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CHAPTER 1

Introduction

Of all classical topics in algebra, there is none of greater ubiquity, beauty and
elegance than the theory of the symmetric groups. Symmetric groups are of ut-
most importance to mathematics because any finite group embeds inside some
symmetric group. The symmetric group also lies at the crossroads of Lie the-
ory, combinatorics, and mathematical physics. It is of course a prevailing and
intelligent paradigm to study finite groups via their actions on vector spaces —
this leads to group representations, and establishes the mathematical discipline
of representation theory, to which we humbly submit some contributions in this

thesis.

Representations of symmetric groups have been studied for over a century. In the
early 1900s, Young [107] classified the irreducible representations of symmetric
groups over the complex numbers and provided elegant combinatorial rules for
restriction and induction; his combinatorics of partitions and tableaux are still
used extensively today. Describing the modular representations of symmetric
groups, that is, their representations over fields whose characteristic divides the
rank of the symmetric group, is a much harder problem. Although considerable
progress has been made in the past forty years since a landmark paper of James
[48], culminating with Kleshchev’s modular branching rules for symmetric groups
[65, 56, 57, 58|, many important questions in this area remain unanswered,

including long-sought combinatorial formulas for dimensions of simple modules.

Later developments led to the introduction of Iwahori-Hecke algebras, a family of
C-algebras dependent on a parameter ¢ which can be specialised to take values
in C, such that specialising to ¢ = 1 recovers the ordinary group algebra of

the symmetric group. Although originally motivated from geometry [46], these
1



2 1. INTRODUCTION

algebras were found to have profound connections with the representation theory
of symmetric groups. The precise nature of this connection was conjectured
by James [50] — in 2013 however his conjecture was disproven by Williamson
[105]. The exact relationship between symmetric groups and their Iwahori-Hecke

algebras therefore remains a tantalising mystery.

Meanwhile, Iwahori-Hecke algebras were being further generalised into cyclo-
tomic Hecke algebras, a larger family of algebras which include and generalise
complex reflection group algebras. The study of the structure and representa-
tion theory of these algebras has been extensive and much is known about them
[78], although there are several important unanswered questions as well, again
including ever elusive formulas for simple modules at certain parameters and

over certain fields.

In 2006, Khovanov and Lauda [53, 54], and independently Rouquier [95], intro-
duced a new family of algebras, defined in terms of braid-like diagrams (though
Rouquier’s definition is algebraic), which, as they demonstrated, categorify the
positive part of the quantum groups of Kac-Moody algebras. Even more remark-
ably, several years later, Brundan and Kleshchev [17] demonstrated that certain
Khovanov-Lauda-Rouquier algebras are actually isomorphic to cyclotomic Hecke
algebras of type A. Since the former algebras were equipped with a Z-grading in a
natural way, this gave a way to construct gradings on cyclotomic Hecke algebras;
in particular on Iwahori-Hecke algebras, and on group algebras of symmetric
groups in positive characteristic. With the presence of a grading, interesting
structural questions become more tractable, and other new questions of graded
representation theory can be posed. There has been considerable progress in this

area in the last several years [18, 20, 41, 42, 43, 62, 79].

The symmetric group contains a subgroup of index two called the alternating
group. It will be the alternating group and its generalisations which attract the
focus of this thesis. The ordinary representation theory of the alternating group
comes as a relatively straightforward consequence of Young’s description for sym-

metric groups [39, 102], [51, §2.5]. Their modular representation theory is also
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straightforward once the results are known for the symmetric group, at least in
odd characteristic [29], assuming the existence and combinatorial description of
an involution on partitions known as the Mullineux map [21, 85]. Mullineux’s
conjecture was proven in 1996 by Ford and Kleshchev [30], giving a satisfactory
description of the modular representation theory of alternating groups for the
first time. The problem of classifying the modular representations of alternating
groups over fields of characteristic two was solved in 1988 by Benson [10] without
reference to the Mullineux map. We almost entirely avoid discussing the even

characteristic case in this thesis.

In 2001, Mitsuhashi [83] defined a new family of algebras which are g-analogues of
alternating group algebras; by analogy with the symmetric group case, he called
these alternating Hecke algebras. Mitsuhashi provided a description of their
semisimple representation theory, and also gave a presentation by generators
and relations. There is a conceptually neater way to view alternating Hecke
algebras however, by considering them as fixed-point subalgebras of a certain
involution. This approach more naturally leads to generalisation and one can
obtain families of alternating cyclotomic Hecke algebras in “higher levels”; for
level 2 these correspond precisely with the second family of alternating Hecke

algebras of type B,, introduced by Mitsuhashi a few years later [84].

Our main aim in this thesis is to provide a study of alternating cyclotomic Hecke
algebras. After a brief summary of important ideas from graded representa-
tion theory and the theory of cellular algebras [33] in Chapter 2, which we will
use in later chapters, we discuss in Chapter 3 cyclotomic Hecke algebras in full
generality and determine which types of cyclotomic Hecke algebras allow for
the definition of the involution we need to pass to their alternating subalgebras,
pausing to incorporate Mitsuhashi’s algebras into our framework. We then define
alternating cyclotomic Hecke algebras for arbitrary level, and give a classification

of semisimple representations and a dimension theorem.

In Chapter 4 we discuss quiver Hecke algebras, which is our terminology for

the broad class of algebras originally defined by Khovanov-Lauda and Rouquier
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(these have also been referred to as KLR algebras in the literature), and their
cyclotomic quotients. The main result which we need is the celebrated Brundan-
Kleshchev isomorphism theorem [17, Main Theorem], which links cyclotomic

quiver Hecke algebras with the classical theory of cyclotomic Hecke algebras.

In Chapter 5 we discuss alternating quiver Hecke algebras. We start by con-
structing a Clifford system for these algebras in general using the graded sign
automorphism [62], which gives us the formal mechanism for many proofs. We
then give a basis theorem for the full (or affine) alternating quiver Hecke alge-
bras, in the spirit of Khovanov and Lauda, and give a presentation by generators
and relations which is strikingly similar to the presentation for the quiver Hecke
algebras. We then consider cyclotomic quotients of these algebras; these so-
called alternating cyclotomic quiver Hecke algebras are the primary contribution
of this thesis, as they simultaneously generalise alternating groups as well as

Mitsuhashi’s type A and B alternating Hecke algebras.

In Chapter 6 we prove the main result of this thesis, Theorem 6.2.41, which is
a Brundan-Kleshchev style isomorphism theorem in level 1 between alternating
cyclotomic quiver Hecke algebras and the alternating cyclotomic Hecke algebras
defined by the hash involution. Our proof uses machinery from Hu and Mathas’
graded seminormal form framework [43], in particular their alternative approach
[43, Theorem A] to Brundan and Kleshchev’s isomorphism theorem. Given
some technical requirements on the rings involved, our main corollary is that
alternating group algebras and alternating Hecke algebras of type A are now

Z-graded.

Finally, in Chapter 7 we discuss some representation-theoretic consequences of
our results. Using the graded cellular bases of Hu and Mathas [41] we can
construct a homogeneous basis for alternating cyclotomic quiver Hecke alge-
bras and obtain a graded dimension formula, in arbitrary level. We also obtain
Specht modules for these algebras in the semisimple case in level 1. In the non-

semisimple case, Specht modules are much more difficult to define. We give some
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examples in this direction. We also give a classification of graded simple mod-
ules for alternating cyclotomic quiver Hecke algebras in arbitrary level, and finish
with a discussion of their graded decomposition numbers; formulas are given for
these graded decomposition numbers in certain cases assuming knowledge of the
corresponding numbers for cyclotomic quiver Hecke algebras, which can in some

cases be explicitly computed.

Declaration of originality

The work presented in this thesis is original except where stated otherwise. No
part of this thesis has been submitted for the award of any other degree or
diploma at this or any other university. Some of the material in Chapter 3 was
obtained jointly with the author’s supervisor and will appear in [13]. Theorem

6.2.41 and a special case of Theorem 5.4.9 were obtained jointly in [13].



CHAPTER 2

Graded representation theory

Graded representation theory is the study of actions on graded vector spaces.
The extra structure afforded by a grading can often give a remarkable amount of
new information — problems which seem intractable in an ungraded setting can
become significantly more transparent in the presence of a grading, and ques-
tions about the new structure can be posed. In later chapters we will explore
and exploit gradings and their structure and discuss graded representations of
particular algebras; here we give an elementary exposition of graded represen-
tation theory from first principles. We assume only the fundamental definitions
and concepts from the theory of modules, rings and algebras, such as one might
find in the excellent book by Lam [65]. We will also use the elegant language of

category theory; the strokes of its creator’s brush are on exhibit in [73].

2.1. Graded algebras

Let us work over a general unital integral domain Z and consider a Z-module

A.

Definition 2.1.1. If (G, +) is an abelian group then A is a G-graded Z-module
if there is a family {4, | ¢ € G} of Z-submodules of A with a Z-submodule
decomposition such that A = @ e Ay, and such that A, is of finite rank for
all g € G. A nonzero element z € A, is said to be homogeneous of degree g
and this therefore defines a degree function on nonzero homogeneous elements
with degz = ¢, if x € A;. Given a G-graded Z-module A, we write A for the
Z-module obtained by forgetting the grading on A. We can also speak of graded
Z-submodules of a Z-module A; these are just Z-submodules of A which are

graded Z-modules in their own right.
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Example 2.1.2 (Laurent polynomials). Consider the ring Z|[x, z~!] of Laurent
polynomials over Z in an indeterminate z. Then Z[z,z7'] is a Z-graded Z-
module with degree function given by the usual degree of Laurent polynomials

deg(xz™) = n, that is Z[z,x7 Y, = Za", for n € Z.

We now define a G-graded Z-algebra for an abelian group G. In this thesis, all

algebras of interest will turn out to be unital, associative and free as Z-modules.

Definition 2.1.3 (Graded algebra). A G-graded Z-algebra is a Z-algebra A
which is a G-graded Z-module such that

AgAh - Ag+h

for all g, h € G.

Example 2.1.4 (Matrix rings). Let A = M, (Z) be the ring of n x n matrices
with entries in Z and recall matrix units {e;; }}';_; multiply according to the rule

eijer = Ojpey. Choose n integers {dy,ds, ..., d,} and define
deg(eij) = dz — dj.

Then each such choice gives rise to a Z-graded Z-algebra Ald-dn} with

Example 2.1.5 (Polynomial algebras). If Z = F'is a field, the algebra F[z] of
polynomials in an indeterminate x is Z-graded with degree function deg 2™ = n.
One can obtain gradings on finite-dimensional polynomial algebras F[z]/(z™) by

taking quotients of this algebra.

Example 2.1.6 (Superalgebras). A common example of graded algebras in the
literature are superalgebras (see [21]), which are Zy-graded algebras A. Ay is
often referred to as the even part of the algebra and written A, and A; the odd

part, written A_.

Definition 2.1.7. Let A be a G-graded Z-algebra. A graded (left) A-module is

a graded Z-module M which is a (left) A-module (in the usual sense) and whose
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(left) action satisfies

Ath - Mg+h

for all g, h € G. Similarly we can define graded right A-modules. We write M
for the A-module obtained from M by forgetting the grading.

In this thesis we will mainly be concerned with Z-graded algebras and their

graded modules.

Definition 2.1.8 (Degree shift). Given a G-graded Z-module M, for g € G let
M {g) be the graded Z-module obtained by shifting the grading on M up by g;
that is M<g>h = Mh—g-

If Z = F is a field and G = Z is the group of integers under addition, we have

the notion of graded dimension for a finite-dimensional Z-graded k-vector space:

qdimpM = Z(dimp M,)q",

nez

where ¢ is an indeterminate (this sum is well-defined since each dimg M, is finite).
Notice that in general qdim M € Nlq, ¢~']; a module M for which qdimM € N[q]
is called positively graded. The (Laurent) polynomial qdimzM is often referred
to as the Poincaré or Hilbert series for M. The ¢ in the notation for graded
dimension comes from the usual indeterminate ¢ used for graded dimensions;

even if we use a different indeterminate we still write qdim.

Example 2.1.9. If Z = F'is a field and Fz] is the ring of polynomials with
coefficients in F', then

qdimpFlz] =14+q+ ¢ +... = .
Remark 2.1.10. It is easy to see that if M is finite-dimensional as a F-vector
space, then replacing ¢ with 1 in its graded dimension gives its F'-dimension, i.e.

qdimzM (1) = dimg M.
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2.2. The category of graded modules

In this section, let us fix a graded Z-algebra A and consider Z-graded A-modules.

Definition 2.2.1 (Category of graded modules). The category A-Mod is the
abelian category whose objects are finitely-generated Z-graded A-modules and

whose maps are degree-preserving A-module homomorphisms. More precisely,

for M, N € Obj(A-Mod), we have

Mor(M, N) := Homa (M, N) = {f € Homus(M,N) | f(My) C Ny for all d € Z}.

The maps in Hom4 (M, N) are called homogeneous maps of degree zero; more

generally we define
Homu (M, N)y; = Homa(M({d), N) = Homa (M, N(—d)),

which are the homogeneous maps M — N of degree d, for d € Z. The last iso-
morphism follows since f(M(d).) C N, if and only if f(M.) C Ne_yg = N(—d)..

This allows us to define the set
HOM4(M, N) = ) Homa(M, N)q (2.2.2)
deZ

as in (41, p601]. Notice that HOM4(M, N) = Hom 4 (M, N) as Z-modules.
[ 9 p 9 PaY )

Definition 2.2.3. We say an ungraded A-module M has a graded lift if there
exists a graded A-module N such that N 2 M as A-modules.

Lemma 2.2.4. [9, Lemma 2.5.3] Let Z = F be a field and A a graded F-algebra,
and suppose M is a finite-dimensional A-module. If M is an indecomposable A-

module with graded lifts M and M’, then M = M'(d) for some d € Z.

Proof. By (2.2.2) any map ¢ between two A-modules can be written in a unique
way as a sum of homogeneous A-module homomorphisms ¢4; take the isomor-
phism 0 between M and M’ and its inverse =1 between M’ and M. Then for

each m,n we have 6, o (07'),, € Enda(M’). By Fitting’s Lemma, since 6 and
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6—1 are isomorphisms there must exist some m,n for which 6, o (71),, is not
nilpotent. Since End4(M’) is local 6,, o (§71),, is an isomorphism and hence of

degree zero; whence n = —m and so M = M’'(m) since deg,(a) = dega+n. O

Remark 2.2.5. Modules do not in general have graded lifts, and graded lifts

are not in general unique.

Example 2.2.6. It is easy to construct examples of modules without graded
lifts. For example, if A = R[z| with degree function as in Example 2.1.5 and
M is the ungraded A-module R? with basis v,w on which = acts as the linear
transformation (9 }), then M cannot have a graded lift because x? acts as the
identity on M whereas x, having positive degree, must act nilpotently on any

finite-dimensional graded A-module.

In this thesis, we will be interested in categories of graded modules for some
particular families of algebras. In order to discuss these categories in more detail
we need to introduce the concept of graded simple modules. Recall that for
an ungraded algebra A, an A-module is simple if it has no nontrivial proper

submodules.

Definition 2.2.7. A graded A-module is simple (or irreducible) if it has no

nontrivial proper graded submodules.

We need to introduce some constraints on our algebras and modules which will

allow us to discuss elementary representation theory.

For the remainder of this chapter, suppose A is an algebra, over
a field, which satisfies the descending and ascending chain condi-
tions on ideals, and that all A-modules satisfy the descending and

ascending chain conditions on submodules.

These assumptions are readily satisfied by the algebras whose representation

theory is of interest to us in this thesis. Additionally, for the remainder of this
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thesis, except for in Section 5.3, where representation theory will not
be of concern, we will be only interested in algebras graded by the
group of integers Z under addition. Hence for the rest of this chapter, a

graded Z-algebra A is a Z-graded algebra.

The next important result allows us to reduce many questions about the module

category A-Mod to a study of its simple objects.

Definition 2.2.8. A graded composition series for a graded A-module M is a
series

M:MHDMn,1DMn,QD"‘DMlDMO:O

of graded submodules of M with each successive quotient M;/M;_; being simple.

The proofs of the following results are entirely analogous to proofs of the un-
graded versions, which are well-known (and can be found for example in [25,

Theorems 13.4 and 13.7]).

Lemma 2.2.9. Let F be a field and A a graded F-algebra. Let M be a graded

A-module. Then M has a graded composition series.

Theorem 2.2.10 (Graded Jordan-Hélder theorem). Let F' be a field and A a
graded F-algebra. Let M be a graded A-module and let

M=M,DOM, 1DODM, 2D ---DM DMy=0 and
M=M, DM DM, ,>--D>M DM;y=0
be two graded composition series for M with M;/M;_1 = D; fori =1,2,...,n

and M;/M;_, = D} for j =1,2,...,m. Then m =n and D; = D;(i) for some

permutation m € S, , for alli=1,2,...,n.

Definition 2.2.11. For an ungraded algebra A, let Irr(A) be the collection of
(isomorphism classes of) simple A-modules. For a graded algebra A, let Irr(A)

be the collection of (isomorphism classes of) graded simple A-modules.



12 2. GRADED REPRESENTATION THEORY

Theorem 2.2.12. [88, Theorem 9.6.8] Let F be a field and A a graded F-algebra.
Then the collection

Irr(A) ={D(d) | D € Irr(A), d € Z}
gives a complete list of pairwise nonisomorphic irreducible graded A-modules.

The above results allow us to work in the graded Grothendieck group of the

category A-Mod, which we now define.

Definition 2.2.13. The graded Grothendieck group Ko(A) = Ky(A-Mod) of the
Z-graded Z-algebra A is the abelian group generated by isomorphism classes [D]

of simple A-modules subject to relations

whenever there is a short exact sequence 0 — EF — D — F — 0. Define a

Z|q,q ]-module structure on Ky(A) by

for d € Z.

Combining Lemma 2.2.9, Theorem 2.2.10 and Theorem 2.2.12 gives the following

basis theorem for graded Groethendieck groups.

Proposition 2.2.14. Let F be a field and A a Z-graded F-algebra. Then {[D] |
D e Trr(A)} is a Z[q, ¢ ']-basis for Ko(A).

2.3. Graded cellular algebras

Cellular algebras were introduced by Graham and Lehrer [33] to give a neat
way of generalising and systematising the representation theory of a number
of algebras, including symmetric group algebras, Hecke algebras, and different

families of diagram algebras [35].
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The theory of cellular algebras provides a framework for studying algebras with
different parameters simultaneously, especially algebras which are deformations
of generically semisimple algebras. This gives an elegant way in which informa-
tion about the non-semisimple representation theory can be obtained from the
semisimple theory. Hu and Mathas [41] have extended the theory of cellular
algebras to graded algebras.

Definition 2.3.1. [33, 41| (Graded cellular algebra). Let A be a Z-algebra
which is free and of finite rank as a Z-module. A cell datum for A is an ordered
triple (P, T, C) where (P, >) is the weight poset, T () is a finite set for all A € P,
and

C:l T xT(N) =4 (s,t) = car
AEP
is an injective function such that

(i) {cst | s, € T(A) for A € P} is a Z-basis of A4;
(ii) if s,t € T(A) for some A € P,, then for all @ € A there exist scalars
rys(a) which do not depend on t such that
aCsy = Z rev(a)cyy mod A
veT (A)

where A”? is the Z-submodule of A spanned by {c,, | £ > X and a,b €

T(n)}, and
(iii) the Z-linear map * : A — A determined by (cg)* = ¢4 for all A € P,

and s,t € T () is an anti-isomorphism of A.

A cellular algebra is a Z-algebra A which has a cell datum (P,,T,C), and the
basis {cst | A € P, and s,t € T(A\)} is called a cellular basis of A. If in
addition A is a Z-graded algebra then a graded cell datum is an ordered 4-tuple
(P, T, C,deg) where the degree function
deg: | | TN =2
AEPy,

satisfies
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the basis vector cg, is homogeneous of degree degcs, = deg(s) + deg(t)
for all A € P, and s,t € T(A).

We say A is a graded cellular algebra and that {cs | s,t € T(A\) for A € P,} is

a graded cellular basis for A.

The rather opaque definition above is best understood through a series of ex-

amples, which show that the idea of a cellular algebra is a natural simultaneous

generalisation of a number of important algebras. It is worth mentioning that

Konig and Xi have given an alternative definition of cellular algebras from a

more abstract point of view [64]; Graham and Lehrer’s original definition is

more suited to our needs in this thesis.

Example 2.3.2.

(i)

(i)

If Z = F is a field, for r € N the truncated polynomial algebra A =
Flz]/(z") is cellular. Take P, = {0,1,...,n — 1} with the natural order,
and for all k € P, let T (k) = {1}. Set c¥; = z* — this gives a cellular basis
{ck 10<k<n}={zF|0<k<n} for A, with the anti-automorphism
* being the identity map. We can also equip this algebra with the degree
function deg : L= T (k) — Z given by k ~ k; this then gives a graded
cellular algebra with degx = 1.

Let A be the algebra of n x n matrices with real entries. Let P, = {n}
and let 7(n) = {1,2,...,n}. Then letting ¢;; = e;; be the (7, j)-th matrix
unit gives a cellular basis for A — the map * is just transposition in this
case. It is not hard to see that all the degree functions given in Example
2.1.4 give rise to (non-isomorphic) graded cellular algebras.

If A is a split semisimple F-algebra, where F' is a field, then the Wedder-

burn decomposition gives that

4
A= D Maty, (k)
j=1



(vii)

(viii)
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for some ky,...,k; € N for some ¢ € N. Since it is straightforward to
prove that direct sums of cellular algebras are cellular, this decomposi-
tion together with (ii) shows that all finite-dimensional split semisimple
algebras over a field are cellular.

Let TL,(Z,0) be the nth Temperley-Lieb algebra (see [34] for the defini-
tion) over Z with parameter 6 € Z. That is, T'L,, is the Z-algebra with
basis given by planar Brauer diagrams on 2n points with multiplication
given by concatenation, where interior circuits are removed and replaced
by premultiplication by a power of § according to the number of removed
circuits. See [33] for a detailed example of how this multiplication is de-
fined. T'L,, is an (ungraded) cellular algebra with a cellular basis given by
certain involution diagrams as defined in [33]. Plaza and Ryom-Hansen
[91] have since constructed a graded cellular basis for Temperley-Lieb
algebras.

A graded version of the Wedderburn decomposition in (iii) (see [88, The-
orem 2.10.10]) shows that any semisimple graded algebra is isomorphic
to a direct sum of the graded matrix rings in Example 2.1.4.

Let &,, be the symmetric group on n letters and let F' be a field of
characteristic zero. Let P, be the set of partitions of n (see §3.2) and
for each p1 € P, define m,, = ZUGGN o, where G, is the Young subgroup
corresponding to 0. One can define [75, Chapter 3] distinguised coset
representatives d(s) and d(t) for this Young subgroup for each s,t € T (u),
the set of standard tableaux of shape p, and defining ¢y = d(s)m,,d(t)~*
gives a cellular basis for the group algebra F'S,, [75, Theorem 3.20].
The approach given in (vi) generalises to the Iwahori-Hecke algebras,
which can be seen as “deformations” of the group algebra F'S,, by some
parameter g. This basis is called the Murphy basis [26], [75, Chapter 3]
and we will discuss this in §3.3.

Hu and Mathas [41] have defined a cellular basis for the Khovanov-Lauda-
Rouquier algebra in type A. We discuss these bases at length in Chapter
4. Indeed in [41] it is shown that the Hu-Mathas basis is a graded cellular
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basis, and in particular all algebras from (vi)-(viii) are graded cellular

algebras.

For graded cellular algebras, we are able to define the graded notion of the dual

of a module.

Definition 2.3.3. Let M be a graded A-module, where A is a Z-algebra. The
contragredient (graded) dual of M is the graded A-module
M® = HOMz (M, Z) = ) Homz (M (d), Z).
dez

with A-action determined by

(a- f)(m) = f(a"m)

for all f € M® a€ Aand m e M.

Remark 2.3.4. Notice that as a Z-module, (M¥); = Homz(M_4, Z), so the
graded dimension of M® is qdimM®(q) = qdimM (q~1).

2.4. Graded cell modules, simple modules and projective modules

The theory of cellular algebras which we have just introduced gives a very conve-
nient way to discuss the representation theory of these algebras. Specifically, once
a graded cellular basis is constructed, one can define a family of distinguished
modules called graded cell modules; from these modules one can in theory con-
struct all simple modules and develop a theory of graded decomposition numbers,

which are graded composition multiplicities of simple modules in cell modules.

Definition 2.4.1 (Cell modules). Let A be a a cellular Z-algebra. For each
A € P, define the (left) cell module Sy to be the free Z-module with basis
{¢s | s € T(\)} and A-action given by

a-cs = Z Tse(@)Cy

teT(N)
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where 74, (a) are the structure constants appearing in Definition 2.3.1 of a cellular

algebra. Note that this action is well-defined since by definition the scalars . (a)

do not depend on t. Similarly one can also define right cell modules.

Example 2.4.2.

(i)

Let Z = F be a field and = an indeterminate over F. For 1 < n < r,
the F[z]/(z")-module S, is the one-dimensional module with basis v,, and
trivial action

m
T - VUp = OmoUnp-

Notice that Sj = i for all j,% and that, for all k, S, = D, the unique
one-dimensional simple F'[x]/(z")-module. As graded modules, it can be
shown that Sy = Sy(k).

For matrix algebras M, (F') over a field, the (ungraded) cell modules are
the usual irreducible column-space modules.

When A = F'S,,, the symmetric group algebra, the cell modules are the
well-known Specht modules, as in James [49]. A study of these modules
and generalisations of them to other algebras will occupy a large portion
of Chapter 6 of this thesis, including their graded analogues which were
constructed by Brundan, Kleshchev and Wang [20] and Hu and Mathas
[41].

Proposition 2.4.3. [33, Theorem 3.4] If A is a semisimple cellular algebra,

Irr(A) = {S* | A e P}

Irr(A) = {SMd) | A € P, d € Z}.

Proposition 2.4.4. [41, Corollary 2.5] For a graded cellular algebra A, the cell

module S* has graded dimension

qdimS’\ = Z qdegs.
seT(A)
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Moreover, the graded dimension of A is

qdlmA _ Z Z qdegs—‘rdegt.

AEPR s,t€T(N)

For a general (not necessarily semisimple) cellular algebra A, one can define a

bilinear form (-, ), on each cell module Sy by the formula
CotCay = (Cy, Co)Csy  mod AP

It is not hard to show [41, Lemma 2.7| that for each A € P,, this form is
homogeneous and so the radical rad(S)) of this form is a graded submodule of

Sy. This allows us to make the following definition.
Definition 2.4.5. For each A, the module D, is defined to be the quotient
D)\ = SA/rad(S,\)

of the cell module by the radical of this form.

Remark 2.4.6. Note that since the form (-,-) is homogeneous, the quotient

module D, is a graded A-module.
Theorem 2.4.7. [41, Theorem 2.10(c)|] The collection
{Dx(k) | Dx #0 and k € Z}

1s a complete set of pairwise non-isomorphic irreducible graded A-modules.
Definition 2.4.8. PY is the set {\ € P, | D, # 0}.
Corollary 2.4.9. {D, | Dy # 0} is a complete set of irreducible A-modules.

Example 2.4.10. If F3 is a field of characteristic 3, the algebra Fs[x]/(x?) is

cellular as in Example 2.1.5 with graded cellular basis

0 _ 1 _ 2 _ 2
ch=1 c,=2, c,=2
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and degree function deg ¢}, =i. The cell modules are
So = F3v, S1 = S(1), So 22 .5(2)

where degv = 0. Moreover, one can check that rad(S;) = S; and rad(Sy) = Ss
and so the unique (up to shift) graded simple module is D = Sj.

Graded cellular theory as we have developed it allows us to discuss graded de-
composition numbers of algebras. If M is a graded A-module and D is a simple
A-module, let [M : D(k)] be the multiplicity of the simple module D(k) as a
graded composition factor of M; these numbers are well-defined by Theorem
2.2.10. This is an obvious generalisation of the notation [M : D] for ungraded

composition multiplicities.

Definition 2.4.11. Let A be a graded cellular algebra. Then the graded decom-
position matriz of A is the matrix (dx,(q))rep, uepo Where
[S*: D' = dyu(q) = Z[S)\ : Du<k>]qk'
kEZ
Example 2.4.12. Continuing with Example 2.4.10, the graded decomposition

matrix for Fs[z]/(23) is

D
So| 1
Sl q
Sy | ¢°

We will see this matrix appearing again in Chapter 7.



CHAPTER 3

Alternating cyclotomic Hecke algebras

In this chapter we study the semisimple representation theory of alternating cy-
clotomic Hecke algebras in detail. We start by considering cyclotomic Hecke
algebras, which grew via generalisation from the symmetric and hyperoctahedral
groups, as well as their Iwahori-Hecke algebras. We also discuss the seminormal
form theory of these algebras, which dates back to Young [107] in the symmetric
group case, and is due to Hoefsmit [40] and Ariki-Koike [6] in general for cyclo-
tomic Hecke algebras — we follow the approach of Hu and Mathas [43]. We then
define alternating cyclotomic Hecke algebras for arbitrary level as fixed-point
subalgebras of cyclotomic Hecke algebras under the hash involution, pausing to
incorporate Mitsuhashi’s alternating Hecke algebra [83] into our framework. In
the final section we give a classification of irreducible representations for semisim-
ple alternating cyclotomic Hecke algebras, including a dimension formula. These
algebras comprise one side of a two-sided framework which has remarkably been

linked together in recent years; we study the other side in Chapter 4.

3.1. Cyclotomic Hecke algebras

To give the definition of cyclotomic Hecke algebras as abstract algebras with a
presentation by generators and relations, we need some additional notation. As
in the previous chapter, let Z be a unital integral domain. If k € Z and £ € Z*,
define the quantum integer [k|¢ by
(I+&+---+&Y, k>0,
[k]e =
—(E T+ Y, k<.

20
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We write [k] for [k]¢ when there is no confusion over the quantum parameter; by

the geometric series formula, [k] = 5;_—_11 provided & # 1 (if £ = 1, [k] = k).

Definition 3.1.1 (Cyclotomic Hecke algebras [6]). Let Z be a unital integral
domain, let £ € Z* and let K = (K1, K2,...,K¢) be an (-tuple of elements in
Z. The cyclotomic Hecke algebra 7€, = 76, 2,, k) is the unital associative
Z-algebra generated by Ly, Lo, ..., L,,T1,Ts, ..., T, subject to the relations

L

[z = [sie) =0

i=1
(T, + 1)(T, — &) =0
L.Lys= LsL,
7.7, =TT, if|r—s|>1 (3.1.2)
LTLnT, =TT Ty
T.Ly= LT, ifts#nrr+1
Lo (T, =§+1) =T, L, + 1.
The (-tuple (ky,...,kx¢) € Z° is called the multicharge of 5, and is closely
related to a dominant weight A = A(k) of a Kac-Moody algebra (see (4.1.5)).

The quantum integers [k;] for 1 < ¢ < ¢ are the cyclotomic parameters. The

elements Ly, Lo, ..., L, are called Jucys-Murphy elements.

Definition 3.1.3. For a cyclotomic Hecke algebra 7, let e be the quantum

characteristic of £ in Z, that is,
e=min{k >0|1+&+E+... .+ =0},

or e = oo if no such k exists. Note that if ¢ =1 and Z = F' is a field of positive
characteristic, e = char(F). If £ # 1 and £ is a root of unity then e is the

multiplicative order of €.

Example 3.1.4. The family of algebras defined above contains many well-known

examples, some of which we will study further. We note that these algebras are
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often referred to in the literature as Ariki-Koike algebras, as they were first

studied in full generality by Ariki and Koike [6] (see Remark 3.1.5(iii)).

(i)

(i)

Let ¢ =1, & =1and k; = 0. Then J4,,(2,1,0) = Z6,, is the group
algebra of the symmetric group G,, on n letters.

Let £ =1, Z = C, £ = (. be an eth root of unity and x; = 0. Then
76,1(C, ¢, 0) =2 ., c(S,,) is the Iwahori-Hecke algebra of &,, at an eth

complex root of unity.

Remark 3.1.5.

(i)

(iii)

The collection of generators in Definition 3.1.1 contains many superfluous
elements; one may start with only L;,7h,...,7,_1 and define the Jucys-
Murphy elements Lo, . .., L, inductively using the final relation in (3.1.2),
showing they satisfy the remaining relations. We include them in our list
of generators as they are of utmost importance, and make for a more
transparent presentation.

Provided ¢ # 1 (in [17] this is called the non-degenerate case), the cy-
clotomic Hecke algebra is a quotient of the affine Hecke algebra ]Tlg(n)
by the first relation in (3.1.2). The affine Hecke algebra can be defined
as a tensor product J%(&,) ®z Z[LF', ..., L] of Z-modules, with the
action of T; and L twisted by the relations above, where J%(&,,) is the
ordinary Iwahori-Hecke algebra of &,, [75, Chapters 1 and 3]. In par-
ticular the cyclotomic Hecke algebra contains a copy of ##(S,,) as the
subalgebra generated by Ti,...,7T,_1.

The algebras we have defined only comprise a subset of the algebras nor-
mally defined as cyclotomic Hecke algebras or Ariki-Koike algebras [6],
[14], [78], which do not have the requirement that each cyclotomic pa-
rameter be equal to some (quantum) integer. Our algebras are sometimes
referred to in the literature as integral cyclotomic Hecke algebras because
of our restriction on the cyclotomic parameter multiset; an important the-
orem of Dipper and Mathas [27] implies that these algebras determine

all the others up to Morita equivalence.
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The following basis theorem of Ariki-Koike gives the first indication that cyclo-
tomic Hecke algebras are interesting objects of study: their rank depends only
on ¢ and n (i.e. it is independent of the choices of parameters). Importantly,

this rank does not depend on the choice of £ or its quantum characteristic.

Theorem 3.1.6 (Ariki-Koike [6]). The cyclotomic Hecke algebra 2, ¢(Z,€, K)

is a free Z-module with basis
{LT'LY - LT, | 0<vy <landw € &,},

where T,, = T;,T;, - - - Ty, if iy Siy - -+ Siy, 15 any reduced expression for w. In par-

ticular its rank as a Z-module is

I‘kg(%l(z, é, I‘.‘,)) = Z"n'

3.2. Combinatorics

In order to discuss the representation theory, semisimple and otherwise, of cy-
clotomic Hecke algebras, we need to introduce the combinatorial framework of

(multi-) partitions and (multi-) tableaux.

Definition 3.2.1. A partition of n > 0 is a weakly decreasing sequence A\ =
(A1, Ag, . ..) of non-negative integers which sum to n. An (-multipartition of n
is an (-tuple A = (AW A® X)) of partitions whose total sum is n. When
writing multipartitions, we omit trailing zeroes, group repeated integers with
exponents and separate components with bars. We write P,, for the set of parti-
tions of n; A = n means \ € P,. We write P! for the set of (-multipartitions of

n; X ¢ n means A € P~

Example 3.2.2. A =(6,6,4,3,2,2,2,1,1,0,0,...) is a partition of 27 which we
write as A = (62,4, 3,23,12). An example of a 3-multipartition of 7 is g = (2 |
0]3,1%).

We usually visualise a multipartition using its diagram; we abuse notation fre-

quently and identify multipartitions with their diagrams. The diagram of a



24 3. ALTERNATING CYCLOTOMIC HECKE ALGEBRAS

partition is the set of left-aligned square boxes, called nodes, starting with A,
boxes, then Ay boxes underneath, and so on. The diagram of a multipartition is
its sequence of constituent diagrams. For example, below is the diagram of the

aforementioned 3-multipartition (2| 0 | 3,1%):

(|| o).

Note we can refer to a node A in A by a triple (r,¢, ) of the row r, column ¢

and constituent part AD of A in which it appears.

Definition 3.2.3. For a multipartition A € P, a A-tableau is a bijective filling of
the boxes of X with the numbers 1,2, ..., n. A A-tableau is standard if the entries
increase along rows and down columns within each constituent diagram. The
collection of standard tableaux with n boxes is written Std(P%); the collection
of those of shape A (i.e. those tableaux such that deleting all the numbers from

the diagram recovers the diagram of the multipartition A) is written Std(X).

Definition 3.2.4. We define the dominance order on P! by writing A > u, read

as A dominates pu, if

r—1 i r—1 i
RS SV SIS ot
k=1 j=1 k=1 j=1

for all 1 < r < ¢ and i > 1. This is a partial order which gives (P,>) the
structure of a poset. We can extend the dominance ordering to the set Std(P%)
by defining s &> t if sh(s |,,) > sh(t |,,) for all 1 < m < n, where by sh(u) we
mean the shape of the tableau u, and by ul, we mean the tableau with k& boxes
obtained from u by deleting entries k + 1,k + 2, ..., n. At several points in this
thesis we will also want to use the reverse dominance order, which corresponds
to the poset (P, ). There is also the lezicographic total ordering on partitions,
written A > p if there exists an integer j > 1 such that \; = p; for 1 <@ < j
and \; > p;; we extend this to multipartitions by writing A > p if there is
some integer k& > 1 such that AW = p@ for 1 < i < k and A® > p® . This
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is a refinement of the dominance partial order in the sense that A > p implies
A > (see [72, (1.10)] for a proof in the partition case; it is straightforward to

generalise this argument to the multipartition case).

There are two special tableaux for each multipartition A € P¢ which are used
frequently: the initial A-tableau t» which contains the entries 1,2,3,...,n in-
creasing along rows starting from A", and the final A-tableau ty which contains

the same entries increasing down columns, starting from A\,

Definition 3.2.5. For A € P,, the conjugate partition X is the partition with
/ . .

In terms of diagrams, )\ is the diagram of A with rows and columns swapped.

The conjugate X' of a multipartition A = (A\V, ... A®)) € P’ is
N = (\O7 AW,

For tableaux, conjugation t — t’ is defined by interchanging rows and columns;
the conjugate of the multitableau t = (t™®,...,t™) is t' = (£©’, ..., tM").
Notice that

(t}) = ty. (3.2.6)

The following lemma gives the important relationship between the dominance

ordering and the conjugation involution.

Lemma 3.2.7. [72, (1.11)] Conjugation reverses the dominance order on mul-
tipartitions and multitableauz, that is, X > p if and only if W' > X' and s >t if

and only if t' > g'.

Definition 3.2.8. For t € Std(\), where A € P¢, the content of k in t, for
1 <k <n, is the number

co(k) =ri+c—r,
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where k appears in component / in column ¢ and row r of t; the content sequence

of t is the n-tuple
c(t) = (ee(1),¢6(2), ..., c(n)).

The e-residue of k in t is the residue of ¢;(k) modulo e:
resy(k) = (k) +eZ € Z/eZ
and the residue sequence of t is the n-tuple
i, = (resy(1),resy(2),...,resy(n)) € (Z/eZ)".
Finally, for i € (Z/eZ)", Std(i) is the set {t € Std(P?) | i, = i}.
3.3. Idempotents and the Murphy bases

We now have the combinatorial language to discuss the semisimple representation
theory of cyclotomic Hecke algebras. We will do this by exhibiting a cellular basis
for these algebras; when ¢ = 1 this basis is to due to Murphy [87], and the result
for higher levels was proved by Dipper, James and Mathas [26] and Ariki, Mathas
and Rui [7].

Definition 3.3.1. Let % be the unique involutive anti-automorphism of 7,

which fixes the generators Li,T7,...,T,_1.

For each A € P!, define the elements

[AD|+.. 4|20
1
Ux = H 1+ (€= &Nk, (Lj — [Frs1])

1<r<t j=1

and

Ty = Z Twa

weG

where G is the row-stabiliser or Young subgroup corresponding to A; concretely

it is the direct product group

l
&x=[]]] &0

r=1j>1
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which embeds into &,, in the obvious way. The symmetric group acts on the
set of tableaux from the left by permuting entries; for each standard tableau

t € Std(A), we define permutations d(t) and d'(t) by
t=d(t)-t* and t=d(t)-tx. (3.3.2)

Definition 3.3.3 (The Murphy basis). For each A € P!, for a pair (s,t) of
standard A-tableaux define

Mgt = Ty)-1uxwaTa)-

Theorem 3.3.4 (Dipper, James and Mathas [26]). The cyclotomic Hecke algebra
H, is a free Z-algebra with cellular basis {mg: | s,t € Std(X) for X € PL} with
respect to the poset (Pr,>) and the involution x.

We will see another basis for these semisimple algebras, which is better adapted

to studying their non-semisimple representation theory, later in this chapter.

Using the Jucys-Murphy elements, we may produce a full set of mutually orthog-

onal idempotents for the Hecke algebras. For t € Std(A) for A € P¢, define

F, = ;f[ I1 Li — [ress(k)le (3.3.5)

seStd(A) [rese (k)] — [ress(k)]e
ress (k)#rese (k)

Remark 3.3.6. By (3.1.2), the Jucys-Murphy elements commute so there is no
ambiguity in the order of factors in (3.3.5).

Proposition 3.3.7 (Ariki’s semisimplicity criterion [3]). Let 74, = 7, ,(F,&, K)
be a cyclotomic Hecke algebra with e > 2, where F is a field. Then J¢, is a
semisimple F'-algebra if and only if the element

Po = Pu(F & k) = el lnle [T [ bevd=nle  (338)

1<r<s<t —n<d<n

is nonzero. Moreover, if Py is nonzero then the collection {F | t € Std(P%)} is

a complete set of pairwise orthogonal idempotents for F¢,.
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Example 3.3.9. Let us see how the above Proposition works in an explicit
example. Suppose that e = oo and n = 3 and consider % ,(C, ¢,0), where ¢
is not an eth root of unity for any e > 0. It is well-known [12] that this is a
semisimple algebra, isomorphic to the symmetric group algebra CS3. As there

are four standard tableaux with three boxes s, t,u and v, which we denote as

3

respectively, we expect four idempotents, which we can easily compute from

(3.3.5) as

g (Lo = [21])° (Ls = [=1])(Ls — [1])(Ls — [-2])
T (= 1= (2 = =) = (Rl = [=2)
P = (Lo —[-1])*  (Ls — [2])(Ls — [1)(Ls — [-2])

([ = (=12 ((=1] = 2D(=1] = A=) = [=2])
o (L2 = [1])* (Ls— [2))(Ls — [-1])(Ls — [-2])
S (U= () = 2] = =10 - =20
oo L= [])*  (Ls = 2D)(Ls — [-1])(Ls — [1])

T (F0 =2 (=2 - D=2 - (-2 - 1)

It is now a tedious calculation to use the relations in (3.1.2) to show that each

of these elements is indeed an idempotent.

3.4. The seminormal form

Young [107] introduced the seminormal form for symmetric group algebras to
give a particularly elegant description of their ordinary representation theory.
We will see the seminormal form arise as a basis of simultaneous eigenvectors
for the Jucys-Murphy elements. As we will see, this basis, which is intimately
linked to the semisimple representation theory of cyclotomic Hecke algebras, is

particularly well-adapted to computations.

The following lemma states the well-known result that tableaux are uniquely
determined by their content sequences (which are the same as their residue se-

quences for e > n) in the semisimple case.
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Lemma 3.4.1. [75, Lemma 3.34] Suppose that s,t € Std(P’) and that Py is
nonzero. Then s =t if and only if [c.(s)] = [cr(t)], for 1 <r < n. In particular
s =t if and only if ig = iy.

Recall that if t € Std(P’) and 1 < r < n then ¢,(t) € Z is the content of 7 in t.

Definition 3.4.2. Define the integer p,.(t) € Z by

pr(t) = ¢ (t) — crpa (). (3.4.3)
pr(t) is called the azial distance from r + 1 to r in t.

Definition 3.4.4 (Hu-Mathas [43, §3]). A x-seminormal coefficient system is a
set of scalars a = {a,(s) | 1 <r <n and s € Std(P%)} in Z such that

(i) for t € Std(P!) we have
ag(t)am(sk - t) = ap(t)ag(sm - t) (3.4.5)
for 1 <k,m<niflk—m|>1
(ii) for t € Std(P) and 1 < r < n — 2 we have
G (Srp18:t) i1 (8pt)an (t) = Qa1 (Srp18rt) e (Spp1t) g (t) (3.4.6)

(iii) for t € Std(PY) and 1 < r < n and v = (r,r + 1)t then «a,(s) = 0 if
v ¢ Std(PY) and otherwise

O_/r(t)OéT<V) — [1 + pr(t)][l + pr(v)] ) (347)

[or(E)][pr (V)]

As noted in [43, §3], examples of seminormal coefficient systems for the sym-

metric groups date back to Young in 1901 [107]. For example, we can take

ar(t) = G whenever t, 5, - t € Std(Pf).

Remark 3.4.8. We will see in Chapter 6 that in order to discuss alternating
cyclotomic quiver Hecke algebras and their representations, it is necessary to
take a particular choice of seminormal coefficient system. Our choice will be

motivated by the following example.
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Example 3.4.9. Suppose that Z = K is a field which contains £ € K*, /€
and square roots v/—1 and \/[hle, for 1 < |h| < n, such that \/[—h]¢ =

V=1(/E)"\/[h]e, for 1 < h < n. Define

\/—71\/[1"‘97“(‘3)]\/[1_137"(15)]
[pr (%))

7ﬁ\/[1+m(tﬁ\/[17ﬂr(t)] if 5, -t € Std(P?) and c,.(t) <0

[or(t

if s, -t € Std(Pf) and ¢,(t) > 0
a(t) =

and a,.(t) = 0 if s, - t is not standard. One can easily check that these scalars

satisfy the requirements of a seminormal coefficient system.

Definition 3.4.10. A basis {fs: | s,t € Std(X) for X € P} of I, = 7, 4(Z, ¢, k)

is a seminormal basis if

kast - [Ck(s)]fst and fsth = [Ck(t)]fsta

for all s,t € Std(A) with A € P{ and 1 < k < n. The above basis is a *-

seminormal basis if in addition fI, = fis, for all s,t € Std(\) with X € P¢.

Theorem 3.4.11 (The Seminormal Form [43, Theorem 3.14]). Suppose that K
s a field in which Py is nonzero and which contains a seminormal coefficient

system a for 7, (K). Then

(i) ,(K) has a x-seminormal basis {fs | s,t € Std(X) for X € P}, such
that
1

fio= b Ll =1a(e)lfo and Tfou=on(®)fu - o

fst7

where u = s, - s (and fu = 0 if u is not standard);

(ii) there exist non-zero scalars v, € K, for t € Std(PY) such that

fstfuv = 5tu’7tfsv;

iii) {£fir | t € StA(PY} is a complete set of pairwise orthogonal primitive
- p p p gonal p
idempotents for 7, (K), and
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(iv) the *-seminormal basis {fsx | s,t € Std(A) for A € P} is uniquely
determined by the x-seminormal coefficient system o together with the

scalars {ygx | X € PLY.

Finally, we will need the following identity relating the a: and ~ coefficients.

Corollary 3.4.12. [43, Corollary 3.17] Suppose that t € Std(P!) is such that
u=s, -t €Std(P:), where 1 <r <n. Then a,(0)y = a,(t) V.

By Theorem 3.4.11, if t € Std(P%) then F;, = %ftt is a primitive idempotent
in ,. As we saw in (3.3.5), there is an explicit formula for this idempotent

which in particular is independent of the choice of seminormal basis. Again by

Theorem 3.4.11, as an (£, .Z)-bimodule 77, decomposes as

A= P Ha, (3.4.13)

XEP
s,teStd(A)

where Hg, = K fg¢, and where £ is the commutative subalgebra of .77, generated
by the Jucys-Murphy elements. Equivalently,

Hg, = {h € A, | Lyh = [cx(s)]h and hLy = [cx(t)]h for 1 < k <n},
for s,t € Std(\) with X € P~.

The following easy corollary of Theorem 3.4.11 is the mechanism by which we
perform many of the computations in this thesis. It allows us to prove identities
in cyclotomic Hecke algebras by comparing coefficients of their actions on the
seminormal basis. Importantly, we can also use it prove identities in the non-

semisimple versions of thse algebras.

Corollary 3.4.14. In the cyclotomic Hecke algebra 7,(K), the identity element

1 € 72, decomposes as

1= Z iftt.

cese(pL) 1t
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3.5. Cyclotomic Hecke algebras with symmetric multicharges

In this section we define the particular subfamily of cyclotomic Hecke algebras
in which we will be interested throughout this thesis. This subfamily allows for

the definition of an involution whose fixed-point subalgebra is our main topic.
Recall the Jucys-Murphy elements from (3.1.2). For k =1,2,...,n, let

Ly = i Tomg - T IV Ty -+ Ti—o T
These may be referred to as the affine Jucys-Murphy elements in J7,. If £ # 1,

it follows by induction on k that the two different definitions are related by

L,—1
| —
£—1

Definition 3.5.2. For a multicharge kK = (K1, Ko, . . ., k¢), the multicharge &’ is

(3.5.1)

defined by (—kg, —Kp_1,..., —K1).

Proposition 3.5.3. Let Z be a unital integral domain and let 7, ,(2,¢, k) be

a cyclotomic Hecke algebra. Then there is a unique algebra homomorphism
# : %,@(2757 K’) — %L,E(Z>€a F"’/)

satisfying
Ty —ET7Y fori=1,2,...,n—1.
and
Ly— =Ly, if§=1
Lo L ifE#1

Proof. We prove the result for the algebra A, = K, 1(Z, €, k), where Z =
Z[¢, €71 K]; it is clear by Definition 3.1.1 that we can then base-change to our
arbitrary integral domain O by J%,(0) = J,(Z) ®7 O to obtain the result in

general.

Note that E,Tl, Ts,...,T,_1 is also a generating set for the algebra %Zn when
¢ # 1. Indeed, Ariki-Koike give such a presentation for .74, in [6, Definition
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3.1] which, for now ignoring the first relation, has all the same relations as in

Definition 3.1.2 but with the final relation replaced with the relation
Ty Ty Ly = LTy Ly T,

Using this presentation, the fact that # preserves all relations in (3.1.2) except
the L; eigenvalue relation are quick checks that we leave to the reader. For the
remaining relation we split into two cases. First suppose & = 1. Then, since

LO :T17
l ¢

(TLE— )" =TI(-Lr— ) =0

i=1 =1

since if k; appears in K = k', so does —k;. On the other hand, if £ # 1, let K
be the field of fractions of Zy) and let {fs | s,t € Std(X) for A € PL} be a
seminormal basis for the semisimple K-algebra %(IC) Then /Lvl =E-1)L1+1
and so for a standard tableau t, j}vl fre = fcl(t) fev = &%ifey if 1 appears in
component 7 of t. So, working in %(IC),

(}i(m - {m]))#ftt = [Q(?_‘f ~ )] '
f (H ) fre
f ﬁ B ftt

i=1

—~—1
since k = k' and L1 [y, = & "if if 1 appears in component ¢ of t. The result

now follows from Corollary 3.4.14 since J%,(Z) — ;‘/Z(IC) O]

Definition 3.5.4. The map # : 4, (Z,¢, k) = 76,2, €, k') from Proposition
3.5.3 is called the hash map.

Remark 3.5.5. The hash map was originally defined by Goldman [46, Theo-

rem 5.4] in level one; we have extended the definition to higher levels.
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In order to proceed in this section, we will need to perform a number of calcu-
lations, computing the images of various elements we have defined so far under

the hash involution from Definition 3.5.4.

—~ 1
Lemma 3.5.6. For 1 <k <n we have Lk# =L

Proof. Using the final relation from (3.1.2) and noting 77! = T, — £ + 1 we

compute that L, = £ 'T, L, T, + £ T, and so we obtain an inductive formula

for L,,q as

I//—T’:l = S_ITTZ_’;TT"
Hence

Ly = (& Tyho1Lp—1Ty—1)
——1
=CT L T,
—~1

= Lk

by induction. O

For the remainder of this section we need to be more careful with our choices
of rings and fields. The following definition gives us the freedom to use the

seminormal form to make meaningful statements for our algebras in general.

Definition 3.5.7. [43, Definition 4.1] Let C be a field in which P, is nonzero.
Let O be a subring of K and t € O*. Then (O, 1) is an e-idempotent subring of
KC if the following hold:

(i) [K]¢ is invertible in O whenever k # 0 (mod e) for k € Z; and
(ii) [k]: € J(O) whenever k € eZ,

where J(O) is the Jacobson radical of O, i.e. the intersection of all its maximal

ideals.

Let F' be an arbitrary field with £ € F'* such that the quantum characteristic of
€in Fis e > 2, and let (O,t) be an e-idempotent subring of a field K such that
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(i) K contains a seminormal coefficient system for J7,; and

(ii) F' = O/m for some maximimal ideal m of O and £ =t 4+ m.

Remark 3.5.8. It is shown in [41, Example 4.2] that e-idempotent subrings
exist. We will make a particular choice of F, O and K in Chapter 6 that is suited
to our needs. Note that by (ii) above, .7, (F) = J4,(0) ®o F and, since O is a
subring of KC, 7, (K) = ,(0) ®0 K.

For the rest of this section, let us fix the notation above, together with a
seminormal basis {fs | s,t € Std(A) for X € P:} for #,(K) and a semi-
normal coefficient system . In particular, for the remainder of this section,

e > 2.

We now perform a number of calculations in the semisimple cyclotomic Hecke
algebra J7,(K). It is clear from Proposition 3.5.3 that if .7, is a cyclotomic
Hecke algebra with multicharge & such that k& = k', then # is an involution of

;. We use this assumption implicitly in many calculations below.

Lemma 3.5.9. Suppose that k = K/, that 1 <k <n and s € Std(P’). Then

Lk#fss - [ck(sl)]fss-

Proof. We give a proof if £ # 1; the proof when £ = 1 is easier and we leave
it to the reader. By Theorem 3.4.11, Ly fsr = [ck(8)]fss, SO Zkfss = &G f o by
(3.5.1). By Definition 3.5.4 then, L¥ = L;'. Therefore,

L¥ -1 f
5 o 1 Ss

Lt -1
- 5 1 fss
f—Ck(S) -1
= 5_—1fss

= [Ck<sl)]fssa

L]:g:fss =
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where the last equality follows because cx(s’) = —cx(s) by Definitions 3.2.5 and
3.2.8, O

Lemma 3.5.10. Suppose that & = k' and s € Std(P’). Then F# = F.
Proof. Since F, = %fss, applying Lemma 3.5.9 gives

LeF¥ = (LER)* = (je(s)F)¥ = [enl(s) E2

s

since the # map is an automorphism. Similarly F¥ Ly = [c(s’)]Ly. Therefore,
F¥ € Hgygy in the decomposition of (3.4.13). As F} is an idempotent, and #
is an algebra isomorphism, it follows that F# = Fj since this is the unique

idempotent in Hygy = KFy. O
Corollary 3.5.11. Suppose that k = k' and s € Std(P:). Then

Vs
fi = _fs’s’.

Proof. Using Theorem 3.4.11 and Lemma 3.5.10, f# = %FS# = %FS/ = %fs,sl.
0J

Definition 3.5.12 (Cyclotomic Hecke algebra with symmetric multicharge).
We say the cyclotomic Hecke algebra J7;, ((Z, &, k) has symmetric multicharge if

K=K

The symmetry of the multicharge which allowed us to perform the calculations

above also gives us the following useful combinatorial lemma.

Lemma 3.5.13. For a cyclotomic Hecke algebra ¢, with symmetric multicharge,

res;(t) = —resy(t’) mod e for all t € Std(A) for A € PL and 1 < k < n.
Proof. Let A € P). Then for t € Std(A) and 1 < k < n, we have

resg(t) = ko + 11(t) — ck(t)
= —Kp—p41 — ’Fk<t/) + ¢k (t/)

= —(Kr—op1 + 71(t") — c(t))
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= —res;(t).
as required. O

Remark 3.5.14.

(i) Although our algebras . do not themselves depend on the choice of
multicharge (only on the residues modulo e), the choice of seminormal
coefficient system, and therefore the algebra #©, does depends on this
choice. Our notation reflects this dependence on k.

(ii) The reader may notice that for the proof of Proposition 3.5.3, we could
have made the slightly weaker assumption that x; € kK implies —k; € K;
it is for Lemma 3.5.13 that we need the multicharge to be symmetric in
this particular way. This leads to the slightly uncomfortable reality that

k = (0,1,2) is not a symmetric 3-multicharge, but k = (1,0, 2) is.

We want to study the subalgebra of a cyclotomic Hecke algebra .77, with a
symmetric multicharge consisting of elements fixed by the hash involution; the

study of these algebras will occupy the majority of this thesis.

Definition 3.5.15 (Alternating cyclotomic Hecke algebras). Let Z be a unital
integral domain and let £ # —1 and suppose 2 is invertible in Z. The alternating
cyclotomic Hecke algebra 7% = #,,,(Z,£, k)* of type (¢, n) with Hecke param-
eter £ and symmetric cyclotomic parameters kK = K’ is the fixed-point subalgebra

of A, 4(Z,&, k) under the # involution.

Alternating cyclotomic Hecke algebras were first studied for £ = 1 by Mitsuhashi
[83], who called them alternating Iwahori-Hecke algebras by analogy with existing
terminology for the ¢ = 1 case. Mitsuhashi studied the basic structure and
representation theory of these algebras over the field of complex numbers when
the parameter ¢ was not equal to a root of unity. However, Mitsuhashi made no
mention of the hash involution in [83] so it is worth pausing for a moment to

incorporate his algebras and the theorems from his paper into our framework.
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For ¢ € C* with g # —1, [83, Definition 4.1] defines a subalgebra of the Twahori-
Hecke algebra J7,(6,,) = 4¢,1(C,¢,0), denoted by 7, (2,) and called the al-
ternating Hecke algebra, which satisfies 7 (2,) = C2(,. A description of its
representation theory is obtained for generic ¢ [83, Theorem 5.5]. Specifically
for each Tj;, for ¢ # —1, define an element

_2hi—(¢=1)

Ui
qg+1

(3.5.16)

and then set X; = UyU;y1. Then 5(2,) is defined to be the subalgebra of
H,(6,,) generated by X1, Xo,..., X, 5. The presentation below is reminiscent

of a familiar presentation of the alternating group 2, by elements z; = s1s;.

Proposition 3.5.17. [83, §4] Let ¢ € C and suppose q # —1. The alternating
cyclotomic Hecke algebra 7, 1(C, q,0)# is isomorphic to Mitsuhashi’s alternating
Hecke algebra. In particular, 7, ,(C,q,0)% is generated by X1, Xa,..., X, o
subject to the relations

Xi=1- () (i -x)

X?=1 fori=2,3,...,n—2

qg—1
qg+1

(X, X;)?=1 if i —j] > 1

2
(Xi—lXi)3 =1- ( ) [(Xi—lXi)2 - Xi—lXi] fO’l"i = 2, 3, Lo, — 2

Moreover, 7, ,(C, q,0)# is semisimple if and only if 7, 1(C,q,0) is semisimple,
which occurs precisely when q is not a pth root of unity for 2 < p < n, by

|
Proposition 3.3.8. Moreover, 7, 1(C,q,0)# has C-dimension %

Mitsuhashi also studied the case £ = 2 when k = (1,e — 1) [84] (using a Clifford
theory approach similar to our methods in Chapter 5); we will not discuss this
case but his algebra is isomorphic to our algebra 77, 5(C, g, (1, —1))# so his results
give explicit generators and relations for this family of alternating cyclotomic

Hecke algebras [84, Proposition 3.2].
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Our next goal is to determine the rank of 7 as an (O-algebra, where O is
the e-idempotent subring from Definition 3.5.7. First we need some lemmas and

some additional notation. For i € [", define

£=> F (3.5.18)

teStd(PL)

res(t)=i
These idempotents will be very important in later chapters, as they appear in
a different guise when we study these algebras through a different looking glass.
The following standard result shows that, despite ostensibly belonging to .7, (K),
the idempotents f© actually belong to the O-form of the algebra, justifying their

notation.

Lemma 3.5.19. [43, Lemma 4.5], [86] Foric I", f° € #,(0).

These elements generalise Proposition 3.3.7 in the following sense.

Proposition 3.5.20. [36, 76] If the element Py (F,&, k) is zero, then 6, (F) is
a non-semisimple F-algebra and the collection { f° ®o 1p | i € I™} is a complete

set of pairwise orthogonal idempotents for 7, (F).

Example 3.5.21. Suppose n = e = 3 and suppose F is a field of characteristic 3
and consider %43 (F, 1,0) = FGS3, the 3-modular group algebra of the symmetric
group &3. This algebra is not semisimple and if we compute the set {F; | t €
Std(Ps3)} of four elements by (3.3.5) in this case, using the definition of the
Jucys-Murphy elements to write everything in terms of the group basis, using

the notation from Example 3.3.9, we obtain the elements

1
Fs — —(1 + 81+ So + 8182 + S981 + 818251)

6
o 6(2 + 251 — 83 — 5152 — 8251 — S15251)
F, = 6(2 — 251 4 S9 — 5152 — S251 + 515251)
Fy = =(1— 81 — So+ 5182 + S251 — $15251)

6
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which are no longer idempotents. However, their sums grouped by 3-residue

sequences (012) and (021) can be calculated as
1

e(012) = F, + F;, = 5(1 + s1)
1

e(021) = Fy + Iy = 5(1 = s1),

which are easily verified to be idempotents.

We now compute the image of the idempotent f© under the hash map. Given

ieI" define —i€ I" by
S S " ) (3.5.22)

Lemma 3.5.23. Suppose that i € I". Then (f°)* = [ in #,(0).

Proof. First observe that s € Std(i) if and only if s’ € Std(—i) by Lemma
3.5.13. Then by Lemma 3.5.10,
(fio)# = Z Fs# = Z Fy = f?i
sestd(i) seStd(i)

as claimed. ]

We want to work with equivalence classes of I™ under the involution on residue
sequences defined in (3.5.22). More precisely, for i,j € I" let ~ be the equivalence
relation on I™ generated by i ~ j if i = —j. From this we obtain a partition of
the set I" into equivalence classes of size 1 or 2; we denote the equivalence class

containing a sequence i by [i], noting that, since e > 2,

{i}, if i =(0,0,...,0)
: ——
[l] = n zeroes
{i, —i}, otherwise
We denote the set of equivalence classes by I” and in each equivalence class we

choose a representative it € [i].
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We now give a dimension formula for alternating cyclotomic Hecke algebras.
The condition on the multicharge will reappear in Chapter 5, as will the above

equivalence relation and the element £ which appears in the proof below.

Theorem 3.5.24. Let 2 be invertible in O and suppose that & = K’ is such that

{j | k; =0 mod e}| < n.

rn)

Then the alternating cyclotomic Hecke algebra F£% has O-rank 5

Proof. Define an element

and note that, since e > 2 and since the condition on k disallows the sequence
(0,0,...,0), [[i]] = 2 for all [i] € I". Then J£# = % as O-modules, since
€2 = 1 and ¢ = —¢ by Lemma 3.5.23. Writing fﬁ for fQ + f9., we see
I, = A e, which gives the result by Theorem 3.1.6 since any x € J7,
may be written as z = Y ;. 2fC = > fijern xf[f]) and so we can write

x:% Z(erx#)fﬁJr%e > (@ —a*)fg
[

lijern ilern

provided % € 0. O

Remark 3.5.25. In particular, by our choice of rings in this section, we obtain
the dimension of the alternating cyclotomic Hecke algebra over the field F' by
observing dimp 4%, (F)# = dimp J,(0)* @0 F = tkpo#,(0)*.

3.6. Semisimple representations of alternating cyclotomic Hecke

algebras

In this section we construct the semisimple representations of alternating cy-
clotomic Hecke algebras using the seminormal form from §3.4. Our goal is to

construct a full set of pairwise non-isomorphic irreducible modules for 7, (K)#
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for certain fields K. To begin with, we need to place some more restrictive

conditions on our seminormal coefficient system cx.

Definition 3.6.1. An alternating coefficient system is a x-seminormal coefficient
system a = {a,(s) | 1 <r <n and s € Std(P])} such that a,(s) = —a,(s'),
for all 1 <r < n and s € Std(P?).

Remark 3.6.2. Example 3.4.9 shows that alternating seminormal coefficient

systems exist.

For the remainder of this section, fix a field K with ¢ € £* with quantum
characteristic e > 2 and such that P, is nonzero in K, a symmetric multi-
charge k, a seminormal basis { fs; | 5,t € Std(X) for A € PL} for 57, (K) and

an alternating seminormal coefficient system a.

Remark 3.6.3. Since we will need these coefficients explicitly later, we now
compute «a,(t) for some particularly important  and t. Note that by (3.4.7), if

t is any tableau with 2 in the first row and 3 in the first column,

BI=1] _ —t~'BIA] 3]
_+—2[9]2 [2]2

az(t)az(sy - t) = 2]-2] ~ —2[2]

In order to satisfy the requirement of an alternating seminormal coefficient sys-

tem, we make the following choice for the sake of definiteness:

%\/ﬁj if 2 is in the first row of t
(0D)] (t) —

_%ﬁ, if 2 is in the second row of t

(3.6.4)

This has the effect that as(s) = as(s) for any tableaux s,’s with s [3= 5§ {s.

The following lemma continues some calculations we began in the previous sec-

tion.

Lemma 3.6.5. Suppose that s,u € Std(X\) with X € P are standard tableauz

such that u=s, -s, where 1 <r <n. Then

fi = _ar<sl)75 fu

o (s)7ve

gl
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Proof. By Theorem 3.4.11, f,s = ) (T + e )f ss- Hence, using Definition
3.5.4 and Corollary 3.5.11 for the second equahty,

= o )

- ozr(zs)’ys/ ( St [ij)]wsls/

. ter(s)
=~ ators (B~ o)

. 1
N _ar(z)vsf (Tr " m> Joe

since [p,(s)] = —t""®)[—p,.(s)] = —t”"®)[p,(s)]. Observe that u’ = s,s’. There-
fore, the result follows by another application of Theorem 3.4.11. O

By Theorem 3.4.11 any *-seminormal basis is uniquely determined by a seminor-
mal coefficient system and a choice of scalars {y,x | A € PL}. We now determine

these scalars for the seminormal basis
{f% | s,t € Std(X) for A € P}

Proposition 3.6.6. The collection {f% | s,t € Std(A) for X € P’} is the

seminormal basis of 7,(K) determined by the seminormal coefficient system
{—a,(s) | s € Std(A), A€ P and 1 <r < n}

together with the vy-coefficients {y., | X € PL}. That is, if s,t € Std(\) for
AEPand 1 <r <n then

Trf:t - _ar<s)fjé fst7

[p( )]

where u = s, - s. Moreover, fiff, = S e [T, for s, t,u,v € Std(X) for A € PL.
Proof. Using Theorem 3.4.11, if 5,t € Std(A) for A € P% we compute
# #
Trfi = (Tr#fst> = ((_Tr +1— 1)fst)

— ( —ap(s)fus + (= 1+ [pr—is)])fs‘»#
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= ( — ar(s) fus — mfst)#

1
7&-

[or(s")]
Similarly, fﬁflﬁ = (fsefur)® = 0wV f#. By Theorem 3.5.9 f% € Hyy, so the

= _ar(s)fjé -

a~coefficient corresponding to fi is naturally indexed by s’ (and not by s).
Similarly, the labelling for the v-coefficients involves conjugation because F; =

% fjﬁt, by Corollary 3.5.11. Hence, the result follows by Theorem 3.4.11. O

We now define Specht modules for semisimple cyclotomic Hecke algebras.

Definition 3.6.7. Let A € P:. The Specht module S* for the algebra 7, (K) is
the vector space with basis {f; | t € Std(A)} and with 47, (K)-action given by

Lyfe = [Ck(t)]ft

Trft :ar(t)fu_ !

[or ()]

for 1 <k <mnand 1 <r < n, where u = s, -s (and «,(t) = 0 if u is not

fe

standard).

Example 3.6.8. Let us calculate the actions of the generators 77 and 75 on
the Specht module S@V for the algebra % ,(C,1,0) = C&s3, noting that C
clearly contains the required alternating seminormal coefficient system computed

in Remark 3.6.3. We see that T} and T, respectively act as the matrices

1 V/3i

1 0 3 5
’ V3i 1
0 -1 -2 2

which the reader can check square to the identity (the first column of each matrix

corresponds to the vector fiz/3 and the second to fi3/2).

Remark 3.6.9. The notation for our Specht modules using an underline is a
deliberate foreshadowing of Chapter 7, where we will observe graded lifts of these

modules in the sense of Definition 2.2.3 in some cases.
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Theorem 3.6.10. [41, Lemma 5.12] Let K be a field containing a seminormal
coefficient system and such Py is nonzero. Then for each A € P, S* is an
irreducible 7, (K)-module. Moreover, the collection {S* | A € P} is a complete
list of irreducible modules for the semisimple algebra J€,(KC).

Definition 3.6.11. Let ~ be the equivalence relation on P% generated by A ~ p
if = X'. We write [A] for the equivalence class of A € P’ under this equivalence

relation, and (P%). for the set of all equivalence classes.

If A is an O-algebra and B an O-subalgebra of A, for an A-module M we write
M |4 for the B-module obtained by restriction.

Proposition 3.6.12. Let K be a field containing a seminormal coefficient system

and such that Py is nonzero. Let X € P! be such that X # X'. Then

A G (K) ~ oX | 4(K)
S—\L%(K)#_S i,;fn(m#

as ;,(K)#-modules.

Proof. Define an map of vector spaces 7 : S* — Sy by vy — vy; this is clearly an
isomorphism of vector spaces since |Std(A)| = [Std(X\’)| by Lemma 3.2.7. Then
by Proposition 3.6.6, 7(T,v,) = T#vy and by Lemma 3.5.9 Lyv, = Lk#vt/ so T is

an J,(K)#-module isomorphism between the restricted modules. 0J

Definition 3.6.13. If X € P is such that A # X, we write S for the 77, (KC)#-

module from Proposition 3.6.12.

Corollary 3.6.14. Let K be a field containing a seminormal coefficient system
and such that Py is nonzero. Then for X € P’ such that X # X, S® is an
irreducible 5, (K)# -module.

Proof. Let v be a nonzero vector in S? = A ﬁzgg# Writing v = ZtEStd(A) TtV

as an arbitrary linear combination, we can surely choose some t with r, # 0.
Then rq fy = (Fy + Fy)v € 2%v and so f, € 7#v. We now observe that it is

possible to move from any one basis vector to another by applying a sequence of
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#-invariant elements; one can check that for t € Std(A) with u = s, -t standard,
(R, + FyTH#) f, = a;—(t) fa. We are done since we can clearly move all the way
from the basis vector fi» to the vector fi, in such a way; the element we are

acting by is #-invariant by Lemma 3.5.10. So s£#v = SN and we are done. [

Definition 3.6.15. Let A € P’ be such that A = X and suppose that 2 is
invertible in K. Denote by S} the vector space with basis {3(f; + fu) | t €
Std(A)™} and by S* the vector space with basis {3(f; — fu) | t € Std(A)}.

Note that for the next proposition, it is important that we include the additional

assumption that IC contains an alternating seminormal coefficient system.

Proposition 3.6.16. Let IC be a field of characteristic greater than 2 containing
an alternating seminormal coefficient system and such that P,y is nonzero. Then

for X € P with X=X, S} and S are irreducible 7, (K)*-modules.

Proof. Similarly to the proof of Corollary 3.6.14, suppose we need to move from
%(ﬁc + fu) to %(fu + fu), where u = s, - t is standard. Then we compute, using
Theorem 3.4.11 and Proposition 3.6.6,

(FuTr + Fu’Tr#) : %(ft + ft’) = arfy—@)%(fu + fu’)

u

using the fact that a is an alternating seminormal coefficient system. O

Example 3.6.17. Continuing with Example 3.6.8, noting that C contains an
alternating seminormal coefficient system, and that the generator for % (C)#
is T1T5 by Proposition 3.5.17, using the matrices from Example 3.6.8 we obtain
two one-dimensional modules on which 7175 act by w and w? respectively, where

W= %(1 + +v/—3) € Cis a cube root of unity.

Notice that we have the following immediate corollaries of the definitions of the

respective modules.

Corollary 3.6.18. Let A € P: and let K be a field of characteristic greater than
2.
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(1) If X # X, dimg S = dimg S* = [Std(N)].
(ii) If A =X, dimg S} = dimg S = £ dimge S* = 1 [Std(N)|.

We can now give a classification of irreducible representations for semisimple

alternating cyclotomic Hecke algebras.

Proposition 3.6.19. Let K be a field of characteristic greater than 2 containing
an alternating seminormal coefficient system and such that P,y is nonzero. Then

the collection
{SN ] [A] € (Py)~ with [[A]| =2} U{S2, S* | [A] € (Py)~ with |[A]| =1}

s a complete list of pairwise non-isomorphic irreducible modules for the semisim-

ple alternating cyclotomic Hecke algebra ,(K)*.

Proof. By Theorem 3.6.10, > p IStd(A)|* = ¢"n!. Moreover, the modules
S for X # X and S} and S? for A = X' are clearly pairwise non-isomorphic
by Lemma 3.4.1 and the orthogonality of the idempotents {F, | t € Std(P!)}.

Hence since

S s+ Y 2(%|Std()\)|>2

AJ€(Pf)~ AJe(Pf)~
[[Al[=2 I[A]|=1

= ¥ |Std(>\)|2+% > st

NEPR)~ NEP)~
|[A][=2 |[A]l=1

_E”n!
==

we must have a full list of irreducible representations by Corollary 3.6.14, Propo-

sition 3.6.16 and Proposition 3.5.24. 0

As a result we obtain the folowing corollary which again highlights the impor-
tance of our seminormal coefficient system. The reader should compare this with

the results in [79] and [94].
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Corollary 3.6.20. Let K be a field of characteristic different from 2 containing
an alternating seminormal coefficient system and such that P,y is nonzero. Then

K is a splitting field for 7,(KC)¥.

Proof. The arguments given in this section work over any extension field of K
so the Specht modules constructed in this section are irreducible over any such

extension. Hence K is a splitting field for 7%, O



CHAPTER 4

Quiver Hecke algebras

In a landmark series of papers [53, 54|, Khovanov and Lauda introduced a
remarkable new family of algebras, which were also independently discovered
by Rouquier [95]. Initially referred to in the literature as Khovanov-Lauda-
Rouquier algebras (KLR algebras), these algebras have come to be known as
quiver Hecke algebras due to an astonishing connection discovered by Brundan
and Kleshchev [17]. In this chapter we discuss the theory of quiver Hecke al-
gebras and their cyclotomic quotients, as well as the isomorphism theorem of
Brundan and Kleshchev which establishes the connection with the classical the-

ory of cyclotomic Hecke algebras.

4.1. Quiver Hecke algebras

In this section we introduce quiver Hecke algebras. Throughout this thesis we
are most interested in their cyclotomic quotients (see §4.2), but for several results
we will require the greater generality of this section. At this point we need to
introduce a considerable amount of notation, which for our purposes amounts
to little more than bookkeeping, but which foreshadows the deep and beautiful
connections with Lie theory uncovered by Ariki [3], Grojnowski [36] and Lascoux,

Leclerc and Thibon [67].

Fix an integer e > 2, or let e = 0o, and let I', be the oriented quiver with vertex

set
I Z/eZ, ife< oo (4.1.1)
7, if e=00
and with directed edges
{i >i+1|iel}.
49
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I, is the quiver of type A, if e = 0o, or the finite quiver of type AS)l if e is
finite.
-2 -1 0 1 2

0 0 1

0 1
Ail_)lz “_ e / E
2 1

Remark 4.1.2. We note that it is more common in the literature, for example

[17], to use e = 0 to refer to the infinite quiver case; we prefer e = oo since then
e is consistently equal to the cardinality of the vertex set. This is consistent with

[41] and [62].

The Cartan matriz corresponding to I'. is the e x e integer matrix C' = (¢;5); jer,
given by
2, ifi=y
cj =4 0, ifi-+j (4.1.3)
-1, ifi—jorj—1

where i / j means ¢ and j are not connected by an edge in T'..

Remark 4.1.4. We have omitted one case which appears in [17] since i <> j

can only occur when e = 2, and we are specifically avoiding this case.

Additionally from the language of Kac-Moody algebras [52] we require two Z-

lattices

P.=PzA; and Q.= Z (4.1.5)
iel il
which are paired under the bilinear form (-,-) : P, X Q. — Z defined by

(AZ‘,Oéj) = 62] (416)

We write (-,-) for the pairing (). x Q). — Z which satisfies (o, ;) = ¢;;. We

write P, for the corresponding lattice with non-negative coefficients.
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The vectors {A; | i € I} are the fundamental weights and the vectors {«; | i € I}
are the simple roots of the affine Lie algebra ;[e, which is the Kac-Moody algebra

associated to the quiver I',.

For various technical reasons, it is more convenient and clean to work with the
blocks of quiver Hecke algebras instead of the full algebras. We will need some

additional notation to describe this decomposition into blocks (see (4.1.11)).

The symmetric group &,, acts on I"™ by place permutation. Notice that we can

decompose I™ into a disjoint union of &,,-orbits using our notation above as

=\, (4.1.7)

OéEQe

where I* = {i € I" | oy, + i, + ... +ay, = a}.

We are now ready to define quiver Hecke algebras. Our definition below is slightly
simpler than the usual definition in the literature [17, 53] since we are excluding

the case e = 2. Recall Z is a unital integral domain.

Definition 4.1.8. Let n > 0, e > 2 and o € Q. The quiver Hecke algebra of
type I'. is the unital associative Z-algebra R, = R, (e, £) with generators

{wluw% s 7¢n71} U {y17y27 R 7yn} U {e(i) | i€ Ia}

subject to the relations

e(i)e(j) = dye(i), efi) = 1

e(i)el>
yre(i) = e(i)y:
Yre(i) = e(s, - 1)y,
Yrls = YsYr
Vrys = ystor i s Frr+1

¢T¢S = ¢swr if |T - S| > 1
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(ypr + De(i) if i, = ip1q

¢ry7‘+1€<i) = . o ]
yr¢r€(l) lf (23 7é Tr41
. (Vryr + De(d) if i, = d,4q
Yrs1tre(i) = . e . '
wryr6(1> 1f (22 7é lr41
0 if i, = iy
SRl — e(i) if i /iy

(Yri1 —yr)e(d) ifdp — irp

. (yr - yr+1)€(i> if 4, < 1,41
(

(Vrp10r g + De(i) if ippo =4 = ipq
Urhrp1re(i) = (Vrp1¥rthrn — 1)e(i) if dppo = 4y <= dppq
\ U100y 1e(3) otherwise

for i,j € I* and all admissible r and s.

Remark 4.1.9.

(i) The relations in Definition 4.1.8 look different to their original form in
(53, p313], where they are written down using diagrams. We eschew the
diagrammatic approach entirely in this thesis as, although it is useful in
some proofs, a purely algebraic approach is neater for our purposes.

(ii) Khovanov and Lauda [53] and Rouquier [95] considered quiver Hecke
algebras for arbitrary quivers, and allowed for greater diversity in their
quadratic and braid relations. In particular, Rouquier allowed for de-
pendence on a coefficient matrix ) with entries in a polynomial ring

Z[u,v]. See also [60] for more details. Using their notation, our matrix
Q = (Qij)ijer is
0, ifi=j

L it
Qij:

v—u, ifi—j

u—v, ifi<j
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however this is largely inconsequential, as by [95, Proposition 3.12], sub-
ject to some mild constraints, the algebra R, in the end does not depend

on the choice of matrix Q.

Using (4.1.7), if we define
eo = Z e(i) (4.1.10)

iele

for @ € Q. then the full quiver Hecke algebra R,, := R, (e, Z) is defined as
Rn= €P Ra. (4.1.11)
C!EQe

The algebras above are actually the blocks of R,, [53, Corollary 2.11] (the blocks of
an associative algebra are its indecomposable two-sided ideals) and the summand

Ra = Rale, Z2) = e Rpeq, is a two-sided ideal of the algebra R,,.

Our next goal is to give a basis theorem for blocks of quiver Hecke algebras due
to Khovanov-Lauda and Rouquier. For each permutation w € G,,, fix a reduced

expression w = s;,S;, - - - 5;, and define
/l/}w = ¢i1¢i2 e ,lvbin-

Importantly, because the braid relations for the elements {¢1, s, ..., 9, 1} are
more complicated than the symmetric group braid relations, the elements ¢, do

depend on the choice of reduced expression.

Example 4.1.12 (Rank-two quiver Hecke algebras). Let n = 2 and suppose
2 < e < oo. Then, remembering [ = Z/eZ, Rs(e, Z) is the Z-algebra generated
by ¥ = 11,11, y2 and {e(ij) | 4,7 € I} subject to the relations

e(if)e(kl) = Sudue(iy), > el(ij) =1

i,j€l

yre(ij) = e(ij)y,

ve(ij) = e(ji)y

Yye(ij) = (11t + dij)e(iy)
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([ (1 —yo)elif), ifi—j
0, if i = j
L e(2)), otherwise

Using these relations it is easy to see that

{0 ybyse(ij) | a € {0,1}, b,c >0, i,5 € I}

is a spanning set for the algebra Rs. In fact, elements like these always give a

basis for the quiver Hecke algebras.

The following theorem appears as [53, Theorem 2.5] and [95, Theorem 3.7].

Theorem 4.1.13 (Basis theorem for quiver Hecke algebras). Let o € Q.. Then

Rale, Z) is a free Z-algebra with homogeneous basis

{Yuy*ys? - yere(i) | w € &y, ag,a9,...,a, € NJ i€ [}

The above result can be thought of the first reason to be interested in studying
quiver Hecke algebras, especially when one considers its tantalising similarity
to the basis theorem for cyclotomic Hecke algebras (Theorem 3.1.6). We will
return to quiver Hecke algebras in the next chapter, where we prove a similar

basis theorem for a certain fixed-point subalgebra.

Example 4.1.14 (Rank-one algebras). Let n = 1 and suppose e < oo. Then,
remembering [ = Z/eZ,

Ri(e, Z2) = <y,e(i)

i€ 1, ye(i) = i)y, Y eli) =1, eli)e(s) = dye(i))

i€l

= D Z[yle(i).

el

where degy = 2 and dege(i) = 0. This has the obvious homogeneous basis

{yFe(i) | k> 0,i€eI}.
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4.2. Cyclotomic quiver Hecke algebras

For most of this thesis we are concerned with certain cyclotomic quotients of the
quiver Hecke algebras, which were originally defined by Brundan and Kleshchev
in their landmark paper [17].

Definition 4.2.1 (Cyclotomic quiver Hecke algebra). For A € P, the cyclotomic
quiver Hecke algebra of type I'., weight A and corresponding to a € ). is the
quotient

Ra =Rale, 2) = Rale, 2)/1y,

where Z2 is the ideal <y§A’ai1)e(i) |ie Iv). The cyclotomic quiver Hecke algebra

of type I'. and weight A is the direct sum

Ry = P Ra. (4.2.2)

aGQe

The algebras R2 are the blocks of the cyclotomic quiver Hecke algebra RA.

Definition 4.2.3. An R2-module M is said to belong to the block R if M =
RAM.

Although it is not immediately obvious, the following result shows that the alge-
bras R (and hence the algebras R%) are finite-dimensional. We use a convenient
abuse of notation and write ¢, € R2 for the image of ¥, € R, under the canoni-
cal projection map for 1 < r < n, and similarly for the image of y, for 1 <r <n

and of e(i) for i € I«

Proposition 4.2.4. [17, Lemma 2.1] The elements {y1,va,...,yn} in RY are

nilpotent.

We will need the following result several times below.

Proposition 4.2.5. [41, Lemma 4.1] Let i € I™. Then in the cyclotomic quiver
Hecke algebra R, e(i) # 0 if and only if i is the residue sequence of a standard

tableau.
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Example 4.2.6. Let n = 3, ¢ = 3 and A = Ag. The cyclotomic relation
immediately gives y; = 0. Using the commutativity relation between 1/, and the
idempotents, Proposition 4.2.5 shows that 1; = 0 as well, since (012) and (021)
are the only sequences i € I? with e(i) # 0. By the quadratic relation,

yoe(i), ifip=1

Yre(i) =0 =
—yge(i), if iQ =2

so that yo = 0 as well. Hence by Proposition 4.2.5, there are four nonzero
generators: 1, ys, e(012) and €(021). Observing the quadratic relation again we
see that

yse(i), i=(012)

—yse(i), i=(021)

Finally, as in the proof of Proposition 4.2.4, y2e(i) = Fyzihse(i) = tiboyse(i) = 0,

ae(i) =

whence y3 = 0. Therefore we have six elements
6(012)a 6(021)7 ¢2€(012)7 ¢26(021)a y36(012), y3€<021)

which span our algebra. We will see shortly that these are a basis for this 6-
dimensional algebra (indeed, up to sign, they are precisely a certain distinguished

homogeneous graded cellular basis (§7.1)).

Example 4.2.7 (Young’s seminormal form). [17, §5] Let n > 1, e = oo and
A = Ag. Then it is easy to describe the representation theory of the cyclotomic
quiver Hecke algebra RA°(co, F) for a field F as in [17, §5]. Indeed, for each

A € P, there is a unique irreducible graded R2° module S* with basis
{ve | t € Std(A)},

which is homogeneous with respect to the trivial degree function degv, = 0 for
all t € Std(\) and with left RA0-action given by
'Ut, lf i — it

0, otherwise
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Us,t, if Sp -t € Std(N)
wrvt =

0, otherwise

Using the formulas in the next section, one can obtain the usual coefficients from

Young’s seminormal form [107] from this action.

4.3. The Brundan-Kleshchev isomorphism

Quiver Hecke algebras were originally presented by Khovanov and Lauda [53] and
Rouquier [95] as a solution to the problem of categorifying U, (g), the negative
half of the quantised universal enveloping algebra of g, where g is the Kac-Moody
Lie algebra associated with the appropriate quiver. The first indication of their
deep link with the theory of Hecke algebras was given by Brundan and Kleshchev
[17], who proved a remarkable isomorphism theorem, which was conjectured by

Khovanov and Lauda.

Given A € P,., we may form a multicharge (see Definition 3.1.1) k = k(A) by
taking & € I such that A = Ay + ... + Ay

Definition 4.3.1. For a dominant weight A, we write Z* for the cyclotomic

Hecke algebra 7, /(Z,&, k(A)).

For the remainder of this section, let ' be an arbitrary field with £ € F'* such

that the quantum characteristic of £ in F' is e > 2. Fix a modular system

(K, O, F) as in Definition 3.5.7.

As we are stating our theorems about quiver Hecke algebras blockwise, we need
to classify the blocks of cyclotomic Hecke algebras in order to state Brundan-

Kleshchev’s isomorphism theorem. Given a € ()., using the idempotents from

(3.5.18), define
Q=Y I enNo0),

icre
where fC is defined in (3.5.18). By [16, Theorem 1] and [71], f© is either zero

or it is a primitive central idempotent in 7%, so the algebra fO 22 fO is either

zero or a block of . We denote such a block by A = J#,,(0, ¢, k(A)).
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We also obtain blocks 5%, ¢(F, &, k(A)) over F by taking e(a) 2 (F)e(a), where
e(a) = f€ ®o 1p.

Theorem 4.3.2 (Brundan-Kleshchev isomorphism). Let F' be a field and suppose

£ € F* has quantum characteristic e. For A € P} and o € Q.,

RA(e, F) = 0 0(F, €, k(A))
as F-algebras. In particular, R} = 5" as F-algebras and

dimp R} = ("n). (4.3.3)

Rather than using complicated machinery or deep geometric arguments, which
have been used in proofs of Theorem 4.3.2 since [95, 103], Brundan and Kleshchev
construct explicit isomorphisms in both directions and calculate that they com-

pose to the identity. In full detail, e(i) — f° and

yre(i) = 5_“ (Lr - [ir])fio

bre(i) = (T, + Poi) = SO (4.3.4)

1
Qr—ﬁ) i
where P, (i) and @, (i) are certain rational functions in F'(y,, y,+1) (see [17, (3.32),
(3.30), (4.27) and (4.36)]). The inverse isomorphism is then given by £ s e(i)
and
Ly = Y (€7 + [i])e(i)
icrn

Tr = Z(¢r@r(l) - Pr(l))e(l)

icln
We will not go into detail of the original proof of this theorem here. The Brundan-
Kleshchev polynomials P,(i) and @Q,.(i) are interesting as the ),.(i) are not unique;

we will see the shadow of this again later.

It is worthwhile giving an example of how this isomorphism works in practice, as
such examples are (as far as the author is aware) currently non-existent in the

literature.
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Example 4.3.5. Suppose £ = 1 and e = 3 and let ' = F3 = {0,1,2}. Then
as in Example 4.2.6 there are two idempotents, €¢(012) and e(021), which can be

shown to map to the idempotents
24+2s; and 2+ 5

respectively (as in Example 3.3.9, after reducing modulo 3). Moreover, y; — 0

and yo — 0. Now
y3e(012) = (s2 + $15251 — 2)(2 + 25s1)
=2+ 281 + 282 + 28182 —+ 28251 + 2818281
and
y3€(021) = (s2 + 15251 — 1)(2 + s1)
=1+ 251 + 289 + 51592 + S951 + 2515251

and so y3 > $1 + S2 + 515251. One can check using the formulas in [17, (3.22)]
that

Py(012) =24 y3 =2+ 81 + S2 + 515251
Py(021) =14 y3 =1+ s1 + S92 + 515251

where to compute P»(i) we use the fact that y2 = 0 from Example 4.2.6, as
well as several applications of the geometric series formula, finally converting the
resulting polynomials in ys into the group basis. Using [17, (3.30)], the Q. (i)

polynomials in this case are simply the scalars
Q2(012) =2 and Q2(021) = 1.
Hence

w26(012) = 2[82 =+ (2 + S1 + S9 + 818251)](2 + 251)

= 282 + 8189 + 25281 + 518287
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9e(021) = [s9 + (1 4 $1 + s2 + 515251)](2 + $1)
= S9 + S$1S9 + 25981 + 2515951
and so
Yo = 25189 + S957.

It is not too hard to see that {€(012),e(021), y3e(012), y3e(021), 12e(012), 1p2e(021) }
gives a basis for the algebra and so the Brundan-Kleshchev isomorphism, as a

linear map R3 — F3&5 with respect to the group basis, has matrix

222100
212200
0022 21
002111
00212 2
002 21 2

Example 4.3.6. By Theorem 4.3.2, the algebra R, (co, F') in Example 4.2.7 is
isomorphic to 7, 1(F,1,0) = F'S,, when F is a field of characteristic zero.



CHAPTER 5

Alternating quiver Hecke algebras

In this chapter, we define a new family of algebras called alternating quiver Hecke
algebras. For quiver Hecke algebras corresponding to a certain class of dominant
weights A which we call symmetric dominant weights, it is possible to define a
homogeneous involution on the quiver Hecke algebra; studying the fixed-point
subalgebra under this involution gives rise to our family of algebras. We discuss
these algebras using a version of Clifford theory for associative algebras, and
construct a homogeneous basis and a presentation by homogeneous generators
and relations which are reminiscent of Khovanov and Lauda [53] and Rouquier’s
[95] theorems for quiver Hecke algebras. We then discuss cyclotomic quotients

of these algebras which we call alternating cyclotomic quiver Hecke algebras.

5.1. Clifford theory for associative algebras

In order to deduce results about our fixed-point subalgebras from the corre-
sponding results for the full algebra, we will use the language of Clifford theory.
Clifford theory was initially developed to study the representations of normal
subgroups of finite groups [23]|. Here we adapt it to cover associative algebras
with a Cs-graded Clifford system; details in the finite group case can be found
in [25], and a slightly different and more general treatment for associative alge-
bras is given in [92]. Below we write the two elements of the cyclic group Cj
as {4, —}, where signs multiply according to the usual rules. We also note that

Mitsuhashi referred to these as Zs-graded Clifford systems in [84].

Definition 5.1.1. Let A be a Z-algebra. A Cs-graded Clifford system for A is
a family {As | s € Cy} of two Z-submodules of A such that

(i) AsA; = Ag, for s, t € Cy;
61



62 5. ALTERNATING QUIVER HECKE ALGEBRAS

(ii) there exists a distinguished central element € € A such that 2 = 1 and
Ay =cA_;

(iii) A=A, & A_; and

(iv) 1e AL

A, is called the even part of the algebra; A_ is called the odd part.

Clifford theory allows a neat description of the representation theory of the sub-
algebra A, given knowledge of the representation theory of A. Specifically, for
an A,-module M, we may twist the A -action by ¢ to define the module M¢,

which is M as an O-module and where a € M acts as
a-m = cagm.
Using Definition 5.1.1(ii) to realise Cy as {1,¢}, the inertia group of M is
IM)={xeCy| M* =M} <Cs.

The size of the inertia group (either 1 or 2) determines the behaviour of an irre-
ducible representation N restricted from A to A, , which we denote by ResiN ,
in the following sense. We refer the reader to [24, pp344-345] for a proof of
the following result, noting that inverting 2 is necessary to prove the direct sum

decomposition in (ii).

Proposition 5.1.2 (Clifford’s theorem for Csy-graded associative algebras). Let 2
be invertible in Z and let A be an associative Z-algebra with a Cy-graded Clifford
system. Let N be an irreducible A-module. Then

(i) If I(Resﬁ+N) = Cy then Res£+N = <Resj2+]\7>8 is an irreducible Ay -
module.

(i) If I(Resf”N) = 1 then ResiN = M, @ M_ is the direct sum of two
irreducible A -modules, related under the conjugation map (i.e. My =

M),

Moreover, all irreducible A-modules arise in one of these two ways.
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5.2. Alternating quiver Hecke algebras

We have seen in §3.5 how to define alternating cyclotomic Hecke algebras by
taking the subalgebra of fixed-points under the hash map, which is an involution
defined on cyclotomic Hecke algebras with symmetric multicharge. Our goal now
is to generalise the Brundan-Kleshchev isomorphism framework to these subal-
gebras in level 1, and the correct objects on the other side of our isomorphism
theorem are what we call alternating quiver Hecke algebras, which we define for
arbitrary level. These are defined as subalgebras of fixed-points under a new

homogeneous involution.

For the remainder of this section, Z is a unital integral domain with
¢ € Z* such that the quantum characteristic e of ¢ in Z is greater

than 2 (see Definition 3.1.3).

Let us work again with the quiver Hecke algebra R, = R,(e, Z) from §4.1.
Recall the definition of I from (4.1.1) and, for i € I", of —i € I"™ from (3.5.22).

Definition 5.2.1 (Kleshchev, Mathas and Ram [62]). The graded sign map

sgn : R, — R, is the map defined on generators as
e(i) — e(—1), Yr > —Yr, Uy = =1y

Proposition 5.2.2. [62] The graded sign map is a well-defined homogeneous

algebra involution R,, — R,.

Proof. That the map is a homogeneous involution is clear from its definition;
checking it is a well-defined algebra homomorphism amounts to checking it re-
spects the list of relations in Definition 4.1.8, a straightforward exercise which

we leave to the reader. O
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We need to determine how the sgn map restricts to the blocks of the quiver

Hecke algebras. For a given a € (), with a = o, + o, + ...+ «;,,, we can define
od=a_jtaj,+...+a,

recalling that j; € Z/eZ and so —j; € Z/eZ for i = 1,2,... ,n. The following

fact is easy to prove from the definitions.

Lemma 5.2.3. Forie I, ie I if and only if —i € 1%

The above lemma means that, on the level of blocks, sgn maps between R, and
R. and so is an involution on the block R, if @« = o/, or on the direct sum

Rao @ Rea of blocks if a # o'

Definition 5.2.4. We write [a] for the equivalence class of a € @, under the
equivalence relation ~ generated by a ~ § if § = o/. We write Q for the set of
all equivalence classes with two elements (i.e. when a # o), and QF for the set

of all equivalence classes with one element.

We are now ready to define alternating quiver Hecke algebras, which we will
study for the remainder of this thesis. The definition of alternating quiver Hecke
algebras can be motivated from the fact that the alternating group algebra is the
fixed-point subalgebra of the symmetric group algebra under the ungraded sign

map [49, §2.1].

Definition 5.2.5. The alternating quiver Hecke algebra is the fixed-point sub-
algebra R5&" of the quiver Hecke algebra under the graded sign map.

Remark 5.2.6. We note that the a which gives the pathological sequence i =

(0,0,...,0) is @ = nag. In some results below we need to exclude this case.
—_———

n zeroes

Using the equivalence classes and distinguished elements from p40, we now define

an element € € R,, which will be very important in studying alternating quiver
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Hecke algebras and their cyclotomic quotients:

e= Y (e(i+) - e(—i+)). (5.2.7)
el
iteli]
Recall the idempotents e,, from (4.1.10), which define the blocks of quiver Hecke

algebras. If o # o/, we define new idempotents

€l = Y €5, (5.2.8)

Belal
noting that since €8 = en, €[y is sgn-invariant; in particular if a = o/, e, is
already a sgn-invariant idempotent. Any given equivalence class [i] € 1" will
contain a sequence from I* and I%; we write I/ for the collection of all such

equivalence classes. Finally, for an equivalence class [i] € I we write

eli] = > e(j). (5.2.9)

Jjeli]

We now give a basis theorem for alternating quiver Hecke algebras analogous to
Theorem 4.1.13 for quiver Hecke algebras. It is worthwhile to first consider the
following simple rank-one example which exhibits the basic features of the basis

in general.

Example 5.2.10. Recall the (infinite-dimensional) algebra R; from Example
4.1.14. Suppose that e = 3 and that char(Z) # 2; then it is not too hard to
see that the following is a homogeneous basis for the (again infinite-dimensional)
fixed-point subalgebra R4 (3, Z)%8", where we have grouped basis vectors by de-
gree:

deg0: 2e(0), e(1)+e(2)

deg 2 : y(e(l) - 6(2))

degd: 2y%e(0), y? (6(1) + e(2)>

deg6: o° (6(1) — 6(2))
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where y = y;. For general e > 2, we have the homogeneous basis
{yk (e(i) + e(—i)) | k even} U {yk (e(i) — e(—i)) | kodd, i # O}
for R, (e, Z)%8". Note that

dim([Rn(e, Z)* o & [Rale, Z)sgn]2<k+1>>

1

=3 dim([Rn(e, Z)]ar ® [Rule, Z)]Q(kﬂ))

for all £ > 0. Finally, the reader should check that R;(3, Z)e™([1]) has the
Cs-Clifford decomposition

R1(3, Z)e(1) @ Ri(3, Z)e(2) = [Rl(g, Z)e(1) ® R (3, Z)e(z)} -

® g[Rl(& Z)e(1) & Ra(3, z>e(z)]sg“,

where € = ¢(1) —e(2), and that the transition matrix between this basis and the

basis from Example 4.1.14 requires inverting 2.

Recall that QF (resp. QF) is the set of all equivalence classes [a] with two (resp.

one) elements (resp. element).

Definition 5.2.11. For [a] € QF, define R} = Rjq(e, Z)%8" = eqRIE" to be
the fixed-point subalgebra of the direct sum R, & R, under the sgn involution.
If [a] € QF and a # nay), write Rff]n for the fixed-point subalgebra of R, under
the sgn involution. Finally, if o = nay, write R3%: for the fixed-point subalgebra

of Ry, under the sgn involution.

Remark 5.2.12. By the definition above and the decomposition in (4.2.2), the
alternating quiver Hecke algebra is equal to the direct sum
sgn _ sgn sgn sen
R = ( o RM> & ( D R[a]> O RE (5.2.13)

[a]eQd [aleQF
aF#Enag
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It is important to note that in general these are not the blocks of the alter-
nating quiver Hecke algebras, as they are not guaranteed to be indecomposable

(although most of them are).

For a = (ay,as,...,a,) € N, write y* € R,, for the monomial y;'y52 - - - yo» and

let Ja] =>"" | a;.

Theorem 5.2.14 (Basis theorem for alternating quiver Hecke algebras). Let 2

be invertible in Z.

(i) If [a] € QF U (Qf\ {nao}) then the alternating quiver Hecke algebra

Ria) (e, Z)%8" has homogeneous basis

{ (o yagbe [l]

weG, acN" el
be{0,1}, {l(w)+|a]+b=0mod 2
(ii) If o = nag then the alternating quiver Hecke algebra Ry, (e, Z)%8" has

homogeneous basis
{Yoy?*e|weS,, aecN' (l(w)+|a]=0mod 2},

where e = (0,0,...,0).
~—————

n Zeroes

Proof. For [a] € Q7 U(Q7 \{nao}), to observe that the specified set spans R,
let us write an arbitrary element of R, ® R, as a finite sum

Tr = Z )\w,a,iz/}wyae(i)a

forweG,,aeN",iel*U I¢ and Aw,ai € Z using Theorem 4.1.13. In order
that = be an element of R[Sf]n we require %8® = x, i.e. that

D (D) IR, wayte(i) = D Aaitiuye(i)
which implies that the given elements span by applying Theorem 4.1.13 and

equating coefficients.
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For linear independence, take a linear combination

Z < Z Aa,w,i¢wya Z 6(.])

o ajal weG, ,aeN" Jeli]
HEN™ 4w) 43, @r=0 mod 2

+ Z )\a,w,iwwyag Z 6(j)> =0

wEG,,acN" jelil
L(w)+3"; a;=1 mod 2

for coefficients \ay; € Z and project the above sum onto the idempotent e(i)
for each i € I® U I*'; then since i # —i for any idempotents in this case, we
obtain sums of basis vectors of the form from Theorem 4.1.13 which are linearly

independent.

For @ = nay, the same argument as above shows the set spans the sgn-invariant
subalgebra. Since this basis is a subset of the basis from Theorem 4.1.13, linear

independence, and hence the result, follows. [

We can obtain a Cs-graded Clifford decomposition for direct sums of blocks of
quiver Hecke algebras using the element e defined in (5.2.7), provided « is not

equal to the “pathological” root nay.

Proposition 5.2.15. Let 2 be invertible in Z and suppose that o # nag. Then
we have the Cy-graded Clifford decomposition
P Rrs = RT @ RE.
peld]
Proof. To demonstrate the Clifford decomposition, we check the requirements
in Definition 5.1.1. Condition (i) follows easily; since £%8* = —¢, if © € R and
y =€z € eRE" then (zy)%8" = —xy giving the required multiplicative property.
Conditions (ii) and (iv) follow by definition, so it remains to demonstrate the
direct sum decomposition, which follows from the same argument as in Theo-
rxe(i) =

rem 3.5.24: since any © € R, ® Ry may be written as © = Y ;0o

D icra T [e(i) + 6(—1)} , we can write

r=-) (w42 [e(i) + e(—i)] - %e > (x— o) {e(i) + e(—i)}

iel« iel>
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which gives the required decomposition provided % ez O
Remark 5.2.16.

(i) We exclude the case a = nay in Proposition 5.2.15 because in that case
the projection of € onto the block R, is zero, since if o = nay, there is a
single idempotent e,,, = €(0,0,...,0) which maps to itself under sgn so
E€nay = 0.

(ii) For any i € I, the algebra R, is called a nil-Hecke algebra. Our algebra
R, which behaves slightly differently to the other summands of the
alternating quiver Hecke algebra from (5.2.13), may be thought of as an
alternating nil-Hecke algebra.

(iii) The reader may have noticed the dependence of our element ¢ on choices
of equivalence class representatives for each class [i] € I”". Indeed, there
are many choices of Clifford element which give rise to different Clifford
decompositions, much in the way that different choices of coset represen-

tatives give rise to different Clifford decompositions of representations of

finite groups with respect to normal subgroups [24].

Example 5.2.17. It is worth giving an example of how a Clifford decomposition
like that in Proposition 5.2.15 is impossible when o = nay, as mentioned in
Remark 5.2.16(i). Indeed, let n = 1 and consider the block Ry = e(0)R; of
the algebra from Example 4.1.14. Then Ry = Z[yle(0) so R¥ = Z[y*]e(0)
since €(0)%8* = e(0). Since €e(0) = 0 we do not have a Clifford decomposition
in this case. We can also easily compute the basis {1,%?, 4%, ...} from Theorem

5.2.14(iii).

5.3. Generators and relations for alternating quiver Hecke algebras

Using the Cy-graded Clifford decomposition from Theorem 5.2.14, we can give
a presentation for the alternating quiver Hecke algebra R$&" by homogeneous

generators and relations, akin to the Khovanov-Lauda presentation for the quiver



70 5. ALTERNATING QUIVER HECKE ALGEBRAS

Hecke algebras (Definition 4.1.8). The following elements will play the role of

the generators from Definition 4.1.8 for alternating quiver Hecke algebras.

Definition 5.3.1 (Generators for alternating quiver Hecke algebras). For 1 <
r < n, define ¥, = 9,e, and for 1 < r < n, define Y, = y,e. Finally, for [i] € I
recall the definition of eli] from (5.2.9).

As a corollary to Theorem 5.2.14 we see that the elements defined above generate

the alternating quiver Hecke algebras.

Corollary 5.3.2. Let n > 1 and e > 2 and suppose 2 is invertible in Z.

(i) If o # nay, the alternating quiver Hecke algebra R[Sf]n is generated by the

collection

(U, Wy, U J UL s, VY U {eli] | [i] € T,

sgn
noo

(i) If a = nao, the alternating quiver Hecke algebra R is generated by all
even products of the generators {1, 19, . .., Yp_1} U{y1,y2,...,yn} and

{e} where e = ¢(0,0,...,0).

Proof. Suppose a # nag. We proceed to write each basis vector from Theorem
5.2.14(i) and (ii) in terms of the proposed generators; since the y, commute with

e(i), and since 2 = 1,

e e if Jal = 0 mod 2

yite et = . .
eyt Yo if Jal = 1 mod 2

Moreover, since ¢,e(i) = e(w - 1)1, by the relations in Definition 4.1.8,

U,, if {(w)=0mod 2

1/@ =
Ve, if f(w) =1 mod 2

There are four cases to consider; we just give two as illustration of the method of
proof. If |a] = 0 mod 2 and ¢(w) = 0 mod 2, then the basis vector 1, y;* - - - y=eli

is equal to U, --- W, Yi* --- Yieli] where w = s;, -+ s;,. If |]a] = 1 mod 2 and
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/(w) = 0 mod 2 then the basis vector
oyt -yt le(i) — e(=1)] = doyt” - - ypreel]
=W, U eV Yineeli

= \Ijil R \Ijidyfl ce ygne[i]

since € commutes with the ). and squares to 1.

When a = nag, the argument is essentially the same, and easier than, the case

above and we leave this to the reader.

Our goal now is to obtain a set of relations for the generators from Corollary

71

OJ

5.3.2. Let us start by defining a new abstract algebra with a slightly different

presentation and the additional structure of a Z x Cs-grading; as in §5.1, let us

realise Cy as the sign group {+, —} with usual multiplication of signs.

Definition 5.3.3. Let n > 0 and suppose 2 < e < co. The signed quiver Hecke

algebra of type T'. and corresponding to [a] € QF U QF is the unital associative

Z-algebra R|,| = R}, (e, Z) with generators

CLIRCARTAN NUF RV RUR EXCINE T G C Ry
Bela]
subject to the relations

€a ( )gb( ) = 61_]€ab( ) Z €+(i) =1

icIle]

yryse- (1) = yiye (i)
() =yle (i) ifs#rr+1
Wl (i) = Wlwle (i) if |r— s > 1



72 5. ALTERNATING QUIVER HECKE ALGEBRAS

(e + Deai), i ir =i

w;y; 1€a(i) -
: yea(i), if 4, # i1
b (Ylyl 4+ Dey(i), if 4, = ip g
Yri1¥rEa(i) = ) . .
w;y;ga(l)v If (23 7é ZT‘+1
( 07 lf 7;7» — 'l,’n_i_l
(y - y7,"+1)5+(i)7 if Iy — Z‘r—i-l

Y +1 yr)EJr(i)a if Z.T‘ — irJrl

[ e-(i), otherwise
e (i) +e- (i), if i =i = irgn
¢;¢1/~+1¢;~€+(1) = ;+1¢;¢£+18+(i> —&- (1>7 1f ir+2 = ir — Z.r—i-l

;+1¢§¢;+1€+(i), otherwise

fori,j € I% a,b € C5 and all admissible r and s.

Remark 5.3.4.

(i) Asusual, the algebra R{a} is a block of the full signed quiver Hecke algebra

R!,, which decomposes as

R,=R,(e,2)= P Ry
[a)eQd UQZ
and R, = /R, where €} = > . /0 e (i).
(ii) The generators in Definition 5.3.3 are somewhat superfluous: for example
we can use the relations to see that ¢,(i) = 0 whenever i = —i. These
extra generators do however mean we can more easily compare the algebra

R/[a} with the quiver Hecke algebra, which we are about to do.

The proof of the following lemma requires nothing more than an inspection of
the relations in Definition 5.3.3 which we leave to the reader (see §2.1 for general

remarks on algebras graded by a finite group G).
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Lemma 5.3.5. The relations in Definition 5.53.3 are homogeneous with respect

to the degree function deg, : R, — (Z x Cy) given by

de le (i) =(—¢ig ., —

deg2 Ea(i) _ (O,CL), deg2 y; _ (27 _)7 g2 107; +() ( rir4l )
deg, 1/)7'8— (1) = (_CirirJrl’ +)

forallie I, a € Cy and 1 < r < n. In particular, R, is a (Z x Cs)-graded

Z-algebra.

Remark 5.3.6. By forgetting the Cy-grading (but not the Z-grading) on R/ we
obtain a Z-graded algebra.

Proposition 5.3.7. Let n > 0 and suppose e > 2. If 2 is invertible in Z, then
Jor a € Qe,

Riy(e, 2) = €D Rple, 2)
Beld]
as Z-graded Z-algebras.

Proof. Define a map v : Rj, (e, Z) = @Dsc Ro(e, Z) on generators by

I(y,) = yr
() = s

e(i) +e(—i), ifa=+

ﬁ(ga(i)) = 6(1> . 6(—i) ifa=—

forl1<r<nand1<s<nandie€ I* We must check 9 is an algebra homo-
morphism of degree zero; this amounts to the largely tedious and straightforward
calculation of checking it preserves the relations. We check two relations so the
reader can obtain a taste for how they are done. For example, let i,j € I*. Then

we have

V(ea(V)en(j)) = V(0i€an(i))
5ij(6(i) + 6(—i)), lf a = b
di(e(d) —e(—i)), ifa#b
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5ij(6(i) + 6(—i)), if a = b
Gy(e(i) — e(—i)), ifa#b
= V(ea(i))V(6())-

Now suppose that i € I* is such that ¢, =7, — 4,.1. Then

V(W e (1) = (Wil ae4 (i) + e- (1))
= Urpathrrpale(i) + e(=1)] + e(i) — e(—i)
= (Wrr1¥ e + De() + (Urparhrn — De(—i)
= Urthriathn(e(i) + (1))
= 9(n)0 ()00 (e (1))

as required. We leave the remaining checks to the reader; this amounts to proving

¥ is surjective. Similarly, define a map ¢ : € Belo] Rz — R’[a] on generators by

§(y7“) = y7/”
C(%) = %
o(ei) = 5 (=4 (0) += (1)

forl <r<n,1<s<mnandicé€ Uﬁe[a] I?. We must check that ¢ extends
to an algebra homomorphism, again by checking it preserves all relations: note
that since e,(1)ep(1) = €44s(i) for all i € I™ and a,b € Zy, we can multiply all
the relations in Definition 5.3.3 by ¢_(i) to obtain a list of additional relations

which also hold in R’[a], obtaining relations like
Uryse+(i) = yres (i)

These, together with the original list of relations, allow one to check that ¢

respects all of the relations. For example, if we compute

urtbaeli)) = 3 (vl () + vl ()



5.3. GENERATORS AND RELATIONS FOR ALTERNATING QUIVER HECKE ALGEBRAS 75

we can see that both terms on the right-hand side are indeed relations in Rfa}
(with the first term being a relation from Definition 5.3.3 multiplied on the right
by £_(i)). Since ¢ is also homogeneous of degree zero and since we clearly have
¥ o¢ =1d and ¢ o9 = id, this establishes the required isomorphism of Z-graded
algebras. O

Using the Cy-grading, we can write the decomposition of R! into odd and even
parts afforded by its Cy grading as R, = (R},)+ & (R},)—. This, combined with
Theorem 5.2.14, gives the following corollary regarding the alternating quiver

Hecke algebra.

Corollary 5.3.8. Let n > 0, suppose e # 2 and let 2 be invertible in O. Then
(Rl)s =R

Theorem 5.3.9 (Generators and relations for alternating quiver Hecke alge-
bras). Let n > 1, let e > 2 and suppose 2 is invertible in Z. Let [a] €
QFU(Qz \{nao}). Then the alternating quiver Hecke algebra Rp%' is generated

by the elements
(U1, Uy, Uy F UL Yo, Y U eli] | [i] € 11}

subject to the relations

elile[j] = opeli, Z efi] =1

el
Vyeli] = eli];
Ureli] = els, - i,
ViVs = Vs Dr
U, Yseli] = Vs Upeli] if s#r,r+1
U, Weeli] = U, W,eli], if|r—s|>1

(VW + Deli], if i, = ip1

\I]ryr+1e[i] = . . .
yr\Ijre[lL Zf (2 7£ Yrg1
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(\Ijryr + 1)6[i]a Zf i = ir-&—l

yT+1\I’re[i] == ) . .
\I/ryr€[l}7 Zf 1y 7& Trt1

( 0, if iy = Gpqn

\If2e[i] _ (yr - yr+1)6[i], Zf — ir—&—l

(Vg1 = Vp)elil, if iy < irpa
| elil, otherwise
(Up 10, 0,41 — 1)eli],
Zf iy = Z‘7“Jr2 — ir+1
(‘Ijr+1‘ljr‘ljr+1 + 1)6[1]7

Zf Iy = ir+2 — ir—i—l

U, W, Ueli] =

\IIT+1 \IIT\I/T+1€[i] s

{ otherwise

for all [i| € 1'%} and all admissible r and s. Moreover, Ry is Z-graded with

degree function
deg \Dre[i] = Qs deg Vs = 2, dege[i] = 0.

foralll<r<n,1<s<n and[i]ellf“].

Proof. First we note that all the requirements on the residue sequences i in fact
depend only on the equivalence class of the sequence because of the symmetry
of the Cartan matrix from (4.1.3). By Corollary 5.3.8, it is enough to prove that
the abstract algebra A, defined in the statement of the theorem is isomorphic

to (R{y))+. Define a map o : Aj) = (R(,))+ by
elil = er(i), rrye_(i), ¥y le (i),

for all [ij € I}, 1 <r <nand 1< s < n. Itis a straightforward check that
all the relations of A, are satisfied in (R,))+, so o determines a well-defined

homogeneous algebra homomorphism of degree zero.
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By definition, (7'\’,'[64)Jr is generated by even words in the generators of Rfa]. How-
ever the only even generators of R’a] are the idempotents e (i) fori € I*UI*, so
(R’[a])+ is generated by these idempotents together with all words of even length
in the odd generators of Rfa]. It is now easy to see that (73’[64)4r is generated by

the images of the generators of Ay, under p and so g is surjective.

The algebra R, is defined by generators and relations, so (R,))+ is the subal-
gebra of R’[a] generated by the even words in the generators of R[a] modulo the
even part of the relation ideal defining Rfa], which is the set of all linear com-
binations of arbitrary products of even relations multiplied by even products of
odd relations. However the only even relations in Rfa} are given by idempotents
and commutation relations. Therefore, the even part of the relation ideal for

{a] is generated by the even relations in R’a] together with all products of the

odd relations in REO‘]. It follows that all the remaining relations are generated by
even products of odd relations, together with odd relations multiplied by e: in
this way we obtain the complete set of relations for (Rfa])jb One checks these

are precisely the relations written above for Ap,; for example multiplying the

relation
(Wl +1)e_(i), ifi, =iy
1/49;5— (1)7 if Z'r 7é ir-i—l

by £_(i) and using the idempotent relations in Rfa] gives the relation

Yrathre—(i) =

Wre-(Wyrae-(1) + Der (i), if i =dpp

e (e (i)es () =
I : We_(iyle—Der (1), i, # i,

which is precisely the image of the relation

(\I/ryr + 1)6[1]7 if 4, = ir-i—l

errl‘IIre[i] =
\Ijryre[i]a if ir 7é ir-l—l

under p. Continuing in this way we see o is an isomorphism.

Finally, we note that the given degree function is well-defined; since the Cartan
matrix (¢;;)ijer is symmetric, the entries only depend on equivalence classes of

residue sequences under ~.



78 5. ALTERNATING QUIVER HECKE ALGEBRAS

0J

Remark 5.3.10. Since we have given an isomorphism between the alternating
quiver Hecke algebra and the even part of the abstract algebra R/, for which
we gave an abstract presentation by generators and relations, we see that the
generators from Definition 5.3.1 do not depend on the choice of equivalence class

representatives it (see p40).

5.4. Alternating cyclotomic quiver Hecke algebras

In this section we define the cyclotomic quotients of alternating quiver Hecke
algebras from §5.2 which we will study for the remainder of this thesis. For a

given weight A = A(k) with multicharge K, we set

—K1"

Proposition 5.4.1. [62] There is a unique homogeneous algebra isomorphism

sgn : RY — R of degree zero satisfying
e(i) — e(—1), Yr > —Yp, Uy = =1,

Moreover, this map lifts to the graded sign map sgn : R, — R, from Definition
5.2.1.

Proof. This follows immediately since sgn maps the cyclotomic ideal Z2 to the

cyclotomic ideal 2. O

We are interested in the case when this cyclotomic version of sgn is an involution
of graded algebras, i.e. when A = A’. Under the Brundan-Kleshchev isomor-
phism (Theorem 4.3.2), cyclotomic quiver Hecke algebras of weight A such that
A = A’ correspond to cyclotomic Hecke algebras with symmetric multicharges
(Definition 3.5.12); this follows immediately from translating between our nota-
tion k for multicharges and A for dominant weights. This, together with the

analogy between the # and sgn involutions, motivates the following definition.
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Definition 5.4.2. Let A = A’. The alternating cyclotomic quiver Hecke algebra
is the fixed-point subalgebra (R2)%8® of the cyclotomic quiver Hecke algebra R

under the graded sign involution.

Example 5.4.3. Let n = 3, A = Ay, and suppose that F' is a field of character-
istic 3. We have seen in Example 4.2.6 that the collection

e(012), e(021), y3e(012), y3e(021), ¥oe(012) and e(021)
gives a basis for the cyclotomic quiver Hecke algebra RQO. One can check that
1=e(012) +¢(021), W =1hy(e(012) —e(021)) and Y = ys(e(012) — e(021))

span the fixed-point subalgebra (RQO)Sgn, since ¥? = —Y and Y? = 0. Using the

isomorphism in Example 4.3.5, we obtain

e(012) +e(021) =1
y3(e(012) — €(021)) = 1 + 5159 + S251

9(e(012) — e(021)) = 2515951 + So,

so the isomorphism from that example does not restrict to give an isomorphism
(R5°)% = KAy (since 5% = —thy = 5182 + 25281 # 25182 + 951 = ¢F ). It is
casy to see that (R5°)%™ = F[z]/(z*): an isomorphism is given by ¥ — z. If we
put z € Flz]/(2?) in degree 1 as in Example 2.3.2(i), this is even an isomorphism
of graded algebras since deg ¥ = 1. In turn, F[z]/(z?) is isomorphic to F2l3 via
x +— 1 — s5150. We will soon see that a slightly different choice of Brundan-

Kleshchev style isomorphism allows us to see this correspondence more clearly.

On the level of blocks, which is where we need to state most of our results for
technical reasons, we need to take a slightly more subtle approach. The following

lemma is immediate from Proposition 5.4.1.

Lemma 5.4.4. Let A € P, be such that A = A" and let o € Q..

(i) If @ = o/ then sgn: RY — R is an involution.
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(ii) If a # o then sgn: R & R, — RA @ RA is an involution.

We now want to show that the alternating cyclotomic quiver Hecke algebra is
isomorphic to the subalgebra of the cyclotomic quiver Hecke algebra of points

fixed under sgn.

Following Definition 4.2.1, for [a] € QF U (QF \ {nay}, note that e[i] € ®peiaRs
for all [i] € I1%). Hence define the ideal

A <A,Oli1> .
Th) = (I el

i] € 1La1>

of @5e[a] Rs. Importantly, sgn fixes % as a set and so I[/;] is actually an ideal
of R[Sff .

Lemma 5.4.5. Let 2 be invertible in Z. If o is an involution on Z-algebras X

and Y withY <X and Y° =Y as a set then (X/Y)? = X7/Y".

Proof. Define a map p: (X/Y)? — X?/Y7 by
1
r+Y — §(x+a:")—|—Y".

This map is clearly well-defined since 2 is invertible in Z; moreover it is injective
since if $(z + 27 — 2’ — (2/)7) € Y for 2,2/ € X then 3(z + 27 — 2’ — (2/)7) =
$(27 +x — (2)7 — 2’), since Y is fixed by o, and so (z —2’) = (z — 2/)7 and
x+Y =2’ +Y. Surjectivity follows since if z + Y7 € X7 4+ Y7 then clearly

2+ Y% =p(z+Y), since z is fixed by o. O

Proposition 5.4.6. Let A € P. be such that A = A'. Then for [a] € QF U (Q\

{nap}), we have the following isomorphism of Z-algebras:
A\sgn ~ R
DRy = (Br) /T
Belal Belal
Proof. Note that the algebra on the left-hand-side of the isomorphism is equal

to [<@Be[a] Rg) / <@Be[a] Iﬁ)} = by orthogonality of idempotents in unequal
blocks (note the difference between the ideal Z» from Definition 4.2.1 and the
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ideal % as defined above). Hence by Lemma 5.4.5 it remains to show that %
is precisely the set of fixed points in € 5ol Ié‘ under sgn. Since

(Aaiy) e . .
Aai) o £ eli], if (A, ;) is odd
W eli] =4 T 1 (5.4.7)
y,  Veli], if (A, ) is even,
- sgn
all elements of I[/gé] are sgn-invariant and belong to (@ Bela] Ig) . To demon-
sgn
strate the other inclusion, let x € (@56[04 Ié‘) . Write z as
ABi
r= 3wy u" el
BEla] iclp

for 53 € Rz. Then since v = 8",

o= Z sgnz (A@1 A/B’Ll)( i)

B€E[] icIp
= Y [T @y e
BEla] iers’

by Lemma 5.2.3 and since A is a symmetric dominant weight. Projecting onto
idempotents gives zge(i) = (—1)(A’511)$Z§n6( i) for all 3 € [a] and i € I” and this

allows us to write x in the required form:

ABL) + ABR)
T = Z x5+y§ Ve(i) + Z (—1)(A'811):v5+y§ 1)6(1)

icrst ierst
MBI (s
e 0 [ (el + () e( )]
icrst
for some distinguished 8" € [«a], which belongs to % O

Finally, we deal with the cyclotomic relation when o = nay. This is the least

important case, since in level 1 it does not occur.
Proposition 5.4.8. Letn > 1 and e > 2.

(i) (RS, )& = ReE2 (e where e = €(0,0,...,0).
—_———

n zeroes

(ii) If (A, o) =1, RA, = 0.

nogo
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Proof. The first part follows from Lemma 5.4.5 since the ideal is fixed setwise by
sgn. For the second part, we deduce from the cyclotomic relation in the algebra
that y; = 0; then, since ¥1yse = y111e + e we have 1y2.e = e. Multiplying by v
and using ¢? = 0 gives 1;e = 0 which in turn gives e = 0, showing the algebra

must be zero since e is the only idempotent. O

We now obtain the following presentation for alternating cyclotomic quiver Hecke
algebras as an immediate corollary to Proposition 5.4.6 and Theorem 5.3.9. If

(A, p) = 1 mod 2 we do not know how to characterise the cyclotomic ideal.

Theorem 5.4.9. Let n > 1 and ¢ > 2. Suppose A € P, is such that A = A’
Let [a] € QF U (QF \ {nap}). The alternating cyclotomic quiver Hecke algebra
(Rﬁy])sgn is generated by

(U1, Ug, o Uy F UYL Vs, Vit U {eli] |1 € 110}

subject to all of the relations in Theorem 5.3.9(i) together with the cyclotomic
relation

Yl = 0

for [i] € 1191,

Finally, we compute the rank of the alternating cyclotomic quiver Hecke algebras.

Proposition 5.4.10. Let 2 be invertible in Z, let e > 2 and suppose A is a
dominant weight such that A = A" and (A, o) <n. Then

"nl 1
I‘kz(Rﬁ)sgn == ng = érkgRQ

Proof. Since the condition on A means the block Rﬁao is zero, ¢ is a Clifford
element which splits R2 into a direct sum of two Z-modules (R)%8* and (R )=e

of the same rank by the same argument as in the affine case (Proposition 5.2.15).

O



CHAPTER 6

A graded isomorphism theorem for alternating quiver

Hecke algebras

In this chapter, using a similar approach to Hu and Mathas [42] to define cer-
tain deformed integral versions of alternating cyclotomic quiver Hecke algebras
in level 1, we show that, over a large enough field, these are isomorphic to the
alternating cyclotomic Hecke algebras from Chapter 3. In particular, this alter-
nating analogue of Brundan and Kleshchev’s isomorphism theorem implies the
existence of a Z-grading on the modular group algebras of alternating groups,

and on Mitsuhashi’s alternating Hecke algebras [83].

6.1. Integral cyclotomic quiver Hecke algebras

In this section we give a slightly modified version of Hu-Mathas’ deformation

[43] of the Brundan-Kleshchev isomorphism theorem using seminormal forms.

Let us fix a field IC and an e-idempotent subring O (Definition 3.5.7); we will make
a specific choice of O in the next section. We will be working with s#2(0) and
HNK) = AHM0) @0 K. H#2(K) is semisimple and therefore has a seminormal
basis {fe | 5,t € Std(A) for X € PL} together with its associated seminormal
coefficient system «. From this seminormal basis we may obtain idempotents

1O as in (3.5.18), which belong to s#*(0) by Lemma 3.5.19.

1

Let M, =1— L, +tL,; for 1 <r < n. Observe that by Theorem 3.4.11 if
(s,t) € Std*(P,) then

M, foo =t = po(8)]foe, and (L1 — L) fer = =t [p.(s)]. (6.1.1)

It is shown in [43] that these elements are locally invertible in the following sense.

83
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Corollary 6.1.2 ([43, Corollary 4.8]). Suppose that 1 <r <n and i€ I".

tfcr (t)

m S %A(O> and

a) If i, # ipp1 + 1 then

seStd(i)

t—cr(t)

(2, mmer = 2 ) -

seStd(i)

—ftCrt1 (t)

WFS € #.(0) and

b) If iy # ira then Y

seStd(i)

—t=Cr+1(t)

(X

sestd(i) v (s)]

—t—crva(t)
= (Lr — Ly41) ———F ) P =1

FS> (Lr - Lr-i-l)fio

Remark 6.1.3. The upshot of Corollary 6.1.2 is that we are justified in the

abuses of notation
t—cr(t)

1 o
i o 2 T—n()

seStd(i)

when i, # i,,1 + 1 and

1
— =Y =~
Lr - Lr+1 seg(i) [pr(s)]

—t—cr+a(t)

when i, # i,,1. When we use these in the next section we are implicitly appealing

to Corollary 6.1.2.

Following [43] we now define a deformation of R2(e, F') = S (F) over O. We
will prove our main theorem in the next section by adapting these ideas. Our
generators in this section are adorned with superscripts which do not appear in

[43]; the reason for this will become clear in the next section.

The results of [43] depend upon choosing an arbitrary section of the natural
quotient map Z —» Z/eZ when e < co. If i € I let 2 > 0 be the smallest non-

negative integer such that ¢ = 7 4+ eZ. This defines an embedding [ — Z;i — .
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Definition 6.1.4. [43, Definition 4.14] Suppose that 1 < r < n. Define ¢ =
> e U2 by setting

(1+T,) 4 f2, if 4y = dpg,
U =S (TLL, — LT O, if iy — iy

i

(L, — L, T,) 5 ! otherwise,

1 Y

for i € I". Moreover, for 1 <r < n define y; = > ;. t77 (L, — [in]) 2.

Theorem 6.1.5 (Hu-Mathas [43, Theorem A]). Let K be a field and (O,t) an
e-idempotent subring of K, where e < co. For a € Q., the block F*(O) of the
cyclotomic Hecke algebra 27(O) is generated as an O-algebra by the elements

{fFlieryu{yf [1<r<n}u{y |[1<s<n}

subject to the relations

1<d<r
Ki=i1 mod e
FEF = 0512, Y =1
ielo
yt 10 =Pyt T =2t vty =yl

@/}+yr+1fo ( j@b;r + 5irir+1)fioa yr+1¢+fo (¢+ + 6irir+1)fi0

w+ys_ys ro ifS#T,T‘—l—l,
OIS =t if |r—s| > 1,
r
(y7<"1+p7'(1)> - y;:-l) iO’ if iy = Uy,
(yﬁ#lpr( R — Y ) i Zf Uy $— iT+17
( j)2fio =
0, Zf Iy = Z-7“—§—17

1o, otherwise,
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(Dt — O FO L if i = iy — Gy,
ot o rO o ‘ '
Uy i = ( j+1¢f¢:+1 +1) P, if by = g2 < lrya,
r+1¢j¢j+1fio7 otherwise,

where y,éd>f-o = (t4yt — [d)) fC ford € Z, and p,(i) = 4, — iry1, fori,j € I* and

1

all admissible r, s.
Remark 6.1.6.

(i) Note that if m is a maximal ideal of O then (the image of) ¢ has quantum
characteristic e in the residue field F' = O/m, and so the relations above
reduce to the familiar relations for cyclotomic quiver Hecke algebras in
Definition 4.1.8 when tensoring with F' over O: indeed, it is easily checked
that all powers of ¢ that appear are tV or t™ for some m € Z; since £¢ = 1
if £ # 1, this gives the familar relations in all cases above.

(ii) Although we have to assume e < oo to invoke Theorem 6.1.5, this is not
a problem since by [42, Corollary 2.15], the case e = oo is equivalent to

the case e > 0.
6.2. Integral alternating cyclotomic quiver Hecke algebras

In this section we restrict to level 1 (notice that A = Aq is the only symmetric
dominant weight in level 1) and give our main result, proving that the fixed-
point subalgebra we have defined as the alternating cyclotomic Hecke algebra
(Definition 3.5.15), and the fixed-point subalgebra we have defined as the alter-
nating cyclotomic quiver Hecke algebra (Definition 5.4.2), coincide, provided we
work over a large enough field. This gives an alternating analogue of Brundan-
Kleshchev’s isomorphism theorem in level 1. As a first guess, one might expect
Brundan and Kleshchev’s map to simply intertwine the # and sgn maps; un-
fortunately such an easy proof of our main result is not possible, as we saw in

Example 5.4.3.

At this point, we need to make a careful choice of modular system for our algebras

in order to ensure our rings have enough square roots for our computations.
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Definition 6.2.1. Let F be a field with £ € F* and let  be an indeterminate
over IF. Let e be the quantum characteristic of £ in F. Let ¢t = x + £ and define

the local ring

O =FVt, V=1{V[h: |1 <h <n}] .

For —n <t < —1 define /[h]; = \/—1\/#\/[—}1]. Note that the compatibility

requirement makes sense because [h]; = —t"[—h]; for h < 0. Finally, let K be

the field of fractions of O.

Lemma 6.2.2. Let O be the local ring defined in Definition 6.2.1. Then (O,t)
1s an e-idempotent subring. Moreover, if m is the unique maximal ideal of O,

then in the residue field F' = O/m, the image of & has quantum characteristic e.

Proof. Note that @ =~ O[v—=1,{\/[h], | 1 < h < n}] where O = IF[\/E](\/Z). The
ring O is an e-idempotent subring of IC by [41, Example 4.2(b)] and it is easy to
show that algebraic extensions of e-idempotent subrings are again e-idempotent

subrings. O

Let us establish the fixed notation from Definition 6.2.1, including
the modular system K D> O — F for the algebra " (K), where O,
F and K are defined above. We write

- %(F) fOI" (ﬁﬂn,l(F?ng)
- 76,(0) for J#,1(0,t,0)
- %L(IC) for %LJUC,T?,O).

We also assume that e < oo (see Remark 6.1.6(ii)).

Remark 6.2.3.

(i) Note that J4,(K) = 7,(0) ®0 K and 47, (F) = 7,(0) @0 F.

(ii) Although if £ = 1 it is guaranteed that F' is a field of characteristic e
by Lemma 6.2.2(i), there is no guarantee it will be a small field (F. for
example). Indeed, the modular system is required precisely to ensure that

the resulting residue field F' is large enough.
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(iii) By Proposition 5.4.8(ii), if n > 1, since (Ag, ) = 1, the block sZA0 is

(e74]

zero and so we do not have to consider this case in this section.

Recall the definition of our generators ¢ and y; for J,(0O) from the previous
section. We want to define new generators which are their images under the hash

involution.

Definition 6.2.4. Let ¢, = (¢;)# and y; = (y/)#, for 1 < r < n and
1 <s<n.

Since # is an automorphism, the collection of elements

{¢f,¢;,.~7¢%;1}LJ{yf,y;,“.,y;}LJ{ff)’iEE[n}

also generate J%,(O) subject to relations very similar to those given in Theorem
6.1.5. As we need this result below we state it in full for easy reference. In effect,
Lemma 3.5.23 means that the orientation of the quiver I'; in the relations below

is reversed as compared to the relations in Theorem 6.1.5.

Proposition 6.2.5. Let n > 1 and oo > e > 2. Then for a € Q., the block
H,(O) of the cyclotomic Hecke algebra 52,(Q) is generated as an O-algebra by

the elements
{v7 [1<r<n}u{y; |1<s<n}U{f’]iel"}

subject to the relations

[T o) Peed) =0, O =0y P, Y =1
iele iel«
u 10 =l P =0y Yr s = U5 Yy
Oy = Wy + 000, )0 Y [ = Oy A+ G ) Y
VoY =Yg, ifs#r,r+1,

Vs =Y, if Ir—s|>1,
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;

1—pr(i — Lp o .
<y7<“ S - yr+1) ioa Zf Ly = Upya,
<y7<‘}‘:pr(l)> - yr_)fiov Zf ir — ir+1>
(W) f7 =
0, Zf Iy = ir+17
i otherwise,
(
(w;‘rlw;w;ﬁ-l - tlipT(l))in Zf Iy = Z‘7"-i-2 — ir-i—la
wr wr+1¢r ‘fi - <¢r+1¢r ¢r+1 + 1).]0107 Zf by = lpg2 7 bpg,
\¢f+1¢;¢;+1f107 otherwise,

where y\¥ fO = (tly — [d)fC, for all d € Z, fori,j € I* and all admissible r

1

and s.

Proof. This result is immediate from Theorem 6.1.5 since # is an algebra auto-

morphism. Il

Remark 6.2.6. To avoid unsightly double superscripts, we are using the same
notation y\" for (y;)@ from Theorem 6.1.5 and (y;7){® above. This mild abuse
should not cause any confusion, even when we use the same notation again for a
third element later in this section. We are deliberately careful with the cyclotomic

relation and do use double superscripts there.

To prove our main result we need an isomorphism from RA°(F) to J#,(F) which
intertwines the sgn and # involutions on the two algebras. The following defini-
tions will guarantee that we have this intertwining property once we show that

this choice of elements indeed defines an isomorphism from RA(F) to 5, (F).

When A = Ay we are able to make a much more specific choice of representative
it € [i] from each equivalence class [i] € I" (see p40). Precisely, we define sets

I and I" by
IV ={iel,|ip=1} and I"={icl,|iz=e—1}

and note that these sets are disjoint by our assumption that e # 2.

Lemma 6.2.7. Suppose thatie€ I" and fC #0. Thenie It orieI”.
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Proof. By Proposition 4.2.5, f© # 0 if and only if Std(i) # 0 or, equivalently,

i = res(t) for some standard tableau t € Std(P,). Therefore, iy = resy(t) = £1
so that i € I7. OJ

In particular, we have that if h € J,(O) then h = Zieli(hfio + hf%). Further-
more, observe that x = y in J%,(0) if and only if 2f° = yfP, for all i € I
Further, since f° = ZteStd(i) %ftt by (3.5.18), we have that x = y if and only if
T for = Y fee, for all t € Std(P,,). We apply Lemma 6.2.7, and these observations,

without mention below.

Lemma 6.2.8. Let n > 1 and e > 2. Then the ring O defined in Lemma 6.2.2

contains an alternating seminormal coefficient system.

Proof. It is easy to check that the seminormal coefficient system a in Example
3.4.9 satisfies the additional constraint from Definition 3.6.1 in order to be an
alternating seminormal coefficient system. We have seen in Example 3.4.9 that
our ring O must be extended by exactly the elements that we include in Definition

6.2.1 in order to define this system. O

Definition 6.2.9. Suppose that 1 <r <n, that r # 2 and 1 < s < n. Set

WO =D = fE and yf =y 8-> un £

iery iel™ iery icin
For r = 2, separately define

VHTLy — LaTo) O, ifie I}

U = (6.2.10)
’ VITLE — LT 10, ifie I
if e = 3, and by defining
(
(Ty — ) f2, ifi€ I and iz = 2
¢ (T2L2 — LQTQ)in, ifie [:L_ and 13=e—1

WVt
NE
%(L;@ET2 —TLE)fO, ifieI" and i =1

(Ty + 1) f2, ifie " andiz=e¢—2

if e > 3.
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By definition, and by our choice of O, {¢¢ |1 <r < n} and {49 | 1 < s < n}

are elements of 77, (0). The aim is now to show that the elements

{00 09 ey Uy s YU (e 1)
generate 4, () subject to relations like those in Theorem 6.1.5. This will imply
that these elements induce an isomorphism R4 = 7, (F).

The following easy lemma involving the hash involution is used in [43] in the
course of the proof of Theorem 3.4.11; we will use it to compute coefficients for

the action of generators from [17] on the seminormal basis.
Lemma 6.2.12. For 1 <r < n we have
(T.L, — L,T.) = To(Ly — Lyy1) + 1+ (t — 1)Ly iy
—(T,L, — L,T,)* = (T, L¥ — L¥T,) = T,(L¥ — L%, )) — 1 — (t — 1) L.

Proof. This follows immediately from manipulating the final relation in Defini-

tion 3.1.2. O

Once our relations are established, the next result will imply that the isomor-

phism induced by our elements intertwines the sgn and # involutions.

Corollary 6.2.13. Suppose that 1 <r <n and1 < s <n. Then (°)# = —¢°.
and (y;)* = —yy .

Proof. Note that (Tp + 1)# = (=Ty + (t — 1) +1) = —(T, — t). As # is an
involution the result now follows directly from Definition 6.2.9, Lemma 6.2.12,

the explicit equations (6.2.10) and (6.2.11) defining ¥¢, and Lemma 3.5.23. [

Proposition 6.2.14. For a € @Q., the block 7,(O) of the cyclotomic Hecke
algebra 7,(0) is generated as an O-algebra by the elements

{/l/]?’,l?bg’)?"'? S—l}u{y?7y§9""7y7?}u{fio|i€]a}

Proof. Let H be the O-subalgebra of 7, (O) generated by the elements in the

statement of the proposition. Since the elements {71,73,...,T,-1} generate
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H#,,(0), and since the elements {fC | i € I*} give a complete set of idempotents,
to prove the proposition it is enough to show that T, f© € H, whenever 1 <r < n
and i€ ([P UI™)NI% Forr >3, ifie I} then T, f° € H by Theorem 6.1.5
whereas if i € I"™ then T, fC € H by Proposition 6.2.5. On the other hand, when
r = 2 we can rewrite equations (6.2.10) and (6.2.11) using Lemma 6.2.12:

(

(17309 —1— (1 — VL) 2 fO.  ife=3andie It
(30 + 1+ (t— )LE) 5O, ife=3andie I
2 3
o (S +1) 12, if e >3 and i3 = 2
RIE=1 (Vi o L o .
<7¢2—1—(t—1)L3>L2_L3i, ife>3andig=e—1
3] (@) # 1 o . .

(7% +1+(t_1)L3)—L§‘—L3#fi , ife>3andiz=1
Wg—l)fio ife>3and iz =¢—2

1
Lo—Ls3

So TofC € H in all cases, since .Z = (y9,...,49) by the definition of y©. O

noting that

1€ and its hashed version make sense by Corollary 6.1.2(ii).

We now determine the relations satisfied by the generators of 7,(Q) given in
Proposition 6.2.14. Fortunately, much of the work has been done already because
Theorem 6.1.5 and Proposition 6.2.5 give us a large number of these relations for

free. More precisely we have the following list of relations which do not involve

a .

Lemma 6.2.15. For a € Q., the following identities hold in the block 7, (O)
of the cyclotomic Hecke algebra 7¢,,(O):

[T D) oeti) = o, O = 05, Yiere U =1
iel~
w10 =100, P = 0P, vyl =y
w?ﬂ?ﬂfio = (yf?w? + 5irir+1)fio y?+1¢f)fio = W?yf) + 5irir+1)fio
Wyl = yluy, ift#rr+1,

¢?¢?:¢?¢?v Z‘f|"n_3|>1;
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(y Hor@) _ g0 VFO if iy — iy and i€ I,
(O — y OO i iy andie IT,
(9210 = (ylpr —yO) e, ifi. i andi€ I
. WO,y — y& P INFO ifiy iy andi€ I7
0, if i = iry1,
1, otherwise,
( r+1¢o¢r+1 t1+pT(i))in, if iy = g2 —> Gpy1, and i € 1Y
(W20, — VP, if iy = g2 — Gpy1, and i € 17
UPUTaUT D = § @008 + DL, if iy = irys < iry1 and i€ I7,
(W22 + O O if iy = iy < gy and i € 17,
¢r+1¢o¢r+1 i otherwise,

where y§d>fio = (t%y® — [d)) fC, for all admissible i,j € (I U I™) N I* such that

r,s,t satisfy 2 <r,s<n and1 <t <n.

Proof. The first three identities follow directly from Theorem 6.1.5 and Propo-
sition 6.2.5. For the remaining formulas, observe that if 2 < r < n then i I7 if
and only if s, -i € I and, similarly, i € I" if and only if s, -i € I". Therefore,
if i € I the relations hold by Theorem 6.1.5 and if i € I” then they hold by
Proposition 6.2.5. Note that if i € I™ then there is a sign change in the last
two relations, in comparison with Proposition 6.2.5, because % f° = — f°

for 1 <r <nand y2f° = —y; fC for 1 < s <n. O
Remark 6.2.16.

(i) Since A = Ag, iy = 0 for all i € I"™ and so ¥ = 0 by the relations
in Theorem 6.1.5 and Proposition 6.2.5 hence, once we have established
the remaining relations involving 1S, there is no issue in not including
relations involving ¢¢ in the list in Lemma 6.2.15.

(ii) Observe that, in all of the cases in Lemma 6.2.15, whenever an exponent

14 p,(i) appears in a relation it is always a multiple of e, and likewise
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whenever 1 —

pr(1) appears in a relation it is always a multiple of e.

Hence, modulo reduction to F, all of the relations in Lemma 6.2.15 are

compatible with Definition 4.1.8. It remains to determine the relations

which involve the generator 1S, since we have explicitly excluded 1, from

the list of relations in Lemma 6.2.15. We will consider the cases e = 3

and e > 3 separately.

To describe how ¢ acts on the seminormal basis {fs: | s,t € Std(A\), X € P,.}

we need generalisations of the (-coefficients defined in [43]. For i € I", suppose
that s € Std(i) and u = s, - s, where 1 <7 < n. If u ¢ Std(\) for any A € P,
set B.(s) = 0. On the other hand, if u € Std(\) for some A € P, then define

P

\

B, (s), itie I,
ir—cr(s)
w) if Z'r — 7:7"—1—17
[1— p.(s)] (6.2.17)
tc'"“(s)_”ar(s)[pr(S)]a if (S ir+1 + 1’
t=®a(s)[pr(s)]

o otherwise.
(1 —pr(s)]

Observe that the four cases in (6.2.17) are mutually exclusive because res(s’) =

—res(s). Therefore, res(s) € I7 if and only if res(s’) € I7. We need to be a little

careful, however, because if i = res(s) and j = res(s’) then even though j = —i

it is not usually true

that j, = —i,, for 1 < r < n. Nonetheless, we do always

have i, + 7, =0 (mod e), for 1 <r < n.

Proposition 6.2.18.

Suppose that s,t € Std(X) for A € P, and let i = res(s),

j=res(s’) andu = s, -s. Then ¥ for =0 and for 3 <r <n,

¢7(~9fst =

fir+1—cry1(s)

[ ()]
tir+1—cr(s)

Br(8) fur — iyipin Wfssa ifie I™.

ﬁr(s>fut - 5irir+1 fSS7 Z-fi € IZE?
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Moreover, if 1 < r <n then

[cr(8) — i) fot, ifiell,

—ler(s)) = Jlfer, ifi€ I

y?fst =

Proof. We observed in Remark 6.2.16(i) that ¢ = 0. Observe that, without
loss of generality, we can assume that t = s by Theorem 3.4.11. Ifi € I}
then ¥© fss = ¥ fss and the lemma is a restatement of [43, Lemma 4.23]. Now
suppose that i € I", so that j € I7 and ¢ fos is again given by [43]. As # is

an involution, using Corollary 3.5.11 and Lemma 3.6.5,

VO fag = —( )V fo = — (0 f2)¥ = —%(w:fsfsf)#,

% B firt1—cria(s’) #
e (ﬂr( )fus ]r]r+1 [pr(sl)] fs’s’>
0n(3)(5) prin-otd
= —— " fus = Oipir s T Jss
ar() T
since [p,(s")] = [~pr(s)] = —t7""®)[p,(s)]. By Definition 3.6.1, a,.(s') = —a,.(s),

so the coefficient of f,s in ¥° fes is B,(s) = B.(s') by (6.2.17).

For the action of y©, if i € I? then y°fes = y fos = [cr(s) — iy] fss by [43,
Lemma 4.23]. On the other hand, if i € I™ then, using Lemma 3.5.23 twice,

Je (y;rfs’s’)# = —k([CT(S/) - jr]fs/s/)# = _[Cr(sl) - jr]fss-

s’ s

yf?fss:_

as required. O

There are four equivalency classes of standard tableaux according to the positions

of the numbers 1,2, 3. More precisely, let

St (Po) = {t € Py | o(1) = 0,¢4(2) = 1 and ¢(3) = 2}

Std/( ) ={t € Pn | (1

)
) ¢:(2) =1 and ¢,(3) = —1}

(6.2.19)
)
)

Std ~(Pn) = {t € Pn | (1 c:(2) = —1 and ¢,(3) = 1}

Stdi( ) {t e P, ’ Ct<1

¢:(2) = —1 and ¢, (3) = =2}
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The following mnemonic illustrates the definition above, remembering we allow

tableaux to extend to the east and south.

1[2[3] 1[2] 1[3] 1
3 2 2]
Std_, (Py,) Std (P,) Std ~(P,,) Std, (P,,)
(012---) (01—1---) (O(e—1)1---) (O(e—1)(e—2)---)

We will also need the corresponding notation
" ={iel"|iz=2}
I ={iel"|iz=e—1}
(6.2.20)
I"={iel"|iz=1}
I'={iel"|iz=e—2}.

Notice that, if e > 3, we have the following disjoint unions:

[m=1mur% and It =I% UL

Relations involving ¢§ when e = 3

We first determine the scalars by which 9§ acts on the seminormal basis in
the case when e = 3; this computation will allow us to check the relations by
comparing coefficients as in our remarks above. Notice that 3-residue sequences
alone can not distinguish between the four equivalence classes of tableaux in

(6.2.19).

Lemma 6.2.21. Let e = 3 and let s € Std(i) for someie I7 UI". Then

0, if s € Std_,(P,) U Std,(P,)
77Dggfss = \/?1\/@]2’2'575’ if s € Std/(P")
~V=1/[Blfsrss if s € Std A(Py)
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Proof. If i € I7, by (6.2.10), for s € Std(i),

U5 fes = Vtaa(s) ([02(3)] — [ea(s2 - S)]>f52~s7s-
If s € Std,(P,), then s5-s = 0 and so ¥ fc = 0. On the other hand, if
s € Std(Py,), then [ca(s)] — [ca(s2 - 8)] = [1] — [-1] = t7![2], and so
77ZJ§9fss - \/Et_la/Q(S)[Q]fsys,s
= \/__1\/Ef52~s,s

by (3.6.4). The computation for i € Std »(P,) is similar, upon noting that
Std A(Pn) = {s2-t | t € Std(Py)}. O

Lemma 6.2.22. Lete = 3, leti € ITUI" and let j = sy-i. Then Y9 O = fj%g

Proof. Suppose e = 3 and suppose i € I}. Then

¢§9in = Z wg)fss + Z 77Z)§9f1:t - \/__]-\/E Z f52't,t'

seStd— (Pr) teStd  (Pr) teStd  (Pr)
res(s)=i res(t)=i res(t)=i

On the other hand, since s5 -1 € I",

521 E : 521

jeIn
:Z(\/_]-\/E Z 321f82tt vV — \/_ Z 321f52uu>
jerm teStd,(Pn) ueStd ~(Py)

res(t)=j res(u)=]
But if u € Std +(Py), 52 -u € Std(Pyn), 50 foyuu € f{ 7, (O) for some j € IT.
.. O Jspun = 0 for all u € Std ~(P,) and SQ_ifSQ.t,t = Ores(sz-t),50-if so-t,¢, SO since
res(SQ t) = s9 -1 if and only if res(t) =i,

521 \/_\/_ Z fsgtt_d}Qfo

teStd (Pn)
res(t)=i

The computation for i € I" is nearly identical. [
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It remains to determine the relations between ¥§ and the elements
{w’ 13<r<npuf{e’[3<r<nl

To do this we follow the strategy in [43] and determine these relations by com-
puting actions on the seminormal basis and comparing coefficients. Unlike the re-
lations in Lemma 6.2.15, the remaining relations do move between weight spaces

indexed by sequences in I and those indexed by sequences in I”.

Lemma 6.2.23. Suppose that e =3 and i € I". Then

_a2 (3 . "
¢§9yofo t 33/§ >1/1§9f-0 ifie It
(y§ +t 3B LC, ifiel”
BOYO FO — oy £, ifielr

(W +t2BNUESS, ifielr
Proof. Using the formulas in Proposition 6.2.18 and Lemma 6.2.21, we observe

that if i € I7,

g e SO 7 PO S S 7

seStd(i)NStd_, (Pn) seStd(i)NStd - (Pn)

— Z \/_ \/_fszss

seStd(i)nStd - (Pn)
= (y§ + [-3)us 1P

=ty g fY
using the definition of y§d>. Similarly, if i € I™,

Wus = ) —[-3u8 fes

s€Std(i)NStd (Pr)

- Z \/_ \/_.fszss

s€Std(i)NStd (Pn)
= (y5 — [=3]vs 7.

The first formula now follows by the definition of y§d>. The proof of the other

formula is similar. O
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Lemma 6.2.24. Suppose that e = 3. Then for r > 3 we have
WSy 7 =yl en £
forallie I".

Proof. For i € I", let s € Std(i) and note that by the formulas in Proposition
6.2.18,
[cr(s) —ip|fss, f1€ IV
yr(?fss = . . N
—lep(s') = 3], ifiel”
whereas

[cr(s2-8) — (S2- 1)y fsys.ss if so-i€ I}

@ —
Yy f82'SaS - ’ . . .
—[er(s2-8") — (s2-§)r) fopss, ifso-1€I™

For r > 3, ¢,(s2 - s) = ¢.(s) and i, = (sg - 1), for all s, since sy only changes the
second and third entries of the content sequence and residue sequence, which are

not involved in these quantities. O

Lemma 6.2.25. Suppose e = 3 and that 3 < r < n. Then ¥v§9° = pO¢S.

Proof. Let i € I} U I" and suppose i, # i,41; then (sy - i), # (52 - i),41 and so
it is easy to check that, for s € Std(i),

0, if 5, - s € Std_,(P,,) U Std, (Py)
VU fos = & V=INBIB(8) farsyeen i $p -5 € Std_(P)
V=138 (8) farsrser if 81 -8 € Std A(P,)

whereas

0, if s € Std_,(P,,) UStd,(P,)
VYT foe = 8 V=I/BlBr(52 - 8) forsnss,  if s € Std o (P,)
—\/—_1\/ [3]ﬁr(32 : S)fs,,.sys,sa if s € Std/‘(Pn)
Since |r — 2| > 1, 5,85 = S35, by the symmetric group relations, and an inspection
of the formulas for §,(s) in (6.2.17) gives that this quantity is invariant under

changing s to sy - s provided r > 3, so the lemma follows. [
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Lemma 6.2.26. Suppose that e =3 and that i € I UI". Then

—3y9 12, ifielr,
(¢§9)2in -
399 £O, ifieI”.
Proof. Observe that by Proposition 6.2.18, for s € Std(i) for some i € I? U I",

0, if s € Std_,(P,) U Std,(P,)
S fes =4 [=3)fes, if s € Std(P,)
—[~3]fe, if s € Std A(P,)

and that by Lemma 6.2.21,

(WO f.. = 0, if s € Std_,(P,) U Stdy(P,)
U [81fees if s € Std(P) UStd A(Py)
The result now follows since [—3] = —t73[3]. O

Lemma 6.2.27. Suppose that e = 3. Then forie€ I,

(W uPY§ +3) 2, ifi=(0212--)
VSUSUS [ = (99U — )P, ifi=(0121---)

1

¢3€9¢§9¢3€9in7 otherwise

Proof. Observe the following exhaustive list of the first four entries of standard
tableaux (tableaux have n entries and may extend to the east and south); below

each we have written the first four entries of their 3-residue sequences:

HHZEET
0120 0122 0122 0212 0120 (6.2.28)

0210 0121 0211 0211 0210



6.2. INTEGRAL ALTERNATING CYCLOTOMIC QUIVER HECKE ALGEBRAS 101

Note that, since Y99S f0 = fO. Sy ve and

S283821
0,..0,,0 O __ O 0,00 _ rO 0,00
3 Y2 77Z)3 fi — Js3s2s3 173 72 ¢3 T J 828382173 V2 77ZJ3

by the braid relation in the symmetric group, the formula given in the statement
of the lemma holds for all i ¢ {(0212---),(0121---)} by virtue of both sides

being zero.

If i = (0212---) then,

¢§9¢?¢§9f134/2,134/2 = —\/—_1\/E¢§9 (53(124/3)]0123/4,134/2 - W]Wfl24/3,134/2>
—[3]

= mf134/2,134/2

= Z53f1:‘54/2,1:‘;4/2

since p3(124/3) = —1 — 2 = —3. Since w§f134/2’134/2 = 0 by Proposition 6.2.18,
because if j = res(134/2) = (0212) then j3 # j4 and «a3(134/2) = 0, this gives
the first line of the formula. On the other hand, if i = (0121 ---) then a similar

calculation shows

-3
¢§9¢§)¢§9f12/3/4,12/3/4 = mﬁy:&m,m/?ﬂ

= —f12/3/4,12/3/4

which gives the second line of the formula since 1S fio 1374 = 0 by Proposition

6.2.18. .

We summarise the relations from this subsection in the following proposition:

Proposition 6.2.29. Suppose e = 3. Then the following relations hold in the
algebra 7,(0).

wgfio - gﬂﬂg
—3. (3 . n
13 Syé >¢§9 iOa ifie I+

0,00 _
V2 ys i (v +t2BeSf0, ifiel”



102

6. A GRADED ISOMORPHISM THEOREM FOR ALTERNATING QUIVER HECKE ALGEBRAS

_3 (3 e n
t 3y§>¢)§9 O ifie I}

i

0,00 _
V2 yz i (y§ +1°BNYS R, ifielr

Sy0 =yPug  forn>r >3

OyP = yOyf forn>r>3
WOy 50 —t3yQ 2, ifielr,
2 i
\t3y§ o fiel

[ (WQUSU0 + )0, ifi= (0212
VEUSUR [0 = WSU9uS — )2, ifi=(0121---)

OpQY9 O, otherwise

forallie It UI".

Remark 6.2.30. Note that all of the relations above reduce to the relations

from Definition 4.1.8 upon tensoring with F' (recalling our assumptions on the

field F).

Relations involving ¢ when e > 3

We now determine the scalars by which ¥§ acts on the seminormal basis in the

case when e > 3. Recall the definition of 4§ from (6.2.11).

Lemma 6.2.31. Fore >3 andi € I"™, we have

0, ifielI” Ul
W =9 V=119, ifiel
—V=1f9,, ifiell

Proof. The important idea here is that all quantities act on f© as the scalars

they act by on the seminormal basis vectors because when r = 2 and e > 3,

residue sequence classes uniquely determine tableau classes. Since

_ 0O : % n
TinO _ o, if f7 eI,
tfe, it [P elp

1
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this gives the first line of the formula. If i € I”), so i = (0,1,e —1,...) and

(i) = (0,1,—1,...),

vs 0 = [(Tz(Lz L3)+1+(t— 1)L3>}fo

_ \/—\/[E?]«m — -1 fP + flfio)
VT
5 [t i)

1
s(g-i - —.in> + t_lfio]

\/_ [p2(1)]

t

_ [2]es(i)
\/_\/— so-i

=V-1f2;

2]

since (i) = F?Z/[?\[ by (3.6.4). The calculation for i € I", is similar, noting
that /i /i
t t #
——(L§ T, — LY = [——(LQTQ - TQLQ)fg]
V3] V3]
in this case. OJ
Lemma 6.2.32. Fore >3 and i € I", we have ¥S fC = f2 S .

521

Proof. For i € [", U I" the statement is trivial since both sides are zero. For

iel’, Y1 = /=118, whereas

521 Z\/_521f0+z \/_321 :\/__15(21

n n

JEIL/ _]EI/(

The case when i € I} is similar. O

The proof of the following lemma follows from a computation entirely analogous

to Lemma 6.2.23 which we leave to the reader.

Lemma 6.2.33. Fore >3 and i€ I", we have

ey s ifier

0,00 _
et (ys +tlevsf?, ifielr
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teyspQ £O ifie

i

¢§9y§9fi0 =
(S + e fC, ifielm

The proof of the following lemma proceeds exactly as in Lemma 6.2.24 and

Lemma 6.2.25; we also leave this for the reader to check.

Lemma 6.2.34. For e > 3, we have ¥§y® = y°¢§ and Y§¢° = OyS for

r > 3.

Lemma 6.2.35. Fore >3 and i€ I", we have

—y9f0, ifiel”

W F0 =4 o910,  ifiel
@] s n n
f ifie Il Ul

1

Proof. If i € I" then (¢9)%f° = 0= —yS fO; similarly if i € Ip. Itie I’ then

(¢§9)2in =V —1¢§9 s(z-i = in
and similarly for i € I, O

Remark 6.2.36. The reader may note that all of the other relations work with
V9 = x(1) fQ; where {x(i) | i € I"} is any collection of scalars satisfying the
property x(sz i) = —x(i); it is only in the proof of Lemma 6.2.35 where we

genuinely require the particular choice of x(i) that we have made.

Lemma 6.2.37. When e > 3 and r = 2, the cases i, = 49 < irp1 and

iy = g2 — Gp1 can never occur fori € IY UI". Moreover,
0,00 O 0,,0,,0 O
Yy Y3 1y fi = Y3y Y3 fi
forallie It UI".
Proof. An inspection of the list of possible residue sequence classes in (6.2.28)

easily gives the first half of the lemma. For the second half we note that for all

tableaux in the list, s25352 - s = (2,4) - s is non-standard; since by the first half
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we are never in a case where we need to consider error terms, the statement now

follows by virtue of both sides being zero in all cases.

Again, we collect the relations from this subsection into a single proposition for

easy‘reference:

Proposition 6.2.38. Suppose e > 3. Then the following relations hold in the

algebra 7,(0):

wgfo S92 le
WOy O = & 92 ¢§917 ifie I}
(?JQ +t° [6])¢§9in7 ifie I
(y5 +t‘e[eJ>w§9ff’", ifielr
VYo =y us, forr >3
V9L = s, forr >3
—yg? o, ifieln
W F =4 o9f0,  ifiel
12, ifielnury
VSUSYS fO = vUSUs fY

forallie I".

Definition 6.2.39. For a € @Q., let R,(O) be the abstract algebra with gener-

ators
o0 Jo
{dﬁ f¢27"'7

subject to the relations

quLI}IJ {gf)’y

[T @) eeie(i) = o,

ief«

e =

j{)ytv

~0
PRI

roxrse;
f f - 513 i Ziela flo
WO fP = fO50°, w0

Gy e (rurnn

I}
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JOFOTO - g 08 fO, ifieln
293 Ji —

@ +tee)USfe, ifieln
705070 _ g Vs O, ifielr
2J2J1 — ~ o~

(W5 +tcle)ys f2, ifiel”

¢9§?+1in = v + 5irir+1)fi07 r>2
yT+1¢OfO (¢O + 51Mr+1)f107 r> 2
VOG0 =GOU0, it #E 41,

POPO = 9O4°, if |r —s| > 1,

(

(p @ 50 NVFO if i, — dpyy and i€ 7
@° — yMrr O o e, iy and i€ I
02O - WD GOVFO, i, < iy and i € I
@C, — i INFO i, iy and i € I
0, if iy = iy,
| fio , otherwise,
(30,0030, — 117 0)FO, it i, = iryy = iysy and i€ I7,
09,1998, — 1) fC, if i, = iys9 — ipyq and i€ 17,
w0¢r+1woﬁo =4 ( r+1¢o¢r+1 1) 107 if 4 = tpq0 < ippq and i € I,
(PO WOYC, + 1PN FO i iy = ipyg ¢ ipyy and i € 17,
r+1¢o¢f,~+1 g otherwise,

where 7% f;o = (t99° — [d ])fi(9 for d € Z, and p,(i) = i, — i,41, for all admissible
i,j € I7 UI" and all admissible r, s and ¢.

For technical reasons we need the following lemma, which is essentially a defor-

mation of the nilpotency result Proposition 4.2.4 to our O-algebras.
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Lemma 6.2.40. Suppose that 2 < r <n andi € I". Then there exists a multiset
X, (i) C eZ such that

in R, (O).

Proof. Since our y9’s are either precisely the y©’s appearing in [41, Lemma
4.31], or their images under the hash involution, we obtain the result immediately

from [41, Lemma 4.31]. O

Finally, we are able to prove the enhanced version of Theorem 6.1.5 that we will

use to prove our main result.

Theorem 6.2.41. For o € Q., the block 7,(QO) of the cyclotomic Hecke algebra
,(0) is isomorphic to R, (O).

Proof. By all of the results in this section, the elements given in Definition
6.2.9 satisfy all of the relations in R,(O) and so there is a surjective O-algebra
homomorphism

¥ : R, (0) — 7,(0),

which maps the generators of R,(O) to the corresponding elements of 47, (O)
unadorned with tildes. It is easy to check as in the proof of [41, Theorem 4.32]
that the relations above together with Lemma 6.2.40 guarantee that R, (O) is
finitely generated as an O-module.

Using our modular system from Lemma 6.2.2, we see that y,ﬁde) Rolp = yf? Rolr

for all d € Z. Since also t~¢[¢] = 0 in F, and since all of the shifts 1 &+ p,(i)
appearing in the statement of the theorem are equal to 0 or e, and since y$ = 0,
upon base change to F' the relations of R,(O) ®¢ F are precisely the relations
of the cyclotomic quiver Hecke algebra RA(F) from Definition 4.1.8. Hence
Ro(0) ®p F = RA(F); in particular dim R, (0) ®p F = dim £ (F) by [18,
Theorem 4.20]. Since this argument works for any maximal ideal m of O, an
argument using Nakayama’s Lemma as in the proof of [43, Theorem 4.32] shows

that 6 is in fact an isomorphism of O-algebras as required. O
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Theorem 6.2.42. Let n > 1 and suppose & € F* is such that e > 2. Then,
under the conditions specified in Lemma 6.2.2, the alternating cyclotomic Hecke

algebra 7, (F)* is isomorphic to the alternating cyclotomic quiver Hecke algebra

(Rn(F7))%".

Proof. By definition, R,(F) = R,(O) ®p F. Since all the exponents of the
generators yi,4s, - - ., Y, in the relations above are multiples of e, we can define

a map sgn on generators ¥, y?, f° in R,(O) which becomes the usual sgn

map in R,(F). We observed that this agrees with the # map on J,(0) in
Corollary 6.2.13 and so they will still agree on reduction to F'; hence the fixed-

point subalgebras are also isomorphic as required. Il

The main upshot of Theorem 6.2.42 is that there is now a Z-grading on the
group algebras of the alternating groups, and on Mitsuhashi’s alternating Hecke

algebras, provided the field F' is large enough.

Corollary 6.2.43. Let n > 1 and suppose that & € F' is such that e > 2. Then,
provided that F' comes from a modular system as in Lemma 6.2.2, the alternating

cyclotomic Hecke algebra 7, (F)# = R, (F)%€* is Z-graded.

Remark 6.2.44. In order to define the isomorphism in Theorem 6.2.42, we
required the existence in O of all the square roots from Lemma 6.2.2 to ensure

the existence of an alternating seminormal coefficient system «; for example

when ¢ = 1 and e = 3, we require v/3, v/2 and v/—1 to belong to O.

Example 6.2.45. In this example we illustrate how our different choice of ele-
ments gives rise to a different Brundan-Kleshchev isomorphism to Example 4.3.5
which does intertwine the # and sgn maps. This amounts to making a choice
of Brundan-Kleshchev polynomials (see (4.3.4)) on one “half” of the algebra,
corresponding to idempotents with i € I, and the “hash” of this isomorphism
on the other half (idempotents with i € I"™). Working in the cyclotomic Hecke

algebra 723 1(1,F,0), where IF is an arbitrary field of characteristic three, we use
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the formulas in this section to obtain

ygo = yg)(fss + ftt) +y§9(fuu + fVV)

- _Sftt +3fuu
77/}59 = ¢§9(fss + ftt) + wg)(fuu + fvv)
— \/g\/__lfut - \/g\/__lftu-

and so y:? ®o g = 51+ 59+ 515281, the same as in Example 4.3.5. By definition,

o= gy (safie b ) and fo = s (safon = 5 o)

and so we can compute that
1#59 ®o 1 = 52 + 2518251

using Example 3.3.9 and Remark 3.6.3. This element has the property that

(VS ®o 1p)* = S ®p 1 as required. Since € = sy, this gives the basis
€+[012] = ]., yg =1+ 5182 + $9581, \112 = 5182 + 25281

for the alternating group algebra F2(3, which has transition matrix

1 10
011
01 2

with the group basis. The observant reader will notice that \IJS = Y in this
example whereas in Example 5.4.3 we had U3 = —); this is due to the slightly
different choice of relations in this example (which is consistent with [43]) to

those in [17].

Remark 6.2.46. In this thesis we have explicitly avoided discussing alternating
cyclotomic Hecke algebras in the case when the quantum characteristic e is 2 as
then we can neither apply Clifford theory, nor are residue sequences guaranteed

not to be equal to their images under the sgn map — at many points in this
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chapter we explicitly and implicitly used both of these assumptions. It would be
interesting to see which of our results still hold in the even quantum characteristic

case, and to obtain new answers for those which don’t.

In this section we have restricted to the case when A = Ay. We conjecture that
the result is true for general symmetric A, but the proof will require different

techniques.

Conjecture 6.2.47. Suppose the quantum characteristic of & € F' is not equal to
2. Then the alternating Hecke algebra €2 (F)# is isomorphic to the alternating

sgn

cyclotomic quiver Hecke algebra RX(F)%8 for any dominant weight A such that

A =N, provided F is large enough.



CHAPTER 7

Alternating graded Specht modules

In this chapter, we discuss the representation theoretic consequences of our
graded isomorphism theorem for alternating cyclotomic quiver Hecke algebras
from Chapter 6. We start by reviewing the graded cellular bases for cyclotomic
Hecke algebras of Hu and Mathas [41], and use these to give a homogeneous
basis and graded dimension formula for alternating cyclotomic Hecke algebras.
We then review the graded Specht module theory of Brundan, Kleshchev and
Wang [20], Hu and Mathas [41] and Kleshchev, Mathas and Ram [62], be-
fore defining graded modules for our alternating subalgebras in certain cases,
which we call alternating graded Specht modules. Using the Mullineux map
[5, 30, 85| and Clifford theory (§5.1), we classify the graded simple modules
for these algebras. We also define graded decomposition numbers for alternating
cyclotomic quiver Hecke algebras in certain cases and give addition formulas for
these graded decomposition numbers which lead to a partial algorithm for com-
puting decomposition matrices for alternating cyclotomic Hecke algebras when
the corresponding matrices for cyclotomic Hecke algebras are known (for exam-
ple, by the LLT algorithm [67]), and a generalisation of our main theorem from

Chapter 6 to arbitrary level in the semisimple case.

7.1. Graded cellular bases for cyclotomic quiver Hecke algebras

In this section we introduce the two graded cellular bases for quiver Hecke al-
gebras which were originally defined by Hu and Mathas [41]. We require some
new combinatorial quantities in order to construct these bases and define a de-
gree function. Since both of our graded cellular bases will be indexed by pairs

of standard tableaux of the same shape, we would like a combinatorial degree

111
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function on tableaux. This was originally defined by Brundan, Kleshchev and

Wang [20].

For A € P! and two nodes A = (r,¢,l) and B = (1, ,I') of X we say A is strictly

above B, or B is strictly below A, if ' > 1, or ' =1 and 1’ > r.

Definition 7.1.1. Let A be a node of the multipartition A with residue i. Define

integers
addable i-nodes of A removeable i-nodes of A
dA(A) = # . - # . )
strictly below A strictly below A
" addable i-nodes of A removeable i-nodes of A
d(X) = # _ —# .
strictly above A strictly above A

Note that the integers d4(A) and d*(A) depend on both e and the choice of
multicharge & (because the residue of any given node depends on both of these

quantities — see Definition 3.2.8).

Using these integers, we define the notion of degree and codegree for a standard
A-tableau t with n boxes inductively as follows. Set degt = codegt = 0 for
tableaux t with n = 0 boxes and for a general tableau t let

degt = degt,_1 + da(A)

codegt = codegt,_1 + d*(N),

where A is the node in t containing n and t,_; is the tableau with n — 1 boxes
obtained by deleting A from t. Now inductively define sequences of integers
dy,...,d» and d},...,d3} by the requirement that

dy + ...+ dy = degty

dy + ...+ d5 = codeg (ta)x

Example 7.1.2. Suppose A = (4,2,1%), e = 3, and t is the standard tableau
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[\]

314

|oo]~1]en|—

Then we record the above information in the following table (we have drawn the
“residue diagram” of A\ to the right of the table, with addable nodes coloured
light grey and removeable nodes dark grey).

k| d)| ds
11010
211010
31 11]0
4101 0
50101 0
61 0]—1
70| 2
81 0 |—-2
Summing the columns respectively gives degt = 1 and codegt = —1.

The degree and codegree of a tableau are closely related.

Definition 7.1.3. Let 8 € @).. Then the defect of 3 is the quantity
1
det = (A, 8) — 5(5,5),
where (-, ) is the pairing defined in (4.1.6).

Remark 7.1.4. Like the degree and codegree, the defect depends on Ay, the

multicharge K and the quantum characteristic e.

Lemma 7.1.5. [20, Lemmata 3.11, 3.12] For s € Std(P!) in block j3,

deg s + codeg s = def3.
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The degree function defined on quiver Hecke algebras whose weights allow us to
define alternating quiver Hecke subalgebras has the following simple combinato-

rial property which is very important.

Lemma 7.1.6. Let RY be a quiver Hecke algebra with weight A such that A = A’
Then deg s = codegs’.

Proof. Since k(A) = k(A') = (k(A)), for i € I there is a bijection between
the addable (resp. removeable) i-nodes above (7,¢,l) and the addable (resp.
removeable) —i-nodes below (¢,r,¢ — [ 4+ 1). This implies the result; compare

with [42, Lemma 3.25]. O

For X € P!, define elements
=yl -yt
yh = yPyes -y
of RA.
Lemma 7.1.7. For A € P! we have

sgn e A
Y =y and (yx)*E = (—1)%8 g,

Proof. Both equations follow from the same comparison of the integers {d}

and {d4} that gives Lemma 7.1.6, and the definition of the graded sign map. O

We can now define Hu and Mathas’ graded cellular bases for cyclotomic quiver
Hecke algebras. Recall that for a tableau t, i, is the residue sequence of t;
furthermore recall the definition of the permutations d(s) and d'(s) for a standard

tableau s from (3.3.2).

Definition 7.1.8 (Graded cellular bases). For any pair (s, t) of standard tableaux

of the same shape A € P!, define elements

Vet = Yayyae(ier) Ve
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and
Uiy = Yareyyrelicy Vi)

of RA.

Remark 7.1.9. The reader should note that we follow the convention of [42] and

/
st/

[62] here rather than the original paper [41]; our element ., is equal to ¢.,,, in
the original notation (but is equal to ¢, in [42]). This change makes a number
of formulas more aesthetically pleasing. It also eliminates some ambiguities and
errors from the original paper; however since these errors only appear in the case
when the multicharge not symmetric, there is no need to discuss this further in

this thesis.

Theorem 7.1.10 (Graded cellular basis theorems [41]). Let A € P, for e > 2

and let n > 1. Then the collections
{ge | 5,t € Std(N) for A € P}

and
{¢L, | s,t € Std(\) for A € P}

A
n’

are graded cellular bases for the cyclotomic quiver Hecke algebra R., with degree

functions

deg sy = degs + degt

deg ., = codeg s’ + codeg t’
and weight posets (P, >) and (PL, <), respectively.

Remark 7.1.11. It is important to note that the bases defined above depend
on the choices of reduced expression for w € S,. [41, Example 5.6] gives an
example of how different choices of reduced expression can give rise to genuinely
different basis vectors. This is an unfortunate consequence of the complicated
nature of the deformed braid relations in quiver Hecke algebras. Although this
is a slightly unsavoury detail, [41, Lemma 5.7 ensures it is not a particularly

important one, as different choices of reduced expression only affect the resulting



116 7. ALTERNATING GRADED SPECHT MODULES

basis in a minor way. Hu and Mathas have since defined a new graded cellular
basis which is independent of the choice of reduced expression [43], but which
currently only has an inductive definition which is exceedingly difficult to work
with. The survey paper [79] by Mathas gives many more remarks in this direction

(see in particular [79, §4.3]).

Example 7.1.12. Let n = e = 3. One can check that y@z) = y3 and y,1) =
yas = 1. Hence we can easily write down the six graded cellular basis vectors
for the algebra RQO(ZS, F3) from Example 4.2.6, where s, t,u and v respectively

are the standard tableaux

3

Vss = y3e(012)

Pey = e(012)

Pru = €(012)1hy = 1hpe(021)

YPur = 12e(012)

Vau = 2e(012)1y = 93e(021) = —yse(021)

,lvbvv = 6(021)

Notice that this agrees, up to sign, with Example 4.2.6. We leave it to the
reader to compute the dual basis vectors v.;; he or she may wish to interpret

this computation in light of Conjecture 7.1.15 below.

Our goal is to use the two graded cellular bases for cyclotomic quiver Hecke
algebras from Theorem 7.1.10 to produce a related basis for the alternating
cyclotomic quiver Hecke algebras. The next key result links the two graded

cellular bases and the sign automorphism.
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Proposition 7.1.13. [42, Proposition 3.26] Let A € P. be a dominant weight
such that A = A'. Let A\ € P and s,t € Std(X). Then

P = (_1)E(d(s))-‘rf(d(t))—i-degt)‘,{?b/

st Sltl

in the algebra RA.

Proof. Note that by the definition of the sgn involution, for any standard
tableau v, we have {0 = (—=1)“@Dahy (). The result now follows since e(—igx) =
e(ix) and using Lemma 7.1.7, noting that for the ¥, basis, we use d'(s), which

moves from the final tableau up to s, which is why the conjugates appear. [

Remark 7.1.14. The reader may have noticed in Example 7.1.12 that 55" =
+1),, for some tableaux u,v in every case. Several computations have been
carried out on a computer in GAP to establish a conjecture, which can be verified

for n < 5.

Conjecture 7.1.15. Let n > 1 and for each w € &,, fix a reduced expression
for w. Then for these particular choices of reduced expression, for all s,t €
Std(A) with X € PE, Y& = Habay, where ! : Std(PY) — Std(PY) is some

combinatorially described involution on tableauz.

We finish this section by combining the two cellular bases we have seen into a
basis for the alternating cyclotomic quiver Hecke algebras of Chapter 5. This
will have as an immediate corollary a formula for the graded dimension of these
algebras. Define an equivalence relation ~ on Std(P%) to be generated by s ~ t
if t = s’. Let Std(P’)~ denote the set of equivalence classes under this relation

and in each equivalence class [s], choose a representative s*. Define

Std(PL)* = {s* | [s] € Std(PL).}

Std(P)~ = {s’ | s € Std(P’),}.
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Since e > 2, ig is always distinct from iy and so Std(P%)TUStd(P)~ = Std(P’) -
both sets have cardinality § [Std(P})|, and all equivalence classes [s] € Std(P}).

contain two elements.

Definition 7.1.16. Let ¢ > 2, let A € P, be such that A = A’ and let X € P~
For s,t € Std(A), define an element

Uy = gy + V5 € (R,

Example 7.1.17. Continuing with Example 7.1.12 and using the notation from

§5.1 for generators of the alternating cyclotomic Hecke algebra, observe that

\I/ss = y3 - _\Ijuu
\I/tt =1= \Ilvv

\I}tu - \112 - _\Iltu-

Hence taking the collection {Vy, | s € Std(P,)"} precisely gives the basis we
saw in Example 5.4.3. Moreover, since degs = 1, degu = 1 and degt = 0, we
see that this algebra has the same graded dimension as F[x]/(23) as we saw in
Example 2.4.12:

qdimg, R5°(3,F3)%8 = 1 + ¢ + ¢*.

Theorem 7.1.18. Let e > 2 and let A € PF be such that A = A'. Then the

collection
{Ug, | s € Std(P)™,t € Std(P’) with sh(s) = sh(t)}

is a homogeneous basis for the alternating cyclotomic quiver Hecke algebra (R»)s&®.

Proof. Since dimp(R%)%* = 1dime R} by Proposition 5.4.10, and there are
precisely this number of vectors in the collection above, it suffices to prove that

the given collection is (R2)%8-linearly independent. Let z = Z ast Ugt for

seStd(Pn)t
testd(PL)
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some coefficients ag, € O. Then if s € Std(P%)*, since e > 2,

Zres s=ig a5t¢sta iti = is

ze(i) = o
Zres s=iy CLst,lvbst 5 ifi= 1y

for any i € I"™, which gives linear independence by Theorem 7.1.10 and Proposi-

tion 7.1.13. O

By taking degrees of each homogeneous basis vector we immediately obtain the

following corollary.

Corollary 7.1.19. Let e > 2 and let A € P} be such that A = N'. Then the

graded dimension of the alternating cyclotomic quiver Hecke algebra (RY)%8* is

qdim(RQ)sgn _ Z qdeg s+degt'

seStd(PL)t
teStd(PL)
sh(s) = sh(t)

Remark 7.1.20.

(i) Asin Example 7.1.17, the set {Wy, | s € Std(PY)~, t € Std(P%)} can also
be shown to be a basis for the alternating cyclotomic quiver Hecke algebra
by an identical argument; according to Conjecture 7.1.15, this basis is
the same up to sign as the basis from Theorem 7.1.18. Moreover, by
Lemma 7.1.6, this basis gives rise to the same graded dimension formula
as Corollary 7.1.19.

(ii) Since precisely half of the standard tableaux with n boxes belong to
Std(P:)* (and the other half to Std(Pf)~), the graded dimension for-

mula in Corollary 7.1.19 reduces to

which agrees with Proposition 5.4.10.
(iii) It is unclear, and would be interesting to determine, whether or not the
alternating cyclotomic Hecke algebras are cellular, or graded cellular, al-

gebras.
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7.2. Graded Specht modules

Using the general machinery of graded cellular theory from §2.3 and §2.4, we
may obtain from the two graded cellular bases defined in the previous section
two collections of graded cell modules. We call these graded Specht modules. We
work with cyclotomic Hecke algebras in this section because this is the notation
more commonly used in the literature; of course over a field this is equivalent
to working with cyclotomic quiver Hecke algebras by the Brundan-Kleshchev
[somorphism Theorem 4.3.2. In particular, the cyclotomic Hecke algebras are

graded cellular algebras with the two graded cellular bases from Theorem 7.1.10.

Definition 7.2.1 (Graded Specht modules). For A € P’ let S* denote the

graded cell module obtained from the graded cellular basis
{tst | s,t € Std(A) for A € P/}

and let Sy denote the graded cell module obtained from the basis
{¢L, | s,t € Std(A) for X € P},

using the process of cell theory outlined in §2.4 (specifically Definition 2.4.1).

These are called the row and column graded Specht modules for R2, respectively.

Although we automatically obtain bases for our Specht modules by the above cell

theoretic construction, there is another basis that is more useful for our purposes.

Definition 7.2.2. For any A € P, and A-tableau t, define an element
o= toer + () € A ()

and vectors
Uy = Yd(t)Zx-

Define the degree of v, to be degv, = degt. For any A € P/ and A-tableau t,

define the generator

A = Uiy, + (O € (A1)
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and vectors
/ /
Uy = wd’(t)z,\

Define the degree of v, to be degv; = codegt.
Lemma 7.2.3. [62, Theorem 8.5] For A € P}, 258" = 2,,.

Proposition 7.2.4 (Brundan, Kleshchev and Wang, Hu-Mathas [20, 41]). Let
X € PL. Then the graded F*-module S* has basis {vy | t € Std(A)} and the
graded F"-module Sy has basis {vl | t € Std(A\)}.

For a RA-module M, we denote by M=&* the RA-module which is M as a graded

vector space and whose RA-action is given by
a-m = a**"m
for all @ € RY and m € M.

Proposition 7.2.5. [62, Theorem 8.5] Let S be a cyclotomic Hecke algebra

with symmetric parameters. Then for all A € P!,
A ~U sgn
S - S)\/
as graded > -modules.

Finally, we have the following important relationship between a Specht module
and its contragredient graded dual (as in §2.3). Notice the important distinction
in terminology between “dual Specht module” and “contragredient dual of a
Specht module” which arises from this result, and the difference in notation

compared with [41] (see Remark 7.1.11).

Proposition 7.2.6. [41, Proposition 6.19] Let A € PL. Then S* = S5 (def \)

as graded > -modules.

Example 7.2.7. We calculate the graded Specht modules for our running ex-
ample, continuing with the notation from Example 7.1.12. Let n = e = 3

and A = Ag. The graded Specht module S® for the cyclotomic quiver Hecke
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algebra RQO(S,O) has basis {vs}, with degvs = 1, on which the generators
1,9, Y1, Y2, ys and e(021) all act as zero and the generator e(012) acts as
the identity. Similarly, the graded Specht module S has basis {vy}, with
degv, = 0, on which the generators 1,19, y1,y2,y3 and e(012) all act as zero
and the generator e(021) acts as the identity.

Finally, the Specht module S?Y has basis {v, v, } with deg v, = 0 and degv, = 1
and on which the generators vy, v,,y> and y3 act as zero and the generators

9, €(012) and e(021) act via the matrices

(96), (66) and (§7)

respectively (one can obtain these formulas using [20]). We leave it to the reader

to compute the dual graded Specht modules Sy for this algebra.

7.3. Semisimple alternating graded Specht modules

In this section we demonstrate how to obtain analogues of graded Specht modules

for semisimple alternating cyclotomic quiver Hecke algebras.

For the remainder of this section, as in Chapter 6, we specialise to
the case A = Ay and work with the same modular system of rings

defined on page 87.

Since K is a field, by the Brundan-Kleshchev isomorphism theorem 4.3.2, the
algebra 7,(K) is isomorphic to the cyclotomic quiver Hecke algebra R, (K).
For the same reason, .7, (F) = R, (F). We also have, by Theorem 6.2.41, that
H,(O) is isomorphic to the integral cyclotomic quiver Hecke algebra R, (O).

In particular, the framework of the previous section gives us a collection {S*(O) |
A € P,} of Specht modules for the algebra J7,(0). Our goal is to obtain ana-
logues of these O-modules for .7, (0)%" which can be reduced to modules for

6, (F)®8 that may be thought of as alternating graded Specht modules, and
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about which we can ask questions of graded decomposition numbers. First we

need to further develop the semisimple theory.

Definition 7.3.1. Let A € P,. The Specht module S*(K) for 7,(K) = R, (K)
is the vector space with basis {f; | t € Std(\)} and action given by

fioft = 5itift

tirJrl —cry1(t)

O Br(t) fa = iy [pr(t()]) fe, ifie I}
TJt Hr+1—cr(t . .
Br(t) fa = iy Wft, ifiel”

e, (t) = ip] fr, ifieI?}

yf)ft = A .
—le(t) = Jlfe, ifiel?

where we note that, although these generators live inside 47, (0) — 7,(K), the

coefficients used to define this action in general are in K.

Example 7.3.2. Let us continue our running example when n = e = 3 and
A = Ag. Since they are trivial, we leave the computation of the modules S®(K)
and S (13)(IC) to the reader and proceed to compute the actions of y§ and ¥ on

SY(KC), since these are the only generators which give nonzero matrices:
3 0

Y5 = Cowge | ] | SV

0 -3 V3i 0
Example 7.3.3. Suppose e = oo and £ # 1, so that £ = C and we are in the
same territory as Example 4.2.7. Then since ¢,(t) = (i;), for all t, y© f, = 0 for
all t. Moreover, i, # i,41 for any i, so ¥° f; = B,(t) fs, .+ if 5, -t € Std()\). Hence
these Specht modules are clearly isomorphic to those given in Example 4.2.7.
One checks these are compatible with the O-modules from Example 7.2.7 by
noting that f. = v, and v, = Yo f, = \/ngu Hence v, = \/giwgfu =3f=0
in O.

Since the alternating cyclotomic quiver Hecke algebra is precisely the fixed-point

subalgebra under this involution, the restricted actions of (R2)%8® on M and
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M*=#" coincide and we obtain the following result as a corollary to Proposition

7.2.5.

Lemma 7.3.4. [41, §5.2] The modules {S*(K) | X\ € P,} give a complete col-
lection of irreducible modules for the algebra 7,(K). Moreover, for A\ € P, we
have S*O) ®o K = SMNK).

Corollary 7.3.5. Let A € P,. Then
A Ra(0)  a R (0)
SO (R, 0™ Sx(O) L7, 0)yeen

as graded (R,(O))%8*-modules, where the homogeneous isomorphism of degree
zero is explicitly given by
Proof. The first part is clear; for the second part we simply compute that, by

definition and Lemma 7.2.3,
()% = (Y 22)°8 = (= 1) D)z = (= 1) W Dpg i 2h, = (= 1)1y,

which gives the desired isomorphism. O

The next result follows immediately from Lemma 7.3.4 and will allow us to use

Clifford theory to classify the irreducible R20(K)®8*-modules.

Corollary 7.3.6. For A € P,, we have S*(K) i&f&)))sgn% Sy (K) i%il(c,c)))sgn as
graded (R, (K))-modules.

Definition 7.3.7. If A # X, we write SW(K) for the restricted module

n0(K)
Ao

A RaO(K)  ~ / R
S v () Yo ey

(R0 (K))se

A
from Corollary 7.3.6. If A = X, S*K) i?j(f’(clc)))sgn is the direct sum of two

irreducible (R4°(K))%€-modules by Proposition 5.1.2 which we write as 53 (K)
and S*(K).
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Since RA0(K) is a semisimple algebra and since (Ag, ) = 1, by Proposition 5.1.2

and Theorem 2.2.12 we obtain the following collection of irreducible modules for

sgn

the alternating cyclotomic quiver Hecke algebras R20(K)

Theorem 7.3.8. If n > 1 and e > 2, then the collection

{SNIC)(E) | [M] € (Pn)~ with |[N| =2, ke Z}
U{S2K)(k), SA(K)(E) | [A] € (Po)~ with |[[N]| =1, k € Z}

is a complete list of irreducible graded R (k)€ -modules.

We call the modules from Theorem 7.3.8 semisimple alternating graded Specht

modules.

7.4. O-forms for alternating graded Specht modules

Our goal now is to obtain O-module analogues of the alternating graded Specht
modules from §7.3 for R,,(O)®" which can be reduced modulo the maximal ideal
m of O to yield analogues of graded Specht modules for the algebras 77, (F')%&"

that we are ultimately interested in. In the case when A # )\ this is easy.

Definition 7.4.1. Let A € P2 be such that A # X. Then the alternating graded
Specht module is the graded (R (0))®#-module

SPI(O) = $X(O)(— 22 |

2 (RQO )sgn

We have chosen the half-integer degree shift so that the following duality property
holds; its proof follows immediately from Proposition 7.2.6 and Definition 7.4.1.

Proposition 7.4.2. Let A € PS be such that A # X'. Then
SH(0) = (sM(0))".

Remark 7.4.3.
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(i) The reader may wonder why we do not need to define two types of al-
ternating graded Specht module, corresponding to the row and column
Specht modules we have for the quiver Hecke algebras. By Proposition
7.2.5 however, modules with a subscript would be equivalent to those we
have defined (up to some shift).

(ii) We will abuse notation and write v, € S(O) for the image of v, in the
restricted module, remembering that this vector has a different degree in
SM(O) (where its degree is degt — 942) than it does in S*(O) (where
its degree is degt).

Constructing graded Specht modules for alternating cyclotomic quiver Hecke al-
gebras for self-conjugate partitions, where we expect (but cannot be guaranteed)
some sort of splitting behaviour, is far more difficult. The following example

demonstrates the kind of calculation we expect to be necessary in general.

Example 7.4.4. We saw in Example 7.3.2 the matrix for ©¢; from this we can
obtain the matrix for the generator ¥, of the alternating cyclotomic quiver Hecke

algebra as

0 V3i
V3i 0
Since there is only one idempotent, the identity, for this algebra, this module
decomposes as a direct sum of Wy-eigenspaces, the basis vectors for which are
fe + fu and —f; + fu. These vectors do not live in the O-form of the module,
since +f; + fu = £vs + ﬁ fu- By clearing denominators however, we can define
vectors wy = v/3i(fy + fu) and w_ = \/3i(—f; + f.) such that w,,w_ do belong

to the O-form (recalling we have defined O to contain these square roots).

7.5. Graded simple modules and the Mullineux map

In this section we return to discussing general dominant weights A such that
A = A’. Using graded cellular theory from Chapter 2, we can obtain a full set of
graded simple modules {D* | A € (Pr)°}. We can then use the Clifford theory
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from §5.1 to obtain simple modules for the alternating cyclotomic quiver Hecke
algebras. In order to do this, we need to understand the effect of twisting a
simple module by the sign involution. This question is much more difficult than

for Specht modules, and was only settled in the 1990s.

The first question however is for which multipartitions X is Dy # 0; by Definition
2.4.8 we refer to this set as (P£)°. These are known as Kleshchev multipartitions;

they generalise p-restricted partitions.

Definition 7.5.1. Let A € P¢ be a multipartition where P! corresponds to the
choice of multicharge kK = k(A). Then A is A-Kleshchev if the simple module
Dy # 0. We refer to Ap-Kleshchev multipartitions simply as Kleshchev parti-

tions.

Remark 7.5.2.

(i) In [41], Kleshchev partitions are defined as those for which the ungraded
simple module Dy (we have not used this notation here) is nonzero; it is
then a theorem [41, Corollary 5.11] that these are the same partitions as
we have defined above.

(ii) There is an explicit combinatorial definition of A-Kleshchev multiparti-
tions, which are often referred to in the literature as restricted multi-
partitions; we will see this below and a full proof can be found in [18,

(3.27)).

In contrast to the theory of graded Specht modules, where it is not at all clear
how to define alternating analogues of the graded Specht modules (see §7.4), we
do get “God-given” simple modules for our algebras by Clifford theory.

Using the Clifford theory for Cs-graded algebras which we developed in §5.1, there
will be two cases, depending on the cardinality of the inertia group Z (Resgﬁmsgn D)
for a simple RA-module Dy. Since the twisted module D3&" will again be a sim-
ple RA-module, it must be equal to Dinix for some Kleshchev partition m(X)

and so the size of the inertia group is determined by this unknown involution.
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In 1979, Mullineux [85] gave a conjectural formula for this involution in the case
¢ =1 and fifteen years later Ford and Kleshchev [30] proved what had become
known as the Mullineux conjecture. There have since been many alternative
formulations of Mullineux’s involution, known as the Mullineuxz map, as well as
generalisations to higher levels. In order to define this involution, we need to

introduce some additional combinatorics.

Definition 7.5.3. Given 0 < i < p, define the i-node sequence of a multiparti-
tion as follows: read along the rows of successive components from left-to-right
starting with the top row and finishing with the bottom, recording in order the
removable i-nodes with an R and the addable i-nodes with an A. Given an ¢-node
sequence, we refine it to a good i-node sequence by deleting subwords RA from
the i-node sequence until this is no longer possible (note these may be nested)
— the i-nodes corresponding to the remaining Rs are called normal i-nodes. The
1-node corresponding to the left-most R remaining in the good i-node sequence,
if it exists, is called the good i-node. A node in X is good (more precisely, p-good)

if it is a good i-node for some 0 < i < p.

Proposition 7.5.4. [18, (3.27)] The Kleshchev multipartitions are precisely
those obtained by adding sequences of good nodes to the empty partition ().

Notice that, by our inductive definition and Proposition 7.5.4, for any A-Kleshchev

partition A F n there is a unique sequence
D=2 A Ao AT =

of partitions {\* F, k} such that A*™ is obtained from A* by adding a good

node of residue 7.

Theorem 7.5.5. [5][18, Theorem 4.12] If X € (P%)o, there exists a unique
sequence of multipartitions m(X)o, m(A)1, ..., m(N), = m(A) such that m(N)gi1
is obtained from m(X)y by adding a good —ix-node. Moreover, m(A)y € (Pf)o
for1 <k <n.
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Definition 7.5.6 (Mullineux map). The partition obtained is called the Mullineux
conjugate of X and is denoted m(X).

Example 7.5.7. Suppose that e = 3; then it is not to hard to show that one
can build the partition A = (3,2) using the following sequence of good nodes:

(1,1) 2,1) (1,2) (2,2) (1,3)
0 5 (1) - (1?) - (2,1) . (2%) — (3,2)

Adding a good node of the opposite residue at every stage gives the following

sequence resulting in the Mullineux conjugate partition m(\) = (5):

(LD, oy (12 o0 (13) on (L) (15),
0 2 (1) B2 (2) B0 (3) & () &9 (5)

We can now apply our knowledge of Clifford theory to alternating quiver Hecke

algebras and obtain a classification of graded simple modules.

Definition 7.5.8. Let ~ be the equivalence relation defined in (P7)° by A ~
if p = m(X). We write [A] for the equivalence class of A € (P!)° under this

equivalence relation, and (P”)? for the set of all equivalence classes.

Definition 7.5.9. Let A € P. be a dominant weight such that A = A’. Let
Ae (P2 I X #m(N), DALZ%})S@%J Din i?él\%)sgn and so we write Dpy for this
restricted module. If A = m(X), Dy iﬁ,\)sgn is a direct sum of two irreducible

(RA)®e-modules by Proposition 5.1.2 which we write as DY and Dy

We can now use Clifford theory to give a classification of irreducible graded

modules for alternating cyclotomic quiver Hecke algebras.

Theorem 7.5.10. Let n > 1, e > 2 and suppose A € P, is such that A = N,
and such that (A, o) < n. Then the collection

{Dp(k) | [N € (PR)2 with |[A]] =2, k € Z}

U{Di(k), Dy (k) | [\] € (P22 with |[A]| =1, k € Z}.

~

sgn

is a complete list of irreducible graded (R2)%&*-modules.



130 7. ALTERNATING GRADED SPECHT MODULES

Proof. The classification follows immediately from Proposition 5.1.2 and our
results on graded representation theory from Chapter 2, provided we use the

assumption that (A, ap) < n to avoid being unable to use Clifford theory. O

Example 7.5.11. Let us continue with the running example that we last en-
countered in Example 7.1.17. Since P{ = {(3), (21)}, and m(3) = (21), there will
be one irreducible graded (R3°)*8*-module up to shift: Dy(3)). This agrees with
Example 5.4.3, since there is a unique irreducible representation of the cyclic

group Cj5 over a field of characteristic three [1, Corollary 3.3].

Corollary 7.5.12. Let IC be a field of characteristic greater than 2 which contains
an alternating seminormal coefficient system. Let A € P, be such that A = A'.

If RA(K) is semisimple then

AN = R,

n

Proof. If R2(K) is semisimple, (P!)s = P: and so the irreducible modules from
Theorem 7.5.10 have the same dimensions and are of the same number as the
Specht modules for s£*(K) from Theorem 3.6.19. The result now follows from
the Wedderburn decomposition [75, Theorem A20]. O

7.6. Graded decomposition numbers

In this section we work in the graded Grothendieck group Ko((R20)%€") of the
alternating cyclotomic quiver Hecke algebra with dominant weight A = Ay. To
avoid confusion, we write [M : D]gl for the graded composition multiplicity of the
graded simple (R*)*8-module D in the graded simple (R2)%€*-module M and
reserve the notation [M : D], for graded decomposition numbers of cyclotomic
quiver Hecke algebras. Using the results of the last two sections, we obtain equal-
ities of graded decomposition numbers for alternating cyclotomic quiver Hecke
algebras, relating them to the corresponding graded decomposition numbers for
cyclotomic quiver Hecke algebras, in the case where the partition A whose Specht

module we are interested in computing multiplicities in is not self-conjugate.
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Proposition 7.6.1. Suppose A\ € P& is such that A\ # XN'. Then

(i) if u € PY is such that p # m(p),

defa

[SP: Dyl =72 (I8 Dyly + 1S Dol )-

(ii) of u € PO is such that p = m(u),

A A _ 1ol . -1 A
[SM DI = [SW: D2 = ¢ 2 [S*: D,
Proof. By definition,
(57 = Z Bl DyJq[Dy). (7.6.2)
HEPn
Restricting this formula to (RA0)%& gives
defa Ag
CSWE = (SR = 38N DD IR,
UEPr
= > (18" : D+ (8" D)) [Pyl (7:63)
HEPn
p>m(p)
+ > [8*: (D*] + [D;]g‘)
HEPn
p=m(p)
which gives the result in both cases. 0

Example 7.6.4 (Decomposition matrix for (Ré}’%yc)sgn). Let (Ré\’%’c)sgn be the
alternating Hecke algebra over C at a third root of unity. Using the tables of
decomposition numbers computed using the LLT algorithm [67] (which give the
graded decomposition numbers by results of Brundan and Kleshchev [18]), we
can compute the graded decomposition matrix for the alternating Hecke algebra
using the formulas above. As we saw in Example 7.5.11, there is only one sim-
ple module, Dyy, and we compute its graded multiplicity in each of the three

alternating graded Specht modules as follows.
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by Proposition 7.6.1. Moreover, by Example 7.4.4, assuming we have two mod-
RAO

ules SV and S®" which are direct summands of the module S (21)¢(RAO)S@,
3

52V Dyl +alSPY : Digyenla = [V Digy] + (% : Do) = g+ 1.

Since exponents of graded dimensions are bounded above and below by defa and

—defa respectively [41], we must have
[Sfl) : Dgy/enla=¢q, and [S(_Ql) : Digyjenla = q

which gives the following graded decomposition matrix:

(3)]
3) | g2
(21" | g
(21) | ¢!

Remark 7.6.5. Since there is no reason for our algebras to have filtrations by
our graded Specht modules, this decomposition matrix is not in contradiction

with the F3[z]/(2®) decomposition matrix we computed in Chapter 2.



Index of notation

Notation = Meaning
A a graded algebra
A-Mod the category of graded A-modules
A the ungraded algebra obtained by forgetting the grading on A
A-Mod the category of A-modules
A, the alternating group on n letters
o, (k) {addable nodes c of sh(ty) | ¢ is below t~!(k)}
A2 (k) {c € (k) | res(c) = rese(k)}
o, (k) {addable nodes c of sh(ty) | ¢ is above t~1(k)}
Q an element of the root lattice @),
a,(t) element of seminormal coefficient system
[ equivalence class of o under ~
FAKY  {ee Ak | res(c) = res(k)}
o x-seminormal coefficient system of coefficients a;.(t)
Br(t) coefficient for action of 1, on seminormal basis
(k) the content of k in t
) the Kronecker delta
D# simple module for cyclotomic quiver Hecke algebra
Dl# simple module for alternating cyclotomic quiver Hecke algebra
when g1 # m(y)
D D" simple modules for alternating cyclotomic quiver Hecke algebra
when p = m(u)
deg the degree function on a graded algebra
dx.(q) the graded composition multiplicity of D,, in Sy
d(s) the permutation taking a tableau s to the initial tableau

133



134

M (k)

INDEX OF NOTATION

the permutation taking a tableau s to the final tableau

quiver Hecke algebra idempotent corresponding to the residue

sequence i

a field

idempotent in 7 corresponding to standard tableau t
seminormal basis vector

the oriented quiver of type A°; or A

the cyclotomic Hecke algebra of type (¢,n) with parameters
¢ and Q

graded A-module homomorphisms from M to N

the irreducible objects in A-Mod

the irreducible objetcs in A-Mod

residue sequences

equivalence classes of residue sequences under ~

residue sequence of the standard tableau t

Z]eZ

{iel"| o+, +...+a, =a}

I/ ~

where ¢ =— /) 7 |, equivalence classes of residue sequences
depending on first three entries

equivalence classes of sequences in I* and 1% for a # o
equivalence classes of sequences in I* for o = o/

the graded Groethendieck group of A

the quantum integer corresponding to k£ with paramter £
a field

multicharge corresponding to a cyclotomic Hecke algebra
multipartitions

Jucys-Murphy elements

dominant weight for Kac-Moody algebra ET[G

modules over a graded algebra

M with grading shifted by &



=

—
3

=
®

[M : D(k)]

Qe
qdim M
R
Re
RA
(RA)
res, (k)
Pr (t)
S)\
S

S
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the ungraded module obtained by forgetting the grading on M
the isomorphism class of M

the contragredient graded dual of M

the multiplicity of the simple module D(k) as a graded

composition factor of M
Murphy basis vector T’ d_(i)u ATATy(x)

U AN Ty s Trey

dual Murphy basis vector (—¢)
an e-idempotent subring

the fixed data of a reduced expression for each permutation in &,
generator of quiver Hecke algebra

element 1; 1, - - - ;. corresponding to w = S;,S;, * - - S;,.
generator of alternating quiver Hecke algebra

generator of integral cyclotomic quiver Hecke algebra
hashed generator of integral cyclotomic quiver Hecke algebra
graded cellular basis vector

dual graded cellular basis vector

the set of f~-multipartitions of n (A, n)

dominant weight lattice

root lattice

the graded dimension of M

quiver Hecke algebra

alternating quiver Hecke algebra

cyclotomic quiver Hecke algebra

alternating cyclotomic quiver Hecke algebra

the residue of k in t modulo e

axial distance from r +1 to r in t

graded row Specht module (obtained from graded cellular basis)

graded column /dual Specht module (obtained from dual graded

cellular basis)

alternating graded Specht module for A # X\’
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sgn
Mcen
S,
s, t,u,v
Std(A)
Std(PY)
Stde(Py)

t)\7 ta

I
>~

IV W

I

INDEX OF NOTATION

the homogeneous sign involution

the graded RA-module M twisted by sgn
the symmetric group on n letters

used for equivalence relations on I™ and @),
standard tableaux

the set of standard multitableaux of shape A
the set of all /-multitableaux with n boxes

where ¢ =— /. 7 |, equivalence classes of standard tableaux

of entries 1,2,3

the initial and final standard A-tableaux

generators of cyclotomic Hecke algebras

homogeneous basis vector for graded Specht module
homogeneous basis vector for dual graded Specht module
generator of quiver Hecke algebra

generator of alternating quiver Hecke algebra

n ylm@(kn
k=19k
n y!ﬂ’tﬁ(k)’l
k=1k

homogeneous generator of the graded Specht module
homogeneous generator of the dual graded Specht module
a unital integral domain

the dominance order on partitions

hash involution which defines the alternating cyclotomic Hecke

algebra
disjoint union

the antiautomorphism for a cellular algebra
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