Bull. Soc. math. France
129 (1), 2001, p. 33-90

POSITIVITY OF QUADRATIC BASE CHANGE
L-FUNCTIONS

BY HERVE JACQUET & CHEN NAN

ABSTRACT. — We show that certain quadratic base change L-functions for G1(2) are
non-negative at their center of symmetry.

RESUME (Positivité des fonctions L du changement de base quadratique)
On montre que certaines des fonctions L de G1(2) obtenues par changement de base
quadratique sont positives en leur centre de symétrie.
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34 JACQUET (H.) & CHEN (N.)

1. The main theorem

Let E/F be a quadratic extension of number fields and ng,p or simply 7
the quadratic character of F' attached to E, {1,7} the Galois group of E/F.
We will often write

T(2) = Z.

We will denote by U; the unitary group in one variable, that is, the group
of elements of norm 1 in E*. Suppose that 7 is an automorphic cuspidal
representation of G1(2, F) whose central character w is trivial on the group of
norms. In other words w = 1 or w = 1. We assume that 7 is not dihedral
with respect to F so that the base change representation II of 7 to G1(2, E) is
still automorphic and cuspidal. Let €2 be an idele class character of F whose
restriction to F, is equal to w. Our main result is the following theorem:

THEOREM 1. — With the previous notations: L(%,H ® Qfl) > 0.

Ifw=1and Q =1 then L(s,II) = L(s,7)L(s,7®n) and the result has been
established by Guo (see [G1], under some restrictions on E/F). As a matter
of fact, by using results on averages of L-functions (see [FH]), Guo is able to
prove that L(%, m) > 0, which then implies our result for w = 1, Q = 1, without
restriction on E/F. At any rate, Baruch and Mao [BM] have independently
established that L(3,m) > 0 if w = 1. However, the present result—where Q)
needs not be trivial-is more general, even in the case w = 1.

Results on the positivity of G1(2) L-functions have been considered by many
mathematicians (see, for instance, [BFH], [Gr], K], [Kk], [KS], [KZ], [S], [R],
[S], [W3], [Ya]). Specially, the positivity of the twisted L-function at hand has
been investigated (for holomorphic forms) in [GZ].

We note that Q7 = Q~! and II is self-contragredient: II = II. Thus
LT =L(s, " @ Q7)) = L(s, 1o Q) = L(s,1® Q).
Likewise,
(s, MO Ne(1 -5, TN ) = e(s,IRQ Ne(1 -5, IR Q) = 1.

In particular (3,1 ® Q~1) = £1. Thus, despite the fact that Il ® Q! is not
necessarily self-contragredient, the L-function L(s,IT ® 271) is symmetric:

L, ) =¢e(s,ToQ HL1 -5, T Q).
The following lemma is easily verified:

LEMMA 1. — Let vg be a place of F. If vy is inert and v is the corresponding
place of E then:

LA, 007" >0.
If vy splits into v1 and vo then:

L(3 10, ® QN)L(3,1,, ® Q') > 0.
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POSITIVITY OF QUADRATIC BASE CHANGE L-FUNCTIONS 35

Let Sy be a finite set of places of F' and S the corresponding set of places

of E. Set
LS(s, M@0 ") =[] L(s, 11, Q).
V€S

In view of the lemma, the statement of the theorem is equivalent to the posi-
tivity of L9(3, 1T @ Q7).

If IT is dihedral with respect to F, then II is associated with an idele class
character = of E whose restriction to F,* is wn. Thus E7 = == ! and

L(s,T@Q Y =L(s,ZQ YL(s,2"Q7 ") = L(5,2Q " HL(s,271Q71).

If Q is trivial or even quadratic this is > 0. At any rate, in general, ZQ~!
and Z71Q~! have n for restriction to F;°. Thus there are cuspidal representa-
tions 7 and my of GI(2, ;) with trivial central character such that:

L(s,2Q7 Y = L(s,m),L(s,27'Q71) = L(s,m2)

and by the results already quoted each factor is > 0 at s = % We will not

discuss this case but remark that, by considering the discrete but non-cuspidal
terms in our trace formula, we could probably handle this case as well.

The proof of the theorem is based on a careful analysis of the relative trace
formula of [J2] (In the case = 1 we could, like Guo, use the simpler trace for-
mula of [J1].) Namely, we consider an inner form G of Gl(2, F) which con-
tains a torus T isomorphic to E*. There is then an ¢ € F* uniquely de-
termined modulo Norm(E*), such that the pair (G,T') is isomorphic to the
pair (G, T) defined as follows. We denote by H, the semi-simple algebra of
matrices g € M (2, E) of the form

8 (2 )

a

and by G, its multiplicative group. Then

a 0
= {t - ( 0 a ) }
We let Z be the center of G.. We regard 2 as a character of T'(Fy): t — Q(a).

Suppose that f is a smooth function of compact support on G (Fa). We form
as usual a kernel

Ki(z,y) = -1 d
e[ 3 e

and a distribution

Je(f) = Kf(t17t2) Q(tl)ildtl Q(tg)dtg.

/(Z(FA)T(F)\T(FA\))2
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36 JACQUET (H.) & CHEN (N.)

We have a spectral decomposition of the kernel:

Kf = ZKf,U + Kf,cont 5

the sum on the right is over all irreducible (cuspidal) automorphic representa-
tions o of G: if G is not split, by cuspidal we mean an irreducible automorphic
representation which is not one-dimensional. The term K cont represents the
contribution of the one dimensional representations and the continuous spec-
trum which is present only if G, is split, that is, € is a norm. For every o the
kernel Ky , is defined by

Kjo(z,y) = Zp

the sum over an orthonormal basis of the space of 0. We define then:

T (f) = / Koty ta) Q(t1) " dty Qts)dto.
(Z(Fa)T(F)\T(Fy))?

This is a distribution of positive type: if f = f; * f; where fi(g) := f1(g™")

then
Jo(f) = ZV(P(f1)¢) v(p(f1)9).

where we have set

(2) V() = o)) dt;

/Z(FA\)T(F)\T(FA)
thus J,(f) > 0. Moreover, if v is not identically zero on the space of o, or
as we shall say, if o is distinguished by (T,Q), then every local component
Ou, 18 distinguished by (Ty,, Ry, ), that is, admits a non-zero continuous linear
form v, such that vy, (7, (t)u) = Oy, (t)v, (u) for all t € Ty, and all smooth
vectors u. The dimension of the space of such linear forms is one. One can
then define a local distribution

UUO fvo ZVUO f’Uo V’Uo(u)7

the sum over an orthonormal basis. The distribution J,, is defined within a
positive factor. It is of positive type. Normalizing in an appropriate way we get

(3) Jo(£) = C0) [T Juo (fun),

where the constant C(c) is positive. Assuming that L(3, 1T ® Q71) # 0 we
can find an € such that there is an automorphic representation o of GG, corre-
sponding to 7 and distinguished by (7', Q) (see [J2], [W4]). Another goal of the
paper is to obtain an ezxplicit decomposition of the above form, with a specific
normalization (Theorem 2). The crux of the matter is then to show that C(o)
is essentially equal to L(%, I ® Q™1 which gives the positivity result. Possibly,
this can be used to provide lower bounds for L(3,TT® Q7).
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POSITIVITY OF QUADRATIC BASE CHANGE L-FUNCTIONS 37

We note that if € exists then it is unique. Indeed, this follows at once from
the following local fact: if vg is inert, € not a norm at vy, 7 is a square integrable
representation of G1(2, F, ), and o the representation of G (F,,) corresponding
to m then 7 and o cannot be both distinguished by (T, Q) (see [W4]).

We stress that there is no direct way to compute the constant C'(o) because
there is no direct relation between the global linear form v and the local linear
forms v,,. The situation at hand (a globally defined distribution of positive type
decomposed as a product over all places of F' of local distributions of positive
type, times the appropriate special values of L-functions) is, conjecturally, quite
general. In this situation, the positivity of the special value of the L-function
follows. Ome can view this question as a generalization of the problem of
computing the Tamagawa number. This is our motivation for investigating in
detail the present situation.

We proceed as follows. We introduce the matrices

0 R !

It will be more convenient to consider instead the distributions
He(f) = / Kf(tl,tQ)Q(tth)_ldtldtQ,
(Z(Fa)T(F)\T(Fy))?

and, for o an automorphic representation of G,

Gg(f) = Kf,g(tl,tQ)Q(tth)_ldtldtQ.

/(Z(FA)T(F)\T(l[‘k)2
Thus
Jo(f) = b5 (p(we)f)

and likewise for J.. We will decompose explicitly 6, into a product over all
places vy of F' of local distributions 0%0.

To that end, we compute the geometric expression for 0. (f). A set of rep-
resentatives for the double cosets of T'(F') in G(F') is given by the matrices:

(0 () serme

We define orbital integrals. For ¢ # 1 in Norm(E*)e we write ¢ = 3¢ and
set:

) nen=[[#n(’] 5 )ejewsana.

Note that the right hand side of the integral depends only on Bfe, which
justifies the notations. In addition, we define

() oo )= [ 1[n(] §)]awan,
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38 JACQUET (H.) & CHEN (N.)

and, if 2 is trivial,

(7) H@#%=/fmﬂmﬂﬁy

It will be useful to observe that the condition Q2 = 1 is equivalent to Q™ =
or Qy,(Fs) = 1. The integrals are for t; € T(Fy) and to € T(Fa)/Z(Fa).
An idele class character x of E is normalized if it is trivial on the subgroup
EY of ideles with all finite components trivial and all infinite components
equal to some common positive number. For such a character we set d(x) = 1
if x =1 and §(x) = 0 otherwise. All idele class characters will be assumed to
be normalized. We have then

®  6(hH= > HE&)
£eNorm(Ex)e—{1}
+(6(Q3)H (0 f) + H(o0; f)) vol(T'(Fp) /T (F)Z(Fy)).

In what follows we denote by G the group Gl(2), by A the group of diagonal
matrices, by Z the group of scalar matrices, by P the group of upper triangular
matrices, by P; the subgroup of matrices with (0, 1) for second row and by N the
subgroup of triangular matrices with unit diagonal. Depending on the context
these groups are regarded as algebraic groups over F' or E. We now view the
group G as an algebraic group defined over F and we let Hy be the unitary
group for the matrix w. We denote by H the corresponding similitude group

and by k the similitude ratio. It is a result of [HLR] that II is distinguished
by (H,nw), in the sense that there is a vector ¢ in the space of II such that

P(o) ::/ gb(h)nw(m(h))dh £ 0.
H(F)Z(Ey)\H(Fy)

This condition characterizes representations which are base change of represen-
tations of Gl(2, Fy) with central character w (loc. cit.).

We may regard €2 as a character of A(Ej,) trivial on Z(Ejy):
Q|(diag(ay, az)] = Q(arazt).

Then L(3,IT® Q') # 0 if and only if there is ¢ in the space of II such that

(9) Awwz/’ 6(a) (a)da £ 0.
Z(Ep)A(E)\A(EL)

These facts suggest the following construction. Let f be a smooth function of
compact support on G(FEy). Define a kernel

Ky(z,y) =/ > flamlzgy)d,
Z(En)/Z(E) ¢eq(m)
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POSITIVITY OF QUADRATIC BASE CHANGE L-FUNCTIONS 39

and a distribution:

(10) o(f) ::/ / Kg(a,h)Q ' (a)nw(k(h)) dhd"a.
Z(Ex) A(E)\A(Es) Y Z(Ex)H(F)\H(F4)

The outer integral is not convergent and must be regularized. If II is a
cuspidal automorphic representation of G(Ey) with trivial central character
then we define similarly the distribution Op. This distribution is non-zero
if and only if II is distinguished by (H,wn) and L(%J’I ®@ Q7Y # 0. It can
decomposed explicitly into a product of local distributions.

The distribution ©® can be computed in terms of orbital integrals in the
following way. We let S be the space of invertible Hermitian matrices and S
the space of split Hermitian matrices. The group Gl(2, E) operates on S by
s+ gs'g. We let & or simply ® be the function on the space S(Fj) such
that

B (gw'g) = / F(gho)dho
Ho(Fy)

and @ vanishes outside Ss(F). We have
/Kf[(“(;l ?),h]nw(ﬁ(h))dh
]38l eld 2o

§ES(F)

This leads us to introduce the action of E* x F'* defined by:

=2 (5 V(6 DG Q)

A system of representatives for the orbits of E* x F* on S(F') is constituted
of the following matrices:

(11) (5171 Docer—1 (9. ce P Nom(e),

2 (3 o)
w ()G )
For £ € F*— {1}, we set
sen- [ [l @ D DE )

x nw(z)d*zQ(y)d*y.
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40 JACQUET (H.) & CHEN (N.)

If Q is trivial on U; we define

00 D= [ L (707 Doy

The stabilizer of (12) in E} x F, is the set of pairs (y, z) with yz = 1. However,
because of our assumptions, the character (y, z) — Q(y)wn(z) is non-trivial on
that subgroup and so the element (12) does not contribute to the sum below.
We also introduce two unipotent orbital integrals

(0 L] = ffol(3 o
(3] = ffol(G Do

These integrals are improper integrals. For the first one, for instance, we
remark that the function ¢ defined by:

o) = [o[(5 1)]owey

is a Schwartz-Bruhat function on Fa. The unipotent integral is then the ana-
lytic continuation to the point s = 0 of the Tate integral:

[ otmr s,
FA\

‘We have then
(14) O(f)= > U(&D)+0(Q%) vol(Uy(Fi)/UL(F))
geFx—{1}

<X vl(y Do) )l () o))

ecF*/Norm(EX)

We say that f and a family of functions (f.), € € F*/ Norm(E*), have matching
orbital integrals if
U(&; @) = H(E; fe),

for £ € e Norm(E*) — {1}. Implicit in this definition is the fact that f. =0
for almost all e. We show that for any f there is a family (f.) with matching
orbital integrals. Note that the converse is not true: to have a converse one
would need to consider all unitary groups. When f and the family (fe) have
matching orbital integrals, we have then

G(f) = 29€(f€)7

that is, the terms corresponding to all orbitals integrals match (see [J2]).
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POSITIVITY OF QUADRATIC BASE CHANGE L-FUNCTIONS 41

Now we apply standard arguments: by identifying the contribution of the
continuous (and residual) spectrum on both sides we arrive at the identity

Ou(f) = 0o (fo).

In a precise way, the representation II is the base change of 7 and 7 ® . The
sum on the right is over all representations o. which correspond to w or ™ ® 7.
As noted above, the sum on the right reduces to two terms, that is, there is a
unique € and a representation o, of G(Fy) which corresponds to 7 such that

@H(f) = 0o, (fE) + 906®7}(f6)~

The distribution O can be decomposed explicitly into a product; the above
identity allows us to decompose 6,, and, finally, prove the theorem.

The method is quite general and should apply to many situations. For in-
stance, the work of [G2] suggests a possible direct generalization of the present
set-up to G1(2n), the group T being replaced by the group Gl(n, E') embedded
in G1(2n, F') and some inner forms of it. [G2] is concerned with the generaliza-
tion of the simpler trace formula in [J1].

We remark that it would be interesting to compare our explicit result with
the results of [W4].

The paper is arranged as follows. In sections 2 and 3 we review the results
of [J2] on the matching of orbital integrals, reformulating the results in terms of
symmetric spaces; we carefully normalize the various Haar measures. In section
4 we decompose the distribution O explicitly into a product of local distribu-
tions. This is mainly a review of the material in [HLR]. The heart of the paper
is section 5 where we compare the local distributions at hand.

The proof of the main theorem is given in section 6, with some additional
comments in section 7. The paper concludes with sections 8 and 9, an appendix
where we discuss the absolute convergence of the term coming from the con-
tinuous spectrum in the trace formulas at hand. Unfortunately, reference [J2]
(also [J1]) is somewhat deficient on this point: the main point is that [J2] omits
infinite sums on idele class characters unramified at all places. To make the
argument rigorous we introduce, in the case at hand, a new form of truncation
which may be more appropriate than the standard truncation operator for the
investigation of period integrals (¢f. [JLRo]) and a new device (special to G1(2)
or closely related groups) to estimate some period integrals. Note that [G1]
which is based on [J1] is also deficient and so is [BM]. Thus we take care at
once of a gap in several papers.

Finally, we would like to thank the referee for a careful and thorough reading
of the manuscript.
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42 JACQUET (H.) & CHEN (N.)

2. Choice of measures and local matching

We review the results of [J2] on local matching. It will be essential to keep
track of the choice of the various Haar measures.

2.1. Inert case. — We consider a local quadratic extension E/F. We choose
an additive character ¥ g of F' and set

Ve(2) =vYr(z + 2).
On the additive groups F' and E we consider the self-dual Haar measures. In

particular, if we write E = F[V/§] and z = a+b+/d then dz = dadb|2|r |5|;/2.
The multiplicative Tamagawa measures on F'* and E* are respectively:
d d
&z = L1, 1p)—, d% = L(1,1p)——-
|| r |2|

The following integration formula will be used below:

LEMMA 2. — One has

dz ~ o dz
/E>< ¢(Z) |ZZ|F B /l;form(EX) d)(x)m;

where ¢(z) is the function on Norm(E>) defined by

5(33) = /EX/FX qS(z%)dou, rT=zZ,

and the measure d°u is the quotient of dz/|z|p by dx/|z|p.

Since T'(F') is isomorphic to E* via the map diag(a, @) — a, we obtain the
Tamagawa measure on T'(F'). Likewise the center Z of Gl(2) is isomorphic
to Gl(1) and so we have the Tamagawa measure on Z(F') and Z(E).

On the group G1(2, F') we have the Tamagawa measure

dpdgdrds P q
Fg=pi1,1p ddadrds - (v q)

| det g[7. ros
Using the Iwasawa decomposition we can write

d*g = d*ad*bdxdk,

= (5 )0 1"

where dk is a Haar measure on the standard maximal compact subgroup Kr
of G1(2, F). Let ® be a Schwartz-Bruhat function on F2. The following lemma
is easily verified:

if
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POSITIVITY OF QUADRATIC BASE CHANGE L-FUNCTIONS 43

LEMMA 3. — One has

//@(x,y)dxdy = //@[(o,t)k] |t d*tdk.

In particular, in the unramified situation, we can take for ® the characteristic
function of the set 0% and obtain vol(Kr) = L(2,1r)"!. On the group G1(2, E)
we also have the Tamagawa measure

d*¢g=L(1,1g)———> dg = dpdgdrds

dg
| det gl

_ (P q
9= ( ros ) '
On the group G, we take for the Tamagawa measure the measure:

dadb
laa — ebb]2.

(3 9)

If € is a norm the group G¢(F) is isomorphic to G1(2, F') and the isomorphism
takes the above measure to the Tamagawa measure on G1(2, F'). From Lemma 2
we get the following integration formula:

(15) /G FF(g)dX d
L(ln / // i ( a:)tz}d“d”}u—z@
/2 (F

with t; € T(F), to € T(F
In view of the 1somorphlsm
Gl(2,F)Z(E)/Z(FE) ~Gl(2,F)/Z(F)
we give to Gl(2, F')Z(FE) the measure defined by

da db
lalF bl

o= (7 )6 NG 1)

On the group H isomorphic to Gl(2,F)Z(FE) the corresponding measure is
given by

if

d%g = L(1,1F)|e[r

if

dg=L(1,1g)— dady

if

da db

L(1.1
e Tols

dz1diyr
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44 JACQUET (H.) & CHEN (N.)

for

o= (5 )G DG 1)

-1
with a € F*, b e EX, x = 210, y = y1Vo , x1,y1 € F. Of course, this
measure does not depend on the choice of §. Using the exact sequence

1—Hy— H—"5 F*—1,
we get the Tamagawa measure on Hy:

db
dhg = L(l,n)m

=y 7)) DG D)

We need the following integration formula:

dJZl dyl

if

LEMMA 4. — The quotient of the Tamagawa measure on Gl(2,E) by the
Tamagawa measure on Hy is the following measure on the symmetric space Ss:

ds = L(1,1x) dzdydz s:(x z)

oy — 223 Zy

For f a smooth function of compact support on G (F) we define

(16) H(z; f) == /T(F)/Z(F) /T(F) f[tl ( bll 551 )b} Q(t1t51)dt1dt2

if z = ebb, x # 1. The integrand is a smooth function of b depending only on
bbe which justifies the notation. Next we define the orbital integrals for the
space S(F) of invertible Hermitian matrices. As in the global case, the group
E* x F* operates. Relative to this action we have the local orbital integrals
of a function ® € C§°(S(F)):

(b DT DE D)
Ula; @) /E /F o 1)U 1)\o 1
x nw(z)d*zQ(y)d*

Now let {1, €2} be a system of representatives for the classes of Norm(E*)
in F'*, where €1 is a norm. Let ® € C°(S(F)) and f,, i = 1,2, be functions
in C§°(Ge, (F')). We say that ® and the pair (fe,, fe,) have matching orbital
integrals if

U(x; ®) = H(z; fe,) for x € ¢;Norm(E™).

PROPOSITION 1. — Given ® there is a pair (fe,, fe,) with matching orbital
integrals.
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To prove the result one needs to consider the behavior at infinity of the
orbital integrals defined above as well as the other orbital integrals. This is
done in [J2]. We will use this result in the following way: f will be a smooth
function of compact support on G1(2, E') and we will set

By(s) = /H L i, s=gu'y
0

(I)f(s):()? s & Ss(F).

If the pair (f.,, fe,) has matching orbital integrals with ®; we shall say that
it has matching orbital integrals with f.

Consider now the unramified situation: the residual characteristic is odd,
the extension E/F is unramified, the conductor of ¥p is Op, €; is a unit,
Q is unramified. Then Kg := Gl(2,0f) has volume L(2,1g)"! and Kp :=
G1(2, OF) has volume L(2,1r)!. Likewise, the group

KO = G1(2, OE) n Ho(F)
is a maximal compact subgroup of Ho(F) with volume L(2,17)~! and
K. :=Gl(2,0)NG(F)

is a maximal compact subgroup of G with volume L(2,15)~t. The unramified
Tamagawa measures are obtained by multiplying the Tamagawa measures by
the inverse of those volumes. Using the Cartan decomposition and the methods
of [J1, pp. 199-204], one can prove the following proposition:

PROPOSITION 2. — Suppose the situation is unramified. Let q be the cardinal-
ity of the residual field of F'. For n > 0 let o, be the characteristic function
of the set of matrices s € S(F), with integral entries such that | det s|p = ¢=2".
Let fon, be the characteristic function of the set of matrices g € G, (F) with
integral entries such that |det g|p = q=2". Then ®a,, and the pair (fan,0) have
matching orbital integrals.

Finally, we recall the fundamental lemma for the unramified situation. Since
€1 is a norm, there is an isomorphism of G, (F') onto G(F) taking K., to Kp
and the Hecke algebra H(G,, (F'), K.,) to the Hecke algebra H(Gl(2, F), Kr).
We have thus a base change homomorphism b from H(Gl(2,E),Kg) to
H(Ge, (F), Ke, ).

PROPOSITION 3. — For f € H(K) the function ®¢ and the pair (b(f),0) have
matching orbital integrals.

Proof. — This is really a reformulation of the corresponding result of [J2].
It can derived more directly from the previous proposition by using the methods
of [JLR, pp. 318-322]. O
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46 JACQUET (H.) & CHEN (N.)

2.2. Split case. — Mutatis mutandis, the above discussion applies to the
split case where the quadratic extension is replaced by the algebra F = F & F
with F' embedded diagonally in E and Galois action 7(z,y) = (y,z). If we
write z = (z,y) then ¥g(z) = ¥(x +y) and so the self dual Haar measure on F
is dz = dedy. To obtain the Tamagawa measure on Gl(2, E') we must divide
the self-dual additive measure dg = dg1dgs by |det g1g2|F and then multiply
by L(1,17)2. So the isomorphism G1(2, E) ~ GI(2, F) x G1(2, F) preserves the
Tamagawa measures.

Likewise, the group Hy becomes the group of pairs (hi, hs) with he =
w thflw. Choosing the first factor in the decomposition £ = F'@ F, we have an
isomorphism Ho(F') ~ Gl(2, F') which is also compatible with the Tamagawa
measures.

The group G (F) is the group of invertible matrices of the form

( a ¢€b )
b al’
with a,b in . We consider the measure

dadb

lelp L1, 1p) ———=5
laa — ebbl|%
Thus G (F) is the group of pairs

(91, 92)
with go = wegw !, Again (g1,g2) — g1 defines an isomorphism G.(F) =~
Gl1(2, F) which takes the above measure to the Tamagawa measure.
The manifold S(F’) is the submanifold of pairs

S(F) = {(s1,52) | s2 = "s1}

and is again isomorphic to G(F') via (s1, s2) — s1.
The torus T'(F) is the subgroup of pairs:

. a1 0 an 0
b= (( 0 a2>’ ( 0 a1>>'
A character Q of T'(F) trivial on Z(F') has the form
Q(t) = N (a1)2(a2)
In particular, if f; ® f2 is a product function on G(E) then
Pfiwf(s1,82) = /f1(91h1)f2(92h2)dh0
becomes

o (9) = / Fr(gwh) fa(wth~ w)dh = fy * fa(guw)
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where we have set 5
fa(g) = fo(w'qw).
With this identification, the orbital integrals for ® € C°(S(F)) become:

a 0\/xt 1y/b 0O
Ulz; @) /// 0 1)(1 1)(0 1”
x Q1 (a)Q2(b)d*ad*bd™z.
Similarly, for f. € C§°(G(F)), the orbital mtegralb take the form:

w o= [ff (GG DT )G V)

x Q1 (a)Q(b) d*ad*vQ; (c) " d*e,
with = wjuge. The condition of matching U(z; ®) = H(x; f) is trivially

verified with
raw=fo(5 1)]

If ® = &y, 5, this becomes the condition of matching for the split case:
(17) fe(g):fl*f2(gwe)'

If F' is non-Archimedean, (; unramified, the functions f; bi-invariant under
Kr = Gl(2,0F), and the Haar measure of Kr is 1, then fo = fo, w. € Kp
and

f=®=fi*fa

3. Global matching

We now consider an extension E/F of number fields.

3.1. Global Haar measures. — On the group F;* we consider the Tama-
gawa measure d*z which is the (convergent) product of the local Tamagawa
measures. We let F'! be the group of ideles of norm 1 and use the exact sequence

1—Fl — F —RY
to define a measure on F'! for which
vol(F'/F*) = res,—1 L(s, 1r).
Likewise for E.

We also consider a finite set places Sy of F' and the let S be the corresponding
set of places of E. We assume that Sy contains all the places at infinity, the
places of even residual characteristic, the finite places which ramify in F, and
all the places where the character v is ramified (that is, the conductor is not the
ring of integers). We also assume that  is unramified outside S. We enlarge
So as the need arises.
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On the group GI(2, Fi) we consider the Tamagawa measure d*g which is
the convergent product of the local Tamagawa measures and multiply it by the
factor L*(2,1r) = [[,, 45, L(2,1F,,). In other words, the measure we are
considering is the product of the Tamagawa measures d*g,, for vo € Sy times
the measures dg,,, vo € So, for which the measure of G1(2,O,,) is one. Using
the Iwasawa decomposition

. 1 =z
g= d1ag(a,b)<0 1 )k
we obtain a measure on the standard maximal compact K:
dg = d*ad*bdzdk.

We have then the following identity for a Schwartz-Bruhat function ® in two
variables:

1
X e
// xydxdy—// [(0,t)k] - |t[>d tdk @21

If ® =[P, with ®,, the characteristic function of (930 outside Sy we get

then:
// (z,y) dxdy—/ / P, [( |- [tPd*t dk.
Ks, JFS

We use the similar measure on Gl(2, Ey ). Likewise for Ho(Fy) and H(Fy) w
multiply the Tamagawa measure by LSO (2,1F).

3.2. Matching. — As explained in the introduction, we consider a smooth
function of compact support f on G(E,) and the corresponding function ® =
®; on S(Fa). The function f is a product of local functions f,. For v € S
the function f, is bi-invariant under K, := Gl(2,0,). We choose a set of
representative { e} for F*/ Norm(E*). For each € we choose a smooth function
of compact support fe on G¢(Fa). It is a product of local functions that we
choose as follows. For a place vy inert in F' and the corresponding place v
of E we demand that f.,, and ®,, have matching orbital integrals, that is,
H(z; fe v,) = Ul(z; ®y,) for z € e Norm(E)). If vg & Sp and € is not a norm at
the place v, we have seen that H(x; ®,,) = 0 for € e Norm(E,) and so we
take fe ., = 0. Thus we have f. = 0 unless € is a norm at all places not in Sy.
Thus there is only a finite set = of € such that f. # 0. There is a finite set
Sy 2 Sp of places of F such that the € € Z are unit at all places not in Sj. We
let S’ be the set of places of E above a place in Sj.

For vy inert not in S we may and do assume that f. ,, = b(f,) where v is
the corresponding place of E and b is the base change homomorphism. For v
split into v; and v, in E we assume that

fewo(9) = Do, [9<6 ?ﬂ
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In particular, for € € Z and vy ¢ S this means that (with the usual identifi-
cations) fe v, = f1 * f2. This being so, we change our notations and now take
the set Sy to be the set S.

We compare the geometric terms in the two relative trace formulas. As usual
we set

H(

eH9 = ja1a5Y|

if g = nak, a = diag(aq, as).
As in [J2], we consider a compact truncation along the diagonal. Namely,
if ¢ is a function on A(Ey) invariant under A(E) and Z(EL), we set:

(18) Al¢(a) = ¢p(a) if —T < H(a) <T,
(19) Al ¢(a) =0 otherwise.
We define then

Or(f) = // AZKf(a,h)Q_l(a)dawn(/i(h))dh.
Z(Ea)H(F)\H(F4)

The outer integral is over A(Ey)/A(E)Z(E,). This integral is absolutely con-
vergent and equal to:

/eT<|a|<eT/F§/Fx 2 @[(g ?)5(2 ?)Z}Qfl(a)wn(z)dxz.

EES(F)

In [J2] it is shown that as T — +oo this tends to the right hand side of (14).
Thus we define

O(f) = lim ©7(f),

T— 400
and we arrive at (14). Comparing with (8) we get:

o) =>_ofo)-
g3
Indeed given & € F*— {1} we have £ € ¢ Norm(E*) for a unique € and
U(&®) = H(E; fe)-
The matching of the other terms is explained in [J2].

4. Factorization of O over F

Most of the material of this section is a review of [HLR] (see also [A], [F2],
[FZ]).

We now consider the Epstein Eisenstein series associated to a Schwartz-
Bruhat function ® on F?; we assume that ® is a product, the local component

BULLETIN DE LA SOCIETE MATHEMATIQUE DE FRANCE



50 JACQUET (H.) & CHEN (N.)

®,, being the characteristic function of (930 for all vg & Sp:
E(g,®,s) = / > O[&tg] - |dett|**d*t | det gl*.
FIJFX cep2 {(0,0)}

It is meromorphic, with simple pole at s = 1 and residue:

1 F 1! .
Evol(ﬁ> //@(m,y)dxdy— §<ﬁ) /KSO /FS s, [(0, )] - |t2d*¢dk.
0

Let IT be the base change of a representation m with central character n and ¢
a cusp form in the space of II which is invariant under translations by the
compact subgroup K* := va ¢ Kg,. Let us compute the integral:

U(s, ¢, @) = E(g, ®,5)p(9)dg.

/G(F)Z(FA)\G(FA)

It is a meromorphic function of s, with simple pole at s = 1 and residue:

(20) %Vol (?—i) /K /F s, [(0,t)k] -|t|2dXtdk/¢(g)dg.

On the other hand, for Res > 0,
(s, ¢, ) =U(s, W, )

where we have set:

W)= [ o[(y T )o]ve(-ads
and, writing E = F[V$],

—1
U(s, W, ) ;:/ W[(ﬂ O)g}cb[(o,l)g] | det g|*d*g.
N(F)\ GI(2,F)) 0 1

We assume that W is a product

W(g) = [ Wa(g)

over all places of E, with Wy|g, = 1 outside S. The local component is an
element of the local Whittaker model W(IL,, 1, ). If vg is a place of F' we write
E,, = E®F,. If v is inert in E we also write W,,, for W,. If vy splits
into vy, vy we write Wy, for W,,, ® W,,,, a function on Gl(2, E,,). We can then
set in all cases:

[

\I’(37 Wvoaq)vo) :/ Wvo 0 1)9}(1)1)0 [(071)9] '|detg|sdxg'
N(Fug)\ G1(2,Fyq)
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Explicitly, if v splits, that is, J is the square of two elements €; and €3 of F,,
the above integral is in fact equal to:

(5 Dwl(5 )efoulonsl-asora

We recall that Sy is so large that all the data is unramified outside Sy (or .5).

We introduce the partial Asai L-function attached to IT noted L% (s, II, Asai)
(see [HLR]). For every place vy € Sp the integral U(s, W,,, ®,,) is equal to the
corresponding local L-factor of the Asai L-function. Thus

U(s, ¢, ®) = L%(s,T1, Asai) [ (s, Way, Puy).
vo €S0
Taking the residue at s = 1 we obtain that (20) is equal to:
ress—; L (s, II, Asai) H U (1, Wy, Doy )-
v €Sy

This equality implies that as a linear form in W,,, (1, W,,, ®,,) is invariant
under right shifts by G1(2 . As a linear form in ®,,,, it is proportional to

// W [0, 6)k] - [t "t d k.
Ko,

O

Now let us set:

USEY)

X
F

W (

This is a linear form invariant under Gl(2, F,,). Moreover, in the Archimedean
case, it is continuous for the topology of the smooth vectors. The invariance
is well known for vy split (see also [B]) and is established in [H] for vy inert.
At any rate, it follows from the above considerations. Then

W(17W’U07¢)’Uo = Uo ’UO / / |t| dxtdk
Ko,
The above residue becomes:
res,—; L (s, II, Asai) HPUO o) / / P, [(0,1)K] - [t]>d*tdk.
Ksy JFZ
Comparing with the previous residue computation, we get:
2 ress—1 L5°(s,II, Asai)
21 d = v v .
( ) /¢ g 1}5 PO O VOI(FI/FX)
Vo 0

The identity is to be interpreted as the statement that the period integral
of ¢ is non-zero if and only the Asai L-function has a pole at s = 1 and each of
the local integral P,, does not vanish on W, .
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REMARK. — The convergence of the integral defining P,, follows from the
local analog of the integral representation for Whittaker functions given below
in (44). Formula (21) implies that the linear form P,, is continuous for the
topology of smooth vectors, since the left hand side is.

Recall that we write E = F[v/§]. Then

(22) (\ég ?)H(F)(‘/g(;1 ?):Z(E)GI(ZF).

Accordingly:
Vs 0
/ s(wydn= [ ola( ¥ 9)]ag
H(F)Z(Epx)\H(Fy) Z(Fy) GL(2,F)\ GL(2,Fy)

or

2res,—1 L5 (s, 11, Asai)

23 / hydh =[] Poy (W,
> H(F)Z(E)\H(F}) o IS—O[ (Weo) VOl(FH/F)

where here we have set:

P = [ (g 3]

0

We also denote by L% (s,II, Asai; 1) the previous Asai L-function and by
L(s,11, Asai;n) the function L(s,II ® p, Asai; 1) where u is an idele class char-
acter of E whose restriction to F' is 1. Suppose that now II is the base change
of m with trivial central character. Then:

ey o (x(h)) dh
H(F)Z(Ey)\H(Fa) S
B 2ress—1 L°°(s, 11, Asai; n)
N ls—Ipvo(W”O) vol(F1/FX)
0

where here we have set:

a 0
PoWor) = | Wa| (5 ] )]n(@d%a.
o 0 1
vo
From now on we consider both cases at once, that is, II is the base change of 7

with central character w =1 or w = 1.

A similar discussion applies to the computation of the scalar product of
two forms ¢1, ¢o. As usual we assume that the corresponding functions W are
product and the data is unramified outside S. We introduce a scalar product B3,
on W(IL,,,) for any place v € S:

W1<a1 O)W2<“1 O)dxal.

B“(Wl’WQ)::/ 0 1 0 1

By
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Then:

o1 LS (s, 11 x 11
/¢1 )2 (g dg—HB (W)o, (W2)o )2resvoll(E1(;Ex)X :

veS

o= o5 Do

At a place v € S, we define

Ao(W,y) = /E Wv[(g ?)}Q*l(a)dxa.

= [ W) Lo mea™t).

veS
We consider the global distribution

on(f) = S AI(f)9) / o(h)wn (s(h)) dh,
¢

We set:

Then

where the sum is over an orthonormal basis. Likewise, for a place vy inert in F
with corresponding place v of ' we define

@va fv . Z)\ PU(W)7

the sum over an orthonormal ba81s for the scalar product B,. Whenever con-
venient, we write f,, for f,

Similarly, at a place vg which splits into vy, ve we define
@H,Uo(fm ®fv2 . Z )\'Ul v1 f'Ul Wl)))‘ 2(HU2(fU2)W2))PU0(WU1 ® WU2)'
Wi, Wa
We again write f,, for f,, ® fu,.

Now we assume that the function f is a product with f the characteristic
function of K. Then:

Ou(f)
B H o ) VOl(El/EX) ress—1 L% (s, II, Asai;wn) L% (3, 1@ Q~ )
L e VOl(F/F¥) res,_; LS(s, 11 x 1I)

Recall that here Il = II = II” and II is the base change of m with central
character w. We have the relation
L¥(s, T x II") = L5 (s,m x ) L(s,m X T @ 7).
If w = 1 we have the relation
L% (s,m x m@n)L% (s, 1F) _

LSO(S,H,Asai;n) = 50 (s.m)
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Moreover since 7 is self contragredient then
L% (s,m x w) = L%(s,1p) L (s, m; Ad).
where the last factor on the right is the partial adjoint L-function. Thus
L5 (s, 11, Asai; 1) 1

LS(s, I xII) LS (s,n)L%(s,m,Ad)

If w = n then

L0 L%(s,1
L% (s, 11, Asai; 1) = (877;;7{) )(37 r).
8,1

On the other hand
L%(s,m xw®@n) = L% (s,m x 7) = L (s,1p) L% (5,7, Ad).

Thus
L% (s,11, Asai; 1) 1

LS(s,TI x 1) L%(s,n)L%(s,m, Ad)

Also
vol(E' /E*) = L(1,7n) vol(F' /F*).

We can thus simplify our ratio of L-functions to obtain the following result:

PROPOSITION 4. — One has

I 1 LS l,H 0!
on(5) = I Onnlh) ™" Lns)o(l(f% o :

vo€So

5. Local comparisons

As explained in the introduction, when f and the family (f.) match we have
a spectral identity, with a single € on the right, which is uniquely determined
by II:

QH(f) = 605 (fE) + 605®77(fe)'

We recall the expression for 6, :
0, (f) =3 / oo (f)b(HQ(E) " dt / H(HQt)d.
¢

Let us write o for o..
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5.1. Local comparison: inert case. — Now consider a place vg of F', inert
in E. Let v be the corresponding place of E. If the distribution 6, is not
identically 0, then o,, admits non-zero linear forms transforming under the
characters Q, and Q! of T, a group compact modulo the center. Thus there
are smooth unit vectors er and e/ such that
oo (er = Qt) Ler, oy, (el = Q(t)el.
We may assume that
ep = oy, (we)(er).
We define a local distribution:
0oy (foo) = D _(ovy (fuo )i, €fp) i, er),
u;

the sum over an orthonormal basis. This can also be written as

[ @)n, 9)ds.
where we have set
(25) Woy, (9) = <‘7vo (9)er, e&">~
Note that w, (we) = 1. There is a similar distribution 0,, @y, defined by:
901;0 RN (fvo) = Z<UU0 & Mg (fvo)ui7 e’/ll"><ui’ eT>’
as well as a function
(26) Wo o @M (g) = <Uvo & Ny (g)eTv eéll“>7
where we have set:
e = Tuy ® Mg (we ) (e1) = 10y (—€)er
Thus
(27) W @110 (9) = Mo (A€t 9)10 (— €)wo, (9)-
In particular, if det g € —e Norm(E™) then w,, (9) = weo,, ., (9)-
The global distribution 6, decomposes into a tensor product
Gg(ffo ® fE,vo) = 9vo(fgo)90uo (féﬂ)o)'

Likewise, we have obtained a decomposition of the global distribution Or; into
a tensor product ©% ® Oy, . The global spectral identity gives then a linear
relation of the form:

@HGU (fv) = Cleavo (fE,vo) + 029%0 RN (féﬂ)o)'

To analyze the situation conveniently, let us go back to a local situation.
That is, let E/F be a local quadratic extension and IT an irreducible unitary
representation of G(FE) with trivial central character. We assume that II is the
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base change of a representation 7 of G(F') with central character w, and w =1
or w = ng/p. We assume that e is such that the representation o of G¢(F)
corresponding to 7 has a vector transforming under 2 and Q! with Q| px = w.
We assume that we have a relation of the form:

@H(f) = Claa(fe) + C20tf®n(fe)

for any pair of functions (f, f¢) with matching orbital integrals; that is, f
correspond to a function ® on S; and U(z; ®) = H(x; f) for x € e Norm(EX).
In particular, if f. is supported on the set of g € G, such that det(g) €
—e Norm(E™) then this simplifies to

(25) on(f) =C /G L @ @Io)g, O =01t 0y

Our goal in this section is to compute the constant C'.

PROPOSITION 5. — Suppose that f and f. have matching orbital integrals and
fe is supported on the set {g € G.(F) | det(g) € —e Norm(E*)}. Then

Ou(f) = €(1,n,9r)2n(—€)L(0,7)05(fe)-
Moreover, we can choose the pair in such a way that both sides are non-zero.
5.2. Computation of ®r. — To prove the proposition, we first consider
a sequence of functions (f;) on G(E) which tends to d.. That is, f; > 0,
[ fidg = 1 and suppf; — e. We let ®; be the associated function on S.
It tends to d,, on S(F). Note that we can start with an approximation ®;

of 0,y on S and then choose for the functions f; an approximation of d.. We
also choose a function ¢ € C§°(E) of small support. We set

(20) rio) = [ o@n[(y 7)sas

and we denote by ®J the corresponding function on S(F).

We first compute O11(f?). Recall that the scalar product is given by:
(Wi, Wa) = / W T, [ diag(a, 1)] d”a.

and

On(f) = Z MIL(f )W) P(W5),
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where W, is an orthonormal basis. We have:

Aaws) = [[wi[(§ ])s]e @ @)avadg

:///WKS ?)(é _133)9}Q_l(a)fj(g)aﬁ(x)dxadxdg
://a(a)WiKg ?)g]ﬂ_l(a)fj(g)dxadg

where (Z denotes the Fourier transform of ¢.

F0£ now we assume that F is non-Archimedean. We choose ¢ in such a way
that ¢(0) = 0. Then there is an element W° € W(IL, ) such that

wl(y 2)) =i
Then the above expression is
(T(f5)We, W) = (Wi, T(f7) W),

Since
(f7)WO = (TI(f))W°, W)W,

7

we see that:
On(f’) = PII(f;)WO).
Since f; is an approximation of J., for j large enough, H(fj’-*)WO = W?° and

on() =PI = [wol (g §)]entrat = [ aomwan

Clearly, we can choose ¢ with qAS(O) = 0 in such a way that this is non-zero.

We pass to the Archimedean case. We first explain how to choose the func-
tion ¢. We assume, as we may, that ¥ p(z) = exp(2imz). Let ¢ be a smooth
function of compact support on F with [ ¢o(z)dz # 0. Then the function

1 = ¢o * ¢y is smooth of compact support. Its Fourier transform is giA)l = |$0|2
and is thus > 0. Moreover, ¢1(0) = |¢o(0)|?> > 0. Now consider the function
on E defined by:

P2(z +1y) = ¢1(2)d1(y)-
The Fourier transform on E of this function is given by
Ga(w + iy) = 201(20)61 (~2y).

Let @ > 0 be an integer. There is a smooth function of compact support ¢
on E, whose Fourier transform is given by:

B(z) = 22971 (22)92¢1 (22) 1 (—2y), 2z =2 +iy.
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Then
Som(a)ds =5 0) [ 1239151 (0)d% > 0
FX

This function, which will be also denoted by ¢¢ to stress the dependence on @),
will have the required properties, provided the integer Q) is sufficiently large.

To continue we recall that the unitary representation II can be realized in
the Hilbert space H of square integrable functions on E*. Let P; be the group
of matrices with last row (0,1). The representation of Pi(F) on H is the
representation induced by the generic character of N(E) determined by ¥g. It
is (topologically) irreducible. The subspace V of smooth vectors may be viewed
as a certain space of smooth functions on E* (Kirilov model). If W is in the
Whittaker model of IT then the function ® defined by

o= w[(; )]

is in V and determines W. Let V' be the topological dual of V (space of
generalized vectors). We have the inclusions: V C H C V. We extend the
scalar product (s ,+) on H to ¥V x V' and V' x V. The group and its enveloping
algebra operate on V and V'. For instance, the Whittaker linear from W is the
element of V' such that, for ® € V:

(@, W) = de).

Likewise, A and P are elements of V' such that

(IL, \) :/EX ®(a)Q " (a)d%a, <<I>,7>>=/F ®(b)wn(b)d*d,

X

and
on(f) = (L(f)P,x) = (P,I(f)N).

We have already remarked that the convergence of these integrals follows at any
rate from the local analog of the integral representation for Whittaker functions
given below (see (44)). Moreover, the continuity follows for instance from the
global theory (since we assume anyway that II is a component of a cuspidal
representation). The continuity of P means that there is M such that, if (X,),
1 < a < N, is a basis of the space of elements of the enveloping algebra with
(filtration) degree < M, then, for suitable constants ¢, > 0,

(@) < 3 calHCX )|

[e%

In this sum X; = 1. Let "V be the Hilbert sum of N copies of H and V, the
(non-closed) subspace of N—tuples of the form v = (II(X4)¢), with ¢ € V.
Let Py be the linear form on Vy defined by Po(v) = (¢, P). This linear form
is continuous for the topology induced by the topology of HY, thus extends

TOME 129 — 2001 — N© 1



POSITIVITY OF QUADRATIC BASE CHANGE L-FUNCTIONS 59

to the closure of Vy in HY and is therefore given by the scalar product with a
vector (®,) € HY. In other words,

(30) (@, P) =) (M(Xa)®, Pa)

[e3

with &, € H.

Now the scalar product (®,P) is defined if ® is a vector of class CM. We
will prove the following assertion:

LEMMA 5. — If Q is sufficiently large, then the function ®° defined
%(2) = d(2)2(2) !

is square integrable and is, in fact, a vector of class CM in the representation.
Moreover:

P@) = [ W@en@as = [ Golmada,

We prove the lemma in the case where w = 7. Then the restriction of Q2
to F*is 1. Thus Q has the form:
z

Q(Z) = W)

where m is an odd integer. Taking a large enough Q, we see that the function ®°
of the above lemma has in turn the form

®°(2) = (22)2 (22) "0 (2)
where P is another integer which tends to infinity with @. The function ¥
(which depends on Q) is in S(F), the space of Schwartz functions on E. Let

us denote by V(P) the space of functions of the above form, with ¥ € S(F).
It is contained in H. It will suffice to prove the following general lemma:

m

LEMMA 6. — If P is large enough the space V(P) is contained in the space of
vectors of class CM and, for ® € V(P),

P(®) = /FX O (z)wn(z)d .

Proof. — To prove the lemma we study the action of the enveloping algebra of
Gl(2, E) (viewed as a real Lie group) on V. We regard the space M (2 x 2,C)
of 2 x 2 matrices with complex entries as a real vector space and identify it to
the Lie algebra of Gl(2, E) as a real Lie group. Entries of such a matrix are
written in the form a + by/—1 with a,b real. We define the following elements
of M(2 x2,C)®C:

= D0 O D )
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11 0 (V-1 0 1¢/1 0 /v—-1 0
1=3{(o 2)-iY0 _y=)b T=3{( o)=Y )b
2L\0 -1 0 —v—1 2L\0 0 0 0
We define similarly conjugate elements X, and so on, by replacing i by —i in
the above formulas. They commute to the previous ones. The Casimir element

1
Q == X+X7 + X7X+§H2

is in the center of the enveloping algebra and T — %H in the center of the
Lie algebra. Thus X X_ can be expressed in terms of 7" and elements of the
center of the enveloping algebra. As a consequence,

H(XN(X) = R(I(T)),
where R is a polynomial (of degree 2). We have then, for & € V,

0D(z)
0z

2imTI(X_)®(2) = T(X)TI(X_)®(2) = R(II(T))d(2).

(X )P(2) = 2irzP(z), I(T)P(z) =2

)

In other words (after a change of notations) we see that there is a polynomial R
such that

I(X_)®(z) = z*lR(z%)cp(z).

Similarly, there is a polynomial R’ such that

I(X_)®(2) = f%(;i)@(z).
0z

Now the space V(P) is invariant under the operators of multiplication by z, Z
and the differential operators z9/9z, 20/8z. This implies that in fact V(P) is
contained in the space of smooth vectors for the group P;(F). Now multipli-
cation by 27! sends V(P) to V(P — 1). It follows that if P is sufficiently large
and ® € V(P) the vector II(X_)® which, a priori, is only a vector in V' is
in fact in H, more precisely, in V(P — 1). Moreover, it is given by the same
formula as above. Likewise for II(X _)®. The first assertion of the lemma fol-
lows. To prove the second assertion, we let Vy be the subspace of ® in V(P)
for which the function V¥ is flat at 0 € FE, that is, all its derivatives vanish
at 0. From the above analysis, it follows that such a vector is in V. Then
P(®) is given by the integral over F*. Now recall the decomposition (30).
From the above computation, there exist (non commutative) polynomials P,
in (271,271,20/92,20/0%) such that

P(®) = Z/(Pacp)(z) D, (2)d%z.
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This applies in particular to a ® € V(P) for P large enough. Thus we have to
show that the difference

22PNy () e — 3 ZZLHJ B ()%
/F><|| U(z)d %:/EX(P(( )20 (2)))Ba(2)d

vanishes for all ¥ € S(FE), if P is large enough. At any rate, this is true for ¥
flat at 0. Since the difference is a distribution (linear form in ¥), the difference
is at most a linear combination of derivatives of ¥ at 0. Thus it will vanish if
¥ vanishes at sufficiently high order at 0. Thus it might not vanish on V(P)
but it will vanish on the smaller space V(P;) for P; > P. We are done. O

In summary then, we have found a smooth function of small support ¢ on F
and an element ®° € H of class C™ such that

A(/N(E) ¢(z)H(n’1)dn<I>> = (D, D), n= (é 'j) Bev,

P = | S(b)n(b)d*b # 0.

Suppose that f; is a smooth approximation of d.. From (30) we get:

PI(f)e%) =3 / (TH(X)TI(g)B°, B,.) 5 () dg

[e3%

If we write

this becomes
Z/Aa,ﬂ(g)<H(Xﬂ)<I>°,H(g)‘1<1>a>fj(g)dg-
a,B

As j — 400 this tends to
> Aas(e)(I1(Xp)2°, By )
B

D (I(X4)®g, B ) = P(20).

[e3%

We thus consider an approximation ®; of J,, on S. We can choose an
approximation f; of é. on G(FE) such that ®; is the function associated to f;.
Just as in the p—adic case, we define f7 in terms of ¢ and ®’. Then

AP =A( [ o dn(s)e) = (e(f)e. @)
or
I(f7*)A = (£ ) Do.
Then
@H(f) = <,P7H(fj7*)/\> = <P7H(f;)¢)0>
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which tends to (P, ®g) = P(®Pg). Thus we find again
dim_On(f7) = | a(by(b)d.
Jj—-+oo FX

We introduce the following function on F':
) o1(0) = [ 6w+ yVB)l2le - 1]y,

Then, denoting by F the Fourier transform for a function on F, we get for
r el

~

p(x) = F(1)(2).

Thus, in all cases,

(32) jlir+n On(f’) =n2) [  Fl¢1)(x)n(z)d*z.
d o0 FX
5.3. Computation on G.. — We now compute the orbital integral of ®7.

After a change of variables, we get
. . _Zflel
U(z; @) = // o [(yy 7 Z)}Q(y)n(z)dxydxz.
From (29) we get

wio= (D3 9)Jaon

After changing t to —t we find that the orbital integral of ®7 is equal to

o=l—1 _ 4= 7 "

Jf[asl (v 0 o) didya
y—tz z

Recall ¢ has compact support and the support of ®; tends to w. Thus there

is a sequence {c;} of positive real numbers such that lim;_ 4 ¢; = +o0o0 and

the non-vanishing of U(z; ®7) implies |z| > ¢;. Now we choose a function f7

which matches f7 (or ®7). For x € ¢ Norm(E*) we write x = ead and then

U(x;éj)zﬂ(x;fg)z//fg [t1<a11 afl)tQ]Q(tltgl)dtldtQ.

Suppose the integral is non-zero. Then |z| > ¢;. If j is large enough, then in the
integrand, the determinant of the matrix g = t1 (x)t3 belongs to —e Norm(EX).
Thus we may and will assume that fJ is supported on the set {g | detg €
—eNorm(E*)}. From (15) we get

Jertsioro=pos [ w[( 5 |vmen 2
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Now we define a function w on e Norm(E*) — {1} by

w(x) == w, [( a;l

One can check that indeed the right hand side depends only on x. The function
w(x™1) extends to a smooth function near 0 on € Norm(E), whose value at 0 is

e[V §)] =1

We denote by @ a smooth function on F', supported on a neighborhood of 0,
and equal to w(z~1)|1—x|72 for z near 0 in € Norm(E). In particular &(0) = 1.
Thus, for large enough j,

€

__1 )}, for x = eaa.
a

- B 1 w(x)de
/wg(g)fg(g)dg - L(1a77)2 /eNorm(EX) U(x7 (I)J) |1 - J)|2
1 e
= 71/(1777)2 /ENorm(EX) Uz~ ®)o(z)da.
Equivalently,
(33) [wo@)fi(0)dg = 5 [+ nle))]
‘ 2L(1,m)? !

where we have set

I{}]} ::/EU(J;_l;q)j){n(lx) }Z)(x)dx

_ (I)'Kyyjz_lx—tg_—fy—ktfz y—tz)}
J y—tz z

< G(-NB@)] , (lx) baraydda.

To compute this, we first change = to xz/y7y:

:/(I)j[(ac—tyy—_fzyz+tfz y_ztzﬂqﬁ(—t)&(%)

§ Q@){Zﬁ; bty | @yl pdsde.

Next we change y to y + tz to get:

/q)ij—tgj—;y—tfz Z)} (_ﬂdm)

¢
x Qy + tz){ Z(zg

(z }dt|y + tz| 2|yl pd*y| 2| pd*2d .
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Now we change t to t/7 to get:

/ij [(m - Hz; ) Z)}QS(%)&(@ + tz/yg;(zy +Zz/y))

t _
X Q(y + 5){223 }dt’y + tz/y|E2de|z|Fddex.

We finally change z to zyy:

—(t+t+ttz) y —t\ ~ xz
s 1= [o[(771 ) ()
(B4) I, / J 7 N\ T )¢ (1+1t2)(1+12)
Q1 +tz) (n(z
e 2L E2) (72
11+ tz|5 Un(z)
To evaluate the limit of the integrals we remind ourselves that ®; is an
approximation of §,, on Ss. In particular (see Lemma 4)

dadzd
re) [o[(0 V)]
¥y 2/ |zz—yylf
with z,z € F and y € E. If we change z to zyy and take into account the
relations L(1,1x) = L(1,1x)L(1,n) and &y = L(1,1x)dy |y|5" we get:
dxdzd™y

35 o[ (T V]S =),
() / TNy 2y /I - a3 (L)

We are going to see that the limit of the integral I; corresponding to the
factor n(z) in (34) is 0. We prove this in the Archimedean case, leaving the

easier non-Archimedean case to the reader. We change = to x + (¢t +t + ttz)
to arrive (up to a multiplicative constant) at

/‘I’j(%Z,y)A(x,z,y)n(z)dxddey

}dt|y|}§1dxy|z|pdxzdx.

where we have set
1= N
Aw,z) = [1 = sl 2z [ o)
C~u<a:z + (1 +t2)(1+1z) — 1) Q1 +tz)
(1+t2)(1+%2) |1+ tz]%

)

and .
T Y
vz, 2,9) = @ [<g7 zyzj” 1 — acz@,
Recall that ®; is an arbitrary smooth approximation of d,,. Equivalently, ¥
is an arbitrary approximation of L(1,7)d(,0,1) on the space F' x F' x E for the
measure daxdzd*y. Thus, there is no harm in assuming that our approximation
of § satisfies:

\I/J(Z’,Z,y) = \I/J(x7 _Z,y)
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For ¢ with small support, A is continuous near (0,0,1) on F' x F' x E. We can
write A = Ay +A_ where A4 (z,—2,y) = £ A4 (z, z,y). In view of our assump-
tion on ¥, the integral of A4 (z, 2z, y)n(z) against ¥; is 0. Now A_(z, z,y)n(2)
is continuous and vanishes at (0,0,1). We are integrating on F' x F' x F against
an approximation of a multiple of §(g,9,1)- The limit of the integral is thus 0,
as claimed.

To compute the integral I,, corresponding to the factor n(x) in (34), we first
replace t by a new variable s such that:

s+5=t+t+ttz, s—5=t—1
Explicitly, for ¢ of small support:
t:p+q\/g7 S:p1+q1\/ga q=dqi,

- —1++/1+42p1z +¢36z%> 2p1 + ¢3oz
2 1+ +/1+2p1z + ¢?622
1

= ds|1 + 2p12 + ¢202°| 2.

Then the integral becomes:

=[5 S5

= )o)ly)

- Q1 +1t2)
(e 1

Bl 4t2)2

1
x n(2)|1 4 2p12 + ¢762%| 2 dsd¥y|z| pd"zd,

where now

—1+4+ /14 2p1z + ¢2622
_ \/ Zpl q1 _|_q1\/g.
We change p; to p1 + 1o and then py to —3p1:

/(I)j K%l zgz?ﬂqS(%)&((l ¥ t;):a +%z)>
191 +t2)
|1—|—_|t—zt|?E77

X dpldq1|6|1%,dxy|z|pdxzdx,

t

-

X Qy)lyle (@) - 11 = p1z + 22 + ¢162%|p°

where

-1 1— 252

—p1 + 2+ ¢302
_ P1 q71 . +(I1\/g-
1+ /1 —piz+zx + ¢2622
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Since |z|pd*zda = dz|z|pd*z, this can be written as

[al(n )] A=t

7 2yy |1 —p12]%
with

Apr,z,y) =1 — plz|iﬂ/¢<—§t>&<m>

X [1=prz+axz+ (11522|F29( )|y|El
Q1 +t2)
X
1+ tz|7
For ¢ of small support, A is continuous on F' x F' x E near (0,0, 1) with

A(0.0.1) //¢> ~3o— V) n(e) el e day
the last equation by definition of ¢; (see (31)). Thus (see (35))

lim I, = L(1,m)n /qSl x)|z|pd*x
j—Foo

and we find from (33)

1
(@)]z]pd*z|d|pdar.

(36) 1im | we(g)fi(g)dg =

oo

)|zl pd .

We compare this with (32):

lim @Hfj —n /fﬁbl €,

j—too

which, by the Tate functional equation, is equal to:

@t o) fn [ a@lden@ds

= (L ve)(-OLO.m) lm [ wn(o)f9)dg

Proposition 5 follows.

5.4. Local comparison: split case. — We now consider the similar de-

composition at a split place vg. The isomorphism of (2.2) takes G.(F,

Gl(2, F,,), Ty, to the group of A,, diagonal matrices and the character Q
to the character diag(ay,as) — Q, (a1a5 ). We may realize the representation

Oy, in its Whittaker model. Then we have again a decomposition
0o (f"° ® fvo) =6" (fvo)gguo (f’UO)a
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where the local distribution at the place vg is now given by

0%0 (fuo) = Tvo (few0)W (@), (a)_ldxa W(aw21)9v1 (a)~td*a.
>/ /

On the other hand, recall the distribution

On 00 fm ®fv2 Z )\Ul v1 fvl Wl)))‘ 2(HU2(fU2)W2))PU0(W1 ®W2)
Wi, ,Wso

PROPOSITION 6. — If f,, ® fu, and fe ., match then
@Hvo (fm ® fvz) = 00v0 (fevo)'

The distribution O, can be simplified as follows. Let us identify Ey, , Ey,
and F,,. The representations IL,, and II,, are in fact identical. The Hermltlan
form P,, (W1 ® W) is invariant under the unitary group at vg. It follows that

91_17110 (fv1 ® fv2 = Z )\Ul v1 fv1 * fvz)Wl)))‘vz (W2))P'UO (Wl & Wg)
Wi, Wa
where we have set
flg) = f(w'gu).
Since Il,, is unitary and self contragredient, for W € W(ILy, , ¢,) the function
g — W(diag(—1,1)g) is still in the same space. Thus we can choose the func-

tions W7 in some orthonormal basis and choose then for the functions W5 the
functions of the form

g — Wi (diag(—1,1)gdiag(—1,1)).

Since ,,€,, = 1 our distribution reads then

E / o1 (for *fvg)Wl(al) v1 (a1)d al/Wz a2) Q) (az) d*ag
Wi, Wa
b 0

% W1W2<0 1

) &b,
B

where W1, W5 vary independently in the same orthonormal basis. The orthog-
onality relations give:

Moy (o * fon) W (@) (a) & ar [ W(02) 25, (a2) 2.
;/ 1 1 1/ 2 2 2

Recall that the matching condition (17) amounts to:
Jor * fvz (9) = fewo (gwe_l)~
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Using the fact that we can change the orthonormal basis, we see that the above
expression becomes, after a change of variables,

IL,, (fE,vo)W(al)Q;l (al)dxal W(a2we_1)91711 (az)d*aq
>/ /

which is equal t0 Og_ v, (foy)-

6. Global comparison

We go back to the global relation:
@H(f) = ea(fE) + 90®n(f6)~

We assume f is a product with f° the characteristic function of K. For v
inert not in Sy the function f.,, is the characteristic function of G1(2,Og) N
G¢(F) and in particular supported on the set of g with det g € —e Norm(E)").
Let us make the assumption that for any vy inert in Sy the function fe ,, is
also supported on the set of g with det g € —e Norm(E;). Then the function
p(we) ™t fe is supported on the set of g with detg € Norm(E)) so that the
distributions J, and J,gy, take the same value on that function. Equivalently,

05(fe) = Ooen(fe) so that

1
0.(f) = 50n().
At a split place vg € Sp, we have
G)Hvo (fvo) = 001;0 (fvo)'

At a place vg € Sp inert in E, we have (Proposition 5)

O, (fo) = €(1,Mugs Yug) 270, (—€) L (0, 1, ) 90'1)0 (fevo)-
Then

ea(fe) = §@H(f) =35 H 6(1»%0»1/Jvo)277vo(—€)L(0»ﬂvo)

v9 €S0,
inert

Ls,(1L,n) L3, M)
LSO(17 71—7 Ad) H 001/0 (f’Uo)~

vo€So

At this point we go back to distributions of positive type:

Jo(£) =05 (p(we)f),  Jo, (f) = bo,, (p(we) ).
Explicitly:

51 =3 [ etnewadt [ ome-toat
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For vy inert:

T (fun) = / Foo (@G0 ()l ).

€vg

oy ( Z / a)Q; ! (a)da / W(a)Qu, (a)da.

Because Sy is large enough the product of the factors 7,,(—¢) is one.

For vy split:

THEOREM 2. — For any smooth function f = HUOESO foo f50 of compact sup-
port:

To(F) = TT Jouy ) % 5( TT 00 t0s 0, )2L0,m,))

vo€So vo €S0,
inert

Ls, (L)L (3, M@ Q")
L5 (1,7, Ad)

Indeed, we know in advance that the left-hand side decomposes into a
product C [, s, jgvo (fv,) for a suitable constant C. To evaluate C' we choose
the data as above. The result follows. Moreover, since the factors of C' other
than the one we are interested in are > 0, we conclude that L ( 07 >0,
as was claimed.

7. Concluding remarks

The distributions jgvo have the following property. We let f; be an approx-
imation of § on Ge 4,-

If vo is split, we choose a Schwartz-Bruhat function ¢ on F,, such that
»(0) = 0. We also choose also an isomorphism of G.(F,,) with Gl(2, F,,)

and set:
/fJ —x 9}‘?(95)(15”

Jllg_n Joo (f7) :/¢(x)dxx

Now the Tate functional equation gives:

/(]S x_ 6 ’U07¢UO - ’Uo /(ZS |$|5 1dx| =1

To have our local distribution independent of the choice of the additive char-
acter it is reasonable to set

‘We have then

Jffuo (f) = 6( U07¢U0) Tug (f)
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This new distribution is still of positive type and now:

tim_Jy,, (77) = L. L) [ $(o)fol*da_y

Note that the last expression is a multiple of [ ¢(x)log(|z|)dx. For instance
in the non-Archimedean case, the expression is — [ ¢(x)v(z)dz where v is the
valuation. In the p-adic case there is an asymptotic theory of spherical charac-
ters (see [RR]). This is worked in [F4] for the case of the space G1(2, F)/A(F).
Let us assume for simplicity that €2 = 1. The result is then that a spheri-
cal character like J,, can be represented, near the origin, as a unique linear
combination

Cl/f[<11) ?)a}dadudv—cz/qul} 7f)a]dau(uv)dudv.

For the distribution Jav0 we have just defined, the above assertion amounts to
saying that the constant cg is 1.

On the other hand, if vy is inert, then jgvo is a smooth function and we have
simply: lim; o0 Jo, (f5) = 1.

Finally, the reader can check that the left hand side of the formula in the
theorem does not depend on the choice of the Haar measure on the group

G¢(Fy), and the formulas for a finite set of places Sy and a larger set S are
compatible.

8. Appendix: Continuous spectrum over FE

8.1. A diagonal truncation operator. — To prepare for the computation
of the integral of the spectral kernel, we introduce another diagonal truncation
operator for functions ¢ on G(Ej) invariant under Z(Ea)G(E):

AJd(a) = dla)— > ¢n(va)7p(H(ya) = T).

YEA(E)\ Norm(A)

Here 7p(x) = 1 if > 0 and equal 0 otherwise. The sum is over the normalizer
of A(E) in G(E) modulo A(E), thus, has only two elements, that we can take
to be e and w. The result of the truncation is a function on A(E,) invariant
under A(E)Z(E,). Tt is useful to remember the following facts:

(1) ?p(H(a) — T) =1 <= |a1/a2| > GT;

(ii) for any function f invariant under Z(Ey), f(a) = f(wa™ w);
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(iii) H(wa) = H(a™') = —H(a). Thus we can write more explicitly

Aj(a) = ¢(a) — ¢n(a)Tr(H(a) = T)

— ¢n(a 'w)Tp(—H(a) = T),
AT p(a) = ¢(a) if —T < H(a)<T,
Agd(a) = ¢(a) — pn(a) if H(a) > T,
AT p(a) = p(a w) — pn(a™ w) if H(a) < -T.

If ¢ is of slow increase (as well as all its derivatives) then the function a +—
AT ¢(diag(a, 1)) is rapidly decreasing for |a| large and |a| small. Furthermore,
if AT denotes the compact truncation operator introduced in (18), then

Tlirf (AT — ATYp(a)2 7 (a)d*a = 0.

Consider again a smooth function of compact support f on GI(2, Ey). We
have a standard majorization [Ar, Lemma 4.3]:

(37) |p1(X1)p2(X2) Ky (2, )| < C(f) ]

Here X7 and X are elements of the enveloping algebra of G, acting as left
invariant differential operators on the first and second variables respectively.
For given X3 and X the scalar C(f) is bounded for f in a bounded set. Thus
the function

g— /Kf(g7h)wn(m(h))dh

is of slow increase as well as all its derivatives. Thus we arrive at the following
lemma:

LEMMA 7. — One has

O(f) = lim //Adef(a,h)Q’l(a)dawm(h)dh.

T—4+oco

In [JL] and [JLRo] we have introduced a mized truncation operator AT for
the group GI(2, F'). It satisfies the following easy lemma:

LEMMA 8. — Suppose that ¢ is a smooth function on Gl(2, Ey) invariant un-
der the center, uniformly bounded with derivatives of slow increase. Then

/ p(h)dh = lim [ AL ¢(h)dh.
Z(Fy) GI(2,F)\ GI(2,Fy) T—+oo

Proof. — Since ¢ is integrable over the quotient we may write
[anoman= [oman- [ S oxemenn-T)dh,
~veP(F)\ GI(2,F)
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In this expression the second term can be computed as

/ o ()7p(h — T)dh.
P(F)Z(Fy)\ GI(2,F4)

Since ¢ is also uniformly bounded this is majorized by a constant multiple of

/ 7p(h —T)dh
P(F)Z(Fy)\ GI(2,F4)

itself a multiple of e=7. The lemma follows. O

Using (22) we may define a mixed truncation operator AZ for the group
H(F) which also satisfies the above lemma. It is easy to conclude from (37)
that

Ky(g.h) = lim A3% Ky(g,h),

Ty —+
uniformly for g and h in compact sets. Since the computation of A?qﬁ(a)
depends only on the values of ¢ on a compact set (depending on a) we get also

AT slach) =l AT, K f(a,h)
uniformly for a and h in compact sets. Our next task is the following lemma:

LEMMA 9. — Given Ti:
// AfldKf(a,h)Qfl(a)dawn(ﬁ(h))dh

= lim //Azﬂld[\T2 K¢(a,h)Q " (a)dawn(k(h))dh.

To—+oco

For the proof of the lemma we use again (37) to show that |AfldKf(a,g)|
is bounded by Cla|™" for H(a) > T} and H(a) < —T) and by a constant
for =Ty < H(a) < Ty. The derivatives with respect to the second variable
satisfy similar majorizations. It follows that the function defined by

/ ATU K (a,9)Q  (a)da
satisfy the conditions of the previous lemma. Moreover:
ATzm( /ATl AT2 : Kg(a,g)Q *(a)da.
Thus the lemma follows from the previous one. In conclusion:
LEMMA 10. — Set
O (f // A?ldAT2 Kg(a,h)Q " (a)dawn(k(h))dh.

Then:

C—)(f) = Tlli)nioo Tzli}Hioc @T17T2 (f)
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8.2. The continuous kernel over E. — We let f be a smooth function of
compact support on G(E,) which, for now, is K-finite, where K is the standard
maximal compact subgroup. Then K has a spectral expression

Kf=Y Kjm,
11

where the sum is over all classes II of cuspidal data for the parabolic sub-
groups P of G. We set

O (f) = [[ ATAR K pn(o. )0 (@) dawn(s(h) db
Standard estimates [Ar, Lemma 4.4] allow us to write

On.n(f) =Y Oumnmn(f)
11

If P = @G, then II is a cuspidal automorphic representation with trivial
central character and we have simply Om 1, 7, (f) = Ou(f).

If P is the minimal parabolic subgroup, then II is an equivalence class of
pairs of (normalized ) characters (I}, II2) of E}/E™; the equivalence relation
is (I3, II5) ~ (II2,II;). Here we need only consider pairs such that IT;1Is = 1.
The expression for Ky is [Ar, p. 935]

Kfj[(l’,y) :% Z /ZE Zz, I>\Hl 1_12(.]")(257A H17H2)

(ITy,II2) €11 -
E(y, ;A 1L, o) dA + - - -

where the dots represent residual terms. Thus the outer sum has either two
terms for (IIy,IIs), (Il2,I1;) (the terms being in fact equal) or just one term
(Hl,Hl) (Where H% = 1)

It is a little simpler to sum over all pairs II = (II;, II3) with IIy = Hfl and
for such a pair define Ky by

Kpn(w,y) /ZEx Lun(f)é A D Ey, 65 1, ) dA

v0(15((11(1%/1” )1 (det g)dg Iy (zy™").

We are using standard notations. We use the same notation II for the repre-
sentation induced by the pair II. In particular
E(g, ;AT = > ¢(yg)eMtrHGo,
P(E)\G(E)
The variable A is identified to a complex number:
e H(vg)) |a1a2_1|2+%.
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We often drop II from the notation.
Then, apart from a residual term, O 1, 1, (f) is given by:

%§/§ (/A?E(aaIA(f)¢>;>\)Q‘1(a)da>

x (/ AZE(h, ¢ )\)wn(/s(h))dh>d)\.

From now on, we will assume that f is a convolution product of three K-
finite functions: f = f1* £, f1 = fi * f£. Later, we will assume that f5 is itself
a convolution product of sufficiently many K-finite functions. Then this is:

5 [ S e ( [ ATE( (N2 @)

9’

x (/ AT B (hy Tn(f2)63 A)wn (i(R)) dh ) d.

Our goal is now to obtain an absolutely convergent expression for the spectral
terms.

We will establish convergence in the case w = 1. Then, by hypothesis, the re-
striction of 2 to Fy is . The case w = 1 is similar. Also, to establish the conver-
gence, it will be more convenient to replace the unitary similitude group by the
group Gl(2, F). Then the above expression is (with h € Z(Fp)G(F)\G(Fy)):

CONNE D SY KPS SUATENTD
11

9,9’
(39) x(/AdTlE(a,IA(f}W;A)Q*l(a)dxa)
(40) X (/ AL E(h, In(f2)6; )\)dh)d)\.

In this part of the paper, we do not pay much attention to the normalization
of the Haar measures.

8.3. Period integral over A. — Let (II1,II2) be a pairs of idele class char-
acters with II; = Hl_l. We set
_ (1 1)
v=1g 1)

Then, in the domain of convergence we get:

Blg.¢:N) = > lwvag)etrtuwes)
a€Z(E)\A(E) + ¢(g)eMHPHE) 4 p(1g) e e Hwa)

On the other hand:
En(g,¢: ) = ¢(g)ePTHO) 4 M(w, N)g(g)e! A ToH9)
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Then:
ATE( qu ’LUVO[CL) (A p,H(wraa))
* 4 ¢(a)eMPH@O)N (1 — Fp(H(a) - T))
+ ¢p(wa)eMPHW (1 — 2 (H(wa) — T))
— M(w, N ¢(a)eMPH @) (Fp(H(a) - T))
— M(w, \)p(wa)el A PHWD) (7 (H(wa) - T)).

A simple computation gives

(41) /AdTE(a,¢,A,H)Q*1(a)an = u(g; A\, 1, 1)

. . eT(5+X)
+ (S N)e(e) + (M2 (w)) ———
T(3-))
+ (3O M (w, N)(e) + 5 Q )M (w, N)p(w)) = Y
where we have set a = diag(as,1) and
(g A 11, 1) = P(wra)Q 1 (a) ) e TP Hwra) g <
B

This formula gives the analytic continuation of pu. However, we will need to
have more information on p(Ix m(f)¢; A, II) where f is a smooth function of
compact support on G(Ey). We write f = fsf° where fg is a smooth func-
tion of compact support on G(Eg) and f° is the characteristic function of

§i= [I,¢s Kv and K, = G1(2,0,). We may then assume that ¢ is invariant
under K°. We have, for g € Gg,

Lo(f)elg)e PR = [ g(ga)eMtrH o) f (271 da
Gs

where we have set fo = f. This can be written as

$(a)e NP HED £y (27 g) dar

Gs
or

0 1 _ Aol _
/fl[TL(C:)l az)g}d”|a2|k+2ﬂz(a2) Yaa[TAT2 0 (ar) T Ay,

where we have set
= [ otk gk
K

At this point we introduce new functions on Gg:
Fi(gi A L) = f1(g) (det ) det g| 7,
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bslg; A, 111 / / filn a1 ?)g;)\,ﬂl]dndxal.
EX

We let P; be the group of matrices with second row (0,1). Clearly ¢g is
invariant on the left under P;(Eg). Thus there is a Schwartz-Bruhat function
Dg[(z,y); A, II;] on Eg x Eg such that, for g € Gg,

©5[(0,1)g; A\, II1] = ¢s[g; A, Iy ).

The support of ®g is contained in a compact set of EZ — {(0,0)} which is
independent of \. We have then for g € Gg:

I (f)(ﬁ(g)e(A*PvH(Q))
- / ®5[(0,)g; X, T ][ LTI (£)d*¢ T (g) | det g1 2.
EX

S

To obtain a formula valid for all g we introduce
o l:(l’, y)7 )‘7 Hl] = q)S I:(xS7 y5)7 )‘7 Hl] H (I)U(xln yv)a
vgS
where ®,, v € S, is the characteristic function of O2. Then, for g € G(Ey),
(42)  Dun(f)p(g)erteHn
_ Ii(g)|detg[M>
COLS(2A + 1,IL11,

) / C@[(0,)g: AT ] - [HPAIILIT ! (1) d¥t.

A

After a change of variables we find:

1
(43)  pw(Dn(f)es A1) = LS(2A + 1,IL1II; 1Y)
5 2

X //@[(al,ag);)\7H1]Q_1H1(a1)|a1|>‘+%

X dxalﬂﬂgl(a2)|a2|’\+% dxag.

The computations are justified for Re A > 0. For a given II, a given ¢ and a
given f, this expression gives the analytic continuation of p as a meromorphic
function of A, which has no singularity on the line Re A = 0. It has a zero at
A = 0 if Iy = Iy, that is, if I = 1. Moreover, this function of X is at most
of polynomial increase on the line Re A = 0. All its derivatives have the same
property.

However, for our purposes, we will need to have uniform estimates. We pro-
ceed as follows. First we take f in a fixed bounded set B of the space of smooth
functions of compact support. This means that f = fgf° as before, with S
fixed; the function fg has support in a ﬁxed set =, open and relatively compact;
we may as well assume Kg= = ZKg = Z; the function is invariant on the right

and the left under a compact open normal subgroup K’ of [] . 5.finite Kv (and
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thus under the subgroup K” = K'K® of K>). For each element X of the
enveloping algebra of G, there is a constant C'x such that

sup|p(X) | < Cx.

Consider the function:
fi(g) = /¢(k)fo(k_1g)¢(k)dk.

The integral does not change if we replace ¢ by ¢, defined by
é1(k) = vol(K")~! / (kK" )dE".

Then ¢; is invariant on the right and therefore on the left under K. Thus the
same is true of f;. Moreover f; = f1 sf°. For any X,

sup|p(X) f1] < [[4]Cx .

Finally, the support of fi g is still contained in Z. If Iy n(f) # 0 for a f € B,
then II; is unramified outside S and, for each finite v € S, H17U|va belongs
to a finite set. We now consider the function fi(g;A,II1). It has a support
contained in E. It is invariant under a compact subgroup K of [],¢ g anite Ko
(depending only on K”). Suppose A is in a strip a < Re A < b. Then, for any X,
there is a polynomial Px (II1, A) such that

sup [p(X) f1(«5 X, )| < (|6 Px (I, ).

By a polynomial we means a function P(IIy, \) of the following form. We may
identify the enveloping algebra of EX to the space of distributions with sup-
port {e}. Thus if f is a smooth function on EX or E; and X in the enveloping
algebra we can define (X, f). Then a polynomial is a function of the form
P11, \) = (X, f) where f(a) = II;(a)|a] and X is in the enveloping algebra.
Note that such a function depends only on A\ and the infinite components of I1; .
In fact, if we write, for v real,

Myo(@) = fali (5)7 e =0,1, dy=1,
x
and, for v complex,

M, (2) = (22)™ Ny €Z, dy,=2,

with » o dytu, = 0, then a polynomial P(II;, ) is just a polynomial in the
variables (n,,u,) and \. To allow for the case where A is complex, we will say
that any linear combination of products P(II1, A\) Q(II1, A), where P and @ are
polynomials, is also a polynomial. For instance, for any integer N, (1+A )V isa
polynomial in that sense. It will be understood that all polynomials considered
are positive.
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This being so, all derivatives of fi(«; A, II;) have the same properties (with
different polynomials). A similar assertion is valid for the function ¢g(e; A, I1;)
except that its support is contained in a fixed set, compact modulo P; (Fg).

The Schwartz-Bruhat function ®g(.; A, II1) is compactly supported: its sup-
port is contained in a fixed open set of EZ — 0, relatively compact in E% — 0.
It is invariant on the right under K. Thus its support is a compact set of Eg
and it is invariant under translation by a compact open subgroup of Esg,_,,.-
Take A in a strip. Then ®g[e; A, II1] is bounded by a bound for ¢g(e; A, II4).
Since G, operates on E% every element X of the enveloping algebra defines a
differential operator X, on E% (with non constant coefficients). We have

(Xa®5)[(0,1)g; A\, I | = (p(X)s) (g3 A, ).

Consider a differential operator ¢ on E2 with constant coefficients. On the
complement of (0,0) we can write £ =Y. ¢; X; , where the X; are elements of
the enveloping algebra and the functions ¢; are smooth functions on E% —(0,0).
Using the majorization for the functions p(X;)¢s we conclude that

|£@s (2, 9); A, ]| < [ Pe (T, ).
Thus the functions ®g[(x,y); A,II;] remain in a bounded set of C3°(E%) and
a fortiori of the Schwartz-Bruhat space S(E%). Note that the functions
g(I)S [(.’IJ, y)a )‘7 Hl]

are continuous in (x,y, A) and holomorphic in A. In (43) the analytic continu-
ation of the Tate integral is obtained by using the Poisson summation formula.
Thus in a strip, say —i <ReX < i, we have then a uniform estimate:

‘ //(I)[(al,az); AT QM (ag)]an M2 d¥ay QIT, Y (a1)|aa M2 d¥a
< [l Py, A).

We have similar estimates for the derivatives by Cauchy integral formula.

We stress that we need only consider characters II; such that Iy n(f) # 0
for f € B. Thus for v ¢ S the character II; , is unramified and for v finite in S
the restriction of II; , to O belongs to a finite set. If furthermore I13 = 1 this
forces II; to belong to a finite set. There is then a polynomial P(Il;, A) such
that, on the line Re A = 0, for characters II; of the above type,

1
LS(2\ 1 1,12)
is bounded by P(II, ). Combining with the previous inequality, we get:

LEMMA 11. — Suppose f is in a bounded set B. Then there is a polynomial
P(II1, \) such that, for Re A =0, and all characters 11y :

1Ly g1y (F)5 A T IY)| < PO A 6]
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On the other hand, we can obtain similar estimates for the functions
L5 (2\ + 1,11%)

in a strip (with modification for a pole at A = 0 if II3 = 1), hence also for
their derivatives. Thus we have also similar estimates for the derivative of the
expression in the proposition on the line Re A = 0. We can use the notations
of generalized vectors (dual to the smooth vectors). There is a generalized
vector py 1 such that

p( I (f) s ML) = (@, I (f*)pain)

and our estimate amounts to
[ Lo (F)am ) < P(I, ).

REMARK. — We define the Whittaker linear form W on the space of I\ i1 by
analytic continuation of the integral

W(¢; A1) = (wn)e</\+p’H(wn)>¢E(—x)dx, n= ((1) 915>
Ey

After a change of variables, we easily find
a 0
(44) W[IA,H<O 1>I/\,H(f)¢}

_ T(a)]a]M2
CLS(2A 4 1,110, 1)

/ O[(at,t™ 1\ L] - ¢ LI (1) A
EX

A

where ® denotes the Fourier transform with respect to the second variable. This
integral is absolutely convergent and gives the analytic continuation of W.

8.4. Intertwining period and intertwining operator. — We need to
consider only pairs T = (II;,TI,) (with Ty = II;!) such that the integral of a
truncated Eisenstein series over G1(2, F) is non-zero. Then (see [JL], [HLRo])
either IT; (and II) have a trivial restriction to F,* or IT; = II;' (or, what
amounts to the same, II; = II7). Of course the two conditions can be both
satisfied.

In this section, we assume that II7 = II;. Then we can define an intertwining
period as follows (see [JL] and [JLRo]):

P = [ Byh)e M)

T(FA\)\G(FA\)

I = w and T is the torus such that

Here nn € G(F) is an element such that n 7~
T(F)=n"tA(E)nNGI(2, F).
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The integral converges for Re A > 0 and can be analytically continued. Recall
the formula (42). We let ®,[m;\,II;] be the Schwartz-Bruhat function on
M(2 x 2, Fy) defined by

@, [m; A\, IL] := @[(0, 1)npm; A, ILy].
Then we get:
P(Ixn(f)e; A1)

1 / 22+1
=X ®, [m; A\, 11| 11, (det m)| det m|52 T dm.
LS(2X +1,113) G1(2,F,) il ] F

The integral is a Tate integral for the group Gl(2, F'). Using the Iwasawa
decomposition we see that the Tate integral is an entire multiple of

L(2XA + 1,10y px ) L(2A, Ty ).

In particular, it has no pole on the line ReA = 0 except at A = 0 when
HlIFAX = 1. Because we assume that II] = 1'12_1 = II; this implies that H% =1.
Then the above ratio is an entire multiple of
Lsy(2A+1,1p)L(2),1F)
LS (2X+1,n)

These observations combined with standard estimates for L-functions can be
used to prove the following lemma.

LEMMA 12. — Let B be a bounded set. Then there is a polynomial P(II1,\)
such that, for all Ty with 117 = 11y and 1| px # 1, all X with ReX = 0, and
all f € B:

[P(Ln(f)os A D] < P )]

This can expressed again in terms of generalized vectors. There is a gener-
alized vector Py 1 such that

P(Dou(f)os A1) = (&, I (f*)Pan)-
Then:
| I (f*)Pan|| < P(IIy, ).
Combining with the results of the previous subsection, we arrive at the

following result.

PROPOSITION 7. — Let B be a bounded set of the space of smooth functions of
compact support. Then there is a polynomial P(II1, \) > 0 such that, for any
function f of the form f = fi1 = fa* f3 with f1, f3 € B, any 11, with 117 = 11,
any X with Re A = 0:

(I (f) P, pa) | < PATA) || Do (f2) |-
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For the proof we remark that the expression in the proposition has the form

(I (f2) I (f3) P, I () )

so that our assertion follows from the previous lemmas, for the characters Iy
whose restriction to F* is non-trivial. On the other hand, if this restriction is
trivial then 112 = 1. We need only consider those ITy such that I 1, (f1) # 0
for f; € B. There are only finitely many such ITy. So we do not need to have
estimates uniform in this case. We have written

(Do (f)e) = L(2A +1,15) " aan (I (f)e)

where fi(«) has no singularity on ReA = 0. Since P, A(Ixn(f)¢)) has a
pole at A = 0 in this case, we need to modify the previous lemma and replace
P, (I (f)¢) by its product with L (2A+1, 1) ™! which has a zero at A = 0.
The product has then no singularity at A = 0. It is then easy to obtain the
required estimates in this case.

Using similar arguments, we can obtain estimates for the intertwining oper-
ator, more precisely, for expressions of the form

(M (w, V1 (£)(9), @)

8.5. Continuous contribution. — We study the terms corresponding to
pairs IT with II5 = Hl_l, that is, IIT = II;. Each such term will ultimately
contribute an integral. We first consider the terms with II; # €, (a condition
equivalent to Iy # € since Q7 = Q1) and I | g # 1. Then in fact

[Aar @ o @de [ ATEGL 0

are independent of 77 and T, being equal respectively, to p(¢; A, II) and
P(¢; A II). Thus:

Onn.(f) = 5 [ S (10 8) wlIn(F) N PITIS D A
¢,9

Note that if II; = IIy then the expression for K¢ (x,y) contains a residual
term: [ II; (det g) f(g)dgIL; (det 2)II; (det y). However, since Q # II;, the inte-
gral of the truncation of this term over A against Q! contains as a factor the
integral of II; 2! over the quotient of the ideles of absolute value 1 and is thus
0. With the notation of generalized vectors, the above integral becomes:

/<I/\(f)73/\,n7 ,u,\,n>d)\.

For f = fi « f{ * f3:
(IN(f)Paa1, paar) = (DD INS) Pt In (L) gt )-
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By Proposition 7, there is then a polynomial P(Il;, A) such that
[(IN(f)Prr, g | < P(I A) || I (f7) ]

In fact, this is true for f{, f3 smooth in a bounded set and any smooth func-
tion f2.

We will make repeated use of the following lemma:

LEMMA 13. — Suppose that B is a bounded set of the space of smooth functions
of compact support and P(Il1,\) a polynomial. Then there is a constant C' > 0
such that, for any f € B,

Z/P(Hh)\)|\IA7H1’H1_1(f)Hd)\ <C,
I

the sum over all (normalized) idele class characters of E.

Proof of the Lemma. — The operator I, 1, Hl—l( f) is represented by the fol-
lowing kernel function on K x K:

Hyan(ki, ko) ::/f[kl_l(g ?)(g 2)(3 316)kg]l’[l(a)|a|2+%dxadxbdx.

Thus its operator norm is bounded by the supremum over K x K of

(/qs(a Ky - ko)L (@)l b d%a

where

sam= [ i3 )8 Db Teltaoa

For f € B, k; € K, the function a +— ¢(a : k1 : k2) remains in a bounded set By
of the space of smooth functions of compact support on E}. Thus it will suffice
to show there is C such that, for ¢ € By,

2 [Paun] [o@m@lada

This is clear if P = 1. In general

P, )| [ s (@)l a

d\ < C.

— [P, [ olah(@)al}da

=| / 61(0)TT ()] al b d*a

where ¢1 = p(X)¢ for a suitable element X of the enveloping algebra of EZX.
Since ¢ remains in another bounded set, our assertion follows. O
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From our observations on the independence of the integrals on the truncation
parameters, we see that we can sum over all IT; of the above type and get

1
lim lim Y Onmn(f) =) 3 /<IA,H(f)PA,H7ﬂA,H>d)\7
II T

Ty —+o0 To—+00
with
Z/ [Iaa(f)Pa, pam)|dA < +oc.
I

Moreover, if B is a bounded set, there is C' > 0 such that, for f of the form
f = f1* fox fs, with each f; in B, then

3 [ lnatPam mlar < ¢
I,

Next, we discuss the contribution of the term II; = 2, if any. Since we
are assuming that Q7 = Q~! in any case and for now we are assuming that
In7 =115 ! this implies that Il = II; = € so that €2 is a quadratic character
satisfying ) FX =1 Moreover Il Fx is then non-trivial. The expression
for K11 contains again a residual term; however its truncated integral over
Gl(2, Fy) is zero. Indeed, it contains as a factor:

/ n(det h)dh — / n(det h)7p (H(h) — T)dh
Z(Fu)G(F)\G(Fy) Z(Fp)A(F)N(Fu)\G(Fy)
which is zero. Then [AZ2E(hy,¢$,A)dh; is again independent of T but

/ AV E(a, ¢, ) (a)da
does depend on T;. We have then for f = fl * fZ * f5, all K-finite functions:

O, 1, (f) = l/(-’A(f)PA,H»/iA,lT)dA

2
[ 30 (I Dote) + I+ f)ow)
’ ATCESY
X P((f2)0, ) dA
+%/Z ((A(FL % fM(w, () + T a(f1 % [2)YM(w, \)p(w))
5 N
x eT;%Q;)P(I—A(fz)M(w, N b, —N)dA

where for the last expression we have used the functional equation of the pe-
riod P (inherited from the functional equation of the Eisenstein series, see
[JLRo]) to insert an intertwining operator. In the last expression, the sum over
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¢ does not depend on the choice of the basis. Thus we can ignore the inter-
twining operator. In the second expression, we can also change A to —\; we
see that the second expression is equal to the third. That is:

O (f) =5 [((O) Py A

oTild-N
+f 3 {(ratsi e rote) + L« iy w)) =P ()6 ) Jar

2

We will move the integral to the line Re A = 1 rather than to the line Re A = %
as we did in [J2] (a similar contour integration for G1(2) is done in [F3]). The

term P(,\) is the product of a Tate integral which is entire, hence bounded
in vertical strips and the factor (L°(2)\ + 1,1x))~!. Thus this moving of the
contour of integration is legitimate. In doing so we pick up a residue at A = %
The integral on the line Re A = 1 tends to 0 as 77 tends to infinity. So we are
left with

1

Tllggoo TQILIE Onr,n(f) = 3 /<I,\(f)PA,n,/iA,n>d)\

+Z (1 fDo(e) + L (f  [D)o(w)P(IL(f2)¢, 5)-

1
2

We view again P as a generalized vector in the (non-unitary) representa-
tion I_%@,Q. Then I_%@,Q(f)P is a smooth vector in this representation and

the second term is the sum I_1 o o(f)P(e) +1_1 o o(f)P(w).

Finally, we study the contribution of the terms where II] = II; and Iy =1
Then II; # Q. Also I1? = 1. Thus, for a given f, or even f in a given bounded
set, there are only finitely many such IT; with I 1, m,(f) # 0. Thus the sum
> Omn,1 1, (f) is finite, and in the sum, each term is itself written as a finite
sum of terms. The kernel Ky has once more a residual component whose
truncated integral over the diagonal is 0. This time [ AL E(a, ¢, \)Q~'(a)da
is independent of T} but

e)\Tz
KNH;,
e*ATQ
+ M(w, N)o(k)dk + P(¢, A II).
_)\ KNH;,
Since II; = Iy we have M(w,0) = —1 and the two first terms have the same

residue at A = 0. The last term has also a simple pole at A = 0. However the
factor (39) reduces to pu(Ix(f1)o, A, II) which has a zero at A = 0 because in (43)
the reciprocal of the L-factor does. Thus the poles of the terms in (40) are
compensated by the zero of (39). As T» tends to infinity the terms containing
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et 2 tend to 0 and we find the contribution of those finitely many terms to
be the same as before (see Proposition 7).

8.6. Discrete terms. — Finally, we discuss the terms whose contributions
will be purely discrete. We consider those II such that II;| px = 1 but II7 # 1.
This condition amounts to I1? # 1. We also have then II; # ©Q and the integral
fAdTlE(a, #,\)2"(a)da does not depend on T;. However, we have then, in
the sense of analytic continuation,

AT,

e — AT,
T Pe(o) +

-

e

/A%E(hl,qs,x)dhl = Pe(M(X,w)p),
(46)

Pe(0) = [ ¢(k)dk,

Kr
where K g denotes the standard maximal compact subgroup of G1(2, Fj). Since
the left hand side is holomorphic at A = 0 we get (See also [JL, Lemma 7], for
a computational proof.)
It follows that

ez e~ A2

o) =53 [ n1(1)6) (SoPu0) + P (M w)a) ) dr
@

Again, in terms of generalized vectors, this can be written in the form:

— AT AT
% / <<IA’H(f)PC’“NH> e_)\ + (D ()M (w, )\)*PC,MA,H>QT>d/\.

Consider then the functions:

1 (N) = Z<I>\,H(f)PC7MA,H>7 Po(N) = Z(I,\,H(f)M(w»)\)*Pc,/ix,n%

II II

the sums over all the II of the above type.

LEMMA 14. — The above series converge absolutely, uniformly on compact
sets, and define continuous functions on the line Re A = 0. Moreover ®1(0) =
D5(0). If fo is the convolution of sufficiently many K-finite functions, the
functions are differentiable on the line Re A = 0.

Indeed, for the first assertion, we write as before f{ * fZ x f5. Then

(Do (f)Pe ) = (Do (F) I (f3) Py (1) i)
As before, there is a polynomial P(IIy, ) such that

I (FL ) pa|| < P, N).
It is easy to see that
[ (f2)Pe]| <€
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where C' is a constant. Hence

| Ix a1 (F)Pes pan) || < CPI, M| I (7))
Since

ZP(HD)‘)HI/\,H(flz)H < 400
Iy

the first assertion follows for ®; (with uniform convergence on compact sets,
even for f2, f2, fo smooth in a bounded set). Since the intertwining operator
is unitary, the argument for ®5 is similar. For the differentiability, we proceed
as follows. We do assume that the functions are K-finite. Then we need only
consider those II such that the corresponding operators are non-zero. This
means that the restriction of IT; to the maximal compact subgroup of E; takes
only finitely values. For the purpose of convergence, we may as well fix this
restriction. Then all the representations Iy i1 operate on the same Hilbert of
functions on the maximal compact subgroup K. Thus it suffices to show that

SN ()6, ¢ (D (1), A1) Pe(Txn(F2)9)

¢,¢" 11
is differentiable, the sum over ¢, ¢’ being finite. We may as well fix ¢ and ¢’. At
this point, we do assume that fo = f4 * f7 where the functions f3, i = 1,2, are
K-finite. Then the terms (I 1(f2)®,¢') and P.(Ix1(f2))¢) are bounded by
constant multiples of ||Ix 1(f2)|| and ||y 11(f3)]|, respectively. Their respective
derivatives are bounded, uniformly in (IIy,\). As for u(Ixn(f)¢’, A, I0) it is
bounded as well as its derivatives by a polynomial in (II;, A). Our assertion
follows for ®;. For ®5, we observe that

S (D), ¢ @ (f1)e' ML) Pe(Ixni(f2) M (w, \)§)
T
=" > (Dan(fDe, ¢ (I ()6 A1)

¢ I

X Pe(Ix(f3))9") - (Inu(f3) M (w, X)p, ¢")

with a finite sum over ¢”. We proceed as before, this time assuming that, in
turn, f4 is the convolution of two K-finite functions. O

We have then, at least if f5 is the convolution of sufficiently many K-finite
functions,

7AT2 eAT2

XH:G)mTl,Tg(f):/((I)l(/\)e_)\ + (N ) A

This expression is independent of T;. So we only need to take the limit as
Ty — +oo. It is of the form ¢®4(0).
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8.7. Conclusion. — We are now ready to state the main result of this sec-
tion:

THEOREM 3. — For any smooth function of compact support f:

o= 3 o)+ X 53 [(halhPampm)ax
nr=i, - 1

II cuspidal

+c Z (Ton(f)Pe, po,11)
I |FX =1
107 #ITy

+e{(I_100HP)(e) + (I_1aalf)P(w)}.

The expression is absolutely convergent:

> /‘<IA,H(f)7’A,H,uA,n>‘d)\ < 400,

7 =11,

> [Tou(f)Pey pom)| < +o0.

I R =1
17 #1014

By [DM], every smooth function of compact support can be written as a
finite sum of triple convolution products. Thus it suffices to prove our assertion
when f = f1 x fo x f3. If each f; remains in a bounded set both sides are well
defined and bounded. Since the space of smooth functions of compact support
is a bornological space, each side may be regarded as a distribution on the
product of three copies of the group. We have shown both sides agree when
each f; is K-finite and f3 is itself the convolution of sufficiently many K-finite
functions. Thus they agree for arbitrary f; and our assertion follows. Note
that the right hand side is in fact a distribution, as follows for instance from
the kernel theorem.

9. Appendix: Continuous spectrum over F

We pass to the much easier discussion of the convergence of the spectral
expression for G.. For simplicity we only consider the case w = 1, Q = 1.
The only difficult case is the case where € is a norm. Of course, no truncation
is needed. We then identify G, with GI(2, F'). Consider a pair of characters
m = (w1, ) with myme = 1. Since Gl(2, F) = P(F)T(F') we have:

/E(t, ¢;m, A)dt = v(g; A, )
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where

v(g;m A) = / P(t) e H®) gt
T(F)Z(Fp)\T(Fa)

Using again the notation of generalized vectors, what we have to show is that

Z/<I>\,7r(f)%\,7r,u>\,7r>d)\

is absolutely convergent. This can be seen directly when f is K-finite. For
our purposes this is not quite enough since we want to use smooth functions of
compact support. We use again an integral representation of the form (42):

__mlg)|detgMi
(48) Iyu(f)olg) = LSO(Q)\+177T17TQ_1)

x/ B[(0,6)g A m] - [H2M iy (1) .
EX

A

Let us introduce the Schwartz-Bruhat function
Pt A\, m1] = @[(O, 1)t; /\,m]
on the simple algebra of which T is the multiplicative group. Then

1
v(Ixg(f)p) = 5@+ L) /gb(t)m(dett) | det t|pdt.

The integral is then a Tate integral for E. In particular, it is a holomorphic
multiple of L(A + 3,7 o Norm). We can then finish the proof as before.
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