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The Feynman path integral as an improper integral

over the Sobolev space

By

Daisuke Fujiwara

§ 1. Introduction.

Let L(x,x)= %liiz - V(x), be the Lagrangian with the

potential V(x). For the sake of simplicity of notations, we
assume that the configuration space is of dimension 1. But the

same results hold for n-dimensional case. The action of a path
r: [0,t] — IR, ¢(0)=y and ¢(t)=x, with 7 ¢ L2(0,t) is the

functional

t .
S(y)= fo L(y,v) ds.

The Feynman path integral is a formal integral over the
path space Jl :
s —1
eih™ S (1) Ay,
Among various proposals to give mathematically rigorous meaning to

the Feynman path integral, we adopt Ito’s formulation (4] and [1].
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We denote by 70 the straight line segment joining y and x,

rols)=%x + (1 -3 v.
We denote the Sobolev space H%(O,t)={7: re L2(0,t), 7(0)=

7y(t)=0} by }f, which is equipped with the inner product

t . .
(71, Tz)H = fo r1(s)7o(s) ds.

Let Q(y) =:§Elj e;®e; be a positive quadratic form such
J A

that [ej}j is a complete orthonormal system (c.o.n.s.) and {ij)j

is a positive summable series. Let b be an arbitrary vector

in ¢ . Let N(dy,b,Q) be the Gaussian measure on H with the

mean b and the variance Q. Ito defined that
-1
(1) felh Str) Bigl =
& ve ni 1/2 1
=tgedpe /2 1im [ (14 gpio 77 [eTRTIS(ro* 1) N(dy,b,na),
n—>p Jj=1 N .

if the right hand side converges.

Unfortunately, existence of the limit on the right hand
side of (1) was proved only for potentials V(x) of the following
two types:

1 V(x)= ax? + bx + c.

2 V(x) = feixf du, where u is a signed measure of

finite total variation on R.
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On the other hand Pauli [5] discussed the Feynman path integrals

for potentials satisfying

grad V(x) [: Oo(|x]) as x —> 0.

We assume in the present note a little stronger condition
for the potential:
(2) v | <cj,  if 2.
We use the special quadratic form

% .
Q(v)= :E_ l—JI(T,ej
J

) [2
=1 1%

where 1>1 is a constant and {ej}j is the c.o.n.s. consisting of

indefinite integrals of Haars’ functions. Our main results is
Theorem. Let Q be as above and b be any element of}{:
We assume that V satisfy the condition (2). If ‘tl is

sufficiently small, then the right hand side of (1) converges to
the limit independent of b. The limit K(t,x,y) is the
fundamental solution of the Schrédinger equation:

(o - BE5)2 - vix)) K(t,x,¥)=0,

K(0,x,y) = &8(x-y).

Here h 1is a small positive constant.

In the next section we will give more accurate statement

of the result as well as outline of the proof.
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¢ 2. Outline of the proof.

Indefinite integrals of Haars'’' functions.

Let q=2""(2k+1), n=1, 2, 3,... and k=0, 1, 2, ., 2n-1.9,

be any finite binary fraction. We denote n by n(q) and k by

k(q). We set m(q)=2n{a)-1 +k(q). For each such q, we define

aq=2"n(q)t and

eq(s) - 0, for 'qt-s' qu)
-1/2 i i e
(Zﬁq) /2 6q ~ |s - qtl) for |s - qt]gjq.
The system {T%g eq(s)}q is Haars’ c.o.n.s. in LZ(O,t). Hence
{eq} forms a c.o.n.s. ing{_. Note that
P - o=-1/2 1/2 _ o-1/2 3/2 il —e-1/2
"eqllL’o'_ 2 5q ’ ”eq”Ll =2 ‘Sq ’ “eq”L'Z‘%Z Gq‘!
The Quadratic form Q. Let 2 > 1. Then
Q(r)=}qi““(q) yqz, where yq=(r.eq) .
Splitting of H. Let Ny > i+2 be so large that
N-10
(2.1) 2N 1'2 <1 for any N > Nj.

We choose n so large that

No
(2.2) n~1 ;2 < 1.
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Let N be the positive integer such that

n
N N-\~'
(2.3) n"l 227 (1 <l 20
and m, be the integer such that
m -N_/4 +1
(2.4) n-l ™ ¢ 2 M/ -1 M

We can easily prove from (2.1),(2.3) and (2.4) that

N,-1 N, +1

< mpy < 2 .

(2.5) 2
Let }{1= span of {eq: m(q)<m,} and }{zzspan of {eq:m(q); mp}.
Then we have orthogonal decomposition

H = &y + }ezy
which reduces the quadratic form Q. For any ¢ 1in }{ ,
we denote the corresﬁponding decomposition

T =711 %t 19
For any b 1in }{, the Gaussian measure N(d¢,b,nQ) coincides with

the product measure

N(dy,b,nQ): N(dTl,bl,an) X N(d72,b2,nQ2) N

New coordinates in)fl. The subspace %Ql is of
dimension mp-1. We arrange points {qt}m(q)<mn of [0,t] in
its order of magnitude. Then we obtain a division of [0,t]

0 <t1<t2<..‘.<tm1_1<t. We set t5=0 amd tmnzt. The subspace

%; coincides with the space of all piecewise linear paths with

vertices at s:tj, j=0, 1, ..., ,m So we introduce a new

n*
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coordinates xj=7(tj) of ¢+ with respect to the basis {wj}j’

which is given by
_ 0 if s
wils) = 44 if s
linear for t

1 or tj+1$ s,

and tjisitj+1.

¥y < :g

e
m(q)<mp 7q%q

Evaluation of Ito’s integral.

Let b=b;+by be decomposition of b intoJ{a and }QZ.
Using any ¢ = y1 + 79, we make a new path ¢; + by. The action
of it is
. ‘1ft" 2 h o 112 2 (‘3
S +y1+bo )= ds + ||b + - \Y +7y1+b ds.
(ro+71+b2)=2] [70| tl 2lly |l71||a_t oV (ro*71+b2)

We can write this as

_o)2 <n
S(ro+tr1+bg)= 3 _lz"fl)‘*'“bzu,)—f, 2, S5(x5%5-1302),

where

ey Jximxso|? 00 -
S5(x5:%5-13b2)= 7% TAty (xgix5-13b2)

J
with ,Atj= tj—tj—l and

ba )= -1(%;
Wi(xj,x5.13bg)=(At;) ft;_lV(xjwj+xj_1wj_1+70+b2) ds.
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The Hessian Hess(S) of S(70+71+b2) with respect to

X1)+++Xy 1 €quals Hess(S) = H - W= H (I—H_IW), where
n
_ 1 1 _ N
—/m"‘m‘é’ —A-fz’ 0 ’ 0 e o ¢ & o o 0 o

m
. . n -
and W 1is the Hessian of 53-1 tj bOj(xj,xj_l,bz).

If Itl is small (I-H'IW) is invertible. Hence the functional

r1 — S(rptr1tby) has only one critical point at 71271*

= :E,xj* Wi which is given by
J

x X X X\ _ .
SXJSJ(XJ ,XJ'__]_ )+ ngSj+1(Xj+1 ’Xj )-0, 1< J _gmn._l,

For any finite binary fraction q with m(q))mn, we define
- ft ’
Eqlrotrytby)= Jo V' (7g(s)+ry(s)+by(s)) ey(s) ds

X _ X e ap -
and % (rg+by) = £q(rp+r]+by). The splitting }= 3+

reduces the quadratic form Q into Q; and Qy and it reduces the
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Gaussian measure N(dy,b,nQ):
N(dTib:nQ)z N(dflrblvan),x N(dTZ’bzanz)o
It is cleaf that
m,.-1
m(q <m =
The variance of this Gaussian measure is nQq, which is large.

So the density of this with respect to the Lebesgue measure can
be regarded as an amplitude of an oscillatory integral. On the

other hand N(dyg9,by,nQy) has variance relatively small. The
delta measure concentrated at ¢9=by is a good approximation to

N(dyg,bg,nQsp) . Thus we have

Theorem 2.1. If |t‘ is sufficiently small,

-1 :
(27ih)" 1/27 (1+ 24709y 172 ngh S(r0*1) {4, na.b)
bad

_ 1 -m(q) X L y2_ > 2
-exp(lz > ﬁ% tinnm(@) (£q7Pq) "~ <= "%'—' (vq=Pq) )

m(q)>my m(q)<mp

-1 _
—WT:Tn (e )1/2J" LTS (rotry+by) TTHI 1 ax,

j=1 J Rmn-l

-1 X
)1/2 elh S(70+71+b2)

+( 771th n(t’xr}’)v

where yq*=(71*’eq)}t' We have the estimate

-N,,/8

\Qﬁ 35 rp(t,x,y)| <C,g(h) 2 t.
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The last term of the right hand side of Theorem goes to O

as n goes to While the exponential factor of the first

term tends to 1 as n goes to ©O. In fact we have

-N
Theorem 2.2. Let 5,=2 N,

Then we have the following

estimates:

£33 10 | <o il 10

ny-nid) * b )2 | 2 2 i 2y, 3/2
lm(q)Zmn hZrinn B @ (fq~Pq) ’< C(1+ x| *ly[ +|b2H}ﬂ)5n .

[3535 vq* < Caplrefx|+]y|+ [b] ) (1mame)” 5372,

5p -

> @ o x5 02 ¢ o1s [x|2 432 +]by)|2 )
m(q)<m n q q zH?t

Here a* denotes max(a,0).

Theorem 2.1 and Theorem 2.2 imply that the decisive
role is played by the oscillatory integral

sh—1 m -1
J. = n 1 dx .
n J=1 (z“HAEj) j‘mn—lve ﬂj:l *J

Similar integrals are treated previously in [3]. We have

Theorem 2.3. If |t| is small enough, we can rewrite

1/2 eih'18(70+71*+b2)

In= lzmime ) ( 1+k,(t,x,y) ),
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For any K>0, there exists Cg such that we have

PP LS P |<ﬂ]mn 14C tl) -1
X y n( )X)Y) . J=1 ( +K A’t,]l — 1,

if a and pg are smaller than K.

Convergence as n goes to @ . In order to discuss
convergence of the oscillatry integral J,. We compare
S(ygtrytby) with the action of piecewise classical orbit. Let

A 0=ty < t9< ... < t <t, =t
0 1 m,-1""m,
be the division of the [0, t] as above. Let ;Abe the piecewise

classical orbit

TA(S) + QXV(Z"A)- =0 for tj—1<s<tj’
TA(tj)=xj+70(tj), for j=0,1,....,my,
with xg = xmn=0. The action along (N is
m, -1
SCl(t’x’xmn"l"'.’XI’Y)zzj___l Sj(tj’xj,xj_l),
where
5
Sj(tj'xj’xj-l) = [t L(TA(S)) ds.
J-1
The critical point of Scl(t,x,xm —l’xmn-Z""’xl’Y) with
n
respect to vertices xp _1, xmn_z,....,xl is unique if |t| is
n
small. The critical level of it equals the classical action
t
Se1(tx,¥) = {5 Lirey(s)) ds,
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where ¢,7 1is the classical orbit joininig ¢(0)=y and ¢(t)=x.

Theorem 2.4. If [t[ is small, we have
,..”.-mn . 1/2 ih—lscl(t,x,xmn_l,...,xl,y) I mn—l
le(zmlliAEJ) Rmn-l e j=1 dXJ'.

-1
=(ZIJI_H{)1/2 elh Scl(tyny)( 1 + k#(A,t,x,y)).

For any K2>07 There exists a constant Ck>0 such that

|3§ Yo kH( A,t,x,y)|<-ﬂ?:1(1 + Cg Atj[t) - 1,

if a and B < K.
The next theorem compares k#Qﬁ,t,x,y) with kn(t,x,y).

Theorem 2.5. For any K> 0, there exists a constant Ck

such that

1/8 . )
VIV et (A texey) -k (t,x, 9 | < e/t Pl [y +iog Iy

If we make the division of interval finer, k#(_A_,t,x,y)
forms a Cauchy sequence. More precisely, we have
Theorem 2.6. Let 1&1 be a subdivision of A, then

IB;:}; (k#(A7t,x,Y) - k#(Al;t’x’Y)>]SCK ‘t HA‘,
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where[A]: max bejL We set
1<j<mn

k(t,x,y) = lim k¥ (nt,x,y).
al—> ’

Then k(t,x,y) satisfies

I}g 5; k(t,x,y)|< C t.

Combining all these, we can prove

Theorem 2.7.

, _ 4
1lim (znih)—l/z TTq (1+_§}J_}ml)1/2 Jelh S(TO+T)N(dT,nQ,b)
n—s 0

e

-1
1172 P Sed (00X ¥) e vy,

1
1

which is the fundamental solution of the Schrodinger equation.

_Appendix
In proving above results, we use the following
stationary phase method in a space of large dimension. We

consider the following oscillatory integrals

I(S,a,y)=

L Vi 1/2 1YS(Xy yee09Xn) L-1
—H— k:-l( w1l k) [RL—le L 0 a(xL,..,XO)ﬂjzl de.

X1v- 12



The phase function S(xL,...,xo) is a real valued function of
the form
S(XL’XL—I""’XO) —z. SJ'(XJ'rXJ'_l)y
with
. - 2 i

Sjlxjixj-1)= '%’c'j(xj"x,j—l) oty W5(x ,x5.1), j=1,2,...L.

We assume further that
a B

if 0 a, p X K and atp 2 2.

If T=t1+t2+...+tL is small enough, the critical pdint
(xL_f,xL_zf ....,xl*) of the phase is the unique solution of
ijsj+1(xj+§ ,xj*) + ijsj(xj*,xj_l*)zo , J=1,2,...,L-1,
where xL*zxL and x0*=x0. We use the following notation
a(§;7}0) = a(xL,xL_{,....,xl*,xo).

Let k <1 and xk+1*,...,xl_1* be the partial critical point,

i,e.,

ijsj+1(xj+1*, xj*) + BXJSJ(XJ*,XJ_I*)=O, for j=k+1,..., 1-1,

where xk*=xk and xl*le. Then we set
a(xL,..,£IT}k,...,xo) =a(xL,...,xl’xl_l*,...,xk+1*,xk,..,x0).
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We assume that for any sequence of positive integers
Jo=0 < Jjp < Jg <e..< Jp<L

and positive K we have the estimate

ap a1 ar a, — + ) 1
BXO ’ale “ e e ngr gXL a(XL,XJ'S,XJ'S_l,XjS_l,..- Jl,Xo)I< AK,
if each aj=§_K, j=0,1,....r and L.
Theorem. Under the assumptions above there is a positive

constant § such that if T=t1+t2+...+tL < &

/2 ivS(x k ) _ - 1
I(S,a,y):( L e L»*0 det(I+H 1W) 172 (a(xL,xO)+r(xL,x0)),
where r(xL,xo) satisfies the estimate:

for any ag, ap, £ K,
ag aj, L -1 , '
|}x0 Q‘XL r(XL,Xo)I §A3K+10(_”J:1(1+ Ck)j 'tJ Tl) - 1) ,

Constants § and Cg are independent of the dimension L of the

space. H is the matrix

5
.;ff%—+—%§, -+ 0 , 0 ,.0...0

&+
+
;ja
+

and W is the Hessian matrix of ‘ZEJ t; M)j(xj,xj_l) at the
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critical point of S(xp,xy_1s...X1,Xg) with respect to X[,-12XL-2

,....,Xl.

C
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