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SOME NON-LINEAR EVOLUTION EQUATIONS ;

BY

Jacques-Louis LIONS

[Paris]

axp W. A. STRAUSS
[Stanford] (*).

Introduction.

In this paper we consider evolution equations of the form
(1) AQul) +u" O +pEu@, i) =110, o=t=T

(u' = du/dt, u" = d*>u/dt*), where each A(f) is an unbounded formally
self-adjoint (!) linear operator, which is in practice an elliptic partial
differential operator subject to appropriate boundary conditions. The
operator 3(¢; u, u') depends non-linearly on u and u" and is, in some sense,
close to a “ monotonic ”’ (or ¢ dissipative *’) operator.

Various examples of equations of type (1) where 2 is a non-linear
operator arise in physics. For instance :

(@) If A(t)=—02A, B(t; u, u") = u>*— or, more generally, any positive
odd power (so that g depends only on u) — the equation arises in quantum
field theory : cf. JORGENS [7], SEGAL [18], [19]; systems of equations of
this type also occur in this connection;

(*) The second author was supported in part by a National Science Foundation
postdoctoral fellowship and in part by NSF GP 1883, and the first author in part
by AFOSR Contract 553-64, while visiting the Univ. of California at Berkeley.

(') We could slightly generalize by assuming that only the principal part of A
(f) is self-adjoint. :
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(b)) If A() =—A4, B(t; u, u') =|u'|u’ (so that 3 depends only on u'),
the equation represents a classical vibrating membrane with the resis-
tance proportional to the velocity (%).

We shall give some sufficient conditions on A(f) and on 3(¢; u, )
so that (1), together with the initial conditions

(2) u(o) = u,, u'(o) =u, (uy, u, given),

is a well-posed problem, i. e., so that there exists a unique solution in
the whole interval [o, T']; of course this implies corresponding results
on a half-line [o, ). For some quite general local results, we refer
to LEraY [8], DioNNE [5] and SoBoLEVsKIJ [20].

We shall also briefly consider first-order evolution equations of the type
6) Ayu) +u' () + B u@®) =10,

where A (f) and 3(f; u) are as above, but A (f) need not be formally self-
adjoint.

In order to solve (1), (2), we begin by considering a sequence of equations
which approximate (1) and in which the non-linear terms are bounded
in an appropriate space. Generally, the most convenient approximate
equations are obtained by the standard method introduced, for non-linear
equations, by Hopr [6]. The difficulty is to pass to the limit; this can be
overcome in essentially two different ways.

In Part I, we find sufficiently many a priori estimates on the solutions
of the approximate equations to obtain — via compaciness arguments —
strong convergence in appropriate spaces. The passage to the limit
in the non-linear terms is now possible, while simply weak convergence
would not have been enough.

This process is applied in sections 1.1 to 1.4 to the general equation (1)
in which A (?) is (roughly) * elliptic ’ and the non-linear term is inde-
pendent of u and depends in a ** monotonic ” way on u’. In section 1.5,
we apply this result to the equation

%) —Autu"+h@ )lu'eu' = (p>1),

where h,>. o, by introducing Lr-spaces with respect to the measure
hi(z, f)dz. In this connection, we could also consider much more general
non-linearities by using Orlicz spaces, but we simply refer to somewhat

(*) This example, which was at the origin of the present work, was mentioned
to us by L. Amerio in Varenna, May 1963. A related equation with a somewhat
‘ weaker "’ non-linearity was studied by Propr [17]. Some similar equations were
considered by Yamacuri and Mizouata ([24], [25], [26]).
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related problems in ViSik [22]. Section 1.6 treats more general equations,
and in section 1.7, the boundary conditions may themselves be non-linear.

In section 1.8 we prove a partial regularity theorem for equation (4)
(with h, = constant). In sections 1.9 and 1.10, we give two examples
in which $8(u, u’) depends on both u and u’. In order to avoid making
the treatment too ponderous, we have not put the results of these last
sections into a general framework.

In Part II, we exploit more directly the monofonicity property of the
non-linearities, without proving strong convergence and using a minimum
of a priori estimates. This kind of argument was used recently for equa-
tions involving bounded operators, particularly non-linear integral
equations, by MINTY ([14], [15]). It was first applied to partial differential
operators of elliptic and parabolic type by BRowbper ([2], [3]). For equa-
tions of parabolic type, we give a result in section 2.7 which extends
that of BRowDER [4] in several respects (*). Our method [for equation (3)],
while technically different from Browder’s, follows roughly the same
pattern. It can be applied directly to parabolic partial differential
equations. Compactness methods have also been used by Visik [23]
to solve this kind of equation.

In the case of equations of type (1) with 3(f; u, u') =3(;u’)
a “ monotonic *’ function of u’, there are certain non-trivial technical
difficulties in this kind of monotonicity argument which do not appear
in the parabolic case. Specifically, we have assumed, in Part II, the
annoying condition dA (f)/df << o (taken in the appropriate sense), a condi-
tion which was not necessary in Part I. On the other hand, this method
allows us to weaken the regularity hypotheses on the initial data and on
the coefficients appearing in the equation as well as on the right-hand side
of the equation. The general theory is given in sections 2.1 to 2.5,
new examples being given in the following section. A typical one is initial
boundary-value problems for the equation

— Apu+ u” ¥ (Do)* { | Dott' [~ Do’ } = f,

(p > 1) in the cylinder (o, T') X £, where the operators D, are arbitrary
linear differential operators in the x-variables with smooth coefficients
and where (D;)* denotes the formal adjoint of Ds;. The fact that the
Laplacian is strongly elliptic is not used in the argument.

Some of the results given here were announced in [13] or were presented
at the Stanford Colloquium [Ocotober 1963] or the College de France
[December 1963].

(*) T. Karo [27] has another kind of extension by a different method.
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Part L
Compactness Method.

1.1. Hypotheses.

We are given two Hilbert spaces V and H such that Vc H and the
inclusion mapping of V into H is continuous. In addition, we have
a Banach space W and a one-parameter family of Banach spaces W (¢),
ot-T, contained in H, such that, for each f, W is a dense subset
of W (¢) and the inclusion mapping is continuous. We assume that VnW
is dense in H.

The scalar products in V and H shall be denoted by ((v:, v.)) and (h,, h,),
and the norms by [|v|| and | k|, respectively. The spaces may be either
all real or all complex.

If X is a Banach space with norm || ||y, we denote by L7 (o, T'; X)
the space of (classes of) functions (real, or complex) f which are L~
over (o, T) with values in X, provided with the usual norm (1= p <)

( ];Tu £ 1% dt)'-',

and the usual modification in case p =co.

Hyporresis I. — For every f€[o, T], we are given a bilinear (sesqui-
linear in the complex case) form on VXV

u, v—a(t; u, v) (u,veV)
which is hermitian (a(t yu,v)=a(t; v, u)) and which satisfies :
1) a(t; v, V) > ci[v]? e V),
where [v] is a continuous pseudo-norm on V such that the norm on V
1
[P+ o)
is equivalent to the norm || v||.

(2) For every u, ve V, the function {— a(t; u, v) is twice continuously
differentiable; we set

d T (f- d2 . — " (t-
a—ta(t, u,v)=d(; u, v), @a(t, u, v) = a’(t; u, v).

Hyrotuesis II. — For fixed {€[o, T], we are given a continuous
linear (conjugate-linear in the complex case) form on W (f)

v—>b(t; w, v) e Ww(),
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where w is a fixed element of W (f) (the dependence on w being in general
non-linear) which satisfies

(1) Reb(t; v, v)> 0 (eW(L));
Reb(t; w, w—v)—Reb(t; v, w—v)>0 (@, weW(t). (%)
(2) For u, v, we VNn'W, we assume the existence of the limit
lim 2 [b(t; u + ev, w)— b(t; u, w)] = by (L; u; v, W);
>0 .

where b, (¢; u; v, w) is a bilinear (sesquilinear) form in v and w and is
a continuous function of u when u is restricted to finite-dimensional
subspaces of Vn'W (%).

(3) For every v, weVnW, d%b(t; v, w)=>b'(t; v, w) exists and is

a jointly continuous function of ¢ and » when o ¢ < T and v is restricted
to finite-dimensional subspaces of VnW. Moreover,
2| b'(¢; v, w)| ZReby(t; v; w, w) + ¢, {Reb(t; v, 0) + v+ |w|?},

where ¢, is a constant independent of ¢, v and w.

@) If geL=(o, T; V), g()e W(¥) a.e., b(t; g(f), g(t)) is a measurable
function of { and

T
Ref b(t; g(0), g() dt <o0;
0

then for every ve VAW, {—b(t; g(f), v) is an integrable function
on (o, T). '

HvypothEsis III. — Suppose we are given a sequence of functions g,
continuous with values in Vn W, such that

gn—>¢g in the weak-star topology of L* (o, T; V) (%)

and

dg;z = ¢,,— ¢ in the weak-star topology of L” (o, T'; H)

and

Re f b(t; g (), g (D) dt

(3bis) More generally, we may assume that
Reb(t; w,w—v)— Reb(t;v, wv—v) > —k|w—v |3, v,w e W(),
where k is some constant.
(*) In case b (f; u, v) is independent of {, we can omit Hypothesis II (2) as well
as II (3), by a variant of the proof to be given below.
(®) That is, for all he L' (o, T; V),

T T
f (gmlt), h(t)))dt—>f ((g(2), h(2))dt.
0 0
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remains bounded in m. Then g(t)e W({) a.e., b({; g(f), g(?)) is a measu-
rable function of {,

Ref b(t; g(t) g() di < o

and a subsequence { g, | of { g, | can be extracted such that
b(t; 9.(®), v) = b(t; 9(®), v)

in the sense of distributions over (o, T) for every ve VAW.

Before stating the last hypothesis, we define V' to be the space of
continuous (conjugate-) linear forms on V; i.e., the (anti-) dual of V.
Since v—>a(t; u, v) is a continuous (conjugate-) linear form on V,

we may write :
alt; u,v) =(A()u, v) forall veV,

where A(f)ue V. Then we define D(A (f)) as the set of all u in V such
that A(f) ue H. Alternatively, we could define D(A(f)) as the set
of those elements u in V such that the form is continuous on V when V is
provided with the topology of H. We provide D(A (f)) with the norm

1
7

lullpag={lupP+lA@ul*}®.
HvyproraESsIs IV.

(1) VW isseparable.
(2) D(A(o))n W is dense in D (A (0)).

We also define W(f)" as the (anti-) dual of W(#). Since v— b(t; u, v)
is a continuous (conjugate-) linear form on W (f), we may write

b(t; u,v) =@B@E) u,v) forall veW(l),
where B()ue W(f)'. We define @3, as the set of all u in W(f) such
that B(f)ue H.
1.2. An existence-uniqueness theorem.

Tueorem 1.1. — Let V, H, W, W({), a(t; u, v), b(t; u, v) be given,
satisfying the above hypotheses. Let f, u,, u, be given, satisfying

(1.1) feL (o, T; H), f’=£eL1(o, T; H),
(1.2) weD(A(o)) (),
(1.3) u € Vna,.

(°) Hypothesis IV (2), is not necessary in case u,eD (A(0)) N W.
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Then there exists one and only one function u which satisfies

uelL”(o, T; V),

u' = %’em(o, T; V),
g d*u_ o, .
" u'= €L (o, T; H),

ut)eW() a.e.,
b(t; u'(f), u'(t)) is a measurable function of t and

r
Ref bt u' (), u (D) di < oo
0

(1.5) { (" (®), v) + a(t; u(®), v) + b(t; u’(®), v) = (1), v)
' forall veVnaW(), fora.e. te(o, T);
(1.6) u(o) = u,, u' (o) = u,.

[Conditions (1.6) make sense because u” € L” (o, T'; H).]

In case Vn Wis densein V and in W, (1.5) may be replaced by the more
suggestive equation

(1.5) u'@)+A@ut) +p)u’' ) =f{) a.e.,
where A(f): V— V' and B(): W)~ W(f)' are defined as above.

1.3. Proof of the uniqueness.

Note that Hypothesis I (2) implies the existence of a constant ¢, such
that

(1.7)  laGuwo)|+[dGu,v)|[+]a"Gu o) =eluf.o]

because of the uniform boundedness principle.

Now let u, and u, be two solutions of (1.4), (1.5), (1.6) and set
w() = u,(t)—u,(f). Then, for fixed ¢, for every ve VnW({),

a(t; w(), v) + @" (), v) + b(t; u, @), v)—b(t; uy(f), v) =o.

Since w(t)e VAW({) a.e., we may take v =w'(f) in this equation;
Hypothesis II then implies that

Re{a(t; w(t), w' () + "), w' ()} Lo a.e.
This may be written as

L0 O F +alt; w®, w@)}—a 0@, O) <o ace.

BULL. SOC. MATH. — T. 93, FASC. 1.
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Integrating from o to ¢ and using Hypothesis I, we obtain

WO+ ke [ (WEF+ @) ds
But 0 /
w(t) = f w' (o) do
implies that 0
[l]w(o) lﬁdaécg‘fol]w’(a) P do.

Therefore

4
W OF+HWOF=e [ ([WEF+E] ] ae
v .

This implies that |w'(f)| = o a.e., so that w'(f{) =0 a.e. and w({) = o.
This completes the proof of the uniqueness assertion of Theorem 1.1.

Several hypotheses, including III and IV in their entirety, were not
used in the above proof. However, we refrain from enumerating them
since a much stronger uniqueness theorem (under somewhat different
hypotheses) will be given later.

1.4. Proof of the existence.

The first step is to construct finite-dimensional approximations to the
differential equation in a well-known manner. We construct a basis
(i. e., a linearly independent set whose finite linear combinations are
dense) of VAW as follows. The initial data u, and u, are given satis-
fying (1.2) and (1.3); u,e VnW. Define y,=u,. Define y,=u,
in case u,€ W;if u,¢ W, Hypothesis IV implies the existence of a sequence

{¥s, Us» - . . | contained in D(A (o)) n W, hence in V n W, which converges
to wu, in the topology of D(A(0)). Throw away from the
sequence {yi, U, ... | all vectors which depend linearly on the preceding

ones. Complete the remaining sequence of vectors to a basis | w,, w,, ... !

of VnW, utilizing Hypothesis IV (1). Then u, is an element of the basis

(unless u, = o), and u, is a limit in D(A (o)) of basis elements {u |.
We also define

(1.8) Uy == Pu[f(0) — B (0) ti— A (0) ton]

where P,, is the orthogonal projection in H onto the subspace generated
by wy, ..., w.. Since

@) =e [ (FO1+17 O,

l A(O) Uom | = C; H u, Hl)(A(o)),
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we have

(1.9) | s [P ¢, K(f, o, u,),

where )

K(f, w, w) = fol(lf(l)l+ @1 adt i+Huolli)uwwr!qull“riﬁo(ul)li-

Now denote by u,.(f) the solution of the non-linear differential system

( (@, (), w) + at; wa(t), w) + b(t; w,, (@), w) = (f(), w))

1. «
(L-10) ) (=12 ..., m),
(1.11) u,, () erange of P, for all te[o, T],
(1.12) u, (o) = P, u,, u,, (o) = P,u,.

This solution exists in some interval o<{-9, [because of Hypo-
thesis II (2)]; the a priori estimates to be given below will show that the
interval of existence is in fact o Z{ = T.

The standard a priori ( energy ’) estimates are now obtained by
replacing w; in equation (1.10) by u,, (f) [i. e., multiplying (1. 10) by the
appropriate scalar function and summing on j]. We obtain

GO F+ G 0,0, w0) | — 2 € w0, ,(0)
+ Reb( 1,0, @, (0) = Re(f@), i, 0).

I
2
Integrating this equation from o to f and using (1.7) gives :
. !
\ T, @ P4 [un®] 4+ 2 Ref b(e; U, (9), u,,(v))ds
I e A A )}

Wt
S AUCIREACIEY PO
But, just as in the uniqueness proof, we have
¢ L
f 1 U,n(O') ‘2 daé Cq ] u,, (0> |2 + cﬁf ] u,m (O’) |2_d°"
0 0
Therefore, the right-hand side of (1.13) is bounded by

¢ K(f, wo, w) + cvf { W (@) P+ [un (@] } dos
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so that
1.14) @ P+[ua @]

I3
+2Re f b(s; U, (5), U, () do = ¢ K(f, m, wy).

Each term on the left-hand side of (1.14) must therefore be bounded.
The identity

l
() = () + [, @) do
0
then implies that
(1.15) | um ()| < ¢y K(f, uo, wi).

Further a priori estimates are obtained as follows. We differentiate
(1.10) with respect to #, and then replace w; by u,,(f). This gives
(suppressing the ?)

Wy, 0, + a(u, uy,) + a’ (un, uy,)
+ b, (u,lll’ u’l’ﬂ) + b* (u’nu u,l'"’ u’/’n) = (f” u'llll .

Taking real parts and integrating from o to f gives
[, (@) >+ a(t; a0, (), W, (D)
+2Re [ by 1 ), 1 (), W (2)) o
;
(1.16) =|u}, (o) |*+ a(t; u,, (o), Uy, (0))
+ f Re [ a(f', 1) — 2 b (i, 1))
g

’

—a (u/nu um) - 2a’(llm, u,r/n } do.

The identity
" d 1 ’
a (t; Unm (t)’ u,, (t)) = m a (t; U (t)’ u,, (t))
—ad'(t; u, (), w,, () — a" ({t; un(t), w,, ()

then implies, by virtue of the hypotheses on a and b, that the right-hand
side of (1.16) is bounded by

t
ciO K(f, llo, ul) +f Re b*(a; u;n’ ullln; urlln) dO’
0

toew f Re{ b(o, t,y U,) + || Wy [+ |y o+ || e [} do
+ C1o H um(t) ” H u/m (t) ||
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The last term is estimated by ¢ || u,, () ||> -+ cu: || w. (?) ||, Where 0 may be
chosen as small as we please. By using (1.14)and (1.15), (1.16) becomes :

[, (@) P+ [, (D]* + Re f by (o U, (0); U, (3), U, () do
< ¢ K(f, wo, w) + Ci‘zf ([, @]+ U, (o) [} do.

But Reby(s; u,,(9); u,, (v), u,(¢))> o0 by Hypothesis II (1) because
it is a limit of non-negative terms. It follows that

(1.17) |, (@) P+ [W. O < ¢ K(f, w, w).

Now we pass to the limit. The estimates (1.14), (1.15) and (1.17)
imply that a subsequence { u, } can be extracted from { u,, } such that :
u,—> u in the weak-star topology of L“ (o, T'; V);
u,— u' in the weak-star topology of L“ (o, T; V);
u,— u" in the weak-star topology of L (o, T'; H).

Hypothesis III therefore implies that u’(f)e W(f) a. e. and
T
Re f bl ' (t), w (t) dt <o
0

and b({; u\(t), v) — b(t; u'(t), v) as v—>o in the sense of distributions
over (o, T), for all veVnW.

It remains to show (1.5), since (1.6) is immediate. In equation (1.10),
we put m = v and let v —o0, thereby obtaining :

@' (@), w)) + a(t; u(®), wy) + b(t; w' @), wy) = (f(), wy) a.e.

The latter equation holds for all j, therefore for any finite linear combi-
nation of the w,s. Now v->b({; u'(f), v) is a continuous functional
on W(t) by Hypothesis II (for fixed f); since VAW is dense in Vn W (?),
a final passage to the limit yields (1.5). This completes the proof
of the theorem.

1.5. The prime example.

Let Q be any open set in E* and let H = L?(). By H*(£) we mean
tu|D*ueL*(Q) for |a|=k], and by HX(Q) we mean the closure
in H*(Q) of the smooth functions with compact support. Welet V=H ()
and define

. Jdu Jdv
a(t; u, v) = a(u, v) = VW 2P a s .
(t; u, v) = a(u, v) V/Q ,%: oz, oz, & (u, veV)
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Let hy, and h, be two given functions on [o, T] X which are non-
negative, bounded and such that oh,/di = K, and 0h,/0f = K, are conti-
nuous, k, is bounded and F, is bounded by a constant multiple of h,.
For any {€[o, T], let W(f) be the space of all functions u defined on £,

measurable with respect to the measure h,(z, ) dz, such that the norm
(with p fixed > 1)

lull g = < JALCIERXCY) dx>‘°1“+ ( fQ () |~2dx>

is finite; furnish W(f) with the above norm. Let W = Lf+1(Q)n L2 ().
Let 0(z) = | z|P~' z(z = complex number) and define

0=

bt 0) = [ iz, ) ou@) 0@ d +fh0(x, 0 u(@) v (@) de
Q Q

for u, ve W ().
Let us verify the hypotheses of paragraph1.1. Hypothesis Iis satisfied

if we define
[o]: = f 2

For Hypothesis 11, we require the

ov
ox;

LemMA 1.1. — The function ¢ (z) = | z|f—! z salisfies :
(@) Re[9(2)z]=cio|2]P*;

®) le@|=enlzles

(©) Rele,@t]>culzl~]2P;

(@ 1o =cnlzlP L],

where the c; are positive constants and where ¢',(¢) denoles the derivative
of ¢ at the point z in the direction ¢.

Parts (a) and (b) are obvious (in fact ¢;o= ¢, =1); (c) and (d) follow
easily from the identity

9.() =|z|F1 ¢+ (p—1) | 2|7~ Re(2T) 25

in fact, we may take co=1, and ¢s=p.
On the other hand, by the mean-value theorem,

?(@)—¢(®) =9:(z—9)
where 7 lies on the line segment joining z and Z; hence (c) and (d) imply

© Re[e@—o®][Z—L]=cult|z—L >0,
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and
@ 9@ —o@| L[]zl + (L] z—¢].

The only properties we shall use of the function ¢ are that it is once
continuously differentiable and that it satisfies (a), (b), (c), (d).

Hypothesis II (1) follows from (a) and (c)’. Verify now that

b(ls u, v, w) = fQ (R (@, 1) 900 0@) 0 @) + ho, D02 @) | do

and

'(fe _ 0h, =, (Oho\ )

b'(t; u, v) _fg;g (W) o(u)v -+ (W> uvgdx.
Therefore

2 [ V(6 v)léﬂuf{lw(u(x))ihl(x, )+ lu@)[}|v()]de.
Q
Lemma 1.1 (b), together with Schwarz’s inequality, then yields
2| b (L u, v)[é&f}u(x)lp—‘{v(x) Ph(x, §) do
Q
+ clsz] u(x) |+ h (x, ) de + clsfg(i u(x) > +|v(@) ) dz,

where d may be chosen as small as we wish (c;; depending on d). An appli-
cation of Lemma 1.1 therefore yields Hypothesis II (3).

Hypothesis II (4) is satisfied because of the inequality

+clc<fﬂlglzdx>%<fglvl‘2dx>z,

(g(t)e W(t) a. e.) and Lemma 1.1 (a).
In order to verify the crucial Hypothesis III, we take a sequence of
function { ¢g,, | satisfying :
gn— g weakly-star in L” (o, T'; H; (2)),
¢.— g weakly-star in L” (o, T'; L*(£2)),

T
supf j;}hl @ )| gn(x, b)|Prrdedt <oo.
m )

Let L7((o, T) X £; h,) denote the space of functions whose ¢ powers
are integrable with weight function h,(x, f) (1==q <w). Then {g.} is
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bounded in Lef+'((o, T) X Q; h)), and [by Lemma 1.1 (8)] {9(gn)}
is bounded in L®+%f((o, T) x &; h)). Therefore we may extract
a subsequence { g, } such that

g~ g weakly in Lf+!'((o, T) X Q; h),
e+t
9(9v)—>¢ weakly in L ¢ ((o, T) X ; h,),
and moreover such that
gv—g strongly in L*(K)

for a given compact subset K of (o, T) X Q. The latter conclusion is
possible because H}(2) is compact in L*(2). Now, extracting a further
subsequence if necessary, g,—g¢ a.e., in K, hence ¢(¢.)—>¢(9) a.e.
in K. This is enough to imply that ¢ = ¢(g9). Hence

px1
9(9v)—9(9) weakly in L ¢ ((o, T) X ; hi).
This proves Hypothesis III.

As for Hypothesis 1V, it is clear that H;(Q)n L¢+' () is separable,
being homeomorphic to a subspace of L*(Q)x Lr+'(Q). Finally, if
we assume the boundary I of Q to be sufficiently smooth, we have
D(A (o)) = H*()n H (), so that D(A (o)) n Le+1 (L) is dense in D (4 (0)).

Theorem 1.1 may therefore be applied to yield the following result.
Given :
u, € H*(Q)n H{ () if ' is sufficiently regular;
u,€D(A (0))nLe+' () otherwise [ cf. footnote (*)];

weH!(Q) and f B (@, o) | ws (z) %0 dx < oo ;
Q
fs f €Lt (o, T; L*(2)).

Then there exists one and only one function u which satisfies
u €eL”(o, T; H) (L)),

u €L”(o, T; Hy () nLe+'((o, T) X ; hy),
u"eL” (o, T; L*(2));

u"—Au + hot' + h | u' P u' =,
U |i=o = Uy, u’ lt=0 = U,.

1.6. A second example.

We take H = L*(R), Q open in E”; V = any closed subspace of H" ()
which contains the smooth functions with compact support; W = the
closure in W& ¢+1(Q) of Vn Ww e+1(Q), where p is a given integer less
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than m; W () = W for all {; m is any given positive integer. In general,
we define

Wka(Q) = {u|D*ueLi(Q), |a| <Lk}
and
Ht(Q) = Wk 2(Q)

with the usual norms. We take

a(t; u, v) = Z ] a.3(z, t) D* u(x) D? (v(x)) dz,

], Bl<gm

where aug(x, {) = aga(x, f), each a,g has two continuous derivatives
in ¢, both of which are bounded in (o, T) X & together with a.g itself.
Assume the ¢ coercivity *’ condition :

a(t; v, V) ciq[v]3, veV; €17> 0;
where

pp= 3 f]D“v(x)de.

la|=m

Finally, we take (u. =< m—1) :

bu = ¥ fcp(D“u(x))D“v(x)dx,

lel<p

where ¢ satisfies the hypotheses of Lemma 1.1.

Hypotheses I and II are easily verified. Let us consider Hypothesis III.
We are given a sequence of functions { ¢,, | satisfying :

gn—¢g weakly in L*(o, T; V),
gu—>9’ weakly in  L”(o, T; L*()),
{gn] isbounded in Le+ (o, T; W).

Hence there exists a subsequence { g5 } such that

D%g,— D%g weakly in Le+1((o, T) X L),
e+t
0(D%gs)—> Yy weaklyin L ¢ ((o, T)x L) for |a|Zp,
D*gs,—D2%q strongly in L?(K), K any compact set in (o, T) X £2.
Hence Y, = ¢(D%g) and Hypothesis III is satisfied as in the preceding

example. Now VnNW is separable, and Hypothesis IV (2) will be
discussed below.
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Theorem 1.1 therefore yields the following result. Given :
feL' (o, T; L*(RQ)), f'eL'(o, T; L*(Q));
u,€D(A(0))n W e+1(Q) [cf. footnote (?)],

u e Vna,.

There exists a unique function u satisfying :
uel(,T;V), uelL”(o, T; V),
u"eL” (o, T; L*(2)),
u’ € Lt+t (o, T; W:e+1(Q));

u'+ A@u+ ¥ (—1) * D*(|D*u o~ D*u') =f(f),
loaj<p

U |1=o = Uo, U |=p = Uy

and salisfying the (in general, non-linear) boundary conditions which,
in a purely formal way, follow from the fact that

AQu@, )+ X (—1)*(D*(D*u' @) | D*u' (1), v)

[a|<p
= a(t; u(l), v) + Z (ID*u’ (t) |7~ D> u’ ({), D*v),
o] <
Jor every ve V.
We mention that

|Du, |- D*u, e HH(Q) for all |a| =p

is a sufficient condition that u, € @,.
If we assume that [ Hypothesis IV (2)]

{.18) D(A(0))n W e+1(Q) is dense in D (A (o)),

then we may take u,€D(A(0)). Now,

ADv@= ¥ (0 PID[ap ) D*v@)].

lal, [Blgm

If the coefficients a,3 and the boundary I' of & are sufficiently smooth,
if @ is bounded, and if V is defined by sufficiently ¢ smooth > boundary
conditions, then D(A (0))c H*"(R) and the smooth functions in & are
dense in D(A (o)); hence (1.18) is satisfied. For further discussion
of boundary conditions in certain cases, see [9].
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1.7. A non-linear boundary condition.

As a final example, we take H = L*(Q), V = H!(R), and
W=W()={w|weH Q)nL: (@), wlreLe (1)),

pirand g, > 1. We assume the boundary I of Q to be sufficiently smooth
to define the ““ trace” w |- of an element w of ‘'H'(Q); T is furnished with
the usual surface measure do.

We set (as in the prime example)

N [ou v e
a(t; u, v) —Z LZM d_xidx’ [v]P=a(t; v, v);
i=1
we define
b(t; u, v):la/ |ulfﬂ—‘ul—)dx—{—szlu]Pz—mEda,
Q r

k, and k, positive.
We note that

bAmmw:mﬁwmmw@RBM+&ﬁ@mmw@ﬂBw

where ¢,(z) = | z|*'z and ¢,(z) =| z|» 'z and (¢,).(?) is the derivative
of ¢; at the point z in the direction {(j = 1, 2). Hypothesis II (1)
follows from Lemma 1.1. To verify Hypothesis 1I(4), let
geL” (o, T; H'(Q)) and

AT

Re | b(t; g@), g(®))dt <.

0

Then ge Lei+1((o, T) X ) and g |r € Lé:+1((o, T) X I').
In order to verify Hypothesis III, we consider a sequence of func-

tions { g,. | which satisfies :

gn—g weakly-star in L* (o, T; H'()),

g.—> ¢ weakly-star in L” (o, T; L*(2)),

I remains in a bounded set of Lf+'((o, T') X L),
v remains in a bounded set of Lf:+1((o, T') X T).

We may then extract a subsequence { g, } such that :
g.—¢g  stronglyin L2(o, T; H*(K)),
¢,—~g weakly in L+ ((o, T') X ),

Pr+1

¢ (gy) ¢ weakly in L & (o, T) X ©),
gv|r— g|r weakly in Le+((o, T) X ),

fg+1

0:(gv) [o—> Y. weakly in L ¢ ((o, T) X Q),
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where K is any compact subset of [o, T'] x  with sufficiently smooth
boundary and s is a fixed number,

£<S<1.
2

(Here we have used the fact that H'(K) is compact in H*(K) if K is
compact). As in paragraph 1.5, it follows that ¢, = ¢, (g).
Now let M be a smooth compact piece of T, I' assumed to be smooth.

There is then a compact set K ¢ @ whose smooth boundary 0K contains M.
But the trace operator f— f|x is continuous from H*(K) into
L*(0K) (1/2 < s < 1). Therefore,

v |ok—> glox Strongly in L?(o, T; L?(dK)).

It follows that ¢, = ¢.(g) a.e. on M, hence on I'. So Hypothesis III
is satisfied.

Finally note that D (A (o)) c H2() and D (A (o)) c W is dense in D (4 (o))
provided again that I' is sufficiently smooth. Also @3,> Hj () n L1 (L2).
We therefore obtain the following result.

There exists a unique function u which satisfies :

 uelL=(o, T; HI(Q),
u'el”(o, Ty H(Q)nLe+ ((o, T) X Q),
' [re€ Lo+ ((o, T) x I),
u"e€L” (o, T; L2(R));
(1‘19) U”——Au—i—k1]u']91*1u'=f;
u (o) = w € H*(Q), %%:o onT;
u' (o) == u, € Hy (Q)n L (Q);
| f, f'eLi(o, T5 L),

with the boundary condition

du
ol

Pt du

Ft'=0 On(O,T)XT.

(1.20) g—z + k,

This boundary condition can be interpreted in the following sense.
We assume that fe LP((o, T) X Q) for some p > 1. It follows from the
equation (1.19) that Au belongs to L7((o, T) X L), where q > 1, if Q is

bounded. In that case 3—:; can be defined as an element of

1
L’1<o, T; W_l_?’q(l‘)), as in IIT [11]; hence (1.20) makes sense.
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1.8. A regularity theorem.

In this section, we shall prove some regularity for problem (1.21) below.

THEOREM 1.2. — Let Q be an open set in E" with smooth boundary.
Let f, u,, u, be given, satisfying

feLi(o, T; L*(RQ)),
either fe L' (o, T'; H}()) or else f'€ L' (o, T'; L*(R)),
u, € H*(Q)n H} (),
w € H} (Q).
Then the solution u of the problem (7) :
u €L>(o, T; Hy(R2)),
u'eL” (o, T; L*(R))nLe~ (o, T) X ),
u"—Au + kv |fu =,
u(o) = u,, u'(o) =uy

(1.21)

(where k > o, p > 1) satisfies the conditions

(1.22) u €L”(o, T; H*(Q)),
(1.23) u' e L” (o, T; Hi(2),
(1.26) weL” (o, Ts @)+ L7 (o, T)+ ).

Moreover, if we assume that u,e€ L¢+1(Q) and fe L*((o, T) X &) (*), then
the solution satisfies

s w e L (o, T) X 2)n L (o, T; Lo+ (Q)),
(1.25) u’eL*((o, T) X Q).

If u, e L**(Q) and f' € L* (o, T; L*(2)), then we may conclude that
(1.26) u'€L”(o, T; L**(2)) and u"eL” (o, T; L2(RQ)).

Proor. — We shall show, without using Part II, that there exists
a unique solution of problem (1.21) with the stated properties. This
solution must then be the same as the one given in Part II, section 2.6.

Let A denote the self-adjoint operator on L2(2) with domain
D(A) = H*(Q)nH; () which is given by Av =—Ap for veD(A).

(") The existence and uniqueness of the solution to this problem is proved in Part 11,
section 2.6. (Existence could also be derived from the result in section 1.5.)
(*) This last hypothesis is redundant in case f’€L!(o, T; L*(Q)).
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Let { E(S)| S = Borel set on the line } be its spectral measure. Let P,
be the projection E((—m, m)), m =1, 2, .... We then define the
approximate solution u,, (f) as the solution of the equation

(1.27) w, () + P APy uu(t)+ Puf P, () =P, f()
with the initial conditions
uy (0) == Pm Uy, Ll/m (O) = Pm u,,

where Bv=k|v|*~'v. The operator P,B3P, is a bounded operator
on the range of P,, with bounded Fréchet-derivative and P, AP, is
a bounded linear operator. By the method of successive approximations,
it is easy to see that this problem has a unique solution such that u,, ({) € P,,
and u,, ({) € P,,, for all { in some interval o =~ { = ¢, : > o (cf. SEGAL [18]).
It will follow from the estimates below that the solution in fact exists

In case Q is bounded, P,, is a finite-dimensional projection, and u,,(f)
is an approximate solution as defined in section 1.3 where the ¢ basis ”
| W, W, ...} consists of the eigenfunctions of A. In case Q = E",
the approximate equation (1.27) is a variant of that used by SecaL [19].

Since u,.(f), u,,(f) lie in the range of P,, we may rewrite (1.27) as :
(1.28) w, () + A () + P, (&) = Py f(D).

Taking inner products of this equation with u),(f), we conclude, just
as in section 1.3, that

{u, | is bounded in L” (o, T; H} (L)),
{ u, | is bounded in L~ (o, T; L*(R))n Le+1((o, T) X £).

Now, in case feL'(o, T; H; (L)), we take inner products of (1.28)
with Au), ({) =— Au, (). Setting

I; Jdu ov
a(u, v) =Z oz, de,

i=1

we obtain
(1.29) a(u),, u,)+ Auy, Au,) + a@Bu,, u,) = a(f, u,.),
because u), () € H, () and 3 (u,,) is also zero on the boundary of 2. But

Rea(3u,, w,) =Y RefQ G S do o,

i=1
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Therefore, taking real parts of (1.29) and integrating from o to ¢, we obtain
a(u,m (t)’ ulnz (t)) + ] AH,,, (t) 12

é 2 Re [ a(f(S), U(S)) ds + a(P//LuI, Pmul) + | APIILHO IZ'

vy

Using the fact that the projections P,, are uniformly bounded in H (%),
as well as in L?(€2), we conclude that

(1.30) ( {d,} isboundedin L~ (o, T; H{ (L)),
.00
1 {Au, } is bounded in L” (o, T'; L*(£)).

We must pass to the limit. We define

D(AM)={v|veD(A), A/veD(A) for j=o0, ..., N—1};
it is a Hilbert space when provided with the graph norm. By Sobolev’s
inequality, there exists a positive integer N such that

DAN)cHN@)cLr(R)  (p=p+1).

The operators P,,, which are uniformly bounded from D(AY) to itself,
must therefore also be uniformly bounded from D (AY) to L” (). Hence,
by duality, their restrictions to L? () n L?'() must be uniformly bounded
from L7'() to D(AY) [= dual or anti-dual of D(AV)]. It follows
from this remark that u,, = P,,f — Au,,— P,,3u, remains in a bounded
set of L” (o, T; D(AN)") 4+ L” (o, T; L*(2)). Hence

(1.31) {u),} remains bounded in L”'(o, T; D(AY)).

It follows from (1.10), (1.31) and a compactness theorem of AuBin [1]
that, for any given compact subset of K of L, there exists a subsequence
of {u, }| which converges sirongly in L*(o, T; L*(K)), for instance.
Therefore, a further subsequence converges almost everywhere
in (o, T) X K. v

Now we may take weakly convergent subsequences. There exists
a subsequence { u, | such that :

u,—u in the weak-star topology of L* (o, T'; H*(2)),
u,->u" in the weak-star topology of L~ (o, T'; H}(Q)),
u,—u' in the weak topology of Lo+t ((o, T) x Q),

o+1

| u,|P—'u,~¢  in the weak topology of L # ((o, T) X Q).
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The almost-everywhere convergence implies just as in section 1.5
that ¢ = |u’|P~'u’ a.e. Therefore, as usual, u(f) is a solution of
problem (1.21) and satisfies the additional conditions (1.22) and (1.23).
Therefore,

u'=f+du—k|u 1w € L* (o, T; L(@)) + L7 (0, T) X Q).

By the same method as in section 1.3, it is easy to prove the uniqueness
of the solution under these conditions.

The second case is to prove the same result under the assumption
f'eLt(o, T; L*(R)).

In this case, we take the derivative with respect to f of equation (1.28)
and then take inner products with

U ()= u,, () + P, u,, () = P,, f({) — A un(f).
We obtain :
(v,m’ Dm) + (A u’m’ u’l’n)-l_ (A u’m’ Pm@u/m) = (me,, vm)-

Taking real parts, integrating from o to {, and noting that P,, commutes
with A, we find that

[0n () + a2, O, 1, ) + 2 Re [ alut,, Bir,) ds

“o

t
=aRe | (f'svm)ds—+|vn(o)]>+ a(Pnuy, Pyuy).

But once again Rea(u,, 8u,)>o0, and v,(0) = P, f(o) —AP,u,
is bounded in L2(2); so we may infer that :

{u,,} isboundedin L*(o, T; H;(£2));
{v,} hence {Au,} also, is bounded in L” (o, T'; L*(R2)).

This is exactly the same result as in the previous case; hence we may
conclude the argument just as before.

Now we shall prove (1.25) under the additional assumption that
w, e Le+1(Q) and fel2(o, T; L*(£2)). Since the union of the ranges
of the projections P, is a dense subset of D (AY) and D(AY) is itself
a dense subset of Lf+!(2), we may find a sequence { uy;} such that
u,; converges to u, strongly in L¢+1(2)n H;(L2) and each uy; is in the
range of the projection P,, for m sufficiently large. We may assume for
the sake of convenience that the sequence is so chosen that u,,, is in
the range of P,,..
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Now redefine the approximate solution u,(f) as the solution
of equation (1.28) with the initial conditions u,,(o) = P, u, and
u,, (o) = P, uyn= U;n. The previous a priori estimates are then
obtained without change. Next, we take inner products of equation (1.28)
with ), (f) to obtain

[, [P+ a(um, w,,) + Bu,, u,,) = (f, u,).
" d ! ! /
But a(u,, u)) = Eta(u"“ u,,) — a(,, u,,). Therefore,
A t
v I ! ! I -
fo } um ]2 dS + 5 Rea(u’” (t)’ u"l (t))——\/o‘ a(um’ u/n) dS + 5 H u, (t) H;ﬂ-‘(g)
t
=Re [ (f,u)ds+ éRea(uo, W) + én i 54 -
0

But {uy,} is bounded in Le+'(Q)nH}(2), and u, and u,, are both
bounded in L* (o, T; H; (X)) by the previous estimates. We may there-
fore infer that :

{u,,} 1is bounded in L*((o, T) X L),
{u,,} is bounded in L” (o, T'; Lf+1(Q)).

Taking a weakly convergent subsequence, we conclude that
u"eL*((o, T) X Q) and u' €L” (o, T; Le+1(Q)).

Therefore,
k| fp=tu’ = f 4+ Au—u" € L*((o, T) X ),

so that u" e L**((o, T) X Q).

Finally, in case u,€L?**(2) and f'eL!(o, T; L*(£)), the existence
results of section 1.5, together with uniqueness, show that
u"eL” (o, T; L*(2)). Therefore,

klu |f~'u' =f 4+ Au—u"e€L” (o, T; L*(Q)),

so that u’' € L” (o, T; L2f(2)).

1.9. Another type of equation (I).

In this section we shall prove :
TuEOREM 1.3. — Let f be given in L' (o, T; L*(R)),
u, € Hy (Q)n L**(L2) and u, € L2 (),

BULL. SOC. MATH. — T. 93, FASC. 1. 5
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all of which are supposed to be real-valued. We assume that Q is an open
set in E™ with smooth boundary. Let p > 1, k> o. Then there exists
a unique function which satisfies :

uel(o, T; Hy(2))nL=>(o, T; L** (L)),
u' e L*(o, T; L*(2)),

u"—Au+ k|ulf—u'=f,

u(o) = u,, u’ (o) = u,.

(1.32)

ReMARk 1. — If p > 2, we have L20(Q)n L2(Q)c L*—2(RQ), so that
ueL>(o, T; L**—2(R)). Hence

|ulp-teL*(o, T; L*(®)) and |ulr—'u' €L(o, T; L'(X)).

If, on the other hand, p < 2, similar reasoning shows that
|ulp—tu’€L>(o, T; L¥?(R2)). Therefore, u"=f 4 Au—k|u|?~'u’ is an
element of L'(o, T; L\ () + H~'(R)), so that u'(o) makes sense.

ReMARK 2. — If the conditions on u, and u, are weakened to

2np

HOEL"""(\L?(Q), u, eH—‘(Q),

then we can prove the existence and uniqueness of an extremely weak
solution u of the above initial boundary-value problem with

ueL"(o, T; L*(R))nLe+t((o, T) X )
t
and f u(s)ds an element of L~(o, T; H;(2)). We omit the proof
0

which is a variant of the one given below for Theorem 1.3 and uses
Theorem 2.1.

RemARKk 3. — Formally, the term k| u|?—!u’ can be obtained by taking
the t-derivative of kp—' | w’ |P~'w" and then replacing w’ by u in the
result. The study of (1.32) can therefore be formally reduced to the
study of the equation

w’'—Aw 4 kp~!|w'|f~'w' = F,

which has already been solved. This approach was suggested to us
by J. LErAY.

Proor. — Firstly, we note that the relation

(1.33) S (19) =14 ey
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[taken in the sense of distributions in (o, T)x Q] is valid for all $ €W,
where W is defined as follows : If p> o, W is the class of all real-valued
functions ¢ satisfying
YeL*(o, T; L*2(Q)), d'eL>(o, T; L2(R));
if 1 <p < 2, Wis defined as the class of all { satisfying
beL>(o, T; L*(£2)), V' €L”(o, T; L*(Q)).

To prove (1.33), we write ¢ as the limit of a sequence { ¢, } of smooth
functions in W, this limit being taken in the obvious topology for W,
Then, ¢, being smooth, we have

(101 ) =14

It suffices to show the convergence as j-— « of each side of the latter
equation in the sense of distributions. But, if p > 2,

vy in Lo, T L R@),
[ fet=> [ fet in L*(o, T; L*(2)),
and
[ 'y in L2 (o, T; LU ().
Similar statements hold if 1 < p << 2. This proves (1.33).
Secondly, we define w, as the unique solution in H (£2) of thelequation

(1.34) (I—A)wo‘—-‘—lgluolphluo—ul-

The right-hand side is an element if L*(€2); since the boundary of Q is
smooth (“ uniformly smooth ”* at infinity, in case & is unbounded),
we know that

w, € H () n H2(Q).

Now we refer to Theorem 1.2 to obtain a solution w of theJequation
t
(1.35) w'— Aw + glw’[P—‘w’=—wo +f f(z) do,
0

subject to the conditions
w(o) = wy, w' (o) = uy;
weL*(o, T; H*(Q));
w eL*(o, T; H}(Q),
1.37) w €L*(o, T; Hy(R))nL"(o, T; L**(R)),
w"eL" (o, T; L*(R2)).

(1.36)
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Therefore, we may take the f{-derivative of equation (1.35) and make
use of (1.33) to obtain

w”/____Aw/ + kl wl Ip_lwll — f'.

Furthermore, w” (o) = u, by (1.35) and (1.34). Hence u = w' is the
required solution.
Conversely, let u be any function satisfying the conditions of the

theorem. We define w by
t
w(t)=wo+f u(e) ds
0
and we integrate both sides of equation (1.32) in f. As we saw in
Remark 1, u” is an element of L(o, T; H-(Q) + L'(Q)) if p> 2;
so that, for each ¢ in (o, T), j u"(s) do makes sense as an element

of H-1(Q)+ L' () and equals u' () —u' (o) =w"(t)—u,. If 1<p <o, we
simply replace L!(£2) by L*?(Q) in the preceding argument. Similarly,
t

t
f A u (o) de makes sense in H—* (22) and equals Af u(o) do =Aw()—Aw,.
0
Finally (cf. Remark 1), ue W; so that (1.33) implies

fol[ ulptu do = é |w' (0) |~ w' (f) — (_i |ty P u.

Therefore we finally obtain
" P k. o ‘
w'—Aw 4 E[w | 1w—u1+Awo—-§|u1|P lul=f f(o) do.
0

Making use of (1.34), we conclude that w satisfies equation (1.35).
Therefore, referring to Theorem 1.1, w is the unique solution to the
problem (1.35), (1.36), (1.37). This shows that u is unique.

1.10. Another type of equation (II).
Tueorem 1.4 A. — Let f be given in L'(o, T; L*(2)) such that
f'eL'(o, T; L*(2)). Let u,, u, be given, satisfying :
u, € H) () n L**(Q), Au, € L2 (Q),
u, € Hy ()n L (Q),

where
PT 9,
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We assume that Q is an open set in E* and that either the boundary of
is smooth or else u, € Lt+' (). Then there exists a function u which satisfies :

u €L”(o, T; Hy(2))NL" (o, T; L7 (2)),
u €L*(o, T; Hy (R))nLe+' (o, T; Le+1(Q)),
u"e L*(o, T; L2(RQ));
—Au-bu' ) 1@ =1,
where B(u') =|u' |P~'u’ and y(u) =|ul|*'u;
u(o) = uy, u' (o) = u,.

Proor. — We choose a ‘¢ basis ” w,, w,, ... of H;(Q)nLe+'(2) as
follows (cf. section 1.4). We let w,= u, (unless u,=o); in case
u, € L+ (), we let w, = u, (unless u, depends linearly on u,) and define
the remainder of the basis elements arbitrarily. In case u,¢ Lf+!(2),
we choose w,, w;, ... such that

w; € Hy () n L+ (R)n L2*(R),
Aw;el* () (j=»)

and such that there exist finite linear combinations u,,. of the w,’s
such that
Ugm—> U, in H{(&)nL* (),
Augm— Au, in L2(Q).

The latter choice is possible if, for instance, we assume the boundary T’
of Q to be smooth enough that the space of twice continuously diffe-

rentiable functions in £, with compact support in @ and zero on T,
is dense in D(— A)n L**(2). In case u,e€ Lf+1(R) we define u,, = u,
for all m.

As in section 1.4, we denote by P,, the orthogonal projection in L2(£2)
onto the subspace generated by w,, ..., w,,. We define

U= P, [f(o) + Auy,— S(ul) Y (u()m)]-
‘We denote by u,, (f) the solution of

(1.38) (u,, (), wr)+ a(u,(f), wy)
+ @@, (1), wo)+ ¢ (@n(®), w) = (fO), we)  (k=1,...,m),

where

n

~ Jdu dv
a(u, v) 22‘_/;20_:8, %dx’

i=1
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subject to the initial conditions
um, (0) = Uom, ulm (0) = Uy.

From (1.38) we easily deduce

O O+ 2 & [ a7
+ Re(B(u,, @), u,, ()) = Re(f(?), u,, (£));

whence :

u,, remainsin a bounded set of
L= (o, T; Hy(Q)NL" (0, T; L*+1(Q)),
(1.39) u,, remains in a bounded set of
L~ (o, T; L*(R))n Le+1 (o, T) X ).

Now denote ¢(z) =|z|*'z and ¢(z) = | z|*~'z (z complex number).
Denote by ¢'(z; ¢,) the derivative of ¢ (z) in the direction ¢, and by
(23 Loy £1) the derivative of ¢’ (z; ¢,) as a function of z in the direc-
tion %,; similarly for ¢(z). We now take the f-derivative of equa-
tion (1.38), obtaining

(@ @), wi) + a,, (&), wi) + (@' (W, (O); u;, (D), wy)
+ (V' W@ (); 0, (), wi) = (f' (D), wo).

Therefore,
(1.60) [, (OF + @@, wa (@0) + 2 Re [ ¢ (@) 1,6, 1, () do
+aRe [ (¢ n@)s 1,0, 1, () ds
— 2Re [ (@), tu@) do + | 0,(0) [ + a(u, w).

But we deduce from (1.38) that u}, (0) = u,, remains in a bounded set
of L*(£2). Furthermore,

2Re | (V' (@n(9); w,(0), U, (9)) do
= Re( (un(l); u, (1), w,. () —Re(} (on; w), 1)
—Re f (" (n(9), t,.(2), U, (), () do.

But explicit calculation shows that

o< Re[Y(z; )] Z | z[=| ¢
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and
(1.41) |V @5 80 8 Gl Z (e —1) |22 G ]| G || G
Hence

| Re(W! (tom; W), )| <7 fQ | tom [ | 1, |? daz.

Using Hoélder’s inequality with exponents

T+Iandf+l,we find this
T—1 2

to be bounded because u,e€Le+'(Q)nL*(Q)cL*+(Q) and {u,,} is
bounded in L**(Q)n L*(Q)c L*+1(R). By (1.41), we have

t
f |(‘~l””(um; Uy, Uy,), Uy,) | do
0

t
éT(T—I)f f]u,,l 2| u,, | dx do
0 Q
t
éaf f{]um 4w, ) dedo
0 Q

14
<o [ [l o de e+ cosup [ [ da,
0 Q t JQ

T4 1 ':-l—r.

y @ =
T—2 3
The latter expression is bounded. Consequently, we conclude from (1.40)
that :

where we have used 7p and I_I7+;: 1, p=

|, &) * + a(@,, @), 0, () <L c:+ ¢ f | (f' (@), . (o)) | da.
Therefore, ‘

.42) u,, remains in a bounded set of L*(o, T'; L*(Q)),
2 u,, rtemains in a bounded set of L*(o, T; H}(R)).

m

The theorem now follows from (1.39) and (1.42) as in section 1.5.
We have the following partial uniqueness result for this equation.

TueoreM 1.4 B. — The solution in Theorem 1.4 A is unique if : all
the functions are real-valued, = is an odd integer; and

1 3 1
oY RNy Sy PanpY|

(1.43) if nxo2,

1
2

except that we exclude equality here if n = 2.
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Proor. — Let u, and u, be two solutions and let w = u,— u,.
Substracting the corresponding differential equations, multiplying by w’
and integrating the result, yields :

(1.44) a@(@®, w®) +[w' O + 2f (Pu,—pu,, w)ds

+ u,)) — ¢ (u)]w dr de = o.
2f0 A[‘P( ) — ¢ (u)] g=0
Now, we can write

Y () — () = ui —u; = ow,

where

T=1
v =Z ujui7/>o.

j=0

Therefore the last term in (1.44) can be integrated by parts as follows :

2f0tfngw’dxdc =fgv(x,t)w(x, t)idx—flfg}v’wﬂdxda
é-cl.folfgnul ot a1 | | w0t da s,

where ¢, is a positive constant. Letting ¢ be defined by

+ p+1 b

Holder’s inequality implies that
j) Ly 2 | | d = | (2 ] [ | 0|12

where || |- denotes the norm in L"(R). Hence an application of Holder’s
inequality to the t-integral with p =p 41, p"= (p + 1)/p, gives

l
[ [ o' dedo e fsup]flu 555+ D 2577
0 YO .

{f[nuinunu e | f,;w@nwdo—}
~—al [ uw(a)n;ﬂ'do},
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since uy, u,€L”(o, T; L**'(R)) and u), u,€L?((o, T)x Q). But, by
hypothesis (1.43), éé é —}Ii, so that Sobolev’s inequality gives :

w@l;<e {a@(@), w@) +|wE)|*}.
Putting these estimates into (1.44) yields )
@, w®) +1w O <o| [ 1awe), 0e) + k]
which implies 0 l
[a@®.00) + 1w OFF<a [ |a@E), 0E) + 0@ !
Hence w' = w = o. 0

Finally, we present a case not included in the preceding results for
which we have both existence and uniqueness.

TaeoreM 1.4 C. — In case
n=3, T =3, p>1,

there exists a unique solution which has the same properties as in
Theorem 1.4 A.

Proor. — The existence proceeds along the same lines as before, the
crucial point being the estimation of

Re [ (¥ (n(@); U, (2)), ), (2)) do.

0

This term is bounded by
L 4
3wl e ds =3 [ @) 16, s
0 2 0
We now use Sobolev’s inequality : || u ||s<= ¢io || u||, where || || denotes

the norm in H{ (). Since { u, } is bounded in L=(o, T; H{(2)), the
expression under consideration is bounded by :

on [ 1@+ |0, @) do.

Once again this is enough to imply (1.42) and therefore existence.
To prove uniqueness, we note that

ljtj;[¢(ul)_¢(u2)] ' dxdo

é3folf9(lullz+luz‘l‘2)|'wl-lw’1dxda

Zou [ 0@+ |0 @] d7,
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using Sobolev’s inequality again. Putting this into (1.44), we obtain

a@®), w®) +|w'OF<c [ ta@(9), w(o)) +w'(2)} do,

vo

which proves uniqueness.

Part II.
Monotonicity Method.
2.1. Hypotheses.

We are given Hilbert spaces V and H and a Banach space W which

satisfy

VcH, WcH,
where each space to the left of an inclusion sign is dense in the space
to its right and the corresponding inclusion map is continuous. Further-
more, we assume that VAW is separable and that VAW is a dense
subset of V and of W and that W is reflexive.

If X is any Banach space dense in H, with the inclusion map of X
into H continuous, X' denotes the space of conjugate-linear (linear,
in the real case) functionals defined and continuous on the space X;
H is identified with its own dual H’. Notations for inner products and
norms will be the same as in Part I. In particular, (v,, v.) denotes the
inner product between an element of such a space X and an element
of its dual X’; if v,, v, € H, this is the ordinary inner product in H. The
following inclusion relations hold :

VAWcVcHcCV (VAW),
VAWcWcHcW c(VnW).

Besides these spaces we are given a family of sesquilinear (bilinear,
in the real case) forms

u, v—a(t; u, v) (u,veV)
defined on VX V, te[o, T], which are assumed to satisfy :
@ a(t; u, v) =a(t; v, u);
(i) a(; v, v) > ¢;[v]?, where ([v]*+ | v [?)"* is a norm on V which is
equivalent to || v ||;
(iii) For each ve V, the function

t—a(t; v, v)

is once continuously differentiable;

(v) @@ v,v):dita(z; no)—o eV, telo, T).
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We note that Hypothesis (iii) implies that the function ¢ — a ({; u, v)
is once continuously differentiable for every u, ve V; hence there exists
a constant ¢, such that

lat; v, )| +[d'Gu, v) | <elulllo]  (@veV).
We note also that since the map
v—a(t; u, v)

is continuous and conjugate-linear, there corresponds to each ueV
a unique element A (f)ue V'’ such that

(A(®) u, v) = a(t; u, v) weV).

Finally, we are given a family of (non-linear) transformations ((f)
which map W into W’ [almost every t€ (o, T)] and satisfy the following
conditions.

(G) For almost every ¢, (3(f) is weakly continuous from finite-
dimensional subsets of W into W’;

Gi) It f()eLr(o, T; W), then B(.)f(.) is an element of
L7 (o, T; W'); the mapping f(.)—>B(.)f(.) sends bounded
sets of L7 (o, T; W) into bounded sets of L?' (o, T; W’) and its
restriction to lines in L7(o, T; W) is weakly continuous.
Throughout this part p is a fixed number greater than one;

4i5)) Re@B®uv,v) +clvlP>cl v, for veW, almost every
te(o, T); where ¢, and ¢, are positive constants;
Gv) Re(@)u—B@®)v,u—v)>o0 a.e. (u, veWw).

2.2. An existence-uniqueness theorem.
THEOREM 2.1. — Assume the existence of spaces, forms and transfor-
mations satisfying the above hypotheses. If we are given
u, € V, u e H,
f=fi+f» fieL'(o, T; H), f.€L”(o, T; W');
there exists one and only one function u which salisfies :
uelL>(o, T; V),
,  du

@.1) u = WEL“’(O, T; HynLr(o, T; W);
AQu)+u" O +LOUD =1 a.e;

u(o) == u,, u' (o) = uy.
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Moreover, the mapping (u,, u,, f)— u sends bounded sets into bounded
sets; and the mapping (u,, ui, 1) —u, for fixed f,, is continuous in the
appropriate topologies [cf. equation (2.11) below] (°).

We note that equation (2.1) implies
u"eL'(o, T; H) + L”' (o, T; W') + L*(o, T; V'),

so that u’(.) is continuous with values in (V. n W’) and u’ (o) makes sense.

2.3. Proof of existence.

We take any basis (i. e., any linearly independent set whose finite
linear combinations are dense) {w;}.of VN W. We denote by u, (f)
the unique solution of the ordinary differential system

U, ®, w)) + a(t; un (), wy) + @O w, @), w)) = (f), w))
2.2) (G=1,...,m),
u,, (o) = P,, o, u,, (o) = P, uy,

where P,, is the projection onto the subspace spanned by w,, ..., w,.

[Here we have used Hypothesis (j).] The solution is defined in some
interval o =t =0, 0, =< T.

In (2.2) we may replace w; by u,, (f) to obtain
23) @ OF+al un®, un@) + o Re [ Bui, ) do
= | ), (0) |* + a(o; un (o), un(0)) 0
+ f @3 (@), (@) do + 2 Re [ (f, 1) do.
g ,

Hypotheses (ii), (iii) and (jjj) imply that (o £t ZT):

@.3) 12, () + [ (O] + 2 Re f By, ) d
2t () P+ ¢ (o) |1

o [ Nun@lpde+2 [ 1(E), @) do.

(°) One can also treat by the same method non-linear terms where 2 =p,+8,, B;
mapping Lr; (o, T;W)) into L7} (o, T, W) (j =1, 2), where p,=p, and W, and W, are
two Banach spaces of the above type.
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Now f=fi+ f., where fi€L!(o, T; H) and f:€ L (o, T; W)). We
have, for any ¢ > o,

[ 147 usmdo—éa—l{ / Ifx(v)lda}-Jr@oil;pé 0@

On the other hand, we define
14
11 = [ 1@ 1 de
0

Then, by Holder’s inequality and Hypothesis (jjj),

1

o [ 1z i) [l 2]

1 1

[ Reu,. u:,t>da}"+csnf2n{ Ik IU'm(O')I”dO'}p-

The first term on the right-hand side of the last inequality is estimated
using Young’s inequality

Zcllf:|l

abZcza” + b (a, b> 0, 9 > 0);
in the second term we use Young’s inequality for p = p’ = 2 together
with

2

L P :z
{ [ 1@ da} ZT7 sup |, @)
0 Z0<
We obtain, for any ¢ > o,

. o ) d

éc7{

Al

f‘2 ”2} + Cs 6] Re(@ u/m’ u,m) dG + Cs 8 Sup ] u;n (O') |2;
v 1oLt

where ¢; (but not c;) depends on d. Finally, we use the identity

() = 1 (0) + f i, (7) do,
which implies [by (ii)] that
lun@® <o sup [16@) 1+ [1a@)T -
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Putting all these estimates into (2.3)’, and defining

K (fis for o ts) = (f 1) d°>' TR A DY T
we conclude that

Lty ()2 + [| (B |12+ 2 f Re (31, u,)ds

ZewK(fry for oy ) + a0 f (U, @)+ || wn(@) |2} do

12
"‘ 6 cllf Re(ﬁ ulma ulm) da + 8 Ciy Sup [ ulm (O‘) IQ’
0 00t

where ¢, (but not ¢,,) depends on 6. Now choose 6 = (2¢,1)~!. It follows
that

@0 OF [P+ Re [ (Bt ) do e K(fu o wo w).

This implies that ¢,, = T, that { u,, } is a bounded set in L*(o, T; V)
and that { u), | is bounded in L*(o, T; H). By (jjj), we have

T T
N u;,l<a>||f,:,,doécu§Re Bty w,)do+T sup |, @),
0 o 0Zo=T

which is bounded. So u), is also bounded in L”(o, T; W). Therefore
{B(u,); is bounded in L7 (o, T; W’'). [Here we have used Hypo-
theses (jj) and (jjj).] We may therefore extract a subsequence { u, }
from { u,, } such that :

u,—u in the weak-star topology of L*(o, T; V),

u,—u’ in the weak-star topology of L= (o, T; H),

u,—u’ in the weak topology of L” (o, T; W),
B(uy)—4¢ in the weak topology of L7 (o, T'; W').

(It is easy to show that the first three limits have the relationship stated.)
Letting m =v in equation (2.2) and v —> o yields the following

equation for u(f) :

gg(u’(f), w)) +at; u@® w) + @GO, w) =(fO, w)) (=1 2..)

taken in the sense of distributions over (o, ). However, since
(f), wy)) — (@), w;) —a(t; u(f), w;) is a measurable function of ¢ for
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each j, so is (d/dt) (u’' (), w)), so that this equation is valid almost every-
where. Hence

2.5) u'+A()u+d=f
andu”"e€ L' (o, T; (VnW)'). Italso follows that
(2.6) u(o) = u, and u’ (o) = u,.

The former relation is true since u, (o) — u (o) weakly in H while u, (o) — u,
strongly in H. To prove the latter relation in (2.6), let

m

<P=Z<P/®w/

j=1

where ;€ CV (o, T) and ¢;(T) = o. We note that

Y -— [ @ ) dt— @ 0), 9(0))-

On the other hand,

[ @@= [ 1 9 —al w. ) — GO w1

which converges to

[ 1t o—atug—wara=[ @ g

as v-> o, Therefore
T T
f @, gdt=—| (@,¢")d— @, ()
0 0

It follows that (u,, ¢ (0)) = (u'(0), 9 (o)), where ¢ (o) isin fact an arbitrary
linear combination of w,, ..., w,. Hence u,= u'(o).

It remains to show that y = Bu’. For the time being, let us assume the
LemMmaA 2.1. — Let
_ wel*(o, T; V),
( w'eL*(o, T; HinLr (o, T; W);
Ayw) +w" ) =F({) a.e.;
w(o) =w, €V, w' (o) =w, € H,
FelLr (o, T; W)+ L' (o, T; H).

2.7)
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Then for a. e. t,

a(t; wlt), wt)) + |w' () 2 a(o; wy, wo) + | w, |2 —|—f a' (o; w(o), w(v)) do
+2Re f (F (o), w' () do.

Equality holds in case w, = w, = o (*).

We apply this lemma to the present situation with w =u, F = f—{
to yield the inequality

@.8) - alt;ul®), W)+ |w@P
. a(o; o, w) 4w ;2+'[ @ (@; u(o), u(@)) do

+2Re | (f(0) =¥ (), u'(9) do

almost everywhere. We choose a sequence of numbers {#] such
that (2.8) holds for { =t and such that #— T. By the familiar
“ diagonal ” procedure, (2.4) implies that a subsequence { uy | can be
extracted from { u, | such that

uy (t) —>u (&) weakly in V,

uy (k) - u' (&) weakly in H
as . —> oo, for k =1, 2, .... To show that these limits are as asserted,
we repeat the method used to prove (2.6).

Now in equation (2.3), we put m = ¢ and take inferior limits as . — oc;
this yields the inequality

|u' (@) >+ at; u(), u@®)) + liminf2 Reft(ﬁu;,,, uy) do
’ P 0
Zlu 24 a(o; u, uo)—i-/ a'(o; u(o), u(e))ds + 2Ref (f(), v’ (9)) do,

for { = t,.. Here we have used, in particular, Hypothesis (iv). Compa-
ring this inequality with (2.8), we conclude that

Re f (@), (@) dexlimint Re [ (BC) t (), 4 () dz

for t = .

(%) Equality also holds more generally, but it is not necessary for present purposes.
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If ¢ is an arbitrary element of L” (o, T; W), we have

12 l
—Re [ (39,u'ydc ——1lim Re f (B9, ) do
0 xSy
and

I3 I3
—Re [ (U, 9)ds = —1lim Ref (B, 0) do.
0

0 [kl

We add the last three relationships and add the quantity

Reb[ (69 ) ds

to both sides of the result, obtaining :

¢ t
Ref (Y — B9, u'—0) do>liminf Re | (Bup— Bo, up—09) do
0 oo

0

for t = {;. But the right-hand side of this inequality is non-negative;
therefore, letting # — T,

T
Re | (V—B¢,u'—¢)do>o.

0

Proceeding as in [14] (proof of Theorem 4, p. 344), we now let 9 =u'—hg,
where 2 > o and ¢, €L?(o, T; W) :

T
Re [ (h—p@—10), %) dro.
0
Letting % — o [and using Hypothesis (jj)] gives :
T
Re [ (—pu.,q)=o
0

for all ¢, € L7 (o, T; W). This is absurd unless
tO=pOU® a.e

2.4. Proof of Lemma 2.1.

Let o<s<t<T. Let 0, be identically one in [s,{], zero in
<—oo, s—1—11> and in ( t4 %, oo), and linear in the remaining two intervals
\

BULL. 80C. MATH. — T. 93, FASC. 1. 6
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of the real line; n is a positive integer. Let v be an infinitely differentiable
function on the line with compact support, »(f) = n(—{), and let

() = kn(kt), k positive integer;

then 7; converges to the delta function as k — . We assume that k is
large enough that (6,w’) % nx % 7 vanishes near T and near o.

Using a variant of a method of [12] (*!), we take inner products of
both sides of equation (2.7) with

0.[(9, ") 4 i K 1] = 0,[(0.w) K 1k H 16— (0, ) J 0x K ],
which is infinitely differentiable with values in V and W. We obtain :

r

(2.9) Re f (a(; 0uw, (0,1) ke 71 X 1) — (@ 0w, (0, 10) Kk 7 e 72)
0
r + (On w’, (enw’) * Nk Kk Y)k) } do
—Re / 8, (F, (0.1") % i Kk 1) do.
0

[Note that w"eL!(o, T; H) + L (o, T; W') + L*(o, T; V'), so that
the inner products make sense.]
We denote v = 0,w, and write
a(t; u, U) = ((6L (t)’ u, U)) (Ll, ve V)’
where A (f) is a bounded operator in V. We can then write the first
term in (2.9) as X, + X,, where

X,=Re [ a(e; 0k 1) @), (0 % 1) () do

0

,
= La@km vk mlf—; [ @ @iok vk n)ds

0

! f a'(a; (v % m) (@), (0 % ) (2)) do,

0

T

X, = Ref (@0, v % 7 Kk 1)) — (A K ), 0 A ) | do

=_Ref(\<%[(av) * 1e— Q@ % )], v K nk)) ds.

A vector-valued Friedrichs’ Lemma (cf., for example, [9], p. 72) implies
that X,— o as k— .

(*') Another variant of the same method is used for linear problems by
G. ToreLLI [21].
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The third term on the left-hand side of (2.9) equals X; + X,, where

)
Xo= [ @k Oy %) do =
0
and

r
Xo=— [ (@) K 11y (020 % 1) do.
0
Therefore, letting k — <o, we obtain from (2.9)
T I T
— [ bt fa@,w) W' de = [0 @@, w) + (F, w)) do.
0 0

But if he L' (o, T), then the integrals

1
L+ —

_fTone;hda= nf i—n(e—0] h(z) do
__,,fx [1 + n(e—s)] k(o) do

1

§——

n

converge as n— o to é(h(t) -— h(s)) for almost every s, £. Therefore

2.10) a(t; w®), w@)) +|w' @) l
— a(s; w(s), w(s)) + | w' () | + f (o3 w(o), w(s)) do

4 aRe f (F(), w' (o)) do

almost everywhere.

Now choose any s,-+ o and f such that (2.10) holds for f and s = s,.
Then

a(sqys w(sg), w(sy)) + | w'(sq)
is a bounded function of g¢. Also, the inequality

[w(s)| <[ wo[+ T.ess sup|w'|

shows that |w(s;)| is bounded. Hence {w(s,)} ‘is bounded in V
and { w’'(s,) } is bounded in H, so that we can extract a subsequence { s, }
of { s, } such that ‘

w (s;)—>w. weakly in V,

w'(s;)—>w, weaklyin H
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as r—owc. [To show the limits are as stated, note that w is continuous
with values in H and w’ is continuous with values in (VA W)".] The
desired inequality therefore follows by letting s =s,— o in (2.10).

If wy=w,= o, define w(s), A(¢) and F(s) to be identically zero
for ¢ < 0. Then (2.10) holds also if s << 0. This reduces to the desired
equality.

2.5. Proof of uniqueness and of continuity with respect to the
data.

Let u and v be two solutions of the respective equations
ull_{_Au_}_@uI:f, I)”+A1)+@U’=g,
where f, ge L' (o, T; H) 4+ L? (o, T; W').

For uniqueness, let f= g and u(o) = v(o), u'(0) = v'(0). We apply
Lemma 2.1 to w=u—v, wy=o0, F=p@)—p(@) to obtain the
equality :

at; w®, w®) +|w' @O
t 4
=[ a' (o; w(e), w()do—2Re | (Bu'— BV, w')ds < o.
7o 0
So |w'(f) <L o, w'(f) =0, w = o.
Now assume only that
f—geLi(o, T; H).
‘We shall show that, if w denotes u — v, we have
2.11) [w' @+ [[w®* < e K@(o), w'(0), [—9),

where ,
. 2
KW, wi, h) = || wo |2+ | wy 2+ 3f ]h(a)[da} .
0
Let u,, be defined by the differential system (2.2), where u,= u(o),
u; = u’' (o), and let v, be defined by the corresponding system with u,,
u; and f replaced by wv(o), v'(o) and g, respectively. Define

Wy, = U, —DVy,. We substract the defining equations for u, and v,
and then replace w; by w), (f), thus obtaining

| W) [+ a(t; W (O), a () + 2Re f (Bu,, —B0,, w,,) do
= |0, (0) !+ 2(03 W (0), W (o)) + f @5 Wa(0), Wn () do

t
+ 2Re f (f— g, w,)do a.e.
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Using Hypotheses (iv) and (jv), it follows that

| W () [ + a(t; Wi (t), 0 (2)) l
2| W, (0) ! 4 @(03 W (0), W(0)) + 2 Re f (f— g, w,,) do

Taking, for fixed ¢, weakly convergent subsequences as before (and using
the uniqueness result), we conclude that

W' O+ ats w(), w() ,
Z|w'(0) |2+ a(o; w(o), w(o)) + 2 Ref (f— g, w') da.

for almost every £.  This implies (2. 11) by the usual procedure.
This completes the proof of Theorem 2.1.

2.6. Application to non-linear partial differential equations.
Let Q be any open set in E». Let H = L*(R2). Let

a(t; u, v) = a(u, v) = 2 faaY(x)Da u(x) DY v (z) dz,

where aqy € L™ (R), ayy () = 71;(7) a.e. Let V be any linear submani-
fold of the space @ (), which consists of all C*-functions defined in @
with compact support in 2. We assume that

a(, v)>o forve V.
If we now define

ol ={a@ ) +|o}  [l={a@ o)} (ve?)

and define V as the completion of V with respect to the norm || v ||,
then V is a Hilbert space under this norm and (i)-(iv) of section 2.1 are
obviously satisfied.

The unbounded operator A (f) = A does not depend on { in the present
case. It is the partial differential operator in 2 defined by

Asf=Af= 3 (1) D (ax @ Df);
j &l zm
| Yl<m

its domain (as an operator on H) is defined by boundary conditions which

themselves depend on the choice of V (and, of course, of the coeffi-
cients aqy).
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We now introduce the space W. For each ¢ in a finite set J, let D,
be any linear differential operator with smooth coefficients and let (D,)*
denote its formal adjoint. Let p >1 and p =p + 1. For each ceJ,
let a non-negative function ks, k,€L*(R), be given. We define the
space W as the collection of all functions v in L*(£2) such that

f[Dav(x) P ky (@) dx < oo
Q

for all o€ J; this space is provided with the obvious norm. Let 2, be
the closure in W of the subspace @ () of C”-functions with compact
support in Q. Finally, W is any closed subspace of 20 such that

D'\\."o C W C W,

The intersection VNW is separable. Indeed, it is contained in
Hm(Q)Nn'W with continuous inclusion mapping. Since the latter space
is isometric to a direct sum of L”-spaces with various separable measures,
it is separable and therefore so is VnW.

We assume that Vn'W is dense in V and in W. Here are three cases
when this assumption is valid. ‘

ExampLe 1. — V = @ (Q) (i. e., the C*-functions with compact support
in the open set £) and W = 30,. Then @ (L) is contained in both V
and W and is dense in each of them (by definition).

ExampLE 2. — V = H"?(Q) and W = 0 = Wk7(Q), where W7 (L)
denotes the Sobolev space and the boundary I' of Q is sufficiently smooth.
Under the last condition, the smooth functions in € with compact support
in Q are contained in VAW and are dense in both V' and W.

ExampLE 3. — V= H{*(2) and W is the closure in W = Wt 7(Q)
of H* (Q)n Wk r(Q), where k > m. In this case, VN W contains @ (L),
so that it is dense in V. On the other hand, if & has a smooth boundary,
VAW contains all the smooth functions in W (cf. NikorLsk1: [16]),
and it is therefore dense in W.

Note that the space V can be the same in Examples 1 and 3, although
the space W is different. It should not, however, be concluded that V
and W can be chosen independently of one another. For instance,
we cannot take V = H*(Q) and W = R0 if Q =2 E*, m > o, and, for
some c€J, D; has positive order and k; is not identically zero a.e.
For, in that case, Vn W is not dense in W. The choices of V (i. e., V)
and of W determine the boundary conditions of the differential equation.
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Now, for each o €J, let h; be a positive, bounded, measurable function
defined on the cylinder (o, T) X £, and bounded away from zero

o< Lhs(x, )L, a.e. (V).

Finally, B (f) is defined as follows. Let ¢(z) =|z|?'z and let

b(t; u, v) — Ef@(l) u(2)) Dy 0 (@) ho (x, 1) ho (@) dz,

s€J Q
for u, ve W. Since v — b (t; u, v) is a conjugate-linear map and

2.12) o u, v) [ Zcollullf, [0l

it follows that 3(f) u is uniquely determined as an element of W’ by
the equation

b(t; u, v) = (B @) u, v) weWw).

Now Hypotheses (j) and (jj) follows easily from the definition of 3(f)
and from estimate (2.12). Indeed, if u, ve L7 (o, T; W),

I 511'[17’ 0, T; W )—c“’ll u“L"O T w)

Hypotheses (jjj) and (jv) follow from the corresponding properties
(cf. Lemma 1.1) of the numerical function ¢(z) = |z |/~ z.

The general theory can therefore be applied to the present situation.
Let uyeV, uueH =L*(Q), f=1[f~+ f2

fie L' (o, T; L*(R)), fo€eLr (o, T; W').
Then there exists one and only one function u such that

uelL”(o, T; V),
o — u
~ ot
uelr(o, T; W);
u'+Au+p8@u =f in (o, T)X Q;
u(z, o) = u, (), u'(x, o) =u,(x) in & (V).

eL”(o, T; L*(R)),
2.13)

(*) If we weaken this assumption to : o< ¢, (¢) £/, (x, t) ZLc, in (s, T—2) X Q
a. e. for all ¢ > o, then we can still prove the corresponding results by exactly the same
method if we introduce spaces W (f) with weight functions k,(x) h,(x, f) (cf. Part I).

(**) Assume f,; > f, in L'(o, T'; L*(Q)), fo;=/f, in L7 (o, T; W) (strongly); if u; is
the solution of (2. 13) with f =/ +/.;;and u,= u,= o, then one can prove that there is
a subsequence such that

D,u;—->D,u’ a.e. for the measure k, dz.
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Equation (2.13) is taken in the sense of distributions in t€ (o, T) with
values in (VN W) [because (Vn W)’ is not necessarily a space of distri-
butions on ].

Some of the boundary conditions are contained in equation (2.13).
More precisely, let us write (2.13) in its ¢« weak ” form : if v is any
element of Vn W, then

@) ), v+ a@), v+ b w @), v) = (@), o)
Now set

Bu() f =Y, (Do)* (2(Dsf) o () ks,
ces
all the derivatives being taken in the sense of distributions in Q (which

we indicate by the subscript < d ). Since, in particular, (2.14) is valid
for every ve (L), we have

(2.15) u'+ Aqu+ Ba®u'=f

in the sense of distributions in (o, T) X £ assuming that the ccefficients
ax3 are C= (R) or that a (u, v) is coercive.

Therefore, Asu—+3,Q)u'=f—u" is the sum of elements of
L' (o, T; H), L” (0, T; W’) and of (— u"), which is a distribution on (o, T
with wvalues in H (even in V); consequently, for every ve VnWw,
(Aqu(t) + Ba () v’ (t), v) makes sense as a distribution over (o, 7) and

equals (f(?), v)——%(u(t), v). Comparing this to (2.:4), we obtain

(Aqu(t) + Ba@® u' (@), v) = a(u(®), v) + b(t; &' (), v)

2.16
(2.16) for every ve VnW,

CoNcLusIiON. — u satisfies (2.15), subject fo the initial conditions
u(x, o) = u,(x), u'(x, o) = u,(x) and subject to the boundary conditions :
(I) ueL’(,T;V);
() u'eLr(o, T; W);
(ITII) u satisfies (2.16).

Exampre 1 : V= H} (). — Then the boundary condition implied
by (I) is
D*u(x,t) =0 for |a|Zm—1 [xel, te (o, T)]

(taken in a generalized sense, of course). In this case, (2.16) reduces to :

f G u)ode = b(t; W' (t), 0)  (veVaW).
Q
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Moreover, if we take W =12¢,, then (2.16) is automatically sitisfied
and (II) means that certain space-derivatives (depending on the D,’s)
of u’ are zero on (o, T) X T, in a generalized sense.

ExampLE 2 : V = H™(Q), and the space ¢ involves no derivatives;
i. e., the operators D, are just multiplications by functions of z. Then (I)
and (II) involve no condition at the boundary and the remaining
boundary condition (III) reduces to :

f (Au)ode = a@(®),v) (e VaW).
Q

This means that u satisfies Neumann-type boundary conditions.

ExampLE 3. — Let us now take V= H!(Q) Ay=—A4,
Jdu ()v
a(u,v) = Z [dwl oz,

let J consist of a single element ¢ and let D, = d/dx,, hs = h, ks = k and
finally let W =<¢. Once again, the only boundary condition is (III),
which can be written in this case as :

_ Jd ’u \\ -
fg(—Au)vdx——-L[Qd—xl<hk<p<m>>vdx
« [ Jou dp 0w\ b
=2 f oz, oz, ™ +f hice <dx1 at ) oz, &
i=1

If v denotes the unit outer normal to I' and v, denotes its first component
(i. e., with respect to the variable z,), this boundary condition can be
written as

Jdu J*u

ou —]—vlcp(dx dt>hk_o on (o, T) X T.

Thus the boundary conditions are, in general, non-linear.

ReMARrk. — We could also consider cases when p (or p=p—r1)
depends on s J.

2.7. A remark on first-order equations.

We are given a pair of Hilbert spaces H and V and a reflexive Banach
space W with the following properties : both V and W are contained in H
with each inclusion mapping continuous, Vn W is separable and is dense
in V and in W.
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Secondly, we have a family of sesquilinear forms
u, v—>a(t; u, v)

defined on V X V for almost every t€ (o, T). We assume that :

(i) t— a(t; u, v) is measurable, for each u, ve V;

(ii) there is a constant ¢, such that

lalt; u, v) [ <cflull.[[o]l  [w,veV,le(o D
(iiiy there are constants 4,, ¢, (c.> o) such that
Rea(t; v, v) + 2 | v P o || v|]? [veV, te(o, T)]
If we define A(f) as usual by (A(f) u, v) =a(; u, v) for all u, veV,
then A (?) is a linear mapping of V into V', and (i) and (ii) imply that the
mapping u(.)—>A(.)u(.) is continuous from L2(o, T; V) into
L(o, T; V).
Thirdly, we are given a family of maps 3(f) : W — W', defined for

almost every f€ (o, T), which satisfy : ’

(G) B is continuous from finite-dimensional subspaces of W
to the weak topology of W’;

(jj) there exists a constant 4, such that
Re@®)u—ps@)v, u—v)+ 1 |u—ovpP>~o
for all u, veW;
(jij) there exist constants %;, ¢; and ¢, (ci> o) such that (p>1):
Re(@@v—LDo, v) + kv +elvr>ecl v

forall ve VnW;

(jv) the map u(.)—3(.) sends bounded sequences of L” (o, T'; W)
into bounded sets of L” (o, T; W'), and it is weakly conti-
nuous when restricted to lines of L”(o, T; W).

THEOREM 2.2. — Given u,€ H and
feL' (o, T; H)y+ L*(o, T; V') + L”" (0, T; W').
Under the above hypotheses, there exists a unique function u such that
2.17) uel(, T; HynL*(o, T; V)nLr(o, T; W),
(2.18) el (o, T; H)+ L*(o, T; V') + L?' (0, T; W'),
(2.19) u(o) = uy;
(2.20) U@ +AQu® +Ou@ =10 a.e.
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REMARKS :

(i) We could just as well consider a finite sum of operators like 3,
with different p’s and different W’s. More generally, we could consider
an abstract space F, Fc L” (o, T'; H) such that 8 maps F into its dual F’
and is  coercive ’ relative to the norm .of F.

(ii) This theorem is formulated in such a way that it can be easily
applied to partial differential equations in a fashion analogous to that
of section 2.6.

(iii) We may assume, in the proof of the theorem, that 3(f)o = o.
For, in the contrary case, we may simply replace 3 (f)v by B() v — () o
and f(f) by f(t) —p()o.

(iv) We may also assume, in he proof, that ,, =2 =12;=o.
Otherwise, we could just as well consider the analogous problem with u ()
replaced by exp(kf)u() =w(), A() replaced by A(f) + gs B®v

replaced by e *3(f) (ef'v) + f—:v, and f(f) replaced vby exp (— kt) f(¥).

Then we would choose k sufficiently large, and the solution of the latter
problem would immediately imply the solution of the original one.
Therefore, we assume from now on that

(2.21) Rea(t; v, v)>c || v|? weV);

(2.22) Re@®)u—pB@E)yv, u—v)y>o (u, veW);

(2.23) Re(@B)v, v) +c:|v P>l v|)ir weVnW).

(v) We show as in Lions [10] that if u is any function satis-
fying (2.17) and (2.18), then it is equal a.e. to a continuous function
from [o, T] to H [so that, in particular, condition (2.19) makes sense]
and that the integration by parts formula (o Za <0 2T):

b

f (@, 0) + (u, v") } dl = (u(b), v(b)) — (u(a), v(a))

is valid for all functions v satisfying the same conditions as u.

ProoF oF uUNIQUENEsSs. — Let u and v be solutions of the respective
equations

W+ AQuALBOu=1 vV +AOv+EOV=g,

where u and f satisfy the conditions of Theorem 2.2 and ¢ and g satisfy
the corresponding conditions. Let w = u—wv. Subtracting the equa-
tions for u and for v, and taking scalar products with w (f), we obtain

@@, w®) +AOw), w®) +EOu® —O VO, w@)
=({O—9@®, w@) a.e.
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By (2.21) and (2. 22), this implies that
(2.24) %l w@F+cllw@®[P<2Re(f) —g(@), w)) a.e.

If f=g and u(o) =v(0), |w(f)|* is then a non-increasing function oft;
since w(o) = o, w =o. This proves uniqueness.

It f—geL!(o, T; H)+ L*(o, T; V), then (2.24) implies the following
continuity of the solution with respect to the data (cf. section 2.5) :

WO P+ [ w3 do

éce{lw(O)l“r[f If—glda] +f Hf—gll%dc}-

ProoF oF EXISTENCE. — Let {w,, w,, ...} be a “ basis ” of VnW.
We define u,, as a finite linear combination of w,, ..., w, such that
Uym—> U, in H (strongly). We define the ¢ approximate solution

U, (f) =2 gim () w, as the solution of

U, @, w)) + A un®), w)) + EO un ), w;) = (f), wy)
(2.25) % (=1,...,m),
U, (0) = Ugym.-

As usual, we obtain :

2. 26) |t () + 2 Re f (A(0) (o), Un(0)) do
42 Re l(B(o’) U, (), W (o)) do

— |t + 2 Re [ (@), (@) do.

Let us write f=f,+ f*+ f., where
fieL' (o, T; H), fo€L2(o, T; V'), faeLr (o, T; W');

and write || f]| for the norm of f; in the space to which it belongs
(k =1, 2, 3). Then, in analogy wuth the procedure in section 2.3,
we see that there exists, for any 0 > o, a constant ¢, (depending on 9)

such that
¢
f (fd H uul) dO'
0

fo For ) do

é 6(,2‘;2‘ [ um(a) |2 + Cq H f1 H?’

Zi [ Iun@lpde + el e
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and

} . fo oy un) do

= JRe (ﬁ (d) Up, (U)’ Unm (G‘)) do

+0 sup [un@ P+ I fs 17+ [ Fs 1)

[In the last estimate, we have used (2.23).] These estimates with ¢ chosen
sufficiently small, together with (2.21), yield the inequality :

an @+ [ 10, 547 + Re [ () tn (@) un(e)) do
oo { [ tom P 1 f [+ 1 o 2+ o 2 1 £ 7.

Using (2.23), we conclude that :

u,, remains in a bounded set of

(2.27) . .
L*(o, T; HynL?*(0, T; V)NnL7 (o, T; W).

Therefore, we can extract from {u,} a subsequence {u,|
such that :

u,— u in the weak topology of L*(o, T'; V), and of
L7(o, T; W) and in the weak-star topology of L” (o, T'; H);
Bu,—g in the weak topology of L7’ (o, T'; W');

uy(T) —« in the weak topology of H.

(2.28)

By the same technique as in section 2.3, we show that
(2.29) u+AHutg=f,

that '€ L' (o, T; H) + L*(o, T; V') + L?'(o, T; W'), and that u (o) = u,,
u(T) = x. By remark (iv), we may assume that u is continuous on [o, T
with values in H. It remains to prove that g = 3 (u).

The technique is as before, but with some simplifications. Taking
m=v and { =T in (2.26) and taking the limit inferior as v —oo of both
sides, we get

(2.30) lu(M P+ 2Re | (A(o)u(o), u (do))es
+ lim inf2 Re T(B (o) uy (o), uy(9)) do
P> 0

<|ul+2Re [ (@), u@)do.



94 ’ J.-L. LIONS AND W. A. STRAUSS.

On the other hand, by remark (v),
T
2 Re/ @ (@), u(@) do = | u(T) P—| u |

Therefore, if we take inner products of equation (2.29) with u and inte-
grate, we obtain

| u(T) P—| o |* + 2 Ref (A(0) u(o), u(@)do + » Ref (9(o), u(e)) do
— 2 Re f (@), u(2)) do.
Comparing this with (2.30), we get
Re f (9(2), u(2)) do = limint Re fo () u, (o), u, () do.

Letting ¢ be an arbitrary element of L7 (o, T'; W), we deduce using (2.28)
as in section 2.3, that

Re [ (9)—p@)9(). u@) —3@)dr=0 (=10

By the same device as before, this implies that ¢ = @u. This completes
the proof of Theorem 2.2.

Added in Proof.

1° The end of the existence Proofs of Theorems 2.1 and 2.2 consists
in showing that if ¢, — ¢ weakly in Lr(o, {; W) and (3¢,—{ weakly
in L” (o, t; W'), and

(1) Re (Y, ¢ > > liminf Re{ B¢y, gv >.

[where <4, g>:fl<:t{z(a), g(@) >do, 0 Lt ZT], then § =3¢ a. e.

in (o, ?).
As shown to us by E. de Giorgi, in case for instance

(2) Bg=lglr-'g

we have

(3 <Bgg>=11Bgllzrio,c;wn |l 9z, c;m
and then

Re W, > 1z 0,65 w1 9 ll2r o, 5 m)-
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Therefore these are all equalities and either liminf||B¢.||=|/¢|= o
[norms in L#'(o, t; W’), in which case ¢ = o, either lim inf|| g, (/=] ¢ ||
[norms in L?(o, {; W)] and then, thanks to the uniform convexity
of L7 (o, t; W), gv— g strongly and the result follows.

2° For the equations

(%) —Au+u"+B@W)=f.

a generalization of our hypotheses on (3 is made in G. Andreassi, G. Torelli
(to appear).

30 For (4), with 3 given by (2), the existence of periodic solutions is
proved, by G. Prodi (to appear).

4o For (4), with 38 given by (2), p = 2, the existence of almost periodic,
solutions is proved, if n =5, by G. Prouse (to appear).
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