THE SIX OPERATIONS FOR SHEAVES ON ARTIN STACKS II:
ADIC COEFFICIENTS

by Yves LASZLO and Marrivn OLSSON*

1. Introduction

In this paper we continue the study of Grothendieck’s six operations for
sheaves on Artin stacks begun in [14]. Our aim in this paper is to extend the
theory of finite coefficients of loc. cit. to a theory for adic sheaves. In a sub-
sequent paper [15] we will use this theory to study perverse sheaves on Artin
stacks.

Throughout we work over an affine excellent finite-dimensional scheme S.
Let £ be a prime invertible in S, and such that for any S-scheme X of finite
type we have cd,(X) < oo (see [14, 1.0.1] for more discussion of this assump-
tion). In what follows, all stacks considered will be algebraic locally of finite type
over S.

Let A be a complete discrete valuation ring with maximal ideal m and with
residue characteristic £, and for every n let A, denote the quotient A/m" so that
A =1imA,. We then define for any stack Z a triangulated category D (Z", A)
which we call the derived category of constructible A-modules on Z  (of course as in
the classical case this is abusive terminology). The category D (2, A) is obtained
from the derived category of projective systems {F,} of A,-modules by localiz-
ing along the full subcategory of complexes whose cohomology sheaves are AR-null
(see 2.1 for the meaning of this). We can also consider the subcategory D (2", A)
(resp. D(Z, A), DO(Z, A)) of D(Z, A) consisting of objects which are lo-
cally on 2 bounded (resp. bounded below, bounded above).

For a morphism f : & — % of finite type of stacks locally of finite type
over S we then define functors

Rf, : D2, A) - DX, A), Rf:DN(Z,A) — DX, A,
L/ :D(¥,A) - D(Z2,A), Rf :D(Z,A)— D(Z,A),
Rhomyp DT (X, AP x DP(Z, A) - DL, A),

and

(—)é(—) DL, A) x D2, A) - DL, A)
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satisfying all the usual adjointness properties that one has in the theory for schemes
and the theory for finite coefficients.

In order to develop this theory we must overcome two basic problems. The
first one is the necessary consideration of unbounded complexes which was already
apparent in the finite coeflicients case. The second one is the non-exactness of the
projective limit functor. It should be noted that important previous work has been
done on the subject, especially in [1] and [7] (see also [12] for the adic problems).
In particular the construction of the normalization functor 3.0.8 used in this paper
is due to Ekedahl [7]. None of these works, however, give an entirely satisfactory
solution to the problem since for example cohomology with compact support and
the duality theory was not constructed.

1.1. Conventions. — We follow the conventions of [14, 1.1]. Let us recall in
particular that if C is a complex of sheaves and d € Z, then we write C(d) for
the Tate twist and C[d] for the shifted complex. We denote C(d)[2d] by C{(d).

2. Rlim for unbounded complexes

Since we are forced to deal with unbounded complexes (in both directions)
when considering the functor Rf; for Artin stacks, we must first collect some results
about the unbounded derived category of projective systems of A-modules. The key
tool is [14, §2].

2.1. Proective systems. — Let (A, m) be a complete local regular ring and
A, = A/m"!. We demote by A, the pro-ring (A,),=o. At this stage, we could take
any projective system of rings and A the projective limit. Let Z/S be a stack (by
convention algebraic locally of finite type over S). For any topos .7, we will denote
by N the topos of projective systems of 7. These topos will be ringed by A
and A, respectively. We denote by 7 the morphism of ringed topos 7 : IN— .7
defined by 7~ !(F) = (F),, the constant projective system. One checks the formula

T, = lim.
H
For every n € N there is also a morphism of topos

e, T — TN,

The functor ¢! is the functor sending a sheaf F = (F,),en to F,. The functor e,

sends a sheaf G € 7 to the projective system with

G ifm>
(6. G), = L=t
{x} i m<n.
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The functor ¢! also has a left adjoint sending a sheaf G to the projective system
with

g if m>
(G, = e
G if m<n.

Note also that ¢, extends naturally to a morphism of ringed topos
e (T, A,) = (TN, A)

and ¢ = en_l.
Recall that for any F € Mod(.7, A,), the sheaf Rim,F is the sheaf associated
to the presheaf U > H'(7*U, F). We’ll use several times the fundamental exact

sequence [6, 0.4.6]
. oyl o B
(2.1.1) 0—lim H™ (U, F,) - H'(7"U, F) > imH'(U, F,) — 0.

If % denotes the punctual topos, then this sequence is obtained from the Leray
spectral sequence associated to the composite

™ - N > %

and the fact that Ril<iLn is the zero functor for ¢> 1.

Recall (cf. [16, lemme 12.1.2]) that lisse-étale topos can be defined using the
lisse-étale site Lisse-ét(:2°) whose objects are smooth morphisms U— 2" such that
U is an algebraic space of finite type over S.

Recall (cf. [11, exp. V]). that a projective system M,,n > 0 in an additive
category 18 AR-null if there exists an integer r such that for every n the composite
M, ., —> M, is zero.

2.1.1. Definition. — A complex M of Mod(Z N, Aa) is

~AR-null if all the °(M)’s are AR-null.

— constructible if all the °(M,)’s (i € Z,n € N) are constructible.

—almost zero if for any U— 2 in Lisse-ét(Z"), the restriction of F'(M) to
Etale(U) is AR-null.

Observe that the cohomology sheaves #'(M,) of a constructible complex
are by definition cartesian.

2.1.2. Remark. — A constructible complex M is almost zero if and only
if’ its restriction to some presentation X — 2 is almost zero, meaning that there
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exists a covering of X by open subschemes U of finite type over S such that the
restriction My of M to Etale(U) is AR-null.

2.2. Restriction of R, to U. — Let U— 2 in Lisse-ét(Z"). The restriction
of a complex M of 2 to Etale(U) is denoted as usual My.

2.2.1. Lemma. — One has Rm,(My) = Ra. M)y in (U, A).

Progf. — We view U both as a sheaf on 2 or as the constant projective
system 77¥U. With this identification, one has (Zi.«u)N = (Z1N)ju which we will
denote by %isN-éuu- The following diagram commutes

N J N
gbrhs-éqU - ‘%iis»ét

Plis-éjU S Liis-et
where j denotes the localization morphisms and 7 1s as above. Because the left
adjoint j; of j* is exact, j* preserves K-injectivity We get therefore
(2.2.1) Rn.j* =" Rm,.
As before, the morphism of sites €' : Etale(U) < Lisse-ét(2° )ju and the corres-

ponding one of total sites induces a commutative diagram
‘%l'isl\létlU —€> Ug
Pl
%is—étlU —€> Uét'
Since €, i1s exact with an exact left adjoint €*, one has
(2.2.11) Rr.e, = €. Rm,.
One gets therefore
R M)y = €,)'Ra.M
=e.Rm, "M by (2.24)

=Rme M by (2.2.ii)

= Rz, (My). O

2.2.2. Proposition ([7, Lemma 1.1]). — Let M be a complex of Mod(ZN,,, A.).

1.If M s AR-null, then Rm M = 0.
2.1If M almost zero, then Rm,M = 0.
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Proof — Assume M is AR-null. By [7, Lemma 1.1] Rx, (M) = 0 for
all . By [14, 2.1.10] one gets Rz ,M = 0. The second point follows from (1)
using 2.2.1. m|

As before, let .7 be a topos and let o/ denote the category of A,-modules
in N
2.2.3. Lemma ([7, Lemma 1.3 v)]). — Let M be complex in T of A,-modules.

Then, the adunction morphism M — R, w*M is an isomorphism.

2.2.4. Remark. — Here we view 7 is a morphism of ringed topos (IN,A,)—
(7, A,). The functor 7* sends a A,-module M to the constant projective sys-
tem M. In particular, 7* is exact (in fact equal to 7~!) and hence passes to the
derived category.

Proof of 2.2.3. — The sheaf Rim, 7 (7r*M) is the sheaf associated to the
presheaf sending U to H'(nw*U, 7 (7*M)). It follows from (2.1.i) and the fact
that the system H™'(U, #7(7*M),) satisfies the Mittag-Leffler condition that this
presheaf is isomorphic to the sheaf associated to the presheaf

U @Hl’(U, A (r*M),) = H' (U, A7 (x*M)).
It follows that Rim, 7/ (w*M) =0 for all :> 0 and
(%) HM = Ry, (7*M).

By [14, 2.1.10] one can therefore assume M bounded from below. The lemma
follows therefore by induction from (%) and from the distinguished triangles

A (M)[—]] — o ;M— 7., M.

In fact, we have the following stronger result:

2.2.5. Proposition. — Let N € D(TN, A,) be a complex of projective systems such
that for every m the map

(2.2.iid) N, — N,

s a quast-isomorphism. Then the natural map w*Rmw,N — N is an somorphism. Consequently,
the functors (w*, Rm,) induce an equivalence of categories between (7, A,) and the category
of complexes N € D(TN, N,) such that the maps (2.2.ii1) are all isomorphism.

Proof. — By [14, 2.1.10] it suffices to prove that the map 7*R7,N — N is an
isomorphism for N bounded below. By devissage using the distinguished triangles

AN j] — >N — 7. N



174 YVES LASZLO, MARTIN OLSSON

one further reduces to the case when N is a constant projective system of sheaves
where the result is standard (and also follows from 2.2.3). m]

3. A-complexes

Following Behrend and [11, exp. V, VI], let us start with a definition. Let 2
be an algebraic stack locally of finite type over S, and let & denote the category
of A,-modules in 2N, where A, is a projective system of rings with inverse limit

A (shortly we will assume that A, is obtained from a complete discrete valuation
ring as in the introduction, but this is not necessary for the basic definitions).

3.0.6. Defimition. — We say that

—a sypstem M = (M,),, of &/ is adic if all the M,’s are constructible and moreover
all morphisms

Aﬂ ®An+1 Mn-H - Mn

are somorphisms; it is called almost adic if all the M, are constructible and if
Jor every U in Lisse-ét(Z") there is a morphism Ny — My with almost zero kernel
and cokernel with Ny adic i Ug,.

—a complex M = (M,), of & s called a A-complex if all the cohomology modules
(M) are almost adic. Let D,() C D() denote the full triangulated subcategory
whose objects are L-complexes. The full subcategory of D.(2f) of complexes concentrated
i degree O 1s called the category of A-modules.

— The category D (X, A) (sometimes written just D (X)) if the reference to A is
clear) s the quotient of the category D () by the full subcategory of almost zero
complexes.

3.0.7. Remark. — Let X be a noetherian scheme. The condition that a sheaf
of A,-modules M in XY admits a morphism N — M with N adic is étale local
on X. This follows from [11, V.3.2.3]. Furthermore, the category of almost adic
A,-modules is an abelian subcategory closed under extensions (a Serre subcategory)
of the category of all A,-modules in XY. From this it follows that for an algebraic
stack 2, the category of almost adic A,-modules is a Serre subcategory of the
category of all A,-modules in 2N,

In fact if M 1s almost adic on X, then the pair (N, %) of an adic sheaf N
and an AR-isomorphism # : N — M is unique up to unique isomorphism. This
follows from the description in [11, V.2.4.2 (i1)] of morphisms in the localization
of the category of almost adic modules by the subcategory of AR-null modules. It
follows that even when X is not quasi-compact, an almost adic sheaf M admits
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a morphism N — M with N adic whose kernel and cokernel are AR-null when
restricted to any quasi-compact étale X-scheme.

As usual, we denote by A the image of A, in D/(Z"). By [l1, exp. V]
the quotient of the subcategory of almost adic modules by the category of almost
zero modules is abelian. By construction, a morphism M — N of Z.(¢/) is an
isomorphism in D.(Z") if and only if its cone is almost zero. D, (Z") is a triangu-
lated category and has a natural ¢-structure whose heart is the localization of the
category of A-modules by the full subcategory of almost zero systems (cf. [1]). No-
tice however that we do not know at this stage that in general Homp, (M, N)
is a (small) set. In fact, this is equivalent to finding a left adjoint of the pro-
jection Z.(o/)— D, (Z) [18, Section 7]. Therefore, we have to find a normal-
ization functor M — M. We’ll prove next that a suitably generalized version of
Ekedahl’s functor defined in [7] does the job. Note that by 2.2.2 the functor
Rn, : () - D(Z) factors uniquely through a functor which we denote by
the same symbols Rz, : D(Z") — Z.(Z).

3.0.8. Defimition. — We define the normalization functor

by the formula M = La*Rmx, M. A complex M € PD(a/) is normalized if the natural
map M — M s an isomorphism (where we write M for the normalization functor applied to

the image of M i D (Z)).
Notice that A = A (write Ay = L7*A and use 3.0.10 below for instance).

3.0.9. Remark. — Because A i3 regular, the Tor dimension of 7w is d =

dim(A) < oo and therefore we do not have to use Spaltenstein’s theory in order
to define M.

3.0.10. Proposition ([7, 2.2 (i)]). — A complex M € D(ZN., A) is normalized
of and only if for all n the natural map

L
(3-Ooiv> An ®A"+1 Mﬂ+1 — Mfl
s an 1somorphism.

Progf — If M = Lz*N for some N € Z(Zjse, A) then for all n we have

L
M, = A, ®sN so in this case the morphism (3.0.iv) is equal to the natural iso-
morphism

L L L
An®A,,+1 An—H ®AN —> An®A N.

This proves the “only if” direction.



176 YVES LASZLO, MARTIN OLSSON

For the “if” direction, note that since the functors ¢ form a conservative

set of functors, to verify that M — M is an isomorphism it suffices to show that
for every n the map ¢M — ¢'M is an isomorphism. Equivalently we must show
that the natural map

L
An ®A RJT*(M) - Mn

is an 1somorphism. As discussed in [7, bottom of p. 198], the natural map Lz*A,—
m*A, has AR-null cone. In the case when A is a discrete valuation ring with uni-
formizing parameter A, this can be seen as follows. A projective resolution of A,
is given by the complex

X)»”+1

A —— A.
From this it follows that Lz*(A,) is represented by the complex

Ny a

Therefore the cone of Lz*(A,) — 7*A, is up to a shift equal to A""A, which
1s AR-null.

Returning to the case of general A, we obtain from the projection formula

and 2.2.2
L L
A, ®r R, (M) ~ R, (L7t*A, @ M)
L L
~ R, (7" A, @5, M) = R, (A, @4, M).

The proposition then follows from 2.2.5. m|

We have a localization result analogous to Lemma 2.2.1. Let M € Z(Zii«, A).

3.0.11. Lemma. — One has L*(My) = (Lm*M)y i 2(UY, A.,).

Proof. — We use the notations of the proof of Lemma 2.2.1. First, j* = Lj*
commutes with Lz* due to the commutative diagram

N J N
‘/{m//lis—étlU - ‘%is—ét

l T l T
J
%is—étlU I %is—ét-

One is therefore reduced to prove that €, = Re, commutes with Lz*. We
have certainly, with a slight abuse of notation,

e 'A, = A,.
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Therefore, if N denotes the restriction of M to 2|y we get

L
& LN = €, (A, @-1o 7 'N)
=€, (e‘lA. é‘{)nq[\ n_lN)

L
= Ay ®c 14 &7 'N by the projection formula

L
= A, ®,-15 7 €N because €, commutes with 777!

= Lx*¢e,N.
O

3.0.12. Remark. — The same arguments used in the proof of 3.0.10 shows
that if M € Z,(Zjce» As) and My is bounded for U € Lisse-ét(Z"), then My is
also bounded. In particular, all My, are of finite tor-dimension.

3.0.13. Corollary. — Let M € D(Z N, A) and U— 2 in Lisse-ét(Z"). Then,
the adjunction morphism

M— M
restricts on Uy, to the adjunction morphism L*Rm, My — My.
Proof. — It 13 an immediate consequence of Lemmas 3.0.11 and 2.2.1. O

We assume now that A is a discrete valuation ring with uniformizing pa-
rameter A. Let us prove the analogue of [7, Proposition 2.2].

3.0.14. Theorem. — Let M be a h-complex. Then, M is constructible and N — M
has an almost zero cone.

Proof. — Let U— Z be an object of Lisse-ét(:Z") and

N= MU € -@c(Uétv Ao)

Let us prove first that (M)U € Y(Uy) is constructible and that the cone of
M)y — My 1s AR-null. We proceed by successive reductions.

1. Let dy = cd;(Ug) be the £-cohomological dimension of U (which is fi-
nite by assumption). By an argument similar to the one used in the proof
of 2.2.3 using (2.1.1, the cohomological dimension of Rm, is < 1+ du.
Therefore, Rm, maps .@i’b(Ug) to 27"(Uy,). Because Lr* is of finite

cohomological dimension, the same is true for the normalization functor.



178

(3.0.v)

(3.0.vi)

YVES LASZLO, MARTIN OLSSON

More precisely, there exists an integer d (depending only on U— 2
and A) such that for every a

Ne 7 (U}) = Ne 2= (U}) and
N e 7= (UY) = N e 2=+ (UY).

One can assume N € Mod(Ug, A,). Indeed, one has by the previous
observations

A N) =2 N)

where N; = 7., 47<;44N. Therefore one can assume N bounded. By in-
duction, one can assume N is a A-module.

One can assume N adic. Indeed, there exists a morphism A— N with
AR-null kernel and cokernel with A adic. In particular the cone of A— N
is AR-null. It is therefore enough to observe that A =N, which is a con-
sequence of 2.2.2.

We use without further comments basic facts about the abelian category
of A-modules (cf. [11, exp. V] and [5, Rapport sur la formule des traces]).
In the category of A-modules, there exists ny such that N/ker(A™) is tor-
sion free (namely the action of A has no kernel). Because D, (Uy) is trian-
gulated, we just have to prove that the normalization of both N/ker(A™)
and ker(A™) are constructible and the corresponding cone is AR-null.

. The case of N = N/ker(A™). An adic representative L. of N has flat

components L,, in other words
L
An ®A,,+1 Ln+1 - Ln

is an isomorphism. By 3.0.10, L is normalized and therefore N=L=L

is constructible (even adic) and the cone L = N— N is AR-null because
the kernel and cokernel of LL— N are AR-null.

We can therefore assume AN =0 (in the categories of A-modules up to
AR-isomorphisms) and even AN = 0 (look at the A-adic filtration). The

morphism
(Nn)neN - (Nn/)"Nn)neN

has AR-zero kernel and the normalization of both are therefore the same.
But, N being adic, one has N,/AN, = Ny for n» > 0. In particular, the
morphism (3.0.v) is nothing but

N — 7*N,
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and 13 an AR-isomorphism and

N = 7N, = L7*N,

(2.2.3). One therefore has to show that the cone C of Lz*Ny— 7*N,
is almost zero. On U, there exists a finte stratification on which Ny is
smooth. Therefore, one can even assume that Ny is constant and finally
equal to Ay. In this case the cone of Lw*Ay — 7*A( 1s AR-null by the

same argument used in the proof of 3.0.10. This completes the proof that
My — My has AR-null cone.

We now have to prove that M is cartesian. By 3.0.13 again, one is reduced to
the following statement:
Let f:V— U be a morphism in Lisse-ét(:2") which is smooth. Then',

My = My = /*My.

The same reductions as above allows to assume that My is concentrated in
degree 0, and that we have a distinguished triangle

L—My—C

with G AR-null and L either equal to A, or adic with flat components. Using the
exactness of f* and the fact that M is cartesian, one gets a distinguished triangle

S L= My — f*C

with /*C AR-null. We get therefore f° *My = ¥a “L and fTI\TU =f/*i: one can assume
My = L and My = f*L. In both cases, namely L adic with flat components or
L = Ay, the computations above show f*L = f*L proving that M is cartesian. 0O

3.0.15. Remark. — The last part of the proof of the first point is proved in
a greater generality in [7, Lemma 3.2].

3.0.16. Remark. — In general the functor R, does not take cartesian
sheaves to cartesian sheaves. An example suggested by J. Riou is the following:
Let Y = Spec(k) be the spectrum of an algebraically closed field and f : X — Y
a smooth k-variety. Let £ be a prime invertible in £ and let M = (M,) be the
projective system Z/¢"t' on Y. Then Rm,M is the constant sheafl Z,, and so
RT(/*Rm,M) is the cohomology of X with values in the constant sheaf Z,. On
the other hand, RT(Rm,(f*M)) is the usual £-adic cohomology of X which in
general does not agree with the cohomology with coefficients in Z,.

' By 3.0.13, there is no ambiguity in the notation.
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3.0.17. Corollary. — Let M € D(Z"). Then for any n >0, one has
L
A" ®A RT[*M € .@C(ngr, An)

A L
Proof. — Indeed, one has e"_lM = A,®)Ra.M which is constructible
by 3.0.14. O

We are now able to prove the existence of our adjoint.

3.0.18. Proposiion. — The normalization functor s a lefi adjoint of the projection
D(EN) > D(X). In particular, Homp (5y(M, N) is small for any M, N € D (Z").

Proof — With a slight abuse of notations, this means Hom@(,(l\A/I, N) =
Homp 2y(M, N). If we start with a morphism M—>N, we get a diagram

M/M\N

where M — M is an isomorphism in D.(Z) by 3.0.13 and 3.0.14 which defines
a morphism in Homp 2)(M, N). Conversely, starting from a diagram

M/L\N

where LL— M is an isomorphism in D, (:Z"). Therefore one has M = L (2.2.2),
and we get a morphism M — N in 4, and therefore, by composition, a morphism
M — N. One checks that these constructions are inverse to each other. O

3.0.19. Remark. — The t-structure on D, (Z', A) enables us to define the
various bounded derived categories D (2", A), D (2, A), and D’(Z", A). We
can also define the locally bounded derived categories

D(Z, A), D(Z, A), and DP(Z7, A)

consisting of objects K € D, (2", A) whose restriction to any quasi-compact open

U C Z lies in DN%U, N), D7 (%, A), or D'(, A) respectively.
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3.1. Comparison with Deligne’s approach. — Let M, N € 2,(ZN, A,) and assume
M is normalized. Then there is a sequence of morphisms

Rhom(M,, N,) — Rhom(M,, N,_,)

L
= Rhom(A,—; ®,, M,, N,_1)
= RhOl’l’l(Mn,I s anl)-

Therefore, we get for each : a projective system (Exti(M,L,Nn))nzo.

3.1.1. Proposition. — Let M,N € D(ZN) and assume M is normalized. Then
there s an exact sequence

0— ljm 'Ext™' (M, N,) — Homg, s~ (M, N)
e d l(iilHom@(%'yA") (Mm Nn) — 0.

<n

Proof — Let 2%, be the [0---n]-simplicial topos of projective systems

lis-ét
(F,)m<n on Zice. Notice that the inclusion [0---n]— N induces an open im-
mersion of the corresponding topos and accordingly an open immersion

(3.1.4) Jot X > AN

lis-ét*
The inverse image functor is just the truncation F = (F,),<o = F=" = (F,).<.
The functor j,, sends a system G = (G,),<, to the system with
G, fm>n

.n*Gm: .
() G, ifm<n

We get therefore an inductive system of open sub-topos of ZN:
P A o D 2,
Fixing M, let
F:CH2N, A — ADY
be the functor
N (Hom(M=", N=")),.
Then there is a commutative diagram

CHZN, A,) d

Hom((M, —) l(gl

Ab

AbN
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which yields the equality
Rhom(M, N) = R1jm oRF(N).

By the definition of F we have R/F(N) = (Ext/(M=", N=")),. Because l(gl is of co-
homological dimension 1, there is an equality of functors fzoRLiLn = tzORLiLntz—l-
Using the distinguished triangles

(A 'RF(N))[d] — 7=_RF(N) = 7-_;. | RF(N)
we get for d =1 an exact sequence
0— lim' Ext”'(M=", N*") - Hom(M, N) — R" lim 7. RF(N) — 0,
and for d =0
lim Hom(M=", N*") = R’ lim 7 (RF(N).
Therefore we just have to show the formula
Ext!(M=", N=") = Ext/(M,,, N,)
which follows from the following lemma which will also be useful below. O

3.1.2. Lemma. — Let M,N € 2(ZN) and assume M is normalized. Then, one
has

1. Rhom(M=", N=") = Rhom(M,,, N,).
2. ¢~ Bhom(M, N) = Zhom(M,, N,).

Proof — Let m, : 2% — v the restriction of m. It is a morphism of

lis-ét

ringed topos (£ is ringed by A, and 2% by j7'(A,) = (A,)n<,). The morph-

lis-ét
isms ¢ : 2 — 2ZN,i < n can be localized in ¢ : 2 — Z=", characterized by

¢ 'M=" = M; for any object M=" of 2;=. They form a conservative sets of func-

tors satisfying
(3.1.11) ¢ =J, 0 &
One has

7,0 (M) = lim M, = M, = 7" (M)

m=<n

It follows that m,, is exact and therefore

(3.1.iid) Rr, =, =¢ .
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The isomorphism M, — Rx,,M=" defines by adjunction a morphism Lz*M, — M~"

L
whose pull back by ¢ is A; ®4, M, = M,. Therefore, one gets
(3.1.iv) Lz*M, = M="

because M is normalized. Let us prove the first point. One has

3.1.iv]

Rhom(M=", N=") "=" Rhom (Lzr*M,, N=")

adjunction

= Rhom (M,, R7,.N=")

(3.1

=" Rhom(M,, N,)
proving the first point. The second point is analogous:

¢! Bhom(M, N) = 7' Bhom(M, N) (3.1.ii)
=& ' Bhom(M=",N=") (j, open immersion)
— Rot,,, Bhom(M=", N=") (3.1 iii)
= R, Zhom (L7t} M,, N=") (3.1.iv)
= Z%hom (Mn, RJT,L*NS") (projection formula)
= Zhom(M,,, N,)) (3.1.ii1). -

3.1.3. Corollary. — Let M,N € D(Z™) be normalized complexes. Then, one has
an exact sequence

0> lim ' Ext™'(M,, N,) = Homp, (5,(M, N)

— l(iI_nHom@(%A”)(Mn, Nn) — 0.

3.1.4. Remark. — Using similar arguments (more precisely using the
Grothendieck spectral sequence of composite functors rather than truncations as

above), one can show that for any adic constructible sheaf N, the cohomology

group H*(Z,N) o Ext’f)[(%)(A,N) coincides with the continuous cohomology

group of [12] (defined as the derived functor of N LiLnHO(% s INL)).

Now let £ be either a finite field or an algebraically closed field, set S =
Spec(k), and let X be a £-variety. In this case Deligne defined in [4, 1.1.2] another
triangulated category which we shall denote by .@fyDel(X, A). This triangulated cat-
egory is defined as follows. First let 7, (X, A) be the 2-categorial projective limit
of the categories 7 (X, A,) with respect to the transition morphisms

L
Qn, N1 2 7 (X, A) = Z7 (X, Ay).
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So an object K of Z;,(X,A) is a projective system (K,), with each K, €

D™ (X, A,) and isomorphisms K, é)A" A, — K,_|. The category nyDel(X, A) is
defined to be the full subcategory of (X, A) consisting of objects K = (K,)
with each K, € 2/(X,A,). By [4, 1.1.2 (¢)] the category 2p,,(X, A) is trian-
gulated with distinguished triangles defined to be those triangles inducing distin-
guished triangles in each @f(X, A)).

By 3.0.10, there is a natural triangulated functor

(3.1.v) F:D'(X,A) > 2/ (X, A), M> M.

3.1.5. Lemma. — Let K= (K,) € .@f’Dd(X, A) be an object.
(i) For any integer i, the projective system (F(K,)), is almost adic.
@) If Ky € "X, Ao), then for i< a the system (S'(K,)), is AR-null.

Proof — By the same argument used in [4, 1.1.2 (a)] it suffices to consider
the case when X = Spec(k). In this case, there exists by [11, XV, p. 474 Lemme 1
and following remark] a bounded above complex of finite type flat A-modules P’
such that K is the system obtained from the reductions P ® A,. For a A-module
M and an integer £ let M[X] denote the submodule of M of elements annihilated
by A*. Then from the exact sequence

Ak

0 P P P/ —— 0

one obtains for every n a short exact sequence
0— HP)®A, > H(EK,) > H"P)[1"] - 0.

These short exact sequences fit together to form a short exact sequence of pro-
jective systems, where the transition maps

HH_l(P.)[)LrH_l] — HZ-H(P)[)L,L]

are given by multiplication by A. Since H"'(P) is of finite type and in particular
has bounded A-torsion, it follows that the map of projective systems

H'(P)® A, > H'(K,)

has AR-null kernel and cokernel. This proves (i).

For (i1), note that if z € P’ is a closed element then modulo A the element z
is a boundary. Write z = A7 4d(a) for some 7 € P’ and « € P!, Since P! is flat
over A the element 7 is closed. It follows that H'(P) = AH/(P). Since H!(P) is
a finitely generated A-module, Nakayama’s lemma implies that H'(P) = 0. Thus
by (i) the system H(K,) is AR-isomorphic to 0 which implies (ii). |
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3.1.6. Theorem. — The functor ¥ i (3.1.v) s an equivalence of triangulated categories.

Proof — Since the Ext™"s involved in 3.1.3 are finite for bounded con-
structible complexes, the full faithfulness follows from 3.1.3.

For the essential surjectivity, note first that any object K € QiDel(X, A) s
induced by a complex M € Z,(XN, A,) by restriction. For example represent
each K, by a homotopically injective complex I, in which case the morphisms
K,+1 — K, defined in the derived category can be represented by actual maps of
complexes I,4; — I,. By 3.0.10 the complex M is normalized and by the preced-
ing lemma the corresponding object of D (X, A) lies in Df(X, A). It follows that
if M e Df(X, A) denotes the image of M then K is isomorphic to FM). O

3.1.7. Remark. — One can also define categories D (2", Q). There are sev-
eral different possible generalizations of the classical definition of this category for
bounded complexes on noetherian schemes. The most useful generalizations seems
to be to consider the full subcategory 7 of D (%, Z;) consisting of complexes K
such that for every ¢ there exists an integer n > 1 such that J#*(K) is annihilated
by /. Note that if K is an unbounded complex there may not exist an integer
n such that (" annihilates all ##"(K). Furthermore, when 2 is not quasi-compact
the condition is not local on 2. Nonetheless, by [18, 2.1] we can form the quo-
tient of D, (2", Z,) by the subcategory .7 and we denote the resulting triangulated
category with ¢-structure (induced by the one on D(Z,Z))) by D.(Z,Q). If Z
is quasi-compact and F, G € D’(2",Z;) one has

HOmDh({[’Z[) (F, G) (09 Q ~ HOmDh(%’Q[) (F, G)

Using a similar 2-categorical limit method as in [4, 1.1.3] one can also
define a triangulated category D.(Z", Q).

4. Xhom
We define the bifunctor
Fhom : D (L) x D(Z)—> D(X)
by the formula
Rhomy (M, N) = Zhom,, (M, N).

Recall that Z,(Z", A,) denotes the usual derived category of complexes of
A,-modules with constructible cohomology.
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4.0.8. Proposition. — Let M € D(Z) and N € D(Z), then Bhomy (M, N)
has constructible cohomology and s normalized. Therefore, it defines an additive functor

Rhom, : D' ()PP x DP(2)— DM (Z).
Progf. — One can assume M, N normalized. By 3.1.2, one has the formula
(4.0.vi) ¢, Zhom(M, N) = Zhom (¢, 'M, ¢, 'N).

From this it follows that Zhoma (M, N) has constructible cohomology:.
By (4.0.vi) and 3.0.10, to prove that Zhoma (M, N) is normalized we have
to show that

L L
(A1 ®4 R M, A @4 R, N)

|

L L
r%}wmA" (An ®A R]T*M, An ®A RE*N)

L
An ®A”+1 %}ZOT’I’LA

n+1

is an isomorphism. For this it suffices to show that for any U — 2" in Lisse-ét(:Z")
the restriction of this map to U, is an isomorphism. By 3.0.17, both M, , =

L L
A1 @4 R, M and N4 = A4 ®4 R, N define constructible complexes of A,
sheaves on Uyg. One is reduced to the formula

L
An ®A,,+1 %;ZOWZA”H (Mn-H ’ Nn-H)
L L
— Zhomp, (A, @p,., Myi1, Ay ®n,, Not1)

for our constructible complexes M, N on Ug. This assertion is well-known (and is
easy to prove), cf. [11, lemma II.7.1, 11.7.2]. ]

4.0.9. Remark. — Using almost the same proof, one can define a functor

Rhomyp - DV ()" x D(2) — D(Z).

5. Rhomj

Let M,N in DO(2), DH(Z) respectively. We define the functor
Rhom, : DO(27) x D(2) — Ab
by the formula
(5.0.vii) Rhom, (M, N) = Rhom,, (M, N).
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By 3.0.18, one has
H’ Rhom (M, N) = Homy, (2~ (M, N) = Homp, (5,(M, N).
One has
Rhomy, (M, N) = Rhomy, (A, Zhom(M, N)).

By 4.0.8, %/zom(M, N) is constructible and normalized. Taking H°, we get the
formula

Homg, o~ (M, N) = Homg, o~ (A, Zhom(M, N)).
By 3.0.18, we get therefore the formula
(5.0.viii) Homp (2y(M, N) = Homp, (o) (A, Zhomp (M, N)).
In summary, we have gotten the following result.
5.0.10. Proposition. — Let M, N in D(Z), D(L) respectively. One has

Homp,4,(M, N) = H’ Rhom, (M, N)
= Homp (2 (A, Zhomp (M, N)).

5.0.11. Remark. — Accordingly, one defines

Extpy* (M, N) = 7 (Bhomy(M,N)) and
Ext,"(M, N) = H* (Rhomp (M, N))

and

Homp,2,(M, N) = H(Rhom, (M, N)).

6. Tensor product
Let M,N € D,(Z"). We define the total tensor product
M, N =N &,, .
It defines a bifunctor
D(Z) X D(Z) > Deari(Z).

6.0.12. Proposition. — For any L, N, M € Df_)(ﬁb’/, A) we have

Fhom (L é) N, M) >~ Zhom (L, Zhomp (N, M)).
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Proof. — By definition this amounts to the usual adjunction formula
Fhom(1. X, N =~ Zhom(1., Bhom(N, NI)),
together with the fact that ié{)l\?[ 1s normalized which follows from 3.0.10. O

6.0.13. Corollary. — For any L,M € D7(Z', A) there is a canonical evaluation
morphism

L
ev: Zhomy (L, M) QL — M.
Proof. — The morphism ev is defined to be the image of the identity map

under the isomorphism

FEhomp (Rhomp (L, M), Zhom, (L., M))

L
>~ Bhomp (Zhom, (L, M) Q L, M)
provided by 6.0.12. |

7. Duality

7.1. Review: Change of rngs for dualizing complex on schemes. — Let A be
a Gorenstein local ring of dimension 0 and with residue characteristic £ invertible
in S. Then A is a Z/(£")-algebra for some integer n > 1.

Now let X be an S-scheme of finite type. Recall (cf. [20, 5.1]) that a A-dual-
izing complex on X is an object K € D?(X, A) such that the following hold:

(1) K is of finite quasi-injective dimension.

(i) K is of finite tor-dimension.

(iii) For any M € D’(X, A), the natural map
M — Di (M)

is an isomorphism, where Dg(—) := Zhom(—, K).

7.1.1. Remark. — In [11, Exposé I, Définition 1.7], a dualizing complex for
A=7Z/(n) on a finite type S-scheme X is defined to be an object K € D¥(X, A)
satisfying (i) and (iii) and such that for F € D7 (X, A) we have Dk (F) € DF (X, A).
This last condition is in fact automatic thanks to Gabber’s finiteness results (see
[11, Exposé I, Proposition 3.3.1]). Thus our notion of dualizing complex is stronger
than the one in [11].

7.1.2. Proposition. — Let K € Df(X, Z/(L")) be a Z]/(L")-dualizing complex on X.
L
Then K :=A®z;¢y Ko 15 a A-dualizing complex on X.
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Proof. — Since A 1s Gorenstein of dimension 0, A is injective as an A-mod-
ule, and the functor

Fhoma(—, A) : DI(A) — D’(A)

is an involution. The result therefore follows from [20, Théoreme 6.2 and 6.3].
O

Now let A be a complete discrete valuation ring as in the introduction, and
let A, denote A/m".

7.1.3. Proposition. — There exists a collection {2, 1,}°2,, where Qs , ts a A,-dual-
wng complex on S and

L
Lyt An ®A”+1 QS,VH—l — QS,n
s an isomorphism in Df(S, A).

Proof — By 7.1.2, it suffices to consider the case when A =1Z,.

For a geometric point ¥ — S and K € DIf(S, A,), let RIZ(K) denote
Z.)!g(K|Spec(ﬁs,x—))p where ¢ : Spec(k(x)) — Spec(Os;) denotes the inclusion of the
closed point. For a point x € S we define RI(K) € D} (Spec(k(x))e, A,) similarly,
replacing Spec(0s ;) by Spec(Ts ).

Recall [20, Définition 1.2], that an mmmediate specialization y — x of geometric
points of S is a commutative diagram

Spec(Os ;) Spec(Os ;)

~,

S,

such that the codimension in Spec(Os;) of the image of the closed point in
Spec(Osjy) is equal to 1. As explained in [20, §1], for an immediate specializa-
tion y — ¥ and K € Df(S, A,) there is a canonical map

spyo: : RTH(K) — RI(K)(1).

This map is compatible with change of rings. For this recall first that i
is independent of A, in the following sense. Let /' : X — S be a compactifi-
able morphism of schemes and let » > 1 be an integer. The functor (where we
temporarily write /' as opposed to f' to indicate the coefficient ring)

[ DS, A,) — DF(X, A
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is independent of the coeflicient ring in the following sense. Let

P DS, A) = DIS, A, 0, DFX, A = DX, Ap)
be the restriction of scalars functors. Then by [10, XVIII Corollaire 3.1.12.1],
there is a natural isomorphism of functors

Pn 0]2! = ,1!+1 O Pntl-

In what follows, we write simply /' for the functors f.

For K € Df(S, A,), where K, ., for the image of K in Df(S, A,;1). Then
it follows from the above discussion that for K € D (S, A,) and geometric point
X — S there is a canonical isomorphism in D (A,)

(7.1.1) RIGF(K)4,,, = RIH(K,, ).

Furthermore it follows from the construction of the specialization morphisms in
[20] that for any immediate specialization y — ¥ and K € DF(S, A,;,) the diagram

7
SPj 5

RI(K)4,., ——= RTH(K)(1)4

(7.1.i) lm.i) lm
SP’?:%

RIG(K,,, ) —= RIHK,,, ) (1)

n+1

commutes, where the superscript on sp;y_; indicates whether we are considering
A, or A, coefficients.

Define a pinning* of a A,-dualizing complex Qgs, to be a collection of iso-
morphisms

t, : RIL(K) = A,{(— codim(x))
for every point x € S, such that for every immediate specialization y — x the

diagram

LK) —> RI:(K)(1)

\ lmn

A,{— codim(»))

commutes. A pimned A,-dualizing complex 13 a A,-dualizing complex €2, together
with a pinning {¢,}. By [20, Théoréme 4.1], any two pinned A,-dualizing com-
plexes are uniquely isomorphic (in the obvious sense).

If (25,41, {t,}) 1s a pinned A, -dualizing complex, then the dualizing com-

L
plex (by 7.1.2) K := Qg ,41 ®a,,, A, has a natural pinning defined as follows. Let

2 gpinglage in french.
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x € S be a point. Using the compatibility of 7. with change of rings, the natural
map

QS,ﬂJrl — KAn+l

in DF(S, A,+1) induces a morphism

L
RIL(82s,41) @4,y Aw = RE(K),

which one verifies immediately is an isomorphism. We therefore obtain isomor-
phisms

~ L L X
REC(K) — REc(QS,nJrI)@A An — An<_COdlm(x)>~

That this defines a pinning follows from the compatbility of the specialization
maps with change of rings, as in the commutativity of (7.1.i1).

By the uniqueness of pinned dualizing complexes, to prove Proposition 7.1.3
it therefore suffices to show that for every n there exists a pinned A,-dualizing
complex. This 1s [20, Théoreme 4.1]. O

n+1

Fix a compatible choice of dualizing complexes {€2s,} on S as in 7.1.3. Let
J : X — S be a finite type compactifiable morphism of schemes. Then for every n,
the complex Qx, :=f'Qs., (Where as in the proof of 7.1.3 we use the compatibility
of f' with change of rings) is a dualizing complex on X. Furthermore, for every
n the map

QS,nJrI — QS,n
in D (S, A,+1) induces a map in DF (X, A,41)
S-2X,71+1 - QX,n

which by adjunction gives a map

L
(7.1.iii> QXJ[+1 ®A"+1 An - QX,H'

7.1.4. Lemma. — The map (7.1.111) s an isomorphism.
L
Progf. — To ease notation write Q;m for Qx ,4+1®a,,, A, Both Qx, and
Qy, are A,-dualizing complexes on X, and therefore the sheaves
Jom(Q, Q,) and  Hom(Q,, Q)

are locally constant sheaves on X. To prove that (7.1.1) it suffices to show that
the map of locally constant sheaves

Hom(,, ) — Hm(Q, Q) ~ A,, g+ go(7.L.ii)
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is an isomorphism. To verify this we can restrict to a dense open subset of X.
By shrinking on S and X, and possibly replacing them by their maximal reduced
subschemes, one then reduces the proof to the case when S and X are regular,
and f factors as

a b

X X' S,
where b is smooth and «a is radicial. After further shrinking, and possible changing
our choice of g, by a shift we may further assume that Qg,,; = A, (which
implies that Qs, = A,). In this case the result is immediate as b' = b*(d) (where
d is the relative dimension of X' over S) and d' = a*. O

The isomorphism (7.1.1i1) is compatible with pullbacks along smooth morph-
isms in the following sense. Let ¢ : Y — X be a smooth morphism of rela-
tive dimension 4 of finite type S-schemes. For any I € D, (X, A,) we then have
g*F(d) ~ g'F. In particular, we obtain for any n a diagram

(7.1.10) for Y

L
QY,n+l ®An+1 An QY,n

N L (7.1.iii) for X
G Qx1 Doy Ag{d) — Qx.,(d),

which commutes by construction.

7.2. Change of rings for dualizing complex on stacks. — Let A be a discrete
valuation ring, and let g, be a compatible collection of A,-dualizing complexes
as in Proposition 7.1.3.

Let /: 2 — S be an algebraic S-stack locally of finite type. Let 24, denote
the A,-dualizing complex defined in [14] using the dualizing complex g, on S.
For any smooth morphism U — 2" with U — S of finite type, we obtain by
Proposition 7.1.3 an isomorphism

L
(Qﬂ',rﬁl ®A"+1 Aﬂ)'Ué[ - Q%',nlUét-

These isomorphisms are compatible with smooth morphisms V — U, and therefore
by the gluing lemma [14, Theorem 2.3.3], we obtain:

7.2.1. Proposition. — There is a canonical isomorphism

L
Qé’-{,rﬁl ®A"+1 An - Qﬁ(,n- 0

As we now explain, the system {2 ,} In fact arises from an object of

DA(IN, AL).
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7.2.2. — Let U— Z be an object of Lisse-ét(Z") and let € : Z'|y — Ug
be the natural morphism of topos. Let us describe more explicitly the morphism e.
Let Lisse-ét(Z")y denote the category of morphisms V — U in Lisse-ét(Z"). The
category Lisse-ét(2),u has a Grothendieck topology induced by the topology on
Lisse-ét(Z"), and the resulting topos is canonically isomorphic to the localized
topos Zisequ. Note that there is a natural inclusion Lisse-ét(U) — Lisse-ét(2 )y
but this is not an equivalence of categories since for an object (V — U) €
Lisse-ét(Z ")y the morphism V — U need not be smooth. Viewing Zj.eu in
this way, the functor €' maps F on Uy to Fy =77'F € Vi where 7 : V> U €
Lisse-ét(2")u. For a sheaf F € Zju corresponding to a collection of sheaves Fy,
the sheaf €,F is simply the sheaf Fy.

In particular, the functor €, is exact and, accordingly H*(U, I) = H*(U,, Fuv)
for any sheaf of A modules on 2.

7.2.3. Theorem. — There exists a normalized complex Qo € DAX™N), unique up
lo canonical 1somorphism, inducing the Qg .

Progf — The topos 2N, can be described by the site .# whose objects

are pairs (n,u: U— Z) where u: U— 2 € Lisse-¢t(Z) and n € N. The set of
morphisms in . from (m,0:V — Z) to (n,u: U—Z) is empty if m > n, and
if m <n then the set of morphisms is equal to the set of Z-morphisms V — U.
A collection of maps

{nj,u; : U; > Z)— (nyu:U— 2}

is a covering if n; =n for all ¢ and if {U; - U} is a covering in Lisse-ét(Z").
We want to use the gluing theorem [14, 2.3.3].

— Let us describe the localization morphisms explicitly. Let (U, n) be in .7
An object of the localized topos %1(\[1”) i1s equivalent to giving for every
U-scheme of finite type V — U, such that the composite a : V — U — 2
is smooth of relative dimension d,, a projective system

FV = (FV,WH m S 7’1)

where Fy,, € Vg together with morphisms f~'Fy — Fy for U-morphisms
S V= V. The localization morphism

Jn 3’{'1(‘{”) — 2N
is defined by the truncation
(U Fo)y = Fuvduza
We still denote j'A, = (A,)n<, by A, and we ring %%,n) by A,.
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— Notice that 7 : ZN— 2 induces
Tt 2R T
defined by 7 !(F) = (F),<, (the constant projective system). One has
nn*(Fm)mSn = LElFm - Fn-

— As in the proof of 3.1.2, the morphisms ¢ : 2 — 2ZN,i < n can be
localized in ¢ : Zju— 5&/'1(}3"), characterized by 5i_1(Fm)m§n = F,. They form
a conservative sets of functors.

— One has a commutative diagram of topos

g,, N ]‘n
‘%U ‘%(U,n) Jm//'N

(7.2.i) c %U P
Uy,.
One has 7~ Y(A,) = (A,)n<n — the constant projective system with value A,

— which maps to (A,).<,; we will ring 2|y (and also both 2 and Uy)
by A, and therefore the previous diagram is a diagram of ringed topos.

Notice that ¢! =¢* implying the exactness of ¢
— Let us define
(7.2.1i) Qu, =L Qv =Lp Ky, (—d)

where Ky, € Z.(Ug, A,) is the dualizing complex.
— Let f: (V,m) = (U,n) be a morphism in .. It induces a commutative
diagram of ringed topos

N S N
‘%/I(V, m) ‘%/I(U,ﬂ)

.

Ve Us.
By the construction of the dualizing complex in [14] and 7.2.1, one has
therefore
L
(7.2.iii) Lf*QU,n = L]T;(Am ®A" Qggf’nw) = L]T;Qgg'ymw = vam.

Therefore, Qy, defines locally an object Z.(.%, A,). Let’s turn to the &/s.
— The morphism of topos , : &Vll(\bn)% Z is defined by 7 'F = (F),<,.
One has therefore

m.F=F, and p.F=F,u.
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In particular, one gets the exactness of p,. and the formulas
(7.2.iv) Rpus = pus and m, = 2.

Using (7.2.1) we get the formula
(7.2.v) puLpt = €87 Lp" = €,€" =1d.

Therefore one has

EXti(Lp:KU,m LpZKU,n) = EXti(KU,m pn*Lp:KU,rz)
= Ext'(Ky,, Ku,) by (7.2.v)
= H(U, A,) by duality.

By sheafification, one gets

0 i#0

&t (Lp' Ky, LKy ,) =
Xt (Lp, Ko, Lp, Ku ) A i=o0.

Therefore, the local data (2y,) has vanishing negative &x/’s. By [14, 2.3.3],
there exists a unique Qg , € Z.(Z, A) inducing Qy, on each %?{M)
— Using the formula j,0¢, =¢,05 (7.2.1) and (7.2.i1), one obtains

(6,22 )1 = Q2 u-
By [14, 2.3.3], the isomorphisms glue to define a functorial isomorphism
6:9%',0 - Q%,n-

By 7.2.1 and 3.0.10, €24, is normalized with constructible cohomology.

— The uniqueness is a direct consequence of 3.1.1. |

7.2.4. Remark. — In what follows, we write Q4 for the image of Qg , In
D.(Z, A).

7.3. The duality theorem. — Let M be a normalized complex. By 3.1.2, one
has
(7.3.3) ¢, Bhom(M, Q) — Zhom (¢, ' M, ¢, ' Q).

The complex €27 is of locally finite quasi-injective dimension in the following
sense. If 2" is quasi-compact, then each Qg , is of finite quasi-injective dimension,
bounded by some integer N depending only on £ and A, but not n. Therefore
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in the quasi-compact case one has
) _ >0 .
Extp' (M, Qy) =0 for any M e D="(Z") and ¢ > N.
Let’s now prove the duality theorem.

7.3.1. Theorem. — Let D : D (X )PP — D(X) be the functor defined by D(M) =
Rhoma (M, Q) = Fhoma, (M, Q).

1. The essential image of D lies in D () (where as before < denoles the category of
Ao -modules in XN

lis-ét/*

2.If D : D(Z)PP — D (Z) denotes the induced functor, then D is involutive and
maps D(ZL) into DP(Z).

Progf. — Both assertions are local on 2  so we may assume that 2 is
quasi-compact. Because €25 is of finite quasi-injective dimension, to prove the first
point it suffices to prove (1) for bounded below complexes. In this case the result

follows from 4.0.8.

For the second point, one can assume M normalized (because M is con-
structible (3.0.14) and normalized). Because €25 is normalized (7.2.1), the tautolog-
ical biduality morphism

M — Zhom(Zhom(M, Qa), Qa7)
defines a morphism
M — DD(M).
Using (7.3.1), one is reduced to the analogous formula
DnD,,(en_lM) = en_lM
where D, is the dualizing functor on Z.(Zjs«, A,), which is proven in [14]. O
7.3.2. Corollary. — For any N, M € D (2", A) there is a canonical isomorphism
Hhomp (M, N) >~ Zhomp (D(N), DIM)).

Proof — Indeed by 6.0.12 we have

Fhomy (D(N), DIM)) >~ Zhomy (D(N) é@ M, Qy)
~ Bhomp (M, DD(N))
~ Zhomy (M, N).
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8. The functors Rf, and L/f*

8.0.3. Lemma. — Let f: X — X be a morphism of fimite lype between S-stacks.
Then for any integer n and M € @5+)(% y Ny1) the natural map

L L
Rko®A"+1 An - Rfk(M ®An+1 An)
s an 1somorphism.

Progf — The assertion is clearly local in the smooth topology on % so we
may assume that % is a scheme. Furthermore, if X, — % is a smooth hypercover
by schemes and M, € Z.X,, A1) is the complex corresponding to M under
the equivalence of categories Z,(Xq ¢, Apy1) = (2, A1) then by [19, 9.8] it
suffices to show the analogous statement for the morphism of topos

fo : Xo,ét - @et'

Furthermore by a standard spectral sequence argument (using the sequence defined
in [19, 9.8]) it suffices to prove the analogous result for each of the morphisms
Jo: Xoeo = %, and hence it suffices to prove the lemma for a finite type morph-
ism of schemes of finite type over S with the étale topology where it is standard.

O

8.0.4. Proposition. — Let M = (M,), be a bounded below \-complex on 2. Then
Sor any integer 1 the system R',M = (R',M,), is almost adic.

Progf. — The assertion is clearly local on %, and hence we may assume
that both 2 and % are quasi-compact.

By the same argument proving [19, 9.10] and [5, Th. finitude], the sheaves
R'/,M, are constructible. The result then follows from [11, V.5.3.1] applied to the
category of constructible sheaves on Zj . |

Now consider the morphism of topos f, : ZN — #™N induced by the morph-
ism f. By the above, if M € 27(2Z7N) is a A-complex then RfM is a A-complex
on %. We therefore obtain a functor

Rf :DP(Z, A) - DX, A), M — RfLM.

It follows immediately from the definitions that the pullback functor Lf™ :
DN, N) > D.(ZN,A) take A-complexes to A-complexes and AR-null com-
plexes to AR-null complexes and therefore induces a functor

Lf*:D,(¥, A) — D(Z, A).
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8.0.5. Proposition. — Let M € D(Z, A) and N € DX, A). Then there is
a canonical isomorphism

Rf, Zhomp (L "N, M) >~ Zhomp (N, R, M).
Proof — We can rewrite the formula as
R/, Zhom(Lf*N, M) ~ Zhom(N, Rf,M)

which follows from the usual adjunction between Rf, and Lf*. ]

9. The functors Rf and R/

9.1. Defnitions. — Let [ @ X — &% be a finite type morphism of S-
stacks and let Qg (resp. Q4) denote the dualizing complex of 2" (resp. ¥).
Let Dy : D(Z,A) — DJ(Z,A) denote the functor Zhomy(—, Q2y) and let
Dy :D(%,A) — D(%,A) denote Zhomp(—, Qz). We then define

Rfi:=DyoRf,oDy : DT(Z, A) > DX, A)
and

Rf':=DyoLf*oDy : DY, A) — D(Z, A).

9.1.1. Lemma. — For ap N € DX, A) and M € DY, A) there is
a canonical isomorphism

Rf, Zhoma (N, Lf'M) ~ Zhomp (RN, M).

Proof. — Set N' = Dy (N) and M’ := Dy (M). Then by 7.3.2 the formula

can be written as
Rf, Zhomp (Lf*"M', N') >~ Zhomp(M', R/, N)
which 1s 8.0.5. O

9.1.2. Lemma. — If [ s a smooth morphism of relative dimension d, then there 1s
a canonical isomorphism Rf'(F) >~ f*F(d).

Proof — By the construction of the dualizing complex and [14, 4.6.2], we
have Q4 >~ f*Qgy(d). From this and biduality 7.3.1, the lemma follows. |
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If / is a closed immersion, then we can also define the functor of sections
with support H- on the category of A,-modules in #~N. Taking derived functors
we obtain a functor

RHY : 2(@N, A) — 2(ZN, A,).

By the finite coefficient case this takes Z.(#N, A,) to itself, so we obtain a functor
S RHY : (N, A,) = Z.(2ZN, A).

As in the finite coefficient case this functor is right adjoint to
Rf, : 2(2ZN, A) — DN, AL).

Both of these functors take AR-null complexes to AR-nul complexes and
hence induce adjoint functors on the categories D (%, A) and D.(Z, A).

9.1.3. Lemma. — If [ is a closed immersion, then Q4 = f*RH’Qy.

Progf — By the gluing lemma this is a local assertion in the topos 2™ and
hence the result follows from [14, 4.7.1]. O

9.1.4. Proposition. — If f is a closed immersion, then f* = f*RH" and Rf, = R
Proof. — This follows from the same argument proving [14, 4.7.2]. ]

Finally using the argument of [14, 4.8] one shows:

9.1.5. Proposition. — If [ 5 a unwersal homeomorphism then f*Qy = o,
Rf' =f*, and Rf; = Rf,.

There is also a projection formula
L L
(9.1.i) RAA®/*B) *RfA®B

for Be D(#,A) and A € D(Z, A). This is shown by the same argument
used to prove [14, 4.5.2].

10. Computing cohomology using hypercovers

For this we first need some cohomological descent results.

Let Z be a algebraic stack over S and X, — 2 a strictly simplicial smooth
hypercover with the X; also S-stacks. We can then also consider the topos of
projective systems in X, j.e which we denote by XN,
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10.0.6. Definition. — (i) A sheaf ¥ of A,-modules in XN is almost adic if it is
cartesian and 1f for every n the restriction ¥|x, . . 15 almost adic.

(i) An object C € (XN, A,) is a A-complex if for all i the cohomology sheaf
JC(C) is almost adic.

(iti) An object C € D(XN, A,) is almost zero if for every n the restriction of C. to
X, s almost zero.

(i) Let D.(XN, A)) C (XN, A,) denoted the triangulated subcategory whose objects
are the h-complexes. The category D, (X,, A) is the quotient of 2.(XN, A,) by
the full subcategory of almost zero complexes.

As in 2.1 we have the projection morphism
T (lev Ao) g (Xo,lis—étv A)

restricting for every n to the morphism (Xlnq, A,) = (X, s A) discussed in 2.1.
By 2.2.2 the functor R, : 2(XN, A,) = 2(X,, A) takes almost zero complexes
to 0. By the universal property of the quotient category it follows that there is an
induced functor

Rz, : D.(X,, A) > 9(X,, A).
We also define a normalization functor

D,(X., A) = 2(XY, A.),M = M
by setting M := La*R,(M).

10.0.7. Proposition. — Let M € D,(XN, A,) be a r-complex. Then M s in
@c(XT, A,) and the canonical map M — M has almost 2610 Ccone.

Proof — For any integer n, there is a canonical commutative diagram of
ringed topos

Tn

X X
nl ln
Tn
Xo, lis-ét ? Xn,lis—ét )

where 7, denotes the restriction morphisms. Furthermore, the functors 7, are exact
and take injectives to injectives. It follows that for any M € 2(XN, A,) there is
a canonical isomorphism

R, (1, (M)) = 1, R, (M).
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From the definition of 7* it also follows that r,L7* = Lx*r,, and from this it
follows that the restriction of M to X, is simply the normalization of M|y, . From
this and 3.0.14 the statement that M — M has almost zero cone follows.

To see that M e 2.(XN, A,), note that by 3.0.14 we know that for any in-
tegers 7 and 7 the restriction . (M)|x, is a constructible (and in particular carte-
sian) sheaf on X, ji«. We also know by 2.2.1 that for any n and smooth morphism
U — X, the restriction of 77 i(M) to Uy is equal to S i(l\//I\U). From this and
3.0.14 it follows that the sheaves 7 i(l\A/I) are cartesian. In fact, this shows that if
F e 2.(ZN,A,) denotes the complex obtain from the equivalence of categories
(cohomological descent as in [14, 2.2.3])

90 (le’ Ao) = ‘96 (%Nv Ao)v
then 7 (M) is the restriction to XN of the sheaf 7 (). |

As i 3.0.18 it follows that the normalization functor induces a left adjoint
to the projection Z,(XN, A,) — D.(X,, A).

Let € : X,pwe = Zise denote the projection, and write also € : XN — 2N
for the morphism on topos of projective systems. There is a natural commutative
diagram of topos

N g
Xy — Xolisé

2N " Zica
By [14, 2.2.6], the functors Re, and €* induce an equivalence of categories
2. (XY, A) = 2, (2N, AL),
and the subcategories of almost zero complexes coincide under this equivalence.
We therefore have obtained

10.0.8. Proposition. — Let X~ be an algebraic stack over S and X, — X a sirictly
simplicial smooth hypercover with the X; also S-stacks. Then, the morphism

Re, : D (X,, A) = D.(Z, A)

s an equivalence with nverse €*.

Consider next a finite type morphism of stacks f/ : 2" — #. Choose a com-
mutative diagram

X.% Y.

xr L,
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where €x and ey are smooth (strictly simplicial) hypercovers by S-stacks, and
for every n the morphism f, : X, — Y, is of finite type. The functors Rf, :
DAEN, A > DN, A,) and RS, : 2.XN, A,) = Z.(YN, A,) evidently take

almost zero complexes to almost zero complexes and therefore induce functors
Rf, :D(Z,A) - D(Z,A), Rf, :D.(X,, A)— D.(Y,,A).

It follows from the construction that the diagram

10.0.8

D.(Z,A) — D.(X,,A)

Rf*l lRf;
10.0.8

D.(¥%,A) — D.Y.,,A)

commutes.

10.0.9. Corollary. — Let [ : X — X be a fite type morphism of S-stacks, and
let Xg — A be a strictly simplicial smooth hypercover by S-stacks of finite type over .

For every n, let f, : X, — % be the projection. Then for any F € DO(Z, A) there is
a canonical spectral sequence in the category of A-modules

B = R (Flx,) = RIYL(E).

Progf — We take Y, — % to be the constant simplicial topos associated
to #. Let F, denote e(F. We then have

R/.(F) = RfiRex.(F.) = Rey, R/, (F.).

The functor Rey, is just the total complex functor (which passes to D,), and
hence we obtain the corollary from the standard spectral sequence associated to
a bicomplex. |

10.0.10. Corollary. — With notation as i the preceding corollary, let F €
D (X2, A). Then there is a canonical spectral sequence in the category of A-modules

B = Dy R (F))) = A7 (Dy (RAF)).

Proof. — Apply the preceding corollary to Dy (F). |

11. Kunneth formula

Throughout this section we assume S is regular, and that our chosen system
of dualizing complexes {€25,} on S is the system A,.
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We prove the Kunneth formula using the method of [14, §5.6].

11.0.11. Zemma. — For any P, Py, M|, My € D.(Z', A) there s a canonical
morphism

L L L
Fhomp (P, M) @ Zhomp (Py, M) — Zhomy (P, @ Py, M; ® My).

Proof. — By 6.0.12 it suffices to exhibit a morphism

L L L L
Fhomp (P, M) @ Zhomp (Py, My) @ P, ® Py, — M, ® M,
which we obtain from the two evaluation morphisms

.@homA(Pi, Ml) &® Pi o Ml’.
O

Let % and % be S-stacks, and set % := % x %, with projections p;: % — %..
L L
For Ll‘ (S Dc(@h A) let Ll Rs LQ (S DC(@, A) denote /fle ®p;LQ

L
11.0.12. Lemma. — There s a natural isomorphism Qo == Qu Qs Qay
D. (%, A).

Proof. — This 1s reduced to [14, 5.7.1] by the same argument proving 7.2.3
using the gluing lemma. ]

11.0.13. Lemma. — For L; € DO, A) (i = 1,2) there is a canonical iso-
morphism

(11.0.11) Dy, (L)) é)s Dy, (Ly) — Da (L, é)s Ly).
Proof. — Note first that there is a canonical map
(11.0.i1i) Dy (L)) = Zhomp (p:L;, p Q).
Indeed by adjunction giving such a morphism is equivalent to giving a morphism
Dy (L) = Rpiu ZBhomp (p7L;, p:Qa),
and this i turn is by 8.0.5 equivalent to giving a morphism

Dy (L) — Hhom, (L;, Rpipi ).
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We therefore obtain the map (11.0.111) from the adjunction morphism Q45 —
Rpiup;$2s.

Combining this with 11.0.11 we obtain a morphism

L L L
Dy (L)) ®s Dy (L) — Zhomp (L) s Ly, Quy ®s QLay),

which by 11.0.12 defines the morphism (11.0.iii).
To see that this morphism is an isomorphism, note that by the definition
this morphism is given by the natural map

“ L . ~ L .
Fhom, (L, Q) ®s Fhomy, (L, Qo) — Fhomy, (L ®s Ly, Qu)
in the topos #N. That it is an isomorphism therefore follows from [14, 5.7.5]. O

Let f: Z; — % be finite type morphisms of S-stacks, set Z = 2| x 25,
and let f:=f x f: Z1 X Xy —> Y x%. Let Ly e DO(Z;,A) (=1,2).

11.0.14. Theorem. — There is a canonical isomorphism in D (¥, A)

(11.0.1v) RA(L, 595 Ly) — Rfi(Ly) 595 R/ (Lo).

Proof — As in [14, proof of 5.7.5] we define the morphism as the composite

RA(LiBsLa) — Dy (D (LiSsLa))
5 Dy (D (L) BsD.s, (L))
— Dy (D (L)@ Do, (L)
s Dy (Do (L) Bs Dy (fouD 5 (1)
s RAL)GsRfu(Ly).

That this morphism is an isomorphism is reduced, as in the proof of 11.0.13, to
loc. cit. ]

12. Base change theorem

Let
2 LS g
S

(12.0.v) l lf
% b

-
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be a cartesian square of S-stacks with / of finite type. We would then like an
isomorphism between the two functors

bR, Rfa* : DO(Z, A) — DD, A).

As in [14], we construct such an isomorphism in some special cases, and on the
level of cohomology sheaves.

By 7.3.1 to prove the formula /*Rfi = Rf/a* it suffices to prove the dual
version 0'Rf, = Rf/d" (functors from D(2°, A) to DP(Z7, A)).

12.1. Smooth base change. — By 9.1.2 the formula 6'Rf, = Rf/d" is equivalent
to the formula 0*Rf, = Rf/a*. We can therefore take the base change morphism
b*'Rf. = Rf/a* (note that the construction of this arrow uses only adjunction for
(b*,Rb,) and (¢*, Ra,)). To prove that this map is an isomorphism, note that it
suffices to verify that it is an isomorphism locally in the topos ZN where it follows
from the case of finite coefficients [14, 5.1].

12.2. Base change by a universal homeomorphism. — By 9.1.5 in this case b' = b*
and ' = a*. We then again take the base change arrow b*Rf, — Rf/a* which as

in the case of a smooth base change is an isomorphism by reduction to the case
of finite coeflicients [14, 5.4].

12.3. Base change by an immersion. — In this case one can define the base
change arrow using the projection formula (9.1.1) as in [14, 5.3].

Note first of all that by shrinking on % it suffices to consider the case of
a closed immersion. Let A € D{7(Z7, A). Since b is a closed immersion, we have
b*Rb, =1id. By the projection formulas for 4 and / we have

L L
RO RAA = Rb.(A) @ RAA = RAA® [*RbA).
Now clearly f*b, = a,f"™*. We therefore have

L L
RAA S/ REA) = RAAGRa/"A)
L
~ Rfia (A" A Q™ A)
~ bR (a*A).
Applying b* we obtain the base change isomorphism.

12.4. Compatibilities

12.4.1. Proposition (A-version of [14, Prop. 5.3.3]). — Let [ : X — ¥ be
a finite type morphism of S-stacks, and consider a composile

Q _7> q L) @,
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where 1 and pr are immersions, and p is smooth and representable. Let
pookb
be the resulting commutative diagram with cartesian squares. Let
bey 2 prf = ”
be the base change morphism defined in 12.1, and let
be, i "y = Ynp*,  bey,  (pr)7f = Yn(mp)”
be the base change isomorphisms defined in 12.3. Then for F € DX, A) the diagram

be, ‘r
PPSfE —> g F — Yo" F

: !

(pr)fiF o Y (p)*F

commules.

Proof — This is essentially the same as the proof of [14, Proposition 5.3.3].
Let us sketch the argument in the case when %, and hence also %’ and #”,
is a quasi-compact algebraic space. To indicate this assumption we write Y
(resp. Y/, Y") for % (vesp. #', #") for the rest of the proof.

Let

by pfe = b Boirgo=pl Do (p0'f = v (p)
be the duals of the base change isomorphisms. Then it suffices to show that for

G e Df(Z, A) the diagram in D,(Y}, A)

ct?

RG> PG gl
.k
(4G - v, (10)'G

commutes. Let

a: (LG — (LG

be the automorphism obtained by going around the diagram.
Choose a smooth surjection X — 2 with X a quasi-compact algebraic
space, and let X. be the associated simplicial space. Let X’ (resp. X”) denote the
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base change of X. to Y’ (resp. Y”) so we have a commutative diagram of topos

" P ’ 7.
X-,ét ’ X-,ét > X-,ét

N

1 r 7 )4
Yét Yét Yer.

By the classical theory we have functors
r2(YN, A) > 2(Y'N, AL,
P 2(YN, A) > 2(YN, AL),
and
(p) : 2(YN, A) = 2(Y'™N, A)
lifting and extending the previously defined functors on D, (Y}, A) and D (Y, A).

ét?

By the same argument used in the proof of [14, Proposition 5.3.3], one
constructs an automorphism & of the functor

(pn'fe : DT(XN,, A) — DT (YR, AL)

,ét?

such that the induced automorphism of the composite functor

D} (2, A) 224 D} (X s A) 5D, (Y,, A)

et?

is equal to the earlier defined automorphism «.
Now (pr)'f, is the derived functor of the functor

( pr)*ﬂ%/ROf* : (A.—modules in Xl:fét) — (A.-modules in Y7),

so to prove that & is the identity it suffices to show that for any sheaf of A,-
modules F on X, the induced automorphism of (pr)*Hy,R/F is the identity.
This is shown as in the proof of [14, Proposition 5.3.3]. |

12.4.2. Proposition (A-version of [14, Prop. 5.3.4]). — Let f : X — ¥ be
a fimite type morphism of S-stacks, and consider a composite

Y N aq ’ S g/’
where 1 and p are vmmersions. Let

T

2= =2

pook b

@//_">@/_>@
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be the resulting commutative diagram with cartesian squares. Let

be, i p = g™, be, ity = Ynpt, b, s (pr) A = Y(mp)”
be the base change isomorphisms defined in 12.3. Then for F € DX, A) the diagram

be, ‘r
PYRE " P F o F

: !

beyy
(pr)fF ﬁ Y(ep) T
commudles.
Proof. — This follows from a similar argument to the one proving 12.4.1
(and [14, Proposition 5.3.3]). O

12.5. Base change for smoothable morphisms. — Recall [14, Definition 5.5.1], that
a morphism of S-stacks b: %" — % is smoothable if there exists a factorization

(12.5.1) wy sy 1

where ¢ is an immersion and ¢ is smooth and representable. Any such factorization
induces a commutative diagram

X =Xy =

L E LT

y——y—" sy

Let F e D(Z, A). In the case when the morphism & in (12.0.v) is smooth-
able, we obtain an isomorphism

bey : B*fF — f'a*F

as follows. Choose a factorization (12.5.1) if b, and define b¢, to be the composite
morphism

~ be C; ~
PRF — #¢*fF — s #ak*F —s 15 F —— f'a'F,

where be, (resp. b¢;) denotes the base change morphism defined for the smooth
morphism ¢ (resp. immersion ¢).

12.5.1. Proposition. — The isomorphism bey, s independent of the chowce of the fac-
torization (12.0.v).
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Proof. — This follows from the same argument proving [14, 5.5.3], using
12.4.1. m]

12.5.2. Proposition (A-version of [14, Prop. 5.5.4]). — Let [ : X — ¥ be
a fimite type morphism of S-stacks. Consider a diagram of algebraic stacks

g// # @/ L @
with h, p, and ph smoothable, and let
Q" . R T x
pkL b
g// % g/ L g
be the resulting commutative diagram with carlesian squares. Let

boy i P = ™, bey Koy — Yin®, bey : (PR — Yn(m)*
be the base change isomorphisms. Then for any ¥ € DO(Z, A) the diagram

10 fF — o iy F — s i F

l: l:

bep

(ph)'SF ¥ () F
commutes.
Proof — This follows from the same argument proving [14, Proposition
3.5.4], using 12.4.2. ]

12.5.3. Corollary. — For any commutative diagram (12.0.v) of algebraic S-stacks with
J of finite type, F € DL, A), and q € Z there is a canonical isomorphism (in the quotient
of the category of A-modules by the subcategory of almost zero systems)

P*RIA(F) ~ Ria*F.

Proof. — This follows from the same argument proving [14, Corollary 5.5.6].
O
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