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POINTWISE MULTIPLIERS AND CORONA TYPE
DECOMPOSITION IN BMOA

by J. M. ORTEGA and J. FABREGA

1. Introduction.

Let B be the unit ball of C* and let S be its boundary. We will
consider BM O functions on S with respect to the non-isotropic metric on
S, that is, functions in L(S) such that

1
”f”* = sup I— lf_fln,tl’ WGS»t>0 < 00
nel J1,.,

where I, ; is the non-isotropic ball I, = {2 € S; |1 — fjz| < t}, |I,¢| is the
Lebesgue measure of I, ; and

1
fIn,t =

—_ do.
[ n,e| /

I,

The space BMOA is defined by BMOA = H'(B)NBMO(S). There
exist several characterizations of this space. Among them we can mention
the one given by the boundedness of Garsia’s norm and the one given in
terms of Carleson measures (see section 2 for details).

The first goal of this paper is to study the space of pointwise
multipliers of BMOA. We denote this space by M(BMOA). For the
one-dimensional case a characterization was obtained by D. Stegenga [S].

Partially supported by the grant PB92-0804-C02-01 of the DGICYT, Spain.
Key words: BMOA — Pointwise multipliers — Corona problem.
Math. classification: 32A37 — 32A99.
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This result can be generalized to the n-dimensional case. He proved that
M(BMOA) = H® N BMOiog(S) where

BMOog(S) = {f € L'(S); || fI]x10g < 00}
and

1 1
" =sup{ — lo
||f|| )log p{lIn,tl

gm f |f = f1,.|do; n € S, t>0}‘
) n,t

Note that this characterization is given in terms of the boundary
values. Therefore, it seems interesting to obtain another characterization
of this space in terms of the interior values of the function.

The first step is to give a description of the multipliers similar to the
one given by Garsia’s norm for BMOA. As a consequence of this result, we
obtain a characterization of these multipliers in terms of “Carleson type”
estimates for the measure |0g(2)|2(1 — |z|2)dV (2).

To be precise we obtain the following theorem:

THEOREM A. — The following assertions are equivalent:
i) g is a pointwise multiplier of BMOA.
ity g € H* and

log _”111 ‘
sup ——-"—‘—/ lg—g1,.|doine S, t>0} < oo.
|I"71t| I,,'t

iii) g € H* and for some 1 < p < 00

(sup {logp 1—#|2|2 /S 19(¢) — 9(2)[PP(2,¢)do(C); 2 € B}) " < oo,

1-— 2\n
where P(z,() is the Poisson-Szeg6 kernel given by P(z,() = (|1_—izzcl_|2)?7
iv) g € H® and

[ 100(@Pa- lzave) < ctvog2t,

Qn.t

where Qn+ = {z € B; |1 — 72| < t}, n € S,t > 0.
A more complete list of characterizations of this space can be found
in section 2 (see Theorems 2.7, 2.9, and 2.13).

The second problem that we study in this paper is to give a corona
type decomposition for BMOA:
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Let ¢ = (91,--.,9m) be a vector valued holomorphic function on
B. We consider the map M, : H(B) x ... x H(B) — H(B) defined
by My(f) = > g;f;- We characterize those g’s such that M, maps

j=1
BMOA x ... x BMOA onto BMOA.

Results of this type for Hardy spaces, have been studied by many
authors, among them L. Carleson [C], E. Amar [A], M. Andersson and
H. Carlsson [AnCal], [AnCa2], S.Y. Li [Li] and K.C. Lin [Lin]. Corona
type decompositions for Besov spaces can be found in the papers of V.A.
Tolokonnikov [T], A. Nicolau [N] and ourselves [OF]. A result for the Bloch
space can be found in [OF].

For BMOA we obtain the following theorem:

THEOREM B. — Let g = (¢1,-..,9m) be a vector valued holomor-
phic function on B. Then the operator

My(f)(2) = Y fi(2)g;(2)
j=1

maps BMOAXx...xBMOA onto BMOA iff the functions g; are multipliers
of BMOA and satisfy the condition sup{|g(z)|;z € B} > 6 > 0.

The proof of this theorem for the unit disk of C can be obtained
from a result of V.A. Tolokonnikov [T]. Using techniques of one complex
variable, he obtained a decomposition

1= g;jhj,  h; € M(BMOA(D)).
j=1

Finally, as a corollary of Theorem B we give an alternative proof of
the mentioned decomposition in the Bloch space.

The paper is organized in the following way. In section 2 we prove
Theorem A and we give some examples and properties of the multipliers
of BMOA. In section 3 we prove that the conditions of Theorem B are
necessary. In section 4 we recall some results about solving the d—equation
with estimates in terms of Carleson measures and BMO(S) norms. Finally,
in section 5 we finish the proof of Theorem B.

As usual, different constants in the inequalities will be denoted by
the same c. Also, the notation F' =~ G means that there exist constants
¢1, e > 0 which are independent of F' and G and such that ¢; F < G < ¢ F.
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2. Pointwise multipliers of BMOA.

Let us start recalling several well-known definitions and results related
to BMOA functions.

DEFINITION 2.1. — A positive measure y is a Carleson measure if
there exists a constant ¢ > 0 such that

B(Qnyt) < ct™
for all Q¢
The set of Carleson measures will be denoted by W!.
As usual, if h is a positive function such that h(z)dV (z) is a Carleson

measure we will write h € W1 instead of hdV € W1.

It is well-known that a positive measure y is Carleson if and only if

_ 2\n
(2.1) sup{/B %dﬂ«'); z € B} < o0

In order to state the main characterizations of BMOA functions we
need to introduce the following norms.

DEFINITION 2.2. — For 1 < p < oo we define
1 3
M fllp = (5508 72 [ 17€) = fiy PO I
[Inel J1, .
DEFINITION 2.3 (Garsia’s norms). — For 1 < p < co we define

Iflle.r = (sup{/ 1£(0) = F(2)IPP(2,O)do(C); 7 € B})%

="

where P(z,() is the Poisson-Szeg6 kernel i.e. P(z,() = ll ZCPn

The main property of this norm is its invariance by automorphisms.
This follows from

lle = (sup{ [ 17660) - S0O)Pastw) v € Au(s) | )’
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THEOREM 2.4. — Let f € H*(B). Then the following properties
are equivalent:

i) f isin BMOA.
i) p1 =10f?(1 — |2|*) e W
iii) p2 = (0|22 AOf2 € W
iv) ||f]lep <00, 1<p<oo0.
v) [Ifllgp < o0, 1<p<oo.
Moreover, we have cp||f|l«p < ||fll« < Cpllfll«p and cpl|fllap <
1£1l« < CollfllG.p-

The equivalences between i), ii) and iii) were obtained by R. Coiffman,
R. Rochberg and R. Weiss [CoRoW], [CoW]. See also [ChoaChoe] and [J].
The equivalence between i) and iv) was noted by J. Shapiro [Sh]. Finally,
the equivalence between i) and v) was obtained for p = 2 by Garsia (see
[G]) for the one-dimensional case and by Sh. Axler and J. Shapiro [AxSh]
for the n-dimensional case. The case 1 < p < oo was obtained by P.S. Chee
[Chee]. '

The first result that we will prove is a reformulation of the Stegenga’s
result for n > 1.

We will need the following lemmas.

LEMMA 2.5. — Fors> —1,r,t >0andr+t—s>n+1 we have

-1
e
C
Il — gw!r—}—t—s—n—l
Cc

if r—s,t—s<n+1

if t—s<n+l<r-—s
c

(1 _ ’z|2)r—s—n—1|1 _ Z’U)lt + (1 _ |wl2)t—s—n—1|1 — Zw'r

if r—s,t—s>n+1.

< (= |zP)rmemnil - zwlt
C

Proof. — The proof of this lemma is standard. See for instance
[OF]. O

LEMMA 2.6. — Forn € S and 0 < t < 1, the functions fy.(z) =

log satisfy:

2
1-(1-1¢t)72
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i) ||fn,tllx < ¢ < oo with ¢ independent of 7,t.

1
ii) For z € Qy,¢, we have |f, ;| ~ log T

1
i) | (fredg, | ~log 7

Proof. — To prove i), by Theorem 2.4 and (2.1) we need to show
that

A=l

= e

10£n,(Q)I*(1 = I¢[)aV (¢) < e < oo.

But, this estimate follows from Lemma 2.5 and the estimate

(1 [2P)"(1 - )
"‘(z)“/ = 2eP— (= e’ ©-

Parts ii) and iii) follow from

1—(1-t)7z| =t+ (1 —t)1 72| =t, 2€ Qs i

THEOREM 2.7. — The following assertions are equivalent:
i) g is a pointwise multiplier of BMOA.
ii) g € H* and

1 1
(2.2) sup{ — log —— lg—g1,.|do;neS,0<t)y <oo
Hn,el = [Inel Jr,, ‘

Proof. — First we prove that i) implies ii). Note that by closed graph
theorem the map M, is continuous.

To prove that g is bounded we recall that |f(2)| < c||f]|« log

}

<c

1—[z*
Thus, we have

2 -1
2)| < esu log—— o
962) < esup { o0 g 1 og

2
1—¢f?

< o0.
*

9(¢) log 1_2—%

Let us prove that g satisfies condition (2.2). We write I instead I, ;.
For f € BMOA, we have

(2.3) af — (@1 =9(f = fr)+ fr(g — gr) + fr9r — (f9)1-



MULTIPLIERS AND CORONA PROBLEM IN BMOA 117

Observe that

i 1ot = o)k < lalllif1.

1
fra1 =il = 71 ' [ s = o < gl

Thus, we have

1
m/, |f2llg — grldor < [Ig£1ls + llgllool| Il

Finally, taking f(¢) = log
obtain (2.2).

2
1-(1-072 and applying Lemma 2.6 we

That ii) implies i) follows from the decomposition (2.3) and the well-

1
known fact that |f1|§c||f||*logm. O

Remark. — We recall (see [S], [CRW]) that M(BMO(S)) is the
subspace of bounded functions on S which satisfy condition (2.2) of
Theorem 2.7. Thus, we have:

COROLLARY 2.8. — Ifg € M(BMOA), then
9ls,gls € M(BMO(S)).

The next lemma gives a characterization of M(BMOA) in some sense
similar to the one given in terms of Garsia’s norm for BMOA.

THEOREM 2.9. — The following assertions are equivalent:
i) g is a pointwise multiplier of BMOA.

i) g € H* and |||gl||g,p,0g < o0 for all 1 < p < oo, where
1
2 »
ol s = (500 {108” =1 [ 10(0) - a(a)PP Qao(erize )
iii) g € H* and |||g]||¢,p,0g < 00 for some 1 < p < oo.

Proof. — That ii) implies iii) is trivial. Thus, it remains to show that
i) implies ii) and that iii) implies i).
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First, note that in the proof of Theorem 2.7 we have shown that
condition i) implies that g € H*. Hence, by the identity

9(OF () — 9(2)f(2) = 9(O(F(Q) — f(2)) + F(2)(9({) — 9(2))

and Theorem 2.4, we obtain

971l =~ llgflle < cllflls
N (sup{lf(Z)l" /S 1900) — 9(2)PP(2, Q)do(C)i 2 € B}) < dlIf]l..

Hence, taking the functions f(w) = log we obtain that

1—-2zw
i) implies ii). That iii) implies i) follows as before using the estimate

|f(2)] Sc”fll*IOgl——_W' O

Finally, we will give a characterization of the multipliers of BMOA
in terms of an estimate of type Carleson measures. To do so, we will need
some lemmas.

The first lemma was proved by J.S. Choa and B.R. Choe [ChoaChoe].

LEMMA 2.10. — Let f € H?. Then
[ Blr@ra - ave) ~ / 1£(0) = F(O)Pdo(0),
B S

where A is the invariant Laplacian

0%f(2)

6zi62j !

Af(z)=4(1 = |21%) Y (6 — %)

5,j=1
61"]' =0ifi #_] and 61",' = 1.

For a holomorphic function f, we have

24) Alf? = 4(1~|2?) (10f*~ |RfI?)

—4(1— '2)n zj
a-13| (5

3 2 2 2 2
o - ZhR) 1| ~(- k) olsPnor P,
where R denotes the radial derivative.

J

The next lemma gives estimates between some transforms of the
measures (|f(2)[* + |0]z> A 8f(2)?[dV(2) and (|f(2)* + |0f(2)|*)(1 -
|2[2)aV (2).
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LEMMA 2.11. — Let g be a bounded holomorphic function on B.
For s > 0 we define

2\s

1) = [ S O + 1016 A 2g(6))av Q)
2\s

1) = [ SR (0P + 10O (1~ 6PV ()

Then, for each s there exist constants cg,s’ > 0 such that

Js(2) < els(2) < esdgi(2), z € B.

Proof. — The first inequality follows from the pointwise estimate
189(OP (1~ I¢I%) = 189 = 1¢1*189(¢)1* < 189(O)* — |Rg ().

To prove the second inequality we will use the standard representation
formulas for holomorphic functions and some known integration by parts
formulas (see for instance [OF]) We have

00 =en [ (14 15mR) o) $E L avw)

and differentiating we obtain

B¢ A Bg(Q) < ¢ ( [ (stw + |ag(w)|>(1—‘“""’>iide)) .

Il |n+ +m

— 1
,:) <r< 2 Holder inequality and the estimates

Hence, for max (0 5

of Lemma 2.5 give

2m+2
1 <e [ S ( [ gtiostay 2 aviw)

1
<, g @) 20
<e /B (lg(w)] + 10g(w)[)2(1 - [w[2)2™*?

(1 —1]z%)°
X /B‘ |1 — z¢|nts|1 — w(|nt2+2m—2r(] — K|2)2TdV(C)dV('w)

_ 22 1-2r
<<t [ (latw) + 10?1 - oy = E e av )
+ [ o)+ 0g(w))(1 - w2
A=) e

‘1 — ZC|n+s(1 — |w|2)2m+1
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1 — |Z|2 1-2r
/ 1 — wz[r - e (l9(w)| + 189 (w)[)?(1 — |[wl*)dV (w)

- CT J1—2r( ),
which proves the result. ]
LEMMA 2.12. — Let p be a positive measure. Then the following

statements are equivalent:

i) p(Qne) < ct"log™?t

if) log? — 2 (1_|z|2)sd()' €BY < o, for all s>0
ii) sup 1 log T-F Jp 1=z w(C); 2 00, for all s>0.

1 2 2 (1 _ Iz]2)s d ) B fe 0
iii) sup < log T-RE Jp 1=z 1u((); z€ < 00, for some s> 0.

Proof. — The proof of this lemma is standard. To show that i)
implies ii) we take
=0, Q={eB;1-2| <2 (1-|z*) <1}, j=1,...,N(2).
Thus, ii) follows from

2 [ (-l
log? d
T Jp Tz )

< clog? 2 Z 1=z w0\ Q1) + ¢
seclog 1 |22 &~ 2(n+8)i (1 — |g[2)nts V9 NI
J:

2 1
< G — —1 .
o8’ TP 23 % - B o<

That ii) implies iii) is trivial. Finally, that iii) implies i) follows from
1 —(1—t)7z| =t for z € Qp; and

2 1—1a-tn*)°
/Qn t

2
< ct™log~? = log?
H(Qny) < ct”log™ 3 log” T N1 = (1 = t)mcinte

du(Q).
O

THEOREM 2.13. — The following assertions are equivalent:
i) g is a pointwise multiplier of BMOA.
il) g € H* and

2 2 . %
(sup{log = /B P(z,c)|a|c|2Aag<c>12dV<o,zeB}) < .
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iiil) g € H* and

| 101¢P Aag(@Pav(©) < cttog e

uB

iv) g € H*® and

1
2

(sup {1oe* = [ P 0w~ eIaviey s € BY ) <o
v) g € H*® and

/ 189(Q)2(1 — |CI2)dV(¢) < et log™2t.

m,

Proof. — First, note that Lemmas 2.11 and 2.12 give the equiva-
lences

iil) < ii) = iv) <= v).

To complete the proof we will prove the equivalence between ii) and
the assertion ii) of Theorem 2.9 for p = 2.

Let 1 be an automorphism of B and let z = 1~!(0). By Lemma 2.10
we have

/Alg(w(w)lz(l—|w|2)”1dV(w)%/Ig(¢(C))—g(¢(O))|2d0(C)-
B S

Since Alf(¥(w))? = (Alf]?)(¥(w)) (see [R]), the change of variables
P(w) = v gives

/B Alg((w) (1 — [w?) " dV (w) = /B (109() % = |Rg(v) P)P(2, 1)V (v).

Hence, by (2.4) we have

sup {log2 1——2|z|2 /B 10|v|? A Og(V)|*P(z,v)dV (v), z € B}

2
~sup {log? 1= [[10(0) - 9()PP(:,0ao(0), € B
and thus the equivalence is proved. O

The following result gives a relation between the pointwise multipliers
of BMOA and the ones of the Bloch space.

PROPOSITION 2.14. — Let g be a multiplier of the Bloch space on
the unit ball B,,_, of C"~!. Then the extension § defined by §(z) = g(2'),
where 2’ = (z1,...,2n-1,0), is a multiplier of BMOA(B,).
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Proof. — We recall (see [Z]) that a holomorphic function g is a
multiplier of the Bloch space if and only if it satisfies
i) ge H®

s 2
ii) sup {(1 — |2|?) log 1—_W|Bg(z)|; Z € B} < o0.

It is clear that § is bounded. Thus, by part ii) of Theorem 2.4, we
need to show that

18G(2) f(2)2(1 — |2]*) € W

By ii) it is enough to show that
1

2_2

(1 - |Z/|2)2 IOg T—[2']

ie. p(Qn,:) < ct™, which follows from elementary computations. a

(1 —|2|?) log? 1—_2—— ewt

h= EE

As a first application of this proposition we give an example of a
pointwise multiplier of BMOA which is not smooth on B.

Example 2.15. — The function f(z1, 22,23) = ———2—1—— is a multi-

1 z3 —z2

plier of BMOA(Bs) which does not extend continuously to Bs.

Proof. — By the above proposition, it is enough to show that the
function h(z1,22) = f(21, 22,0) is a multiplier of the Bloch space on Bs.
This result follows trivially from the characterization of M(B) given in the
proof of the above proposition. a

To finish this section we give an example which shows that there
exist continuous functions on B such that are not pointwise multipliers of
BMOA.

Example 2.16. — Let D be the unit disc of C. Then, for 0 < s < 1

the function
z+ 2
= 1 —
g(2) = exp < ) g™ T—

is continuous on D and it is not a multiplier of BMOA.

Proof. — Let n=(1,0),t >0and Q=Q,; ={2€ Qps; 1 — |2|> <
11— 2%}
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2 _
Since %e 2 i ——:il B we obtain that
- -z
1— |22, _ 1
! 2 2 2s
1-—- ~ ! Q.
9GP~ )~ =l ™ = ze

Taking polar coordinates we obtain

/ 19D — |2?) ~ tlog™2*
Q

and thus, by part v) of Theorem 2.13, g is not a multiplier of BMOA. O

3. Necessary conditions in Theorem B.

It is clear that if My; maps BMOA x ... x BMOA into BMOA then
the functions g; are pointwise multipliers of BMOA.

Let us to prove that sup{|g(2)|; z € B} > § > 0. By the open map
Theorem, for every function f of BM OA there exist functions f; of BMOA
such that

) = f: figi
Jj=1
i) || fills < cllfll

Using |£;(Q)] < || f||« log ———= . for ¢ € B, we obtain

lCI2
fOI< Zlfj(()llg] Ol < cllflls log T—r5 |<|2 Z,QJ(C)"
j=1
Taking the functions f,(¢) = log . 2 % we have ||f.||« < c and
log —%2— < l |2 Z 19;(2)!-
This proves the result. O

4. Estimates for the 0—equation.

We will begin recalling some results of N. Varopoulos, E. Amar,
A. Bonami, A. Cumenge, M. Andersson and H. Carlsson, which permit
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to obtain solutions of the d—equation which are functions whose boundary
values are in BMO(S) or (0, q) forms whose coefficients have estimates of
type Carleson measures.

THEOREM 4.1 [V1]. — Ifw is a 8—closed (0,1) form such that
(V) Wl + (1= |2%) 182 Aw| € W

then there exists a function u such that du = w and u|s € BMO.

THEOREM 4.2 [V2], [AnCa]. — Ifw is a 0—closed (0,1) form such
that

(A) (1= |2f%) (jwl? + 8w]) + (1 — [22)3 (1012 A Bl + [0l A Bwl)
+10)2|* A 9|2* A Bw| € W,

then there exists a function u such that Ou = w and u|s € BMO.

THEOREM 4.3 [AB], [Cu]. — Let w be a d—closed (0,q) form such
that

(©) (1= [22)7 (Il + (1 = |22 #[8]21? A w]) € W
for some o > 0. Then there exists a (0,q — 1) form u such that du = w and
i) (1= [eP)7F (ol + (1= ) F1Bls2 Awl) € WP ifg > 1,
i) (1—|22)°"|u| e Wl ifg=1.
The proof of these results can be obtained using explicit integral op-
erators. In particular, in the last result we can use Berndtsson-Andersson’s

kernels, which we will recall later and whose estimates will be used to prove
Theorem B.

We will need kernels of the following type:

DEFINITION 4.4. — Forr,s > 0,t > -1,u > 0and 0 < v+ g, we
define ) '2 .
(1= [S17)° (X = [21%)°I¢ = 2I"
11— z[»D(¢,2)m

where D(C,z) = |1 = (2z|? — (1 = [¢|2)(1 = |2]?).

L(s,t,'r,u,v) (ga Z) =

Letw(L)=n+1+s+t+g—u—2(n—v).

The following estimates are well-known:
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c(l— ]zl 2yw(L) w(L) <0
/ L(s,t,r,u,v)(ga 2)dV(¢) < {CIOg a==P |z| ) w(L) =0
B c w(L) > 0.

The next result is contained in the proof of Lemma 2.3 of [Cul].

PROPOSITION 4.5. — Let L = L(s 4 r4.v) be a kernel with w(L) > 0
and s > 0, and let y be a measure in W'. Then

L(/J’) = LL(s,t,r,u,u)d“(C) € Wl'
To apply this result in a more general way, we introduce the following
definition:

DEFINITION 4.6. — A kernel K((, z) is of type p if it satisfies

l
|K(€1 z)l S Z ch(3j »tj7rjauj7vj)(<’ Z)

j=1
with w(L;) >p, j=1,...,1L

As a consequence of Proposition 4.5 we have

COROLLARY 4.7. — Let K = (1 — |(|?)*K’ with s > 0 and
w(K') > —s. Let p be a measure in W'. Then

/BKdy(()’ e wl.

Now, we recall the weighted kernels introduced by B. Berndtsson and
M. Andersson [BAn).

Let
s(¢,2) = (1—-20) - (1 - [¢)z, Q¢ 2) = 1_—C||2—
v((,z) = El Ga(GG — 25) 0(¢,2) = E z;d(G5 — 25)
5(¢,2) = (1=2w(¢,2) — (1= ICB(¢,2), Q(¢r2) = T Clz)u(c, 2).

For s > 0, consider the kernels
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n—1

s (1= [¢%)*** 5A (d5)" "1k A (dQ)
K= kg%s (1 Cz)o+k Dn—k )
P = (1 - |C|2)s+n (dQ)n

Cn,s (1 — C_Z)s+"
where D = D((z) = |1 = 2P = (1 = [()(Q — [2%), and ¢ =
1 s+n
@mi)»\ k )
These kernels satisfy the fundamental formulas:

THEOREM 4.8 (Koppelman formulas). — Let K, 4 be the compo-
nent of K of bidegree (p,q) in z and (n —p,n—q—1) in ¢, and let Py, be
the component of P of bidegree (p,q) in z and (n — p,n — q) in ¢. Then if
w(¢) is a (p, q) form with coefficients in C'(B) one has

s 1 3
u)=/Sw/\Kp,q+(—1)”+q+ /Baw/\K

+ (—1)”+‘15z/ WAK, 1, g>1
B

w:/Sw/\K;O+(—1)”+1/Bc’§w/\K;,0+(—1)"/w/\PpO, g=0.

We point out that if s > 0 the kernel K* vanishes on the boundary
and thus the integrals on the boundary vanish, too. From now on we will
assume that this condition is satisfied.

A more explicit computation of the kernels K° and P?® gives:

LEMMA 4.9.

Z e (1 _IP (((1 — 20)dv — (1 - |¢[>)d)" "

Cz s+an k

n—2—k

+(n—1-k)((1 = 2)dv - (1 - [¢P)d6)
A (= d(20) Av+dIC2 A8)) A ((1 - [¢)7*(dw)*
+ k(L= [CA)TF ) T AdICR A ),

_ 2\s+n
P = ,s((ll_'—g'z){g(a — ¢y (dv)

+n(1— [ (dv)" " AdIC A ).
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The following result, which is proved in [BrBu], gives a formula to

obtain derivatives of the function / wAKjp-
B

LEMMA 4.10 [BrBu]. — Let w be a (0,1) form with coefficients in
C2%(B). Then

n
o _
Bz/w/\Kg,O:Z/ %w/\Kg’o/\dzj+/Bw/\Kg,l,l—/w/\ngl,l
B j=1/B i B B

where K§ 1, denotes the component of K*° of bidegree (1,0) in z and
(n,n —2) in ¢, and Fj, ; denotes the component of P° of bidegree (1,0)
in z and (n,n — 1) in (.

Koppelman formulas, the above lemma and the fact that P?¢ is
holomorphic in 2z give:

LEMMA 4.11. — Letw a(0,1) form with coefficients in C*(B). Then

5z32/ w/\Kg,O:—Bw+Z/ %5(4)/\1(3,1 Adz; +(§z/ 5w/\K3,1’1.
B =1/B 96 B

The next result gives some estimates of the kernels which appears in
the above lemma.

LEMMA 4.12. — With the above notations we have:
) Kio = K + K3 A\ with w(Kgh) =1, w(Kgd) = 5.
ii) K§, = Kgn + K52 AOIC12 + K32 A Bl2)? with w(Kyy) = 1,
w(Ks2) = w(Ksd) = 2.
iii) 0: lKO 1= Q511+ Q071 A B2 with w(Qy ;) =0, w3 1) =
2
W) Blel A 8Ky = ASLL + AL A Ol with w(AgL) =
w(Ao 1,1) =0.
Proof. — Parts i) and ii) are known (see for instance [Cu]).
To prove part iii) we obtain a decomposition
1

K011—K311+K331/\alz|2 with w( 011)—1 w(K§11)~2
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5 5 1
such that w (OZKS:},I) =0 and w (ang:il) =3
We give the proof of the decomposition for the first term of the
kernel K° ( )
1 —_ S
——— 5 A(d3)"?
(1—Cz)oDn° (d5)

which is more delicate, because it is the term which has components whose
derivatives are not integrable on B. The decomposition of the other terms
follows in the same way without the integrability problem.

First, we compute the component of 3 A (d5)"~! of bidegree (1,0) in
z and (n,n —2) in .

Note that

By Lemma 4.9 and an easy computation of bidegrees, we have

FA 3"y, = ((1=2Q)v—(1=[¢[)6) A (n—1)(1-2¢)" " (Bev)"
A(=8c(20) Av+ 9l A 6) |0,1,1
= (n—1)(1 - (2)"*(90|¢I*)"
A (= (1= 20)8:(C2) A BICI? A 8 (20)
— (1= [¢I%02l* A 0c(2¢) A DICI?)
= (n—1)(1 — (2)" 28011 A (1 - ()05 (C2)
~ (1= [¢*)8l2I?) A 8¢ (2¢) A Ocl¢I>.
Note that |0 (2¢) A 8¢|¢|?| < ¢|¢ — 2| and that

(1= 2¢)0:(C2) = (1= [¢]*)8:]2I*) = (1= 2)0:((C — 2)2) + (C(C — 2))D: =)

Thus, we have

(1 - |412)S ‘,§/\ (dg)"—l _ Ks,l,O +Ks,2,0 /\6|Z|2
(1 — Ez)sDn 011 — £0,1,1 0,1,1
with
o0 < o APl =2f a0 (1= IGPIC = 2)cli¢ 2
0,1,1 0,1,11 =

== CzmD 1= Cz|s=m+2[D|"
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and 1
,1,0 12,0
w(Ki?) =1, w(Ka?) =5
Finally, differentiating these kernels, we obtain the decompositions of iii).
The same argument gives iv). 0O

5. Proof of sufficient conditions in Theorem B.

In the first part of this section we recall the well-known technique of
Koszul’s complex [H], which permits to reduce the proof of Theorem B to
solve a set of 0— equations with adequate estimates.

We will follow the notations that K.C. Lin [Lin] used to solve the
analogous problem for H? on the polydisc.
The Koszul’s complex.

To simplify the notations we restrict the proof to the case n = 3,
although the arguments hold with the obvious changes for every n.

DEerFINITION 5.1. — Let g1,...,9m be holomorphic functions on B
satisfying the condition |g(z)] > § > 0 for all z € B. For 1 < i,j,k,l <m
we define

g1
a =2
P
G G = =
Gk,l = géck 5él = Gk(’)Gl - GlaGk
G G G
Gj,k,l = ?Gj (?Gk Z?Gl = GjéGk A 5Gl - GJ’(‘;Gl A 5Gk
aa; 8G, ac

+Gk(§Gl A 5Gj—Gkng A 5G1+GléGj A 5Gk—GléGk A 5Gj

Gi G Gp G
8G; 8G; 8G, 8G,

Gz’,j,k,l = (?Gz (?Gj ?Gk ?Gl = Gian AOGr NOG; — ...
0G; 0G; 0Gy 0G,
LEMMA 5.2 [Lin]. — The forms Gy, Gj 1, Gijk, are alternating
and satisfy:
0Gjks = ZgiGi,j,k,lv 9Gy, = Zngj,k,h oG, = Engk,l-
=1 j=1 k=1
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Using these properties we can obtain a solution of

F(2)=>"9i(2)fi(2),  fi(2) € H(B)

Jj=1
for f € H(B), in the following way:

Since G jx, are alternating d—closed (0, 3) forms (we recall that we
assume n = 3), there exist alternating (0,2) forms w; j; which satisfy
Ou; ki = Gijrif

Hence, by Lemma 5.2, we have that the forms ¢j;x; = Gjrif —

m —_

> 9iU; jk, are alternating 0—closed (0,2) forms. Thus, there are alternat-
i=1

ing (0, 1) forms u;x,; such that Ou;jx; = @j k-

m
The same argument gives that px; = Gk, f — ) gju;k, are alter-
_ J=1
nating 0—closed (0,1) forms and thus there are alternating functions wuy
such that Oug; = @k,i.

m
Finally, defining f; = Gif — Y gruk, we obtain the solution.
k=1

The next lemmas are devoted to obtain the adequate estimates of
the forms which appears in the above scheme, to conclude finally that the
functions f; are in BMOA.

LEMMA 5.3. — Ifgi,...,gm € M(BMOA), then G;e M(BMO(S)).

Proof. — We have to prove that G; are bounded functions and that
satisfy condition (2.2) of Theorem 2.7.

Corollary 2.8 gives that g;,j = 1,...,m and |g|? are multipliers of
BMO(S).

1
Thus, to obtain the result, we need to show that — is a multiplier

lgl?
of BMO(S). But clearly % is bounded and satisfy

lgl
1 1 1 1
—log—/ ———(———) do
= 11 Jr gl \lgl?/
1 1 1 1 1 1 1 1
S—log—/ —5 — 75| do + —log — /(——————)da‘
L= 1 Jr gl (gl L= 1 \(gP)r - 1gl?

c 1
g——log——/ al* — (191*)1] do < 00
T loa Ty [ llsl* ~ (s}
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which proves the result. O

LEMMA 5.4. — Ifg1,...,9m € M(BMOA), and f € BMOA, then
) (1= 1213)[Gijpaf] + (1= |22)318]2[2 A Gi j g f| € W

i) (1—|22)2|Gykuf| +18|2> A Gj i f] € W!

i) (1- |Z|2)%15Gk,zf| +10)2]> A 0Gk, f| € W

iv) (1= 2)(IGkal? +10(Graf)l) + (1 = 212)% (18]2|2 A 0Gk f|
+18|220(Graf)|) +|8]2|? A B|2]2 A BGy, f| € W

v) (1- |212)2|60(Gr, 1 f)| + (1 = [z (18]2]* A 800Gy, f] + 18]2]* A
80(Gruf)|) +(1 —121?)218]2[* A 8|2|* A BOGy, ] € W.

Proof. — Let R be the radial derivative and let T; be the complex
vector fields defined by

T — 0 Z;j

-2 _ZR j=1,..,n
J 0z; |z|? J n

Thus, we have

(5.1) Oh(z) = ;Tjh(z)dzj + WRh(z)mzl .
We define |Tg| = > |Tj9:| and |Tf| = ) |T;f|. Note that (1 —
i J
|21*)|Tg|* € L®(B).

Let us prove i). By decomposition (5.1) we have

(1= 12)|Gijraf] + (1 - lz|2)%|5|z|2 AGijrifl
< e(1 - |2*)|Tgl*|gll f] + (1 — |2*)2 [Tg ]| £
< c(1 - |2*)18g*IF1* + cITg|* + c|Tg[*| ]
< el — |212)8(gf) P+ — |2)|0F 1> +c|Tg|* +c|T(gf) > +c|T 2.

Hence, by Theorem 2.4 and the fact that the functions g; € M(BMOA),
we obtain i). The proof of the other parts follows in the same way. O

Proof of Theorem B. — We will follow the same notations that in
the section of the Koszul’s complex. Moreover, we take the kernels K*® with

s>§
3"
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By part i) of Lemma 5.4 the forms G ;x, satisfy condition (C)
of Theorem 4.3 with 0 = 1. Therefore, the forms u; ;;, which solves
the equation Ou; jxi = Gijkif, can be taken satisfying condition (C)

1

with o = 3 Thus, by part ii) of Lemma 5.4, the (0,2) forms ¢;x; =
m

Gjkaf — D 9iuijk, satisfy condition (C) with o = % Therefore, the
i=1

(0,1) forms w;,k,, which solve the equations dujx; = @k, can be taken
satisfying condition (C) with o = 0 i.e. condition (V) of Theorem 4.1.
The next step is to prove that the functions wug;, which solve the
— m
equations Oukx; = @r; = G f — Y gju;k, have the boundary values in
i=1
BMO. Observe that ¢y ; does not satisfy the conditions of Theorem 4.1 or
4.2. However, Gy, f satisfies condition (A) of Theorem 4.2 (see part iv)
m

of Lemma 5.4) and Y gju;k, satisfies condition (V) of Theorem 4.1,
j=1

but these two (0,1)-forms are not d—closed. Thus, we need to find a

decomposition @r; = @k1,1 + Pk,.,2 such that ¢g;q is a O—closed (0, 1)

form which satisfies condition (V) and ¢y ; o is a —closed (0, 1) form which
satisfies condition (A).

Assuming that we have this result, by Theorems 4.1 and 4.2, we can
take the functions wuy,; such that the boundary values are in BMO(S).

m
Finally, by Lemma 5.3, we conclude that the functions f; = Gif— Y grux,
k=1
are in BMOA and hence Theorem B is proved.
To finish the proof we obtain the decomposition of ¢ ;.
Define
_ m
Pkl = / OGrif NKgq — Zgj“j,k,l
B

=1

Pri2 = Gk,lf_/ OGruf NK§ ) = —5z/ Gk f N Koo-
B B
The last inequality follows from Koppelman formulas. It is clear that the
forms g 1,1, k1,2 are O—closed and that Pkl = Pkl + Pri2

Let us show that ¢ ;; satisfies condition (V). By part ii) of
Lemma 4.12, we have w((1—|¢[?) = K§ ;) = 0 and by part iii) of Lemma 5.4,

we have that (1—|¢[2)? |0G,1 f| € W'. Thus, the result follows from Corol-
lary 4.7.

To prove that ¢y ;2 satisfies condition (A) we need to show that:
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D) (1= |2[*)]er2/* € W?

ii) (1 |2/*)|0pk,2| € W?
ifi) (1 - |2[?)% (1812 A 8pr 12| + 182 A Bpp1,2]) € W
iv) 0|22 A 0|2|? A Bk, 2| € W

To prove i) note that (1 — [2]?)|Gk,f|? < c(1 — |2]?)|0g/%|f|*> € W.
Thus, to obtain i), we need to show that
2

p=(1-]z? ewl

/ OGy,.f N Koz
B

Following the notations used in the above lemma, we have |5Gk,l| <
c|Tg||0g| and thus Holder inequality gives

o= ( f o 16) e av
(/B 10g[?| f12(1 — |€|2)%|K3,1[dv> .

But
o(z) = (1= |2) [ [Tt~ 167 41K, av
B

<e(l—|2P) /B (1= I¢P)H K lav

and thus v(z2) is a bounded function on B. Since w((1 — |¢|?)~2 |K§11) =0
and (1 — |¢|2)|8g|%|f|> € W1, Corollary 4.7 gives

[ 10gPI0 - P K0V € W

Hence, p € Wt

To prove part ii), iii) and iv) we will use Lemma 4.11. By this lemma
we have

azsok,lﬂ = gzaz/ kalf/\ KS,O
B

n o - .
=~0Gui) + Y [ 5E0Gei) A Ky
j=1

+ 0, / 5(Gk,lf) A K3,1,1-
B

Hence, we need to show that conditions ii), iii) and iv) are true for the three
terms which appears in the right part of the last formula. But, by part iv)
of Lemma 5.4 it is clear that 0(Gy f) satisfies the conditions. Thus we need
to prove that the two last terms satisfy the conditions. Let us prove ii).
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That

(1- 2% ew?

Z/ —B(lef)/\Km/\dzJ

follows from Corollary 4.7, w ((1 - |(|2) 2 (1—12?)|K§ 1|) =0 and (1 —
I¢[?)2 |00(Gk,f)| € W (see Lemmas 4.12 and 5.4).
Finally, by Lemmas 4.12 and 5.4, we have

w((1= 167 (1= [21%)18: K5 1,1) =0 and (1= %)} [8Gk.s| € W,

Hence, by Corollary 4.7, we obtain

) 5:/ OGraf) NK§ 14
B

which ends the proof of ii).

(1— |22 ew?,

To prove that

h(z) = (1 - [2*)% |8]2]* A (Z/(—?‘?— (lef)/\KOl/\dzJ) ew!
note that
P 8 _0\: .
|h(2)] < (1 —|2*)2 i;I /B (zj'a—ci - Zia_Cj) O(Graf) NKG
<(-|2P) \(4 el ) 3¢ f)\lK dv
P 1/ Tog; “tag ) T
+(1— |2} 2/|aa Grah)|IC — 2|| K81 |dV.

i,j=1

Thus the result follows from
w (1= 2R = 1¢P) K l) =0

L0 .0\ 4 )
(ngg—cz'gg) B(Gk,lf)’ ew,

w (1|23 (=) F = ClIKs1]) =0 and (1—[¢P)F [00G.f| € W™,

(1-

The estimates of the other terms follows in the same way. -0
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Finally, as a consequence of this theorem and Proposition 2.14, we
obtain a corona type decomposition for the Bloch space B. We point out
that this result was obtained by ourselves [OF] by other method, using
some explicit division formulas.

We recall that
B(B) = {f € H(B);||f|ls =sup {(1 - |2[*) (I + R)f(2)|,z € B} < c0}.

COROLLARY 5.5. — M, maps B x ... B onto B iff the functions g;
are pointwise multipliers of B and satisfy sup{|g(z)|;z € B} > 6 > 0.

Proof. — The necessity of the conditions follows in the same way
that for the BMOA space (see section 3 or [OF]).

Denote by By, the unit ball in C* and by ﬁ(zl,. o Znt1)=h(21,. .., 2zn).
An elementary computation gives that h € BMOA(Bpy1), if h € B(B,).
Moreover, by Proposition 2.14, we have that §; € M(BMOA(Bp41)).
Thus, by Theorem B, if f € B(B,,) there exist functions f; € BMOA(Bp+1)

such that f =" §;f;- Therefore, the result follows from
Jj=1

BMOA(Bp+1)|B, C B(Bn+1)|B, = B(Bn)- a
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