walk we can prove
(as in Proposition 5.2 in [8]) that:

Fe > 0,¥n > 0 B (Vi € [0,nl)| Kil < r) 2 e/,

In fact, a better bound holds PX(Vi € [|0,n|] |Ki| < 7) > e~e™/™" (see
Lemma 7.4.3 of [9]) but it is not necessary here. Thus,

(51) PYF(H, € Ay) > e~ /747,
D. Compute now p(A,), we have:
p(Ar) < |Ar{max p

F(k+

Lo
F k) )¢ x5

< @+ )
k=1..r

< CrF(r+ 1)

< F(r).

2c¢

(This last inequality comes from the form of F(r) in e " )

E. Gathering the results, by inequality (51) and the fact that % > 1, we
deduce that it exists ¢ > 0 such that:

2a
p2D"p (dOadO) > e—c(ﬁ-i-rl—a).
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The function 7 — 5 + ri=% is minimal for r like n'3". So, there exists ¢ > 0
such that:
D e
Pan (do,do) > €™ .

REMARK A.5. — Note that by Proposition 1.1 and with our estimate of Folp,,,

we have for all x,y in Dp, p2DnF (z,y) <e ™. So panF (do,do) = e~ ™"
A3. Case0 < o < L.
A.3.1. Construction of the graph and preliminary lemmas. — Consider the

general following context: let A and B two graphs and ¢ an application A — A’.
Now we look at the graph such that:

— the points are elements of (4 x B4,
— edges are couple ((a, f); (b, g)) such that:
(i) either Vz € A’, f(z) = g(z) and a is neighbor of b in A.
(ii) either a = b and Vz # ¢(a) f(z) = g(z) and f(¢p(a)) is neighbor of
9(¢(a)) in B.
Such graphs are called generalized wreath products.
If A’ = A and ¢ = id we retrieve our ordinary wreath products.
Case which interest us is when A = A’ = (Z, E(Z)) and B is the Cayley
graph of % with 1 as generator.
To define ¢ : Z — Z, it is sufficient to give the following sets A; = {z; ¢(x) =
i}, which should form a partition of ¢(Z) (which is here Z). Let & = {A;}, we
note AlyB the generalized wreath product considered.

Let 8 = % < 1. If we want a Fglner function like e”ﬂ, we should construct
¢ (or the partition &) with some redundancies. Suppose for example that
Fglner sets are:

(52) U, = {(a, f);a € [-n;n] and supp(f) € [-n;n|},
we should have
#6([ —n;nl]) = {; AN [-n;n] # @} =~ 0.
For Q C A, it would be useful to introduce:
N%Q) = #{i; AN Q # 2},
and
S;(Q) = #(4; N Q).
In particular, let:

Nk, k4+m)= N[k, k+m]) and S;(k,k+m)=8;([k,k+m]).

The following lemma gives us the construction of the partition which answers
our problem.
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LEMMA A.6. — Let g : N — N increasing with g(1) = 1 such that for all n in
N,
9(2n) < 2g(n).

Then there exists a partition Gy = {A;} of Z satisfying:

(i) for allm >0 and for all k in Z,

N (k, b+ m) ~ g(m),
(ii) there exists K > 0 such that for all m > 0, for all k in Z and for all i,
Si(k, k+m)

— L < K.
S;(kk+m)

Proof. — A. We first define a partition on intervals [1,2°] (s > 0) by induction
on s, such that:

N%(1,2°) = g(2°),
(Z) | s029) <2 for §;(1,2%) #0
5, (1,2°) :
For s = 0, we put the point 1 in some A;, since g(1) =1 (for example A;).
Let s > 1 and suppose now the partition is built on [1,2°]. We extend
this partition to ]2°,2°%!]. Let Ay, Ag, ..., Agesy the partition on [1,2°]
given by the induction assumption. Rank by decreasing cardinal these sets:
Aiyy Aigy ooy Ay ey (%)
ie: #(A; ﬁ (1,2°]) > # (A, N[1,2°]) > -+ > #(Ai, ., N [L,27)).
(*) is only to get (ii).
Let j €]2°,2°%1], there exists i) such that j —2° € 4;,,
- if k> g(2°%1) — g(2%), we put j in A;,,
— otherwise, we put j in a “new” class, j € Ag(2s)4k-
Thus we have:
N (1,274) = N%(1,2°) + #{k € [1,g(2°)): b < 9(27) — 9(2)}
=g(2°) +9(2") — 9(2°)
— g(2s+2).
Besides, note that by construction either S;(1,25%!) = S;(1,2°) or either
Si(1,25%1) = 25,;(1,2°%). So the second assertion of (£) is well satisfied at
the rank s + 1, except when S;(1,2°*!) has doubling and S;(1,2°"!) is un-
changed. But in this case, by (*) we have #(4;N[1,2°]) < #(A4,N[1,2°]), that
could be written S;(1,2%) < 5;(1,2%). So,
S;(1,257Y) 25’1(1,25)
S;(1,25%1)  TS;(1,29)

<2.
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B. We end up the construction of the partition on Z as follow: for j < 0, we
put j € A; where —j +1 € A;. we call &’ this partition.

C. Let us check conditions (i) and (ii).

First, notice that for all integers A and for all s > 0, partitions on[1, 2°] and
[A2° 4+ 1, (A + 1)25%1] are equivalents. And in particular we have:

(53) N%(0,2°) = N%(2°A4,2°(A + 1)),
Si(2°A,2°(A+1)) _,

(54) and oA, (A4 1) =

Consider k € Z and m > 0.
Let s > 0 be such that 2°72 < m < 257! and let A = min{D;k < D2°72}. We
have [A2572, (A +1)2572] C [k, k + m] and then
N (k,k+m) > N%(25724,2°72(A + 1))
= N%(0,2°7%)
= g(2°/1)
> g(m/4)
= g(m).
Let B = max{D; D2°"! < k}, we have [k, k +m] C [B2°71,(B + 2)2°71].
So,
N (k,k+m) < N%(B2°7! (B +2)2°7})
= N% (B2~ (B+1)2°" ) + N%((B+1)2°"',(B+2)2°7!)
=29(2°7")
< 2g(2m)
= g(m).
That proves (i).
Let now C = max{D; D2°~3 < k}, by the definition of s, it is easy to verify
that:
(55)  [(C+1)2573 (C +2)2°73] C [k, k +m] C [C2°73,(C + 5)2°73].
Let 4, j be the subscript which index the partition such that S;(k,k +m) # 0

A A

VN | |

\ ! \ ! ! !
B ¢ D E F E

FIGURE 5.
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and S;(k, k 4+ m) # 0, we can write,
Si(k,k+m) < 5;(C2°73,(C +5)2°7%)
< 28;(C2°73,(C 4+ 5)2°73) by (54)
(56) = 2[5;(C2°73, k) + S;(k, k +m) + Sj(k +m, (C + 5)2°7%)].
Consider the terms S;(C2°73,k) and S;(k + m, (C + 5)2°73).
First we have S;(C2°73,k) < S;(C2°73,(C + 1)2°73).
Besides, there exists j; such that
S; (02573 (C+1)2°73) = 5,,((C +1)2°73,(C +2)2°7®).
We deduce
S;(C2°72,(C+1)2°73) = S, ((C +1)2°72,(C +2)2°7%)
< 28;((C+1)2°73,(C +2)2°73) by (54)
< 28,;(k,k 4+ m) by the first inclusion of (55)
By using the same approach, we prove, S;(k+m, (C+5)2°73) < 28;(k, k+m).
Finaly with (56) we get,
Si(k,k+m) < KS;(k,k+m) with K = 10.
That proves (ii). O
REMARK A.7. — The property (ii) of Lemma A.6, can be extended immedi-

ately for all finite set Q. Indeed, we have for each connected component Q° of
Q, 5;(°) < KS;(Q°). Then summing on s, we get S;(Q) < KS;(Q)

Before showing that the graph A g, B is a solution to our problem, let us
notice the following property of the partition @,, that will be useful in the
next.

LEMMA A.8. — Let g satisfying assumptions of property A.6 and G, = {A;}
the associated partition. There exist constants ci,ca > 0 such that for all
Q C Z, satisfying |6|A§;‘Q| < %, for all Qs C Q such that |Qs| > 6|2, (6 > 0) we

have: 5
#{i§ Az N Q(S 7é @} > ﬁg(CQFOIA(k‘)),

where K is the constant which appears in the item (ii) of Lemma A.6.

Proof. — 1. Let Q C Z such that |B|A(;|Q| < % There exists at least one
connected component % of 0 such that |8|A§;§3JS|O| < % and so Q%] >
Foly (k).

2. Take for ¢; and ¢y the constants verifying N % (k, k+m) > ¢;g(com), for
all k in Z and m in N.
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3. There exists ig such that 0 < |4;, N Q| < W'

Indeed, if for all j such that |A; N Q| > 0 we had |4, N Q| >
then we would have had,

2= 14,nQ)
J

12
c1g(ceFola(k))

1€
c1g(caFol 4 (k))
€2
c19(caFoly (k)
> || ( by the choice of ¢; and ¢3),

> N (Q

> N%(Q20)

which is absurd.

. Q
4. We deduce that for all 4,|4; N Q| < m.

Indeed, by Remark A.3.1, for all ¢ we can write:

K|
A,NQ=8(Q)<KS,(Q=K|4;,NQ < ———F——.
| I ( ) 0( ) | 0 | Clg(CQFOIA(k))
5. Assume now that #{i; 4; N Qs # @} < c15%g(caFola(k)). Then we have
successively,
5192] < [9]
= > JANQ
;A NQs A D
< #{i; A; N Qs # I} x max|A; N Qs
?
< #{i; A; N Qs # O} x max |A; N Q|
0 K|Q| 0|9
<eci— Fola(k —_— = —
= 2Kg(c2 ola (k) c19(caFola(k)) 2’
which is absurd. O

Take now g :  — x. Since 8 < 1, assumptions of Lemma A.6 are satisfying.
Let Dp = Alg, B, in the following lines we are going to prove that this graph
is solution of Proposition 1.2.

A.3.2. Proof of (i) of Proposition 1.2.

Upper bound of Folner function. — Using the sets U,, defined by (52), we get
upper bound of Fglner function..

Folp, (n) = |Un| = (2n + 1)2V" (20 ~ e
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Lower bound of Folner function. — We get the lower bound by the same ideas
as in the case @ > 1/3, but we have to improve the definition of satisfactory
points. Let 7/ a set of part of V(A) and let e > 0 and y > 0. Given U C V(Alg,
B) and f a configuration of U, we say that the configuration f is (1 — €, y)u
satisfactory if there exists M € M such that M’ C M and (1 —¢)|M| < | M|,
where M’ = {a € V(A);(i%n)lf >y}

Then the proof falls into 3 steps.

1. Let U C V(Dp) such that |31‘3§|U\ < 1o (%)

2. For W C V(Dp), we call W, = {f;3a € V(A)(a, f) € W}. By the same
way as in the proof of Proposition 1.2 in the case a > 1/3, we prove that
there exists € > 0 such that for all U verifying (**), there exists W C U
such that all f of W, is (1 — ¢, Folp(k)/10) 4 satisfactory, with

04D < 1}.

Dl ~ k
This result is analogous to Lemma A.1 and A.2 is proved in Section A.4.
3. Take now f € W, there exists M € M such that,

M={D CV(A);

M ={ac V(A);(i%rl}f > Folg(k)/10} ¢ M

and
M| > (1 - ¢)|M].

Lemma A.8 applies with d = 1—¢, M = Q and M’ = Q5. We deduce that
for all f in W, we can change the value of the configuration f in at least
c157£g(caFoly (k)) points in Folp(k)/10 different ways by staying in We.
Then we conclude by the following lemma:

LEMMA A.9. — LetY > 0 and X > 0. Let @ a non empty set of configura-
tions, such that for all configurations of @, there exists at least Y points where
we can change the value of the configuration in X way without leaving @. Then:
|@| > XY, i.e. (Vf € @3ay,az,...,ay € A such that g € @) = €| > XY,
where g is defined from f by g(z) = /(=) o Z‘fx 7 Gio)

X possibilities for g(a;,) if x = a;,.

Proof. — We proceed by induction on Y.
If Y =1, it is exact.

Suppose Y > 1 and consider a point zg in the base such that there exists X
distinct configurations fi,..., fx € A such that Vy # 20 f1(y) = fa(y) =--- =
fx(y). Foralli=1,..., X, let G; = {f € &, f(x0) = fi(x0)}, which are not

TOME 138 — 2010 — N° 4



GRAPHS WITH SUB EXPONENTIAL TRANSITIONS PROBABILITY DECAY 533

empty. G = U A; and the A; satisfy induction hypothesis with constant
i=1,...,X
Y —1. S0, €@ = Y |Al>XXY"1=XY. O
i=1,...,

Finally, Lemma A.9 gives,

yerg(eaFolak)) o g(k)

FO]B k
vl = w > (P20

since first Folg(n) = 2 and secondly Fol (k) = 2k.
A.3.3. Proof of (ii) of Proposition 1.2. — We follow the idea of case o > 1/3.

1. Let do = (0, fo) where fp is the configuration which is null everywhere.
Let X,, = (K,, gn) be the random walk on Dp defined above. X starts
from dy and jumps uniformly on the set of points formed by the point
where the walk is and its neighbor. On this generalized wreath product,
this walk is still reversible for the uniform measure since the number of
neighbor in Dr is constant, equal to 4. Now write:

pgnp(do,do ZZP'ILL)F dOa )pfp(z,do)

> Zp d07

zEG

6 1> pE" (do, 2)

z€G
I b
—[P; " (X, €G
|G|[ do ( )]
where G is some finite set of V/(Dp).
2. Take G = G, = {(a, f);|a] < r and supp(f) C ¢([| — r,r|])}- By the
structure of edges on D, we have:
PLF (X, € Gr) > PYF (Vi € [|0,n[]| K;| <)
> Py (Vi € [10,nl]| K| < 1),
where P is the law of (K;); which is still a random walk with transitions
probability which can be represented by:
3. Now we have to find a lower bound for P¥ (Vi € [|0,n|]|K;| < r). It is
not sufficient to use P& (Vi € [|0,n|]|K;| <r) > e=¢(n/T*+7) a5 in the case
a > 1/3, because 8 = =% < 1 (see step D of this proof). However we
can prove that:

e > 0,Yn > 0 PE (Vi € [|0,n]|K;| <) > e/,

One can find this result in the Lemma 7.4.3 of [9]. It is known for a simple
random walk on Z? and we can deduce it in this particular case with a
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1/2
1/4
|
| w
n—1 n n+1
1/4
FIGURE 6.

coupling. Consider K| which takes values in Z?. K] follows the horizontal
jumps of K; if K; moves and jumps uniformly on its 2 vertical neighbors
if K; stays at its place. On the first hand we have {supy<;<, |K}| <r} C
{supg<;<, | K| < r} and on other hand K is a simple random walk on
72. (For z = (a,b) € Z?, we note |z| := max(a,b).) Then the result for
K; in Z follows from the result for K/ in Z2.

4. We can end up the proof. From |G,| = (2r + 1)2Nﬁg(_”) < e, we
deduce there exists ¢ > 0 such that:

Py’ (do, do) > e+,

But the function r — Z% + r#, is minimal for r like nee,
So there exists ¢ > 0 such that:

_B_
Pyl (0,0) > e = g7

A.4. Complement on satisfactory points. — In this section we improve the notion
of satisfactory point used in Subsection A.3 which is more abstract that the
notion introduced in Subsection A.2. The reasons of this improvement will be
explain in the next.

We still consider a wreath product A ! B of two graphs A and B or a
generalized wreath product A ly B associated to some partition &. We take
U C V(A B) and as before to each U we associate an hypergraph Ky and
its one dimensional skeleton I'y; with weight w, built as the same way that in
Section A.2.

Let € > 0 and a > 0. Let M a set of parts of V(A). To light the way
of this definition and to link it with the old definition of satisfactory points
(Section A.2), one can think to take for M set of the form {D C V(A);

|04 D] 1
D S &)

A configuration f of V(Ky) is said (1 — €,a) 4 satisfactory if:

M' Cc M, and

(57) there exists M € U such that
(1—eM| < |M'|
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where M’ = {m € V(A);dimf > a}. Once again, we denote by Sy (1 —€,a)x

(or S(1 —€,a)y ) the set of satisfactory configurations.

Otherwise f is not satisfactory and we note NS(1 — €,a) 4 ) the set of not
satisfactory configurations.

If TV is a subgraph of 'y, we say that f is S(1—¢, a) with respect to I if f
satisfies the same condition as in (57) but where dimension of f is counted only
with edges in IV. More precisely: dirlplf = #{g;(f,g9) € E(T") and (z,9) € U

and Yy # x, f(y) = g(y)}.

An edge of T'y is said (1 — €,a)p satisfactory if it joins two (1 — €,a)
satisfactory configurations, otherwise it is said (1 — €, a) not satisfactory. As
before we denote by S¢(1 —¢;a)q [resp. NS¢(1 —¢€,a)q| the set of satisfactory
edges [resp. not satisfactory].

A point u = (z, f) € U is said (1 — €,a)y satisfactory [resp. (1 — €,a)x
not satisfactory | if f € S(1 — €,a) [resp. NS(1 —€,a)u]. We denote by
SP(1 —€,a) and NSP(1 — €,a) for the set of points which are (or are not )
satisfactory.

We keep the same definition for good points, u = (z, f) € U is said a — good
if dimf > a otherwise it is said a-bad.
x

The interest of this new definition of satisfactory points is the following.
Consider a set U,. of (A, b)-satisfactory configurations. With the “old” definition
we know that we can change the value of f in at least b points in A, different
ways (at point z) without leaving U, but we do not know exactly where are
these b points whereas with the “new” definition, for a set U, of S(1 —€,a)x
configurations, we know that we can change the value of f in at least (1 —
€) JIVPéIﬂl/l | M| points in a different ways without leaving U. and moreover we know

that these points are contained in some M € M. This would be useful for our
generalized wreath products since this property concentrate points where we
can change value of f. By the properties of the partition, it remains only to
get lower bound of #¢(M).

Let U € V(A B) such that Ia‘l‘ﬁlm < 157, the two following lemmas are

similar to Lemmas A.1 and A.2.

LEMMA A.10. — Let M = {D C V(A); |3|%|D| < +} then we have:

-\ #{ueU;u is Folg(k)—bad 1
(i) { i B (k) } < L,

(i) there exists € > 0 such that #{UGU;(PE’FOIB(k)l/é?”7"°t satisfactory } z.
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Proof. — For (i), it is the same argument that in part (i) of Lemma A.1.
For (ii) let,

Neud = {u € U;u € NSP(1 — ¢, FOlg(k))m}

FOIB(k‘)

={u=(z,f) eU;fe NS1—c¢, )}

and let:
Neud(f) = {(z, f); (=, f) € U}.
Note that p(Neud(f)) = {z; (z, f) € U}.
For F a set of configurations, let

Neud(F) = ngNeud(f).

Note the union is disjoint.

Take now f € NS(1 —e, %(k))m, and consider the set p(Neud(f)).

Two cases appear. Either p(Neud(f)) gives a large part of boundary in “base”
either not and this case by assumptions on f we will prove that p(Neud(f))
gives boundary in “configurations”.

First case. — f e F,:={f € NS(1 —¢, FOlg(k) ) #ﬁﬁﬁgﬁ?f({f) > %}
The applicationfg 0ap(Neud(f)) — 04U is injective: (z,y) ——

(@0 . 0)- 1

So, we can write:
1 1
(38) |0aU| > Y |94 p(Neud(f))| > Z > Ip(Neud(f))| > 7 INeud(F1)].
feFr: feF,;
L Folg (k . #9ap(Neud(f)
Second case. — f € Fy:={f € NS(1 —, ‘3( ) s #zg\(leud(f))) < 1}
Since f € NS(1 — ¢, %(k))m we have:

Im’ € M’ — M, or

59 f 1 MeMn
(59) {|M'|s<1—e>|M|,

where M’ stands for {m € V(A); dimf > %(k)}

Choose M = p(Neud(f)) since f € F» we have M € /M and M’ C M. So it
is the second item of assertion (59) which is satisfied, i.e.: |[M'| < (1 — ¢)|M].
So,

4z € p(Newd(f));dimf > 22 E)y < (1 |M| = (1 - )| Newd(f)].

(We have used that |[p(Neud(f)| = |[Neud(f)|.)
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So

O B(k‘)

#{z € p(Neud(f)); dimf < } > €e|Neud(f)]

(60) ie: |Py| > 6|Neud(f)|7

with P = {z € p(Neud(f); dimf < Fols(®h)y,

To each point of Py ( for f in F), we can associate in an injective way a
point of the boundary (in configuration ) of U. Indeed, as before: for z € Py
and f € Neud(Fz), we have:

~ Folg(k
By g < 22 ol ).
where P, ; = {g(x); (z,9) € U and Vy # zg(y) = f(y)}-
Thus,
~ 1 -
108 Pa,s| > |Pasl 20,
and then
|83Pz’f| > 1.
Finally,
04Ul > > 10P: ]
16Pf,f€F2
> |Pesl = ) elNeud(f)] by (60),
zEPs,fEF, feEF,

> €|Neud(Fy)|

1
> 7|Neud(F2)| by choising € < 1/k.

By adding (58) and this last inequality and using the fact that |8“‘;}9’|U| < ﬁ,
we get:
|Neud|
—. O
U] 5
LEMMA A.11. — Let € > 0 and x > 0. Consider I'y the one dimensional

skeleton with weight w, constructed from Ky. Assume that E(Ty) # & and
Vf e Ky dimf > a and U does not contain the empty set. If we have:

w(e)
eENSE (1—e,a) u

> w(e)

ecE(T'y)

< 2/5,

then, there exists a not empty subgraph I of Ty such that all edges are Sy (1 —

4J5r6, £)u satisfactory with respect to I".
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44€ a

Proof. — In the graph I'yy, we remove all points NS, (1 — %£€, £) 5 and adja-

cents edges. After this first step, there may appear some new points IV 551 (1-
4;:6, £)u, where Uy = U — NSE(1— 4‘56, £)u- We remove again all adjacent
edges and points and we iterate this process.

Let U; the set of vertices staying at step 1.

Uy =T,
for ¢ > 1 Ui+1 = Ui —ngl(l — 4;67%)]%.

it is sufficient to prove that this process ends up before the graph becomes
empty.

Let C; = Z w(e), Cp = Z w(e), and

eENSy(1—e€,a)nu e€ S (1—€,a) y;e removed
at the end of the process

Co = Z w(e).

e€E(I'y));e removed
at the end of the process

If we show that Cy < %Cl, the result is proved since:

5
Co<Ci1+0Cy < 501 < E w(e).
e€eE(Ty)

That would mean that it stays at least one point not removed, i.e.: kg € N

such that all points of the graph get at step k, are S{}ko (1- 4'5“, £)u, SO

4
(1= 4=, 2,
To see this, let us introduce an orientation on removed edges: if L and @
are points of the graph, we orient the edge from L to @ if L s removed before

@ otherwise we choose an arbitrary orientation. We note {, the set of edges

leaving the point L and IT/ for the set of edge ending in L at step 0.

SUBLEMMA A.12. — Letk € N and let L be a point of the graph Ty (satisfying
assumptions of Lemma A.11) removed after k + 1 steps. Assume that L is
initially SY, (1 —€,a)x, then

Zw(e) < EZw(e).

ecL e€eL
1 T

Proof. — It would be useful to notice that for a multidimensional edge e, the
sum of the weight (in the skeleton) of edges coming from e and adjacent to a
point, is equal to 1. This is implied by our choice of the weight.
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. Let now Ny be the number of multidimensional edges at step 0. Since

L is initially S7,(1 — €,a), there exists My € J such that (1 — €)|Mo|
multidimensional edges are attached to L. So,

NO Z (1 —_ €)|M0|
Besides notice that:

Z w(e) = No.

e€eE(T'y)
e contains L

Let L; = {e € {,,e coming from a multidimensional edge of Ky, , of
dim > a/5}, and Ly = {e € %,e coming from a multidimensional edge
1

Ky, , of dim < a/5}.
We have ll} = L1 U Lo, because edges of % correspond to edges leaving
l l

L at step k.

. Since L becomes NSgk(l — dte £), we have:

5

M" ¢ M, or

for all M in M
{lM"I < (11— 49 |M|

where M" = {m € V(A);g'}g’ch > g}

Take M = M,, observe that M" C My so that implies |M"| <
(1 — 4£€)|Mp|. Finally L has less than (1 — %£€)|My| multidimen-
sional edges of dimension at least a/5. call them fi,...,f;, with
g < (1— )My,

5
Z w(e) = Z Z w(e) < q.
=1

e€L; k=1..q
1

e
coming from fj

<1

(Initially this last sum was equal to 1, but after removing some edges,
this sum is less than 1.)

Besides, call g1, ..., gy the other multidimensional edges of dimension
strictly less than a/5, attached to L at step k, with h < Ny — ¢. For all
k=1,...,h,

SHE
(SN

Z w(e) <

e
coming from gy

<

| =
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(Indeed, first, all point have initially dimension at least a so we deduce
Ve € E(I'y,) w(e) < 1/a and secondly, an edge of dimension less than
a/5 gives less than a/5 edges attached to one point, in the skeleton. )

3. Finally with (62) and (63), we get:

Zw(e) = Z w(e) + Zw(e)

ecL ecl, e€Lloy
1 1 I

1
§q+(No—q)g

1 4
= 7N —
540 + 5q
9
= N,.
25 ¢
_4te X
(g < (1= %) Mo| < Ny 5= < Mo by (61).)
So,
Zw < —NO and Zw > Ny — —NO = 1—6N0.
25 25
eecL eeL
1
And then,

Sule) < 23 wle) < 25wt :
eEL eEL eEL
The proof ends up by the same way as Proposition A.2, let:

D, = {vertices removed at step 1},

and for 7 > 2

D; = {vertices S7,(1 — €, a) removed at step i},
F; = {edges between D; and D;_},
F] = {edges leaving D;_1}.

Notice that F; C F] and that edges of F] are removed.

By SubLemma A.12 applied in each point of D; in the graph get at step
i — 2 (see fig. 3). (Each point of D; is at this moment, at least S(1 — ¢, a).)

We get:
Vi > 2 Z (e) < = Zw(e).
eeFI’Jrl eEFi
S0,
> w(e) < (3)7
eeFi'H e€Fy

TOME 138 — 2010 — N° 4



GRAPHS WITH SUB EXPONENTIAL TRANSITIONS PROBABILITY DECAY 541

(We have used that F; C F].) Thus,

> wle) < (X)) Y wle)

e€ U F/ i>1 e€Fy
i>3
3
= - E w(e).
2
ecF>

Now, an edge of Fy is NS§ (1 — €,a) because if this edge were S (1 — €, a),
this edge would have linked two points S¥;(1 — €, a) and in particular, points of
D; would have been S7,(1 — €, a), so S,(1 — 4£¢,a/5) and so would not have
removed. Thus:

Zw(e) < Z w(e) = Cy.

e€Fy e€NSe(a,b)

Besides, all removed edge S§(1 — €, a) is in some F] with ¢ > 3, so

Cy = > wle) < Y wle).

e removed at the of the process ec|l | F’
e€S; (1—¢€,a) UZZ3 *

That ends the proof. O

Now we are able to explain the fact that we used in Section A.3.2 in or-

der to prove the lower bound of Folp,. We recall that U C V(Dp) is such
that |6‘|‘é}3‘ Yl < ﬁ. Let K be the sub hypergraph of Ky which contains only
Folp(k)/2—good points. As in the proof of (i) in the case o > 1/3 of Proposi-

tion 1.2, we prove by using Lemma A.10 that there exists § < 2/5 such that,

> w(e)

e€NSE (1—e,Folp (k) /2)
e€E(Tz)

Y wle)

e€E(Ty)

<9,

for some € > 0 and M = {D C V(A); |6|‘l‘)?‘ <1}

Lemma A.11 gives us a sub graph where all edges are S¢(1— 4, Folg(k)/10) 4

foré =1- %. By definition of satisfactory points, this proves the fact that
we have used.
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